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Abstract:Bonetissueisamaterialwithacomplexstructureandmechanicalproperties.Diseases

orevennormalrepetitiveloadsmaycausemicrofracturestoappearinthebonestructure,leading

toadeteriorationofitsproperties.Abetterunderstandingofthisphenomenonwillleadtobetter

predictionsofbonefractureorbone-implantperformance.Inthiswork,themodelproposedby

FrémondandNedjarin1996(initiallyforconcretestructures)isnumericallyanalyzedandcompared

againstabonespecificmechanicalmodelproposedbyGarcíaetal.in2009.Theobjectiveisto

evaluatebothmodelsimplementedwithafiniteelementmethod.Thiswillallowustodetermineif

themodifiedFrémond–Nedjarmodelisadequateforthispurpose. Weshowthat,inonedimension,

bothmodelsshowsimilarresults,reproducingthequalitativebehaviourofbonesubjectedtotypical

engineeringtests.Inparticular,theFrémond–Nedjarmodelwiththeintroducedmodificationsshows

goodagreementwithexperimentaldata.Finally,sometwo-dimensionalresultsarealsoprovidedfor

theFrémond–Nedjarmodeltoshowitsbehaviourinthesimulationofarealtensiletest.
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1.Introduction

Damagemodelsariseinordertodescribehowmechanicalpropertiesofmaterialsdegradeover

time.Thisdegradationcanbecausedbothbecauseoftheloadingitissubjectedto,andduetoexternal

causes(suchascrackformationduetothermalshockorchemicalattack).Thesemodelshavebeen

deeplystudiedforstructures,usuallyconcretestructures,wheretheprogressivewearofthematerials

canbecriticaltoitsintegrity.Inthisfield,worksaboutdamageexistsincethedecadeof1980[1].

AlaterworkfromFrémondandNedjarin1996[2]becameareferencefornewconcretedamagemodels

basedonthecontinuumelastoplasticdamageapproach[3].Inthisapproach,theprincipleofvirtual

powerismodified,includingthedamageinthetermofthepoweroftheinternalforces.Also,damage

isrepresentedbyascalarfield.

Thestudyofengineeringconceptsinthefieldofbiologyandmedicineismorerecent,butitis

growingfast.Intheparticularcaseofbonetissue,biologicalaspectssuchasboneremodellingwere

studiedalsosincethedecadeof1980[4].ThemodelproposedbyWeinans,HuiskesandGrootenboer

in1992[5]startedthepossibilityofsimulatingthiseffectnumerically,andledtoalargenumber

ofcontributionsinthisfield.Theeffectofdamagedescribedpreviouslycanbeseeninbonestoo.

Inbonetissue,bothloadingandexternalcauses(nowrelatedtoillnesssuchasosteoporosis)produce

againagrowingdeteriorationofitselasticproperties[6].Thefirststudiesofdamagewerefocused

oncumulativedamagecausedbycyclicloading[7,8].Thisapproachallowsforfatigueestimations

ofthenumberofcyclesthataprobecanwithstand,butitisnoteffectiveforitsimplementationin

numericalsimulations.In1999,Fondrk,BahniukandDavyproposedamodelthatreproducedthe
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tensilebehaviourofcorticalbone[9];however,itislimitedtoone-dimensionalsimulations,obtaining

bendingresultsbyapplyingbeamtheoryassumptions. ArecentworkfromandGarcíaetal.in

2009[10]introducedrheologicalbonespecificmodelsthatreproduceduniaxialandcyclictestsand

couldbeextendedtothreedimensionalsimulations.Otherworksaboutbonedamagecanbeseen

in[11–14].

