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1 Introduction

Betti numbers of minimal free resolutions of ideals in a polynomial ring over a field provide
some of the most important invariants of ideals. In general, Betti numbers are very hard
to compute and this is still true if one restricts the question to monomial ideals. However,
in this setting there are some powerful tools available which facilitate the calculation, e.g.,
Hochster’s formula [17], the lcm-lattice [11], Betti splittings [2,3,10] and in characteristic
0 even a construction of a minimal free resolution [9].

Since the monic monomials generating a monomial ideal I do not reveal any informa-
tion about the coefficient field of the polynomial ring, monomial ideals can be considered
over any coefficient field. It is well known that the Betti numbers of a monomial ideal /
in a polynomial ring with coefficients in a field k may depend on the characteristic of k.
Probably, the first and simplest example of this phenomenon is the Stanley—Reisner ideal
of the triangulation of the real projective plane RIP?, used by Reisner in [24] to demon-
strate the characteristic dependence of the Cohen—Macaulay property. Here, some Betti
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numbers change in characteristic 2 compared to any other characteristic. However, this
kind of examples have mostly been relegated to illustrate weird behaviors that can occur
in the study of resolutions and their algebraic invariants, focusing on the independence of
the field, see, e.g., [18] and [8].

In this paper, we adopt the opposite perspective, exploring the characteristic dependence
of the Betti numbers of monomial ideals and in particular how it reverberates in their
powers.

Recall that a monomial ideal I has a unique minimal system of monic monomial gener-
ators G(I). Throughout the paper, when we write that we study the field or characteristic
dependence of an invariant for a monomial ideal /, we mean that we study for different
fields k this invariant for the ideal generated by G(I) in the polynomial ring k[x1, . . ., x,].
For example, we write ,3{‘ (1) for the i-th Betti number of I seen as an ideal in k[x1, . . ., x,].

We will be mainly interested in the asymptotic characteristic dependence of Betti num-
bers for high powers of monomial ideals. Recall that, if / is a homogeneous ideal of
k[x1, ..., x,], Kodiyalam [20] proved that for every 1 < i < n there exists a polynomial
P (1)(h) such that PX(I)(h) = X (1) for h >> 0; we call PX (1) the i-th Kodiyalam poly-
nomial of I. As a consequence, we observe that either the i-th Betti number of all high
enough powers of an ideal depends on the characteristic of the field or it does not.

Proposition 3.1 Let 1 be a monomial ideal in k(x1, ..., x,) and p > 2 be a prime number.
Then, for every integer i > O there exists h; > 1 such that either ,BiZ” am = ,BLQ(I hy for every
h > hyor BP (") # (M) for every h > I

The propagation of characteristic dependence of Betti numbers from the first powers to
higher powers is much more mysterious. For instance, we show an example of a monomial
ideal, indeed an edge ideal, whose Betti numbers are independent of the characteristic,
but some Betti numbers of its square depend on the field (see Example 3.2). Using the lcm-
lattice for proofs, we provide several examples of squarefree monomial ideals with some
characteristic-dependent Betti numbers in all powers. One of them is the Stanley—Reisner
ideal of a minimal triangulation of the Klein bottle.

Theorem 3.3 Let I = (x3xg, XaX5, XgX7, X7X8, X1X2X4, X1X3X4, X2X3X4, X1X2X5, X2X3X5,
X1X4X6, X1X5X6, X2X5X6, X1X2X7, X1X3X7, X2X4X7, X3X5X7, X1X2X8, X1X5X8, X2X6X8, X1X3X6,
XoX3X6, XaXeXg) in k[x1,...,x8] be the Stanley—Reisner ideal of the triangulation of the
Klein bottle in Fig. 1. Then, the 4-th and 5-th Betti numbers of I" depend on the field for
everyh > 1.

We then turn to the characteristic dependence of the Castelnuovo—Mumford regularity
reg; (I) of powers of I. This can be seen as the question of whether certain graded Betti
numbers are zero and nonzero over different fields. In [21, Remark 5.3] Minh and Vu
exhibit a specific edge ideal whose asymptotic regularity depends on the field. We present
a general construction that produces a monomial ideal with the same property: it is enough
to add a certain power of a new variable y to a monomial ideal whose regularity depends
on the field:

Proposition 3.5 Let I C k[xy, ..., %, y] be a nonzero monomial ideal with generators
in the variables x., . . ., x,. Suppose that there exists another field k' such that reg; (I) #
reg;.(I). Then, there exists ¢ € N such that reg; ((I + o)) # reg. (I + OO, for h > 0.
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It is also interesting to look for simple constructions that propagate the characteristic
dependence of certain Betti numbers to all powers. With an argument involving Betti
splittings, we prove the following result:

Theorem 4.3 Let I be a monomial ideal in k[xy, . .., Xy, Y1, - - ., Yr), With generators in the
variables x1, . . ., xy. Let w be a monic monomial in the variables yi, . . ., y» and fix h > 1. If
some Betti numbers of I" are characteristic-dependent, then the same holds for (I + (w))*
forevery € > h.

This result has a number of interesting consequences. First, in Corollary 4.8, for every
prime number p, we construct an edge ideal, coming from the p-fold dunce cap (see
Construction 4.6), all of whose powers have different Betti numbers over Q and Z,.

Lemma 4.9 provides a lower bound on the size of dependencies produced by Theorem
4.3, whereas Lemma 4.10 shows that in each power (I + (yy, ..., y,))h there are at least
exponentially many dependencies in /.

