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1. Introduction

In 1923, the classical Hardy spaces H? were introduced by F. Riesz [16]. He named
those spaces after the article of G.H. Hardy [13]. Subsequently, Bergman developed his
theory of reproducing kernels in A? spaces of general domains [4] and the theory of AP
spaces continued developing throughout the 20th century by the works of many authors;
see monographs [8] and [14]. Since then, great progress has been made in the study of
these and other spaces of analytic functions in the unit disc. In most of the cases, the
belonging to the space is given in terms of boundedness (or integrability) of a certain
average of the function on circles centered at the origin or in terms of the integrability
with respect to the Lebesgue area, maybe with a certain weight. There are many other
good books about these spaces, but we single out [7,10,15].

In other less studied cases, the belonging is determined by the average radial in-
tegrability. Maybe the most well-known space in this situation is the space of analytic
functions of bounded radial variation BRV, a topic that goes back to Zygmund and where
many different authors have worked (see, e.g., the papers of Bourgain [5], Rudin [17],
and Zygmund [20]). The space BRV of analytic functions with bounded radial variation
consists of those holomorphic functions g € H(ID) such that

1

sup/ g’ (te'?)] dt < oo.
0
0

Other different situation where the radial integrability plays an important role is in the
Riesz-Féjer Theorem which says that there is a constant C}, > 0 such that if f belongs
to the Hardy space H? then

1 1/p

sup / Fare®Pdr | < Gl (11)
0

0
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The left-hand side of (1.1), considered as a function in the variables 6 and r, is the
norm of f in the space L°°(T,L?[0,1]). This paper is devoted to introducing and
studying the family of spaces RM (p,q) of analytic functions on the disk D such that
f € LYT, LP[0,1]) (Definition 2.1). This family of spaces contains the Bergman spaces
(when p = ¢) and Hardy spaces (when p = o0).

As far as we know, there is no systematic study of spaces of average radial integrability.
A second part of this research will appear in [1] where Littlewood-Paley type inequalities
and integration operators are analyzed in the setting of these spaces.

In Section 2, we introduce the family of spaces RM (p, ¢) and show a range of examples.
Among them, we point out Proposition 2.5 where we characterize lacunary series belong-
ing to RM (p, q). We analyze other properties such as boundedness of point-evaluation
functionals and separability. We show that RM (p, q) is separable if and only if ¢ < +00
(see Proposition 2.13 and Theorem 2.18). In fact, RM (p, o) always contains a subspace
isomorphic to ¢>° (Theorem 2.18).

The main results of the paper appear in Section 3 and 4. In Section 3 we pro-
vide a complete characterization of when one of such spaces is included in another
one (Theorem 3.3) and, in such a case, we characterize when the inclusion mapping
is compact (Theorem 3.8). As a byproduct of such characterization, we see that the con-
verse of (1.1) does not hold, that is, there are holomorphic functions f in D such that

1 . 1/p
sup, (fo |f(rew)\pdr) < +o0 but f ¢ HP.

In the last section of this article we show the boundedness of the Bergman projection
from L9(T, LP[0,1]) onto our spaces RM(p,q) when 1 < p,q < oo. This allows us to
identify the dual space of RM (p, q) for 1 < p,q < +00 (Corollary 4.8). The proof of the
boundedness of the Bergman projection depends on techniques and tools coming from
Harmonic Analysis. In particular, we use a classical result of C. Fefferman and E. Stein.
The case p = ¢ gives the well-known boundedness of the Bergman projection from LP(D)
onto the Bergman space AP, which is usually proved by different techniques that do not
work in our situation.

Throughout the paper the letter C' = C(-) will denote an absolute constant whose
value depends on the parameters indicated in the parenthesis, and may change from
one occurrence to another. We will use the notation a < b if there exists a constant
C = C(-) > 0 such that a < Cb, and a 2 b is understood in an analogous manner. In
particular, if a < b and a 2 b, then we will write a < b.

Acknowledgment. The authors are grateful to the anonymous referee for a very careful
reading of the manuscript and a number of helpful comments.

