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The residual strength of rocks and rock masses is an important parameter to be constrained for analysis
and design purposes in many rock engineering applications. A residual strength envelope in principal
stress space is typically developed using residual strength data obtained from compression tests on many
different specimens of the same rock type. In this study, we examined the potential for use of the
continuous-failure-state testing concept as a means to constrain the residual strength envelope using a
limited number of specimens. Specifically, cylindrical specimens of three rock types (granodiorite, dia-
base, and Stanstead granite) were unloaded at the residual state such that a full residual strength en-
velope for each individual specimen was obtained. Using a residual strength model that introduces a
single new strength parameter (the residual strength index, or RSI), the results of the continuous-failure-
state unloading tests were compared to conventionally obtained residual strength envelopes. Overall, the
continuous-failure-state residual strength data were found to be consistent with the conventional re-
sidual strength data. However, it was identified that the primary factor limiting an accurate character-
ization of the residual strength for a given rock type is not the amount of data for a given specimen, but
the variety of specimens available to characterize the inherent variability of the rock unit of interest.
Accordingly, the use of continuous-failure-state testing for estimation of the residual strength of a rock
unit is only recommended when the number of specimens available for testing is very limited (i.e. < 5).
� 2021 Institute of Rock and Soil Mechanics, Chinese Academy of Sciences. Production and hosting by
Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

The residual strength of rocks and rock masses is an important
parameter in many rock engineering areas, including longwall or
block caving mining (Castro et al., 2017; Zhang et al., 2019), mine
pillar design (Sinha andWalton, 2018), tunnel design (Alejano et al.,
2009), and slope stability (Jaeger, 1971; Rao, 1996; Alonso and
Pinyol, 2015; Tiwari and Latha, 2019; Renani and Martin, 2020).
Generally, the residual strength is considered to be the stress level
at which the yield strength stabilizes after having decreased from
the peak strength as a consequence of accumulated damage. A rock,
or rock mass, is said to be in its residual state when its yield
strength is equal to the residual strength. In this state, the material
ock and Soil Mechanics, Chi-

s, Chinese Academy of Sciences. Pr
y-nc-nd/4.0/).
is heavily damaged and broken into blocks or pieces such that the
deformation process during further yielding occurs primarily
through rearrangement of these blocks and pieces rather than
through their breakage (Hobbs, 1966; Jaeger, 1969). It is for this
reason that materials in their residual state maintain a constant
residual strength with continued strain.

The residual strength of an intact rock specimen can be obtained
based on the complete stressestrain curve obtained from a labo-
ratory compression test. For most brittle rocks loaded under
confining stresses encountered in typical engineering applications
(i.e. typically confining stress s3 < 50 MPa), the stressestrain curve
enters a period of weakening (often referred to as strain-softening)
beyond its peak strength. The rate of post-peak strength loss as a
function of axial strain typically demonstrates a gradual decrease
until a stress plateau is attained (Hudson et al., 1972; Lockner et al.,
1991). This stress plateau is considered to define the residual
strength for an individual specimen (Krsmanovic, 1967; Crowder
and Bawden, 2004).
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Fig. 1. Rock types considered in this study (modified from Walton et al., 2019).
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Rocks in their residual state are broken into pieces, and their
behavior is therefore somewhat similar to that of a coarse, angular
aggregate (Rosengren and Jaeger, 1968; Walton, 2014). Specifically,
the residual strength of rock is defined by minimal (or null) effec-
tive cohesion and high frictional strength and is highly sensitive to
confining stress. As a result, the conventional approach for defining
the complete residual strength envelope of a rock in principal stress
space involves conducting triaxial tests at multiple confinements.
Using this approach, several previous studies have been completed
documenting the residual strength characteristics of various rocks
(e.g. Mahmutoglu, 1998; Walton et al., 2019).

An alternative approach for determination of residual strength
of rock relies on the concept of continuous failure state (or
multiple-failure state) triaxial testing, first introduced by Kovari
and Tisa (1975). The general idea is to modify the confining
stress during a triaxial test according to some pre-defined crite-
rion such that the failure (yield) surface of interest can be con-
tacted at multiple different confining stress levels using a single
rock specimen.

This concept has been widely applied for determination of the
complete peak strength envelope using a single rock specimen
(Kim and Ko, 1979; Kovari et al., 1983; Shimamoto, 1985; Youn and
Tonon, 2010; Melati et al., 2014; Cammack and Duran, 2015; Ali
et al., 2018; Minaeian et al., 2020). When using a multiple-failure
state approach for determination of a peak strength envelope,
several issues and challenges have been identified: (1) this method
has been verified for some rock types, but its ability to accurately
replicate multi-test strength envelopes varies from rock type to
rock type (Kim and Ko, 1979); (2) the success of the method is
dependent on the interpretation of the “imminent failure point”
during testing, which is very difficult to determine (Youn and
Tonon, 2010; Jin et al., 2018); and (3) the stress path selected
and/or the development of damage during loading can lead to
underestimation of subsequent peak strength values, particularly at
later stages of loading as damage accumulates in the specimen
(Melati et al., 2014; Cammack and Duran, 2015).

