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Multiphoton quantum interference is the underlying principle for optical quantum information processing
protocols. Indistinguishability is the key to quantum interference. Therefore, the success of many protocols in
optical quantum information processing relies on the availability of photon states with a well-defined spatial
and temporal mode. Photons in single spatial mode can be obtained from nonlinear processes in single-mode
waveguides. For the temporal mode, the common approach is to engineer the nonlinear processes so as to achieve
the required spectral properties for the generated photons. But, this approach is complicated because the spectral
properties and the nonlinear interaction are often intertwined through phase-matching condition. In this paper,
we study a different approach that separates the spectral control from nonlinear interaction, leading to versatile
and precise engineering of the spectral properties of nonlinear parametric processes. The approach is based
on an SU(1,1) nonlinear interferometer with a pulsed pump and a controllable linear spectral phase shift for
precise engineering. We systematically analyze the important figures of merit such as modal purity and heralding
efficiency in characterizing a photon state and use this analysis to investigate the feasibility of this interferometric
approach. Specifically, we analyze in detail the requirement on the spectral phase engineering to optimize the
figures of merit and apply numerical simulations to the nonlinear four-wave mixing process in dispersion-shifted
fibers with a standard single-mode fiber as the phase control medium. Both modal purity and efficiency are
improved simultaneously with this technique. Furthermore, a multistage nonlinear interferometer is proposed and
shown to achieve more precise state engineering for near-ideal single-mode operation and near-unity efficiency.
We also extend the study to the case of high pump power when the high gain is achieved in the four-wave mixing
process for the spectral engineering of quantum entanglement in continuous variables. Our investigation provides
an approach for precisely tailoring the spectral property of quantum light sources, especially, photon pairs can
be engineered to simultaneously possess the features of high purity, high collection efficiency, high brightness,
and high flexibility in wavelength and bandwidth selection.
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I. INTRODUCTION

Many protocols in quantum information and quantum
communication were first demonstrated in optics [1,2]
because of the simplicity in photons and the easiness to
implement them with linear optics [3,4]. This requires
high-quality single-photon and multiphoton sources with
superior modal purity and efficiency. One approach is to
produce single photon on demand [5]. Despite the constant
improvement of technology that leads to high quality in
photon indistinguishability of the single-photon source [6],
this type of photon source still lacks the consistency in
repeatability, that is, the quality varies from one source to
another. This limits the applicability of the source. Another
common approach that began from the early stage is the
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correlated photon pair generation from spontaneous emission
of nonlinear parametric processes, which has become a
popular multiphoton source ever since its discovery [7–10]. A
single-photon state can be produced by heralding on the detec-
tion of one of the photon pairs [11]. Because of its simplicity,
this type of photon source has been used in a wide range of
applications in quantum information processing (QIP).

Because of the way they are generated, the photon pairs
from spontaneous parametric emission (SPE) are highly cor-
related in frequency and time. This, on the one hand, is highly
desirable in studying quantum entanglement in frequency and
time, on the other hand leads to distinguishability in time due
to difference in the production time of the photon pairs and be-
comes troublesome for quantum interference, in particular, in
the QIP protocols involving the quantum interference among
multiple sources, such as the generation of multiphoton en-
tanglement [12] and quantum teleportation [13]. To tackle
this problem, ultrashort pulses are used to eliminate the time
uncertainty and define a proper temporal mode [14,15]. This
effort, however, was hampered by the dispersion in nonlinear
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optical media due to the ultrafast process [16,17] and leads to
even more complicated temporal modes. Ironically, to obtain a
better temporal mode for the two-photon fields, it is desirable
to have no frequency correlation between the photons so that
each photon can have a definite temporal mode of their own
[18]. This leads to the requirement of factorization of two-
photon wave function or joint spectral function (JSF) [19].

Efforts in acquiring a factorized JSF have been underway
for quite some years ever since it was discovered that high
visibility in multiphoton quantum interference relies on the
factorization of the JSF [19]. In the early days, the factoriza-
tion of JSF was realized by utilizing passive filtering [13–15].
However, it is well known that this method will result in a
reduction of brightness. Moreover, the collection efficiency of
photon pairs, which corresponds to the heralding efficiency of
heralded single photons, will be significantly reduced because
the filtering process will cut out photons randomly to destroy
photon correlation and degrades the quality of the quantum
correlated photon pairs [16,17,20]. Then came the idea of
engineering the source of photon pairs to achieve factoriza-
tion without filtering. Over the years, many techniques have
been deployed to directly engineer the JSF into a factor-
ized form. They include the employment of photonic grating
for active temporal mode shaping [21], special selection of
χ (2)-nonlinear crystals with the desired properties [22], engi-
neering of the dispersion of nonlinear optical fiber [23–26],
and engineering of the structure of the nonlinear photonic
crystals [27,28].

The common goal in the techniques mentioned above is to
engineer the JSF by manipulating the linear spectral properties
of the nonlinear media to achieve an uncorrelated and near-
factorized JSF without passive filtering. The key parameters
for a successful engineering are the high modal purity and the
good collection or heralding efficiency while maintaining a
high photon pair production rate. While most have achieved
the aforementioned goals to some extent, many are limited to
specific wavelengths of operation due to strict requirement on
dispersion and therefore lack tunability.

Two factors need to be considered in the engineering of
the JSF: (1) dispersion of the media for tailoring the spectral
shape of JSF and (2) phase matching for achieving efficient
nonlinear interaction. Most of the schemes implemented so
far for quantum state engineering have the two aspects inter-
twined: changing one will affect the other and everything has
to be just right to achieve the goals. This is why most of the
schemes lack tunability.

In this paper, we consider a totally different approach in
which we separate the nonlinear gain control and disper-
sion engineering by the method of SU(1,1)-type nonlinear
quantum interference [29]. The SU(1,1)-type nonlinear in-
terferometer (NLI), first proposed by Yurke et al. [30] and
recently realized experimentally [31,32], is analogous to a
conventional Mach-Zehnder interferometer (MZI) but with
the two splitting mirrors being substituted by two nonlin-
ear media. Originally designed to achieve the Heisenberg
limit in precision phase measurement, this type of NLI has
found applications in quantum interferometry beyond stan-
dard quantum limit [32], imaging with undetected photons
[33], enhancing the quality of dispersive qubit measurement

[34], and infrared spectroscopy [35], and has been realized
with atoms in a Bose-Einstein condensate [36], phonons in an
optomechanical system [37], microwaves in low-noise radio-
frequency (rf) amplifiers [38], and a combined atom-photon
system in hybrid atom-light interferometers [39]. It was fur-
ther suggested and demonstrated that SU(1,1) interferometers
could be used to modify the spectra of the output fields
[40–43]. Our group recently used the SU(1,1) interferometer
and achieved precise engineering of the joint spectral func-
tion of photon pairs with versatile selection of wavelengths
[44,45]. Following this idea, here in this paper, we analyze
theoretically in a systematic way the method of reshaping
the JSF of photon pairs based on the SU(1,1)-type nonlinear
interferometer, in which the phase matching of the parametric
processes is controlled by the nonlinear media whereas the
spectral shaping is achieved via dispersive phase control of the
interferometer. With the roles of phase matching and spectral
reshaping separated, we study in detail the requirement on the
dispersive property of the linear media to achieve versatile
engineering of the JSF and accordingly design the required
dispersive phase with a programmable optical filter commonly
employed in ultrafast pulse shaping [46,47]. Better control
and finer engineering of the JSF can also be achieved with
a multistage nonlinear interference scheme for the production
of higher-quality two-photon state. We study this multistage
NLI under various conditions for optimum engineering of
the JSF. We further investigate the high-gain regime for the
parametric processes where quantum entanglement in con-
tinuous variables is possible. The involvement of dispersive
media in the interference process leads to active spectral
filtering, which, different from passive filtering with regular
filters, maintains the original high collection efficiency for
good photon heralding efficiency and keeps in the meantime a
good modal purity with high brightness, all desirable in many
quantum information protocols.

The rest of the paper is organized as follows. We first lay
the groundwork for quantum state engineering in Sec. II with a
characterization of multimode two-photon state from sponta-
neous parametric emission (SPE) processes by defining some
key parameters such as state purity and heralding efficiency.
Then, we introduce the SU(1,1)-type NLI in Sec. III for the
engineering of JSF and apply it to an optical fiber system and
demonstrate the improvement of the key parameters by this
scheme. To make a better control and finer engineering, we in-
troduce the techniques of programmable optical filtering and
multistage interference in Sec. IV. We extend the analysis of
the NLI to the high-gain regime of the parametric processes in
Sec. V. Finally, we conclude with a summary and discussion
in Sec. VI.

II. GENERATION AND CHARACTERIZATION
OF TWO-PHOTON STATES AND HERALDED

SINGLE-PHOTON STATES BY SPONTANEOUS
PARAMETRIC PROCESSES

A. Two-photon states and Schmidt mode decomposition

Two-photon states are usually generated in the signal and
idler field of spontaneous parametric emission (SPE) pro-
cesses through nonlinear interactions of three- or four-wave
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mixing with one or two strong pump fields. When the pump
power is relatively low, the dominating interaction leads to
two-photon generation. If the spatial modes are well defined,
as in optical fiber, we can use one-dimensional description for
the generated signal and idler fields and the output quantum
state takes the form of

|�〉 ≈ |vac〉 + G|�2〉 (1)

with the two-photon state term

|�2〉 =
∫

dωsdωiF (ωs, ωi )â
†
s (ωs)â†

i (ωi )|vac〉, (2)

where â†
s (ωs) and â†

i (ωi ) are the creation operators of the
signal and idler fields at ωs and ωi, respectively. The coeffi-
cient G determined by the pump power and effective length of
nonlinear interaction is proportional to the gain of SPE. The
JSF F (ωs, ωi ) is normalized as∫

dωsdωi|F (ωs, ωi )|2 = 1 (3)

and can be expressed via singular mode decomposition
method as Schmidt mode expansion [48,49]:

F (ωs, ωi ) =
∑

k

rkψk (ωs)φk (ωi ) (4)

with mode expansion coefficients rk � 0 (k = 1, 2, . . .),∑
k r2

k = 1, and two sets of orthonormal functions
{ψk (ωs), φk (ωi )} satisfying∫

dωsψ
∗
k (ωs)ψk′ (ωs) = δkk′ =

∫
dωiφ

∗
k (ωi)φk′ (ωi). (5)

With mode decomposition in Eq. (4), the state in Eq. (1)
can be rewritten as

|�〉 ≈ |vac〉 + G|�2〉 ≈ |vac〉 + G
∑

k

rkÂ†
kB̂†

k |vac〉

= |vac〉 + G
∑

k

rk|1k〉s|1k〉i, (6)

where operators

Â†
k ≡

∫
dωsψk (ωs)â†

s (ωs), B̂†
k ≡

∫
dωiφk (ωi )â

†
i (ωi ) (7)

define single temporal modes for the signal and idler fields,
respectively. |1k〉s ≡ Â†

k |vac〉, |1k〉i ≡ B̂†
k |vac〉 are the single-

photon states in those temporal modes [49]. The way in which
|�〉 is expressed in terms of the temporal modes in Eq. (6)
indicates that it is a multimode two-photon state and is in the
form of high-dimensional entanglement [48,50]. The Schmidt
mode number K is defined through the coefficients rk by

K ≡ 1

/ ∑
k

r4
k . (8)

Take, for example, the case of M modes with equal weight:
r2

k = 1/M (k = 1, 2, . . . , M) but rk = 0 for other k. We have
from Eq. (8) K = 1/[M × (1/M2)] = M, i.e., the number of
modes. Hence, the Schmidt number is an approximate mea-
sure of the number of modes in the two-photon state |�2〉 in
Eq. (6).

