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A B S T R A C T   

The dynamic response of modern slender footbridges is usually sensitive to both the pedestrian actions and the 
uncertainties associated with their inherent structural behavior. Thus, tuned mass dampers have been widely 
integrated in the design of these structures to guarantee the fulfillment of the vibration serviceability limit state 
during their overall life cycle. Three different techniques of tuned mass dampers (active, semi-active and passive) 
are usually considered for this purpose. Although there are algorithms for the robust design of each particular 
technique, however, this specificity makes difficult the implementation of all these techniques in practical en
gineering applications. Herein, the motion-based design method under uncertainty conditions is proposed and 
further implemented to create a common framework for the robust design of all these techniques when they are 
employed to mitigate pedestrian-induced vibrations in slender footbridges. According to this method, the design 
problem may be transformed into the combination of two sequential sub-problems: (i) a reliability multi- 
objective optimization sub-problem; and (ii) a decision-making sub-problem. Subsequently, the performance 
of this proposal has been validated through a numerical case study in which the dynamic response of a steel 
footbridge has been controlled by three different tuned mass damper techniques designed according to the 
proposed common framework.   

1. Introduction 

The dynamic response of modern slender footbridges is sensitive to 
the pedestrian actions together with the uncertainties associated with 
their inherent structural behavior [1,2]. Hence, different vibration ab
sorbers have been usually used to control robustly the dynamic response 
of these civil engineering structures during their overall life cycle [3]. 
Among these devices, tuned mass dampers (TMD) have been widely 
employed to mitigate pedestrian-induced vibrations in slender foot
bridges due to the good balance among their performance, cost and easy 
installation [4]. A TMD is a mechanical device in which the natural 
frequency, fd [Hz], of the vibration absorber is tuned to the natural 
frequency, fs [Hz], of the vibration mode of the main structure, which is 
needed to be controlled. [5]. Thus, the energy dissipated by this control 
device is maximized when this design requirement is met, and therefore, 

its performance can be reduced if any modification of the operational 
and the environmental conditions originates the detuning between the 
TMD and the structure [5]. 

In order to guarantee an adequate performance of the tuned mass 
damper during the overall life cycle of the structure different TMD 
techniques have been proposed [5]. According to their constitutive laws, 
these techniques may be classified in three groups [5]: (i) active TMD 
[6]; (ii) semi-active TMD [7]; and (iii) passive TMD [8]. Despite these 
different constitutive laws, all these techniques share the same objective, 
to guarantee the adequate performance of the vibration absorber when 
the modal properties of the structure change due to the variation of the 
operational [9] and environmental conditions [10]. 

To this end, the following mechanisms are employed for each TMD 
technique: (i) the driving force generated by an actuator in the case of an 
active TMD (ATMD) [6]; (ii) the variation of its stiffness and/or damping 
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Contents lists available at ScienceDirect 

Structures 

journal homepage: www.elsevier.com/locate/structures 

https://doi.org/10.1016/j.istruc.2021.08.070 
Received 27 February 2021; Received in revised form 11 August 2021; Accepted 14 August 2021   

mailto:jfjimenez@us.es
www.sciencedirect.com/science/journal/23520124
https://www.elsevier.com/locate/structures
https://doi.org/10.1016/j.istruc.2021.08.070
https://doi.org/10.1016/j.istruc.2021.08.070
https://doi.org/10.1016/j.istruc.2021.08.070
http://crossmark.crossref.org/dialog/?doi=10.1016/j.istruc.2021.08.070&domain=pdf
http://creativecommons.org/licenses/by/4.0/


Structures 34 (2021) 1276–1290

1277

in the case of a semi-active TMD (STMD) [11]; and (iii) the selection of a 
robust mechanical parameters [12] or the design of an adaptive device 
[13] for the case of the passive TMD (PTMD). Although ATMD and 
STMD have shown a higher performance than PTMD when they are used 
to mitigate vibrations under uncertainty conditions [5] they have a clear 
limitation when they are employed to control the dynamic behavior of a 
structure during its overall life cycle, their performance is clearly 
influenced by the reliability of the external power supply. In order to 
overcome this problem, a hybrid strategy [14], where a robust perfor
mance is assured combining a passive and an intelligent (active or semi- 
active) behavior, is usually considered. Herein, this hybrid strategy will 
be considered for the design of the two so-called intelligent control 
systems (ATMD and STMD). 

A great effort has been made by the scientific community during the 
last fifty years to assist structural engineers in the design of these 
different TMD techniques, proposing and formulating multiple algo
rithms and control laws under deterministic [15] and stochastic condi
tions [16]. Among these algorithms, special attention has been paid to 
the optimum design of these vibration absorbers [17]. Two are normally 
the objectives of these design algorithms [18]: (i) the optimum place
ment of the vibration absorber; and (ii) the optimum sizing of the vi
bration absorber. Assuming that the vibration absorber is located at its 
optimum position, two type of methods are usually employed to maxi
mize its performance [18]: (i) analytical [19] and; (ii) numerical 
methods [20]. 

These numerical methods, based on the theory of structural optimi
zation [21], are currently employed for the design of TMDs to mitigate 
vibrations in civil engineering applications [22]. According to these 
optimization methods, the design problem may be formulated either as a 
constrained single-objective optimization problem or a multi-objective 
optimization problem. 

In spite of the high efficiency of these algorithms, all they share a 
common drawback, they have been usually developed for a particular 
vibrations absorber, being difficult to establish a common framework 
which simplifies the practical implementation of these damping devices 
in real-world engineering applications. 

In order to shed light on this issue, the motion-based design method 
[5] under uncertainty conditions is presented and further implemented 
herein to establish a common framework which assists structural engi
neers in the design of different TMD techniques for practical engineering 
applications. The motion-based design method is a particular case 
within the more general performance-based design method [21] in 
which the design requirements are defined in terms of the fulfilment of 
the vibration serviceability limit state of the structure. 

In particular, a common framework has been approached herein for 
the design of three different types of vibrations absorbers when these 
control systems are used to reduce the pedestrian-induced vibrations in 
slender footbridges under uncertainty conditions. As assumption, a 
hybrid strategy has been considered herein for the design of these 
damping devices. This design method had been previously proposed and 
implemented by the authors for the robust design of passive TMD [12]; 
and herein the method is generalized to be also employed for the design 
of intelligent (active and semi-active) TMDs [23]. Thus, the main 
contribution of this study is the proposal of a common framework for the 
structural design of slender footbridges integrated with different TMD 
techniques under uncertainty conditions. 

