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1 Introduction

We consider the following 2D quasi-geostrophic equation with infinite delay in
the periodic domain T? = R?/(27Z)?:

0(t, ) = o(t, 2), t € (—00,0], @ € T2, (1.1)

{ 0, + k(—A)*0 +u- VO = f + g(t,6,), in (0,00) x T2,
where a € (%, 1), Kk > 0, 8§ = 0(t,x) represents the potential temperature,
f is a nondelayed external force independent of time, g is the external force
containing some hereditary characteristics, and v = (u,u2) is the velocity
field determined by 6 via the following relation:

u=(up,ug) = (—%, %"1), and  (—A)7ep = —0. (1.2)

The fractionally dissipative 2D quasi-geostrophic equation describes a kind
of dynamics of large-scale phenomena in the atmosphere and ocean, see [31]
for more details. Due to potential applications in meteorology, 2D quasi-
geostrophic equations have been receiving much attention over the last decades,
see, e.g. [13,16-18,30,32,34,36] and the references therein. The existence, u-
niqueness and regularity of the quasi-geostrophic equation have been consid-
ered in [12,14,15,19,20]. The asymptotic analysis of the systems, as a key
method to explore the evolution of the systems in the future, has also been
investigated in [11,34], where the large time behavior of solutions has been
discussed by several decay estimates. For the existence and regularity of at-
tractors of the quasi-geostrophic equation, we refer the reader to [10,18,21].
It is well known that stability theory is an important issue in the study of the
asymptotic behaviour of the systems. The asymptotic stability for the weak
solution of the quasi-geostrophic equation with respect to large perturbation
has been investigated in [17,32]. The existence and uniqueness of steady-state
solutions to the quasi-geostrophic equation with finite energy (L? norm), and
the nonlinear stability of such a solution have been proved in [13].

Here we are interested in a quasi-geostrophic model containing some hered-
itary features in the forcing term. These situations may appear, for instance,
when the evolution of the systems depends not only on the present state of the
systems, but also on the history of the solutions, see [28,30,36], for instance.
There has, however, been little mention of the existence and stability of sta-
tionary solutions to the quasi-geostrophic equation with infinite delay in the
space H?® even in the case of the non-delayed quasi-geostrophic equation.

The quasi-geostrophic equation exhibits strikingly similar features (singu-
larities) as 3D Navier-Stokes equations. 2D Navier-Stokes models with hered-
itary characteristics were proposed in [4], and developed in [2,3,5,24], where
the existence, uniqueness and stability of stationary solutions have been es-
tablished. For the 3D case, the stationary problem has been analyzed for a
globally modified version of Navier-Stokes equations with delay terms within
a locally Lipschitz operator in [26,27].
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In this paper, we aim to study the stability of the quasi-geostrophic equa-
tion with unbounded variable delay in the phase space € (H?) with s > 2 — 2«
and o € (%, 1), see Section 2 for more details. The first purpose of this paper is
to investigate the existence and uniqueness of the solution to Eq. (1.1), which
are proved by the classic Galerkin approximation and the energy method com-
bined with auxiliary LP estimates, p > % Compared to some recent works
for the Navier-Stokes equation, the essential difficulty is the lack of cancellation
property for the quadratic type of nonlinear term in H®. On the other hand,
the problems become harder thanks to the dissipative term (—A)<, % <a<l,
and the nonlinear term u - V6. In order to overcome these difficulties, we give
some complicated estimates on solutions by using appropriate commutator es-
timates. Then we introduce some new suitable assumptions to guarantee the
existence, uniqueness and regularity of stationary solutions to Eq. (1.1) by the
Lax-Milgram theorem and the Schauder fixed point theorem.

Lyapunov’s method is a fundamental tool to study the stability of systems.
Along with the birth of functional differential equations, Razumikhin, and Kol-
manovskii together with Shaikhet have proposed the method of Razumikhin
type and the construction method of Lyapunov functionals, respectively, which
have been successfully used to investigate the stability of delay evolution e-
quations, for instance, [6,22,29]. Finally, we use different methods to deduce
different sufficient conditions ensuring the stability of stationary solutions to
Eq. (1.1), and discuss the polynomial stability of the quasi-geostrophic equa-
tion with proportional delay.

The article is organized as follows. In Section 2, we introduce some no-
tations, and briefly recall some useful estimates and relevant mathematical
preliminaries from functional analysis. The existence and uniqueness of solu-
tions to Eq. (1.1) are considered in Section 3. In Section 4, the existence and
uniqueness of stationary solutions to Eq. (1.1) are established, and several
methods are used to show the stability of stationary solutions.

2 Preliminaries

Throughout this manuscript and notation, we consider mean-zero (zero aver-
age) solutions of Eq. (1.1), that is

O(t,x)dx =0, for any t € R.
T2

Denote A = (—A)z. The fractional Laplacian A, with s € R can be defined
by

— -~

Asf(k) = [k[° f (K),
where fdenotes the Fourier transform of f, i.e.,

J?(k) = ﬁ . (z)e~ e dy,
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For 1 < p < oo, LP denotes the Banach space of pth-power integrable functions
if p < oo and the essentially bounded functions when p = co. The following
standard notations are used:

1712, = / Pz, [|fllu~ = ess sup |f(2)].
T2 z€T?

For any tempered distribution f on T? and s € R, we define

e = 1A F N7 = D7 kP F ()P, (2.1)

kez?

and H*® denotes the Sobolev space of all f for which || f|| g+ is finite. In par-
ticular, we denote by H := HY = L% For 1 < p < oo and s € R, the space
H*P is a subspace of LP, consisting of all f which can be written in the form
f=A47%¢g, g € LP, and the H*P norm of f is defined by

[l zzew = 14° fll 2o

We denote by (-, -) the inner product of L?. Given a Banach space X and its
dual X', we also denote the dual pairing between X and X’ by (-,-), unless
noted otherwise.

The equality relating u to € in (1.2) can be rewritten in terms of periodic
Riesz transforms as:

U= (0p,A710,—0,, A710) = (—R20,R10) = R0,
where R, j = 1,2 denote the Riesz transforms defined by

R (k) = —i@f(k» ke 72\ {0).

The following result can be obtained by the fact that the Riesz transforms
commute with (—A)! and the boundedness of the Riesz transforms in L?, see

[35, Chapter III] for more details.

Lemma 1 Let 1 < p < oo and I > 0. Then there exists a constant C(l,p)
such that

(=) ullzr < C(1p)(—2)'0| 0. (22)
If p = 2, the inequality (2.2) can be strengthened to
I(=2) "l L2 = [[(=2)"] 2. (2.3)

We recall some important estimates which will be used frequently in the
section below.
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Lemma 2 (Commutator Estimate) Suppose that s > 0 and p € (1,00). If
f,9 €S8, the Schwartz class, then

14°(fg) = fA°glle < CLUIV fllLoa gl =12 + 1 Fllzzewsllglliea) — (2.4)

and
[4°(f P e < Co(lfllrrllgllzera + [ f [ zoes [lgllLra), (2.5)
with pe, ps € (1,00) such that

1 1 1 1 1
S =4
p pP1 P2 P33 P4
Lemma 3 (Fractional L? Poincaré) For a € [0,1], p > 2, ¢ € H?** with

|p|P~t € H®, the following estimate holds:

N ah son p*lx 4(p7]‘) _ Z g 2 I’
[caresmo o tae > X2 [ (o) @ (26

Lemma 3 is a version of the famous Kato-Beurling-Deny inequality, which has
been proven in [8]. When p is even, we can also refer to [9,12] for more details.
Next, we recall some spaces which allow us to deal with infinite delay.
Given real numbers a < b, we denote by C([a,b]; X) the Banach space of all
continuous functions from [a, b] into X equipped with sup norm. For any given
number T > 0, if a function z € C((—o0, T|; X), for each t € [0, T], we denote
by z; € C((—o0,0]; X) the function defined by x¢(r) = 2(t +r), Vr € (—o0,0].
In this paper, we aim to establish well-posedness and stability results for 2D
quasi-geostrophic equation with infinite delay in the phase space

C(X)={Y e C((—00,0; X) : . lim () exists in X},
——00
which is endowed with the norm

I¥ll¢x) = sup ) [ (t)]| x -

te(—oo,

To describe the conditions imposed on the delay term g, we introduce some
notations. Let 2~ and ¢ be two Banach spaces. We denote by Lipy(2, %)
the collection of all mappings g : [0,T] x & — % satisfying the following
conditions:
— for any € € 27, the mapping t € [0,T] — g(¢,£) € ¥ is measurable;
— for each ¢ € [0,T], g(¢,0) = 0;
— there exists a constant L, > 0 such that

lg(t, &) —g(t,mlle < Lgll§ —nll2r, Vt€[0,T] and Va,y € 2.