These challenges remain a barrier to the acceptance of such
testing for estimation of the peak strength envelope in practice.
When using the continuous failure state approach for evaluating
residual strength envelope, however, the latter two concerns are
much less significant, as the residual strength is effectively strain-
history independent, meaning that determination of an exact
point at which to change loading conditions is unnecessary.

The goal of this study is to evaluate the validity of applying the
continuous failure state approach to the triaxial unloading phase of
a compression test for determination of the residual strength en-
velope of a given rock type. To achieve this, we compared the re-
sults from triaxial tests with continuous failure state evaluation of
the residual strength envelope during specimen unloading and the
ones obtained using the conventional approach for residual
strength determination. Three different rock types are considered.
Additionally, the impact of unloading rate (one of the key testing
parameters) on the obtained residual strength envelope is assessed
and Monte Carlo simulation is presented to demonstrate the value-
added of the continuous failure state testing approach when a
limited number of specimens are available.

2. Methods

2.1. Rock types

This study considered three different rock types to demon-
strate the general applicability of the proposed continuous failure
state testing approach for residual strength determination: a
granodiorite, a diabase, and Stanstead granite (see Fig. 1). While
the residual strength data for these rocks have been previously
reported as part of broader studies (Walton, 2018; Walton et al.,
2019), these prior studies focused on the residual strength re-
sults obtained using the conventional approach and limited
consideration was given to the continuous failure state data
associated with the tests.

The granodiorite presented in this study was collected from the
Creighton Mine in Sudbury, Canada. Although no precise mineralog-
ical analysis has been conducted, hand sample analysis suggests the
rock is composed of approximately w50% plagioclase felspar, w25%
quartz, w20% biotite, and w5% mafic minerals on average, with an
average grain size of approximately 3 mm. It has an unconfined
compressive strength (UCS) of approximately 185 MPa (�40 MPa).

The diabase presented in this study was collected from a deep
copper deposit. The mineralogical composition of the diabase unit
that was sampled is highly variable, but generally consists primarily
of plagioclase feldspar (>50%) and pyroxene with variable amounts
of sulphide minerals present (e.g. pyrite, chalcopyrite). Quartz
veining is also present in the diabase unit, and these veins appear in
some of the tested specimens (see Fig. 1). Note that these veins
were not observed to consistently limit or lower specimen strength,
as the veins themselves are strong relative to the rock matrix. The
grain size of the diabase matrix is on the order of 1 mm, and the
unit has a UCS of approximately 80 MPa (�40 MPa).

Stanstead granite is a well-studied granite from Quebec, Canada
(Nasseri andMohanty, 2008; Walton, 2018). Its typical composition
is 33% plagioclase feldspar, 33% alkali feldspar, 25% quartz, and 9%
micas, with grain sizes ranging from 0.5 mm to 2 mm. In this study,
data for specimens from three separate blocks were tested; basic
geomechanical results from the specimens obtained from the first
two blocks have previously been reported (not including contin-
uous failure state residual strength information) (Walton, 2018),
while specimens obtained from the third block were tested spe-
cifically for the purposes of this study. While consistent differences
in strength were observed between the different blocks (on the
order of 10e15 MPa under unconfined conditions), these differ-
ences were typically small compared to the within-block variability
(approximately �10e15 MPa). Accordingly, the data from all three
blocks were considered together in this study. The typical UCS of
Stanstead granite is approximately 135 MPa (�30 MPa).

Granodiorite specimens had a diameter of 36 mm, diabase
specimens had diameters of 43 mm or 63 mm, and Stanstead
granite specimens were tested with multiple diameters (Block 1e
43mm, 63 mm, 75 mm; Block 2e81 mm,101 mm; Block 3e54 mm,
81 mm). Specimens were cut to a length to diameter ratio of 2e
2.25. The handling of these different specimen sizes in the inter-
pretation of the test results is discussed in Section 3.



Fig. 2. Load path for continuous-failure state triaxial unloading tests.
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2.2. Testing procedure

All testing used to obtain the data for this study was conducted
at the CanmetMINING Rock Mechanics Laboratory in Ottawa,
Canada. Tests were conducted using a MTS Rock Mechanics Testing
System, Model 815, using standard testing protocols as recom-
mended by American Society of Testing Materials ASTM D7012-14
up to the point of unloading for continuous failure state determi-
nation of the residual strength envelope. Further details on the
testing system, including technical specifications, are provided by
Labrie and Conlon (2008). Axial displacements were recorded using
linear variable differential transducers (LVDTs). Axial displacement
control was used for all tests.