2. Definition and first properties

We start this section introducing the spaces which are the goals of our study and
providing some different kind of functions that belongs to them. In addition, we deal
with some properties of such spaces, as for instance the separability.
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Definition 2.1. Let 0 < p,q < 400. We define the spaces of analytic functions

RM(p,q) ={f € H(D) : ppq(f) < +o0}

where
om /1 alp a
1 .
poalf) = %/ /\f(re”)|p ar| at| . ifpg < +oo,
o \0
1 1/p
o) = esssup  [17Gre ar] ity <4,
te(0,2m)
1 27 q 1/q
Pooq(f) = —/ sup |f(re™)| | dt , if ¢ < +oo,
27 relo,1)
0
Poo,oo(f) = [Ifllmre.

Remark 2.2. In the definition of p, o the essential supremum can be replaced by the

) 1/p
supremum. Fix 6 € [0,27]. Since the set of ¢ € [0,27] such that (fol |f(ret)|P dT) <

Pp,oo(f) is dense in [0, 27], we can extract a sequence {t,} in this set such that ¢,, — 6.

. 1/p
Using Fatou’s lemma it follows that (fol |f(rei?)|P dr) < Pp.oo(f)-

One can easily check that if 1 < p,q < 400, then RM(p, q) is a Banach space when
we endow it with the norm p,, 4. In fact in this paper, we will be interested only in these
cases. So, we will stand most of our results for 1 < p, ¢ < +00. Nevertheless, sometimes
in the proofs of such results considering other values of p and g will help us. In these
cases, pp.q is a quasi-norm and RM (p, ¢) is a quasi-Banach space.

For certain parameters p, ¢ these spaces RM (p, q) are well known spaces. Namely, it
is clear that RM (p, p) is nothing but the Bergman space AP, for 0 < p < oo. Considering
the case p = 400, one can check that RM (o0, q) is contained in the Hardy space HY.
On the other hand, by [18, Theorem 17.11(a), p. 340], there is a constant C' = C(q) such
that if f € H?, then

27 2m

/ o |f(re')|edf < /Sup{lf(z)lq Dlef? — 2| <3(1—|2))} 8 < O||flfa,  (21)
rel0,1

0 0

so that we get that RM (0o, q) = H? for all ¢ € (0, +00]. Another interesting space that
fits in this family is the space of analytic functions of bounded radial variation BRV (see,
e.g., [5]), that is the space of analytic functions such that f' € RM(1,00).
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2.1. First examples

Example 2.3. For o > 0, consider the function f,(z) = (1 — 2)~%, where we are using
the main branch of the logarithm to define w~®. Then f, belongs to RM (p,q) if and
onlyifa<%+$.

Proof. Assume that 0 < p,q < co. Write I(t) = fol | fo(re®) [P dr. Since I is even and
decreasing in [0, 7], we have

T

w/4 _—
/ 177 dt < p§ o (fa) = 2/I(t)Q/p dt <8 / I(4)7 dt.
0 0 0

In addition, for ¢ € [0, 7/4], we have that 1 — cos(t) =< t?/2. Therefore,

/4 1 q/p
1
q -
pp,q(fa) —~ / / ((1 — ’l")2 T ’I“t2>ap/2 d'f' dt
0 0

With a similar argument, we can reduce the integral in r to the interval [1/2,1] and
using that when r runs through this interval, the function r¢? is equivalent to t? we have

a4l 1 q/p
1
P (fa) < / / (=12 £ )2 dr dt. (2.2)
0 |1/2

If o > % + %, and t € [0,1/2], then

[

1 1
1 1 1 1 1

/ (1= )2+ (2)or/2 dr = / (1—r)2 + 2)or/? dr 2 / (262)or/? dr = o a1

/2 ¢

1 1= 1-¢
Thus
q/p
/4l 1 . . 1/2 | qale
/ /((1—r)2+t2)ap/2dr dtZ?W”/[twl} =t
0 |i/2 0

and so, by (2.2), f. does not belong to RM(p, q).
Assume now that a < % + %. If ap < 1, then