Asafurther consequence, we show that for the Kodiyalam polynomials the characteristic
dependence can be spread over consecutive homological positions:

Theorem 4.11 For every i > 3 and for every r € N, there exists a monomial ideal I such
that all the Kodiyalam polynomials ‘3315 (D), 2]3/‘; I,..., %f (1) have the coefficient at some
degree > r depending on the characteristic of k.

We conclude with some open questions and extensions to combinatorially defined ideals
beyond monomial ideals. In particular, we provide interesting examples of binomial edge
ideals, exhibiting various behaviors with respect to characteristic dependence of the Betti
numbers of their first few powers.

2 Notation and preliminaries

Let R = k[x1,...,x,] be the standard graded polynomial ring over a field k, and let I
be a monomial ideal in R. For every i,j € N, the graded Betti numbers of I, defined as
ﬁl{‘j(l ) = dimy Torfe (1 k);, are invariants of the minimal graded free resolution of /. We
denote by ﬁl.k ) = Zj ﬁlk] (1) the i-th (total) Betti number of I. If R is standard multigraded,
i.e., deg(x;) is the i-th standard basis vector of R”, we can define multigraded Betti numbers
analogously. In this case, if « = (a1, 2, ..., &4) € N, we set x* = x7'x5” - - - x," and
denote the corresponding multigraded Betti number by ﬂ{fa (7). Throughout the paper, we
are going to use the term multidegree to refer either to the exponent vector « or to the
monomial m = x“. In the latter case, we use the notation ﬂl{‘m (D).

Betti numbers encode many important properties of I, and their behavior has been
intensively studied in the literature. Hilbert’s Syzygy Theorem states that ﬁ;‘ (I) = 0 for
i > nand the maximum i such that ,Bl(‘ (1) # 0 is the projective dimension of I, denoted by
pd (7). Another important invariant of I that can be read off from its Betti numbers is the
Castelnuovo—Mumford regularity, defined as reg; (I) = max{j —i : ﬁl{‘j(l ) # 0}. Whenever
it is not important to specify the field k, we simply write 8;(J), pd(1), reg().

Even though the field k is involved in the definition of Betti numbers, the degree of
influence of the field is not immediately obvious. Indeed, it is well known that the Betti
numbers only depend on the characteristic of k. Moreover, from the Universal Coefficient
Theorem it follows that

BRI < B2 (1) (1)
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for every i € N, « € N” and every prime integer p. We redirect the reader to [18,
Proposition 1.3] for more details.

When I is a monomial ideal, a useful tool to compute its Betti numbers is its lcm-lattice
Ly, introduced in [11]. Let G(I) denote the unique minimal system of monomial generators
of 1. The elements of L; are the least common multiples of the subsets of G(I) ordered
by divisibility. We remark that the minimal element of L; is 1, considered as the least
common multiple of the empty set, the atoms are the elements of G(J), and the maximal
element is the least common multiple of the elements of G({).

Givenm € L, weset (1, m)r, = {m' € L; : 1 < m’ < m)} to be the open interval below m
in L;. The order complex of (1, m)r, is the abstract simplicial complex whose faces are the
chains in (1, m)y, . Identifying (1, m), with its order complex, we can consider the reduced
simplicial homology groups ﬁ.((l, m)r,; k). With this notation, [11, Theorem 2.1] shows
that the multigraded Betti numbers of I are given by

B (D) = dim H;_1((1, m),; k)

Lm
for every m € L; and by ﬁfm(l) =0ifm ¢ L;.
For further details about simplicial complexes, Stanley—Reisner ideals and their combi-
natorics we refer to [14].
Another technique to compute the Betti numbers of a monomial ideal / is the so-called
Betti splitting, see [2,3,10]. Let [, J, K be monomial ideals in R = k[xy, ..., x,] such that
G([) is the disjoint union of G(J) and G(K). We say that I = J + K is a Betti splitting of I if

Br(D) = BU) + BEUK) + BELU NK)
for every i € N. Given the short exact sequence
0->JNK—->JdK—>]J+K—0,

we have an induced long exact sequence of Tor modules, and it is not difficult to show
that I =J + K is a Betti splitting of I if and only if the induced maps

TorR(J N K, k) — TorX(J, k) ® Tork(K, k)

are zero for all i € N, see [10, Proposition 2.1]. Considering graded or multigraded maps,
one can define Betti splittings in the graded or multigraded setting.

3 Asymptotic behavior

Since the dependence on the field of the Betti numbers of an ideal is only through its
characteristic, we will compare the Betti numbers over Q and Z, for some prime integer
p=2

3.1 General facts

We start by studying the asymptotic characteristic dependence for monomial ideals.

Proposition 3.1 Let I be a monomial ideal in k[x1, . . ., x,] and p > 2 be a prime number.
Then, for every integer i > O there exists h; > 1 such that either ,BiZ P = ,BLQ(I Iy for every
h > hyor B (") # B for every h > hy.

Proof If the Kodiyalam polynomials ‘Bizfl(l)(h) and ‘BQ (I)(h) are equal, then clearly

i+1
,BLZ P = ,BLQ(Ih) for every & 3> 0. Otherwise, since the polynomial ‘Bizjil) — ‘B(%I(I ) has
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a finite number of roots, the equality ﬂin (= ,BlQ(I ) holds only for a finite number of
integers A, and hence, ﬂin 1) # ,BIQ(Ih) for h > 0. O

The proof of Proposition 3.1 works more in general if / is a homogeneous ideal generated
by polynomials with integer coefficients which allows one to consider the ideal in the
respective polynomial ring over any field. Particularly interesting is the case when the
coeflicients are 1. For instance, this is the case of binomial edge ideals that we consider
in Sect. 5.2.

