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PageRank is an algorithm used by Google Search to rank web pages in their search engine results. An important step for
quantum networks is to quantize the classical protocol as quantum mechanics provides computational resources that
can be used to outperform classical algorithms. In this paper, we experimentally realize continuous-time quantum walks
for directed graphs with non-Hermitian adjacency matrices by using linear optical circuits and single photons. We find
that the node classical centrality in a directed graph is correlated with the maximum node probability resulting from
a continuous-time quantum walk and then demonstrate PageRank. Our work opens up an avenue of applications of
quantum information in real-life tasks. © 2020 Optical Society of America under the terms of the OSA Open Access Publishing
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1. INTRODUCTION

During the past two decades, significant experimental progress
towards quantum computers [1], quantum cryptography [2,3] and
quantum simulators [4] has spurred increased interest in quantum
walks (QWs). Since most quantum simulators today are realized
in finite-dimensional systems [5], single- and many-particle QWs
on finite lattices [6] and their implications have become a subject
of intense theoretical scrutiny and practical importance [7–11].
In particular, the progress in fabrication of coupled optical wave-
guides lattices and the development of single-photon sources has
made it possible to experimentally investigate continuous-time
quantum walks (CTQWs) of single and correlated photons on
discrete lattices [12–14]. In these cases, the Hamiltonian of the
quantum system determines the properties of the corresponding
CTQW, either on a line or on a lattice [15,16]. CTQWs on a
constant-degree graph can be used in search algorithms [17,18]
and universal quantum computing [15,16], and the Hamiltonian
is given by the corresponding adjacency matrix. This opens a
door for novel applications of CTQWs in quantum information
processing. Traditionally, CTQW have been confined to undi-
rected graphs [19,20] with Hermitian adjacency matrices that give
rise to unitary evolution. In this paper, we define CTQW on an
arbitrary directed graph and experimentally implement it on two
three-node graphs. We find that the node centrality in a directed

graph is correlated with the maximum node probability resulting
from the CTQW and then demonstrate PageRank.

The PageRank algorithm, introduced by Page and Brin [21], is
the most prominent ranking measure using the query-independent
hyperlink structure of the web. PageRank can be seen as the
stationary distribution of a random walker on the web graph,
which spends its time on each page in proportion to the relative
importance of that page. To model this, one can define the tran-
sition matrix associated with the adjacency matrix of the directed
graph. In general, the adjacency matrix of the directed graph is not
Hermitian. We introduce the notion of a CTQW on a directed
graph, with non-Hermitian adjacency matrices, and show that
they can be simulated using a quantum simulator or a quantum
circuit. For the few basic graphs that we consider, we show that the
nonunitary continuous time evolution is related to the classical
centrality of nodes in these graphs. Thus, CTQW on directed
graphs may be used to assign the node ranking via QW-based cen-
trality measures. We then demonstrate these ideas by simulating
the time evolution on two directed three-node graphs. We realize
such QWs by using linear optical circuits and single photons and
experimentally demonstrate one of their applications—a page
ranking algorithm. In light of the recent progress of practical appli-
cations of a noisy intermediate-scale quantum computer, such
as a variational quantum eigensolver [22,23] and a full quantum
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eigensolver [24], our experiment reports the first successful exper-
imental demonstration of a page ranking algorithm and provides
new evidence for QWs’ applications in quantum algorithms and
quantum information processing.

Searching or ranking a large database is an important, cross-
disciplinary task with broad applications in everyday life. By
exploiting the unique properties of quantum resources, various
quantum search algorithms, such as Grover–Long algorithm [25],
quantum PageRank [26], etc., have revealed an advantage with
respect to the classical protocols. However, despite a lot of theoreti-
cal work demonstrating the advantages of applying QWs in search
algorithms [27], the first experimental implementation (with a
Grover walk) came much later [28]. Quantum search algorithms
have been realized with 2 [28–32] or 3 qubits [33,34] correspond-
ing to the database size of 4 or 8, respectively, in various physical
systems. With the rapid development of quantum information sci-
ence and technology, we would expect that QW-based algorithms
such as quantum search and quantum PageRank can be put to test,
across multiple platforms, for real application in the near future.