According to the motion-based design method [5], the design prob
lem may be formulated combining two sequential sub-problems: (i) a 
multi-objective optimization sub-problem; and (ii) a decision-making 
sub-problem. As result of the multi-objective optimization sub- 
problem, a set of non-dominated solutions, the so-called Pareto front, 
is obtained. As result of the decision-making sub-problem, the best so
lution among the different elements of the Pareto front is determined. 

When this design method is implemented to solve the sizing problem 
for the different TMD techniques, this problem may be formulated 
considering the following aspects:  

(i) the design variables are the mechanical parameters and the 
driving forces (in the case of the active or semi-active TMD) 
which governs the structural behavior of the vibration absorber;  

(ii) the different elements of the multi-objective function are defined 
in terms of the cost of the vibration absorber and the design re
quirements of the designer [24]; 

(iii) a search domain for each design variable is considered to guar
antee the physical meaning of the solution obtained;  

(iv) a nature-inspired computational algorithm is considered to solve 
the optimization sub-problem [25] due to the non-linear relation 
between the design variables and the objective function; and  

(v) an additional condition is included to solve the decision-making 
sub-problem. 

As the main objective for the design of the different TMD techniques 
is to mitigate the vibrations of the main structure, the design re
quirements can usually be defined in terms of the fulfilment of the vi
bration serviceability limit state (VSLS) of the structure. 

Additionally, this design method may be easily adapted to take into 
account the uncertainties associated with both the variability of the 
pedestrian actions [26] and the modification of the modal properties of 
the structure originated by the shift of the operational [9] and envi
ronmental conditions [27]. The main effect of these uncertainty sources 
in the behavior of the TMD is the detuning between the structure and the 
vibration absorber with the subsequent performance decline [28]. In 
order to overcome this problem, two different alternatives are usually 
adopted [23]: (i) the modification of some of the mechanical parame
ters, which govern the behavior of the vibration absorber, to achieve an 
adequate adaptation of the device to the new design conditions [29]; 
and (ii) to design the vibration absorber with such as robust mechanical 
parameters that an adequate behavior of the structure is assured even if 
a stochastic behavior of the design conditions is expected [16]. 

For the particular case of footbridges subjected to pedestrian action, 
the second alternative can be implemented easily, since the uncertainty 
associated with the mentioned phenomena occurs in a different 
temporal-scale, so both phenomena can been simulated independently 
[16]. Therefore, on the one hand, the uncertainty associated with the 
pedestrian load has been considered herein following the recommen
dations of Synpex guidelines [4]; and, on the other hand, the mentioned 
structural uncertainties have been simulated via the re-formulation of 
the second term of the multi-objective function and the additional 
condition of the decision-making sub-problem [30]. In this manner, the 
fulfilment of the VSLS must be re-defined according to a stochastic 
approach. 

For this purpose, two methods may be considered: (i) a probabilistic 
method [31]; and (ii) a fuzzy set method [32]. Due to engineering 
practitioners are more used to probability theory than fuzzy set theory, a 
probabilistic method, a reliability analysis [33], has been considered 
herein. Hence the probability of fulfilment of the VSLS has been 
computed via a reliability index, β({θ}). Monte Carlo simulations have 
been used to determine numerically this reliability index [31]. 
Accordingly, the re-formulation of the motion-based design problem 
considering these uncertainty conditions, allows determining a robust 
design for the different TMD techniques [34]. 

Finally, the performance of this proposal has been assessed via a 
comparative case-study in which different TMD techniques have been 
designed to mitigate the pedestrian-induced vibrations in a slender steel 
footbridge [35]. 

The paper is organized as follows. In section 2, a TMD–footbridge 
interaction model is formulated and further implemented for the nu
merical assessment of the dynamic response of controlled footbridges 
under pedestrian action. Subsequently, in section 3, the motion-based 
design method under uncertainty conditions is presented and further 
adapted for the TMD design. Later, in section 4, a numerical case-study, 
based on a slender steel footbridge, is illustrated herein. The perfor
mance of three different TMD techniques (active, semi-active and 

J.F. Jiménez-Alonso et al.                                                                                                                                                                                                                     



Structures 34 (2021) 1276–1290

1278

passive), designed according to the proposed motion-based design 
method, is analyzed herein. Finally, some concluding remarks are 
included in section 5 to finish the paper. 

2. Tuned mass Damper-Footbridge interaction model under 
pedestrian load 

A TMD may be decomposed in four elements [23] considering its 
most general configuration (ATMD): (i) a sprung mass, ma [kg]; (ii) a 
viscous damper (dashpot), characterized by its damping coefficient, ca 
[sN/m]; (iii) a spring, characterized by its stiffness coefficient, ka [N/m]; 
and (iv) an actuator characterized by its equivalent driving force, fa(t)
[N]. In order to illustrate the configuration of the different TMD tech
niques Fig. 1 shows the main mechanical parameters considered to 
simulate the dynamic behaviour of each TMD together with the main 
structure. Herein it is assumed that the behaviour of the structure may 
be approximated by an equivalent single degree of freedom system 

(modal coordinates) in which: (i) ms is the effective mass [kg];cs is the 
effective damping [sN/m]; and ks is the effective stiffness [N/m] of the 
considered vibration mode. 

As it is shown in Fig. 1, the control force generated by each TMD may 
be decomposed in different terms. Thus, for the ATMD, the control force 
is generated by the spring, the damper and the actuator; for the STMD, 
the control force is generated by the spring and the actuator; and for the 
PTMD, the control force is generated by the spring and the damper. 
Although different mechanisms have been proposed [36,37] for the 
design of a STMD (via the modification of its stiffness or damping), 
herein the semi-active behaviour has been simulated via a virtual 
actuator, famod (t), which models the force generated by a variable 
damping dashpot (for instance a magnetorheological damper [38]). 

For practical engineering applications, the so-called H∞ design cri
terion [19] has been widely employed [30]. According to this design 
criterion, the frequency ratio, δa = fd/fs, and the damping ratio, ζa, of 
the TMD may be determined in terms of its mass ration,μ = ma/ms, 

Fig. 1. Different TMD techniques in term of their constitutive behavior: a) active (ATMD): b) semi-active (STMD) and c) passive (PTMD).  