1 1
1 1
< -
/ ((1 — 7")2 +t2>a11/2 dr < / (1 — T‘)OCP dr < +00,
1/2 /2
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so that, by (2.2), fo € RM(p,q). If ap = 1, then we obtain

1 1 1-t

1 1 1 e
< [ = — dr<ln(=).
/<(1_T)2+t2)u2p dr_/tdr—i_/l—rdr_ln(%)

1/2 1-t 1/2

Integrating with respect to t it follows that p, 4(fa) < +00.
It remains to see what happensif 1 < ap <1+ %’. In this case, if t € [0,7/4], we have

1 1—t 1
1 1 1 ap 1
dr < [ ———d —dr < —.
/ (1= 2+ )2 = / T / e
1/2 1/2 1=t
Therefore, by (2.2),
/4
Ppq(fa) S op " / . dt < +o0.
P,q ~ ap — 1 taq—%
0

Summing up, the result holds if both p and ¢ are finite. For p = oo, since RM (o0, q) =
H1, the result is well-known (see, e.g., [7, Page 13]).
For ¢ = oo, arguing as above we have

1

1
1 dr
P = sup / dr:/—<—|—oo 23
Phoolfo) ostsn/2 4, (1 =r)2 4 12)or/2 7 (I —r)er =

if and only if a < 1%.
Finally it is clear that the function f, does not belong to H*°. O

Example 2.4. Let 1 < p,q < 0o, n > 1 and take « such that % + % = 1. The RM(p,q)-
norm of the holomorphic function

n /e 1/
- i _ 1— Zn+1
e = (k—oz ) - ( 1—2 ) ’

where we are using the main branch of the logarithm to define w!/®

, can be estimated
as

p—«

1/p
pp,q<fn,a>s( P ) 9 4 1). (2.4)

Proof. Clearly, f, o is well-defined. Since pp (fn.a) = ,01143 q/a(fn’l), the proof of (2.4)

is reduced to the case a = 1 and ]l) + % = 1. Notice that, in this case, p > 1.
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Since
™ L a/p x 1 q/p
i0 3
| fra(re®) P dr do < |4|P dr do = ~ae,
/4 0 x/4 0
we have
w/4 /1 q/p
i0 3T
2mpp,g(fr,1)? <2 | fn1(re’)|P dr do + Z4«1_
0 0

If1-0<r<1and#f € [0,7/4], arguing as in Example 2.3, we obtain
2 2 2

- 10\ < < < <
Y (B Erwr ol Vs ey ANy

| Ut

Therefore, there is a constant C > 2 such that

/4 /1 a/p

/ /Ifn,l(rei")lp dr do —
0

T
74 /1-8 1 a/p
2p cP
< — d do
_/ /(1_T)pdr+/9p T
A \o 1-6
/4 » a/p » a/p
<9 / <_19P+1> do = C? <—1) (In(7/4) +In(n + 1))
D _
7L~1+»1
and
- q/p

1
/ far(re®)P dr | do =
0

—

0
1 /g1 1 a/p
n+1 n+1 1 p q/p
< 21 —d 1)? d do <29 —— .
< / / T it /<n+) r < (p_1>
o\ 0 1=k
O

Putting altogether, we get the estimation of p, 4(fn.a)-

Next example provides the lacunary series that belong to RM(p,q). For p = oo,
that is for Hardy spaces, the characterization is different and it can be seen in [15,
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Theorem 6.2.2] for ¢ < +o00 and in [21, Vol. I, p. 247] for ¢ = co. We will say that a
sequence of positive numbers {x} is a lacunary sequence if there is a constant A such
that === >\ > 1.

Proposition 2.5. Let {n;}72, be a lacunary sequence of positive integer numbers, 1 <
p<ooandl < q<oo. Then

flz)= Z o2k
k=0

belongs to RM (p,q) if and only if

o0

p
sl
k=0 'k

o0 » 1/p
Pp.a(f) = (Z o] ) . (2.5)
k=0 'k

Remark 2.6. Notice that the term on the right in (2.5) does not depend on gq.