2. QUANTUM WALKS ON DIRECTED GRAPHS

A directed graph is characterized by an N × N non-Hermitian
adjacency matrix A 6= A†. The time evolution G(t)= exp(−i At)
of such a system is nonunitary. The nonunitary evolution can
be realized if the system possesses some symmetries, such as
parity-time symmetry [35–51], time-reversal symmetry [52], or
pseudo-Hermiticity [53,54]. In each case, either the Hamiltonian
with a real spectrum is made self-adjoint by redefining the inner
product or, more commonly, it is dilated into a Hermitian
Hamiltonian [52]. Here we experimentally realize an arbitrary
nonunitary evolution by using the unitary-dilation approach
[55,56], i.e., we embed the nonunitary operator as a part of a larger
unitary operator that is twice its size. The nonunitary time evolu-
tion of the directed graph is then obtained by restricting the output
measurements to the graph. We note that this process is different
from Hamiltonian dilation methods where the system is coupled
to a two-level ancilla. As shown in Refs. [55,56], we can con-
struct the 2N × 2N unitary dilation of the N × N, nonunitary
time-evolution operator G(t) as

UA(t)=

 G(t)
3(t)

√
1− G(t)

3(t)
G†(t)
3(t)√

1− G†(t)
3(t)

G(t)
3(t) −

G†(t)
3(t)

 , (1)

where 3(t)≡
√

maxk[λk(t)] and λk ≥ 0 are the eigenvalues of
the matrix G(t)G†(t) or, equivalently, G†(t)G(t). Note that
due to this scaling, the defect operator [1− G(t)G†(t)/32(t)] is
nonnegative, and hence its square root is a Hermitian operator.

An initial state |ψs (0)〉 on graph A with N nodes is embedded
into a state |ψ(0)〉 = (|ψs (0)〉, |0〉)T on the graph with 2N nodes,
and it is time evolved using the unitary operator UA(t):

|ψ(t)〉 =
(
|ψs (t)〉
|ψe (t)〉

)
=

( G(t)
3(t) |ψs (0)〉√

1− G†(t)
3(t)

G(t)
3(t) |ψs (0)〉

)
. (2)

Under this unitary time evolution, the node-occupation proba-
bilities are given by P (k, t)= |〈k|ψ(t)〉|2, where k = 1, . . . , N
for the system degrees of freedom and k = N + 1, . . . , 2N for the
environment. Note that although the time evolution over the sys-
tem + environment is unitary, i.e.,

∑2N
k=1 P (k, t)= 1, the nonzero

weight in the environment sector |ψe (t > 0)〉 6= 0 signifies that
the time evolution on graph A is not unitary. The time-evolution
state G(t)|ψs (0)〉 of a QW on a directed graph A is then obtained
via3(t)|ψs (t)〉. Thus, Eq. (2) provides a recipe to experimentally
implement a CTQW on an arbitrary directed graph.

We emphasize that the nonunitary time evolution on a directed
graph via the operator G(t) is mathematically straightforward.
However, in practice, it cannot be realized using a Hermitian quan-
tum system with the same number of degrees of freedom (nodes).
Conversely, the unitary-dilation procedure discussed above enables
the implementation of CTQW on arbitrary directed graphs using
traditional quantum simulators or quantum circuits.

3. CONTINUOUS-TIME QUANTUM WALKS AND
CENTRALITY ON DIRECTED GRAPHS

In this section, we investigate the relationship between the CTQW
node probabilities P (k, t) and the relative importance of each
node in the directed graph, often termed its centrality or page
rank. The main reason for Google being so successful lies in the
page ranking algorithm developed by its founders, Larry Page
and Sergey Brin [21]. Thus, it is of significant theoretical and
practical interest to examine if a QW-based algorithm can be
developed to analyze complex networks, typically characterized
by non-Hermitian adjacency matrices, and to provide effective
ranking strategies [19,57,58]. Earlier theoretical work on the
centrality studies of undirected graphs [19,20] and directed graphs
with parity-time (PT) symmetry [59] have demonstrated a close
relationship between the maximum node probabilities obtained
from a QW and the relative importance of corresponding nodes as
characterized by centrality measures.

To quantify and extract the intrinsic relative importance of
each node, we choose the initial state of the quantum walker as
identically distributed over all 2N nodes, that of the system and the
environment. This ensures that no bias is given towards any par-
ticular node. We evaluate the maximum system-node probabilities
for CTQW on graph A and compare them with the classical cen-
trality measure that we evaluate using the Mathematica function
PageRankCentrality for graph A†. The node probabilities P (k, t)
for the system nodes either oscillate or reach steady-state values,
and they encode the symmetries of the underlying directed graph.
Table 1 shows a comparison of the classical centrality of a graph
A† and the maximum node probability in the system graph A for
the directed graphs shown in Fig. 1. We note that the maximum
system node probabilities Pmax are not constrained by any sum
rule, whereas the PageRank values sum to unity.