Fig. 2. TMD-footbridge interaction model.  
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(being ma the TMD mass and ms the effective mass of the considered 
vibration mode) as follows [39]: 

δa =
1

1 + μ (1)  

ζa =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3μ

8(1 + μ)

√

(2) 

This design criterion is assumed herein for the tuning of the TMD. On 
the other hand, these ratios are related to the mechanical parameters of 
the TMD via the following relationships [4]: 

ca = 4⋅ma⋅π⋅δa⋅fs⋅ζa (3)  

ka = ma⋅(2⋅π⋅δa⋅fs)
2 (4) 

In order to compute numerically the response of the structure 
equipped with the mentioned vibrations absorber, a TMD-footbridge 
interaction model must be formulated. Herein, the implementation of 
this interaction model has been divided in four steps: (i) the develop
ment of a mathematical model; (ii) the definition of the pedestrian load; 
(iii) the definition of the driving force; and (iv) the numerical integration 
of the resulting equations of motion. 

For this purpose, the following hypothesis have been assumed 
herein:  

(i) the behavior of the footbridge is simulated via a single vibration 
mode (modal coordinates), hence it is assumed that only a vi
bration mode is prone to vibrate;  

(ii) the TMD is modelled via a single degree of freedom system 
(physical coordinates); 

(iii) the TMD is modelled in a general way (ATMD), thus the inter
action model allows simulating any TMD technique just removing 
the required element of the equation of motion;  

(iv) the pedestrian load is simulated by an equivalent harmonic load 
according to the recommendations of Synpex guidelines [4]; and  

(v) the TMD is located at the antinode of the considered vibration 
mode. 

Fig. 2 shows a scheme of the proposed interaction model. The 
equations of motion are obtained via the application of the second 
Newton’s law to the two masses (damping device and equivalent modal 
mass) and assuming that the effect of gravity on the dynamic response of 
the interaction model under pedestrian load may be despised. The 
resultant equations may be expressed as follows: 

msẍs(t)+ csẋs(t) + ksxs(t) + ka(xs(t) − xa(t))+ ca(ẋs(t) − ẋa(t))

= p*(t) − fa(t) (5)  

maẍa(t) + ca(ẋa(t) − ẋs(t))+ka(xa(t) − xs(t)) = fa(t) (6) 

where p*(t) = ϕTp(t) [N] is the projection of the pedestrian load on 
the considered vibration mode (being p(t) the pedestrian load [N], ϕ the 
considered vibration mode and T the transpose function); ẍs(t) [m/s2], 
ẋs(t) [m/s] and xs(t) [m] are respectively the acceleration, velocity and 
displacement of the structure; ẍa(t) [m/s2], ẋa(t) [m/s] and xa(t) [m] are 
respectively the acceleration, velocity and displacement of the TMD; and 
fa(t) [N] is the driving force generated by the actuator of the ATMD. 

Eqns. (5) and (6) can be re-organized in matrix form as follows: 
[

ms 0
0 ma

]{
ẍs(t)
ẍa(t)

}

+

[
cs+ca − ca
− ca ca

]{
ẋs(t)
ẋa(t)

}

+

[
ks + ka − ka
− ka ka

]{
xs(t)
xa(t)

}

=

{
1
0

}

p*(t)+
{
− 1
1

}

fa(t)

(7)  

[M]{ẍ(t)}+ [C]{ẋ(t)}+ [K]{x(t)} = {B0}p*(t)+ {Bc}fa(t) (8)  

where [M] =

[
ms 0
0 ma

]

is the mass matrix; [C] =
[

cs+ca − ca
− ca ca

]

is the 

damping matrix; [K] =

[
ks + ka − ka
− ka ka

]

is the stiffness matrix; {B0} is the 

input vector associated with the pedestrian load; {Bc} is the input vector 
associated with the driving force;{ẍ(t)} is the acceleration vector; {ẋ(t) }
is the velocity vector and {x(t)} is the displacement vector. 

Subsequently, Eqn. (8) is transformed into a state-space formulation 
[23] as follows: 

{ż(t) } = [A]{z(t)} + [B]{u(t)} (9)  

{y(t)} = [E]{z(t)}+ [D]{u(t)} (10)  

[A] =
[

0 I
− [M]

− 1
[K] − [M]

− 1
[C]

]

(11)  

[B] =
[

0
− [M]

− 1
[B0]

]

(12)  

[E] = − [Ea][ [M]
− 1
[K] [M]

− 1
[C] ] (13)  

[D] = [Ea][M]
− 1
[B0] (14) 

where {z(t)} =
{

xs(t) xa(t) ẋs(t) ẋa(t)
}

is the state vector 

(defined in terms of the displacement and velocities of both the foot
bridge and the TMD); {u(t)} is the input vector; {y(t)} is the output 
vector (defined as the acceleration experienced by the footbridge); [A] is 
the state matrix; [B] is the input matrix; [E] is the output matrix; [D] is the 
feedthrough matrix; and [Ea] is the acceleration matrix (which indicates 
the elements where the acceleration is computed). 

Subsequently, the definition of the pedestrian load, p(t), is taken 
from the recommendations of Synpex guidelines [4]. According to this 
guidelines, the walking pedestrian load, p(t), may be simulated via an 
equivalent harmonic force: 

p(t) = 280⋅cos(2π⋅fp⋅t)⋅neq⋅ψ(fp) [N] (15) 

where 280 [N] is the vertical dynamic load factor of a single walking 
pedestrian force; fp [Hz] is the step frequency (it is assumed that it equals 
the natural frequency of the footbridge, fs); neq is the equivalent number 
of pedestrians on the footbridge [P = Pedestrian] (number of synchro
nized pedestrians that originate the same dynamic structural response as 
np arbitrary pedestrians with a randomly distributed step frequency); 
and ψ(fp) is the reduction coefficient [-], which takes into account the 
probability that the footfall frequency approaches the natural frequency 
under consideration. 

The equivalent number of pedestrians, neq, may be determined from 
the following expression: 

neq =
10.8

̅̅̅̅̅̅̅̅̅̅
ζs⋅np

√

1.85 ̅̅̅̅̅np
√ if d < 1 P

/
m2

d ≥ 1 P
/

m2 (16) 

Table 1 
Traffic classes and pedestrian densities according to Synpex guidelines.  