Inthiswork,theFrémond–NedjarmodeliscomparedagainsttheGarcíaetal.modelinorderto

assessitscapabilitiestoreproducebonetissuebehaviour.Indeed,oneofthemainnoveltiesofthis

workisitsapplicationinthesimulationofthebonedamageprocess.Theselectionandtheinterestof

analysingtheFrémond-Nejdarmodelreliesonthefactthatitsformulatedasasetofpartialdifferential

equations(inparticularasubdifferentialinclusion)thatcouplesthedamageevolutionwiththewell

knownlinearelasticitymodel.Thisallowsforitsnumericalanalysisanditsimplementationinafinite

elementsimulation. Also,itisnotrestrictedtoonedimensionalsimulations,likethepreviously

mentionedFondrk,BahniukandDavymodel.

Furthermore,sincetheformulationissimilartotheWeinans–Huiskes–Grootenboermodelofbone

remodelling,itwouldallowforadirectcouplingofthesemodels,afutureobjectiveoftheauthors.

Althoughanexistingworkpresentsacouplingbetweendamageandaremodellingmodel[15],itis

basedonasimpleremodellingruleandthenumericalanalysisisnotperformed.

Thepaperisstructuredasfollows.InSection2,theformulationsofthestudiedmodelsare

presented,then,inSection3,theimplementationandresultsobtainedareshownanddiscussed,

followedbysomeconclusionsinSection4.

2.DamageModels

Inthispaper,asmentionedbefore,twodamagemodelsfornumericalsimulationsareanalyzed:

theFrémond–Nedjarmodel,firstdevelopedforconcretestructures,andthemodelproposedbyGarcía

etal.(bonespecific).Theparticularformulationofeachmodelisdescribedinthefollowingsubsections.

SpecialemphasisisplacedontheFrémond–Nedjarmodel,forwhichthenumericalanalysisofthe

algorithmproposedforitsresolutionisshown.

2.1.Frémond–NedjarModel

ThedamagemodelproposedbyFrémondandNedjarin1996considersdamageasanunknown

oftheproblem(β)thatvariesbetween1(undamaged material)and0(completelydamaged).

Thiscounter-intuitivedefinitionaccountsforthefactthatthevariablemultipliesthemechanical

propertiesofthematerial(theelasticmodulusintheone-dimensionalcase)insuchawaythat,ina

damagedmaterial,theywillbeaffectedbythisvariable.

Asmentionedbefore,thismodelwaspresentedforconcretestructures,sosomemodificationsto

includebonebehaviourwerenecessary.Sincebonetissueisalivingmaterialthatcanhealovertime,

theassumptionthatthisvariablecannotrecover,̇β<0,isnolongertrueanditisremovedfromthe

initialformulation.

Themathematicalformulationofthismodelwiththemodificationstoaccountforboneproperties

isdefinedinwhatfollows.

In[2]thedamagesourcefunctionφwasdefinedby

φ(ε(u),β)=λd
1−β

β
−λu|ε(u)|

2+λw,

where λd,λuandλw areconstitutiveparameters. Thesecondtermbecomesunmanageable

mathematicallywhenstrainsareverylarge,butthenthewholemodelbecomesinadequate,sowe
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truncatethetermasfollows.Givenq∗>0,asufficientlylargestrainenergytruncationconstant,letΨq∗

begivenby

Ψq∗(τ)=
|τ|2 if|τ|2≤q∗,

q∗ otherwise,

where|τ|2=τijτij,andhereandbelow,i,j=1,...,d(disthedimensionoftheproblem),and

arepeatedindexindicatessummation.Therefore,weusethetruncateddamagesourcefunction:

φ(ε(u),β)=λd
1−β

β
−λuΨq∗(ε(u))+λw. (1)

Finally,themechanicalproblemiswrittenasfollows.