Table 1. Comparison of Node Rankings Obtained
from Classical Page Rank Algorithm with Those
Defined via Maximum Quantum-Walk Probabilities for
Directed Graphs A1 and A2

x Node Page Rank via A† System Pmax

A1 1 0.388 0.277
2 0.397 0.372
3 0.215 0.239

A2 1 0.292 0.225
2 0.292 0.225
3 0.416 0.449
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Fig. 1. Distinct directed graphs with three nodes. Both graphs A1 and
A2 have two directed edges. Graph A1 is a reversible directed graph, and
A2 is irreversible.

We show some examples. We start with the CTQW on graph

A1 =

 0 −1 −1
−1 0 0
0 −1 0

. The adjacency matrix A1 has one real and

two complex-conjugate eigenvalues. We take another example:

the complementary graph A2 =

 0 −1 −1
−1 0 −1
0 0 0

, which has two

equivalent nodes 1 and 2, along with a “source” node 3.
We see from Table 1 that the node rankings obtained via

CTQW on A1 and A2 are in good agreement with those obtained
from the classical centrality measure for graphs A†

1 and A†
2 as exam-

ples. We observed higher maximum QW probability at nodes with
higher influx than outflux, which reflects their network centrality.

4. EXPERIMENTAL IMPLEMENTATION

Universal linear optics [60,61] and the use of linear combination of
unitaries [62] have been instrumental to experimental realizations
of quantum photonic chips [14,63] that realize arbitrary unitaries.
This approach enables the efficient implementation of an arbitrary
unitary transformation on various degrees of freedoms of single
photons [64,65]. Here we demonstrate these ideas by simulating
CTQW on two directed, three-node graphs A1 and A2. We con-
struct the 6× 6 unitary operators UA(t) for A1 and A2, and we
simulate the time evolution via linear optics and single photons.

Each 6× 6 unitary transformation UA(t) can be decomposed
as UA(t)= (1⊕U ′′4 )(U

′

4 ⊕ 1)(1⊕U4), where U4, U ′4, U ′′4 are
4× 4 unitary matrices, and 1 is 2× 2 identity matrix. Thus, UA(t)
can be realized by applying U4 (U ′4 or U ′′4 ) on the corresponding
four-dimensional subsystem with the remaining two-dimensional
subsystem unchanged.

Each 4× 4 matrix can be further decomposed using the cosine-
sine decomposition method [20]. We use U4 as an example, and it
can be decomposed as U4 =LSR, where

L=
(

L 0
0 L ′

)
, R=

(
R 0
0 R ′

)
(3)

are block-diagonal, and L , L ′, R , and R ′ are 2× 2 unitary transfor-
mations on two modes. The matrix S is an orthogonal cosine-sine
matrix, i.e.,

S=

 cos θ1 0 sin θ1 0
0 cos θ2 0 sin θ2

− sin θ1 0 cos θ1 0
0 − sin θ2 0 cos θ2

 . (4)

In this experiment, with three spatial modes and two polar-
izations of single photons, the basis states of a six-dimensional

(a)

(b)

Fig. 2. (a) The circuit diagram for the 6× 6 unitary transformation
UA(t). (b) The circuit diagram for the 4× 4 unitary transformation U4.

qudit are encoded as {|0〉 = |u〉|H〉, |1〉 = |u〉|V 〉, |2〉 =
|m〉|H〉, |3〉 = |m〉|V 〉, |4〉 = |l〉|H〉, |5〉 = |l〉|V 〉}, where
|u〉, |m〉, and |l〉 represent the (upper, middle, and lower) spatial
modes of the photons, and |H〉 and |V 〉 represent the horizon-
tal and vertical polarizations of the photons. With a polarizing
beam splitter (PBS), wave plates (WPs), and two beam displacers
(BDs), we can prepare an arbitrary six-dimensional qudit state. To
demonstrate the page ranking algorithm, we need to prepare a sym-
metrically distributed initial state |ψ(0)〉 =

∑5
j=0 | j 〉/

√
6. First,

after passing through a half-wave plate (HWPa at 17.6◦), which

rotates the polarization of single photons to
√

2
3 |H〉 +

√
1
3 |V 〉,

the photons are split into two parallel paths by a BD. Second, two
HWPs (HWPb at 90◦ and HWPc at 22.5◦) are inserted into the
upper and lower modes, respectively. After going through a BD, the
state of the single photons is (|u〉|V 〉 + |m〉|V 〉 + |l〉|H〉)/

√
3.