Moreover, it is satisfied that

Proof. Notice that {nk + %}k> is also a lacunary sequence. The proof of this result is
0

based on a characterization of bases on L?[0, 1] due to Gurarii and Macaev [12]. Namely
they proved that, fixed p € [1,400), if a sequence {ng}r>o is lacunary then there exist
two positive constants A and B such that

oo

Zﬁk Uy +1/pt"*

k=0

o 1/p 00 1/p
A (Z w) < <B (Z W’) , (26)
k=0 P k=0

for every {f} € ¢P.

Take now f(z) =Y 7o, axz™ a holomorphic function in the unit disc. Fix 6 € [0, 27]

and write By := ﬁeienk if k > 0. By (2.6),
n;

L

<l & L e
Qg ng ,i6n i0
A(Z—) < Zakr ketmk /|f(7“e )P dr
ot 1/p k=0 Lv 0
= o )
k
<B ———— .
< (Za)

Now, looking at the very definition of p, ;, we get the result. O
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2.2. Point-evaluation functionals

This subsection is devoted to the functionals f — f(z) and f — f/(z). We prove
that both of them are bounded and estimate their norms. We will need the following
inclusion.

Proposition 2.7. Let 0 < s < +oo. Then H® C RM (p,q) if and only z'f}—l7 + % > %

Proof. The result is clear for s = 400 since H* is a subspace of RM(p, q) for every
p,q. Thus, from now on we consider the case s < +oo. Assume that H* C RM (p,q)
and suppose that % > ]% + %. Take % > a > zl) + %. Then the function f, defined in
Example 2.3 belongs to RM (00, s) = H?® and not to RM (p,q). A contradiction. Thus
brizt

To see that converse implication we claim that H® C RM (p1,q1) whenever 1 < s <
+o00 and pil + il = % Assume for the moment that the claim holds. Fix p and ¢ such
that % + % > % We consider p; > p and ¢; > ¢ such as p% + qil = % By the claim
H*® C RM(p1,q1). Moreover, it is easy to prove that RM(p1,q1) € RM(p,q) using
Holder’s inequality twice for p; > p and ¢1 > q.

Thus it remains to prove the claim. By Féjer-Riesz theorem [7, Theorem 3.13, p. 46],
we have that for each f € H® and 6,

1

. 1
[15enr ar < Sl
0
notice that, in particular, this implies that H® € RM(s,c0)). Now, since = + L =1
P q1

S

we can take A € [0, 1] such that p% =2 and qil = 122 Then
2 /1 ar/p1 Va
10y |p1(1—=XN) 0y (p1 A do
GE Fre)P O fet)prar | S
0 \o
27 1 /s Va
0\ 1q1(1—X) NE do
< | [suplsereye ety ar) 2
r s
0 0
27 1 a/s Va
i0\|s AYE] do
< | [ sup|f(re”)] |f(re®)]* dr o
T 2T
0 0
2 g
< A i0\|s do A 1-X <«
Sz | [ suplf(re®)P 5 = 1 fllzepoo,s(F) " S AIf Ml 2e,

0
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where in the last inequality we have used (2.1). Hence, we have proved the claim and we
are done. O

Proposition 2.8. Let 0 < p,q < oo and z € D. The functional §, : RM(p,q) — C given
by 0,(f) := f(2), for all f € RM(p,q), is continuous and

1
(L=lz)rts’

where the underlying constants depend on p and q.

H(SZ”(RM(p,q))* =

Proof. Assume p,q < +o00. Given py > 0, the subharmonicity of the function |f|P° shows
that for all z € D,

mwxigfuwwmw

r
B(zr)

where r = 1 — |z|, B(z,r) is the disc centered at z with radius r and dA(w) means
integration with respect to the Lebesgue measure on the unit disc D.