In a typical servo-controlled testing system, such as the MTS
Model 815, two of the following variables are controlled and the
other two are allowed to vary based on the rock specimen response
to loading: axial displacement, confining stress, lateral displace-
ment, and axial stress. In axial displacement controlled triaxial
tests, the first two of these variables are controlled (axial
displacement is increased at a constant rate and confining stress is
held constant). The only distinction between a standard triaxial test
procedure and the one used in these tests to obtain continuous
failure state residual strength data is the addition of an unloading
phase of testing after the residual strength is achieved. The
unloading phase was commenced by the laboratory technician
once the residual strength was deemed to have been attained per
real-time monitoring of the axial stressestrain test data. During
unloading, the confining pressure was gradually decreased while
maintaining the same axial displacement rate used for the initial
phase of the test; the application of these conditions in the servo-
controlled system directly leads to a gradual reduction in the
axial stress along the residual strength envelope such that the
specimen is in a continuous state of yield (see Fig. 2). While most
tests were conducted using an unloading rate of 0.1MPa/s, a limited
suite of tests on Stanstead granite were conducted with a variety of
unloading rates to evaluate the influence of this parameter on the
obtained residual strength results.

2.3. Data filtering

Peak strength was extracted from all triaxial tests, but not all
testswere deemed to have reliable residual strength results, such as
those shown in Fig. 3a. Specifically, in some cases, the technician
running the test began the unloading phase of the test prior to
reaching the residual strength (see Fig. 3b). Consideration of the
axial stress level at the start of unloading in such cases may only
introducew5e10% error into the residual strength estimate (for the
data shown in Fig. 3b, the start of unloading was estimated to be
w7% higher than the residual strength plateau), which is not large
relatively to the between-specimen variability in residual
strengths. Nevertheless, to ensure a reliable comparison between
conventional residual strength data and continuous failure state
data, specimens that were visually assessed not to have reached the
residual strength plateau prior to the start of unloading were
filtered from the dataset prior to analysis.

In addition to filtering out potentially unreliable residual
strength data based on the stressestrain curve itself, data were
filtered based on examination of the unloading portion of the data
in principal stress space. For example, if a given specimen did not
achieve its residual strength prior to the onset of unloading, then its
instantaneous yield strength envelope could be considered tran-
sient, and would be likely to evolve (further loss of strength) with
continued axial straining during the unloading portion of the test.
This phenomenon is illustrated in Fig. 4a. Fig. 4b shows an example
of the unloading stress envelope obtained for a diabase specimen.
Note the transition from one smooth yield envelope curve to
another curve occurred around s3 ¼ 20 MPa. Unsurprisingly, the
likelihood of a strength transition being observed in the unloading
data (indicating the specimen was not in its residual state when
unloading began) was directly related to the degree to which the
stressestrain curve suggested that the residual state may not have
been achieved prior to unloading. Specimens deemed to be further
from achieving the residual strength plateau, based on the stresse
strain curve, tended to display more obvious strength drops in the
unloading data.

Ultimately, the residual strength data considered in this study
include those specimens deemed to be in the residual state prior to
the start of unloading based on the stressestrain curve and that
showed no evidence of a transition in yield envelopes in the
unloading data. Note that the latter criterion was not considered in
previous studies, so some specimens that were considered in pre-
vious studies (e.g. Walton et al., 2019) are not included in this study.

2.4. Modeling residual strength

The residual strength envelope of rock is nonlinear, which
makes it potentially difficult to parametrize. Several nonlinear re-
sidual strength model formulations have been proposed (e.g. Cai
et al., 2007; Peng and Cai, 2019; Walton et al., 2019), typically
with some relation to the Hoek-Brown criterion. The use of such a
model is necessary to enable comparison of results between con-
ventional test data and continuous failure state unloading data. In
this study, we apply the following model, which has been shown to
perform similarly to or better than other models that introduce
only one new parameter (Walton et al., 2019):

s1 ¼ s3 þ UCS
�mb
UCS

s3

�a
(1)

mb ¼ mie
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RSI�100
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where mb and a are constants as per the generalized Hoek-Brown
Criterion, mi is the Hoek-Brown material constant for intact rock,
and RSI stands for residual strength index, which is a constant that
relates mi to mb and controls a. Note that Eq. (1) is equivalent to
modeling the residual strength using the generalized Hoek-Brown
criterion (after Cai et al., 2007) with the constant “s” term removed



Fig. 3. Examples of two Stanstead granite specimens showing (a) a case tested at s3 ¼ 15 MPa where residual strength was attained prior to unloading and (b) a case tested at
s3 ¼ 15 MPa where residual strength was not attained prior to unloading.

