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In the last twenty years, the analysis of problems involving dual-phase-lag models has
received an increasing attention. In this work, we consider the coupling between one of
these models and the microtemperatures effects. In order to overcome the infinite speed
paradox, two relaxation parameters are introduced for each evolution equation related to
the temperature and the microtemperatures, leading to a system of linear hyperbolic partial
differential equations. Its variational formulation is written in terms of the temperature
acceleration and the microtemperatures acceleration. An energy decay property is proved.
Next, fully discrete approximations are introduced by using the finite element method and
the Euler scheme, proving a stability property and a discrete version of the energy decay,
obtaining a priori error estimates and performing one- and two-dimensional numerical
simulations.

© 2021 IMACS. Published by Elsevier B.V. All rights reserved.

1. Introduction

Let Q cRY, d =1, 2,3, be the thermal domain, assumed to be bounded and with a boundary, denoted by I = 9, being
Lipschitz. Let us define [0, T], T > 0, the time interval of interest. Moreover, let x € Q2 and t € [0, T] be the spatial and time
variables, respectively. In order to simplify the writing, in most of the expressions we do not indicate the dependence of
the functions on x and t, and a subscript after a comma, under a variable, represents its spatial derivative with respect to

a .
the prescribed variable, that is f; ; = a—){l The time derivatives are represented as a dot for the first order and two dots for

the second order, over each variable. Finally, as usual the repeated index notation is used for the summation, and indices
i, j are assumed to vary between 1 and d.

Fourier law is the most usual constitutive assumption for the definition of the heat flux vector. It postulates that the
heat flux is proportional to the gradient of temperature. If you consider this law with the usual energy equation
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ad =qii, a>0, (1)

where 6 is the temperature and q; denotes the heat flux vector, we obtain that the thermal waves propagate instantaneously.
This is a paradox of the theory and it violates the causality principle. To overcome this difficulty, many scientists have tried
to propose alternative theories where the thermal waves propagate with finite velocity. It seems that the most accepted
theory satisfying this property is the one proposed by Cattaneo [11]. What they propose can be seen as the introduction of
a relaxation parameter in the Fourier law. The combination of this constitutive law with the energy equation (1) brings us
to a hyperbolic damped equation, and therefore the thermal waves travel with finite speed. However, it is worth saying that
this alternative proposition brings to other serious problems from the physical point of view as we can find in the references
[2,8,27,32,44]. Another proposition which has deserved much attention is the one introduced by Green and Naghdi at the
end of the last century [18,19]. Anyway, we also note that the so-called type Il Green and Naghdi theory also violates
causality principle.

We here want to focus our attention on the proposition of Tzou [41]. The basic idea in this theory is to introduce two
delay parameters in the heat flux vector and the gradient of temperature in the form:

qi (X, t+71) =K0;(x, t + 1), (2)

where 71 and 1, are the delay parameters. It is proved that, from a mathematical point of view, this law leads us to an
ill-posed problem [15] in the modern sense of this expression [7,30]; however, in the case that we substitute the heat flux
and the gradient of temperature by suitable Taylor approximations, we obtain a very big family of constitutive laws which
can be compatible with the classical energy equation. Furthermore, Cattaneo law can be obtained as a particular case of this
theory. In this paper, we consider the case when we approximate the heat flux vector by a second-order approximation and
the gradient of temperature by a first-order approximation. That is, we obtain

2
. T .. .
qi + T1q; + 71(11' =Kk(0,i+120,). (3)

The combination of this constitutive equation with the energy equation has received big attention in the last twenty-five
years (we may recall [4,31,33,34] among others). Although this theory can be compatible (for a suitable family of the delay
parameters) with the second law of thermodynamics [17], we note that several physical anomalies have been pointed out
in several recent contributions [38-40,43].

On the other side, a big interest has been developed over the past and current centuries concerning materials with
microstructure [1,22-24,36,37,42]; that is, materials which, at a microscopic level, can also produce several deformations
and not only at a macroscopic level. Porous materials, polar materials or microstretch materials are examples of them.
Another relevant example of this kind of materials is when we assume that in the microstructure [16,20] can be considered
microtemperatures.

To clarify the meaning of the microtemperatures, we recall that, in the case of materials with microstructure, it is
assumed the existence of microelements which can be considered as a solid with temperatures. Moreover, if we suppose
the existence of microtemperatures and we denote by x the center of mass of a microelement in the reference configuration
and by 6 the absolute temperature, we can consider the approximation

6(X,0)=0(x,t) + Ti(x, —x;) + 0(d?),

where 0(d?) represents a term of order two in a diameter d of the microelement. These functions T; are called the
microtemperatures and they represent the variation of the temperature inside the microelement.

A lot of interest has been developed for this kind of materials in view of their applicability. The first contributions
regarding microtemperatures described the behavior by means of a system of parabolic equations. Therefore, in this theory
the microtemperatures waves also propagate instantaneously. If we want to overcome again this paradox, it seems suitable
to introduce another relaxation parameters. In this paper, we aim to consider the case when the microtemperatures are
also described by means of a dual-phase-lag theory. The basic equations for the heat conduction with microtemperatures
in the case of centrosymmetric materials can be obtained from [21,22] (among others) in the case that we do not take into
account the mechanical effects by means of the evolution equations:

PN =qii, P& =4qijj+q — Qi

and the constitutive equations:

pn=ad,
pg&i=—bT;,
qi=k0;+Kk1T;,

qij = —KaTr r8ij — k5T i — KkeTi j,
Qi = (kK —3)0i + (k1 —K2)Ti,
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where we have assumed that the reference temperature is uniformly equal to one in order to simplify the calculations, and
vector Q; is the microheat flux average, g;; is the first moment heat flux tensor, 7 is the entropy and ¢; is the first moment
of the energy vector. The number of publications dealing with the study of elastic materials with microtemperatures is
really huge (see, for instance [3,5,6,9,12,13,21,25,26,29,35]).

To consider the natural counterpart to this problem for the dual-phase-lag theory, we need to propose the following

constitutive equations’:

2
. TEL . .

qi + T1qi + 71(11' =k0;i+K1Ti + 12(k0; + k1 Ty),

2

s

5 Gii = —KaTrrdij —kesTji — keTij + To(—kaTy r8ij — ksTj i — i6Tij),

qij + 713 +

2
R 2 . .
Qi+1m1Qi+ %Qi = —K3)0 i+ (k1 —k2)Ti + Ta(k — K3)0; + (k1 — K2)T;.

If we substitute our constitutive equations into the evolution equations we get the following linear system:

72 .. . . .
a (719 +110+60 | =k, + 120.ii) + k1(Tii + 12Tii),

2
b (%T,- +1T; + Ti> =ke(Ti jj + T2Ti jj) + (ka + &5)(Tj ji + T2Tj ji)
—tc2(Ti + T2Ti) — k3(0, + T26,5).