Due to the rotational invariance of the space RM (p, q) we can assume that z belongs
to the interval [0, 1). Take f € RM(p,q). Fix pp > 0. To prove the result we may assume
that 1 <z < 1. Set 7 =1 — |z|. Bearing in mind that

1_
arcsin ( Z) <m(l-2)

z

for 3 <z <1, we have |Arg(w)| < 7r for w € B(z,r). It follows

1
e e —/ /pre ) dp | do.
—7r 1—

B(zr) 2r

If p, g > po, applying Holder’s inequality twice, we get

%Q
_ro df
— /pre P dp d0<—/ /pre Wwdp| i L
r 2

—7r 1—2r
q PO

Tr 1 P . p

22 . df _m 22~
< Ty / /If(pe")\” dp| o | T S ———— ()

A A W ™ (1= (3

So that
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9_Po
)P < 2—ppopp,q(f)”“- (2.7)
(1-|2)%

Hence §, is continuous and ||4,] < 1/(1 — \z|)%+l

This argument can be adapted if either p or ¢ is infinite.

To see the converse inequality, take s such that % + % = % Assume s < +o00. By
Proposition 2.7, RM (oo, s) = H®* C RM(p,q) and thus

1
H5z||(RM(p,q))* 2 ||5z||(RM(oo,s))* = ||5z||(HS)* = Wv

where we have used [15, Exercise 2, p. 86] or [10, Exercise 5, p. 85]. If s = 400, the result
follows using constant functions. 0O

Proposition 2.9. Let 1 < p,q < 0o and z € D. The functional 6, : RM(p,q) — C given
by 6.(f) := f'(2), for all f € RM(p,q), is continuous and

1

162 (RM )y =< 177
( (p,9)) ( |Z|) + +1

where the underlying constants depend on p and q.

Proof. Again we assume that z € [0,1). Fix z € [0,1) and denote by C the boundary of
the disc centered at z and with radius (1 — |z|)/2. The Cauchy’s integral formula and
the estimate of the point-evaluation functional given in Proposition 2.8 show

. 12 Z+1zz€)| |fz+1z10)|
rels g [Tt a-apa- 2 / s
0

(1-2)
1 i p (f) 21+l+1
S o 0 < —— (/).
ﬂ(l—z)o/(1_|z+1 zew')% : (1_2)%+%+1 D.q

To prove the converse inequality, we will use a similar argument to the one given in
Proposition 2.8. Using Proposition 2.7 we have that RM(oo,s) = H® C RM(p,q) for
% + % = % So, it follows

121 (a1 (paa)+ 2 1021 (R (00,50 =< 1021 ey~

On the one hand, if s < +o0, since for the Hardy space H* it is known that [|0][| gy« <
W [10, Exercise 5, p. 85], we obtain

1
(1—zl)=*

1021 (rat(p,g))* 2
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On the other hand, if s = +o00, take the function p(w) := #==, w € D. Since ¢ is an

1-zw’
automorphism of the unit disc, we have that ||p||g~ =1 and

1 1
5/ o0 ) * > ! = > .

And we end with a similar argument. O
Combining Propositions 2.8 and 2.9, the next corollary follows.
Corollary 2.10. Let 1 < p,q < +oco. If z € D, then

||6 || .= ||6 || RM pq))*
RM (p,q)) 1— |2| :
2.8. Density of polynomials and separability

Next lemma is obvious if f is continuous on [0, 1] (and then uniformly continuous)
and by density of such functions we extend to the whole space:

Lemma 2.11. Let 1 < p < +o0 and f € LP([0,1]). Then

lim/|f f(px)|P dz = 0. (2.8)

p—1

Given a holomorphic function f in the unit disc and 0 < r < 1, we define f,.(z) :=
f(rz), for all z € D.

Proposition 2.12. Let 1 < p < 400, 1 < g < 4o00. If f € RM(p,q), then ppqo(f—fr) =0
when r — 17,

Proof. For HP spaces, this result is known [7, Theorem 2.6, p. 21]. Therefore, we can
assume that p is finite. We define

1 1/p
/ Fue)P du|
0

what it is well-defined for almost every 6. Easily we can see that R,(0,f — f,) <
R,(, fr) + Rp(6, f). Now we consider r > 1/2, then we have

1 T
R0 £, = [ 15rue) P du = [[17ue) P < LR, (0,17 < 28,0, 1)
0 0
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Hence, we have that R,(0, f — f.) < 3R,(0, f). By Lemma 2.11, R,(0, f — f,) — 0,
when r — 1. Since the function [0,27] 3 6 — R, (0, f) is integrable, using the dominated
convergence theorem we conclude the proof for p < +00. O

Proposition 2.13. Let 1 < p < 400, 1 < g < +00. Polynomials are dense in RM (p, q).
In particular, RM (p,q) is a separable space.