Fig. 4. Brittle strength loss during unloading e (a) schematic diagram; (b) example data from a diabase specimen tested at s3 ¼ 60 MPa.
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to force a zero residual strength under unconfined conditions (e.g.
Walton et al., 2019). Eqs. (2) and (3) are equivalent to the originally
proposed equations for estimation of mb and a using geological
strength index (GSI) (Hoek et al., 2002), with GSI being replaced by
RSI. Although previous work has reported Eqs. (2) and (3) using the
GSI terminology, this usage is not fully appropriate, as the absence
of the “s” term in Eq. (1) changes the meaning of the fit parameter
in Eqs. (2) and (3); this is reflected in the fact that the generalized
Hoek-Brown criterion and Eq. (1) returns different fit parameter
values (GSI vs. RSI, respectively) in the analysis by Walton et al.
(2019).

Note that the model represented by Eqs. (1)e(3) can be fit to
either conventional residual strength data (one strength point per
test in principal stress space) or continuous failure state data using
common least-squares fitting approaches. The authors acknowl-
edge that the fact that Eqs. (1)e(3) forcing a residual strength of
zero under unconfined conditions is a limitation of the proposed
model.While zero residual strength under unconfined conditions is
a reasonable physical expectation (i.e. purely “frictional” strength
in the residual state), some laboratory studies have shown a (small)
non-zero residual strength under unconfined conditions (e.g. Gowd
and Rummel, 1980; Arzua and Alejano, 2013). Consideration of a
non-zero residual strength under unconfined conditions in a re-
sidual strength model based on the generalized Hoek-Brown cri-
terion would either require the addition of an “s” term determined
based on RSI (i.e. based on the s estimation equation based on GSI of
Hoek et al. (2002)) or the addition of a new, independent intercept
fitting term. The former approach was not adopted in this study
because it was previously found to perform similarly to or worse
than the intercept-free model represented by Eqs. (1)e(3) in an
examination of residual strength data from a wide variety of rocks
(Walton et al., 2019). The latter approach was not adopted in this
study because addition of an independent intercept parameter
would add significant complexity to the model and complicate the
interpretation and comparison of residual strength trends
throughout the study.

2.5. Characterizing residual strength using continuous failure
curves

Each continuous failure state test provides a complete residual
strength envelope spanning from s3 ¼ 0 MPa up to the confining
stress at which the triaxial test in questionwas conducted. For each
test with valid residual strength data (see Section 2.3), the
unloading data were extracted, and the data corresponding to
confining stress below double the unloading increment (i.e.
0.2 MPa for most tests based on an unloading rate of 0.1 MPa/s)
were removed. The removal of these very low confining stress data
was intended to avoid issues associated with challenges in servo-
control of the confining stress near unconfined conditions. The
remaining data were used to fit a least-squares residual strength
model according to Eqs. (1)e(3) to obtain an RSI value character-
izing the specimen’s residual strength.

Fig. 5 shows two examples of residual strength data from the
unloading phases of tests on granodiorite specimens. These ex-
amples illustrate typical characteristics of the unloading data: the
model-data fit is very good (with almost all R2 values being above
0.98); the unconfined residual strength implied by the trend of the
data is notably non-zero, in contrast to the trends observed in
conventional residual strength data and the prediction of Eq. (1);
the curvature of the data tends to be slightly less than that implied
by Eq. (3) (minimum a value of 0.5). The reasons for the subtle
deviations of the unloading data from the trend predicted by the
model (based on conventional data) are unknown. The primary



Fig. 5. Examples of model fits to unloading data from individual granodiorite triaxial tests conducted at (a) s3 ¼ 10 MPa and (b) s3 ¼ 40 MPa.

Fig. 6. Granodiorite peak and residual strength test data and associated fits.
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goal of this paper is to assess whether these slight differences in the
residual strength envelope observed through continuous failure
state testing lead to meaningful discrepancies in terms of results
relative to those obtained using conventional data.

Although every specimen with continuous failure state
unloading data for residual strength can be uniquely characterized
by an individual RSI value, the practical goal of rock testing is
typically to characterize an overall rock unit rather than an indi-
vidual specimen. Accordingly, a method is necessary to combine
information from multiple tests to characterize the rock unit as a
whole. One simple approach is to take the mean or median RSI
value from all the RSI values obtained for individual specimens.
Given that the relationship between the RSI value and the under-
lying data is highly nonlinear, taking the mean or median of these
fit parameter values may not be representative of the underlying
trends. Accordingly, a second approach was also considered,
wherein the unloading curve data for all specimens with valid data
were compiled into a single data set that was used to fit a single RSI
value. To avoid the data from specimens tested at higher initial
confining stresses disproportionately influencing the fit, the curves
were uniformly resampled to ensure an equivalent number of data
points on each curve prior to fitting.