This is the linear system we want to analyze in this paper.

Hence, in this work we continue the research started in [28], defining in Section 2 a variational formulation of the
problem and proving that the energy of the system decays. Then, in Section 3 we introduce a fully discrete approximation
by using the finite element method and the implicit Euler scheme, we show a discrete stability property and that the
discrete energy also decays, and we obtain a priori error estimates, from which the linear convergence of the approximation
is derived under suitable regularity conditions. Finally, in Section 4 we perform some numerical simulations in one and two
dimensions.

2. Thermal and variational formulations: an energy decay property

We recall that 0(x,t) and T(x,t) = (T;(x, t))?:] denote the temperature of the body and the microtemperatures at point
x € Q and time t € [0, T].
Therefore, the following thermal problem is considered.

Problem P. Find the temperature 6 :Q x [0, T] — R and the microtemperatures T : Qx[0,T]— R4 such that, fori,j=1,...,d,

2
a (719 + 110 + 9) =k0i +120i) +k1(Ti,i + 12Ti5) in Qx(0,7),

2
b (%Ti +n0li+ Ti) = i6(Ti,jj + 72Ty, jj) + (kKa + k5)(Tj ji + T2Tj, ji)

—2(Ti + 2 Ti) — k30 +20,) in Qx(0,T),
0(x,t)=T;(x,t)=0 forae. xeT,te[0,T],
0(x,00=0%x), 6(x,00=:%%), 6(x,00=£%x) forae xe%,
Ti(x,0)=T)(x), Tix,0)=¢€lx), Tix,00=wdx) foraexeQ,

where 6°, ¢, 0, TO = (TO)L,, €0 = (e9)9_, and w® = (W)L, are given initial conditions.

In order to obtain the variational formulation of Problem P, let Y = L%(Q), H =[L%()]? and Q = [L%(£2)]**4, and denote
by (-, )y, (-,-)n and (-,-)q the respective scalar products in these spaces, with corresponding norms | - [ly, || - llg and [ - |lq.
Moreover, let us define the variational spaces E and V as follows,

T A general proposition for this system would change the parameter ; on the left-hand side of these equations, and a similar thing could be done
with the parameter 77 on the right-hand side; however we try here a first contribution on this line to the problem, and we consider the easiest problem
assuming that the same relaxation parameters apply to the macroscopic and microscopic aspects of the heat conducting material.
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E={reH (Q);r=0 on T},
V={ze[H(Q)]% z=0 on T},

with scalar products (-, -)g and (-, -)y, respectively, with norms | - || and | - ||v.

By using Green’s formula and the prescribed boundary conditions, we write the variational formulation of Problem P
in terms of the thermal velocity ¢ = 6, the thermal acceleration & = &, the microtemperatures velocity e = T and the
microtemperatures acceleration w = T.

Problem VP. Find the temperature acceleration & : [0, T] — E and the microtemperatures acceleration w : [0, T] — V such that
£(0) =£° w(0) = w0, and, for a.e. t € (0, T),

2
a (%S(t) +TEWD) + (D), r) + 1 (V@) +120(1), V)
Y

=K1 (divT (t) 4+ todive(t),r)y VreE, (4)

2
b (%W(t) + T1w(t) +e(t), Z) + k6 (VT (t) + 2Ve(t), Vz)o
H

+(k4 + k5) (div T (t) + Tpdive(t), divz)y + k2 (T (t) + 12€(t), 2)y
=—k3(VO(@t) + 1oVe(t),2)y VzeV, (5)

where the temperature speed ¢, the temperature 6, the microtemperatures speed e and the microtemperatures T are obtained from
the respective equations:

t t
C(t)I/S(S)dS-l-CO, Q(t):/C(S)ds-l-@O,
’ °, (6)

t
e(t)=/W(S)ds+e°, T(t)=/e(s)ds+T0.
0 0

In this paper, we will assume that?

a>0, b>0, ©>1/2, k>0, Kkky>Kk1k3>0, ;
k>0, K4+ks5>0. )
We note that it is natural to assume that the thermal capacity a is strictly positive, as well as to assume that b is also
positive. These two conditions are the usual ones in the study of heat conducting materials with microtemperatures. The
condition on the delay parameters is the usual one in the study of dual-phase-lag materials (see [31,33]). It is also known
that the axioms of thermomechanics implies that the thermal conductivity « is positive, and a similar point of view can
be used to assume that xg > 0 and kk3 > k1k3. We also note that the Onsager postulate implies that k1 = k3. Hence, the
assumption «1k3 > 0 contains the class of materials satisfying this postulate. The condition x4 + x5 > 0 is a mathematical
assumption we propose here to overcome the difficulties of the mathematical analysis.
We will work in this paper assuming that k1 and k3 are both positive but will remark later that the analysis can be also
extended to the case that these constitutive coefficients are both negative.
Proceeding as in [28], we could prove that Problem VP has a unique solution. So, we have the following.

Theorem 2.1. Let the assumptions (7) hold. Therefore, Problem VP has a unique solution with the following regularity:

0 eC*[0,T;Y)NCY(0,TI;E), T eC?(0,T]; H)nC([0,T]; V).

In order to simplify the calculations, in what follows we also impose the following conditions on the constitutive coeffi-
cients:

2 The assumption concerning the relations between the two delay parameters allows the possibility that T, > 1. It seems that, in this case, the heat
flux is determined by the temperature gradient at some future time, which could be an anomaly of the model. Nevertheless, we accept this possibility
between the delay parameters because the mathematical analysis can be used even in this case. At the same time, when we use equation (3), the meaning
is different from equation (2).
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‘L']>0, K1>O, K3>0. (8)

Let us define the energy E(t) by
1 Tl 2 Tl 2 71 2
EQ =5 |kaam ¢ + S 6@ +ebm e + S wo)| +eaiticon
2 2 Y 2 H 2

+xlb%||e<t>||é +BO+F, |

where
2 T 2
B(©) = i3k [IVOO I} + 11(V0(0), VE©)m + n 1ve©I]
2 T 2
ieriea [ITOIF + 71 (T(©), e©) + Ny e
et i3 [2(T (0, VOO + T1[(T(©), VE(O) + (VOD), e(t) ] + Ta71 (e(t), VE ()]
and

2 7 2
F(t) =K1k [||VT(f)||Q + T(VT(t), Ve(t)q + 7-’2?||Ve(f)||Q]

. . . T .
i1 (Kg + K5) [||d1v T2 + 71 (divT(¢), dive()y + rzfl ||d1ve(r)||§] .