Traffic Class Densityd  Description 

TC1 15 P Very weak traffic 
TC2 <0.20 P/m2 Comfortable and free walking 
TC3 <0.50 P/m2 Unrestricted walking, significantly dense traffic 
TC4 <1.00 P/m2 Uncomfortable situation, obstructed walking 
TC5 <1.50 P/m2 Unpleasant walking, very dense traffic  
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where d is the pedestrian density [P/m2]; ζs is the structural damping 
ratio [-]; and np is the number of pedestrians on the footbridge [P]. The 
pedestrian density, d, is usually set by the designer depending on the 
expected pedestrian traffic on the footbridge. Table 1 shows the relation 
between the pedestrian traffic and the pedestrian density according to 
the recommendations of Synpex guidelines [4]. 

Finally, the aforementioned reduction coefficient, ψ(fp), may be 
obtained from: 

ψ(fp) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0
1

0.45
(fp − 1.25)

1

1 −
1

0.2
(fp − 2.1)

0

0.25
0.9

(fp − 2.5)

0.25

0.25 −
0.25
0.4

(fp − 4.2)

0

if

fp < 1.25
1.25 ≤ fp < 1.7
1.7 ≤ fp < 2.1
2.1 ≤ fp < 2.3
2.3 ≤ fp < 2.5
2.5 ≤ fp < 3.4
3.4 ≤ fp < 4.2
4.2 ≤ fp < 4.6

4.6 ≤ fp

[Hz] (17) 

The driving force, fa(t), is determined via the implementation of a 
feedback controller to the abovementioned system under its state space 
formulation [40]. Fig. 3 shows the general layout of the considered 
feedback controller where the driving force, fa(t), may be determined in 
terms of a gain matrix, [G], and the state vector, {z(t) }. The imple
mentation of this feedback controller allows modifying the system 
equation as follows: 

{ż(t) } = [A]{z(t) }+ [B0]{p(t) } − [Bc]{fa(t) } (18)  

{ż(t) } = [A]{z(t) }+ [B0]{p(t) } − [Bc][G]{z(t) } (19)  

{ż(t) } = ([A] − [Bc][G]){z(t) }+ [B0]{p(t) } (20)  

where [B0] and [Bc] are obtained from Eqn. (12) considering as pattern 
load vectors {B0} and {Bc} respectively. 

There are several algorithms [23] to determine, [G]. Among these 

algorithms, the linear quadratic regular (LQR) method [23] has been 
considered herein due to its extensive use for practical engineering ap
plications. According to this method, the value of the matrix gain, [G], is 
obtained via the minimization of the following performance-index 
function, J: 

J =

∫ tf

0

[
{z(t)}T

[Q]{z(t)}+{[G]{z(t)} }T
[R]{[G]{z(t) } }

]
dt (21) 

where [Q] and [R] are two positive-defined weighting matrices; and tf 
[sec] is the integration time. These matrices may be selected in terms of 
the mass, [M], and stiffness, [K], matrices of the interaction model as 
follows [41]: 

[Q] = αd

[
[K] 0
0 [M]

]

and[R] = βd[I] (22)  

where αd [–] and βd [–] are the weighting factors. 
Additionally, in order to adapt the value of the driving force, fa(t), 

determined by the LQR controller, to the particular case of a STMD (for 
instance to mimic the effect of a magneto-rheological damper) the 
following relationship has been considered (clipped force method [42]): 

famod (t) =

⎧
⎨

⎩

sgn(fa(t))⋅fmax
fa

sgn(fa(t))⋅fmin

when
fa(t)⋅ẋr(t) < 0 and |fa(t)|>fmax

fa(t)⋅ẋr(t) < 0 and fmin < |fa(t)|<fmax
fa(t)⋅ẋr(t) > 0 or |fa(t)|<fmin

(23)  

where ẋr(t) [m/s] is the relative velocity, ẋr(t) =ẋa(t) − ẋs(t); sgn() is the 
sign function; and fmin [N] and fmax [N] are, respectively, the minimum 
and maximum dissipative force. Thus, Fig. 3 shows the operating areas 
of the driving force in terms of both the relative velocity, ẋr(t), and the 
TMD technique. 

Finally, the response of the TMD-footbridge interaction model can be 
computed via the integration of the above state space system using a 
Runge-Kutta method as it is implemented in the Matlab suite of software 
[43]. 

3. Motion-based design under uncertainty conditions 

Based on the previous TMD-footbridge interaction model, the dy
namic response of the controlled footbridge may be obtained as follows:  

(i) to develop a linear model of the TMD-footbridge interaction 
model in the state space domain; 

(ii) to tune the TMD for a particular value of the mass ratio, μ, ac
cording to some design criterion (herein the H∞ design criterion 
has been considered);  

(iii) to establish a value for the weighting factors, αd and βd; 

Fig. 3. Flowchart for the design of a feedback controller in a state-space formulation.  
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(iv) to determine the optimum value of the driving force, fa(t) or 
famod (t); and  

(v) to simulate numerically the response of the linear system. 

Hence, this process may be repeated iteratively (modifying the tri
ples, { μ αd βd }) until the maximum acceleration of the structures, 
ẍs,max, was lower than an allowable value, ẍlim (the fulfilment of the VSLS 
according to Synpex guidelines [4]). According to this, the design 
problem may be formulated as a sizing structural problem [21]. The 
objective of this problem is to find the value of some mechanical pa
rameters of the control system which minimize its cost without 
compromising the fulfilment of some design requirements established 
by the designer. 

There are two alternatives to define this sizing problem depending on 
the way in which the design requirements are considered [30]. On the 
one hand, if the design requirements are considered as constraints, the 
design problem may be formulated as a constrained optimization 
problem. On the other hand, if the design requirements are considered in 
the terms of the objective function, the design problem may be formu
lated as a multi-objective optimization problem. As result of the first 
approach, a single solution is obtained, while as result of the second 
approach, a set of non-dominated solutions is obtained, the so-called 
Pareto front. Thus, a subsequent decision-making problem must be 
solved, the selection of the best solution among the different elements of 
the Pareto front. An additional condition must be included for this 
purpose. Thus, the general formulation of a multi-objective optimization 
problem may be expressed as follows [13]: 

Find {θ} = { θ1 ⋯ θi ⋯ θnd }

Minimizing{f ({θ}) } = { f1({θ}) ⋯ fj({θ}) ⋯ fns ({θ}) }

Subjected to {θl} ≤ {θ} ≤ {θu}

(24) 

where {θ} is the vector of design variables; θi is the ith term of the 
vector of design variables; nd is the number of design variables; {f({θ}) }
is the vector which defines the multi-objective function; fj({θ}) is the jth 

term of the multi-objective function; ns is the number of terms of multi- 
objective function;{θl} is the vector of the lower bound of the design 
variables; and {θu} is the vector of the upper bound of the design 
variables. 