Experimentally, it is hard to measure the JSF and make the
decomposition in Eq. (4). Thus, it is impractical to use Eq. (8)
to obtain the mode number. On the other hand, it has been
shown that the measurable quantity g(2)

s(i), i.e., the normalized
intensity correlation of the individual signal (idler) field alone,
which comes from the higher-order terms in spontaneous
parametric process [see later in Eqs. (29) and (30)], can be
expressed in terms of the Schmidt number as [19,51]

g(2)
s(i) ≡

∫
dt1dt2〈: Îs(i)(t1)Îs(i)(t2) :〉

[
∫

dt〈Îs(i)(t )〉]2

= 1 + E
A = 1 +

∑
k

r4
k = 1 + 1

K
, (9)

where Îs(i)(t ) = Ê†
s(i)(t )Ês(i)(t ) with Ês(i)(t ) = 1√

2π∫
dω âs(i)(ω)e− jωt being the electric field operator of the

signal (idler) field and

E ≡
∫

dωsdωidω′
sdω′

iF (ωs, ωi )F (ω′
s, ω

′
i )

× F ∗(ωs, ω
′
i )F

∗(ω′
s, ωi ) =

∑
k

r4
k ,

A ≡
∫

dωsdωidω′
sdω′

i|F (ωs, ωi )|2|F (ω′
s, ω

′
i )|2 = 1. (10)

Thus, the measurement of g(2)
s(i) will lead to K or the number of

modes of the two-photon fields. g(2)
s(i) = 2 or K = 1 will be an

indication for single-mode operation.
The actual function of the JSF F (ωs, ωi ) depends on the

nonlinear processes and can be engineered accordingly for
various quantum information processing tasks. One of the im-
portant tasks is to produce a transform-limited single-photon
state by heralding on the detection of one of the correlated
photon pair, say, the idler. So, before going to the specific form
of F (ωs, ωi ), let us first examine in the following some key
parameters such as the state purity and heralding efficiency
for the characterization of the heralded single-photon state.

B. Heralded single-photon state and its purity

The heralding process is a quantum projection in the form
of a detection of the idler photon at time t , leading to the un-
normalized heralded state as

|�1(t )〉 = Êi(t )|�〉. (11)

Substituting Eq. (1) into the above, we have

|�1(t )〉 = G√
2π

∫
dωsdωidωâi(ω)e− jωt

× F (ωs, ωi )â
†
s (ωs)â†

i (ωi )|vac〉
= G√

2π

∫
dωsdωie

− jωit F (ωs, ωi )â
†
s (ωs)|vac〉,

(12)

where we used the commutation relation [âi(ω), â†
i (ωi )] =

δ(ω − ωi ). If the detection process does not have a good
time resolution, especially in the case of two-photon states
produced by ultrafast pulses, the heralded state is a mixed state
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with average over all time:

ρ̂1 =
∫

dt |�1(t )〉〈�1(t )|

= G2
∫

dωidωsdω′
sF (ωs, ωi )

× F ∗(ω′
s, ωi )â

†
s (ωs)|vac〉〈vac|as(ω

′
s), (13)

where we used the relation (1/2π )
∫

dω e jωt = δ(ω). Notice
that the density operator in Eq. (13) is not normalized due
to state projection. With decomposition in Eq. (4) and after
proper normalization, we obtain

ρ̂1 =
∑

k

r2
k

∫
dωsdω′

sψk (ωs)ψ∗
k (ω′

s)â†
s (ωs)|vac〉〈vac|âs(ω

′
s)

=
∑

k

r2
k Â†

k |vac〉〈vac|Âk

=
∑

k

r2
k |1k〉〈1k|, (14)

where we used the orthonormal relation in Eq. (5) for φk (ωi),
and |1k〉 ≡ Â†

k |vac〉 is a single-photon state in a single tem-
poral mode k defined by Â†

k ≡ ∫
dωsψk (ωs)â†

s (ωs). Equation
(14) describes a mixed multimode single-photon state with a
state purity of

γP ≡ Trρ̂2
1 =

∑
k

r4
k = 1 −

∑
k

r2
k

(
1 − r2

k

)
� 1, (15)

where we used
∑

k r2
k = 1 and the equal sign stands only for

the single-mode case of r1 = 1, rk = 0 (k 	= 1). Note that
we have γP = 1/K from Eq. (8). So, the nonunit purity is
because of the multimode nature of the two-photon state in
Eq. (1), as expressed in the mode decomposition in Eq. (4).
The single-mode case of r1 = 1 corresponds to a factorized
JSF: F (ωs, ωi ) = ψ1(ωs)φ1(ωi ) and a purity equal to 1. But,
nonfactorized JSFs will lead to a multimode situation with
r1 < 1 or heralded single-photon state with purity less than 1.

C. Effects of passive optical filtering

Almost all experiment involves optical filtering to discrimi-
nate against background light. While the use of passive optical
filtering is necessary in experiment, its role on the properties
of the filtered photon pairs is mixed. On the one hand, it can
reshape the JSF to make it more factorized and improve the
mode structure. On the other hand, it destroys the photon cor-
relation between the signal and the idler fields by deleting one
of the photons and leads to poor collection and heralding effi-
ciencies, as we will see later. So, we next examine the property
of the generated signal (idler) field passing through passive
optical filters, which can be modeled as frequency-dependent
beam splitter with amplitude transmissivity fs(i)(ωs(i) ) and
reflectivity rs(i)(ωs(i) ), which are assumed to be real num-
bers and satisfy the relation [ fs(i)(ωs(i) )]2 + [rs(i)(ωs(i) )]2 = 1.
Then, the state in Eq. (1) is changed to

|�̄〉 ≈ |vac〉 + G
∫

dωsdωiF (ωs, ωi )[ fs(ωs)â†
s (ωs)

+ rs(ωs)â†
sv (ωs)]

× [ fi(ωi)â
†
i (ωi ) + ri(ωi )â

†
iv (ωi )]|vac〉, (16)

where â†
sv and â†

iv denote the modes that the filters reject and
are replaced by vacuum. The un-normalized projected state
after heralding is then

|�̄1(t )〉 = G√
2π

∫
dωsdωie

− jωit F (ωs, ωi ) fi(ωi )

× [ fs(ωs)â†
s (ωs) + rs(ωs)â†

sv (ωs)]|vac〉. (17)

The heralded photon state, after time integral similar to
Eq. (13), becomes

ˆ̄ρ1 = G2
∫

dωidωsdω′
sF (ωs, ωi )F

∗(ω′
s, ωi ) f 2

i (ωi)

× [ fs(ωs) fs(ω
′
s)|1s(ωs)〉〈1s(ω

′
s)|

+ rs(ωs)rs(ω
′
s)|1sv (ωs)〉〈1sv (ω′

s)|
+ fs(ωs)rs(ω

′
s)|1s(ωs)〉〈1sv (ω′

s)|
+ rs(ωs) fs(ω

′
s)|1sv (ωs)〉〈1s(ω

′
s)|]. (18)

Normalization requires the evaluation of the trace of the den-
sity operator above:

Tr ˆ̄ρ1 = G2
∫

dωsdωi|F (ωs, ωi ) fi(ωi )|2 = G2Ā1/2
i , (19)

where Āi ≡ [
∫

dωsdωi|F (ωs, ωi ) fi(ωi )|2]2 is similar to that
in Eq. (10) but with F (ωs, ωi ) replaced by F (ωs, ωi ) fi(ωi ).
After tracing out the filter-rejected states |1sv (ω)〉 in Eq. (18)
and proper normalization, we arrive at

ˆ̄ρ1
′ = Trsv ˆ̄ρ1/Tr ˆ̄ρ1 = T

∑
k

r̄2
k |1̄k〉〈1̄k| + R|vac〉〈vac|, (20)

with

T ≡
∫

dωsdωi|F (ωs, ωi )|2 f 2
s (ωs) f 2

i (ωi )∫
dωsdωi|F (ωs, ωi )|2 f 2

i (ωi )
,

R ≡
∫

dωsdωi|F (ωs, ωi )|2r2
s (ωs) f 2

i (ωi)∫
dωsdωi|F (ωs, ωi )|2 f 2

i (ωi)
, (21)

where r̄k and |1̄k〉 = ˆ̄A†
k |vac〉 are obtained by Schmidt

mode expansion of the filtered JSF F̄ (ωs, ωi ) ≡
F (ωs, ωi ) fs(ωs) fi(ωi )/Nsi with normalization constant

N 2
si ≡

∫
dωsdωi|F (ωs, ωi )|2 f 2

s (ωs) f 2
i (ωi ). (22)

The purity of the single-photon state in Eq. (20) is

γP
′ = Tr

(
ˆ̄ρ ′

1
2) = T 2

∑
k

r̄4
k + R2

= 1 − T 2
∑

k

r̄2
k

(
1 − r̄2

k

) − 2T R � 1, (23)

in which the relations T + R = 1, T 2 + R2 = 1 − 2T R � 1,
and

∑
k r̄2

k = 1 are applied, and the equal sign stands only if
T = 1, R = 0 and r̄1 = 1, r̄k = 0 (k 	= 1). The reduction of
the state purity comes from two sources: (i) multimode nature,
similar to Eq. (14), and (ii) rejection of correlated signal pho-
tons due to filtering of the modes and thus the introduction of
vacuum. The latter can be understood in terms of the quantity
of collection efficiency and the heralding efficiency discussed
in the following.
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Another key parameter in characterizing the quality of
the photon pairs is the collection efficiency of photon pairs,
which is defined through the single-photon detection proba-
bility and two-photon coincidence detection probability for
photon pairs. When signal and idler photons are respec-
tively measured by two detectors, the probability of detecting
one photon in individual signal (idler) band per pulse is
expressed as

Ps(i) = ηs(i)G
2
∫

dt〈Ê†
s(i)(t )Ês(i)(t )〉�̄

= ηs(i)G
2
∫

dωsdωi|F (ωs, ωi ) fs(i)(ωs(i) )|2, (24)

where ηs(i) is the total detection efficiency in the signal (idler)
band, and the average 〈Ê†

s(i)(t )Ês(i)(t )〉 is over the filtered
two-photon state in Eq. (16). The two-photon coincidence
detection probability per pulse of a photon pair, one from the
signal and the other from idler field, is

Pc = ηsηiG
2
∫

dt1dt2〈Ê†
s (t1)Ê†

i (t2)Êi(t2)Ês(t1)〉�̄
= ηsηiG

2
∫

dωsdωi|F (ωs, ωi ) fs(ωs) fs(ωi )|2. (25)

Accordingly, for a photon detected in the idler (signal) band,
the probability of detecting its twin photon at signal (idler)
band, i.e., the collection efficiency is simply the conditional
probability

ξs(i) ≡ Pc

Pi(s)
= ηs(i)

∫
dωsdωi|F (ωs, ωi ) fs(ωs) fi(ωi )|2∫

dωsdωi|F (ωs, ωi ) fi(s)(ωi(s) )|2 , (26)

and the probability of a photon emerging at signal (idler) band
upon the detection of an idler (signal) photon, or the heralding
efficiency is

hs(i) = ξs(i)/ηs(i). (27)

Notice that from Eq. (21) and the above, we arrive at
T = hs. We thus can relate the purity in Eq. (23) and the
heralding efficiency in such a way. When there is no loss of
photons for the signal field, i.e., when ηs = 1 and fs(ωs) ≡ 1,
the collection efficiency ξs is unit, or Pc = Ps, a single-photon
pure state can be obtained as long as the heralding idler field
is in single mode (r̄1 = 1).

The passive spectral filtering also affects the value of ḡ(2)
s(i)

in the filtered individual signal (idler) band, which is directly
related with the mode number K . Using Eq. (9) and taking the
filters placed in front of detectors into account, we have

ḡ(2)
s(i) = 1 + Ēs(i)

Ās(i)
= 1 +

∫
dωs(i)dω′

s(i)|
∫

dωi(s) fs(i)(ωs(i) )F ∗(ωs, ωi ) fs(i)(ω′
s(i) )F (ω′

s, ωi )|2
| ∫ dωsdωi| fs(i)(ωs(i) )F (ωs, ωi )|2|2 , (28)

where Ēs(i), Ās(i) are given in Eq. (10) but with the orig-
inal JSF F (ωs, ωi ) replaced by the one-side filtered JSF
fs(i)(ωs(i) )F (ωs, ωi ). The dependence on only one filter func-
tion fs(i)(ωs(i) ) is because it is measured on one side only and
has nothing to do with the filter on the other side.