Note that, if a, b, k3, k1, k4 + k5, T2 — T1/2 > 0 and kK, — k1k3 > 0, then E(t) > 0 because the matrices

K3k K3K 2 K1K3 K3k 5
Ao K3KS K3kTaY  K3k1G k3K
Kik3  K3K19  Kkika K1k
K3K15 K3K1Ta g K1k 5 KikaTa
and
Ke KGTZ—l 0 0
c ng—l Ke‘[zrz—l 0 0
1 o 0 K4+ Ks (K4 + K5) 3
0 0  (ka+ks)F (Ka+ks)a T

are positive definite. For matrix C it is straightforward, and for matrix A it is found since the determinants of the minor
leading matrices are positive:

T T1
detAz = (K3K)2? (T _ 7) > O’
T
det A3 —K3KK1 (ki — K1I<3)— (rz — ?1) >0,

detA = [K3K1 (Kky — K]Kg)? ('cz - %)] > 0.

Now, we obtain the following energy decay property.
Theorem 2.2. Suppose that assumptions (7) and (8) still hold. Thus, the energy E(t) decays, i.e.

iE(t) <0
dt -

Proof. In this proof, we will remove the time t in all the variables for the sake of simplicity in the writing.
Taking r = k3(; + 3 Tg) in variational equation (4) and z = k1 (e —|— L w) in variational equation (5) we obtain

Kza[||;||y+ 4dt||c||y+ : dt||;+ 5||y]+:<3 Vel
sk | w0, Ve + nIve R+ n 2 Lve 2
2 H 4 dt H
= K3Kq (divT + todive, ¢ + T—ls)
2 Y

T
= —K3K1 (T—I—fzﬁ Vé“-i-?lVS)H’ (9)
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and
k1b | |e]? ell4, + et L w + k1ks— ||V T
1 [II 4+ 4dt” I Zdt” I 16 || o
+K1Kg [—(VT Vw)q + 2l Vel + 12— 1 dtIIWIIQ}

1d . T, . . .
+K1(K4+K5)[E*HleTII%+%(leT,dIVW)Y+1’2||C11V9||%/}

2
%4
+K1 (kg +K5)T2 YT || ively
1
T T,
+K1K2[2dt” ||H+ ( W)H+T2||€|IH+1’24dtllelly]

=—Kk1k3(VO+ 1oV, e + %W)H

Observing that
d 2
(VO,Vé)y = E(W’ Vou = 11Vely,
d
VT,V =—(VT,Ve)q — || Ve|?,
( w)q dt( e)q — Vel
d
(divT, divw)y = E(divT, dive)y — |dive|?,

d 2
(T, w)p = E(T,C)H — llelly.

and that

T T
— K3k {(T + e Ve + Elvg)H F(VO+ Ve e+ %w)H}

d d
= —K3K1 {E(T’ VO)y +212(e, Vi) + % [a(T, Vi)y — (e, V;)H:|

d
+ % [E(VQ,G)H —(Vg, e)H] + Tz (e VC)H}

we find, after adding (9) and (10),

71 d T1d |1 T
xsagd—[—||z||y+||§+—s||y}+ b o [—||e||%,+||e+—w||%,]

1d
5 5 B+ F) +isallc Iy + cabllelly + ek (fz - —) Vel

+2K3K1 (Tz - ?) (e, VO)H + K1k (Tz - 5) lell?
T1 2 1 . 2
+K1Ke (Tz - ?) IVellg + k1(ka +ks) (1'2 - ?) [dive|y =0.

Taking into account that t; — 71/2 > 0, Kk2 — k3k1 > 0, and that

K3K  K3K
det 3 3% =Kk3Kk1(Kk2 — Kk3k1) > 0,
K3K1 K1K2

the result follows. O
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(10)

Remark 2.3. Even if we have imposed in conditions (8) that coefficients k1 and k3 are positive, in fact we only need that
Kk1k3 > 0. In case that they are both negative, we should replace x1 (resp. k3) by —kq (resp. —«3) in the definition of the

energy E(t).
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3. Fully discrete approximations: an a priori error analysis

In this section, we introduce a finite element algorithm for approximating solutions to variational problem VP. This is
done in two steps. First, we construct the finite element spaces E" and V" to approximate the variational spaces E and V,
respectively, given by

E'=("eC(@;:r ePy(Tr) YTreT" rM=0onT} (11)
"={e[c@): 2t e[P(TN)? YTreT" Z'=0onT}, (12)

Tr

where Q is assumed to be a polyhedral domain, 7" denotes a triangulation of Q, and P;(Tr) represents the space of
polynomials of global degree less or equal to 1 in Tr. Here, h > 0 denotes the spatial discretization parameter.

Secondly, the time derivatives are discretized by using a uniform partition of the time interval [0, T], denoted by 0 =ty <
ti <...<ty=T, and let k be the time step size, k = T/N. Moreover, for a continuous function f(t) we denote f, = f(tn)
and, for the sequence {zn}n o» we denote by 8z, = (zn — z5—1)/k its corresponding divided differences.

Using the implicit Euler scheme, the fully discrete approximation of Problem VP is the following.

Problem VPX. Find the discrete temperature acceleration &Mk = {éh"}N o C E" and the discrete microtemperatures acceleration
whk = (whN_ " v such that g1k = £ and wi* = wo and, forn=1,...,N,

( 18§hk+.’: 5#1<+§#k’ h) i (V(921<+T2;#k),wh)H
y
=K1 (le Tk + 1y divel®, r h)Y vt e E, (13)
b ( 21 Swhk 4y whk 1 efik 2 h) + kg (VTﬁ" + IQVeZk,Vzh)Q
H

+(k4 +K5) (le Thk + Todiv eh" divz ) + Kz(Thk + tzeh" My

= —k3(VO + 12, My v e VI, (14)

hk

where the discrete temperature speed %, the discrete temperature 9“" the discrete microtemperatures speed e;* and the discrete

microtemperatures T/ are then recovered from the relations:

n n
hk=kZ$Jhk+§0h» 9,’11k=kZCJ’-]k+90h,

o = (15)
ek =k whk 40, Tk el 7O
=1 j=1

Here, wO, @0 TOh £0h +Oh 3nd 9O are approximations of the initial conditions w®, e°, T, £9, ¢0, and 69 defined as
wol =Pyl e0h —phed  TOh = phTO
€0h=73£1‘§_-0’ §Oh=7)£l§-0’ 90h='Pg€0,

where 73{1 and 773 are the classical finite element interpolation operators over V" and E", respectively (see, e.g., [14]).