Herein, the motion-based design method is formulated based on the 
mentioned multi-objective approach. Thus, the design problem may be 
transformed into the combination of two sequential sub-problems [30]: 
(i) a multi-objective optimization problem; and (ii) a decision-making 
problem. The objective of this design problem is to find the value of 
the constitutive parameters of the TMD, that minimizing its cost, 
grantees the fulfilment of the VSLS of the structure. A hybrid strategy has 
been considered for the design of the ATMD and STMD techniques. Thus, 
the motion-based design method is a sizing structural optimization 
method whose design requirements are defined in terms of the allowable 
motion of the structure (fulfilment of the VSLS). 

The general formulation is now applied to our design problem, thus 
the multi-objective function, {f({θ}) }, is proposed to be: 

{f ({θ}) } = { f1({θ} ) f2({θ} ) } =

⎧
⎨

⎩
μ ẍs,max({θ} )

ẍlim

⎫
⎬

⎭
(25)  

where the first term of the objective function, f1({θ} ), reflects the cost of 
the vibration absorbers and the second term, f2({θ} ), reflects the level of 
fulfilment of the VSLS of the footbridge. As Table 2 shows, the recom
mendations of Synpex guidelines [4] has been considered herein to 
establish the allowable acceleration, ẍlim. 

Additionally, as design variables, {θ}, some of the mechanical pa
rameters of the TMD are usually considered (depending on the TMD 
technique adopted as it is illustrated in Fig. 1). The search domain of 
these design variables is usually determined by the previous experience 
and engineering judgement of the designer. Finally, as the relation be
tween the design variables and the objective function is nonlinear, 
nature-inspired computational algorithms are usually employed to solve 
the problem [12]. Herein, genetic algorithms have been considered due 
to their high efficiency to solve complex non-linear optimization prob
lems [25]. 

Table 2 
Comfort classes in terms of the allowable acceleration ranges.  

Comfort Level Comfort Degree Allowable acceleration ẍlim [m/s2]  

CL 1 Maximum <0.5 
CL 2 Medium 0.5–1.0 
CL 3 Minimum 1.0–2.5 
CL 4 Unacceptable >2.5  

Fig. 4. Reliability analysis: a) Regions of interest; b) Definition of the probability of failure, pf ({θ}); c) fvsls({θ}) following a normal probability density function; and 
d) fvsls({θ}) following a log-normal probability density function. 
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As result of this optimization problem, a Pareto front is obtained. In 
order to solve the decision-making problem consisting in the selection of 
the best solution among the different elements of the Pareto front, an 
additional condition has been included, ẍs,max({θ} )

ẍlim
= 1. The intersection 

point between the Pareto front and the line, which represents the 
additional condition, establishes the solution to this deterministic design 
problem. 

Subsequently, the problem defined by Eqs. (24) and (25) must be re- 
formulated to take into account for the abovementioned uncertainties. 
To this end, two approaches may be adopted for the motion-based 
design method: either a probabilistic approach [30] or a fuzzy logic 
approach [32]. 

Herein a probabilistic approach, a reliability analysis [33], has been 
considered for this purpose. According to this method, the VSLS may be 
re-formulated according to the following limit state function [33]: 

fvsls({θ}) = C({θ}) − D({θ}) (26)  

where C({θ}), the capacity of the structure, and D({θ}), the demand by 
the external actions, are assumed as random variables. Fig. 4a shows a 
representation of function, fvsls({θ}). The search domain of the design 
variables is divided into two regions: safe and unsafe. In this manner, 
there are many possible sets of solutions which lie into the safe domain. 
Thus, an additional criterion must be included in order to select the 
optimum solution among all the safe solutions. The solution with the 
least probability of failure has been regarded as the optimum solution. 

Fig. 4b illustrates the probability density functions of the capacity, 
C({θ}), and the demand, D({θ}), of the structure for the VSLS. The 
common area under these two functions defines the probability of fail
ure, pf ({θ}) [38]. Thus, the probability of failure, pf ({θ}), depends on 
the definition of the limit state function, fvsls({θ}), and its probability 
distribution function. 

Fig. 4 also illustrates the probability distribution function of the limit 
state function, fvsls({θ}), assuming two possible behaviours: (i) normal 
distribution (Fig. 4c); and (ii) log-normal distribution (Fig. 4d). For each 
particular case, it must be checked which is the probability distribution 
function that better characterizes the limit state function [33]. 

When the limit state function, fvsls({θ}), follows a normal probability 
distribution function, the probability of failure, pf ({θ}), may be 
computed via the following expression [44] (Fig. 4c): 

pf ({θ}) = P[C({θ}) − D({θ}) < 0 ] = P[fvsls({θ}) < 0 ] = Ffvsls (0)

= Φ
(

−
μfvsls

({θ})
σfvsls ({θ})

)

= Φ( − β({θ})) (27)  

where Ffvsls (0) is the cumulated probability distribution function of 
fvsls({θ}); μfvsls

({θ}) is the mean of the probability distribution function of 
fvsls({θ}); σfvsls ({θ}) is the standard deviation of the probability distri
bution function of fvsls({θ}); Φ() stands for the standard normal proba
bility distribution function; and β({θ}) is the reliability index [44]. 