2.6. Monte Carlo uncertainty analysis

In the case of Stanstead granite, sufficient residual strength data
(n ¼ 30 specimens) were available to develop a well-constrained
model of the “true” population residual strength using the con-
ventional residual strength data; this is in contrast to the other two
rock types, which had insufficient residual strength data (n< 15) to
fully constrain the “true” population residual strength. For Stan-
stead granite, a Monte Carlo simulation with 20,000 realizations
was performed to evaluate the potential range in results that might
be obtained in estimation of the RSI of Stanstead granite when
using either the conventional approach or the continuous failure
state approach with different numbers of specimens. Specifically,
for each possible number of specimens tested between 1 and 30
(the full data set), 20,000 combinations of specimens were
randomly selected and the Stanstead granite RSI was evaluated
from the conventional residual strength data and from the
unloading data using the second approach described in Section 2.5
(fitting to all curves together). Based on the results of these simu-
lations, the 95% prediction interval for the Stanstead granite RSI as
obtained using the two different data types could be assessed for
different numbers of test specimens. This analysis allowed for the
determination of the relative amount of information added by
considering unloading data in the assessment of residual strength
rather than only considering one point per test.
3. Results

3.1. Granodiorite

The granodiorite triaxial test data (peak and residual) are shown
in Fig. 6. The peak strength fit shown corresponds toUCS¼ 185MPa
and mi ¼ 20.2, while the conventionally obtained residual strength
fit corresponds to an RSI value of 53.

Following determination of the individual test RSI values using
the continuous failure state data, these values were plotted as a
function of the initial confining stress of each of the tests (Fig. 7).
These results demonstrate that there is no consistent bias in the
residual strength results obtained as a function of confining stress. In
other words, the confining stress used for a continuous failure state
unloading test does not notably influence the residual strength result
obtained. Much more significant, however, is the specimen-level
variability, with specimens showing a residual strength above the
conventional residual strength fit in Fig. 6, corresponding to higher
RSI individual specimen RSI values in Fig. 7.

To obtain an overall RSI estimate for the granodiorite unit using
the unloading data, a model was fit to all the unloading curves
together. Fig. 8 shows the variability in the individual unloading
curves, as well as a comparison between the conventionally ob-
tained model (see Fig. 6) and the model fit to the unloading data.
Overall, the models are very similar, predicting residual strengths
within w5% of each other at all confining stresses.

The results obtained by taking the mean and median of the
individual test RSI values as well as using all the unloading data
together (Fig. 8) are summarized in Table 1. Table 1 shows that the
unloading results tend to underestimate the actual RSI of the
granodiorite as estimated using the conventional residual strength
data. This is believed in part to be associated with the slightly lower
curvature of most of the unloading curves relative to the RSI model,



Fig. 7. Granodiorite RSI values derived from individual unloading curves as a function
of confining stress. Fig. 8. Individual test unloading curves for granodiorite and associated RSI fit; the RSI

fit obtained using the conventional residual strength data (one point per test) is shown
for comparison.
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as this means that the residual strength of an individual triaxial test
at its initial confining stress tends to be slightly underestimated
when fitting the RSI to the unloading data (see Fig. 5b). In the case
of the RSI value obtained through fitting to all the unloading curves,
this underestimation is relatively modest (a difference of �3.3 re-
ported in Table 1 equivalent to a 6% underestimation), as is reflected
in the fit comparison shown in Fig. 8. The greatest RSI underesti-
mation occurs when using the median of the individual test RSI
values to characterize the granodiorite unit; this significant un-
derestimation occurs because the conventionally obtained RSI fit
balances information from different tests using a least-squares
regression, which is sensitive to extreme results, whereas the me-
dian is not influenced by such results. Overall, these results suggest
that fitting a model to all the unloading curves together may be the
best approach to characterize the RSI of a rock unit.
Table 1
Summary of granodiorite RSI results obtained using unloading test data and their
differences with respect to the conventionally obtained RSI estimate (53).

Item Mean of
individual values

Median of
individual values

Fit to all
unloading curves

RSI 48.2 42.9 49.7
DRSI relative to

conventional value
�4.8 �10.1 �3.3
3.2. Diabase

The diabase triaxial test data (peak and residual) are shown in
Fig. 9a. As noted in Section 2.1, the diabase specimens considered in
this study included two different sizes (47 mm and 63 mm diam-
eter). Given the relatively small discrepancy in specimen sizes, any
potential size effect would be expected to be small (on the order of
w5%; Hoek and Brown, 1980), especially relative to the natural
variability of the diabase, which is the most variable rock considered
in this study. To evaluate any potential scale effects on the residual
strength of the specimens, the conventional residual strength data
were plotted separately and found to both follow the same overall
trend (see Fig. 9b), which is consistent with the findings of previous
studies for other rocks (e.g. Walton, 2018). Accordingly, the diabase
data from both diameters were combined for the purposes of anal-
ysis. In Fig. 9a, the peak strength fit shown corresponds to
UCS ¼ 77.7 MPa and mi ¼ 7.3, while the conventionally obtained
residual strength fit corresponds to an RSI value of 84.3.