ProblemP.Findthedisplacementfieldu=(ui)
d
i=1:Ω×[0,T]→ R

dandthedamagefield

β:Ω×[0,T]→Rsuchthat

σ=2βµε(u)+βλDiv(u)I in Ω×(0,T), (2)

−Divσ=f0 in Ω×(0,T), (3)

β̇−κ∗∆β+∂I[β∗,1](β) φ(ε(u),β) in Ω×(0,T), (4)

u=0 on ΓD×(0,T), (5)

∂β

∂ν
=0 on Γ×(0,T), (6)

σν=g on ΓN×(0,T), (7)

β(x,0)=β0(x) in Ω, (8)

whereΩrepresentsthebone,whoseboundaryΓisassumedtobedecomposedintotwopartsΓDand

ΓNsuchthatΓ=ΓD∪ΓN,withmeas(ΓD)>0,[0,T],forT>0,denotesthetimeintervalofinterest,

andletDivbethedivergenceoftensor-valuedfunctions.λandµaretheclassicalLame’scoefficients

andκ∗>0isadamagediffusioncoefficient.Moreover,β0isaninitialconditionforthedamagefield,

f0andgrepresentvolumeandtractionforces,respectively,andweincludethesubdifferentialofthe

indicatorfunctionI[β∗,1]into(4)toensurethatthedamagefunctionbelongstotheinterval[β∗,1].Here,

β∗>0isapositiveconstant,assumedsmall,anditisintroducedformathematicalreasons.Inany

case,whendamagebecomeszero,thematerialisdensewithmicrocracksandmodellingitaselastic

ceasestomakesense(see[16]fordetails).Finally,wenotethatdamagefunctionφisgivenin(1),

whereconstantsλd,λuandλwareconstitutiveparameters.

Now,inordertoobtainthevariationalformulationofProblemP,letY=L2(Ω),H=[L2(Ω)]d

andQ=[L2(Ω)]d×danddenoteby(·,·)Y,(·,·)Hand(·,·)Qtherespectivescalarproductsinthese

spaces.Moreover,letusdefinethevariationalspaceVasfollows,

V={v∈[H1(Ω)]d;v=0 on ΓD},

withthescalarproduct(·,·)V,andnorm·V.

Finally,letusdefinetheconvexsetofadmissibledamagefunctions,

K={ζ∈H1(Ω);β∗≤ζ≤1a.e.inΩ}.

ByusingGreen’sformulaandboundaryconditions(5)–(7),wewritethevariationalformulation

ofproblemP.
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ProblemVP.Findthedisplacementfieldu:[0,T]→Vandthedamagefieldβ:[0,T]→ Ksuchthat

β(0)=β0and,fora.e.t∈(0,T),andforallv∈Vandζ∈K,

c(β(t);u(t),v)=(f(t),v)V, (9)

(̇β(t),ζ−β(t))Y+κ
∗(∇β(t),∇(ζ−β(t)))H≥(φ(ε(u(t)),β(t)),ζ−β(t))Y, (10)

wherethebilinearfunctionalc:K×V×V→Risdefinedasfollows,forallv,w∈Vandζ∈K,

c(ζ;v,w)=
Ω
ζ(2µε(v):ε(w)+λdivvdivw)dx.

Theoperatordivrepresentsnowthedivergenceofvector-valuedfunctions,theelementf(t)∈V

(asusual,V denotesthedualspaceofV)isobtainedfromRiesz’theoremas

(f(t),w)V=(f0(t),w)H+(g(t),w)[L2(ΓN)]d ∀w∈V,

andwerecallthatdamagefunctionφisdefinedin(1).

WenowconsiderafullydiscreteapproximationofproblemVP.Tosolveitnumerically,afinite

elementschemeisused.Thisisdoneintwosteps.First,weassumethatthedomainΩispolyhedral

andwedenotebyTharegulartriangulationinthesenseof[17].Thus,weconstructthefinite

dimensionalspacesVh⊂VandEh⊂H1(Ω)givenby

Vh={vh∈[C(Ω)]d;vh|Tr∈[P1(Tr)]
d ∀Tr∈Th, vh=0 on ΓD},

Eh={ξh∈C(Ω);ξh|Tr∈P1(Tr) ∀Tr∈T
h},

whereP1(Tr)representsthespaceofpolynomialsofdegreelessorequaltooneintheelementTr,i.e.,

thefiniteelementspacesVhandEharecomposedofcontinuousandpiecewiseaffinefunctions.Here,

h>0denotesthespatialdiscretizationparameter. Moreover,letKh=K∩Ehandassumethatthe

discreteinitialcondition,denotedbyβh0,isgivenby

βh0=P
hβ0,

wherePhistheclassicalfiniteelementinterpolationoperatoroverEh(see,e.g.,[17]).