Using the classical Lax-Milgram lemma we can easily prove that discrete problem VP has a unique solution. So, the
rest of this section is devoted to show a discrete stability property and a priori error estimates.
We have the following stability result.

Lemma 3.1. Let the assumptions of Theorem 2.1 hold. Under the additional assumptions (8), it follows that the sequences
ok ¢hk ghk Th ehk whky generated by Problem VP satisfy the stability estimate:

hk ;)2 hk ;2 hk 2 hk hk |2
IEMNZ + 105 11% + g2 + 1wk )2 + el )3 + 1Ti3 < C,
where C is a positive constant which is independent of the discretization parameters h and k.

hk

Proof. Taking ' = as a test function in variational equation (13) we find that

.[2
a<—15$ + Ty Ehk 4 ghk ghk +K(V(6#’<+rz§,i”‘),V$£"‘)H

i1 (div TR + 7o div efik é )y
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and therefore, keeping in mind that

1
hl hk
(s, <)yz—[1||sn 17— nenkat ).
(var. ver), = {Iver i — 1vek iG],
it follows that
1
L Y B A A RO
= (g1 + ||V0’”‘||H + v TG + v e} ). (16)

Now, taking z" = wﬁk as a test function in variational equation (14) we have

.2
b ( 21 Swik 4 rywhk 4 el ,wgk) + k6 (VT’,?," + rZVeQ",Vka)Q
H

+(Kk4 +Ks) (le T’”‘ + Tpdiv ehk div w’”‘) + /cz(Thk + rzehk Qk)H
= —1i3(V O + 1200), wi)p.
Using the following estimates:
(swheowit) = o [iwhiag — nwl ).
el vwik) = o {Iveiy —ivelt i |

(vel
(aivelt divwit) = o fidiveltii — divelk i3 .
(et wlt), = 32

a"’—|~

V

hk hk hk
eht, wit) = o fleiE — e i ),

we find that
Sl — iwl )+ [||Veh"||Q—||Ve""1||Q]+(VT"" VWi
21] {||d1ve 12 — |dive, ||%} + (divT™, div whkyy + (Thk
< (Nl I+ IVOL I + V&I + Iwh i ). (17)
Combining estimates (16) and (17) it leads
Sl — et 3] + 5 {nvc""nH 1V 1%} + (v, Ve
+l[ WA, — 1wl )+ 5 [IVeli — 1velt i3 ]+ (v T vwitg
+5 {||d1ve 12 - ||diveg’1]||%,}+(divrh’< div w)y + (T whky,
< C(NERMIT + I8 15, + v TR + v el + ef
VeI + Wi ).

Multiplying the above estimates by k and summing up the resulting equations until n, we find that

16215 + V& I +k2<vehk, VEH + IWIG + [ Ve I + lIdiver |5
j=1

n n
VT Twhg 4k (div T, divwy + kZ(T“-k, Wik,
j=1 j=1
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n
<Cky. (ns}‘"u% + VO I3 + Idiv THIG + Iidivel |5 + el I
j=1

HIVEIE + W ).
Now, taking into account that
n n
kY (Vo vE =) (Ve Vel — vk )y
: P
n—1
= (V0" V& o + Y (VO =015 1), Ve om + (VO , Vg,

j=1

n—1 n—1 n—1

C
D (V@ =010, Vefn < kY IVEHI + - D IVE - oI
. p

j=1
n
hk 2
<CkY Ve g,
j=1

n

n
where similar estimates can be found for the terms kZ(T'}k, W?k)H, kZ(VThk thk)Q and kZ(le T div th)y,
j=1 j=1 j=1
applying a discrete version of Gronwall’s inequality (see [10]) we obtain the desired stability estimates. O

The result that follows is a discrete version of the energy decay property that holds for the continuous problem.

Theorem 3.2. Let the assumptions of Lemma 3.1 P hold and define the discrete energy EZ" as

hk | T1 . hk hi
e+ wn | +Ka L) ghky2

2
ety | i |

1
Egk = E [K3(1‘L’]

+K1b%||82kllf, + BZ" + F,’}k] for n=0,...,N,

with
B = resic [ IV6 1, + 71 (YO, Vo + 2SIV I
ey [ITHIG + 71 (T, ey + 125 el
rerkes [ 2T, Volu + ml(TH, v h")H + (VO elyu]
+T2T1 (ehk d;‘k)H]
and

Pk =serics [ IV + w1 (VTIE, Velbyg + 72" ||Ve’”‘||Q]
i1 (ea + Ks) [||div THK)2 4 7 (div T div efkyy + rz 1) div e""||y] .

Then, under the same assumptions in Theorem 2.2 the discrete energy decays:

Ehk Ehk
120 for n=1,...,N.
k
Proof. In this proof, we Will use some auxiliary real numbers ¥ < 2, and o1, op, @3, 04 > 0.
Choosing 1" = /(3(;"’”‘ > h") and z" = k; (e + %wﬁk) in discrete variational equations (13) and (14), respectively, it

results that
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hky2 . A k hk
ma[nzn 1%+ 2 (16803 = 16,1 ) |
2
Haagy ( -
Y

+K3Kﬂ(||vg,?k VoIk 12 + | veik|2 — velk, ”H)

hk Tt e ||
ati 5ah)

1
{rl:k + 7S#k

T
sk (Vo vek ) +:<3xr2||vz”"||H

ieaeta g (176 = Vet 13 + 1981 — 1VeE 1)
< K3k (div T 4 7ydiv e’,}", ghi 4 21 ,?k)y
= —K3KT1 (Thk—i-t ek ek 2L Vg”") (18)
and
b 1€l + 5 (||eh"||H — e )]
+K1b2_k( ehk+ : th - hk]+ : wﬁk]”i)

+K1K5—(||VThk VTR + VTG — VTR 1)
aalloy (VThk vwif)e +K1K612||Veﬁk||%2
hk _ hk
+K1K6r25(||w 113 + Vel — 1 Vel I )
1 .
+K1<K4+K5>ﬂ(ndw<rhk TR DI + div TR — v T, 1)

T . .
+Kq (kg + K5)—] (le Thk div wf’lk) + K1 (ka + k5) T2 || div el¥|12

+K1(K4+xs>rz4—k(||dw<e“" © DI+ div el % — [divel’, 1)
ek (TN - T”"1||H+||T“’<||H—||Thk1||H)+mz2(T”" Wi
+iikaTa e 1 +mma(||e %+ e % — e 1)
hk hk
< K1K3(V9 +1Vehk eh +2w ) . (19)
H

Using the relations:
vop, Vet = 2 [0 Vel — ek, vtk ]
~ V& I + 1(V9,’:" Vo Vi = Ve n,
(VT ywhky, ——[(VT’”‘ velkyo — (v, eﬁ’il)Q]