Meanwhile, when the VSLS function, fvsls({θ}), follows a log-normal 
probability distribution function, the limit state is usually defined by Eq. 
(28), and the probability of failure, pf ({θ}), may be computed as Eq. (29) 
[44] (Fig. 4d): 

fvsls({θ}) =
C({θ})
D({θ})

(28)  

pf ({θ}) = P
[

C({θ})
D({θ})

< 1
]

= Φ

(
ln(μC({θ})/μD({θ}))

(σ2
lnC({θ}) + σ2

lnD({θ}))1/2

)

= Φ(β({θ}))

(29)  

where ln() is the natural logarithm function; μC({θ}) is the mean of the 
probability distribution function of the capacity of the structure, C({θ}); 
μD({θ}) is the mean of the probability distribution function of the de
mand of the structure, D({θ}); σlnC({θ}) is the standard deviation of the 
natural logarithm of the probability distribution function of the capacity 
of the structure, C({θ}); and σlnD({θ}) is the standard deviation of the 
natural logarithm of the probability distribution function of the demand 
of the structure, D({θ}). 

Therefore, the VSLS is met if the reliability index, β({θ}), is greater 
than an allowable reliability index, βlim, established by the standards 
[45]. Since the integrals needed to evaluate the reliability index are 
difficult to compute analytically, sampling techniques are usually 
employed for this purpose. Among these sampling techniques, Monte 
Carlo simulation will be adopted in this study [46]. 

Hence, the multi-objective function, {f({θ}) }, of the motion-based 
design problem under the stochastic conditions may be re-formulated 
as the following reliability problem: 

Fig. 5. Flowchart of the motion-based design method for the design of tuned mass dampers.  
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{f ({θ}) } = { f1({θ} ) f2({θ} ) } =

{

μ βlim

β({θ})

}

(30) 

Accordingly, the additional condition for the solution of the subse
quent decision-making problem may be re-formulated as βlim

β({θ}) = 1. 
Finally, in order to summarize this section, Fig. 5 shows the flow

chart of the proposed motion-based design method for the design of 
different TMD techniques under deterministic and stochastic conditions. 
Both the non-dominated Pareto front and the additional condition 
considered to solve the decision-making problem are also illustrated in 
Fig. 5. 

4. Application example 

Subsequently, a numerical case-study is presented herein to illustrate 
the practical implementation of the motion-based design method for the 
robust design of the abovementioned TMD techniques (Fig. 1) when they 
are used to mitigate the pedestrian-induced vibrations in lively steel 
footbridges under uncertainty conditions. 

4.1. Description and modelling of the benchmark footbridge 

For our purposes, a numerical footbridge, which is used by Setra 
guidelines [35] to describe how to assess numerically the VSLS has been 
adopted here as benchmark. The footbridge is a simple supported 
structure with a single span of 38.85 m of length. The main structural 
system is configured by two lateral Warren steel trusses. The trusses are 
curved with a vertical curvature radius of 450 m. The height of the 
trusses is 1.21 m and their lateral separation is 2.90 m. Both the upper 
and lower chords of the trusses consist of rectangular hollow section 
400x200x12 mm, and the diagonal and strut elements consist of rect
angular hollow section 120x120x8 mm. These trusses are braced 
transversally between their lower chords by strut elements. A deck of the 
footbridge is formed by a reinforced concrete slab of 0.10 m of thickness 
which rests on the strut elements configuring a composite steel–concrete 
section. The width of the concrete slab is 2.50 m. Fig. 6 shows the 
general configuration of this footbridge. 

The finite element model of the footbridge was creating using the 
package Ansys [47]. Both beam elements, BEAM188 (2 nodes per 

element, 6 d.o.f. in each node), and shell elements, SHELL181 (4 nodes 
per element, 6 d.o.f. in each node) has been considered for this purpose. 
The finite element model of the footbridge is composed by a mesh of 646 
beam elements and 540 shell elements (Fig. 6). A linear behavior is 
assumed for the constitutive law of both construction materials [48], 
reinforced concrete and steel. The mechanical properties adopted are: (i) 
for the reinforced concrete, a Young’s modulus, Ec = 31000 MPa, a 
Poisson’s ratio, υc = 0.20 and a density, ρc = 2500 kg/m3; and (ii) for 
the steel, a Young’s modulus, Es = 210000 MPa, a Poisson’s ratio, υs =

0.30 and a density, ρs = 7850 kg/m3. The structural damping ratio of the 
structure, ζs, is assumed as 0.6 %, according to the recommendations of 
Synpex guidelines [4]. 

The numerical modal parameters of the footbridge have been ob
tained via a numerical modal analysis of the model. The natural fre
quency (fs = 2.14 Hz) of the first vertical vibration mode (Fig. 6) and its 
associated modal mass (ms = 34706 kg) have been determined. The 
natural frequency of this vibration mode is within the range (1.25 − 2.30 
Hz), that characterizes the pedestrian-structure interaction in vertical 
direction [4], so that it is expected that the footbridge may suffer from 
excessive vibrations and accordingly the VSLS may not be met (ac
cording to Synpex guidelines [4], the VSLS is met if the maximum ver
tical acceleration of the footbridge, ẍs,max({θ} ), is lower than an 
allowable acceleration, ẍlim). In order to overcome this limitations, 
different TMD techniques will be designed considering the motion-based 
design method. 

A typical design scenario for an urban footbridge has been taken into 
account herein. Thus, a walking pedestrian density (pedestrian traffic) 
of 1 P/m2 (Table 1); and an allowable vertical acceleration, ẍlim, of 1 m/ 
s2 (Table 2) have been considered. 

Subsequently, the uncertainty of the modal properties of the struc
ture has been taken into account in this study. For this purpose, both the 
first vertical natural frequency, fs, and its associated damping ratio, ζs, 
are assumed as random variables which follow normal probabilistic 
distributions. According to the results of some recent studies [10,27], a 
variation range of ±10% and ±50% have been assumed respectively to 
characterize these functions (Fig. 6). Additionally, an allowable reli
ability index, βlim, of 1.35 has been considered herein according to the 
recommendations of European standards [45]. 

Fig. 6. Finite element model of the benchmark footbridge and first vertical vibration mode.  
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4.2. Motion-based design of the different TMD techniques under 
uncertainty conditions. 