Secondly,weconsiderapartitionofthetimeinterval[0,T],denotedby0=t0<t1<···<

tN =T.Inthiscase,weuseauniformpartitionwithstepsizek=T/Nandnodestn=nkfor

n=0,1,...,N.

Therefore,usingacombinationofbothimplicitandexplicitEulerschemes,thefullydiscrete

approximationsareconsideredasfollows.

ProblemVPhk.Findthediscretedisplacementfielduhk={uhkn}
N
n=0⊂V

handthediscretedamage

fieldβhk={βhkn}
N
n=0⊂K

hsuchthatβhk0 =β
h
0and,forallv

h∈Vh,ζh∈Kh,

c(βhkn;u
hk
n,v

h)=(fn,v
h)V n=0,1,...,N, (11)

(βhkn,ζ
h−βhkn)Y+kκ

∗(∇βhkn,∇(ζ
h−βhkn))H≥(β

hk
n−1,ζ

h−βhkn)Y

+k φ(ε(uhkn−1),β
hk
n−1),ζ

h−βhkn
Y
n=1,...,N. (12)

WeremarkthatinproblemVPhkthe“initialcondition”uhk0 forthedisplacementfieldmustbe

calculatedbecauseitisnotpreviouslygiven.Thus,wetakeitasthesolutiontothecorresponding

discreteproblem:

c(βh0;u
hk
0,v

h)=(f0,v
h)V ∀vh∈Vh.
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Wehavethefollowingtheoremwhichstatesthelinearconvergenceoftheseapproximations

undersuitableadditionalregularityconditions.

Theorem1.AssumethatproblemVPhasauniquesolution(u,β)withthefollowingregularity:

u∈C([0,T];[H2(Ω)]d)∩C1([0,T];V),

β∈H2(0,T;Y)∩H1(0,T;H1(Ω))∩C([0,T];H2(Ω)),

andlet(uhk,βhk)bethesolutiontoProblemVPhk.Then,itfollowsthatthenumericalapproximationislinearly

convergent;thatis,thereexistsapositiveconstantC,independentofthediscretizationparametershandk,

suchthat

max
0≤n≤N

un−u
hk
n V+ βn−β

hk
n Y ≤C(h+k).

Proof.First,proceedingasin[16],wehavethefollowingestimatesforthedamagefield,forall

ζh={ζhj}
n
j=0⊂K

h,

βn−β
hk
n
2
Y+k

n

∑
j=1

∇(βn−β
hk
n)

2
Y≤C β0−β

h
0
2
Y+ β1−ζ

h
1
2
Y+ βn−ζ

h
n
2
Y

+k
n

∑
j=1

βj−1−β
hk
j−1

2
Y+k

n

∑
j=1

uj−u
hk
j
2
V+k

n

∑
j=1

βj−ζ
h
j
2
H1(Ω)+k

2+k
n

∑
j=1

δβj−β̇j
2
Y

+k
n

∑
j=1

φ(ε(uj),βj)−δβj+κ
∗∆βjY βj−ζ

h
jY+k

−1
n−1

∑
j=1

βj+1−ζ
h
j+1−(βj−ζ

j
j)
2
Y ,

whereweusedthenotationδβj=(βj−βj−1)/kandtheregularityofthecontinuoussolutionβ.

Now,weobtaintheestimatesforthedisplacementfields.SubtractingthevariationalEquation(9)

attimetnforv=vh∈Vh⊂VandthediscretevariationalEquation(11)wehave

c(βn;un,v
h)−c(βhkn;u

hk
n,v

h) ∀vh∈Vh,

soitfollowsthat,forallvh∈Vh,

c(βn;un,un−u
hk
n)−c(β

hk
n;u

hk
n,un−u

hk
n)=c(βn;un,un−v

h)−c(βhkn;u
hk
n,un−v

h).