Proof. We will study the cases 1 < p,q < oo since it is well-known that polynomials
are dense in Hardy spaces H? = RM (o0, q) for 0 < g < oo. Let f € RM(p,q). Let us
fix r < 1. The function f, is holomorphic on %]D). Since D C %]D) with r» € (0,1), the
sequence of partial sums {P,},, of the Taylor expansion of f,. converges uniformly to
fr in D. Therefore, polynomials {P,}, converge in the topology of RM (p,q) to f, and
together with Proposition 2.12 we obtain that polynomials are dense in RM (p, q). This
is enough to show the separability. O

It is well-known that H> = RM (oo, 00) is a non-separable Banach space. In order to
study the non-separability of RM (p, 00), for p < +o0, we introduce:

Definition 2.14. Let 1 < p < +00. We define the subspace RM (p,0) of RM (p,o0)

1/p

1
RM(p,0):=< f e H(D): Fl)1_>ml Sl;p /|f(rew)\pdr =0
p

It can be proved that RM(p,0) is a closed subspace of RM(p,0), so that it is a
Banach space. We will show later that RM (p, co) # RM (p,0).
Now, we can provide an analogous statement to Proposition 2.12 for ¢ = oo:

Proposition 2.15. Let 1 <p < +o0 and f € RM(p,0). Then f, € RM(p,0). Moreover,
f € RM(p,0) if and only if

pp,oo(f - fr) —0 (29)

when r — 1.

Proof. Assume that f € RM(p,o0). Since f, € H*, we have f, € RM(p,0). Bearing in
mind that RM (p,0) is closed in RM (p, c0), we get f € RM(p,0) if (2.9) holds.

Assume now that f € RM(p,0), we have to see that p, oo(f — fr) = 0. Fix ¢ > 0.
Then there is pg < 1 such that

1/p

1
sup / |f (se)|P ds <e (2.10)
0
p
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for all pg < p < 1. Take p = (po + 1)/2 and r < 1 such that rp > pg. Since f, converges
to f uniformly on the pID, we have

hm sup/\f se?) — fr(se?H|P ds = 0.

Bearing in mind (2.10), for each 6, we have
1/p

1 1
| f(se”) — fr(se?)|P ds < | (se”)|P ds + |fr(se”)|P ds
j firerrs) ]

1/p

r ; 1
0i\|p
/|f(se )|P ds <€+—T1/p€.

This implies that im sup, _,; pp.oo (f — fr) < 2e. Thus lim, 1 pp oo (f — fr) =0. O
A density argument similar to the one used in Proposition 2.13 shows that:

Corollary 2.16. Let 1 < p < +o0. Polynomials are dense in RM(p,0). In particular,
RM (p,0) is a separable space.

Corollary 2.17. Let 1 < p < +o0. If z € D, then

0= (rRar(p,0))- = 0=l (Ra(proo)y=  and 0%l (R (p,0) = 1921l (R (p,00)) -
In particular,

zIl(RM (p,0)) 1— |22
Proof. Since RM (p,0) C RM (p,o0), we have that |6 ||(rar(p,0))* < 192l (ra (p,00))+ and
102l (rar w0y < 02N (Raz(p,00)) -

Let us see that [|3. || (rar(p,0))« = 16 ]l(Ra(p,00))+ and (|62 [l (Rar(p,0))« = 192l (RA (p,00))* -
If f € RM(p,o0) with pp o (f) = 1, by Proposition 2.15, f, € RM(p,0) and

1/p r 1/p

1
; ; du 1
o) =suwp | [1fuec) du | =sup | [ietr )< ()
0 0

Moreover, it is easy to see that 0,(f,) — 6.(f) and ¢.(f,) — ¢.(f), when r — 1~ for a
fixed z € D.
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Fixing ¢ > 0, there exists f € RM (p,c0) with pp, 4(f) = 1 such that