Remark 1 Tt is clear that if g € Lipy(Z", %), then for any £ € 27,
lg(t, )l = llg(t, &) — g(t,0)[lo < Lgll€ll2, vVt € [0,T7,
and therefore |g(+,&)| € L>=(0,T).

Throughout the paper, we denote by C' a real positive constant which can
vary from a line to another and even in the same line. If the constant C' depends
on some variable x, we denote it by C.
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3 Existence, regularity and uniqueness of solutions

In this section, we first study the existence and regularity of weak solutions
to Eq. (1.1). Next the continuity of solutions with respect to initial datum is
established and the uniqueness of solutions follows directly.
Definition 1 For any given number 7' > 0 and initial datum ¢ € €(H?),
a weak solution 6 to Eq. (1.1) in the interval (—oo,T) is a function 6 €
C((—00,T); H®) N L?(0,T; H**®) with 6y = ¢ such that, for all v € H*T%,
the equality
d
dt
holds true in the sense of scalar distribution D’(0,T).

(0(t),v) + K((=A)70(t), v) + (u(t) - VO(t),v) = (f,v) + (g(£,0:),v),

The existence and regularity of weak solutions to Eq. (1.1) can be proved by
the classic Galerkin method.

Theorem 1 Fiz o € (%,1), $>2—2a and p > % Assume that f €
H*=*NLP and g € Lipy(€(H?®), H®) N Lipy(€(L?), LP). Then for any given
T >0 and p € €(H*)NE(LP), there exists a weak solution 0 of Eq. (1.1) in
the sense of Definition 1. Furthermore, if f € HSNLP and ¢ € €(H®*)NE(LP)
with ©(0) € H**®, then 6 € C([0,T); H5**) N L2(0,T; H¥+2%).

Proof We will split the proof into several steps.

Step 1. The Galerkin approximation. By the classical spectral theory of ellip-
tic operators, it follows that —A possesses a sequence of eigenvalues {\;}2,
and a corresponding family of eigenfunctions {e; }$2, which forms an orthonor-
mal basis of H. Denote by P,, the projection from H onto the linear span P, H
of {e1,...,en}, ie.,

PnH = i@lel for 0= i@iei.
i=1 i=1

We define the n-th Galerkin approximation of Eq. (1.1) as the following ODE
system with infinite delay:

G0 (8) + K(=2)20™(t) + Po(u"(t) - VO™ (£)) = Puf + Pag(t,07), t >0,

0" (t) = Poo(t), t € (—o0,0],

(3.1)

with u” = R1™ satisfying V - u™ = 0.
Step 2. A priori estimates. Multiplying Eq. (3.1) by sgn™(¢)|6™(t)|P~1, with
p > ﬁ, and taking the inner product in L?, we have

1d
pdt Jpz
- / Ey fognd™ (00" (0 da + / Pog(t, 67 )sgnd”™ (1) 6" ()"~ dz,
T2 T2
(3.2)

107 (8)|Pda + & /qr (= A)0" (t)sgne” (1)|0" (1) P~ da
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since the term u"™ - VO™ vanishes in the calculation due to the fact:

/Z n 2 emwww—/Z 02O 4,
T2

n

el . (3.3)

\9"

H'Mw

It follows from (2.6) that

fi/Tz(—A)“@"(t)sgn@"(t)|9”(t)|p_1dx > 0.

Then using the condition g € Lip, (% (LP), LP) and the Young inequality, (3.2)
can be transformed as follows:

d n n n
10" Oz < 16" ON7e + Coll Paf e + Coll Pag(t, )17

< N10"OILe + Coll FIZe + Collg(t, 67
<N0"ON%e + Coll AIZe + CoLgllOF 1% 10

ﬂW@%+%U%+%%@ﬁmuﬂ+pr%mJ-

Integrating the above inequality between 0 and ¢ € [0, T, then replacing ¢t by
7 € [0,1] and taking the supremum over [0, ¢], we have

sup 16" (7)1, < 116"(0) /IIH" Mivdo + CpTI|FIILs

0<r<
t
+%%/<WM@WWSWHWMMJW
0 0<7<0

< (14 C,L,T)

t
L + TSI, a+@%V"pr%wam
0

0<r<0o

Applying the Gronwall lemma results in

sup [0"(1)l15 < (14 CoLyT) ol 0y + CoTISIL, ) eHErEo,

0<r<t
Thus for any given T' > 0, there exists a constant C, r such that
sup [|6"(7)|lr < Cpr, Vt€[0,T], Vn > 1. (3.4)
0<r<t
Applying A°* to Eq. (3.1) and taking the inner product in L? with A°6", we
have
) dtH@”( s+ &07 (O Fera = —(A°Pa(u™(t) - VO (1)), 4°67(1))

(AP f, 4707 (1)) + (A°Pag(t, 67), 4°6™ (1))
= Il +12—|—I3 (35)
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Note that P, commutes with A° on H*, and P, is self-adjoint in L2, then

(11| = [(PpA%(u"(2) - VO (1)), 476" (1))
= [{A*(u"(t) - V" (1)), P, A°0"(1))]
= [{(A*(u"(t) - VO (1)), 4°0™ (1))]. (3.6)

Taking into account that V - u™ = 0, by the Schwarz inequality and Lemmas
1 and 2, we obtain

L] < AT (™ (0" (1)) [ 2| ATF0™ (1) 2
S Ol @Ol e 107 ()] govr—aa |6 ()| oo

+ Cllu" @)l o rr-eal0™ ()| Lo 107 (0) [ 4o
SOz 10" Ol ro+1-0.all0" (E) | oo

< ClO" O L0 @) =" 16" () e (3.7)
where 1 + 1 = %7 and we have used the Nirenberg-Gagliardo inequality (cf.
[7):

167 ()] pro+1-ea < CUE™ ()| Fpesa 16™ (D)1 12"
where n = st2-azf Since 1 < 1+n < 2 and LP C L?, in view of the Young

s+«
inequality, (3.7) can be further estimated by
1] < ClO™ @0 @)]75"

K gn N =
< 46 (Ol Fresa + ClO" O L7 - (3.8)

For the term I, since P, commutes with A° on H® and P, is self-adjoint in
L?, by the Schwarz inequality and the Young inequality we have

[ Io| = [(PnA°f, 407 (1)) = [(A° f, A°6" (1))
<N ms=a 10" @)l rove < ZH@"(t)IIwa + Ol flFemer  (39)

where H*~“ denotes the dual space of H*~* for the case s — a < 0. For the
last term, arguing as in (3.9), in view of g € Lip, (%' (H*), H®), we find that