Takingintoaccountthat

c(βn;un,un−u
hk
n)−c(β

hk
n;u

hk
n,un−u

hk
n)=c(β

hk
n;un−u

hk
n,un−u

hk
n)+c(βn−β

hk
n;un,un−u

hk
n),

c(βhkn;un−u
hk
n,un−u

hk
n)≥Cun−u

hk
n
2
V,

usingthefactthatβhkn ∈K
h(andso,βhkn ≥β∗)andtheregularityu∈C([0,T];[H

2(Ω)]d)wehave

un−u
hk
n
2
V≤C βn−β

hk
n
2
Y+ un−v

h2
V ∀vh∈Vh.

Therefore,combiningthepreviousestimatesofbothdamageanddisplacementfieldswe

concludethat

βn−β
hk
n
2
Y+ un−u

hk
n
2
V≤C β0−β

h
0
2
Y+ β1−ζ

h
1
2
Y+ βn−ζ

h
n
2
Y+k

n

∑
j=1

βj−1−β
hk
j−1

2
Y

+k
n

∑
j=1

uj−u
hk
j
2
V+k

n

∑
j=1

βj−ζ
h
j
2
H1(Ω)+k

2+k
n

∑
j=1

δβj−β̇j
2
Y+ un−v

h2
V

+k
n

∑
j=1

φ(ε(uj),βj)−δβj+κ
∗∆βjY βj−ζ

h
jY+k

−1
n−1

∑
j=1

βj+1−ζ
h
j+1−(βj−ζ

j
j)
2
Y .
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Finally,keepinginmindthat

k−1
n−1

∑
j=1

βj+1−ζ
h
j+1−(βj−ζ

j
j)
2
Y≤Ch

2β2
H1(0,T;H1(Ω)),

usingthewell-knownapproximationpropertiesbyfiniteelements(see[17])andadiscreteversionof

Gronwall’sinequality,weobtainthedesiredlinearconvergence.

ThefullydiscreteschemeprovidedinproblemVPhkhasbeensolvedusingapenalty-duality

algorithm,relatedtoUzawa’salgorithm,forthenumericalresolutionofthediscretevariational

inequality.Thediscretedisplacementshavebeenobtainedsolvingthediscretelinearvariational

equationwiththeclassicalconjugategradientmethod. Wenotethatasimilarschemehasalsobeen

employedforthenumericalapproximationofdynamiccontactproblems(see,forexample,[16]).

Moreover,theresultingalgorithmhasbeenimplementedwithinthewell-knowncodeMATLABin

a3.3GHzPC(with16GbofRAMmemory),andatypical1Drunwithparametersh=k=102took

about1.54sofCPUtime.

InordertoshowthenumericalconvergenceofthealgorithmwesolveProblemPwiththe

followingparameters:

T=2, Ω=(0,1), ΓD={0}, ΓN={1}, g=0,

λ=0, µ=1.348×1010, κ∗=0.5, β∗=0.01,

q∗=105, λd=17, λu=4.2×105, λw=0,

withtheinitialcondition:

β0(x)=1 forall x∈(0,1),

andthevolumetricforce:

f0(x,t)=
90×106·t ift<1,

90×106 ift≥1.

Thenumericalerrorsaregivenby

Ehk= max
0≤n≤N

un−u
hk
n V+ βn−β

hk
n Y ,

consideringas“exactsolution”(un,βn)theoneobtainedforh=2−12andk=10−5.Theerrors

(multipliedby100),obtainedfordifferentdiscretizations,areshowninTable1anddepictedinFigure1

againsth+k. Asshown,thelinearconvergenceofthealgorithmstatedinTheorem1seemsto
VersionJune29,2019submittedtoAppl.Sci. 7of13
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



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RegardingtheGarcíaetal.model,thealgorithmtheydevelopedtosolvetheirmodelwasused.133