On the other hand, while ḡ(2)
s(i) is an experimentally

measurable quantity, the Schmidt number is related to
the mode coefficients r̄k from the two-side filtered JSF
fs(ωs) fi(ωi )F (ωs, ωi ), from which the intensity correlation
function ḡ(2) can be calculated in Eq. (9) with JSF replaced
by the two-side filtered JSF. Since ḡ(2) takes the maximum
value of 2 for factorized JSF and the more filtered two-side
filtered JSF tends to be more close to a factorized function
than one-side filtered JSF, we expect ḡ(2)

s(i) � ḡ(2). Although we
cannot prove this in general, it is true for the special Gaussian-
shaped JSF and filtering functions [52]. So, the experimentally
measurable ḡ(2)

s(i) sets a lower bound for ḡ(2) which is directly
related to the filter-modified Schmidt number K̄ ≡ 1/

∑
k r̄4

k
or the mode property of the filtered photon pairs.

D. Effects of higher-order contributions from multipair events

From the discussions of the last section, it seems that in
order to obtain high-purity heralded single photons in the
signal band, we only need to improve hs, which can be made
equal to 1 by removing the filter in the signal field, and ḡ(2),
which can be made equal to 2 by heavily filtering the idler
field. Of course, this strategy will lead to extremely small hi,
which does not seem to matter that much if our interest is in
the signal field only. However, when high brightness of the

sources is required in some of the multiphoton experiments
[12], higher-order contributions of multipair events are sig-
nificant and must be included. But, as we will show next,
low value of hi will also hamper the purity of the heralded
single-photon state due to the higher photon number events
such as four-photon state.

The contributions from multipair events will become
prominent when the pump power in spontaneous parametric
processes is high in order to increase the brightness of the
source. In this case, the output quantum state in Eq. (1) needs
to be modified to include the next order of four-photon state
as [19]

|�〉 ≈ |vac〉 + G|�2〉 + (G2/2)|�4〉 (29)

with |�2〉 given in Eq. (2) and

|�4〉 = |�2〉 ⊗ |�2〉
=

∫
dωsdωidω′

sdω′
iF (ωs, ωi )

× F (ω′
s, ω

′
i )â

†
s (ωs)â†

s (ω′
s)â†

i (ωi )â
†
i (ω′

i )|vac〉, (30)

corresponding to a four-photon state due to independent two-
pair generation. Using the procedure for the heralded state
in Eq. (20) but involving more complicated derivations (see
Appendix), we find the normalized heralded state as

ˆ̄ρ ′′ = N
[

T
∑

k

r̄2
k |1̄k〉〈1̄k| + R|vac〉〈vac| + G2 ˆ̃ρ ′

2/4Ā1/2
i

]

(31)
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with the two-pair contribution as a two-photon state:

ˆ̃ρ ′
2 =

∫
dωsdω′

sdω̄sdω̄′
s fs(ωs) fs(ω

′
s) fs(ω̄s) fs(ω̄

′
s)

×
∫

dωidω′
iF (ωs, ωi )F (ω′

s, ω
′
i )[F

∗(ω̄s, ωi )F
∗(ω̄′

s, ω
′
i )

+ F ∗(ω̄s, ω
′
i )F

∗(ω̄′
s, ωi )]

× [
f 2
i (ωi ) + f 2

i (ω′
i )
]|1s(ωs)1s(ω

′
s)〉〈1s(ω̄s)1s(ω̄

′
s)|, (32)

where |1s(ω)〉 ≡ â†
s (ω)|vac〉. N < 1 is the normalization fac-

tor related to G. The existence of the two-photon state
will reduce the purity for large G. But, the more damaging
consequence is a nonzero heralded autointensity correlation
function g̃(2)

s , which is defined as

g̃(2)
s ≡

∫
dt1dt2̃(2)

s (t1, t2)[ ∫
dt ̃

(1)
s (t )

]2 (33)

with ̃(2)
s (t1, t2) ≡ Tr[ ˆ̄ρ ′′ Îs(t1)Îs(t2)], ̃(1)

s (t ) ≡ Tr[ ˆ̄ρ ′′Îs(t )].
From this definition, it is obvious that g̃(2)

s is zero for the
heralded state in Eq. (20), which is the signature property of
a single-photon state. A nonzero g̃(2)

s is the contribution from
the two-photon term in the heralded state in Eq. (31). For
the state in Eq. (31), g̃(2)

s can be calculated through a lengthy
derivation (see Appendix) to have the form of

g̃(2)
s = 2Pc

hshi

(
1 + Ē

Ā

)
, (34)

where hs(i) is the heralding efficiency given in Eq. (27), Pc

is given in Eq. (25) with ηi = 1 = ηs and Ē, Ā are given in
Eq. (10) but with factors f 2

s (ωs), f 2
s (ω′

s), and f 2
i (ωi) included.

Equation (34) shows that in order to reduce g̃(2)
s for high-

quality heralded single-photon state in the signal field, we
need to improve the collection efficiencies in both signal and
idler fields. From the discussions in Sec. II B and above, we
find that a high-quality two-photon state from spontaneous
parametric emission process requires high collection efficien-
cies in both signal and idler fields, and a high modal purity
with a factorized JSF for single-mode operation. However,
such strict requirements are difficult to meet from a common
two-photon source, as we will see next, unless specific atten-
tion is paid to engineer the JSF.

E. An example of typical two-photon sources

To see how well the parameters in the previous sections
measure up for some common sources, we next consider
a specific form of JSF from spontaneous four-wave mixing
(SFWM) in a single spatial mode nonlinear optical fiber [51].
In the SFWM process with frequency-degenerate pumps, the
photon pairs at ωs and ωi are created by scattering two pump
photons at ωp through the Kerr nonlinearity in fiber, thus,
we have the energy conservation relation 2ωp = ωs + ωi. To
generate the two-photon state with well-defined time, ultrafast
pulses are deployed as the pump field and we have

F (ωs, ωi ) = N jα(ωs, ωi ) × κ (ωs, ωi ), (35)

where N j is the normalization factor to ensure the satisfaction
of Eq. (3),

α(ωs, ωi ) = exp

[
− (ωs + ωi − 2ωp0)2

4σ 2
p

(1 + jCp)

]
(36)

describes the Gaussian-shaped pump field with the spectral
width, central frequency, and linear chirp of σp, ωp0, Cp,
respectively, and

κ (ωs, ωi ) = sinc

(
�kL

2

)
e j �kL

2 (37)

is the phase-matching function with

�k = 2k(ωp) − k(ωs) − k(ωi ) − 2γ Pp (38)

as the wave-vector mismatch and L denoting the length of the
fiber. In Eq. (38), k(ωl ) (l = p, s, i) is the wave vector at ωl , γ
is the nonlinear coefficient, and Pp is the peak power of pump.

After omitting the second- and higher-order dispersive
terms in �k, the JSF in Eq. (35) can be written as

F (�s,�i ) = N j exp

[
− (�s + �i )2

4σ 2
p

(1 + jCp)

]

× sinc

(
�s

A
+ �i

B

)
e j( �s

A + �i
B ), (39)

where �s = ωs − ωs0 and �i = ωi − ωi0 are the frequency
biases of the signal and idler photons from the perfectly phase-
matched frequencies of the signal and idler fields, ωs0 and
ωi0, respectively, and A = 2(k(1)

p0 − k(1)
s0 )−1L−1, B = 2(k(1)

p0 −
k(1)

i0 )−1L−1 with k(1)
l = dk(ω)/dω|ωl (l = p0, s0, i0) are pa-

rameters depending on the linear dispersion and length of the
fiber.

Figure 1(a) shows the contour plot of the JSF exhibiting an-
tifrequency correlation. In the calculation, the key parameters
in Eq. (39) are A = 1.2σp, B = 1.8σp, and Cp = 0. Note that
we actually plot the absolute square of the JSF, |F (�s,�i )|2,
since it is directly related to the intensity of the photon pairs.
The Schmidt mode expansion coefficients r2

k of the JSF are
presented in Fig. 1(b), which clearly shows the multimode
nature with a Schmidt mode number K = 6.1. Such a source
is usually not useful for quantum information processing in-
volving interference between independent sources.

To obtain two-photon state with a better modal purity, a
straightforward method is to modify the JSF with passive opti-
cal fibers. Assuming both filters applied to the signal and idler
bands are rectangular shaped with a common filter bandwidth
σ f [see Eq. (55) in Sec. III C], we plot the intensity correla-
tion function ḡ(2)

s [calculated via Eq. (28)] and the collection
efficiency ξs [calculated via Eq. (26) with ηs = 1] as functions
of σ f . As shown in Fig. 1(c), with the decrease of bandwidth,
the changing trends of ḡ(2)

s and ξs are opposite, indicating that
the application of narrow band filter significantly improves the
modal purity but at the cost of reduced collection efficiency.

Directly engineering the JSF into a factorized form can
obtain good modal purity without using filters [23–26]. Since
the pump spectral function displays the frequency anticor-
relation between ωs and ωi due to energy conservation, to
modify F (ωs, ωi ) into a factorable form, the dispersion of the
nonlinear medium should be properly tailored to ensure the
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FIG. 1. (a) Contour plot of the absolute square of the JSF, |F (�s, �i )|2. (b) Schmidt mode expansion coefficient r2
k for kth mode. (c) The

intensity correlation function and collection efficiency, ḡ(2)
s and ξs, as functions of the bandwidth σ f for filters applied to both signal and idler

channels. In the simulation, the key parameters in Eq. (39) are A = 1.2σp, B = 1.8σp, and Cp = 0.

crucial condition AB � 0 in Eq. (39) is satisfied [23]. Note
that even if it is possible, it usually only works at certain
wavelengths determined by the aforementioned parameters,
and there is no tunability for a pump with a fixed wavelength.

Next, we will analyze a different method of using the quan-
tum interference of a nonlinear interferometer to engineer JSF.
We will show that a nonfactorable JSF, i.e., the frequency an-
ticorrelated one for the photon pairs directly generated by one
piece of nonlinear medium, can be modified to a factorable
one without causing the reduction of heralding and collection
efficiencies.

III. ENGINEERING QUANTUM STATES BY A TWO-STAGE
NONLINEAR INTERFEROMETER (NLI)

We start with studying an SU(1,1)-type two-stage NLI,
in which the precise modal control is realized without influ-
encing the phase matching of the SPE in nonlinear medium.
Taking the degenerate SFWM in NF as an example, we will
show how the modal purity and collection efficiency can be
simultaneously improved.

A. Two-stage NLI

Our two-stage NLI consists of two identical single-mode
nonlinear fibers (NFs) with one linear dispersive medium
(DM) in-between, as shown in Fig. 2. When acting alone, each
NF with length L functions as a nonlinear medium of SFWM
process, and the wave vector mismatch in the NF is �k [see
Eq. (38)]. For a single NF being pumped by Gaussian-shaped
pulse trains, the two-photon state is described by Eq. (2) with
the JSF given in Eq. (35). For the NLI in Fig. 2, quantum in-
terference occurs between the fields produced in NF1 and NF2

with the phase being modulated by DM. The DM-induced
phase shift, �φDM, is frequency- (wavelength-) dependent and
is a key parameter for quantum state engineering. When the

FIG. 2. Schematic of the two-stage nonlinear interferometer (NLI).

pump, signal, and idler fields copropagate through the DM,
the phase shift between the three fields is then

�φDM = 2φDM(ωp) − φDM(ωs) − φDM(ωi ) = �kDMLDM,

(40)

where φDM(ω j ) ( j = p, s, i) is the phase of the corresponding
field after propagation,

�kDM = 2kDM(ωp) − kDM(ωs) − kDM(ωi) (41)

is the wave-vector difference in the DM and LDM is the length
of the DM.