[Is| = [(PaAg(t, 07), A°0" (1)) = [{A°g(t, 61'), 4°0™ (1))
< llg(t, 0 1m= 10" @)l e < LollOF 11+ (3.10)
Inserting (3.8)-(3.10) into (3.5) gives
1d
2.dt
< CIO" WL + O rema + LollO7 1 10

3 K n
10" (- + 10" )17+
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Integrating the above inequality and using (3.4), we infer that
t
167 (t) 117+ +f</ 167 () |3+ dor < (16 (013
0

t
(14 [ fIPy) + 2L, / 162112 110y dor (3.11)
Hence,

107 11% (77+) < max{ sup [[6"(7)[| %+, sup [|6"(7)]|F}
—o00<7<0 0<r<t

t
< el e + Or(+ 1 reme) + 2L | 103 s
and applying the Gronwall lemma,

1021 ey < (101 o) + Cr(L+ [ reme)) €250,

Then we obtain the following estimates. Firstly, there exists a constant Cr
such that

107 11% sy < Cr, VEE[0,T], Vn > 1, (3.12)
which implies that
{6"} is bounded in L%°(0,T; H?®). (3.13)

Secondly, it follows from (3.11) and (3.12) that

T T
K/o 10" () 13+ede < |07 (O] e + Cr(L+ || fllFa-a) + 2Lg/0 105 11% (17+)do
<07 (O)[I7+ + Cr(L+ [ fIFa-a) + 2Ly O,
and consequently there exists another constant C'p such that
1011220 751540y < Cr,  VEE[0,T), Yn > 1. (3.14)

Finally, we prove the boundedness of {(0™)'}. From Lemmas 1 and 2, we find
that
A 8 2 = AT e < A 0
< C(lu o 10" [ geti-oore + ([0 ra+i-eona [|07 [ Lov)
< C0" | u

0n||H5+"‘a

where p; = %, P2 = ﬁ7 and we have used the fact V -« = 0 and
the Sobolev embeddings H® C LP, H*T® C H*t1=%P2 Then, by using the
generalized Poincaré inequality:

N7 edEef < [ (oot vs>a (319)
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where \; denotes the first eigenvalue of —A in T?, we deduce from (3.1) that

10" lzzs=e < KI0" | zzsve + CNO" [ m= 10" [ mroso + [ f lzzo=o + Ay * lg(t 67) | are-

This, together with the assumption on ¢ and (3.12)-(3.14), implies that
{(6™)'} is bounded in L*(0,T; H ™). (3.16)
Step 3. Approximation of initial datum in € (H®). Let us prove that
P,p— ¢ in €(H?). (3.17)

Assume on the contrary that this is not the case, then there exists ¢ > 0 and
a subsequence {7, } C (—o0,0], such that

|Pnp(mn) — p(to)llgs > €, VYn>1. (3.18)
Case 1: 7,, — 7 as n — oo. Thanks to the continuity of ¢, we deduce

1Pao(Tn) = @(ta) e < 1Pa@(Tn) = Pa@(T)|ls + | Pap(T) — @(7) || 225
+lle(r) = ()l — 0 as n — oo.

Case 2: 1, = —00 as n — 0. By the definition of ¥ (H?), the limit of ¢(7,)
exists in H®. Let = lim,_, o (7). Then we obtain

1Pro(1n) — @(mo)ll s < |1 Pasp(Tn) — Poz|lms + || Prz — 2|1
+ |z —o(t)|lgs = 0 as n — oo.

We see that both cases contradict (3.18), and thus (3.17) holds true.

Step 4. Energy method and compactness result. From the assumption on
the operator g, (3.13), (3.14) and (3.16), using the compactness theorem (see,
e.g. [25]), we conclude that there exist a subsequence {0™} (after relabeling),
an element § € L>(0,T; H*) N L%(0,T; H*™%) with ¢’ € L*(0,T; H*~%) and
¢ € L*(0,T; H®) such that

o — 0 weakly star in L>°(0,T; H?®),

o —40 weakly in L?(0,T; H5t®),

(0" =0 weakly in L0, T; H*~®), (3.19)
0" — 0 strongly in L?(0,T; H®),

g(-,0") = ¢ weakly in L2(0,T; H®),

and 0 € C([0,T]; H?), see also [33, Corollary 7.3] for more details.
Using (3.19), we deduce that

0"(t) — 0(t) in H® ae. t€[0,T], (3.20)
which is not enough for our purpose. Indeed, our goal is to prove that

0" — 6 in C([0,T]; H*). (3.21)
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If this were not true, then taking into account that 6§ € C([0,T]; H®), there
would exist € > 0, a value typ € [0,T], a subsequence (relabelled the same)
{0} and t,, € [0,T] with lim,_,~ t, = to such that

107" () — O(to)||rs =&, Vn>1.

In order to prove that this is absurd, we will use an energy method.
Observe that the following energy inequality holds for all " and Vr,t €
[0, T7:

]‘n n
SO+ [ 10 o

< N+ [ e e, @2)

T

[\

4—27
with Cy = CCplT" + )\a T7 where C' and 7 are the constants appearing in

. . L?
(3.8), Cpr is the constant appearing in (3.4), and /\QQCT corresponds to the

following estimate:

t
/ (A°(0,07), A°0™ (o) / 10" (o \|Hbda+— / l9(o,62) |3gedo

LgCT

K n
<" / 107 (@) + =)

where Cr is the constant appearing in (3.12).
On the other hand, note that for any v € C*([0, T]; H*T%),

T
/O (W (E) - VO™ (£) — u(t) - VO(E), o(t))dt
T
= /O ((u™(t) —u(t) - VO™ (t),v(t)) + (u(t) - V(0™ (t) — 6(t)), v(t))dt
T
= —/0 ((u"(t) —u(t)0" (1), Vo(t)) + (u(®)(0™(t) — 0(¢)), Vou(t))dt
T
S/ [ () — w(®)|| 216" ()| Lea[[VV(E)|| Lradl
0
T
4 [ 1Ol 1870~ 6002V 0(t) ot
0

< Cllvlleo 0,750 +0) 107 | L2 (0,715 +0) 0" = Ol L2(0,7;11%)

+ Cllvllzee o1 m+2) 10l L2 0,7 15+0) 0™ — Ol L2 (0,7515) — O,

where p3 = %, Py = %, and we have used V- u = V - u” = 0, Lemma 1,
(3.19) and the Sobolev embeddings H® C L2, H*t® C H'P3 HSt® C [P4,
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Then by (3.19), passing to the limit in (3.1), we obtain that 8 € C([0,T]; H®)
is a solution of a similar problem to Eq. (1.1), namely, for Vv € H*T%,

d

7 (0),0) + K((=2)20(t), v) + {u(?) - VO(),v) = (£, v) + {£(t), v),

with the initial datum 6(0) = ¢(0), fulfilled in the sense of scalar distribution
D'(0,T). Therefore, it satisfies the energy equality

101+ [ 100) o
= 5100 = [ 4° (o) - VO(o)). A°0(0) o
+ / (A*f, A*0(0))do + / (A€ (o), A°0(0))do.

Thanks to (3.4), we find that

t
/ 10 (@)%, do < oo,

where 3 = %, which implies that {6™} converges weakly to 6 in L?(r, t; LP).