On the other hand, the behavior of the first few powers of a monomial ideal seems
hard to control. For example, let A be the unique (up to simplicial isomorphism) 6-vertex
triangulation A of the real projective plane RP? [24]. Then, the Stanley—Reisner ideal of
Ais

In = (X1%2%3, X1X2%4, X1X3X5, X1X4X6, (%)

X1X5X6, X2X3X6) X2X4X5, X2X5X6, X3X4X5, X3X4X6)

and some of its Betti numbers differ over Q and over Z,. However, one can check with
Macaulay2 [12] that this is not the case for Iﬁ withh =2,...,10.
There are also cases in which the dependence appears in the second power, even though
the resolution of the original ideal does not depend on the field.

Example 3.2 Recall that the edge ideal of a graph G is defined by I(G) = (xix; : {i,j} €
E(G)). Let us consider the graph G whose edge ideal is

I(G) = (x1%2, %2X3, X2X4, X2X5, X2K6, X2X12, X1X4s X1X6, X1X7, X1X8, X2X12, X3X5,
X3%8, X3X11, X3X12, X4X5, X4X9, X4X10, X5X7, X5X9, X6X7, X6X10, X6X11, X7X8,

X7X9, X7X12, X8X11, X9X10, X9X12, ¥10X11, ¥10X12, xllxIZ)-

Computations with Macaulay2 show that the Betti numbers of 1(G) and of I(G)? are the
same over Q and over Z,, whereas ,BSZ 2(I1(G)?) ,3? (I(G)?). This example also shows that
the 5-th Betti number of the square of an edge ideal may depend on the characteristic of
the field. As a consequence, there is no extension of a result by Katzman to powers. The
result states that the first six Betti numbers of an edge ideal are characteristic-independent,
see [18, Theorem 3.4 and Corollary 4.2].

3.2 The Stanley-Reisner ideal of the Klein bottle

We now show that the Stanley—Reisner ideal of the vertex-minimal triangulation of
the Klein bottle in Fig. 1 (see also the top left triangulation in [6, Fig. 18]) has certain
characteristic-dependent Betti numbers in all powers.

Theorem 3.3 Let I = (x3X8, X4X5, X6X7, X7X8, X1X2X4, X1X3X4, X2X3X4, X1X2X5, X2X3X5,
X1X4X6, X1X5X6, X2X5X6, X1X2X7, X1X3X7, X2X4X7, X3X5X7, X1X2X8, X1X5X8, X2X6X8, X1X3X6,
XoX3X6, XaxeXg) in k[x1,...,x8] be the Stanley—Reisner ideal of the triangulation of the
Klein bottle in Fig. 1. Then, the 4-th and 5-th Betti numbers of I" depend on the field for
everyh > 1.

Proof 1t is a simple consequence of the fact that the simplicial homology of any tri-
angulation of the Klein bottle depends on the characteristic of the coefficient field and
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7 3 5 7
2 1 4
8
4 0 2
7 3 5 7
Fig. 1 A vertex-minimal triangulation of the Klein Bottle

Hochster’s formula [17] that the Betti numbers of I depend on the field. In particular, also
easily checked using Macaulay2, one can verify that ,3422 (1) #£ ﬁ;@(l ) and ,BSZ 2(I) # ,Bé@(l ).

For every i > 2, we first show that ,Bféh () # ,Bgah (I) and ﬁSZ’ éh () # ,Bgah (I), where
o =(1,1,1,4h1,1,1) € N In order to do this, we define the ideal

Jp=(me GU") : m divides my,),
where G(I") is the minimal set of generators of [ hand my, = x% = x1x2x3x2x2x6x7x8.
Claim 1. For every & > 4,

Jn = KaxsJp_1 = (xax5)" 3],

The inclusion x4x5];,_1 C Jj is clear. Conversely, let m € G(J;), then m divides mj and
m = uy - - - up, where u; € G(I). Since deg(u;) > 2, it follows that deg(m) > 2kh. Moreover,
deg, (x;) < 1 for every i € {1,2,3,6,7,8)}, and hence, xffx]; divides m, witha + b > 2
(since deg(m) > 2k > 8). We want to show that 4, b > 1. Assume that x5 does not divide
m. Thus, a > 2, ie, deg,,(¥a) > 2. Since u; # xaxs for every i and x4x5 is the only
generator of I with degree 2 and divisible by x4, we may assume that u; = x;,%;,%4 and
uy = xi%;,%4, where the indices iy, iy, i3, is are pairwise distinct and different from 4 and 5.
Now, deg(u;) > 2 foreveryi =3, ..., h. Since deg,, (x;) < 1foreveryi € {1,2,3,6,7, 8}, it
follows that m is divisible by at least 2241 > 9 pairwise distinct variables, a contradiction.
Hence, both x4 and x5 divide m. Finally, notice that 9%65 €Jh_1-

Now, consider the polarization pol(J;,) of Jj, in the polynomial ring k[x1, ..., xg y1, .. .,
Yh—1, 21, - - -» Zy—1] and the simplicial complex A; whose Stanley—Reisner ideal is pol(J;).
Let I'; = A} be the Alexander dual of A,.

Claim 2. The (reduced) homology of I'j, equals the homology of the dual of the triangu-
lation of Fig. 1. In particular, for every i > 2,

H3(Ty, Z) = Zg, Hy(Ty, Zg) = (Z)?, while
H3(T'y, Q) = 0, Hy(T'y, Q) = Q.

For i = 2, 3, the claim follows by direct computations with Macaulay2, while for h > 4,
it follows from Claim 1.