The motion-based design method, presented by Eqs. (24) and (30), is 
now applied for the robust design of three different TMD techniques 
(ATMD, STMD and PTMD). The formulation of the design problem for 
the three vibration absorbers shares the same multi-objective function 
but it differs both in the design variables and the search domain. A 
hybrid strategy has been considered for the intelligent control systems 
(ATMD and STMD). Thus, this design problem may be formulated as 
follows: 

Find {θ}

Minimizing {f ({θ}) } = { f1({θ} ) f2({θ} ) } =

{

μ βlim

β{θ}

}

Subjected to{θl} ≤ {θ} ≤ {θu}

(31) 

where the following design variables and search domain have been 
considered:  

(i) for the ATMD, {θ} = { μ αd βd }
{

θl
}
=
{

0.01 10 10− 8 }

and {θu} =
{

0.1 1000 10− 5 };  

(ii) for the STMD, {θ} = { μ αd βd }, 
{

θl
}
=
{

0.01 10 10− 8 }

and {θu} =
{

0.1 1000 10− 5 }; and  

(iii) for the PTMD, {θ} = {μ}, 
{

θl
}
= {0.01} and {θu} = {0.1}. 

Additionally, for the STMD, the value of the driving force has been 
limited, (fmin = 667 N and fmax = 2447 N), according to the values rec
ommended by a manufacturer [49]. 

In this manner, the main objective of this design problem is to find 
the robust optimum mechanical parameters of the three mentioned TMD 
techniques that minimizing the TMD mass guarantees the fulfilment of 
the design requirements (an allowable vertical acceleration, ẍlim, of 1 m/ 
s2 considering a reliability index, βlim, of 1.35). 

The equations of motion of the TMD-footbridge interaction model 
have been integrated considering a step time of 0.01 sec and total 
duration of 10 sec. As global optimization algorithm, genetic algorithms 
have been employed to solve these minimization problems [25]. A 
Monte Carlo simulation was considered [46] to compute numerically the 

Fig. 7. Convergence analysis of the ratio, βlim
β({θ}), in terms of the sampling size of the Monte Carlo simulation considering an allowable acceleration, ẍlim = 1 m/s2 and 

reliability index, βlim = 1.35: (i) without ATMD (red line); and (ii) with an ATMD (blue line). (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.) 

Fig. 8. Pareto front for the three different TMD techniques considered: (i) active (ATMD); (ii) semi-active (STMD); and (iii) passive (PTMD).  
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reliability index, β({θ}). A convergence analysis was performed previ
ously to determine the size of the Monte Carlo simulation. The evolution 
of this index, β({θ}), without and with ATMD, in terms of the sampling 
size has been analysed. Fig. 7 illustrates the result of this convergence 
analysis. As result of this convergence analysis, the sample size was set at 
40,000 simulations (significance level of 0.01 and an accuracy of 0.01). 

A flowchart of design process has been shown in Fig. 5. Additionally 

some illustrations explaining the different steps of the design process 
have been included in Fig. 5. 

Fig. 8 shows the mentioned Pareto front, which illustrates the non- 
dominated best solutions of the optimization process for the three 
designed TMD techniques. The dependence between the reliability 
index, β({θ}), and the mass ratio, μ, is shown in Fig. 8. Finally, the 
additional condition, βlim

β({θ}) = 1, to solve the decision-making problem 

Table 3 
Reliability index, β({θ}), of the VSLS of the footbridge (uncontrolled and controlled) and constituent parameters for the different TMD techniques designed according 
to the motion-based design method.  

TMD ẍs,nax[m/s2]  β({θ})[–]  μ[%]  αd[–]  βd[–]  ma[kg]  ca[sN/m]  ka[N/m]  
⃒
⃒
⃒f,a
⃒
⃒
⃒[N]  

No  11.42 − 0.53 — — — — — — — 
ATMD  1.00 1.35 1.61 357 4.58⋅10− 6  555 1130 9.73⋅104  685 

STMD  1.00 1.35 1.75 481 6.84⋅10− 6  607 — 1.06⋅105  2447 

PTMD  1.00 1.35 2.51 — — 871 2189 1.49⋅105  —  

Fig. 9. Dynamic response (accelerations, ẍs(t)) of the controlled footbridge considering the three different TMD techniques in terms of the variation of the natural 
frequency of the first vertical vibration mode of the footbridge: a) fs = 1.92 Hz; b) fs = 2.14 Hz; and c) fs = 2.29 Hz. Damping ratio ζs = 0.6% for the three illus
trated cases. 
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has been included for the sake of completeness. 
As result of these design problems, Table 3 shows the reliability 

index, β({θ}), associated with the compliance of the VSLS of the foot
bridge without and with the three different TMD techniques. As Table 3 
shows, the reliability index of the uncontrolled footbridge does not meet 
the VSLS then the different TMDs have been designed to achieve the 
fulfilment of the required limits. Thus, the different TMDs, designed 
according to the motion-based design method, allow controlling the 
dynamic response of the footbridge under uncertainty conditions 
without compromising their cost (the value of the reliability index for 
each case is equals to its allowable value). Finally, the parameters of the 
different TMDs (where 

⃒
⃒fa
⃒
⃒ is the maximum absolute value of the driving 

force) are included in Table 3. It is also shown in Table 3 the existing 
relation between the required TMD mass and the control technique 
considered to mitigate the pedestrian-induced vibrations in this foot
bridge. Furthermore, it is illustrated that the use of intelligent control 
systems (ATMD and STMD) allows achieving a considerable reduction of 
the TMD mass in exchange of employing an additional mechanical de
vice (actuator or semi-active dashpot) powered by an external supply. 
Finally, the results, illustrated in Table 3, highlight both the ability of the 

different TMD techniques to control this vibration problem and the 
goodness of the proposal to establish a common framework for the 
design of the different TMD techniques when they are used to control the 
pedestrians-induced vibrations in slender footbridges under uncertainty 
conditions. 

4.3. Discussion of the results 

The dynamic behavior of the controlled footbridge using the three 
TMD techniques is now analyzed under the pedestrian stream defined by 
Eqn. (15). For this purpose, both the variation of the dynamic response 
(accelerations, ẍs(t)) of the controlled footbridge and the interaction 
forces between each TMD technique and the footbridge in terms of the 
natural frequency of its first vertical vibration mode have been shown in 
Figs. 9–12. 