Then, similar to arguments of (3.6)-(3.8), we have

[ ) V0@ 200 de < § [ 100 sude+C [ 10(0)1 o

IN

t t
5 [ 16 Byodo + Climint [ 167(0)1,do

IN

t
g/ 10(0)|[3}esado + CCLp(t—7), 0<r<t<T,
;

where C' is the constant appearing in (3.8) and C, r is the constant appear-
ing in (3.4). In addition, from the last convergence in (3.19) and the Young
inequality, we obtain

1
APk

| st aoenar < 55 [0ty o + 5o [ (o)l do

IN

t t
K 2 ]- . . n\ |2
1 10l + 5 it | ot 851

t L2c
g/ 10(0) v + 5L (0 —7), 0<r<t<T.
r 1

IN

Hence, 0 also satisfies inequality (3.22) with the same constant Cp.
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We consider the functions J,, J : [0,7] — R defined by
1 n 2 ! s son
Iu(t) = SlI0" (Ol — | (A°f,4°0%(0))do — Cot,
0

50 = 100N — [ (aF, A%0()do ~ ot

where Cj is the constant given in (3.22). From (3.22) and the analogous in-
equality for 6, it is clear that J, and J are non-increasing and continuous
functions. Moreover, by (3.19) and (3.20),

In(t) = J(t), a.e. te]0,T]. (3.23)
Now, we are ready to prove that
0" (tn) — 0(tp) in H®. (3.24)

Observe that

167(62) = 0" @)oo < [ 1O (€)1t

<NO™) | L2t 40 15—y (E2 — t1)Y2 Vit €0,T).

By (3.16), we find that {6} is equicontinuous on [0, 7] with values in H*~%.
Since the injection of H® into H*~¢ is compact, using (3.12) and the equicon-
tinuity in H°~%, the Arzela-Ascoli theorem ensures that

0" =0 in C(0,T); H). (3.25)
This, jointly with (3.12), implies that
0" (t,) — 6(to) weakly in H?, (3.26)

where we have used (3.25) to identify which is the weak limit. Then we infer
that

16(t0) 1+ < Timing 6" 6,)] -
Therefore, if we show that

lim sup ||0" (t) | = < |10(¢0)]| =, (3.27)
n—o0

we obtain that lim, . ||0™ () ||ms = ||0(t0)]| s, which together with (3.26)
implies (3.24).

For the case to = 0, (3.27) follows directly from Step 3 and (3.22). So we
may assume that ¢y > 0. This is important, since we will approach this value ¢,
from the left by a sequence {t~k}, ie., imy_ o0t 7 to, with {t~k} being values
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such that (3.23) holds. Since J is continuous at tg, for any € > 0, there is k.
such that

1T (5) — J(to)| < g Vk > k..
Note that t;, satisfies (3.23), taking n > n(k.), it is possible to obtain

[ Tn(tr.) — T ()] < % Vi > (k).

Taking n > n(k.) such that ¢, > f;w as J,, is non-increasing, we have
Tn(tn) = J(to) < | Jn(tr.) = J(Er)| + [ (k) — J(to)] < e.

It can also be deduced from (3.19) that

/"<A8f,/189“(o—)>da—>/0<A8f,/139(a)>da,
0 0

so we conclude that (3.27) holds. Thus, (3.24) and finally (3.21) are also true,
as we wanted to check. Furthermore, thanks to Step 3, we deduce that

sup ||0"(t+7)— 0@+ 7)|u-
—00<7<0

zmax{ sup_||Pagp(7) — @(7) |7+, sup ||9"(7')—<9(7')||Hs}

—o00<7<0 0<r<t

_ max{npnso ~ plleey. sup [|97(r) 9<T>||Hs} S,
0<r<t

which implies that
0} =0, in€(H®), Vi<T.

By the assumption on g, we obtain

T T
/O lg(t.67) — g(t,6,) |3t < L2 / 167 = 842 eyt — 0,

thanks to the Lebesgue dominated convergence theorem. Thus, we can finally
pass to the limit in (3.1) and conclude that 6 solves Eq. (1.1).

Step 5. Regularity of solutions. Once that f € H*NLP and ¢ € €(H*)NE (L)
with ¢(0) € H*T2, it is immediate to gain the strong regularity for the solution
6 to Eq. (1.1). Indeed, by replacing s with s + « in Step 2, we conclude that
0™ € L>(0,T; H+*)NL?(0, T; H*T2%). Thus the regularity of solutions follows
from the similar arguments above. O

The following lemma shows the continuity of solutions with respect to
initial data.
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Lemma 4 Under the assumptions of Theorem 1, the solution to Eq. (1.1) is
continuous with respect to the initial value.
Namely, denoting 6%, for i = 1,2, the corresponding solution to initial
data @) € €(H*) N E(LP), the following estimate holds:
1 2
108 = 0 1 -

< o™ — ¢(2)||2K(Hs)efo‘(0\l9“>(U)Hiwa+C\|0(2>(U)Hi,s+a+2Lg>d<f. (3.28)

Proof Let w(t) = 8 (t) — 63 (t). We can easily derive an evolution system
for w:
d

%w@y+M—Awa):—@NN0~V¢U@y—M”@~VM”@»

+ g(t79t(1)) - g(t79t(2))7

where u() = R0 and v(® = R+02). Applying A* to the above system and
taking the inner product in L? with A%w, in view of bilinearity of u(*) - V(1)
and u(? - V@) | we have

S w(®)3e + Bllw®) e = —(4° WD) - Vw(t), Aw(?))
— (A5 (1) —u®(2)) - VOO (1)), A%w(t))
+ (A% (g(t,0)) — g(t.08))), A*w(t))
=J 4+ Jo+ Js. (3.29)

Note that (u(M)(t) - V(A%w(t)), A%w(t)) = 0, V and A° are commutable ([19]

or [16, Remark 5.3]). Then we can make use of Lemmas 1-2 to obtain

—u V(1) - V(L w(t), Aw(t))]
A2 (Vuw(t)), Aw(t))]

< 2@ () - Vaw(t)) = ulD (t) - 4 (Vw(t)) ]| 2 [ A*w(t)]| 2

< O™ @)l srrws [w (@)l zzova + [u® @l zora (O 0s) (D))

< OO0V ()| o+ [lw(t)]

Hs

me+allw(t) | ae, (3.30)

where p3 = %, Py = 1Ea and we have used the Sobolev embeddings H*T* C
HYP3 and H*T® C H*P4, For Jo, similar to the arguments of (3.30), we have
| Ta| < (A% (@M (1) = u® (1)) - VO (1))
— (W (1) = uP (1)) - V(A°0P) (1)), A*w(1)))|
+ (P () = uP (1)) - V(4503 (1)), A*w(1))|
< Cllw(®) || mo+a 0P ()| srosolw()] e
+ (P (1) = uP (1)) - V(4503 (1)), A*w(?))]. (3.31)
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By the Holder inequality and Lemmas 1-2, in view of the fact that V - u(!) =
V - u® =0, we estimate the second term in the right-hand side of (3.31) as
follows:

(@ () —u® (1)) - V(AP (1)), Aw(1))]
= (VM (1) — u® (1) 4°0®) (1)), A*w (1))
< A (@O (1) — ) (£) 40 ()] 2 4w () 2
< Ol () = u® (1) s [0 (1) | o1 leo(2)]
() = w0l p-ura 102 O e e0(0) 170
6O (1))l 1ot 0 (B)] 4o (3.32)

| frote

< Cllw®)|m

where p; = 25771, p2 = ﬁ, p3 = %, Ps = %, and we have used the Sobolev

embeddings H® ¢ LPr, Hste ¢ Hstl-opz [fs ¢ [l-aps [ste c fsp,
Substituting (3.32) into (3.31) gives

| Ta| < CIOP (0) | gore|w(®) || zrova l[w(B)]| s (3.33)
For Js, using the Holder inequality and the assumption on g, we deduce that

1 2
T3] < lg(t,0.") — g(t,6:2)]| 51+
< LgHwt

w(®)||
o lw®llae < Lyl (3.34)

Combining estimates (3.30), (3.33) and (3.34), by the Young inequality, it
follows from (3.29) that

1d 1
5 o w3 + Srllw(®)3r.