— || Vel ||QjL (VT’”< VT, velk — velk .

n—1-

(div Tk div whk)y = [(dlv TH, divel)y — @ivTiE . divelt )y |

—||dive’,§’<||%,+E(divr,’;’<—divr’;’<_1,dive —dive* )y,

1
(ThE win = [T el — (T e n
1
hi hk hk hk hk
—lle, <||H + E(Tn T, 1.e —e€ h,

noting that

10
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<T2k+rze2 hl<+ Vshk) +(v0’£zk+.[2v§1?k,e + 4 th)H

= (T vehkyy +5<T L VERKY 4+ 215 (elk, vy

+rz%(e,’§",vé,?")f,+(veﬁ’< 2")H+ (Vehk, hk

(thk7 wify
:%[(Tﬁk VO — (T V8K )i+ (T — T Vel — vt
+T22[(82k,VC,?k) — (efk r‘:‘fl)H]

e[ (e el Vel — Vet )]
+o 2 [T vy — (T Ve ]

7
+2_k [(V@hk, e,:,k)H - (Vehkl’ ”;k ])H] 2 (‘Cz — 3> (eﬂk’ Vé,rfllk)H

1
o [T = TV = Vet + (Vo — Vol el — el u .
and taking into account the estimates:
T
V1 H hk hk H2 H hk hk ’2]

<k3k|— V6O~ —VEO )
=3 [4k n -1 4I<y ba” — Vin-t H
7

meﬂ(wﬁ" — vk, velk _velk ),

2
- 2k 8k "
T
K](K4+K5)2—;<(diVThk div T/ 1,cliwzﬁ"—cliveﬁ’i Dy
‘l 2

§K1(K4+K5)[—||divThk divThk |12 + ;{ Idiv elk — dive ||%2],
T hk

K1K2i(T T e — e i
< cua T T - T el 2]
- 4k 4ky, n=
1

K]KgE(Thk Thk | vk _ Vo,’;’jl)H

o1
< ks SITH = T B+ vl = voll, 1

7
K1K3ﬂ(Thk o, vk —anq)H

Q2 nhk _ phk
< wiks| IR~ T 1||H+n||w - Ve
T gpht i
mgﬂ(ven‘—ve kel —el
1 hk hk hk
<xm[rnve’ — VO I+ L2 el — et .
K1K3722k( en —en 1, Vit — vk iy

1
< s ton | o lef — el I+ eIV - vaki ],

4k
recalling that 7, > 71/2, from (18)-(19) we find that

11
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Kk ne T k) hk ne ||
3 g[ (h 1 — g ay) + o+ S| - ok, + S, \Y]
s (VORI — VO, 1+ 7 (o0, Vet — vl vl ) |
+K3Krz—[||V;n 1% = 1va 1]
2 hk . TU k) wht 2
+K‘1bﬂ|: (”e ||H—||e 1”H>+ e, +?Wn 1+? nf]”Hi|

+x1x6—[||vr""||q—||VTh"1||Q+r1(<VTh" Vel)q — (VT Vel o) |
T o [nw’”‘n2 —1velt 1% |

ter i+ [1aV TG — jaiv I 1))
+K1(K4+K5)ﬂ[(divT’;k,diveﬁk)Y (dlan 1, dive® 1)y]

i (ks + k)T | Iiv el I — fivel 117 |

+K1K2—[||T’,;"||i, —ITH 1+ (T el = (Theelyn )

rerkata o1 [1€h1 — ef 11 ]

erks [T VOl — (TR, Vol ]

+K1K35[(T’”‘ Veryn — (T 1 Ve i+ (VORK, ey — (VoK el )|

o hk
ol st vt
1 hk o phk
+/<3—(/c K——K1——K1 )||V9 VoRE I
2k o 203
T 71 k K
—(K‘Cz— ——161——16112014>||V§h< v§h<1”H
4 o
o
hk _ ohh
(Kz Kz——K30€1—K37>||T — T3 I
2 2 k2
+K1—(Kzt2 —Kz— — K303T1 —K3—)||e egk—1||H +162al| &I + eablen I

sk (22— ) IIVC’”‘IIH + 213 (72— 5) (€, Veon
iz (72— 2) el I
2! .
ik (12 = 5 ) IVERIG +seroea +65) (72 = 5 ) Idivel[} <o.

Now, the result follows if

Next, we obtain the following a priori error estimates result.

12
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Theorem 3.3. Under the assumptions of Lemma 3.1, if we denote by (€, w) the solution to problem V P and by (€%, w"*) the solution
to problem V P"™ then we have the following a priori error estimates, for all ' = {r,ﬁ’}?’zo CEMand 2h = {zﬁ}?’zo cvh,

max {1 — 1415+ o — 61X+ 160 — 611 + I wn — w

[

hk 2 hk 2
+llen — ef¥I + ITa — THI |

N
<Ck). (||éj — SEJIIY + 11— 8¢iUF + IEj — THIE + 1w — sw il + l1e; — dejly
j=1

Hliw; = 231+ 10; = 80,112 + 1T =TI + 13 + JF ) + € max l16 — 71

C
+o Z (s =% = Egen =P DI+ ws — 2 = (Wi — 21 IR

+C max f[wy — 21 + (1160 — €213 +15° — ¢ + w® — o'

+1e® — e + 6% — 6% 2 + 1 T0 — T3 ),

where C is again a positive constant which is independent of the discretization parameters h and k, and the integration errors I, and
Jn are given by

= /g(s)ds—ng

, ]n_H/e(s)ds—kZe]H (20)

Proof. First, we obtain the error estimates on the temperature acceleration. Then, we subtract variational equation (4) at
time t =t, for a test function r =" € E" C E and discrete variational equation (13) to obtain, for all ' € EP,

2
a(’;(én—ss,i"‘>+n<sn— ) o =g *') 1 (VO — 0% + 7260 — 5. Vi)
Y

—k1 (div (T — TH) + odiv (e, — €liF), 1), =0,
and so, we have, for all " € E,
5 hk hk hk hk
a E(Sn—tsén Y+ TG —E )+ — 8 & — &
Y

+i (VO — 03 + T2 — 63%9), ViEn — 639)

—k1 (div (T — TH) + adiv (e, — %), &, — £1K),

2
=a (%(én —SEN) + T (En — &) + tn — 0 — Th)
Y
i (V6 — O + T2 — ¢, V(& — 1)

—k1 (div (Ty — THK) + Todiv (e, — k), & — 1), .