Let us denote by L, the lem-lattice of I". By [11, Proposition 2.3], the lem-lattice is
preserved under polarization and the interval (1, mh)L,h is homotopy equivalent to I'y,.
From [11, Theorem 2.1], it then follows that

ﬁiah(lh) = rank ﬁg(Fh;k) and ﬂéah(lh) = rank ﬁ4(Fh; k),
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hence, they are different if k = Z3 and k = Q.

As a consequence of inequality (1), for every multidegree ¢ € N8, ﬁge am < /34%,2 (I") and
Q (1h Ly (1h . P . Zy (1h Q1h Zo (th Q1h
55,5(1 ) < ,35)8(1 ). In particular, this implies that 8, (I") # B,°(I") and B> (I") # B-"(I").

O

There are six combinatorially distinct 8-vertex triangulations of the Klein bottle, see [6,
Fig. 18]. By using Macaulay2, one can check that for four of these triangulations A the
Betti numbers of powers IZ for small # > 2 do not depend on the field, while for the
other two this is not the case. It follows that the dependence of the Betti numbers of the
powers of a monomial ideal is not a topological property, i.e, does not depend only on
the homeomorphism type of the simplicial complex. Indeed this example shows that the
dependence is influenced by the combinatorics of the triangulation, which in turn governs
the divisibility between the generators of the powers.

3.3 Kimura, Terai, and Yoshida’s ideal
In [19, Sect. 6], Kimura, Terai, and Yoshida consider the following ideal in k[x1, . . ., x10]:

A = (x1%2X8%9%10, X¥2X3X4X5X10, X5X6X7X8X10, X1X4X5X6X9, X1X2X3X6X7, X3X4X7X8X9).

This ideal has 6 generators of the same degree in 10 variables and can be obtained from
the projective plane according to the construction in [19, page 76]. Using an argument
similar to the one in the proof of Theorem 3.3, one can show that some Betti numbers of A”
depend on the field for every # > 1.In particular, the multigraded Betti numbers £ 4, 4
and B34, (A") are different over Q and over Zy, where aj, = (1, 1, 1,1,1,1, 1, i, b, h) € N1©,

Clearly, for a monomial ideal the zero-th Betti number does not depend on the field
and the same holds for the first Betti number, see [5, Corollary 5.3]. However, ,BZZ 24l £
ﬁ(z@(Ah) and ﬁ? 2(AM) ,39 (A") for every h > 1. In particular, the Kodiyalam polynomials
P (A) and PX(A) depend on the field k.

3.4 Castelnuovo-Mumford regularity

By [7] and [20], given a homogeneous ideal I, the Castelnuovo—Mumford regularity of
I"is asymptotically a linear function in /4. Denote by s¢(I) = min{s : reg; (/ h = arh +
by, forall h > s} the index of stability of I with respect to k. In order to prove the next
result, we recall the following:

Theorem 3.4 ([13, Theorem 5.6]). Let I C k[x3,...,x,] andJ C k[y1, ..., yr] be homo-
geneous ideals in polynomial rings on disjoint sets of variables such that reg; (/ " =ah+b
and regk(]h) =ch+d,forh> 0.1fc > a, then

reg ([ +))) =ch+1)+d + 'ma()}){regk(lj) — ¢} —1, forh>> 0.
J=Sk

As a consequence, we present a simple construction which produces monomial ideals
with the asymptotic regularity of powers depending on the characteristic.

Proposition 3.5 Let I C k[xy,...,x, Y] be a nonzero monomial ideal with generators
in the variables x1, . . ., x,. Suppose that there exists another field k' such that reg, (I) #
regy.(I). Then, there exists c € N such that reg; ((I + O # reg, ((I + O, for h > 0.
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Proof Define integers
cx(I) = max{ay + 1, max {reg, (I)}}, cx/(I) = {ap + 1, max {reg, (I')}},
i<sp() i<sp(I)
and ¢ = max{c; (1), cp(I)}.

Notice, thatregk((yc)h) = regk,((yc)h) = ch,for h > 1.Since ¢ > max{ay, ay },by Theorem
3.4, we have
reg,((I + (0))") = c(h+1) + ,maé){regk(ﬂ) —qgi—1
J=Sk

and

regi (I + 0)") = c(h + 1) + max {regy ) -} —1
J=Sk!

for & > 0. We claim that ‘mag){regk(l") —¢j} =regi(I) — c. In fact, for 2 < j < s¢(I) we
J=Sk

have
regk(lj) —g<c)—¢=<c(l—j)<—c<regl)—c
Analogously, we get max;;,, (1){regy (') — ¢j} = regy(I) — c. It follows that
regi (I + ()") = ch + reg; () =1 and  regy (I + (°)") = ch + regy, (1) — 1

for & > 0. This proves the claim. O

Example 3.6 In [1, Problem 7.10], the authors ask whether there exist edge ideals I for
which the asymptotic linear function reg, ( m, for h > 0, is characteristic-dependent.
Minh and Vu [21, Remark 5.3] answered this question positively, showing that this is the
case for the edge ideal of a graph with 18 vertices.

In [18, Appendix A], Katzman found four non-isomorphic graphs with 11 vertices whose
edge ideal has characteristic-dependent resolution and proved that they are the vertex-
minimal ones with this property. The edge ideal of one of them is:

I(G) = (x1%5, X1%6, X1X8, X1X10, X2X5, X2X6, X2X9, X2X11, X3K7, X3X8, X3X9, X3X11, X4X7,

X4X85 X4X10, X4X11> X5X8, X5X9, X6X10, X6X11, X7X9, X7X10, xlel)

in k[x1, ..., x11]. One can check with Macaulay2 that reg;, I(G)) £ regQ(I(G)) but for
I(G)? this characteristic dependence has disappeared.