As in the case of the granodiorite, individual test RSI values
obtained using the continuous failure state datawere evaluated as a
function of the initial confining stress of each of the tests (Fig. 10).
While these results tend to show no consistent trend at higher
confining stresses, there is potential trend of lower RSI values
occurring at lower confining stresses (no specimens show RSI < 75
for s3 � 15 MPa). An examination of Fig. 9b suggests that this may
just be a coincidence, with the random variability in individual
specimen strengths happening to cause lower-than-typical
strength specimens that have been tested at lower confining
stresses. Nevertheless, it appears that the individual test results
may be more sensitive to such variations in specimen strength at
lower confining stress than at higher confining stress.

To obtain an overall RSI estimate for the diabase unit using the
unloading data, a model was fit to all the unloading curves together.
Fig. 11 shows the variability in the individual unloading curves, as
well as a comparison between the conventionally obtained model
(see Fig. 9) and the model fit to the unloading data. As in the case of
the granodiorite unit, the models are very similar, predicting re-
sidual strengths within w5% of each other at all confining stresses.

The results obtained by taking the mean and median of the
individual test RSI values as well as using all the unloading data
together (Fig. 11) are summarized in Table 2. As in the case of the
granodiorite results, Table 2 shows that the unloading results tend
to underestimate the RSI value of the diabase as estimated using
the conventional residual strength data. Again, the estimate closest
to that obtained using the conventional data is provided by the
model fit to all the unloading curves together.

3.3. Stanstead granite

The Stanstead granite data set used in this study is significantly
larger than the granodiorite or diabase data sets. However, the
Stanstead granite data includes specimens tested with a wide
range of diameters (43 mme101 mm). For the primary data
analysis presented in this study to obtain as large a sample size as
possible, all specimens of various diameters were considered
together; this decision is justified on the basis that the scale ef-
fects influencing Stanstead granite peak strength are small rela-
tive to the between-specimen variability and, more importantly,
the residual strength of Stanstead granite has previously been
shown to be independent of specimen size (Walton, 2018). In
addition to the tabulated results for the Stanstead granite unit as a
whole, the final results are also shown for separate diameters to
illustrate that the conclusions obtained by combining the various
data sets together are similar to those obtained through analysis of
each data set independently.

The Stanstead granite triaxial test data (peak and residual) for
the complete data set are shown in Fig. 12. The peak strength fit
shown corresponds to UCS ¼ 135.6 MPa and mi ¼ 31.1, while the
conventionally obtained residual strength fit corresponds to an
RSI value of 35.2. Individual test RSI values obtained using the
continuous failure state data are shown as a function of the
initial confining stress of each of the tests in Fig. 13. As in the



Fig. 9. (a) Diabase peak and residual strength test data and associated fits; and (b) zoomed view of the residual strength data illustrating a consistent trend independent of
specimen diameter.

Fig. 10. Diabase RSI values derived from individual unloading curves as a function of
confining stress.

Fig. 11. Individual test unloading curves for diabase and associated RSI fit; the RSI fit
obtained using the conventional residual strength data (one point per test) is shown
for comparison.

Table 2
Summary of diabase RSI results obtained using unloading test data and their dif-
ferences with respect to the conventionally obtained RSI estimate (84.3).

Item Mean of
individual values

Median of
individual values

Fit to all
unloading curves

RSI 76.1 78.6 81.6
DRSI relative to

conventional value
�8.2 �5.7 �2.7

Fig. 12. Stanstead granite peak and residual strength test data and associated fits.
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case of the granodiorite results, the Stanstead granite results
appear to be independent of the initial confining stress. To
obtain an overall RSI estimate for Stanstead granite using the
unloading data, a model was fit to all the unloading curves
together. Fig. 14 shows the variability in the individual unloading
curves, as well as a comparison between the conventionally
obtained model (see Fig. 12) and the model fit to the unloading
data. As was the case for the granodiorite and diabase, the
models were very similar.

Table 3 presents a summary of the analysis results obtained
when considering each of the data sets independently. Note that
results from the most recently conducted test suite (third block in
Section 2.1) were not included, as almost all of these tests were
conducted at s3 ¼ 10 MPa, making it difficult to properly constrain
the complete Hoek-Brown envelope for the peak strength.