Taking into account that
(60— 80 0 — &%) = o {10 — 0408 — N — 805,03 ),
(5n = et 0 = 810 = (50— &l =00+ o — G089 — s — &%,
(Ve =& V& —61) = (Vi — 5. Vi —otw)
o [V @ — g1~ 19 G — 501,
it follows that, for all " € E",

13
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1 1
S 160 = 610 — nas — 625013 | + o e — &1 — gus — 54115
1
o {19 = &I = 19 G = 5 DI ]+ (V6 — 6. Ve - &1
< (1 — 86l + 160 — 85al13 + IV G — 861 + 160 — E1€13
Hdiv (T = TROIT + lldiv (en — eq V1§ + 16n — ™17 + 160 — & 1Y
HIV 6 — O + IV G = &N + 8 — 615, 60 — 7)) (21)
n n H n n H n n »sSn .
Now, we obtain the estimates for the microtemperatures acceleration. Subtracting variational equation (5) at time t =t,

for a test function z=z" € V! ¢ V and discrete variational equation (14) we have, for all 2" € V",

2
T
b < 21 Wy — w7y (w, — wik) 4 e, — el zh>
H

+i6 (V(Tn — T + 1,V (e — efik), V2") o, i (Tn — TR + Ta(en — ), 2"y
+ (K4 + K5) (div(Tn Thk) + Todiv (e, — e ) divz )Y
+K3(V (0 — 01 + 15(¢0 — %)), 2"y =0,

Therefore, we find that, for all z" € V*,

2
T
b( 21 Wy — swik 4 7 (w, — whk) + e, — el wn—wﬁk>
H

+&6 (V(Tn — TI) + 1,V (e, — €lF), V(w, — wh)) 0
+c2(Tn — THK + 75 (en — ), wy, — whk)y
+(Kk4 + K5) (div(Tn Thk) + Todiv (e, — e ) div (w, — whk )Y
+13(V (O — O + T2(8n — ¢1K)), wn — Wiy
2
=b ( wy, — 5wh" +11(wy — wﬂk) +e, — h", wy, — zh)
H
+k6 (V(Tn — T + 7,V (e — €l6), V(wy, — 21))
+ic2(Tn — T + 75 (e — €f), wy — 2Ny
+(Ka + K5) (div (Tn — T 4 1odiv (e, — €%, div (w, — zh))y

+i3(V (6 — 6% + T2 (G0 — &), Wi — 2.
Keeping in mind that

Q

hk hk hl whk 12
(swn — oWk, wy - wit) >2—[||wn ‘||H—||wn1 wis I}

hk whk k.
(en—en‘,wﬂ w; )H (e —e; Ben) %

(V(en — ey, V(w, — WQ"))Q > (V(en —eff), V(en — 8en))Q

hk hk 12
ien — €I — e — €13 .

1
{1V (e — el — 1V ent — el I |-

(chv (e — %), div (wy, — whk )y > (div (en — %), div (&, — 8en))y

1
o { 1div (en — €)1 — v (en-1 — €l )15 .

it follows that

i LIwn = Wi, = way = Wiy )+ (VT = T1. Vown - wil)

1
hk hk 2
+ o {len — eI — e — b 117}

14
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1
o {1V e — el — IV ent — b 13 |

1 .
o | v (en — €1 — v (en-1 — €l )1
+ (div (Tp — T,’}k), div (w,, — wﬁk)>y

hk hk
I I

= C(1I1n — swall} + len — seal}y + 1 wa — Wik + llen — €}

Hlwn — 2%+ IV(Tn = T3 + 1V (en — )13 + 1Tn — T2,
+div(Ty — TH) |12 + (| div (en — €) |13 + V(6 — 07117
VG = &I + Gwn — swhE, w — 2. (22)

Combining estimates (21) and (22) we find that
1 1
S 06— 6105 = en = 6750013 |+ o e = 695 = w517

1 Bk \p2 hk i
5 {19 = & = 19 G = G5 DI ] + (V6 — 6. Ve — 619

1
hk 2 hI hI hk 12
o Wi — s — w8} e — el — tew — el 1)

3|

v i v he 2 V(T — T, v hi
oIV en — €l — 1V (ent =€l i | + (VT =T Vown — wik)
1 . .

o | 1div (en — €)1 — v (en—1 — el )1 | + (v (T — T, div (wy — wh)

< (110 — 88al1} + 10 — 8call} + IV Gn — 86 + 160 — E1°113
Hdiv (Tn — TR + lIdiv (en — eV 17 + 1 — ™1 + 120 — 415
HIV O — O IF + 11V (Gn — MG + (&0 — 861 &0 — 1) + [len — el |1,
Wi — SWallf; + l1€n — Senlly + | wn — WikII3 + wn — 2|13
HIV(Tn =TI + IV (en — ef)1h + ITn — THIZ,
+(w, — Swﬁk, w, — zh)H).
Multiplying the above estimates by k and summing up to n, we obtain

IEn = EMNZ + 18 — ¢T3 + 1V G — &™) 12 + lwn — wik|I2, + 1 div (e, — )13

n
kY (VO =01, Vi~ £19) + llew — ellIh + 1V (en — el
j=1

+ki [ (V(Tj - T’j!k), V(wj— wl}k))Q + (div(T] T k), div (W — th))y]

n
< k> (165 — 88513 + 1E; — 6513 + IV (G5 — 8¢ + g — 115
j=1
+ldiv (T — TH) |5 + [Idiv (ej — €M) IIF + 185 — i IE + 112 — I3
HIVO; = 0I5 + IV — ¢ + (08 — 86, &5 — Ty + llej — eI,
Hlw;—swjlly + llej —sejlly + lw; — wikig + llwj — 215,
HIV(T ;= THIG + V(e — )IG + 1T — TH)17
j i /llQ J it J j "H
+@w; — swh wy— 2 )+ C (10— €7 + 16° = O + w® — wh
+1e® — e + 6% — 6% 2 + 1 T° — T3 ).

Now, keeping in mind that

15
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Table 1
Example 1: Numerical errors for some h and k.
hlk— 0.01 0.005 0.002 0.001 0.0005 0.0002 0.0001
1/23 0.806641 0.803351 0.801443 0.800822 0.800515 0.800331 0.800270
1724 0.403253 0.399611 0.397524 0.396861 0.396539 0.396351 0.396289
1/2° 0.204708 0.200785 0.198535 0.197815 0.197469 0197271 0.197207
1/26 0.106477 0.102182 0.099804 0.099046 0.098677 0.098462 0.098394
1/27 0.058209 0.053222 0.050643 0.049852 0.049470 0.049246 0.049173
1/28 0.035334 0.029124 0.026158 0.025311 0.024914 0.024684 0.024609
1/2° 0.025596 0.017693 0.014037 0.013078 0.012653 0.012415 0.012339
1/210 0.022185 0.012822 0.008184 0.007020 0.006539 0.006285 0.006207
17211 0.021198 0.011113 0.005573 0.004093 0.003510 0.003226 0.003142
1/212 0.020939 0.010619 0.004591 0.002788 0.002047 0.001705 0.001613
17213 0.020874 0.010489 0.004291 0.002297 0.001394 0.000961 0.000852
0.9
0.8f 4
0.7f 4
0.6 4
. 05F 4
e
i
0.4 4
0.3f 4
02f 4
0.1f 4
0 . . . . . .
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

h+k

Fig. 1. Example 1: Asymptotic constant error.