Proposition 3.5 implies that the regularity of (I(G) + (°))" depends on the field for
some ¢ > 3 and for /2 > 0. However, computations with Macaulay2 show that already
choosing ¢ = 2 produces dependence in the regularity of the first four powers of I(G)+(y?).
Polarizing y* as x12x13, the ideal I(G) + (y?) is transformed into the edge ideal ] = I(G) +
(#12%13), which corresponds to the disjoint union of the graph G of Katzman’s edge ideal
and the edge {12, 13}. Moreover, reg; (J) = reg; (/(G) + (»%)) by [14, Corollary 1.6.3 (c)].
We conjecture that regg (" = 2h+1and regy, (" = 2k + 2 for every i > 1.If true, this
would yield an edge ideal of a graph with 13 vertices such that the regularity of all powers
depends on the field (which is simpler than the graph of [21, Remark 5.4]).

Remark 3.7 Unlike the regularity, it is not known whether the asymptotic projective
dimension may depend on the field, see also the last paragraph of Sect. 1 in [16].
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4 Spreading the characteristic dependence

In this section, starting from a monomial ideal some of whose Betti numbers depend
on the field, we show how to produce dependence in all powers of the ideal and in its
Kodiyalam polynomials.

4.1 Creating the dependence in all powers
Recall that, any monomial ideal I in a polynomial ring has a unique minimal system of
monic monomial generators G(I).

Remark 4.1 Let I be a monomial ideal in k[xy, ..., %y, y1, . . ., ¥r], with generators in the
variables x1, . .., x,, and w be a monomial of degree d in the variables ¥y, ..., y,. Then,
Bi(wl) = B;(I) for every i € N. In fact, we have B;;(wl) = B;;_4(I), for every i, j € N. This
easily follows from [11, Theorem 2.1] and by observing that all elements of the lcm-lattice
of wi are obtained by multiplying the elements of the lcm-lattice of / by w.

Lemma 4.2 Let I be a monomial ideal of R = k[x1, ..., %4, Y1, - - ., Yr» 2] With generators
in the variables x1, . . ., x,, and let w be a monic monomial in the variables y, . . ., y,. Fix
h € Nog. Then,

(1) B + wW)") = Bi(l + (W)"), for every i € N.
() (@ + W) = @)" + w(zl + (W)Y is a Betti splitting of (zI + (w))".

Proof (1) Since R/((I+ W)+ (z)) = R/((zl—i—(w))h +(z—1)), itis enough to show that the
class of z—1is regular over R/((zI+w))"). Letf € Rand assume that(z—1)f € (2l +(w))".
We may also assume that there are no monomials of f in (z/ +(w))". Infact,ifg € (zI+(w))"
is a monomial of f, then (z — 1)f € (zI + (w))" if and only if (z — 1)(f — g) € (zf + (w))".
Now, if f # 0, regarding f as a polynomial in z, we consider « to be the term of lowest
degree (possibly zero) with respect to z. In (z—1)f, the term with lowest degree with respect
to z is —u, and it does not cancel with any other term of (z — 1)f. Since —u ¢ (zI + (w)h,
which is a monomial ideal, this means that (z — 1)f ¢ (zI + (w))", a contradiction.
(2) Let m be a multidegree in the lcm-lattice of w(z/ )". We claim that

if By m(w(zl)") # 0, then B, ((zD)") = Bim(w(zl + (w))" 1) = 0. ()

Suppose that G(I) = {my, . .., m,}, where m; are monomials in the variables xy, . . ., xy,
and the multidegree m appears in the lem-lattice of w(zI)".

Then, m is not an element of the lcm-lattice of I”. In fact, wz" is a factor of m since all the
generators of w(zI)" have the form wzhmi1 -+~ m;,, where mj; € G(). Thus, /Si,m((zl)h) =0.

Assume that m appears in the lcm-lattice of w(zl + (w))"~1. Notice that, the ideal

w(zl +(w))"is generated by monomials of the form w¥ ™zt m;, - - - m;,, withs+¢ = h—1,

where m; € G (I). Hence, the atoms of the interval (0, #1) in the lem-lattice of w(zI+(w))"—1
are such thats = 0, i.e., are generators of w(z/ )h_l, It follows that z"~1 is the highest power
of z in the factorization of 1, a contradiction. Thus, B;,,(w(I + (w))*~1) = 0.

To prove the statement, notice that (z/ + W) = D" + w(zl + (w))"~! and G((z)") N
Gw(zl + (w))"~1) = B. Moreover, (zI)" N w(zl + (w))""! = w(zl)". From (»), it follows
that all induced maps

TorX(w(zl)", k) — TorR((zD)", k) ® TorR(w(zl + W)=, k),



26

Page 10 of 17 D. Bolognini et al. Res Math Sci(2022)9:26

are zero, for every i € N and every multidegree m. ]

Starting from an ideal  such that certain Betti numbers of some power I depend on
the field, we add a monic monomial on new variables obtaining an ideal / with the same
property in all powers /9 with ¢ > /. This happens even if the higher powers of the original
ideal I have characteristic-independent Betti numbers.

Theorem 4.3 Let I be a monomial ideal in k[x1, . . ., Xy, y1, . . ., yr], With generators in the
variables x1, . . ., x,. Let w be a monic monomial in the variables yi, . . ., y, and fix h € N..
Then,

h
Boll + W)y =" BolI") + 1, and
(=1
h

B+ w)") = Z [,Bi(ll) + Bi1 (1Y), ] forevery i € N.o.

=1
In particular, ifﬁizp (an + ﬂ;@(lh)for some prime number p and i > 1, then foreveryq > h
z
B (L + w)) # B + ().