Table 4 summarizes the RSI results obtained using the unloading
data when the Stanstead granite data are considered together.
Overall, the Stanstead granite results are consistent with those
obtained for the granodiorite and diabase units: the use of the
unloading data tends to result in a slight underestimate of the
actual RSI that characterizes the residual strength (per the con-
ventional approach), and the approach whereby the RSI is esti-
mated by fitting the residual strength model to all of the unloading
curves together is the most appropriate manner for RSI estimation
from unloading data. These conclusions are also generally consis-
tent with the obtained from the smaller sub-samples of Stanstead
granite studied for different diameters (Table 3), although these
conclusions are not universal. For example, the RSI values obtained
from the unloading data are not always lower than the conven-
tionally obtained values (see results for d¼ 63mm, d¼ 75 mm, and
d ¼ 101 mm). Furthermore, the fitting of the residual strength
model to all the unloading data does not always result in the lowest
error relative to the conventionally obtained RSI value (see results
for d ¼ 81 mm and d ¼ 101 mm).
3.3.1. Evaluating the impact of unloading rate
One possible issue that was identifiedwith respect to the testing

procedure utilized for obtaining the continuous failure state



Fig. 13. Stanstead granite RSI values derived from individual unloading curves as a
function of confining stress.

Fig. 14. Individual test unloading curves for Stanstead granite and associated RSI fit;
the RSI fit obtained using the conventional residual strength data (one point per test) is
shown for comparison.

Table 4
Summary of Stanstead granite RSI results obtained using unloading test data and
their differences with respect to the conventionally obtained RSI estimate (35.2).

Item Mean of
individual values

Median of
individual values

Fit to all
unloading curves

RSI 33.5 31.6 34
DRSI relative to

conventional value
�1.7 �3.6 �1.2

Fig. 15. Stanstead granite RSI values derived from individual unloading curves as a
function of the confining stress unloading rate.
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residual strength data during unloading is that no standard exists
for the unloading rate to be used. Although the CanmetMINING
laboratory uses a rate of confining stress decrease of 0.1 MPa/s as
their internal standard, the potential impact of this parameter on
the residual strength results obtained using the unloading data has
not been previously documented. To that end, some tests in the
most recent test suite were conducted using unloading rates above
and below the typical 0.1 MPa/s, setting s3 ¼ 10 MPa as the initial
confining stress with the intention of avoiding any potential con-
founding effects of modifying the initial confining stress. Following
examination of the results shown in Fig. 13, which illustrates the
independence of RSI on initial confinement, the tests with varying
initial confining stresses were ultimately compiled together to
evaluate the influence of unloading rate on the residual strength
envelope obtained during unloading. These results are shown in
Fig. 15.

Fig. 15 demonstrates that within the range of unloading rates
considered (0.02 MPa/s to 0.2 MPa/s), the resulting residual
Table 3
Results obtained from analysis of Stanstead granite data sets by specimen diameter.

Item Block 1

d ¼ 43 mm d ¼
Peak fit to triaxial data UCS (MPa) 132.1 128

mi 26 29.8
Number of tests with valid residual strength

data
8 5

RSI e conventionally obtained value 33.4 34.6
RSI e mean of individual values 30.2 33.4
RSI e median of individual values 31.4 34.1
RSI e fit to all unloading curves 32.2 34.7
strength data are not sensitive to the unloading rate used. Although
this conclusion should be tested in future using additional data and
for other rock types, it appears that an unloading rate of 0.1MPa/s is
indeed reasonable for the evaluation of residual strength through
continuous failure state unloading.
3.3.2. Monte Carlo uncertainty analysis
As described in Section 2.6, a 20,000 iteration Monte Carlo

simulation was performed using random combinations of Stan-
stead granite specimens for several different numbers of speci-
mens. The results of this analysis are shown in Fig. 16.

Fig. 16a compares the interval that bounds 95% of predicted
Stanstead granite RSI cases for different numbers of test specimens
when using either the conventional data (one data point per test) or
the unloading data (with the approach of fitting the residual
strength model to the data from all unloading curves together).
These intervals are compared to the best estimate of the “true”
population RSI for Stanstead granite as obtained from the full
conventional residual strength data set (n ¼ 30), as well as the 95%
confidence intervals for that estimate (determined using MATLAB’s
fitnlm function; Mathworks, 2020). The first trend that can be
observed in Fig. 16a is that the range in the calculated RSI values
decreases as the number of specimens available for analysis in-
creases; this is consistent with the general concept that as many
tests as possible should be conducted to reflect the full range of
Block 2