Under the assumption of neglecting all transmission losses,
the JSF of photon pairs at the output of the NLI can be
calculated as

FNLI(ωs, ωi )

= N j exp

[
− (ωs + ωi − 2ωp0)2

4σ 2
p

(1 + jCp)

]

×
[

sinc

(
�kL

2

)
e j �kL

2 + sinc

(
�kL

2

)
e j( �kL

2 +�kL+�φDM )

]

= N j exp

[
− (ωs + ωi − 2ωp0)2

4σ 2
p

(1 + jCp)

]

× sinc

(
�kL

2

)
e j( �kL

2 +θ )cosθ, (42)

with

θ = �kL

2
+ �φDM

2
, (43)

where cos θ is the factor originated from the two-photon
quantum interference. The working principle of the NLI can
be explained as follows. With the pulsed pump, both NF1

and NF2 can produce photon pairs, and the two photon-pair
generation processes will interfere with each other. The phase
difference between the two processes is the phase difference
between the pump field (responsible for fields generated in
NF2) and the signal and idler fields launched into NF2. The
phase shift θ is determined by the phase mismatch in NF
and the dispersion of DM, which varies with wavelength.
Therefore, the overall photon-pair production rate depends
on the wavelengths and this NLI functions as an active filter
for photon pairs. Usually, we have �k → 0 to ensure the
satisfaction of phase matching, which guarantees a significant
efficiency of generating photon pairs from each NF. Hence,
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in our scheme, �φDM becomes the main term determining θ

[see Eq. (43)]. This is exactly what we expect: the NFs are re-
sponsible for producing photon pairs with a certain spectrum,
while the DM modifies the spectra. Therefore, in the following
discussion, we will omit �kL

2 in the interference factor.
In the following subsections, we will characterize the

output quantum state of the NLI by substituting practical
experimental parameters into the expression of JSF and sim-
ulating some key parameters discussed in Sec. II. The effect
of �φDM on the modification of JSF will then be visualized
through the simulations.

B. Phase shift induced by the DM

From Eqs. (40) and (41), one sees that the DM-induced
phase shift �φDM depends on the dispersion and length of the
DM. To figure out the influence of the dispersion, we start
from Eq. (41) and expand the wave vectors at the perfectly
phase-matched frequencies of the pump, signal, and idler
fields ωp0, ωs0, and ωi0, respectively. After omitting the third-
and higher-order terms, we arrive at

�kDM = �kDM−0 + τs�s + τi�i + ξs�
2
s + ξi�

2
i + ξp�s�i,

(44)
where �s(i) = ωs(i) − ωs0(i0), and �kDM−0 = 2kDM(ωp0) −
kDM(ωs0) − kDM(ωi0) is a constant, and τs(i) = [k(1)

DM(ωp0) −
k(1)

DM(ωs0(i0))], ξs(i) = [ k(2)
DM(ωp0 )

4 − k(2)
DM(ωs0(i0) )

2 ], and ξp = k(2)
DM(ωp0 )

2
are parameters related to the dispersion of the DM.

We first discuss the large frequency detuning case when
the condition |ωp0 − ωs0(i0)| � ωp0 is not satisfied, which
means there is a significant frequency detuning (usually tens
of THz) between the pump and signal (idler) fields. This kind
of SFWM can be realized in photonic crystal fibers or mi-
crofibers/nanofibers, etc. [25,53]. In this case, the first-order
terms in Eq. (44) are dominant and the second-order terms
can be omitted, so we have

�kDM = �kDM−0 + τs�s + τi�i. (45)

The interference factor in Eq. (42) becomes

cosθ = cos
[

1
2 LDM(�kDM−0 + τs�s + τi�i )

]
, (46)

where term �kL
2 is omitted. In the following simulation, we

choose wavelengths for the pump, signal, and idler fields as
λp0 = 1053 nm, λs0 = 1310 nm, and λi0 = 881 nm, respec-
tively, which is based on an actual case of SFWM phase
matching in photonic crystal fiber [54]. We simulate |cosθ |2
by employing a 0.5-m-long silica fiber as the DM. Note that
the angular frequency of light is related to wavelength via
ωl = 2πcλ−1

l (l = p0, s0, i0) with c denoting the speed of
light in vacuum. Because of the domination of material dis-
persion in silica fiber, in the simulation we use the dispersion
of bulk silica to approximate the total dispersion of silica fiber
for simplicity. From the simulation results, we find the contour
of |cosθ |2 has an appearance of parallel stripes with equal
periodicity, as shown in Fig. 3(a). The orientation angle ρ of
the stripes is determined by the first-order dispersion of the
DM through

ρ = −arctan

(
τs

τi

)
. (47)

FIG. 3. Contour plots of the interference factor |cosθ |2 when
the DM is a piece of silica fiber. Plot (a) shows the case of large-
frequency detuning between the pump and signal (idler), with λp0 =
1053 nm, λs0 = 1310 nm, λi0 = 881 nm, and LDM = 0.5 m. Plot
(b) shows the case of small-frequency detuning, with λp0 = 1550 nm
and LDM = 75 m.

Generally, since the contour of the pump envelope always has
a fixed angle of −45◦ [see Eq. (39)], it is desirable to have
0◦ < ρ < 90◦ to achieve the goal of flexibly engineering the
JSF. Hence, τs and τi in DM should have opposite sign. In
other words, the group velocity of the pump in the DM should
lie between the group velocities of the signal and idler fields.
For the four waves involved in the SFWM, it is straightfor-
ward to have the relation λi0 < λp0 < λs0, so this requirement
can be fulfilled in a common isotropic DM like silica.

We also note that the two-stage NLI scheme based on spon-
taneous parametric down conversion (SPDC) in χ (2) nonlinear
media was used to generate photon pairs with symmetric
JSF [55]. Equation (45) is also valid for analyzing the DM-
induced phase shift for the NLI based on SPDC. However, the
difference is that in SPDC process the wavelengths of both
signal and idler photons are longer than that of the pump.
So, the group velocities of both signal and idler are usually
greater than that of the pump in a common isotropic DM.
As a result, τs and τi have the same sign. In this situation,
0◦ < ρ < 90◦ cannot be fulfilled by using an isotropic DM,
unless a birefringent DM is employed [56].

We next discuss the small-frequency detuning case of
|ωp0 − ωs0(i0)| � ωp0. This type of SFWM can take place
in dispersion-shifted fibers or standard single-mode fibers
[24,57]. In this case, the linear terms cancel out because
k(1)

DM(ωp0) ≈ k(1)
DM(ωs0) ≈ k(1)

DM(ωi0) and Eq. (44) is rewritten as

�kDM ≈ k(2)
DM(ωp0)

4
(�s − �i )

2, (48)

and the interference factor becomes

cosθ = cos

[
LDMk(2)

DM(ωp0)

8
(�s − �i )

2

]
. (49)

By assuming the DM is a 75-m-long silica fiber and λp0 =
1550 nm, we plot |cosθ |2. As shown in Fig. 3(b), the contour
of |cosθ |2 also has an appearance of parallel stripes, but the
orientation angle of the stripes ρ is fixed at 45◦. Additionally,
the width between two adjacent stripes gradually decreases
from the center to the two sides due to quadratic dependence
upon the frequency difference between the signal and idler
photon pairs. Comparing the two plots in Fig. 3, one sees that
the DM-induced phase shift for the cases of small-frequency
detuning is different from that of large-frequency detuning. In
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FIG. 4. The contour plots of JSF for (a) the non-NLI case of a single-piece 100-m-long DSF (LDM = 0 m) and (b) the NLI case with
7-m-long DM placed in-between two 50-m-long DSFs (LDM = 7 m). The marginal intensity distributions are plotted next to the corresponding
axes.

the next subsection, we will focus on studying how to flexibly
engineer the JSF by using the interference factor |cosθ |2 with
45◦-oriented stripes.

C. Simulation results

In our simulation, we use single-mode dispersion-shifted
fibers (DSFs) and a standard single-mode fiber (SMF) as the
NFs and DM, respectively. The experimental realization of
this configuration is straightforward [24,44,58]. The wave-
lengths of the signal, idler, and pump fields are all in the
1550-nm telecom band. Although our simulations will be
performed in the angular frequency space, for the sake of
convenient demonstration, the results will be presented in the
wavelength space, e.g., the JSF will be plotted as a function
of the signal and idler wavelengths, λs and λi, and the optical
bandwidths will be specified in terms of wavelengths.

To calculate the JSF, we first deduce the phase shift induced
by SMF and the wave vector mismatch in DSF, i.e., �φDM and
�k. Based on Eq. (48), we can write the phase shift induced
by SMF as

�φDM = λ2
p0DSMFLDM

8πc
(ωs − ωi )

2, (50)

where λp0 is the central wavelength of pump, and DSMF is the
group velocity dispersion (GVD) coefficient at λp0. Consider-
ing the higher-order dispersion is more significant in DSF, we
keep the third- and lower-order terms of the Taylor series and
obtain

�k = k(2)
p0

4
(ωs − ωi )

2 + k(3)
p0

8
(ωs + ωi − 2ωp0)

× (ωs − ωi )
2 − 2γ Pp, (51)

with k(2)
p0 = λ2

p0

2πc Dslope(λp0 − λz ) and k(3)
p0 = − λ4

p0

(2πc)2 Dslope,
where λz is the zero GVD wavelength of DSF and Dslope is the
GVD slope at λz. We list below the detailed parameters in the
simulation. The pump is Gaussian shaped with central wave-
length λp0 = 1548.5 nm, linear chirp parameter Cp = 0, and
bandwidth (full width at half-maximum, FWHM) �λp = 1

nm. The DSFs have a zero GVD wavelength λz = 1548.2 nm
with GVD slope Dslope = 0.075 ps/(km nm2), and the nonlin-
ear self-phase modulation term γ Pp = 1 km−1. The length of
each DSF is L = 50 m. As for the SMF, the GVD coefficient is
DSMF = 17 ps/(km nm) at λp0, and the length is LDM = 7 m.
By substituting the parameters into Eqs. (50) and (51), we can
calculate the JSF at the output of the NLI by using Eq. (42).

For the convenience of comparison, we first perform calcu-
lation for the non-NLI case of a single-piece 100-m-long DSF,
which is equivalent to the NLI case but with the SMF being
removed and the two DSFs being connected directly. The JSF
of the non-NLI case (LDM = 0 m) is shown in Fig. 4(a), ex-
hibiting a strong frequency anticorrelation between the signal
and idler bands.

In the NLI case (LDM = 7 m) shown in Fig. 4(b), due to
the interference factor cos θ , the JSF follows a quasiperiod-
ically varying interference profile and exhibits some kind of
“islands” pattern. The maxima of the islands correspond to
the maximum-amplitude points of cos θ with θ = mπ (m =
0, 1, 2, . . .), while the valleys correspond to zero-amplitude
points at θ = π/2 ± mπ (m = 0, 1, 2, . . .). The central wave-
lengths and widths (along the symmetric line with orientation
of about −45◦) of each island are mainly determined by the
DM-induced phase shift �φDM. The quasiperiodicity is be-
cause �φDM quadratically depends on the frequency detuning
between signal and idler photon pairs [see Eq. (50)]. For
convenience of discussion, we label the islands of the JSF with
number m, starting from the zero-detuning point of m = 0 and
labeling the first whole island as m = 1, and so on, as shown in
Fig. 4(b). We also denote the central wavelength of mth island
in the signal (idler) band by λ

(m)
s0(i0). This numbering rule will

be adapted in the rest of this paper. For the m = 1 island in
Fig. 4(b), we find λ

(1)
s0(i0) = 1556.7 (1540.4) nm.

We then examine the interference pattern of individual
signal and idler bands by calculating the marginal spectral
distribution Fs(i)(ωs(i) ), which is the projection of JSF on the
signal (idler) axis: Fs(i)(ωs(i) ) = ∫

dωi(s)F (ωs, ωi ). The results
are shown by the curves next to the corresponding axes of
JSF. From Fig. 4(b), one sees the quasiperiodically varying
interference profile in the marginal distribution. This type
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of interference in frequency domain was observed before
in phase-sensitive fiber amplifier [58] and inhomogeneous
fibers [59]. It is worth noting that unlike the case of using a
single-frequency continuous-wave laser as the pump [58], the
fringe patterns presented here in the signal and idler bands
for the pulse-pumped NLI are asymmetrical. This asymmetry
originates from the higher-order dispersion of the NF [see
Eq. (51)]. Moreover, the visibility of the fringe decreases with
the increase of the island number m. The nonzero values at the
minimum are due to the spectral overlap of adjacent islands.
More overlap occurs as m increases. The overlap can be seen
as a consequence of pulsed pumping.