< CIOD O 7o + 102 @) o)1 e + Lgllwel|F ey (3.35)

After integrating (3.35) between 0 and ¢, if we substitute ¢ by o € [0,¢] and
take the supremum, we obtain

sup [[w(o)l7e < w(0)ll7
0<o<t

- t
+C/O (16 (@)1 + 162 ()3 llw(0) | - do

t
421, /O R (3.36)
Note that
lwillgmsy = sup  |w(t+0)llm:
—oc0<o<0

=max{ sup oM (@) = p@(0) 5+, sup ||w<a>||Hs}
—00<0<0 0<o<t

= max { o = g, s o)l | (3.37)
0<o<t
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Then we conclude from (3.36) that
lwell % arey < l® — 80(2)”25(}18)

t
+/0 (ClIOM (@) Feve + ClOP ()7t + 2Lg) o | g7y do

Thus the estimate (3.28) follows from the Gronwall lemma. O

The uniqueness of weak solutions follows immediately from Lemma 4.

Theorem 2 Under the assumptions of Theorem 1, the weak solution obtained
in Theorem 1 is unique.

Proof Let 1) and ) be two solutions of Eq. (1.1). Since they have the same

initial datum ¢, it follows from Lemma 4 that ||9t(1) - 0,52) H?g(HS) = 0, and thus
the proof is complete. O

4 Asymptotic behavior of solutions

In this section we consider the long time behavior of solutions in a neighbor-
hood of a stationary solution to Eq. (1.1) when the delay term has a special
form. First of all, we establish the existence, uniqueness and regularity of s-
tationary solutions under some restrictions. Then we present various methods
to obtain the stability properties: the Lyapunov function method, the con-
struction method of appropriate Lyapunov functionals and the Razumikhin-
Lyapunov technique. Finally, the polynomial stability of stationary solutions
is addressed in the case of proportional variable delays.

4.1 Existence, uniqueness and regularity of stationary solutions

In order to investigate the properties of stationary solutions to Eq. (1.1), we
assume that g fulfills

(H) Let i : H® — %€(H®) be the trivial immersion given by i(d) = 6 with
6(t) =0 for all t < 0. Then

g(t1,&) = g(t2,&), for any t1,t, € RT and all £ € i(H®).

For example, given measurable functions p : RT — R* and G : H® — H?,
we can define g : Rt x €(H®) — H® by g(t,&) := G((—p(t))). It is clear that
g satisfies the above assumption (H).

If (H) holds, for g € Lipy(%'(H*), H®), we define g : H* — H*® as g(f) =
9(0,i(0)). Then g = g|p+x;(m+) is of course autonomous, and it also belongs
to Lipy(€(H?®), H?) with the same Lipschitz constant as g.
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Definition 2 A stationary solution to Eq. (1.1) is a function * € H*T* such
that

K(—A)*0* + RE0*-VO* = f+g(0%). (4.1)

We now establish the existence, uniqueness and regularity of stationary solu-
tions to Eq. (1.1) as stated in the next result.

Theorem 3 Fiz o € (3,1) and s > 2 —2a. Let g € Lip,(¢(H®), H*) and the
condition (H) be satisfied. Suppose that

K>A Ly and A= (k—A[“Ly)? — 47| fllge—o >0, (4.2)

where T = 4Co My M5 (C(0,ps) + C(225=%,pg)) and the related constants will
be given later on. Then

(i) for all f € HS™%, there exists at least one solution to Eq. (4.1);
(74) for all f € H°%, the solution to Eq. (4.1) is unique;
(iii) if f € H®, the solution to Eq. (4.1) belongs to H*+2,

Proof (i) Let a positive number R be fixed later on, and set
B ={z€ H ™ |z|gsra < R}.

It is clear that 4 is a closed and convex subset of H¥T2. Then for each z € %,
by the Lax-Milgram theorem there exists a unique § € H*t< such that

KA, AT 4 (A3 (RE2 - VO), A%0) = (A F, A%0) + (A5G(2), A50), (4.3)

with v € H*t%. Hence we define a mapping £ : z € & — 0 € Ht%. The rest
of the proof can be divided into three steps.
Step 1. The mapping £ maps £ into itself.

Taking v = 6 in (4.3), it follows that

RlIO] oo < A5 (RT2-VO) |2 + [ fllrre—a + 19(2) [ oo (4.4)
By Lemmas 1 and 2, in view of V - (R*2) = 0, we deduce that

42 (R Vo) < (471 (R 20)
< Ca(IR 2l s Bl 1-+1-m0 + IR 2l 1m0 [0]1.2)
s+l1—-a
2
s+1—-a
5 00) ) el Ol

= T||Z||Hs+a”9||Hs+a, (45)

< Co(C(0,p5)l|z]| o5 [|0]] o106 + C s Do) |2l mre+1-av6 [|6]] o5 )

< CoMi M, <C(0»p5) +C(

where ps = ﬁ, De = 1_1(1_ with o~ € (%,a), C(0,ps5) and C’(SH{"‘,pg)
are the constants appearing in Lemma 1, C5 is the constant appearing in
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Lemma 2, M;, i = 1,2, are the constants related with the following Sobolev
embedding inequalities:

[2llrs < Millzllgste,  [|zllgesi-ars < Ma|lz|fgesa.
Thanks to the assumption on g, we have
19 oo < AL 2GR e < Ay 2 Lyll2llme < AT Lyll2llgase. (4.6)
Inserting (4.5)-(4.6) into (4.4) results in

Al rora < Tlellposalllliose + 1 Fllmee + AT Lllelpore.  (47)

Note that A = (k — A\]*Ly)? — 47| f|| gs-= > 0 and W < £. We
can pick 0 < R < 4 such that (k = A\7*Lg)R—TR? > || f| gg=-o. By (4.7), the
mapping £ defined by (4.3), maps % into A.

Step 2. The mapping £ is continuous in %.
Let z; € % and 0; € % be such that

R{ASTO; ASTO) 4 (A (RE2; - V), A%0) = (A f, A%0) 4 (A°G(2), A°0),
with v € H*T, where ¢ = 1,2. Taking v = 61 — 0, and using the bilinearity of
Rtz - V6, we find that

Kl[01 = Oo[|Fora < [(A°(RT21- V(61 — 62)), A°(61 — 62))]
+ |<As((RL21 — RLZQ) . VHQ), /13(91 — 92)>|
+ [(A°(g(21) — g(22)), 4°(01 — 02))|
= Il + Ig + I3. (48)

Modifying slightly the arguments in (4.5), in view of the Holder inequality, we
deduce that

Iy < [ A7 (RF21 - V(01 — 62))[| L2 4°T (61 — 62| 2
<Yzl gove |01 — 92H12qs+a, (4.9)

and

Ty < A7 ((RM21 = RE22) - VO[22 | AT (01 — 6)| 2
S CgMgC(O,pg))HZl - ZQHLps HQQHHera ||t91 — 92||Hs+q
s+1—a

+ CaMy O(——

,06)l121 — 22| preti—ae (|02 grote |01 — O2|| grota-
(4.10)

By the Holder inequality and the assumption on g, we have
Zs < |g(21) — g(22) pre-a

< A; 2 1g(21) — g(z2) |

S A;7L9||zl —ZQ||H5H91 —02||H3+a. (411)

01 — Oa| ot

61 - 92 ||Hs+o<



20 Liang, Wang and Caraballo

Substituting (4.9)-(4.11) into (4.8) gives

Kl|01 = Ooll3reva < Tllzillrora |01 — 02 Fasa
+ CoMC(0, ps)l|z1 — 22|wes (|02 oo |61 — O2| oo
s+1—-—a
2

+ Ay 2 Lgllzr — za|ms

+ Ca M1 O( y06)|121 — 22l mot1-awme |02 rota |01 — 02| rova

01 — 0| g+ (4.12)
Note that ||zl gs+e < R < 4. Hence we can take 0 < ¢ < kx — YR such that

(k—TR—e)||61 — a0 < Ccllzt — 22| 20s 1021 3o
Hes (4.13)

+ Cellzr — zall3et1-ams 10213 +a + Cellz1 — 22|

thanks to the Young inequality. Since H5t® C LPs, H+* ¢ Hs+1=®Ps and
H*®*t® C H® are continuous embeddings, the continuity of the mapping z ~ 6
in % follows from (4.13).