Finally, two HWPs (HWPd at 67.5◦ and HWPe at 22.5◦) are
inserted into two upper modes and the lower modes, respectively,
to flip the polarizations. Thus, the state of the single photons is
prepared in |ψ(0)〉.

In order to implement a CTQW on a three-node graph [59]
experimentally, we need to construct the 6× 6 unitary transfor-
mation UA(t) and apply it on the initial states. In this basis {|i〉}
(i = 0, · · · , 5), the 4× 4 unitary transformationsL,R, andS can
be rewritten as

L= |m〉〈m| ⊗ L + |l〉〈l | ⊗ L ′,

R= |m〉〈m| ⊗ R + |l〉〈l | ⊗ R ′,

S= S1 ⊗ |m〉〈m| + S2 ⊗ |l〉〈l | , (5)

where S1(2) = exp{+iσy θ1(2)} and σy is the y -Pauli matrix. Then
each one of 4× 4 unitary transformations can be implemented by
three controlled two-qubit transformations in Fig. 2.

In Fig. 3(a), for the controlled two-qubit transformations L
and R, the spatial mode of photons serves as the control qubit
and the polarization mode is the target qubit. In the middle and
lower modes, the 2× 2 unitary transformations L(R) and L ′(R ′)
are applied to the polarization degrees of freedom, which can be
realized by a sandwich-type set of HWPs and quarter-wave plates
(QWPs), i.e., QWP-HWP-QWP.

The 4× 4 unitary transformation S is also a controlled two-
qubit operation, in which the polarizations of photons serve
as the control qubit and spatial modes are the target one. Then
transformation of basis
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(a) (b)

Fig. 3. Conceptual experimental setup for realization of 4× 4 unitary
transformation (a)L (R) and (b) S.

T =

1 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 1

 (6)

is required, which can be realized by a set of HWPs at 45◦ and 0◦

and two BDs as shown in Fig. 3. A set of HWPs at 45◦ and 0◦ is
inserted to the corresponding path between the two BDs. BDs are
used to split and recombine the photons into the certain modes
depending on their polarizations. HWPs apply single-qubit rota-
tions on the polarizations of photons. After the second BD, the
horizontally and vertically polarized photons in both the upper
and the lower input paths are combined in the same path. Hence,
|m〉〈m| ⊗ H(−θ1/2) (|l〉〈l | ⊗ H(θ2/2− π/2)) is applied by
using a HWP in the certain spatial mode, where the polarization
rotation

H(θ)=
(

cos 2θ sin 2θ
sin 2θ − cos 2θ

)
(7)

is realized by the HWP. Repeating the same process using two BDs
and HWPs can realize the basis transformation T. Then the whole
procedure is equal to realizing the 4× 4 unitary transformation

S≡ T
(

H(−θ1/2) 0
0 H(θ2/2− π/2)

)
T. (8)

Actually, this decomposition method can be used to decom-
pose any higher-dimensional unitary operations into series of
two-dimensional unitary operations, and thus our technology can
be used to realize, in principle, any dimensional unitary opera-
tions. However, it is noteworthy that the numbers of linear optical
elements—BDs, used to prepare a d -dimensional state and to
realize a d -dimensional unitary operation—are d/2− 1 and

2(2d/2
− 2), respectively, where d is an even positive integer. In

other words, the number of optical elements grows exponentially
with the dimension of the unitary operation.

In order to implement a CTQW on the two directed,
three-node graphs experimentally in Fig. 4, we choose
t = {0.2, 0.4, 2, 3, 4, 5, 9, 15, 25, 35} for UA1(t) and
t = {0.12, 1.54, 4.75, 6.16, 6.28} for UA2(t). After applying
UA(t), the final state is measured via a two-qubit projective mea-
surement. A PBS is used to perform the projective measurement
on the photons with the basis {|i〉} (i = 0, · · · , 5). The photons
are detected by avalanche photon diodes in coincidence with the
trigger with a coincident window of 3 ns. The clicks of six detec-
tors correspond to the probabilities of the final state projected
onto the basis states. We record the clicks for 10 s, and more than
15,000 coincidence counts are detected in the overall measure-
ment time. The probabilities distributions of the first three states
{|0〉, |1〉, |2〉} corresponding to the three nodes k = 1, 2, 3.