The results in Fig. 4 clearly demonstrate that the JSF from
NLI is modified by the phase shift induced by the DM (i.e.,
the SMF). With the increase of m, the frequency correlation
of each island is changed from negatively correlated, to un-
correlated, and eventually to positively correlated. The reason
behind the phenomenon is that the periodicity for the contour
of the interference factor |cosθ |2 decreases with the increase
of detuning [see Fig. 3(b)] or, in other words, the width
between two adjacent stripes of |cosθ |2 decreases with the
increase of number m. Since the signal and idler photon pairs
are amplified or deamplified in pairs, this interference pattern
of NLI can be viewed as a multichannel band-pass filtering.
Differently from the passive filtering used in reshaping the JSF
of photon pairs [as discussed in Eq. (16)], the filtering effect
in NLI is active and will not introduce loss and uncorrelated
noise photons. As we will see later, this type of active filter
can improve the mode purity of the photon pairs but without
the reduction in the collection efficiencies.

D. Mode structure

With the modified JSF in Eq. (42), let us examine the
mode structure for the fields from the NLI and compare it
to that without the DM. First of all, since the JSF from the
NLI is divided into separate islands which are orthogonal to
each other, each island can be viewed as an individual JSF by
filtering so that the state in Eq. (1) can be rewritten as

|�〉 ≈ |vac〉 + Gm

∑
m=0

∣∣� (m)
2

〉
, (52)

where Gm = GNm and

∣∣� (m)
2

〉 = N−1
m

∫
dωsdωiF (ωs, ωi )

× f (m)
s (ωs) f (m)

i (ωi )â
†
s (ωs)â†

i (ωi )|vac〉 (53)

is the two-photon state of the mth island with

N 2
m ≡

∫
dωsdωi|F (ωs, ωi )|2

∣∣ f (m)
s (ωs) f (m)

i (ωi )
∣∣2

(54)

as the normalization factor and f (m)
s (ωs), f (m)

i (ωi ) as the
proper filter functions to isolate the mth island in JSF. More
specifically, we use the rectangular-shaped filter functions

f (m)
s(i) (ωs(i) ) =

⎧⎨
⎩

1, if
∣∣∣ωs(i) − ω

(m)
s0(i0)

∣∣∣ � σs(i)

2

0, if
∣∣∣ωs(i) − ω

(m)
s0(i0)

∣∣∣ >
σs(i)

2

(55)

with ω
(m)
s0(i0) as the central frequency of the mth island and σs(i)

as the bandwidth of the filter.
The two-photon state in Eq. (52) is an entangled state of

multiple-frequency components [60] and can be viewed as in
the form of multidimensional entangled states with each is-
land representing a component in the high-dimensional space
[50]. However, this view relies on that each island in the JSF
represents a single-mode two-photon state, which is exactly
what we would like to achieve with our NLI. To find the mode
property of each island, we examine next the modal purity of
each island in the JSF from the NLI.

E. Modal purity and collection efficiencies

To examine the modal purity of the islands in JSF of
the NLI, we now calculate the intensity correlation function
ḡ(2)

s(i) for the individual signal (idler) photons of an island,
which is isolated out by filters. Since the one-side filtered
ḡ(2)

s(i) sets a lower bound for the two-side filtered ḡ(2), which
is directly related to the Schmidt number K and describes the
modal purity of the filtered photon pairs (see Sec. II C), we
calculate ḡ(2)

s(i) for the first three islands in Fig. 4(b) by using
Eq. (28) with the JSF and rectangular filter function described
by Eqs. (42) and (55), respectively. Both filters in the signal
and idler fields are assumed to have the same bandwidth, i.e.,
σs = σi = σ f , where σ f denotes the common filter bandwidth.
As a comparison, we also calculate ḡ(2)

s(i) for the non-NLI
case. In the non-NLI case, there is no island structure and
the marginal distributions are relatively flat within the plotted
range, therefore, without loss of generality, we use the same
filters as that for the m = 1 island.

Figures 5(a) and 5(b), respectively, present the calculated
ḡ(2)

s and ḡ(2)
i as functions of the common filter bandwidth in

terms of wavelength �λ f . Here we have used the approximate

relation �λ f = (1550 nm)2

2πc σ f for the 1550-nm band filters. The
dashed, dotted, and dashed-dotted curves are the result for
islands with island numbers m = 1, 2, and 3, respectively,
while the solid curves are the result for the non-NLI case.
Comparing the results of the signal and idler fields, we find
their general trends are similar, except the differences orig-
inated from the spectral asymmetry depicted in Fig. 4(b).
Therefore, in the following discussion we will focus only on
the results of the signal field.

One sees from Fig. 5(a) that ḡ(2)
s of all the four cases are

very close to 2 when �λ f < 0.2 nm, showing the powerful
mode-cleaning effect of an extremely narrow band-pass filter.
With the increase of �λ f , the advantage of NLI becomes
significant. In some certain range of �λ f , ḡ(2)

s of the NLI
cases are higher than that of the non-NLI case, which means
an improvement of the modal purity. Moreover, for each case
in Fig. 5(a), ḡ(2)

s decreases with the increase of �λ f , but the
descent rate for each case is different. Particularly, one sees
that there exists a plateau before the sharp drop of ḡ(2)

s in the
NLI cases whereas in the non-NLI case ḡ(2)

s decreases with a
nearly constant rate. The plateaus can be seen as the results of
the island structure of the interference pattern, while the sharp
drop after each plateau is because the components of adjacent
islands are also collected as the filter bandwidth increases.
The turning point of the sharp drop of �λ f is determined by
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FIG. 5. Calculated one-side filtered second-order intensity correlation functions and collection efficiencies as functions of the common
filter bandwidth �λ f . (a), (b) Show the one-side filtered ḡ(2)

s and ḡ(2)
i , (c), (d) show the collection efficiencies ξs and ξi. The dashed, dotted, and

dashed-dotted curves are the results for three NLI cases with island number m = 1, 2, and 3, respectively, while the solid curves are results for
the non-NLI case.

the valley-to-valley width of the specific island. For example,
the turning point for the m = 2 island is approximately at
�λ f = 3 nm.

As discussed in Sec. II C, collection efficiency ξs(i) is
another important factor in obtaining high-purity heralded
single-photon source. It has an opposite trend to ḡ(2)

s(i) as the
bandwidth of the filters changes. Now, let us examine how
the collection efficiencies are affected in the selection of a
specific island in the JSF of NLI by filtering. Equation (26)
is used for the calculation of ξs(i) with ηs(i) = 1. Again, we
perform the calculation for the three NLI cases (the islands
with numbers m = 1, 2, and 3) as well as the non-NLI case.
Figures 5(c) and 5(d), respectively, show the calculated ξs and
ξi as functions of the common filter bandwidth �λ f . From
the results of the signal field shown in Fig. 5(c), one sees that
although the general trends of ξs are still opposite to those
of ḡ(2)

s due to the detrimental effect of passive filtering, ξs for
the NLI cases are in general significantly higher than that of
the non-NLI case. In particular, there exists a maximum value
of ξs for the NLI cases, corresponding to the plateau turning
point of ḡ(2)

s in Fig. 5(a). The existence of the maximum of
ξs is due to the same reason for the tuning point of ḡ(2)

s that
some uncorrelated photons from the adjacent islands are also
collected by the filter. The maxima of ξs are about 98%, 97%,
and 96% for the islands with m = 1, 2, and 3, respectively.
Notice this decreasing trend of the maxima of ξs(i) with m is
in accordance with the drop of fringe visibility in Fig. 4(b).
Therefore, we believe the improvement of ξs by using NLI
is originated from the active filtering effect. Higher visibility
of interference fringe means less uncorrelated photons being
collected by the filter.

Finally, inspecting Figs. 5(a)–5(d) together, we find there
is an optimum value for the filter bandwidth �λ f , with which
the specific island in JSF can be properly isolated so that both
ḡ(2)

s(i) and ξs(i) are relatively high. For example, photon pairs
extracted from the m = 3 island gives the best number of ξs

= 96% with ḡ(2)
s = 1.91. Moreover, we recently implemented

the two-stage NLI experiment and demonstrated the good
agreement between the experimental results and simulations
[44]. Therefore, applying optical filter with proper bandwidth
at the output of NLI does not harm the collection efficiency as
much as the non-NLI case. The less-than-ideal performance
is because the different islands in the JSF of Fig. 4(b) do not
separate far enough to have a clean cut for the filters. This
leaves us room for further improvement, as will be analyzed
in Sec. IV.

F. Condition for obtaining an isolated island
with factorable spectrum

In the small-detuning case discussed above, one sees the
exact shape of the islands in the interference-modified JSF
is a manifestation of the pump profile (with a −45◦-oriented
stripe pattern) and interference term [with a 45◦-oriented
stripe pattern, as shown in Fig. 3(b)] while the sinc function
plays a less role because the phase-matching condition can
be approximated as sinc( �kL

2 ) ≈ 1. In this case, a factorable
island should be round shaped. Let us analyze how to realize
the JSF having a round island. Figure 4(b) shows that the main
maxima occur at θ = mπ with m = 1, 2, . . . as the order num-
ber. For the interference term in Eq. (49), by defining small
variations ��s(i) ≡ �s(i) − �

(m)
s(i) around the maxima �

(m)
s(i)
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which satisfy LDMk(2)
DM(ωp0)(�(m)

s − �
(m)
i )2/8 = θ = mπ , we

can approximate cos θ around the maxima by a Gaussian:
exp[−(��s − ��i )2/(2σ 2

int )], where σ 2
int is the approximate

width of the 45◦-oriented stripe pattern [see Fig. 3(b)]. To find
σ 2

int, we make a Taylor expansion of function | cos ax2| around
maxima ax2

m = mπ (x = xm + �x):

cos ax2 ≈ 1 − 2mπa(�x)2 ≈ 1 − (�x)2/
(
2σ 2

int

)
≈ e−(�x)2/(2σ 2

int ), (56)

which gives σ 2
int ≈ 1/(4mπa), indicating that the stripes get

narrower as m increases, as illustrated in Fig. 3(b). Us-
ing Eq. (49), we find a = LDMk(2)

DM(ωp0)/8 so that σ 2
int ≈

2/[mπLDMk(2)
DM(ωp0)]. In order to have a round shape for the

mth island, the −45◦-oriented stripe pattern must have the
same width as the 45◦-oriented stripe pattern. This leads to
the following condition:

2σ 2
p = σ 2

int = 2/
[
mπLDMk(2)

DM(ωp0)
]

(57)

or

σ 2
p LDM = 1/

[
mπk(2)

DM(ωp0)
]

(58)

for a round mth island of the modified JSF. Therefore, the
shape of each island can be tuned by properly adjusting the
pump bandwidth (σp) and the length of the dispersive medium
(LDM).

On the other hand, an island with a factorable spectrum
may not necessarily be round shaped. In general, a factorable
island can have an elliptic shape with the major and minor
axes, respectively, parallel to the two axes of JSF [18]. For
example, in the large-detuning case depicted in Fig. 3(a),
orientation for the stripes of the interference factor |cosθ |2
is not perpendicular to that of the pump. From Fig. 3(a),
one sees that |cosθ |2 has a uniform periodic pattern, and the
maxima occur at θ = nπ (n is an arbitrary integer). We can
approximate the interference factor in Eq. (46) around one of
its maxima �

(n)
s(i) by a Gaussian:

cosθ ≈ exp

[
− (τs��s + τi��i )2

8L−2
DM

]
, (59)

where ��s(i) = �s(i) − �
(n)
s(i). Using the pump envelope func-

tion in Eq. (39), the spectrum of the island can be expressed by
the product of the pump envelope and the interference factor:

F (��s,��i )

∝ exp

[
− (��s + ��i )2

4σ 2
p

− (τs��s + τi��i )2

8L−2
DM

]
. (60)

To eliminate the spectral correlation, the term ��s��i in
Eq. (60) should vanish. This leads to the condition for obtain-
ing a factorable island:

σ 2
p = −2/

(
τsτiL

2
DM

)
. (61)

By substituting Eq. (61) into Eq. (60), we arrive at the fac-
torable spectra

F (��s,��i ) ∝ exp

[
−τs��2

s − τi��2
i

8L−2
DM(τs − τi )−1

]
, (62)

corresponding to an elliptically shaped island with the ellip-
ticity determined by the ratio |τs/τi|. It is straightforward to
show that for the special case of τs = −τi (ρ = 45◦), i.e., the
contour of the interference factor is perpendicular to that of
the pump, Eq. (61) has the simplified form 2/(τsLDM)2 = σ 2

p .
In this case, the stripe width of the interference factor matches
that of the pump envelope and the island is round shaped.