Step 3. L(9%) is sequentially compact.

To ensure the sequential compactness of the set £(Z), it suffices to prove
that any sequence in £(%) has a convergent subsequence. Let {0"} € L(%) be
given arbitrarily. Then there exists a sequence {z"} € % such that 0™ = L(2").
Since the embeddings H*T® C Lrs, H*t® ¢ HH1-®Ps and H+* C H*® are
compact (see, e.g. [7, Chapter 1]), we can find a subsequence z™ converging
in LPs, Hst1=@Ps and H®. By (4.13), we conclude that

(k=YR—e)[|0™ — 0" 3010 < Cell2"™ — 2™ |70 1679 | 7o

+ Cell2™ = 2" oo 107 [Fpere + Celle™ = 2™ e = 0 (4.14)

when 7 and j tend to infinity. It follows that the subsequence {6™} is a Cauchy
sequence in H*T, and therefore it is convergent as desired.

By the Schauder fixed point theorem, Step 1-Step 3 ensure the existence
of a fixed point in %, which clearly is a stationary solution to Eq. (4.1).

(#4) Arguing as in (4.4)-(4.7), the solution 6§ to Eq. (4.1) satisfies

KllON mrore < TNON o + 1 f oo + AT Lo |0l grove.
Note that A = (k—A7*Ly)?—47|| f||g+- > 0, then we deduce that ||0]| gs+a <
B or ||| gs+e > P2, where 1 = W and By = W.

According to the proof of (i), we know that the solution 6 to Eq. (4.1) lies in
% and consequently,

0] zrs+a < Bi- (4.15)
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Consider two solutions #; and 63 to Eq. (4.1), similar to the arguments of
(4.8), (4.9) and (4.11), we have

K[|01 = 02| Frera < [(A5(RY61 - V(61 — 602)), A(61 — 62))]
+ [(AS((RY0, — RY0y) - V), A5(6, — 6,))]
+ [{(A%(g(61) — g(62)), A°(61 — 62))]
ST ([01]l zove + [102] ova) 161 = O2]|Fosa
A 2 L)|00 — 0o e |61 — 0o rese
ST([01]l ove + 102]l gove) 101 = Oal|Frosa + AT Lgll01 — O2|F7esa
< 20B1|61 — Oal[3eva + AT Lyll61 — O2|74a-

Therefore,

VA0 = 05]%e1a <0,
and the uniqueness of solutions to Eq. (4.1) follows.
(138) If f € H® N LP, then every solution 6* to Eq. (4.1) is also a solution
to Eq. (1.1), but with initial datum ¢(t) = 6* for ¢ € (—o0, 0]. Similar to Step
5 in Theorem 1, the strong regularity of 8* follows immediately. (]

As commented in the introduction of this section, our goal for the rest of
our current work is to analyze the stability properties of stationary solutions
to Eq. (1.1). For reader’s convenience, we restate the following notions taken
from [6].

Definition 3 (i) A stationary solution 6* to Eq. (1.1) is stable if for any € > 0

there exists § > 0 such that if p € ¢ (H?) satisfies || —i(0")||¢ms) <
0, then the solution 6(-;¢) to Eq. (1.1) exists for all ¢ > 0 and satisfies
10(t; ) — 0%|| e < € for any t > 0.

(ii) A stationary solution 6* to Eq. (1.1) is attractive if there exists & > 0 such
that if p € € (H?) satisfies || — i(0%)||x s < 4, then the solution 6(-; ¢)
to Eq. (1.1) exists for all ¢ > 0 and satisfies lim;—,  ||0(¢; ) — 0*||g= = 0.

(#it) A stationary solution 6* to Eq. (1.1) is asymptotically stable if it is stable
and attractive.

4.2 Local stability: Lyapunov function method

In this subsection we use a direct approach to prove that if the stationary
solution to Eq. (1.1) exists, then it is stable in H® with the topology induced
by L?, p > ﬁ, under some additional assumptions.

Theorem 4 Fiz o € (%, 1),s>2—2aandp > 2a2_1. Consider f € H*~“NLP

and G € Lipy(H?®, H?) N Lipy(LP, LP). Let the delay forcing term g be given by
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9(t,00) = G(O(t— p(t))), with p € C1((0, 00), R*) such that p* = supys /(1) <
1. Suppose (4.2) and
dr(p—1) Ly(p—(p—1)p")

> pKp + =)
1

(4.16)

hold true, where 1 = —L)‘/» 1s as shown in Theorem 8 and K is given

later on. Then for any solutzon 0* € H5* to Eq. (4.1) (whose existence is
guaranteed by Theorem 8), and any p € €(H®) N € (LP), the solution to Eq.
(1.1) satisfies that for allt > 0,

10(t) = "I, < llp(0) = 6"[I7,  for p(0) =0,

and

16(t) — %115, < max{l, — } (90 = 012 + lle = 10" oy

for p(0) > 0.

Proof Let 6 be the solution to Eq. (1.1) and 6* be the solution to Eq. (4.1).
Set w(t) = 0(t) — 6*, we observe that

d

S0t +R(=A)w(?) +R0(t) - VO(t) — R0 - VO*

=GOt - p())) - G(67).

Multiplying the above equation by |w(t)|P~tsgnw(t) with p > 20 7, and taking

the inner product in L2, we obtain

SOl = = [ (A e (s

_ / (REO(E) - VO(E) — R0 - V8% [w (1)~ sgnuw () dx
'H'Q

+ [ (G0t = p(0) = GO )P sen(t)da
=N+ T2+ T (4.17)

Using Lemma 3, we deduce that

4Kk —1 a I3 2 4k -1 29
g < -2 [ [-ai ol dxz—@pﬂnm(twnia- |
4.18
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Since the quadratic nonlinear term is bilinear, by similar arguments to (3.3)
we have

J2 = */ RE0(t) - Vw(t)|w(t)|P~ sgnw(t)dx
T2
- Rtw(t) - VO |w(t)|P~ Lsgnw(t)de
T2

=— [ Rtw(t)- VO |w(t)[P  sgnw(t)dz.
T2

Thanks to the Holder inequality and Lemma 1, the term 7> is bounded by

Tz < [RYw(®) 120 [ VO |2 [[w ()20 < C(0,20) [w0()172 V6" 2

= C(0.2p)[[w(®) * 12411671 < K|l|w(t)|% |37 107 | o+, (4.19)

with K = C(0, 2p) M3 My, where M5 and M, are the constants associated with
the following Sobolev embedding inequalities:

Nlw®)I* 17 < Mall[w(®)|Z][Fe  and  [107][g < Mall6"|[grova-

By the Holder inequality, the Young inequality and the assumption on g, we
have

Ts <||G(O(t = p(t))) = G(67) || o llw(B) 7"
< Lyllf(t — p(t) — 0% Lo lw(t) 175
AL %Lg(p—1)

) Gl (4.20)

L
< ?g\lw(t — P +

where we have used the following embedding inequality:
P — P
lw®I7 = Nw®)]= 172 < AT llw(®)]= e (4.21)