Again,wereferto[10]formoredetailsaboutitsimplementation.Itisbasedonthecombinationof134

theclassicalfiniteelementmethodwithaNewtonintegrationschemeandaprojectionoperator.The135

latteroneisusedtosatisfythecriteriondefinedfortheinternalvariables.136
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3.1.Comparisoninaone-dimensionalproblem138
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versionofbothwasimplemented.Totestthemodels,atypicaltensiletestwasreproduced,since140

thereisexperimentaldataintheliteraturetoevaluatetheperformance[18].Theone-dimensional141

beachieved.
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Table1.Numericalerrors(×100)forsomediscretizationparameters.

h↓k→ 0.1 0.01 0.001 0.0001

2−2 13.5490 13.5613 13.561268 13.561268

2−3 6.6596 6.6679 6.667863 6.667863

2−4 3.3080 3.3054 3.305386 3.305386

2−5 1.6641 1.6457 1.645661 1.645661

2−6 0.8460 0.8210 0.821036 0.821036

2−7 0.4370 0.4099 0.409942 0.409942

2−8 0.2328 0.2046 0.204565 0.204565

2−9 0.1315 0.1017 0.101652 0.101653

2−10 0.0822 0.0496 0.049597 0.049596

2.2.Garcíaetal.Model

TheothermodelexaminedistheoneproposedbyGarcíaetal.[10,18].Itconsistsofarheological

modeldevelopedspecificallyforcorticalbone,toreproducethemacroscopicalphenomenonobserved

inthistissue.Themodeliswrittenusingseveralinternalvariablesfordamageandplasticstrain,

aswellaslawstodescribetheevolutionoftheseinternalvariables.

In[10],severalmodelsarepresented.Forthepresentstudytherateindependentmodelischosen,

sinceitallowsforamoreimmediatecomparison.Therheologicalmodeliscomposedofanelastic

springinserieswiththedamageablepart,whichconsistsofasecondaryspring,whoseelasticityvaries

withdamage,andafrictionelementthatdeterminestheplasticitythreshold.

Fromthisrheologicalmodelafreeenergypotentialisobtained,whichisconvexandnonsmooth:

Ψ(ε,εp,D)=






1
2E0(ε−ε

p)2+12E0
1−D

D
εp2+I[0,1](D) ifD>0,

1
2E0ε

2+I{0}(ε
p) ifD=0,

(13)

andthestatelawsofthematerialcanbederivedfromthispotential.Thedetailsofthisderivationcan

befoundin[10],andweomitthemforthesakeofclarityinthepresentation.

RegardingtheGarcíaetal.model,thealgorithmtheydevelopedtosolvetheirmodelwasused.

Again,wereferto[10]formoredetailsaboutitsimplementation.Itisbasedonthecombinationofthe

classicalfiniteelementmethodwithaNewtonintegrationschemeandaprojectionoperator.Thelatter

oneisusedtosatisfythecriteriondefinedfortheinternalvariables.

3.NumericalResultsandDiscussion

3.1.ComparisoninaOne-DimensionalProblem

Tocomparetheperformanceofthemodelspresentedintheprevioussection,aone-dimensional

versionofbothwasimplemented.Totestthemodels,atypicaltensiletestwasreproduced,sincethere

isexperimentaldataintheliteraturetoevaluatetheperformance[18].Theone-dimensionalmodel

representsabonefixedononeendandwithanincreasingdisplacementimposedontheotherend.

Stresswascomputedinpostprocessingoncethedeformationwasobtained.

First,wesolvetheFrémond–Nedjarmodelwiththefollowingdata:

T=2, Ω=(0,1), ΓD={0,1}, ΓN=∅, f0=0,

g=0, λ=0, µ=1.348×1010, κ∗=0.5, β∗=0.01,

q∗=105, λd=17, λu=4.2×105, λw=0,

andtheinitialcondition:

β0(x)=1 forall x∈(0,1).
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Thatis,atinitialtimeweassumedthatthebonewascompletelyhealed. Moreover,sinceno

mechanicalforceswereapplied,thedeformationisproduceddefininganimposeddisplacementatthe

rightcorneras,

u(1,t)=5×10−3·t forall t∈[0,2].