Proof The formula for Bo((/ + (w))") follows immediately, because

h
I+ ) =Y whtrt o+ wh),
=1
Consider the ideal I in the ring R[z], where z is a new variable. Fix now i > 1 and recall
that (zI)" Nw(zl +w))"~1 = w(zl)". By Lemma 4.2(2), (zI + W)t = ()" +w(zl + (w)) 1
is a Betti splitting of (z/ + (w))". Hence, by Remark 4.1 we obtain

Bilzl + W) = BiI") + Bia(I") + Bi(w(zl + (w))"7L).

Observing that for # = 1 we have ;((w)) = 0 for i > 1, we get the formula by induction
on /1, by Remark 4.1 and Lemma 4.2(1).

For the last part of the statement, suppose that ,BiZ Py £ /3;.@ (I"), for some prime p and
consider g > h. By the formula for §; in the statement and inequality (1), we have

B (I + w))T) — BT + w)D) > By — g7 > 1.
O

Example 4.4 As seen in Example 3.6, Katzman'’s edge ideal /(G) has some characteristic-
dependent Betti numbers but for /(G)? this dependence has disappeared. Nevertheless,
consider the graph H obtained by adding a disjoint edge {y1,y2} to G and I(H) =
I(G) + (y11y2) € klx1, ..., %12, y1, y2]. Then, by Theorem 4.3 certain Betti numbers of
I(H)" depend on the field for every & > 1.

Example 4.5 We now construct an edge ideal /(H) whose Betti numbers do not depend
on the field and such that some Betti numbers of I(H)" depend on the field for every
h > 2. Let G be the graph of Example 3.2 and consider the graph H obtained by adding
a disjoint edge {y1, y2}. Then, by Theorem 4.3, the Betti numbers of I(H)" depend on the
field for every i > 2 and clearly do not depend for z = 1.
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Fig.2 The triangulation Ds representing the threefold dunce cap

For some reason, in the literature all explicit examples of monomial ideals whose resolu-
tion depends on the field have dependence in characteristic 2. Clearly, it is well known that
one can have characteristic dependence in any characteristic. In the following, we want to
provide an explicit example for this dependence and use it to propagate the dependence
to powers.

For every prime integer p > 2, there exist triangulable topological spaces with simplicial
homology groups which are different with Q and Z, coefficients (see for instance [22,
Theorem 40.9]). By the Stanley—Reisner correspondence and Hochster’s formula [17],
this implies the existence of monomial ideals 7 such that ,BZQ(I ) # ﬂin (I), for some i > 0.
Here, we present a class of such ideals coming from the so-called p-fold dunce cap, which
is a certain triangulation of a 2-disk, where we identify its boundary in a suitable way, see
[22, Exercise 6, p. 41] and [25, Example 5.11]. For p = 2, we obtain the real projective
plane. We then extend the dependence to all powers by applying Theorem 4.3.

Construction 4.6 Let p > 2 be a prime number. We are going to construct a two-
dimensional triangulation D, of the p-fold dunce cap with 2p + 3 vertices, 9p edges, and
7p — 2 facets.

Consider aregular 3p-gon, with vertices labeled by cyclically repeating 1, 2, 3 in clockwise
order, see Fig. 2 for a representation of the case p = 3. Consider a regular 2p-gon inside
this, with vertices labeled by 4, .. ., 2p + 3. The facets of D), are:

.

{2,k k+1},{1,2,k}, {1,3, k}, for every 4 < k < 2p + 2 even;
{3,k k+1},{2 3 k}, forevery5 < k <2p + 1 odd;

{4,k k + 1}, forevery 5 < k <2p +2;
{2,3,2p+3},{3,4,2p + 3}.

.

-

.

For instance, for p = 3, the Stanley—Reisner ideal of D3 is

Ip, = (%1%5, X1%7, X1%9, X5%7, X5X8, X5X9, X6X8, X6X9, X7X9, X1X2X3, X1X4X6, X1X4X3,
X2X3X4, X2X3X6, X2X3X, X2X4X6, X2X4XT, X2X4XG, X2KX4X9, X2X5X6, X2X7XS,

X3X4X5, X3%4K6, X3X4X7, X3X4XG, X3K6X7, X3KX8X9) C K[X1, ..., X9].
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Notice that, the Stanley—Reisner ideal Ip, is generated in degree 2 and 3. This is a
consequence of the fact that D), is two-dimensional and hence, any face has dimension

< 2. Thus, a minimal non-face is of dimension < 3.

Proposition 4.7 Let p > 2 be a prime number and Ip, < klx1, ..., x2py3] be the Stanley—
Reisner ideal of the p-fold dunce cap in Construction 4.6. Then, dep (Ip,) # pdg(p,).

Proof By [25, Example 5.11], we have H; (Dp, Z) = Zp and ﬁo(Dp, 7) = ﬁz(Dp, Z) =0
whereas H1(Dy, Zp) = Hy(Dy, Z,) = 7, and Hy(Dp, Q) = Hy(Dp, Q) = 0 by the Universal
Coeflicients Theorem.

Letlp, € k[x1, ..., %2p43] be the Stanley—Reisner ideal of D,,. By the previous discussion,
it follows that dep (Ip,) — pdg(p,) = 1. O

In order to obtain an ideal having some field-dependent Betti numbers in finitely many
different characteristics py, . . ., py, it is enough to consider the Stanley—Reisner ideal of
various pairwise disjoint copies of Dy, Dp,, ..., Dp,.

r

Corollary 4.8 For every prime number p > 2, there exists an edge ideal I, such that
ﬂin(IIf) * ﬁ;@(lf,’)forsomei > 1 and for every h > 1.