Note that under the assumptions of Theorem 3, the solution to Eq. (4.1)
satisfies ||0*|| gs+a < B1 (see (4.15)), then we conclude from (4.17)-(4.20) that

d

4 -1 »
I, < (-2L= 4 s AL - 1) Il e

+ Lglw(t — () 70- (4.22)

Taking o = r — p(r), we infer that
t t—p(t)
Ly [t = o) i = L [

—p(0)

L t
< [ o) o

L=r"J—pio)

1
Hw(U)\ﬁpmdU
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For the case p(0) > 0, using the embedding inequality (4.21) again and inte-
grating (4.22) over [0, t], we have

lw®IZe < lw(O)Zs

4r(p —1 —a AL ' b
# (2D s+ ALy - 0+ 522 ) [t o
- 0

L 0
+ 1 / lw(o) |0 do, (4.23)
P~ J—p(0)

which, together with (4.16), implies that

I 0
w7 < Nlw(0)|I7, + ] — / [w(o)[I}»do.
P J—p(0)

For another case p(0) = 0, the assertion of this theorem follows by neglecting
the last term in (4.23), and thus the proof is complete. O

4.3 Local stability: Construction method of Lyapunov functionals

In the previous subsection we have showed the stability of stationary solu-
tions to Eq. (1.1) by the Lyapunov function method. However, sometimes we
can construct Lyapunov functionals rather than Lyapunov functions. In this
paragraph we will analyze the stability of stationary solutions to Eq. (1.1) by
constructing appropriate Lyapunov functionals.

Theorem 5 Fiza € (3,1), s > 2—2a andp > 52 Consider f € H*~*NLP
and G € Lipy(H®, H?) N Lipy(LP, L?). Let the delay forcing term g be given by
g(t,0;) = G(O(t—p(t))), with p € C*(]0,00), RT) such that p* = sup,~, p'(t) <
1. If the conditions (4.2) and -

4k(p— 1) >pK61+27Lg(p—1)%

: 424
AT (1= p*)2 2

hold true, where 8, and K are as shown in Theorem 4, then the stationary
solution to Eq. (1.1) is stable, i.e., for any ¢ € €(H®*) N € (LP), the solution
0(-; ) to Eq. (1.1) satisfies that for all t > 0,

16(t) = 01120 < Ylle — (0% Lr (4.25)

where ¢ = Ly (1 — p*)(p — 1))% and vy =1+ 7;’1(22 .

Proof We construct © : [0,00) x € (LP) — R in the form

0

o(t¢) = e OVl + = [

lo(o)|I7 - do,
—p(t)
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where ¢ > 0 is a constant to be determined later on, such that © is a Lyapunov
functional. Denoting by O(t) = O(t, 0:(+; p) — 0*), where 0;(-; ¢) is the solution
to Eq. (1.1) with initial datum ¢ and 6* is the stationary solution to Eq. (1.1),
we have

¢
* c *
e(t) = 116(t) = 0"z, + T—— / 16(c) = 07| L»do (4.26)
TP Ji—p(t)
By using (1.1) we deduce from (4.26) that

GO0 = [ 1600~ 0)/6(0) 0P sen(6(t) — 6")da
c(1

=D ote - pioy - 112,

c
1—

_— / (—2)%(8(t) - 6)[6() — 0" [P~ *sgn(6(t) — 6°)de
’]I‘Q

+

o 19) = 0" |7 —

_ p/ (RLO(t) - VO(E) — R0 - V67)[8(t) — 6% sgn(0(¢) — 0%)dx
T2

+ [ (GO = p(t)) = GE?)I60) ~ 01" sn(6(®) — 0°)da

- “C=2 D ot~ pto) - 71

* 1

= 10(t) = 0" |17, —

Arguing as in (4.17)-(4.20), we conclude that

d dr(p—1 p
G0 < (<220 i) low - 071

+pLy|0(t = p(t)) — 0" | o ll6() — 077"
c * *
T 100 = 07 I1Lp = cllO(t = p(8)) = 6717

dr(p—1 L, \ 77
g(—'{(’;upml“l“((p—l)(cjp) +1Cp*>>

x [16(t) = 6% 3o,

+

where we have used the Young inequality and the following embedding in-
equality:

16(t) — 6715 = 16(t) = 6° 5172 < AL2(116(E) — 6% 3o (4.27)

Minimizing the coefficient in brackets in the right-hand side, which is attained
o

forc= Ly ((1—p")(p— 1))71, we deduce that

d 4r(p — 1) 2Ly (p—1)"7 (22
—o) < |- +pKp + — — | 116e) — 6*1% || %,
~6(t) ( ; R s | LORCARE
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which, together with condition (4.24), implies that ©(t) is non-increasing. On
the other hand, it follows from (4.26) that

O(t) 2 [16(t) = 6”7, and  O(0) < llp —i(67)

p
€(LP)

with v =1+ %. Then

p

16(t) = 0112, < O(t) < O(0) < 7l = i(0" )G L0-

Therefore, we obtain the desired stability directly, i.e.,
1008) = 0°11%, < Allp — O 1.
The proof is complete. O

Remark 2 The asymptotic stability result can also be extended to cover the
case in which we do not need the conditions s > 2 — 2« and % > 1—s. In fact,
if the conditions (4.2) and

p—1
4k(p — 1) >pKﬁl+%(p—1)T
A (- p)r

hold true, then the stationary solution to Eq. (1.1) is asymptotically stable in
the sense that for any ¢ € € (H?®) N ¢ (L), the solution 0(-; ) to Eq. (1.1)
satisfies (4.25) and

lim [|0(t +n) —60*|7, =0 for a.e. t € RT. (4.28)
n—oo
Here we prove (4.28) only in the case ¢t € [0, 1], since the other case can

be obtained similarly. By the embedding (4.27), there exists a constant ¥ > 0
such that

d ~ £ 2 o~ X
70 = —A1o@t) — 07| e < =ATF110E) — 0717,

Integrating the above inequality from 0 to oo, it follows from (4.26) that

> _ p*||P <l — (O . 4.2
100 =0 it < o =0 (4.20)

Observe that

1 oo 0 1
/ SO0t +n) — 075t =Y / 16t + ) — 6|2, dt
n=1"0

0 n=1
oo n+1 00

-3 / 16(t) — 62, dt = / 16(t) — 62, dt < oo,
n=1v"1

This implies that for a.e. ¢t € [0,1], Y7, [|0(t +n) — 0*||}, is convergent, and
thus (4.28) follows immediately.
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4.4 Local stability: Razumikhin technique

We would like to mention that we need the differentiability of the variable
delay in the previous two cases. However, it is possible to relax this restriction
and prove a stability result for more general delay terms by using a different
method, namely, the Razumikhin method, which is also widely used in dealing
with the stability properties of functional differential equations. But this ap-
proach requires some kind of continuity concerning both the operators in the
model and the solutions.