63 mm d ¼ 75 mm d ¼ 81 mm d ¼ 101 mm

.4 145.7 137.7 161.2
25.1 29.2 30.2
3 4 2

32.3 45.1 38.7
34.7 44.2 39.2
28.8 45.2 39.4
32.4 43.8 39.4



Fig. 16. Results of 20,000 simulations considering randomly sampled combinations of
different numbers of test specimens e (a) Comparison of the intervals within which
95% of the calculated RSI values fall (using conventional and unloading data) with the
95% confidence interval for the “true” RSI of Stanstead granite as estimated using the
full conventional data set (n ¼ 30); (b) Reduction in the width of the calculated 95% RSI
interval when using unloading data rather than conventional data for different
numbers of specimens; (c) Probability of RSI estimates derived using unloading data or
conventional data from different numbers of specimens falling within the 95% confi-
dence interval for the “true” RSI of Stanstead granite as estimated using the full con-
ventional data set (n ¼ 30).
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variability in any rock mechanical parameter and to more accu-
rately constrain a parameter value representative of the rock unit as
a whole. The slight bias in the unloading results towards lower RSI
values can also be observed. At lower numbers of specimens, this
bias is partially counteracted by the smaller width of the unloading
results interval (shown explicitly in Fig. 16b) such that the
unloading data interval falls fully within the conventional data
interval (see Fig. 16a).

Due to the slight tendency for the models fit to the unloading
results to underestimate the true residual strength, it is clear that
when a large number of specimens are available, conventional re-
sidual strength data should be used to evaluate a rock’s residual
strength envelope. However, it is important to determinewhether or
not the marginal benefit in terms of additional data for each spec-
imen (see Fig. 16b) outweighs this disadvantage of the use of
unloading datawhen smaller numbers of specimens are available. To
answer this question, the percentage of cases in the Monte Carlo
simulation where the RSI estimates obtained using the unloading
data and the conventional data that fell within the 95% confidence
interval for the “true” population average RSI for Stanstead granite
was recorded for each number of specimens (Fig.16c). As can be seen
in Fig. 16c, when a relatively low number of specimens are consid-
ered (up to 8), it is more likely to obtain an RSI estimate for Stanstead
granite between 31.9 and 38.6 (the 95% confidence interval) when
using the unloading data than when using the conventional data. It
should be noted that the benefit of using unloading data relative to
conventional data is marginal, and that the number of specimens
above which it becomes beneficial to use conventional data to
constrain the residual strength will be smaller for rock types with a
greater error in the unloading RSI relative to the conventional RSI
(e.g. the granodiorite and diabase considered in this study).

The relatively small benefit in uncertainty reduction achieved by
utilizing the continuous failure state unloading data (see Fig. 16b)
was initially unexpected, as the unloading data provided a com-
plete strength envelope to which a model can be fit rather than a
single data point. This relatively small benefit of considering the full
unloading envelope is attributed to two main factors: (1) the re-
sidual strength envelope obtained during unloading is largely
constrained by the conventional residual strength value at the start
of unloading, where with higher residual strength will both influ-
ence a conventional model fit towards higher RSI values and will
also correspond to higher RSI unloading envelopes; (2) the model
used to characterize the residual strength data is defined by a single
previously unconstrained parameter (RSI; UCS and mi are inde-
pendently constrained by the peak strength data), meaning an RSI
value for a given test can theoretically be established using a single
data point (i.e. the conventional residual strength data). In other
words, the primary factor limiting an accurate characterization of
the residual strength for a given rock type is not the amount of data
for a given specimen, but the variety of specimens that are available
to characterize the inherent variability of the rock.
4. Conclusions

This study evaluated the validity of continuous failure state
unloading testing as a means to characterize the residual strength
of intact rock. Three rock types were considered (granodiorite,
diabase, and Stanstead granite), and the residual strength results
obtained using a conventional approach were considered as a
reference against which the unloading test results were compared.

The primary conclusions of this study are as follows:

(1) Complete residual strength envelope data can be easily ob-
tained on a specimen-by-specimen basis by unloading the
confining stress applied to a specimen at a rate of 0.1 MPa/s,
while maintaining a constant axial displacement rate.

(2) The residual strength, as characterized by a single residual
strength index (RSI) parameter, was found to be generally
consistent when evaluated using conventional data or
continuous failure state unloading data. When using the
unloading data and the proposed modeling approach, the
residual strength is typically underestimated by a small
amount (i.e. w5% or less), although the results indicate that
this is not a universal phenomenon (the residual strength
may be slightly overestimated in some cases).

(3) The RSI as estimated using continuous failure state unloading
data from individual specimens was generally found to be
independent of the confining stress used for a triaxial test
prior to the start of unloading.
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(4) The main limiting factor in the accurate assessment of re-
sidual strength for a given rock unit was determined to be
the number of specimens available to characterize the unit’s
geomechanical variability rather than the amount of data
extracted from a given specimen. This finding also has po-
tential implications for the use of multi-stage or continuous
failure state testing in determination of other geomechanical
parameters, such as peak strength.

(5) AMonte Carlo simulationwas used to determine that the use
of the continuous failure state unloading data to constrain
the residual strength envelope of Stanstead granite was only
preferable to the conventional approach when eight or less
specimens were available for testing; more generally, the use
of continuous failure state unloading tests for the charac-
terization of residual strength is only recommendedwhen an
extremely small number of specimens is available (i.e. n< 5).
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