Figure 6(c) shows a typical JSF formed by a series of
elliptical islands, from which spectral factorable photon pairs
can be obtained. In the simulation, the pump bandwidth and
the length of the DM (i.e., the silica fiber) are properly set
to satisfy the condition in Eq. (61). Figures 6(a) and 6(b),
respectively, show the contours of the pump envelope and
interference factor of NLI. From Fig. 6(c), one sees that the
orientation of the major or minor axis of each elliptically
shaped island is parallel to one axis of JSF. To show the
active filtering effect of the NLI, we also plot the interference
patterns of individual signal and idler fields by calculating
their marginal spectral distribution, as shown by the curves
next to the corresponding axes of JSF. Note that in Fig. 6(c),
the visibility of the interference in the signal field is obviously
lower than that in the idler field because there is a large overlap
between adjacent islands in the projection of the signal field. It
thus is hard to isolate and select out the elliptically factorable
island with filters. In this case, the best we can do is to make
the island into round shape by making the orientation of the
stripe 45◦. On the other hand, the elliptical shape will work if
we can make islands well separated so that there is no overlap
between adjacent islands when we select them out with filters.
This is the topic of discussion in the next section.

IV. FURTHER ENGINEERING FOR
BETTER CONTROL OF JSF

In the theoretical analysis above, we have demonstrated
that the JSF of photon pairs can be engineered to have some
sort of island pattern by introducing a phase shift in two-stage
NLI with a DM. We also find that the overlapping of the
adjacent islands is detrimental to creating JSF from which a
spectrally factorable island can be isolated out. In this sec-
tion, we will respectively resort to two different methods,
namely, the programmable optical filtering technology and the
multistage NLI scheme, to realize more flexible and precise
engineering of JSF. Using these methods, we can create JSF
with island patterns that are more factorable and sufficiently
isolated, which is desirable in generating multidimensional
entanglement. Moreover, we will also discuss how to make
full use of each island of the JSF to achieve multichannel
outputs.

A. Using programmable optical filter
for arbitrary spectral engineering

A programmable optical filter (POF) can introduce arbi-
trary phase at different frequency (wavelength), which can be
described by phase function φPOF(ω). If we replace the DM
with a POF in the two-stage NLI, as shown in Fig. 7(a), the
DM-induced phase shift �φDM in Eq. (43) will be accordingly
replaced with the POF-induced phase shift �φPOF, then the
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FIG. 6. Contour plots of (a) pump envelope, (b) interference factor |cosθ |2, and (c) corresponding JSF of NLI. The marginal intensity
distributions in individual signal and idler fields are plotted next to the corresponding axes of the JSF.

interference factor in Eq. (43) becomes

cos θ = cos

(
�kL

2
+ �φPOF

2

)
, (63)

with

�φPOF = 2φPOF(ωp) − φPOF(ωs) − φPOF(ωi ). (64)

In this case, we can tailor the JSF with much more flexibility
by arbitrarily controlling the phase function φPOF(ω) of POF.

Differently from the DM-induced phase function φDM(ω),
which is a continuous function, we can define φPOF(ω) as a
piecewise function to increase the flexibility of spectral con-
trol. For example, when φPOF(ω) is designed as the function
shown in Fig. 7(b), the JSF of the output from this POF-based
NLI will show two factorable islands, as shown in Fig. 7(c).
But the design of POF for engineering special JSF is quite
complicated. So, we will devote the detailed discussion to
another paper [61].

We can show in that paper that JSF with sufficiently iso-
lated and factorable islands at arbitrarily chosen wavelengths
can be realized using a POF-based NLI. It paves the way
for developing a multichannel source of photon pairs with
high modal purity, high collection efficiency, and arbitrary
output wavelengths. However, one problem with POF-based
NLI is that the currently available POFs have a relatively high

insertion loss, which could limit the performance of the NLI.
So, next we will discuss a totally different approach in fine
engineering of the JSF.

B. Multistage NLI for more precise engineering

Another method of fine engineering the JSF is to use a mul-
tistage NLI. As shown in Fig. 8, an N-stage NLI consists of
N pieces of NFs and N − 1 pieces of DM placed in-between
every two NFs. Assume that all the NFs of the multistage NLI
are identical, and so do DMs. Moreover, the insertion and
transmission losses of NFs and DMs can be neglected. The
two-photon state from the NLI with stage number N is then in
the form of Eq. (2) but with the JSF being modified as

F (N )
NLI (ωs, ωi ) = N exp

[
− (ωs + ωi − 2ωp0)2

4σ 2
p

(1 + jCp)

]

× sinc

(
�kL

2

)
H (θ ), (65)

with

H (θ ) =
N∑

n=1

e2 j(n−1)θ = sin Nθ

sin θ
e j(N−1)θ , (66)

FIG. 7. (a) Schematic of POF-based two-stage NLI. (b) Phase function of POF. As an example, the dashed lines mark the phase-control
range with width σc around ω

(1)
s0 , which is the signal central frequency of the m = 1 island. (c) Contour plot of JSF output from the POF-based

NLI.
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FIG. 8. Schematic of an N-stage nonlinear interferometer (NLI) with N pieces of nonlinear fibers (NFs) and N − 1 pieces of dispersive
media (DMs).

where H (θ ) with θ = �kL
2 + �φDM

2 [Eq. (43)] is a modulation
function similar to the interference factor of a multislit inter-
ferometer in classical optics.

To demonstrate the performance of the multistage NLI,
we perform simulations in the same way as that for the two-
stage NLI in Sec. III. Again, we employ the DSFs (each of
length 50 m) and SMFs (each of length 7 m) as the NFs and
DMs, respectively. The parameters given in Sec. III B are used
as well. Using Eq. (65), we plot the JSFs of the two-stage
(N = 2) and the multistage (N = 3, 4, and 5) NLIs, as shown
in Figs. 9(a)–9(d), respectively. From Fig. 9, we find the JSF
has the following features. First, with the increase of stage
number N , the central wavelengths of the primary islands do
not vary but the width of each island (along the symmetric
line oriented at about −45◦) decreases. In the four plots,
the central wavelengths of the islands with the same label
number are the same: the m = 1, 2 and 3 islands in the signal
(idler) band are centering at 1556.7 nm (1540.4 nm), 1560.2
nm (1537.0 nm), and 1562.8 nm (1534.5 nm), respectively.
Second, in the cases of N � 3, there exists N − 2 secondary
islands between two adjacent primary islands, and the ratio
between the intensities of the primary and secondary islands
increases with the increase of N . As a result, the fringe vis-
ibility of marginal intensity distributions in the signal band
accordingly increases with N as well. These results indicate
that JSF with sufficiently isolated islands can be realized by
a multistage NLI. We have recently verified the simulation
results by carrying out a three-stage NLI experiment [45].

Note that for the DM used in plotting Fig. 9, the feature of
interference term is similar to that shown in Fig. 3(b): with a

45◦-oriented stripe pattern and the stripe width decrease with
the increase of detuning. In this case, the width of the island in
JSF is related to both the labeled number m and stage number
N . For an N-stage NLI, it is possible to find a round-shaped
island corresponding to a specific number m. With the change
of stage number N , the label number m of the round-shaped
island varies. For example, from Figs. 9(b)–9(d), we find the
most factorable islands are (i) m = 3 island for N = 3, (ii)
m = 2 island for N = 4, and (iii) m = 1 island for N = 5.
To characterize the three cases, we respectively calculate the
one-side filtered intensity correlation function ḡ(2)

s and collec-
tion efficiency ξs as functions of the common filter bandwidth
�λ f for each island. As shown in Fig. 10, in each case, ξs

rises quickly with �λ f when the bandwidth �λ f is less than
1.5 nm, but approaches to some values close to unity for
�λ f in the range of 1.5 to 3 nm. Meanwhile, although ḡ(2)

s
decreases with the increase of �λ f , the descending rate is
relatively low and depends on the stage number N . We find
that ḡ(2)

s > 1.95 and ξs > 95% can be simultaneously achieved
for all the three cases.

The active filtering effect in NLI is similar to that in an
optical parametric oscillator (OPO) far below threshold [62].
However, there is difference between them. OPO is an overall
result of the resonant cavity, but each intermediate stage in
the N-stage NLI can be separated. For the N-stage NLI in
Fig. 9, only one island can be the most factorable for given
stage number, but we can make full use of the multiple stages
by successively carving out the factorable islands. Figure 11
depicts a scheme of realizing a multichannel single-photon
source with a five-stage NLI, in which three suitable dual-
band band-pass filters (BPFs) having both transmission and

FIG. 9. Contour plots of JSF and intensity distributions in the signal band. (a)–(d) The results of NLIs with stage number N = 2, 3, 4, and
5, respectively.
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FIG. 10. Calculated one-side filtered intensity correlation function ḡ(2)
s and collection efficiency ξs as function of the common filter

bandwidth �λ f for the mostly factorable islands in Figs. 9(b)–9(d). The island and stage numbers for the three cases are (a) m = 3 and
N = 3, (b) m = 2 and N = 4, and (c) m = 1 and N = 5.

reflection ports are inserted. The two rectangularly shaped
pass bands of BPF1 are centered at 1562.8 and 1534.5 nm,
respectively, and the bandwidth of each band is 1.5-nm-width.
By placing BPF1 right after DSF3, the m = 3 island [see
Fig. 9(b)] is selected out, and the other fields from the reflected
port are sent to the next stage. The contour plot of the JSF for
the transmitted port of BPF1 (Output1) is shown in Fig. 11.
Similarly, the m = 2 and 1 islands in Figs. 9(c) and 9(d) are
extracted out by respectively placing BPF2 and BPF3 after
DSF4 and DSF5. The pass bands of both BPF2 and BPF3
also have rectangularly shaped spectra but with their center
wavelengths properly set to fit the center of selected islands.
The JSFs of the corresponding outputs (Output2, Output3) are
also depicted in Fig. 11. It can be seen that all the JSFs are
nearly round and factorizable. By doing so, a multichannel
source of photon pair with high purity and efficiency can also
be realized, which can be further used to obtain multidimen-
sional entanglement [50].

On the other hand, if the feature of interference term in-
duced by a DM is similar to that shown in Fig. 3(a): the stripe
width does not vary with detuning and the orientation angle
of stripes is in the range of 0◦ < ρ < 90◦, so the width of the
island is irrelevant to the labeled number m and decreases with
the increase of stage number N . When the amount of phase
shift induced by DM and the stage number of NLI are properly
designed, the factorable two-photon state can be efficiently
extracted from each island, which is well separated from each
other [56].

It is worth noting that the performance of multistage NLI
highly depends on its transmission efficiency [61]. Although
the stage number of NLI gives another degree of freedom for
precisely engineering the spectrum of two-photon state, high
stage number may prevent the multistage NLI from practical
application. Since insertion loss will be inevitably induced by
each DM, the transmission efficiency of NLI will decrease
with the increase of stage number N . Therefore, if the amount

FIG. 11. Three-channel source of spectrally factorable photon pairs based on a five-stage NLI. Contour plots of the JSFs for the outputs
1–3 are shown next to the corresponding ports of BPF1–BPF3, respectively. DSF, dispersion shifted fiber; SMF, single-mode fiber, BPF,
dual-channel band-pass filter with a reflection port.
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of phase shift induced by each DM is small, say, it is about the
same as the phase mismatch �kL in the nonlinear medium, to
efficiently obtain spectral factorable two-photon stage, stage
number of NLI must be large enough [56]. If the phase shift of
DM is large enough, i.e., φDM � �kL, the goal of achieving
an island which is factorable and well separated from other is-
lands can be realized by exploiting the NLI with stage number
less than 5.