Proof Let p > 2 be a prime number and consider the simplicial complex D, from Con-

struction 4.6. Let I, be the edge ideal of the simplicial complex obtained either by taking

the Stanley—Reisner ideal of the barycentric subdivision of D, or performing on D, [8,

Construction 4.4] by Dalili and Kummini. Notice that, ,BZ.Z Y(Ip) # /SLQ (I,) for some i.
Then, by Theorem 4.3, it follows that

B (1, + (ay))) # B, + Gy,

where y1, y2 are two new variables. O

4.2 Kodiyalam polynomials

As seen in Sect. 3, Kodiyalam polynomials may depend on the characteristic of the field.
In this subsection, we show how to spread the dependence to high degree terms of these
polynomials.

Lemma 4.9 Let [ be a monomial ideal in k[x1, ..., %y Y1, . . ., yr], with generators in the
variables x1, . . ., x,. Let w be a monic monomial in the variables y1, ..., y, and fix h,i €
N+ . Consider

B={(1<s<h:p"() #p))
Then, for every q > h we have
B (I + w)T) — B2 + (w)7) = B

Proof First of all, if B = ¢, the claim follows by inequality (1). Suppose B # @ and let
s € B. Since I* is a monomial ideal, its minimal monomial generators are uniquely defined
and independent of the field, and hence i > 1. By Theorem 4.3, it follows that

q

BE + o)D) = Y [BRaY + B ()]

=1
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Then,

B (U + ) — B + ) = YO[B 0 + B0 - B - 8R4

=

h
=Y [muh - 82,4 + 181 = 1B

=1

—_

where the first inequality follows from (1). o

Lemma 4.10 Let I be a monomial ideal in R = k[x1, . .., x,] and i, h,r € N. Assume that
Z ,
B; P(IY ﬁ;@(lz)for everyl <€ < hIf] =14 .., ¥r+1) in Ry, ..., yr+1], where

B} Z
Y1 - - -» Vr+1 are new variables, then ,Bifﬂ(]h) ﬂl+a(]h) > (i’_t{),for every0 <a <r.

Proof We proceed by induction on r > 0. If r = 0, the result follows by Lemma 4.9. Let
r > 0. By induction, for theideal T =1 + (y1, ..., y») we have

B (T )aﬂwﬁz(+f*)

foreveryl < ¢ <handevery0 <a <r—1.Fix0<a <r—1.Since] =T + (y,41), by
Theorem 4.3 and inequality (1), it follows that

h h _ I
Bt = BEUM = Y [Bitu(Th - ﬂM(TE)]zZ(“Z 1)=(JI)-

=1 =1
The statement for 2 = r follows similarly by Theorem 4.3 and using the fact that

Y [Birh - BT ﬂzOWO) o

Given a monomial ideal I in k[xy, .. ., x,], it is clear that /3(’; (1) is the number of minimal
generators of I, and hence, it does not depend on k; moreover, the same holds for /3{‘ )
by [5, Corollary 5.3]. Thus, ‘)3]1( (I) and ‘13]2( (7) are independent of the characteristic of the
field k. We show that this is not the case for %f (I) with i > 3.

Theorem 4.11 For every i > 3 and for every r € N, there exists a monomial ideal I such
that all the Kodiyalam polynomials ‘13’55 (D), 2]3/; ), ..., %8; +r( I) have the coefficient at some
degree > r depending on the characteristic of k.

Proof Fixi > 3 andr € N. Let A C k[xy,...,x10] be the monomial ideal introduced
in Sect. 3.3 for which we know that ,3222 (AY) £ ﬂ;@(A‘/), forevery £ € N. Set] = A +
(Y1 - - -» Yr+i—2) in the polynomial ring k[x1, ..., %10, ¥1, - - ., Yr+i—2]. By Lemma 4.10, we
have that ﬂzzja(lh) — ﬁga(lh) > (h':fj_’?), forevery0 <a <r+i—-3.Ifh> (r+i—-2),

we have
Z Q h+r+i=3)---(h+1Dh
By (") — Byy ) > R

>(h+r+i=3)(h+1)>HT3 >0

This implies that 533]?: 1o(I) has a coefficient of degree at least r that depends on the char-
acteristic of k, for every0 <a <i+r — 3. O

Notice that in this case the degree of the Kodiyalam polynomial goes up by one. More-
over, Theorem 4.11 answers a question of Herzog and the fourth author, see the last
paragraph of Sect. 1 in [16].
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5 Examples and questions
In this section, we collect open questions, conjectures and some interesting examples
beyond monomial ideals.

5.1 Questions and conjectures
The following conjecture is based on numerous computer experiments.

Conjecture 5.1 Let G be a connected graph on n vertices, I(G) € k[xy,...,x,] be its
edge ideal and J = I(G) + x,11(x1, . . ., %) € k[x1, ..., %y, x441] be the edge ideal of the
cone over G from a new vertex n + 1. If certain Betti numbers of I(G) depend on the field,
then the same holds for J2.

It is easy to prove that the Betti numbers of / depend on the field. In fact, J is the
Stanley—Reisner ideal of A U {n 4 1}, where A is the Stanley—Reisner complex of I(G).
Thus, the Betti numbers of / depend on the field by Hochster’s formula.

However, the analog of Conjecture 5.1 for J 3 does not hold.

Example 5.2 Consider Katzman’s edge ideal I(G) in Example 3.6 and ] = I(G) +
x12(x1, ..., x11) < k[x1,...,%x12]. Then, some Betti numbers of J and J? are different
over Q and over Z,, but this does not happen for J3.