162 (F) = N10: 1l (Rat (p,00))- — €

In addition, we know that

|6Z(fr)‘ . ||5ZH(RM(p,O))*
3 Ppoo(fr) < }1_{1{ ok 021l (ra1(p,0))+ -

Therefore, it satisfies, for all £ > 0,

1621l (Raz(p,00))* < 1021l (RAL(p,0))= + €,

that is, [|0.]/(ra(p,0c))* < 1921l (RM(p,0))<- The proof for ¢, can be done in a similar
way. O

The non-separability of RM (p, 00) is an easy consequence of the following much deeper
result.

Theorem 2.18. Let 1 < p < oo. Then RM(p,00) has a subspace isomorphic to £°°.
Namely, there is a sequence {fx} of functions in RM (p,0) such that for every {ay} € £>°
the series ZZ’;O ag fr converges uniformly on compact subsets of D and the operator

T:0° — RM(p,00) defined by T({ax}): Z o fi

establishes an isomorphism between € and T(£>°). Moreover, T({ax}) € RM(p,0) if
and only if {ag} € co. In particular, Y - fr € RM(p,00) \ RM (p,0).

Proof. For each k =0,1,2,..., take r, = 2=+ g =14 14-*+D and

V2p—1 1

2(k+1)(2-1/p) &/7(k+1)(2p—1) _ |

€ =

It is clear that Y ;o ri =1,

= e - 2(k+1)/p 7{)/2197 2!
= < ¥2p—-1
I;)T]% = szo 7R (2p—1) — 1 6 Z V/7(k+1)(2p—1)

T =1 2\ 7
R e - Y2p—1<1
6 ;)<7) BT
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and

1
/ b g — b 1 1 _
a1 T 31 \ @ ot e T

A —Tk

In addition we can find a sequence {6} such that the disks D(aze%? r) are pairwise
disjoint. For that, we consider

k—1
0y, = arcsin(rg) + 2 Z arcsin (ry,) .
n=0

It is easy to see that D(are’*, ri,) N D(ary 1€+, 7111) = (), because
Or+1 — 0, = arcsin (ri41) + arcsin () .

Moreover, it is also obtained that

k—1 k
T
[0k < Erk+7r2rn<7r2rn<7r.
n=0 n=0

Finally, take fx(2) := m, z € C\ {aye?*}. Since f, is bounded in D, it belongs
to RM (p,0). In addition, we have that |fx(z)| < i—% if 2 ¢ D(age®, ry).
Since Y po, % < oo, it is easy to see that, given a bounded sequence {ay},
k

the sequence {Zﬁzo an fn(2)} converges uniformly on compacta of D to T({ax}) =
> e o @k fr, so that T'({ay}) is holomorphic in D.

By construction, every radius Ly = {te? : t € [0,1)} only intersects one of the open
disks. Let us see that f = T'({a}) € RM (p, 00). On the one hand, if 6 € [0, 27] is such
that there is ko with Ly N D(ak,e%o,ry,) # 0, Then

1/p 1/p

1 1
i i €j
Jiswenpar) - <lanl( [ineetpdr) o+ a5
0 0 =0 J

1/p

1
< e} le / fro(re® )P dr | 41
0

1/p
&
< |{awr}le= (14—(%0—%)%) +1 | < 3|{anlee-

On the other hand, if € [0,27] is such that €? ¢ D(age?*, ry) for all k, then
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1/p

1 (o)
Jiswenpar]  <ifasdlm Y- % < Ilas .
0

k=0 k

That is f = T({ar}) € RM(p,o0) and, in particular, T : £>° — RM (p, o) is bounded.
Let us see that T is open from ¢°° to T(¢>°) so that it establishes an isomorphism
between ¢*° and T'(¢*°). For each n, it follows

1/p 1 1/p
P (T({a})) / T} (re™)P dr | > / T({or})(re™ P dr
o0 oo E
> Jaal  Howdlew [ 325 (1 ant 207 2 o] — e e (S0
i=0'i =i