C. Uneven multistage NLI

The multistage NLI discussed in the previous part still
has some minimaxima in-between the main maxima. This
contributes to the imperfect g(2) and efficiency. Elimination of
these minimaxima is thus expected to improve modal purity
and efficiency. Notice that the minimaxima originate from
the H function in Eq. (66), which normally gives (N − 1)th
harmonic of cos 2θ , that is, cos 2(N − 1)θ . To change it, we
consider uneven length of nonlinear fibers (DSFs) for different
part of the multistage NLI. To make things simple, we assume
the DMs sandwiched in-between all have the same length.
Furthermore, we can select the fiber parameters for the DSFs
so that �kL/2 � 1 for all and the sinc function in Eq. (65)
is approximately 1, that is, all the DSFs are nearly phase
matched. Then, after realizing that the contribution from each
DSF is proportional to its length when phase matched, we
obtain the JSF as

F (UN)
NLI (ωs, ωi ) = exp

[
− (ωs + ωi − 2ωp0)2

4σ 2
p

(1 + jCp)

]
K (θ ),

(67)
where the superscript “UN” denotes uneven N-stage NLI and

K (θ ) =
N∑

n=1

Lne2 j(n−1)θ (68)

with θ = �kDMLDM/2 and Ln (n = 1, 2, . . . , N ) as the length
of individual DSF. Similar to the H function in Eq. (65), the
interference pattern originates from |K (θ )|2, which normally
gives harmonics of cos 2θ up to cos 2(N − 1)θ and N − 1
minimaxima.

On the other hand, if we can arrange Ln (n = 1, 2, . . . , N )
in such a way that |K (θ )|2 ∝ cos2(N−1) θ ∝ (1 + cos 2θ )N−1,
it will totally eliminate the minimaxima. This leads to the
following equation:

(1 + e2 jθ )N−1 =
N∑

n=1

(Ln/L1)e2 j(n−1)θ (69)

or

Ln = L1C
n−1
N−1 = L1

(N − 1)!

(n − 1)!(N − n)!
, (70)

which is a binomial distribution. So, if the different sections
of NLI follow a binomial pattern in length, then |K (θ )|2 ∝
(1 + cos 2θ )N−1, which has no minimaxima. In the meantime,
the width of the main maxima narrow as N increases, leaving
different islands in JSF well separated.

With |K (θ )| = | cosN−1 θ | and approximation in Eq. (56),
we easily obtain the condition

σ 2
p LDM = 1/

[
m(N − 1)πk(2)

DM(ωp0)
]

(71)

FIG. 12. Contour plot for the JSF of (a) three-stage NLI with
uneven 50-100-50 length, (b) four-stage NLI with uneven 50-150-
150-50 length, (c) three-stage NLI with even 50-50-50 length, and
(d) four-stage NLI with even 50-50-50-50 length. The numbers de-
note the lengths of individual DSFs in the units of meter. The length
of individual SMFs in all NLIs is 11 m. The white arrows indicate
the round islands in each case.

for a round mth island of the JSF in the uneven N-stage NLI.
To demonstrate the advantage of this approach, we run

simulations for three- and four-stage NLIs with uneven
DSF length distribution of 50-100-50 and 50-150-150-50,
respectively, and compare the results to their even length
counterparts [using Eqs. (65) and (66)]. The numbers here
denote the length of individual DSFs in the unit of meter. The
length of individual SMFs is 11 m for all cases. Figure 12
shows the contour plot of the JSF for these two cases (a),
(b) as compared to their even length counterparts of 50-50-50
and 50-50-50-50 (c), (d). It can be seen that there are no
minimaxima in Figs. 12(a) and 12(b). For the effectiveness
of the arrangement, we next evaluate the intensity correlation
function and collection efficiency for the round islands of each
case, which are indicated by the white arrows in Fig. 12. Due
to the similarity for the results in signal and idler fields, we
only display the calculated results of ḡ(2)

s and ξs as a func-
tion of the filter bandwidth of the signal channel, as shown
in Fig. 13. As can be seen, the uneven cases (solid curves)
significantly improve upon the even cases (dashed curves).

V. HIGH-GAIN REGIME

So far, our discussion is limited to the JSF, which directly
characterizes the frequency correlation between signal and
idler photons generated in spontaneous parametric process.
This is in the low-gain regime of operation for the parametric
processes, that is, the parameter G in Eq. (1) is much smaller
than one. This corresponds to the case of low pump power.
But when the pump power is high so that G ∼ 1 or even much
larger than 1, the parametric process becomes an amplification
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FIG. 13. Comparison of ḡ(2)
s [(a), (b)] and heralding efficiency ξs

[(c), (d)] between uneven (solid curves) and even (dashed curves)
length for three-stage [(a), (c)] and four-stage [(b), (d)] NLIs,
respectively.

process with appreciable gain. The parametric process in this
case can produce entangled states with EPR-type correlations
in continuous variables [49,63]. However, the output quantum

state cannot be obtained from Eq. (1) but must be derived from

|�〉 = Û |vac〉 (72)

via the evolution operator

Û = exp

{
1

ih̄

∫
dt Ĥ

}
(73)

with [10,64]∫
dtĤ = ih̄G

∫
dω1dω2FNLI(ω1, ω2)â†

s (ω1)â†
i (ω2) + H.c.,

(74)

where FNLI(ω1, ω2) is the same JSF in Eq. (1) but is now
modified by the NLI. Note that the states in Eqs. (1) and (29)
are the first- and second-order approximation of Eq. (72) when
G � 1.

However, for large G, it is better to work in the Heisenberg
picture where the input and output operators are connected by

b̂s(ωs) = Û †âs(ωs)Û ,

b̂i(ωi) = Û †âi(ωi )Û , (75)

and it can be shown that for the evolution operator given in
Eq. (73), the output operators are related to the input by a set
of Green functions [65]:

b̂s(ωs) = Û †âs(ωs)Û =
∫

S
h1s(ωs, ω

′
s)âs(ω

′
s)dω′

s +
∫

I
h2s(ωs, ω

′
i )â

†
i (ω′

i )dω′
i, (76a)

b̂i(ωi ) = Û †âi(ωi )Û =
∫

I
h1i(ωi, ω

′
i )âi(ω

′
i )dω′

i +
∫

S
h2i(ωi, ω

′
s)â†

s (ω′
s)dω′

s, (76b)

with the Green functions given by

h1s(ωs, ω
′
s) = δ(ωs − ω′

s) +
∞∑

n=1

G2n

(2n)!

∫∫
· · ·

∫
dω1dω2 . . . dω2n−1

×{[FNLI(ωs, ω1)FNLI(ω2, ω3) . . . FNLI(ω2n−2, ω2n−1)]

×[F ∗
NLI(ω2, ω1)F ∗

NLI(ω4, ω3)F ∗
NLI(ω6, ω5) . . . F ∗

NLI(ω
′
s, ω2n−1)]}, (77)

h2s(ωs, ω
′
i ) = GFNLI(ωs, ω

′
i ) +

∞∑
n=1

G2n+1

(2n + 1)!

∫∫
· · ·

∫
dω1dω2 . . . dω2n

×{[F ∗
NLI(ω2, ω1)F ∗

NLI(ω4, ω3) . . . F ∗
NLI(ω2n, ω2n−1)]

×[FNLI(ωs, ω1)FNLI(ω2, ω3)FNLI(ω4, ω5) . . . F ∗
NLI(ω2n, ω

′
i )]}, (78)

h1i(ωi, ω
′
i ) = δ(ωi − ω′

i ) +
∞∑

n=1

G2n

(2n)!

∫∫
· · ·

∫
dω1dω2 . . . dω2n−1

×{[FNLI(ω1, ωi )FNLI(ω3, ω2) . . . FNLI(ω2n−1, ω2n−2)]

× [F ∗
NLI(ω1, ω2)F ∗

NLI(ω3, ω4)F ∗
NLI(ω5, ω6) . . . F ∗

NLI(ω2n−1, ω
′
i )]}, (79)

h2i(ωi, ω
′
s) = GFNLI(ω

′
s, ωi ) +

∞∑
n=1

G2n+1

(2n + 1)!

∫∫
· · ·

∫
dω1dω2 . . . dω2n

×{[F ∗
NLI(ω1, ω2)F ∗

NLI(ω3, ω4) . . . F ∗
NLI(ω2n−1, ω2n)]

×[FNLI(ω1, ωi )FNLI(ω3, ω2)FNLI(ω5, ω4) . . . FNLI(ω
′
s, ω2n)]}. (80)
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FIG. 14. Contour plot of the absolute square of h2s(ωs, ωi ) as a function of the gain parameter G with (a) G = 0.3, (b) G = 1.5, (c) G = 3.
(d) Mode indice of SVD of h2s(ωs, ωi ). The dashed lines illustrate the filters of bandwidth 3.6 nm.

It has been shown that the spectral property of the signal
and idler photons is directly related to the Green function
h2s(i)(ωs(i), ωi(s) ) and both h2s(ωs, ωi ) and h2i(ωi, ωs) have
the same pattern [65]. So, we only numerically calculate
h2s(ωs, ωi ) as a function of the gain coefficient G in order to il-
lustrate the change of the spectral property influenced by gain
parameter. Note that for G � 1, h2s(ωs, ωi ) ∝ FNLI(ωs, ωi ).
The detailed parameters of FNLI(ωs, ωi ) are the same as those
listed for Fig. 4 in Sec. III C. For large G, we use Eq. (78) up
to 40 terms to calculate h2s(ωs, ωi ) since our simulation shows
that the accuracy does not change after 40 terms.

The contour plots of the Green function h2s(i)(ωs(i), ωi(s) )
are shown in Figs. 14(a)–14(c) with G = 0.3, 1.5, 3,
respectively. As can be seen, the Green functions maintain
the quasiperiodically island pattern with the gain parame-
ter G increased, but the islands seem to be getting more
rounded. So, the technique of NLI can be used to engi-
neer the spectrum of parametric processes in the high-gain
regime as well [43].

In order to reveal the mode properties in more detail, we
can use filters f (m)

s (ωs), f (m)
i (ωi ) to select out the specific

island, just like what we did in Sec. III D. For m = 1 island,
we use filters of bandwidth 3.6 nm and make a single-value
decomposition of the normalized function of the filtered h2s

under different gain condition. We show the mode index coef-
ficients in Fig. 14(d). Apparently, the lowest-order coefficient
will become larger as G increases. This explains the trend
shown in Figs. 14(a)–14(c) that the islands seem to be get-
ting more rounded as G increases and is consistent with the
general trend of the parametric process at large gain, that is,
the first-order mode dominates and the process becomes near
single-mode operation as G increases [51]. We experimentally
demonstrated this feature for the single selected island in the
NLI-modified spectrum of the parametric process [43]. Of
course, the better way to make the islands round is to adjust
the pump bandwidth and the length of the SMF, as discussed
before in Eq. (57).

It should be noted that a recent study [66] indicated that
Eq. (73) is approximately correct in high-gain regime because
of a time-ordering problem due to noncommuting of Hamilto-
nian at different time. The general expressions in Eq. (76) still
stand although Eqs. (77)–(80) are approximations. The issue
was discussed recently [67,68] to provide an exact solution
in high-gain regime. Study along this line for the current
nonlinear interferometer scheme [69] leads to modifications
of the spectrum similar to Fig. 14. So, the general approach

discussed here is still valid for the engineering of the spectrum
of the quantum states.

VI. SUMMARY AND DISCUSSION

In this paper, we analyze an interferometric method to
engineer the joint spectral function (JSF) of a two-photon state
generated from spontaneous parametric emission. We achieve
this by employing nonlinear interferometer (NLI) schemes.
We successfully modify an original frequency anticorrelated
JSF from dispersion shifted fiber to a nearly factorized JSF
using a two-stage NLI. We further refine the two-stage NLI
with a programmable optical filter and extend our discussion
to a multistage NLI for finer engineering.

The role played by NLI in JSF engineering is spectral filter-
ing. But, different from passive filtering after the production of
the photon pairs, which may destroy the correlation between
the photons in a pair, the spectral filtering achieved in NLI is
an active filtering scheme that selectively produces the photon
pair and thus preserves the photon correlation. Because of this,
the engineered two-photon states maintain a high collection
efficiency while having the spectral properties modified to
become frequency uncorrelated for near-unity modal purity,
which gives rise to a transform-limited two-photon state.

Our investigation provides an approach for engineering the
spectral property of photon pairs and for obtaining narrow-
band photon pairs simultaneously possessing the advantages
of high purity, high collection efficiency, and high bright-
ness, which are an important resource of quantum states for
quantum information and communication. Compared with the
methods of directly generating factorable photon pairs by
engineering the dispersion property of nonlinear medium, our
NLI approach is easy to implement and has flexible output.
The wavelength of photon pairs can be conveniently tuned
for various tasks. Compared with the methods of generating
factorable photon pairs by applying narrow-band filters in
signal and idler bands, our NLI approach does not decrease the
brightness of photon pairs and collection efficiency. Moreover,
by introducing the multistage design into our NLI approach,
we are able to develop a source delivering fully factorable
photon pairs entangled in multifrequency channels for high-
dimensional entanglement.