We noticed that, if I is a squarefree monomial ideal that is not generated only in degree
two, then Conjecture 5.1 does not hold for J 2, This is the case for the ideal of the real
projective plane (x).

In Theorem 3.3 and Sect. 3.3, we presented examples of simplicial complexes A of
dimension > 2 such that the Betti numbers of / Z depend on the field for every & > 1.
On the other hand, even if some Betti numbers of the Stanley—Reisner ideal /5 of the real
projective plane (x) differ over Q and Zj, this is not the case for the first few powers of /.

Question 5.3 Which topological spaces admit a triangulation A such that the Stanley—
Reisner ideal Ix and all its powers have certain characteristic-dependent Betti numbers?
Can we find such simplicial complexes A of dimension 1?

In Theorem 3.3, we saw an ideal such that the Betti numbers of all its powers depend
on the field and in Example 4.5 we showed another ideal such that the same holds for all
powers starting from the second one. It is then natural to ask the following:

Question 5.4 Given / > 1, can we find a monomial ideal [}, such that the Betti numbers
ofllf do not depend on the field for £ < /& and some of them depend on the field for £ > h?

Proposition 3.1 shows that, given a monomial ideal , for every i there exists /4; such that
the Betti number g;(I¢) either depends on the field for every £ > J; or it does not for any
£ > h;.

Question 5.5 Given a sequence of distinct integers /4, .. ., i, > 1, can we find a mono-
mial ideal I such that some Betti numbers of I” depend on the field if and only if
helh,....,h}?

In Theorem 4.11, we saw that, given i > 3 and r € N, we can construct a monomial
ideal I for which the Kodiyalam polynomials ‘}3/3‘ a,..., %f ~(I) have a term of degree at



D. Bolognini et al. Res Math Sci (2022)9:26 Page150f17 26

least r that depends on the characteristic of the field. However, we do not have control on

deg(P; (1)).

Question 5.6 Is there a monomial ideal I such that deg(‘ﬁf([ )) or the coefficient of the
top degree term of ‘Bf (I) depend on the field for some i?

In this paper, we have compared the behavior of Betti numbers of powers of monomial
ideals when taking coefficients over Z, for a fixed prime p and coefficients in Q. We
also discussed extension to finite sets of primes. By Hochster’s formula or the lcm-lattice
formula, it is obvious that the Betti numbers are constant for all but finitely many primes.
The situation for powers is less obvious. Even though we expect a positive answer, we see
no argument which could resolve the following question.

Question 5.7 Let [ be a fixed monomial ideal and i a fixed number. Is the set of sequences
(,BZ.Z” (r h))hzl where p runs over all primes always finite ?

For example, we cannot rule out that there is a sequence of numbers A(p), strictly
increasing in p, such that ﬂin ")y £ ﬁiZq (I"®)) for all primes g # p, while the i-the Betti
numbers are identical otherwise.

5.2 Binomial edge ideals
In this paper, we mainly dealt with monomial ideals. It makes sense to ask the same
questions for other classes of combinatorially defined ideals, such as binomial edge ideals.

Given a field k and a finite simple graph G with vertex set {1, .. ., n} and edge set E£(G),
the binomial edge ideal associated with G and k is the ideal

Je = (xiyj — %jyi : {i,j} € E(G))
in the polynomial ring k[x1, ..., %4, ¥1, . - ., ¥u), Where for simplicity we omit the & in the
notation /. This class of ideals was introduced independently in [15] and [23] and has
been extensively studied in the last decade. In [4, Example 7.6], the first three authors
exhibit a graph G such that some Betti numbers of /g depend on the field. However, it
is still unknown whether the projective dimension or the regularity of /g may depend on
the characteristic.

In this section, we provide some interesting examples for which the Betti numbers of
some power of /g depend on the characteristic of the field. In particular, in the next
example we show that the projective dimension of ]g may be characteristic-dependent
even if the Betti numbers of /g and ]é are not.

Example 5.8 Consider the graphs C and D in Figure 3. Macaulay2 computations show
that the Betti numbers of /¢, ]é, ]g, and of Jp, 112) do not change when computed over Q

or Z,. However, ,BSZZ(Jé) £ ﬁé@(]é) and deng) # de(]g).

Finally, we show some connected graphs with a small number of vertices whose binomial
edge ideal has Betti numbers that change in several characteristics.

Example 5.9 Let E and F be the graphs in Fig. 4. Computations with Macaulay2 show

that some Betti numbers of Jg and J g are different in characteristic 0, 2, and 3. For instance,
Z Z Z Z

B7*Ue) = B;°Up) +1 = ,B;QUE) +2and B;2(3) = B;°(U3) + 3 = ﬁ;Q(]E) + 7. Moreover,

the Betti numbers of Jr are the same in these three characteristics, but they become
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5 3
1 2 2 4
6
4 3 1 5
(a) The graph C (b) The graph D
Fig.3 (a) The graph C. (b) The graph D
1 2 3
9 1 2 3 4 5
6¢8
7 \ \/ /
8 7 6
5 4 (b) The graph F
(a) The graph E
Fig.4 (a) The graph E. (b) The graph F

different when we consider its square. Indeed, ﬂ?z (]1%) -2 = ﬂBZB (]1%) = ﬂ;@(]%) and

B (2) = BB (2) — 2 = B2(2).

Question 5.10 Let G be a finite simple graph. In contrast to the case of monomial ideals,
in numerous computer experiments we noticed that, if certain Betti numbers of ]é depend
on the characteristic for some /, then the same holds for / g for every i’ > h.Is this always
the case?
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