Therefore, Fig. 9 shows the variation of the dynamic response; 
Fig. 10 shows the variation of the stiffness force, ka(xa(t) − xs(t); Fig. 11 
shows the variation of the damping force plus the driving force (when it 
corresponds): (i) ca(xa(t) − xs(t)+fa for the ATMD; (ii) 
ca(xa(t) − xs(t)+famod for the STMD; and ca(xa(t) − xs(t)) for the PTMD); 

Fig. 10. Stiffness force of the three different TMD techniques in terms of the variation of the natural frequency of the first vertical vibration mode: a) fs = 1.92 Hz; b) 
fs = 2.14 Hz; and c) fs = 2.29 Hz. Damping ratio ζs = 0.6% for the three illustrated cases. 
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and Fig. 12 shows the variation of the overall control force. 
Three representative cases have been shown: (i) a lower value of 

1.92 Hz,; (ii) an average value of 2.14 Hz; and (iii) a upper value of 2.29 
Hz (according to Synpex guidelines [4] if the considered natural fre
quency is greater than 2.3 Hz the value of the vertical walking pedes
trian load is equals to zero due to the value of factor, ψ(fp), computed by 
Eqn. (17)). It is assumed an average damping ratio, ζs, of 0.6 % for all the 
considered cases. 

As, Fig. 9 illustrates the structural uncertainties cause the detuning of 
the TMD. Fig. 9a shows that this detuning phenomenon is reflected in 
the design of the different TMD techniques. ATMD and STMD present a 
better behavior under uncertainty conditions (a better attenuation of the 
dynamic response with a lower mass ratio). Additionally, Fig. 9a shows a 
different phase among the dynamic response of the controlled foot
bridge among the three different TMD techniques. Fig. 9b shows that the 
dynamic response of the controlled footbridge under resonance condi
tions is similar for the three considered techniques. 

Fig. 10 illustrates that the stiffness force has a similar behavior than 
the abovementioned dynamic response. In relation to the damping force 
plus the driving force, Fig. 11 illustrates as the effect of these forces is 

remarkable when the structural uncertainties cause the detuning of the 
vibration absorber. As it is shown in Fig. 11a in these circumstances, the 
component associated with the driving force is highlighted. A different 
phase is also shown in Fig. 11 for the damping force plus the driving 
force for the three different TMD techniques. Additionally, Fig. 12 shows 
that the stiffness force has the greatest weight in the overall control force 
for the different TMD techniques. Furthermore, a remarkable effect is 
shown in both Fig. 11 and Fig. 12, the spikes in the damping force of the 
STMD. As it has been mentioned previously, the semi-active dashpot has 
been simulated via a clipped driving force (obtained by the LQR algo
rithm). As the real semi-active dashpot cannot operate in the four 
quadrats of the force–velocity space, but only in the two purely dissi
pative quadrats [50], there are temporal instants in which the semi- 
active control comes into operation producing these characteristic 
spikes. This effect has been recently reported in literature by other re
searchers [51]. 

Finally, in view of all these results, it can also be concluded that the 
proposed method allows establishing a common framework which as
sists engineering practitioners in the robust design of different TMD 
techniques when these vibration absorbers are used to mitigate the 

Fig. 11. Damping force plus the driving force (when it corresponds), of the three different TMD techniques in terms of the variation of the natural frequency of the 
first vertical vibration mode: a) fs = 1.92 Hz; b) fs = 2.14 Hz; and c) fs = 2.29 Hz. Damping ratio ζs = 0.6% for the three illustrated cases. 
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pedestrian-induced vibrations in slender footbridges under uncertainty 
conditions. Thus, the proposed method can be used as a computational 
tool to easily implement different TMD techniques during the design 
phase of slender footbridges equipped with these vibration absorbers. 
Accordingly, the proposed method makes easier the design of integrated 
TMD-footbridges system which can enhance the search of new forms and 
structural systems without compromising the fulfilment of the VSLS of 
the structure. 

5. Conclusions 

In this manuscript, a common framework for the robust design of 
different TMD techniques (active, semi-active and passive), when these 
vibrations absorbers are used to mitigate the pedestrian-induced vibra
tions in lively footbridges, is proposed. The framework is based on the 
implementation of the motion-based design method under uncertainty 
conditions. According to this method, the design problem may be 
transformed into the combination of two sub-problems: (i) a multi- 
objective optimization sub-problem; and (ii) a decision-making sub- 
problem. 

The multi-objective optimization sub-problem may be formulated as 
follows:  

(i) the design variables are both some mechanical parameters of the 
TMD and the driving force of the actuator (for ATMD and STMD 
cases);  

(ii) the different elements of the multi-objective function are defined 
in terms of the cost of the vibration absorber and the fulfilment of 
the VSLS of the controlled structure;  

(iii) a search domain is considered to ensure the physical meaning of 
the solutions obtained.  

(iv) nature-inspired computational algorithm (genetic algorithms 
have been used herein) are usually considered to cope with this 
problem due to the non-linear relationship between the objective 
function and the design variables. 

As result of this optimization problem, a set of non-dominated so
lutions, the so-called Pareto front, is obtained. Hence, an additional 
condition has been included herein to solve this decision-making prob
lem, the selection of the best solution among the different elements of 

Fig. 12. Overall control force of the three different TMD techniques in terms of the variation of the natural frequency of the first vertical vibration mode: a) fs = 1.92 
Hz; b) fs = 2.14 Hz; and c) fs = 2.29 Hz. Damping ratio ζs = 0.6% for the three illustrated cases. 
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the Pareto front. 
As the main objective of any vibration absorber is to control the 

excessive vibrations of the main structure during its overall life cycle, 
the design requirements are normally defined in terms of the VSLS. 
Additionally, in order to guarantee the robustness of the design under 
the structure uncertainties and tuning errors, the VSLS is re-formulated 
according to a reliability analysis method. For this purpose, a reliability 
index, β{θ}, which indicates the probability of compliance of this limit 
state, is considered herein. Sampling techniques, as the Monte Carlos 
simulation method, are usually used to determine numerically this 
index. 

As application example, a numerical footbridge, which is prone to 
vibrate due to vertical walking pedestrian action, has been considered. 
Three different TMD techniques (active, semi-active and passive) have 
been installed at its mid-span to mitigate the pedestrian-induced vi
brations. The mechanical parameters and the driving force (when it 
corresponds) of these vibration absorbers have been obtained via the 
implementation of this proposal. As result of this study, the performance 
of the proposed method has been shown up and the possibility to design 
different TMD techniques using a common framework has been 
highlighted. 

In spite of its good performance, further studies are needed, both to 
better determine the probabilistic distribution function of the modal 
properties of the structure and to assess experimentally the performance 
of the structure controlled by smart tuned mass dampers designed ac
cording to this proposal. 
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