Energy functional Energy functional

0.7 T T T 0 T

log E(t)
&

20 25 0 5 10 15 20 25

Fig. 2. Example 1: Evolution in time of the discrete energy (natural and semi-log scales).

kY (08— 88—y =) (6 —&]* — (G — &%) & — 1y

j=1 j=1
= (& — &% g — My + (M — 05 — 1My
n—1
+Y G e = = G = D)y,
j=1
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0.9 >

0.8 |

0.7

0.6k

0.5

0.4 N|

0.3 S|

0.2¢

0.1k

0 2 A
0 0.2 0.4 0.6 0.8 1

Fig. 3. Example 2: Finite element mesh.

n n
hik h hk hik h
kZ(éwj—awj‘,wj —zj)H:Z(wj—wj —(Wj_q —wjil),wj —Zj)H

j=1 j=1
=Wy —w wy, — 2zl + W —wl wy -2y
n—1
+Y (wi—w o wi— 2 — (wj =2 ),
j=1
n n
kY (VT — T, V(se; —sel))q =) (V(T;—T), V(e — el —(ej_1 — el g
j=1 j=1

= (V(Tn — T), V(e, — ef¥)q + (V(T — T1), V(e” — ”")q
n—1
+Y (VT = Th = (T =TI )), Viej —e¥))q,
j=1
n—1
Y V(T =T — (T = TIK)), Viej —e¥))q
j=1
n n
= (kK IVA; =0T I +k Y1V (e; - e).

j=1 j=1

n n
kY (div(T; — T%), div (de; — s€))y =Y "(div (T; — TH), div (e — e — (ej_1 — ¥ }))y

j=1 j=1
= (div (T, — T, div (e, — %))y + (div (TH* — T1), div (€ — ™))y
n—1
+ Y (div(T;— T — (T = T ), div (ej — €lF))y,
j=1
n—1
> (div(Tj — T — (T 3y — T ). div (ej — €))y
j=1

n n
< c(kZ Idiv (T — 8T )17 +k > _ Ildiv (ej — e’}")ll%),
j=1 j=1

kY (VO —01), V(88 — 8¢ =Y (VO =01, V(& — " — i1 — & D)n

j=1 j=1
= (V(6n —6%), V(& — "Ny + (VO —61), V(E® — ")y

17
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x10
7 0.015 . : . .
6 ] 0.01
5F |
0.005
= s
o o
o g 0
S 3t 4 I3
Y N
-0.005
2+ |
1k | -0.01
0 . . . . ~0.015 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t
0.08
0.06
0.04
002
)
o
& 0
(=3
o
-0.02
-0.04
—-0.06
-0.08 : : : :
0 0.2 0.4 0.6 0.8 1
t
Fig. 4. Example 2: Evolution in time of the temperature, the temperature speed and the temperature acceleration at point (0.5, 0.5).
n—1
hk hk hk
+Y (VO =0 = 041 — 075)), V(& — ¢[Dn,
j=1
n—1
hk hk hk
D (VO =0 = 0511 — 015 )). V& — D
i=1

n n
= (kX IVE; —80p1F +k Y1V — DI,

j=1 j=1

n
16n — 311F < CCU10° — 0" 1Z + I3 + Y~ llen — & ¥ 113),
j=1

n
ITn = TRAI5 < CAT = TG + 2+ llen — eIy,
j=1
where I, and J, are the integration errors defined in (20), applying a discrete version of Gronwall’s inequality (see again

[10]), we conclude the a priori error estimates. [

The error estimates shown in Theorem 3.3 can be used to obtain the convergence order of the approximations given by
Problem VP™. As an example, if we assume suitable additional regularity conditions we have the following result which
states the linear convergence of the algorithm.

18
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0.15

0.1 B

0.05

T (0.5, 0.5, )

-0.15

w (0.5, 0.5, )

t

Fig. 5. Example 2: Evolution in time of the microtemperatures, the microtemperatures speed and the microtemperatures acceleration at point (0.5, 0.5).

Corollary 3.4. Let the assumptions of Theorem 3.3 hold. Therefore, if we assume the following additional regularity:

0 € H3(0,T; Y) N W20, T; H2()) N H2(0, T; H(Q)),
T € H3(0, T; H) N W20, T; [H2(Q)]9) N H2(0, T; [H1(£2)19),

it follows that the approximations obtained by Problem VP are linearly convergent; that is, there exists a positive constant C, inde-
pendent of the discretization parameters h and k, such that

max {llén — &Iy + 16n = &Il + 160 — 0¥l + 1w — Wi 1
0<n<N
+len — iy +ITu = Ty | < Ch+ k).

4. Numerical results

In this section, we describe the numerical scheme implemented in MATLAB for solving Problem VP, and we show some
numerical examples to demonstrate the accuracy of the approximation and the behavior of the solution.
We solve the following linear problem, for all " € E and 2" € V",

2
T
a (—21 ,fk + ‘51’(“;-',?]( + k2 ,fk, rh> + Kk (V(kzs,fk + rzké,?k), Vrh)H

Y

_ 2 soaohk L h
qu((k + npk)divw,", r )Y

19
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Fig. 6. Example 2: Temperature, temperature speed and temperature acceleration at final time.

2
T
=a (71&,?51 —k;,?fl,rh) —«kk (V(Qﬁfl + kg 4 Tk, Vrh>H

Y

+K1k (div Tk | 4 (72 + kydivel* rh)y vt e BN

n—1-

2
T
b (%wgk + kw4 P whk, zh> + kek (V(kzwﬁ") + 5V (kwhk), Vzh) .
H

+(k4 + Kk5)k (kzdiv Wﬁk + Tokdiv wﬁ", div zh)y

—chk(kzwﬁk + tzkwﬁk, 24 + ksk((K? + Tok) VED

n

2
T
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H

—Kok(TRE | + kep* | + o€l 1. 2"y — ik (VO | + (2 + k)¢,

L2y

)+ 2 Ve

— (k4 +Ks5)k (div(Tﬂ’il +kelk ) 4 Todivelk |, divzh)y vzl e vi,

where the discrete temperature speed ;,ﬁ”‘, the discrete temperature 9,’;", the discrete microtemperatures speed eﬁk and the
discrete microtemperatures T are then recovered from the relations:

kel elhy, ot =kl ol

n
hk __ hk hk hk __ 1,,hk hk
e, =kwy +e’,, T, =ke  +T.”,.