Wenotethatthe modificationsneededtoincludethiscaseintoproblem Pwerereally

straightforward,sotheanalysisperformedintheprevioussectioncouldbeextendedeasily.

Usingthediscretizationparametersk=0.01andh=0.05inFigure2(up)thestress–straincurve

obtainedwiththeFrémond–Nedjarmodelisshown.Asitcanbeseenintheevolutionofthedamage
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Finally,bothmodelswerecomparedwithexperimentaldataobtainedfrom[18]. Figure4

showsthestress–straincurvesobtainedfrombothmodelsagainsttheexperimentaldata(blackdots).

Bothmodelsshowgoodagreementwiththeexperimentalresults,withsmalldifferencesinthelinear

partofthecurveandthebeginningofthedamagerange.TheFrémond–Nedjarmodelshowsbetter

agreementinthelinearpart,butthecurvatureofthedamagerangefitsworsethantherheological

model.However,thesesmalldifferenceswerenotsignificant,sincemechanicalpropertiesvarygreatly
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Inanycase,bothmodelswerecapableofreproducingthequalitativecharacteristicsofbone

mechanics.Inparticular,themodifiedFrémond–Nedjarmodelshowsitscapabilitytobeusedto

modelbonetissueinspiteofitbeingproposedtomodelconcretestructures.

3.2.ATwo-DimensionalProblemSolvedUsingFrémond–NedjarModel

Now,weconsideratwo-dimensionalcasetosimulateamorerealisticsetting.Thus,thebone

occupiedatwo-dimensionaldomainΩ,whichwasassumedfixedonitsleftpartΓD(thewholepart

clampedontheverticaldirectionanditslowerpointalsointhehorizontalone),andsubjectedtothe

actionofasurfaceforceonitsrightpartΓN(seeFigure5).

Thefollowingdatahavebeenusedinthisexample:

T=5, f0=0, g=(5,0), λ=21.1×10
10, µ=24.61×1010, κ∗=1, β∗=0.01,

q∗=105, λd=0.01, λu=15, λw=−0.0001,

andtheinitialcondition:

β0(x,y)=1 forall (x,y)∈Ω
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Thatis,againatinitialtimeweassumedthatthebonewascompletelyhealed.
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Usingthetimediscretizationparameterk=0.1andthefiniteelementmeshshowninFigure5,

thedamagefieldatfinaltimeisplottedoverthedeformedconfigurationinFigure6.Asexpected,
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Finally,inFigure7thestressfieldisshownatfinaltimeoverthedeformedconfiguration. Wenote

thatnowthehigheststressedareasconcentratedinthemiddlepartofthebone.Theconcentrationof

thedamageandstressinthemiddleofthesampleagreewiththeobservedfractureoftherealprobes
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4.Conclusions

Inthiswork,twowaysofmodellingdamageincorticalbonewerestudied.Thefirstonewas

amodificationofawell-knowndamagemodelforconcretestructures,neverusedforbonetissue.

Thesecondonewasdevelopedspecificallyforbonedamageandbasedonarheologicalmodel.

One-dimensionalsimulationswereperformedtocomparebothmodels,reproducingaclassicaltensile

test.Bothmodelsshowsimilarsolutionsandagoodagreementwithexperimentaldata.Moreover,

atwo-dimensionalexamplewasalsoconsideredusingtheFrémond–Nedjarmodeltoshowthe

behaviourofitssolutioninamorerealsituation.TheadvantageoftheuseoftheFrémond–Nedjar

modelreliesinitsformulation,whichmakesiteasiertocouplewithboneremodellingmodels,and

itallowsforaformalnumericalanalysis.Thenumberofparametersrequiredforthismodelisalso

reducedwithrespecttotheGarcíaetal.model.Theseresultsopenthepossibilityofusingthismodel

inbonetissuesimulations.
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