The interferometric approach discussed here can also be
applied to high-gain situation for tailoring the spectrum,
which is even more critical in exploring quantum entangle-
ment with continuous variables [40–43,49,70]. However, the
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case becomes complicated when the pump power is increased
in nonlinear fibers for high gain because power-dependent
nonlinear phase shift will alter the spectral properties of the
generated fields as well. Loss is also a critical factor to
consider in quantum entanglement with continuous variables
in the design involving a programmable optical filter and
multiple stages. Nevertheless, the interferometric approach
provides us more flexibility in engineering quantum states.
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APPENDIX: DERIVATION OF THE HERALDED AUTOINTENSITY CORRELATION FUNCTION

In this Appendix we give the procedure for deriving Eqs. (31)–(34), which finally lead to the expression of the heralded
autointensity correlation function g̃(2)

s . The state given in Eq. (1) is a low pump-power approximation for the quantum state of
the light field from spontaneous parametric processes. Higher photon-number terms will start to contribute when the pump power
is high in order to increase the brightness of the source. The next order modification includes a four-photon state and leads to a
state of [19]

|�〉 ≈ |vac〉 + G|�2〉 + (G2/2)|�4〉 (A1)

with |�2〉 given in Eq. (2) and the four-photon modification of

|�4〉 = |�2〉 ⊗ |�2〉
=

∫
dωsdωidω′

sdω′
iF (ωs, ωi )F (ω′

s, ω
′
i )â

†
s (ωs)â†

s (ω′
s)â†

i (ωi )â
†
i (ω′

i )|vac〉. (A2)

The four-photon term corresponds to two-pair production and will lead to a two-photon state in the heralded field. We will
calculate this two-photon state from the four-photon modification term in Eq. (A2).

For completeness of discussion, we will include the passive filters. As in Eq. (16), the passive filters are modeled as
beam splitters by replacing âs(ω) with â′

s ≡ fs(ω)âs(ω) + rs(ω)âsv (ω) and âi(ω) with â′
i ≡ fi(ω)âi(ω) + ri(ω)âiv (ω). The

contributions to the heralded state from the first two terms in Eq. (A1) are exactly the same as Eq. (18). So, we will only
calculate the contribution from the four-photon term here.

The heralding detection of an idler photon at time t collapses the four-photon state in Eq. (A2) to

Êi(t )|�̄4〉 =
∫

dωsdωidω′
sdω′

iF (ωs, ωi )F (ω′
s, ω

′
i )â

′†
s (ωs)â′†

s (ω′
s)Êi(t )â′†

i (ωi)â
′†
i (ω′

i )|vac〉

= 1√
2π

∫
dωsdωidω′

sdω′
iF (ωs, ωi )F (ω′

s, ω
′
i )â

′†
s (ωs)â′†

s (ω′
s)[e− jωit â′†

i (ω′
i ) fi(ωi ) + e− jω′

it â′†
i (ωi ) fi(ω

′
i )]|vac〉, (A3)

where |�̄4〉 is the filtered state and Êi(t ) = 1√
2π

∫
dω e− jωt âi(ω). With slow heralding detectors unable to time resolve the pulsed

field, the projected density operator becomes

ˆ̄ρproj = G4

4

∫
dt Êi(t )|�̄4〉〈�̄4|Ê†

i (t )

= G4

4

∫
dωsdω′

sdω̄sdω̄′
s|1′

s(ωs)1′
s(ω

′
s)〉〈1′

s(ω̄s)1′
s(ω̄

′
s)|

∫
dωidω′

idω̄idω̄′
iF (ωs, ωi )F (ω′

s, ω
′
i )F

∗(ω̄s, ω̄i )F
∗(ω̄′

s, ω̄
′
i )

× 1

2π

∫
dt[e− jωit fi(ωi )|1′

i(ω
′
i )〉 + e− jω′

it fi(ω
′
i )|1′

i(ωi )〉][e jω̄it fi(ω̄i )〈1′
i(ω̄

′
i )| + e jω̄′

it fi(ω̄
′
i )〈1′

i(ω̄i )|]. (A4)

After carrying out the time integral and trace out the idler photons, we obtain

ˆ̄ρ2 = Tri ˆ̄ρproj

= G4

4

∫
dωsdω′

sdω̄sdω̄′
s|1′

s(ωs)1′
s(ω

′
s)〉〈1′

s(ω̄s)1′
s(ω̄

′
s)|

∫
dωidω′

iF (ωs, ωi )F (ω′
s, ω

′
i )
[

f 2
i (ωi ) + f 2

i (ω′
i )
]

× [F ∗(ω̄s, ωi )F
∗(ω̄′

s, ω
′
i ) + F ∗(ω̄s, ω

′
i )F

∗(ω̄′
s, ωi )]. (A5)

Proper normalization requires the evaluation of the trace of the density operator, which gives

Tr ˆ̄ρ2 = G4
∫

dωsdω′
sdωidω′

i f 2
i (ωi )F (ωs, ωi )F (ω′

s, ω
′
i )[F

∗(ωs, ωi )F
∗(ω′

s, ω
′
i ) + F ∗(ωs, ω

′
i )F

∗(ω′
s, ωi )]

= G4(Āi + Ēi ), (A6)
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where Āi, Ēi are similar to those in Eq. (10) except the filtering factor f 2
i (ωi ) is included. Tracing out the vacuum photons in the

signal field, we obtain the two-photon part of the heralded state in the signal field upon detection of one idler photon:

ˆ̄ρ ′
2 = ˆ̃ρ0 + ˆ̃ρ1 + ˆ̃ρ2, (A7)

where ˆ̃ρ0, ˆ̃ρ1 are the vacuum and one-photon terms whose exact forms are unimportant because they only give higher-order
corrections to the state in Eq. (18). ˆ̃ρ2 are the two-photon term and has the form of

ˆ̃ρ2 = G4

4

∫
dωsdω′

sdω̄sdω̄′
s fs(ωs) fs(ω

′
s) fs(ω̄s) fs(ω̄

′
s)

∫
dωidω′

iF (ωs, ωi )F (ω′
s, ω

′
i )

× [F ∗(ω̄s, ωi )F
∗(ω̄′

s, ω
′
i ) + F ∗(ω̄s, ω

′
i )F

∗(ω̄′
s, ωi )]

[
f 2
i (ωi ) + f 2

i (ω′
i )
]|1s(ωs)1s(ω

′
s)〉〈1s(ω̄s)1s(ω̄

′
s)|. (A8)

Combining the above with Eq. (18) which is the contribution from the first two terms of Eq. (A1), we find the normalized
heralded state as

ˆ̄ρ ′′ = N
[

T
∑

k

r̄2
k |1̄k〉〈1̄k| + R|vac〉〈vac| + G2( ˆ̃ρ ′

0 + ˆ̃ρ ′
1 + ˆ̃ρ ′

2)/4Ā1/2
i

]
, (A9)

where ˆ̃ρ ′
l ≡ 4 ˆ̃ρl/G4 for l = 0, 1, 2 with Āi given in Eq. (19). N = [1 + CG2]−1 is the normalization factor with C as some

constant related to the JSF F (ωs, ωi ) and filter functions fs, fi, rs, ri. N ≈ 1 for G � 1.
The heralded autointensity correlation function g̃(2)

s is defined as

g̃(2)
s ≡

∫
dt1dt2̃(2)

s (t1, t2)[ ∫
dt ̃

(1)
s (t )

]2 (A10)

with

̃(2)
s (t1, t2) ≡ Tr[ ˆ̄ρ ′′ Îs(t1)Îs(t2)], ̃(1)

s (t ) ≡ Tr[ ˆ̄ρ ′′ Îs(t )]. (A11)

ˆ̃ρ ′
2 is the only term in ˆ̄ρ ′′ that will contribute to ̃(2)

s (t1, t2), which is calculated as

̃(2)
s (t1, t2) = Tr[ ˆ̄ρ ′′ Îs(t1)Îs(t2)]

= 1

(2π )2

G2

4Ā1/2
i

Tr

[
ˆ̃ρ ′

2

∫
dω̃s1dω̃′

s1dω̃s2dω̃′
s2e−i(ω̃s1t1+ω̃s2t2 )ei(ω̃′

s1t1+ω̃′
s2t2 )â†

s (ω̃′
s1)â†

s (ω̃′
s2)âs(ω̃s2)âs(ω̃s1)

]

= 1

(2π )2

G2

4Ā1/2
i

∫
dωsdω′

sdω̄sdω̄′
s fs(ωs) fs(ω

′
s) fs(ω̄s) fs(ω̄

′
s)

∫
dωidω′

iF (ωs, ωi )F (ω′
s, ω

′
i )
[

f 2
i (ωi ) + f 2

i (ω′
i )
]

×[F ∗(ω̄s, ωi )F
∗(ω̄′

s, ω
′
i ) + F ∗(ω̄s, ω

′
i )F

∗(ω̄′
s, ωi )][e

−i(ωst1+ω′
st2 )+e−i(ωst2+ω′

st1 )][ei(ω̄st1+ω̄′
st2 )+ei(ω̄st2+ω̄′

st1 )]. (A12)

Then, we carry out the time integral∫
dt1dt2̃

(2)
s (t1, t2) = G2

4Ā1/2
i

∫
dωsdω′

sdω̄sdω̄′
s fs(ωs) fs(ω

′
s) fs(ω̄s) fs(ω̄

′
s)

∫
dωidω′

iF (ωs, ωi )F (ω′
s, ω

′
i )
[

f 2
i (ωi ) + f 2

i (ω′
i )
]

×[F ∗(ω̄s, ωi )F
∗(ω̄′

s, ω
′
i ) + F ∗(ω̄s, ω

′
i )F

∗(ω̄′
s, ωi )]2[δ(ωs − ω̄s)δ(ω′

s − ω̄′
s) + δ(ω′

s − ω̄s)δ(ωs − ω̄′
s)]

= 2PsPc

Pi

(
1 + Ē

Ā

)
, (A13)

with

Ā =
∫

dωsdω′
s

∫
dωidω′

i f 2
s (ωs) f 2

s (ω′
s) f 2

i (ωi)|F (ωs, ωi )F (ω′
s, ω

′
i )|2 (A14)

and

Ē =
∫

dωsdω′
s

∫
dωidω′

i f 2
s (ωs) f 2

s (ω′
s) f 2

i (ωi )F (ωs, ωi )F
∗(ωs, ω

′
i )F (ω′

s, ω
′
i )F

∗(ω′
s, ωi ), (A15)

where Pc, Ps, Pi are given in Eqs. (24) and (25) with ηs = 1 = ηi. From Eq. (18), we find

̃(1)
s (t ) = Tr[ ˆ̄ρ ′′ Î (t )]

= Tr[ ˆ̄ρ ′
1Ê†

s (t )Ês(t )]

= 1

2π

1

Pi
Tr

[∫
dωsdω′

sdωiF (ωs, ωi )F
∗(ω′

s, ωi ) f 2
i (ωi ) fs(ωs) fs(ω

′
s)e−i(ωs−ωs

′ )t
]
, (A16)
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then we carry out the time integral∫
dt ̃(1)

s (t ) = 1

2π

1

Pi

∫
dt Tr

[∫
dωsdω′

sdωiF (ωs, ωi )F
∗(ω′

s, ωi ) f 2
i (ωi ) fs(ωs) fs(ω

′
s)e−i(ωs−ω′

s )t

]

= 1

Pi

∫
dωsdωi|F (ωs, ωi )|2 f 2

s (ωs) f 2
i (ωi)

= Pc

Pi
. (A17)

After substituting Eqs. (A13) and (A17) into Eq. (A10), we arrive the heralded autointensity correlation function

g̃(2)
s = 2Pc

hihs

(
1 + Ē

Ā

)
, (A18)

where hi, hs are the heralding efficiencies given in Eq. (26) with ηi = 1 = ηs.
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