(23)
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Fig. 7. Example 2: Microtemperatures, microtemperatures speed and microtemperatures acceleration at final time.
x(x—1)+4x — lS),

k3 =1,

Ky =1,
Fi(x,t) =et
Fy(x,t) =e'

Q

As an academical example, in order to show the accuracy of the approximations the following simpler problem is con-
) =% =60 =T"=e’=w=x(x—1) Vxe(0,1),

This numerical scheme was implemented on a 3.2 GHz PC using MATLAB
sidered. We solve Problem P with the following data:

0.75 seconds of CPU time.
We recall that homogeneous Dirichlet boundary conditions are imposed on the boundaries x = 0, 1. So, using the initial

conditions:
the exact solution to Problem P can be easily calculated and it has the form, for (x,t) € [0, 1] x [0, 1]:

and adding the following supply terms, for all (x,t) € (0,1) x (0, 1),

4.1. First example: numerical convergence
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Fig. 8. Example 3: Temperature, temperature acceleration and microtemperatures at final time.

O(x,t) =T(x, t) =e'x(x—1).

Thus, the approximation errors estimated by

max {lgn = 65Ny + 60 = &8l + 160 — 61z + I wa — Wil + llen — e¥lly + 1T = T4 ]

0<n<N

are presented in Table 1 for several values of the discretization parameters h and k. Moreover, the evolution of the error
depending on the parameter h + k is plotted in Fig. 1. We notice that the convergence of the algorithm is clearly observed,
and the linear convergence, stated in Corollary 3.4, is achieved.

If we assume now that there are not supply terms, and we use the final time T =25, the following data

2=(0,1), a=5, b=1, ©1=1, 7,=1, =01, K1=1, k=20,

k3=1, k4=1, k5=1, k=2,
and the initial conditions, for all x € (0, 1),

0°0 =" =% =xx—-1), T°x)=e’®=wx =0,
taking the discretization parameters h = 10~% and k = 10~4, the evolution in time of the discrete energy E,’}" is plotted in
Fig. 2 (in both natural and semi-log scales). As can be seen, it converges to zero and an exponential decay seems to be
achieved.

4.2. Two-dimensional numerical simulations

As a second example, we provide numerical results in a two-dimensional setting but with different initial and boundary
conditions. In all the simulations, we considered the domain 2 = (0, 1) x (0, 1). First, we use the following data:
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Fig. 9. Example 4: Temperature acceleration at final time for coefficients k1 = 0, k3 = 10 (left upper part), k1 = 3, k3 =4 (right upper part) and k1 =

100, k3 =0 (lower part).
T=1, a=1, b=1, 11=2, ©1=1 k=4, K1=1, Kky=1,
Kk3=2, Ka=1, Kk5=3, kg=2,

and the initial conditions, for all (x, y) € (0,1) x (0, 1),

0, ) =¢%x,y)=0, &%, y)=x(x—Dy(y—1),
TO(x, y) =€e%(x, y) = wl(x, y) = x(x — Dy(y — D, x(x — Dy(y — 1).

Taking the discretization parameter k = 0.01 and the finite element mesh shown in Fig. 3 (obtained dividing each interval
[0, 1] into 32 parts), in Fig. 4 we plot the evolution in time of the temperature, the temperature speed and the temperature
acceleration at the middle point x = (0.5, 0.5). We can observe a quadratic behavior for the three functions. Moreover, the
evolution in time of the first component of the microtemperatures, the microtemperatures speed and the microtemperatures
acceleration (the second one is similar) is plotted in Fig. 5. Now, some oscillations are produced maybe due to the hyperbolic

law.

The temperature, the temperature speed and the temperature acceleration are shown at final time in Fig. 6. We can
observe that the three functions are quadratic although the temperature has a different curvature.
The microtemperatures, the microtemperatures speed and the microtemperatures acceleration are plotted in Fig. 7 at

final time using arrows. As can be seen, there is a oblique direction.
As a second example, we use the following data:

T=1, a=3, b=5, 7.'1=0.03, ‘E2=0.05, K=2, K1=1, IC2=5,

k3=2, Kka=1, k5=3, kg=2,

the initial conditions, for all (x, y) € (0,1) x (0, 1),
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Fig. 10. Example 4: Microtemperatures at final time for coefficients x1 = 0, k3 = 10 (left upper part), k1 = 3, k3 = 4 (right upper part) and k; = 100, k3 =0
(lower part).

00, y)=¢"x.y)=0, &%x,y)=0,
TO(x, y) =€%(x,y) = wl(x, y) =0,

and a supply term f(t) = 100t in the dual-phase-lag equation. Taking the discretization parameter k = 0.01 and the finite
element mesh shown in Fig. 3, in Fig. 8 we plot the temperature, the temperature acceleration and microtemperatures
(arrows) at final time. As expected, the temperature, temperature speed and temperature acceleration have a quadratic
behavior due to the clamping conditions, and the microtemperatures start from the middle point to the boundary in an
increasing form. This numerical example compares directly with Example 4.5 of [4]. We note that the temperature and
temperature speed are rather similar but the temperature acceleration has a different curvature, being now opposite, due to
the microtemperatures effect.
Finally, we analyze the dependence on the coupling coefficients k1 and «3. Thus, we use the following data:

b=>5, 1,
Kg =2,

T=1,
Kq=1,

a=3, T1=2, T k=3, k=5,

K5 =3,
and the initial conditions, for all (x, y) € (0,1) x (0, 1),

0, ) =:"x.y)=0, £, y)=x(x—1Dyy—1),

TO(x,y) =€eO(x, y) = wo(x, y) = x(x — Dy(y — D), x(x — Dy(y — 1)).

Taking the discretization parameter k = 0.01 and the finite element mesh shown in Fig. 3, the temperature acceleration are
plotted in Fig. 9 at final time for coefficients k1 =0, k3 =10, k1 =3, k3 =4 and k1 = 100, k3 = 0. In this case, we note that
the temperature and the temperature speed are rather similar (we do not show these figures in order to reduce the length
of the paper), but we observe clear differences among the temperature accelerations, although they are all quadratic.
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Finally, the microtemperatures are shown in Fig. 10 at final time. As we can see, the orientation changes a lot depending
on the value of these coupling coefficients.
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