Figure 5 shows the experimental probability distributions of
three nodes of graph A1. Theoretical predictions are represented
by curves, and the experimental results by symbols. The maximum
probabilities for node 1 and 3 occur at t = 0.2 and are measured as
P exp(k = 1)= 0.291± 0.005 and P exp(k = 3)= 0.234± 0.005,
respectively, which agree with their theoretical predictions
0.277 and 0.239 very well. For node 2, the maximum proba-
bility happens at t = 0.4 with theoretical prediction 0.372 and
P exp(k = 2)= 0.375± 0.006 measured in our experiment.

Figure 6 shows the experimental probability distributions
of three nodes of graph A2. It also shows that the probability
distributions undergo periodic oscillation with period 2π theo-
retically. In addition, the maximum probability for nodes 1 and
2 happens at t = {0.12, 6.16} with P th

max(k = 1, 2)= 0.225,
and the corresponding experimental results are P exp(k = 1, t =
0.12)= 0.228± 0.005, P exp(k = 2, t = 0.12)= 0.219± 0.005,
P exp(k = 1, t = 6.16)= 0.221± 0.005, and P exp(k = 2, t =
6.16)= 0.223± 0.005, respectively. We also find the maxi-
mum probability for node 3 at t = 1.54 and t = 4.75 with
P th

max(k = 3)= 0.449, in close agreement with the experimen-
tal measured results P exp(k = 3, t = 1.54)= 0.435± 0.007 and
P exp(k = 3, t = 4.75)= 0.457± 0.007.

We use the norm-1 distance between the measured probabilities
and their theoretical predictions d(t)=

∑
x |P

exp(x )− P th(x )|
to evaluate the quality of experimental demonstration. All the

Fig. 4. Experimental setup. Polarization-degenerated photon pairs are generated by type I spontaneous parametric downconversion (SPDC) in a
0.5 mm thick nonlinear β-barium-borate (BBO) crystal pumped by a 400.8 nm continuous wave diode laser with 90 mW of power. The single photon is
generated by triggering of the other photon. Interference filters are used to restrict the photon bandwidth to 3 nm. With a polarizing beam splitter (PBS),
wave plates (WPs), and two beam displacers (BDs), we can prepare an arbitrary six-dimensional qudit state. CTQW on directed graphs is simulated via
UA(t), which can be realized via linear optics.
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Fig. 5. Probability distributions of CTQW on direct graph A1 for
the evolution time t = {0.2, 0.4, 2, 3, 4, 5, 9, 15, 25, 35}. Theoretical
results are shown by different lines, and the corresponding experi-
mental results are shown by symbols. Error bars indicate the statistical
uncertainty, which is obtained based on assuming Poissonian statistics.

Fig. 6. Probability distributions of CTQW on direct graph A2 for the
evolution time t = {0.12, 1.54, 4.75, 6.16, 6.28}. Theoretical results are
shown by different lines, and the corresponding experimental results are
shown by symbols. Error bars indicate the statistical uncertainty, which is
obtained based on assuming Poissonian statistics.

Table 2. Comparison of Node Rankings Obtained
from Classical Page Rank Algorithm with Those
Defined via Maximum Quantum-Walk Probabilities in
Theory and in Our Experiment for Directed Graphs A1

and A2

Graph Node Page Rank via A† P th
max P exp

max

A1 1 0.388 0.277 0.291± 0.005
2 0.397 0.372 0.375± 0.006
3 0.215 0.239 0.234± 0.005

A2 1 0.292 0.225 0.228± 0.005
2 0.292 0.225 0.223± 0.005
3 0.416 0.449 0.457± 0.007

results d(t) for different times of graphs A1 and A2 are all
smaller than 0.083, which indicates the successful experimental
demonstrations of the 6× 6 unitary transformations.

As an application of CTQW on directed graphs, we compare
the classical centrality measure with the maximum system-node
probabilities for CTQW on graphs A1 and A2. Table 2 shows the
comparison between the theoretical prediction and the experi-
mental results of P exp

max. The node rankings obtained via CTQW on
graphs A1 and A2 are all in good agreement with those obtained
from the classical centrality measure for graphs A†

1 and A†
2, which

indicates that CTQW on directed graphs can be used in the page
ranking algorithm.

5. CONCLUSIONS

In this paper, we have argued that CTQWs on directed graphs can
be defined in a physically transparent manner that permits their
experimental implementation. Such QW centrality would provide
one of the practical measures for site ranking and network analysis.
Furthermore, we experimentally realize CTQWs for directed
graphs with non-Hermitian adjacency matrices by using linear
optical circuits and single photons. We find that the node classical
centrality in a directed graph is correlated with the maximum
node probability resulting from a CTQW and then demon-
strate PageRank. Our work opens up an avenue of applications of
quantum information in real-life tasks.
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