Theorem 6 Fir «a € (%,1), §>2—2a and p > 5. Consider f € H°N
L? and g € Lipy(€¢(H®), H®) N Lipy (€ (L?), LP) satzsfymg the condition (H).
Assume that the mapping t € [0,00) — g(t,&) € H* N LP is continuous for all
§ € C€(H?)NE(LP). Moreover, suppose that there is a stationary solution 6*
to Eq. (1.1) such that

(A% (=A)%((0) — 6%), 4°(¥(0) — 67))
— (A (RE9(0) - Vp(0) = RH0" - VO*), A*(1(0) — 07))
+ (A%(g(t, ) — g(£,07)), 4°((0) — 6%)) <0, >0, (4.30)

whenever ¢ € € (H*), with 1(0) € H*T*, satisfies
1 = i(0%) le(m=) = l1¥(0) = 0% || . (4.31)

Then, for any ¢ € €(H?®) with ¢(0) € H***, the solution 6(-; ) to Eq. (1.1)
satisfies

10 @) = 0" ll1s < llo —i(07)l ey, VE=0. (4.32)

Proof The case ¢ = 0* is trivial. Thus we assume that ¢ # 6*. We argue
by contradiction. Suppose that there exists an initial datum ¢ € € (H®) with
©(0) € H5* and ¢ # 6*, such that (4.32) is not true. Then, there exists ¢t > 0
such that [|0(t; ) — 0*[| s > |l — i(0%)||¢(ms)- Denoting

oo = inf{t > 03 (5 9) — 0"l > lp — i) ooy
we obtain for all 0 <t < o( that
10t ) = 0%l ze < [10(00;0) = 07| s = [l — i(07)[lw(ar), (4.33)
and there is a sequence {t;}r>1 C (00, 00) such that ¢ | ¢ as k — oo and
16(tx; ©) = 0%l as > [[6(00; ) — 07| - (4.34)
On the other hand, by (4.33) we find that

sup [[0(00 + 750) = 0llme = 1000 = 0" e ey = [10(0; 0) = "l
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which, in view of assumptions (4.30)-(4.31) with ¢ = 6,,, immediately implies
that
— w(A2(=A)%((00; p) — 07), A°(0(00; ) — 07))
— (A°(R*0(00; ¢) - VO(00; ) — RT6" - V6*), A°(0(00; ) — 67))
+ {A%(g(t, 05, (1)) — 9(t,07)), A4°(6(00; @) — 07)) < 0.
By the continuity of the operators, there exists ¢ > 0 such that for all ¢ €
[(70, oo + 5}
— r{A°(=A)%(0(t; ) — 07), A°(0(t; ) — 07))
— (A (RHO(t50) - VO(t; 0) — RT0" - V"), 4°(0(t: 0) — 07))
+ (A%(g(t, 0e(5 ) — g(t,07)), A*(0(t; ) — 67)) < 0.

Setting w(t) = 0(t; ) — 6%, we have

N =
=

()7 = —r(A°(=A)%w(t), A*w(?))

— (A5(RY0(t; @) - VO(t; @) — RE0* - VO*), Aw(t))
+(A%(g(t,0:) — g(t,07)), A*w(t)) <0,

for all ¢ € [0g, 00 + €]. Therefore, taking ti. C (09,00 + €] and integrating the
above inequality from og to tg,, we infer that |w(tr ;@)\ g: < ||w(oo; )]s,
which contradicts (4.34). Thus (4.32) holds true. O

Remark 3 The condition (4.30) is satisfied when the diffusivity coeflicient & is
sufficiently large. This condition can be read as: a strong dissipativity ensures
the stability of the stationary solution to Eq. (1.1). Furthermore, a sufficient
condition which implies (4.30) but easier to check in applications is given in
the next result.

Corollary 1 Fiz a € (%, 1), s >2—-2a and p > % Consider f € H°NLP
and g € Lipy(€(H?®), H®) N Lipy (€ (LP), L?) satisfying the condition (H). In
addition to the condition (4.2), assume that

k> AT Ly + 20| (0)] | gove — VA, (4.35)

for some ¢ € €(H?®) with p(0) € H5t*. Then the solution 6(t; p) to Eq. (1.1)
satisfies

16(t59) — 0%l <l — 10 ) oiary: Ve >0,
where 0% is the stationary solution to Eq. (1.1).

Proof The existence and uniqueness of the stationary solution to Eq. (1.1) are
guaranteed by Theorem 3. In the following, we check that condition (4.35)
implies (4.30)-(4.31) in Theorem 6. Suppose that ¢ € €(H?), with ¢(0) €
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H*T is close to some stationary solution 6* (but not equal, otherwise it is
trivial) and satisfies

lle = (0 %y = ll(0) — 07 (13-
Now we verify that (4.30) holds. Indeed,
— {A°(=4)%(p(0) = 07), 4°(0(0) — 67))
— (A (RFp(0) - Vip(0) — RT6* - V%), 4°(10(0) — 67))
+ (A%(g(t, ) — g(t,07)), 4°(0(0) — 07))
< —hll(0) = 0" (| e+
— (A*(Rp(0) - Vip(0) — RT6% - V8*), A°((0) — 6%))
+ Lyllp — 0"l (el (0) — 07| 1=
< (=R + AT L) [l9(0) = 0" [[7+
+ (A% (RY(0) - Vip(0) = RH0" - VO*), 4*(p(0) — 07)). (4.36)
Using the bilinearity of the nonlinear term and arguing as in (4.5), we have
[{4°(RE0(0) - Vip(0) = RH0" - V6*), 4*(p(0) — 67)))|
< (A (R ((0) = 67) - Vep(0), A°((0) — 6%))
+[(A*(RH0™ - V(p(0) — 07), 4°((0) — 07))]|
<A (RH(9(0) = 0%) - Vp(0)) [ 22145 (0(0) — 6%) | 2
+ AT R0V (0(0) = %) 245 (0(0) = 67) | 2
< T)0(0) | et l9(0) = 0% Frara +TN0 ([ rova 0(0) — 0% [[Feva. (4.37)

Thanks to the boundedness of the stationary solution 6* (see (4.15)), it follows
from (4.36) and (4.37) that

A (A (0(0) — 0, 4%((0) — 0))
RY0(0) - Vipl(0) — RE° - V0%), 4°((0) — 0°))
9(t0) — 9(t,8), 4°((0) — %))

L arer, - VZ)) lo(0) — |12

B Hs+os

which is negative by (4.35). Thus, (4.31) holds and therefore (4.32) as well. O

4.5 Polynomial stability for a special case

As mentioned in [24], it may not be possible to prove exponential stability
of stationary solutions for the evolution equations with unbounded variable
delays. However, we can prove the polynomial stability of stationary solutions
in a particular case of unbounded variable delay.
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Theorem 7 Fiz p > 52=. Consider Eq. (1.1) with f = 0 and g(t,0;) :=
Lyf(Xt), where 0 < X < 1, Ly € R and & > 75 A | Ly|. Then the o-
rigin is the unique stationary solution and any solution 6 converges to zero

polynomially, namely, there exists a constant p < 0 such that
16T, < CUOOIZ, (1 +8)", =0, (4.38)
. AN k(p—1
where 1 satisfies |Lg|(p —1) — % + |Lg| A\ = 0.

Proof The existence and uniqueness of origin as stationary solution are guar-
anteed by Theorem 3. Analogous to the arguments of (3.2), we derive

LWL+ [ (-2 00/00 P se0(0da
~ I, / B(\)|0(8)[P~ " sgnb(t)dz.
’]T2

Using Lemma 3 and the Young inequality, we deduce that

4XTR(p— 1)

d
Z10OIL + 10ILe < [Lgl(p = DIO@Ls + [LglION)IZs-

where we have used the following embedding inequality:

_ Wk(p—1) 4k(p — 1)

A\k(p—1) 2 2
— =0l = —, 1o 72 < —, @) e

p

Setting w(t) := ||6(t)]|7 ., we have
(1) < (—“’“ff‘” Ll - 1)) () + | Lo w(At).

Note that the first term on the right-hand side of the above inequality is
negative, then we deduce from Lemmas 3.5 and 3.6 in [1] that

w(t) < Cw(0)(1 4 1)",

where |Lg|(P*1)*W+‘Lg|/\# = 0. Since \* = %(irl)f(pfl) > 1,

then u < 0, and consequently the estimate (4.38) holds true. O

Remark 4 It is worth mentioning that Theorem 7 improves all the stability
results established previously for this special delay term, since any solution to

Eq. (1.1) converges polynomially to zero as long as k > ﬁ)\fawﬂ.
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