Therefore, |ay| < ||[{ax}|e (Z;io i—é) + pp.oo(T({ar})) and taking supremum in n we

obtain

Pp,oc(T({ar})) Z—; [ {ou }H eos -

Since Z;'io = <1, we get that T establishes an isomorphism between (> and T'(£>°).
J

To end the proof, we show that T'({ay}) € RM(p,0) if and only if {ay} € co.
Let T ({ow}) € RM(p,0). Then

1 1/p 1 1/p
sup T({a}) (re®) P dr > T ap))(re) P dr
0
> || — [[{ar e Z—é (1= an +1a)"".
=0

Since 1 —ay,, + 7, — 0 and T ({ar}) € RM (p,0), it follows that {ay} € co.

Conversely, let a = {ax}r € ¢o and let us prove that T(a) € RM(p,0). Since f; €
RM (p,0), then Y ,_, apfx € RM(p,0) for all n € N. Moreover, > »_, axfi — T(c)
because T is continuous and (ayq,...,a,,0,0,...) = a in £*°. Finally, T(a) € RM (p,0)
since RM (p,0) is a closed subspace of RM (p,o0). O
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3. Containment relationships
3.1. Inclusions

In this section we will give a characterization for the containment relationships be-
tween our spaces. To do this, we recall the notion of the Marcinkiewicz spaces LP>>°, also
called the weak LP spaces.

Definition 3.1. Let 0 < p < oo and (X, X, ) a measure space. We define the weak LP
space of measurable functions

P> = {f : X — C measurable : || f||,00 := sup t/\}/p(t) < oo}
>0

where

Art) = p({z e X 2 [f(z)] > t}).

Lemma 3.2. [11, Proposition 1.1.14, p. 8] Let f € LPo:*° N LPL>° with pg # p1. Then
f € LP for 1—1) = 1;0)‘ + 1%1; A € (0,1). Moreover, there exists a constant C(pg,p1,A) > 0
such that

1£llp < Cwo, 21, NI 2N I, oo
for A€ (0,1).

Theorem 3.3. Let 1 < pg,qo < o0 and set

1 1
_+_
Po qo

+-2

<

Alpos o) — {<p,q> € (0 +o0] x (0. +o0]  5 - zp}.

(1) If po,qo < 400, then RM(po,q0) C RM(p,q) if and only if (p,q) € A(po,qo) \
{(B,00)}, where p = P4B-.
(2) If either py or qo are +o0o, then RM(pg,q0) C RM(p,q) if and only if (p,q) €

A(pos qo)-

Before proving the result, it is worth showing a picture of the set A(pg, qo). If po, go <
+oo then the set {(%, %) : (p,q) € A(po, qo)} is the grey region (including its boundary)
in Fig. 1A while if either py or ¢o are +oo, the set {(%7 %) : (p,q) € A(po,qo)} is the
grey region (including its boundary) in Fig. 1B or Fig. 1C, respectively.

Proof. Bearing in mind that H% = RM/(o0,q), Proposition 2.7 is nothing but the
case pg = +o0o. Therefore, from now on, we will assume that py < 4+00. To clarify the
exposition, we split the proof in several steps.
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h .1.“

1,1 0 1] 11
po Po + q0 q0 Po
(A) po,qo < +o0 (B) po = +o0 (C) go = +o0

Fig. 1. Containment relationships.

Step 1. If pg, qo < +oo (Fig. 1A) and (p, q) is such that (1/p,1/q) belongs to the open
segment with end points (1/pg, 1/qo) and (pi0 + in,O)7 then RM (po,q0) C RM(p, q).
Write (%, %) = )\(pio, qio)—i—(l—)\)(pio —I—in,O) for some A € (0,1). Take f € RM (po, qo)
with ppg.q (f) < 1. For each 6, define fo(r) := f(re). Let us see that fo € LPo>°(]0,1])N
L*>°([0,1]) for almost every 6 € [0, 27], where pio + qio = % Since f € RM (po, qo), by
the very definition, we have that fy € LP°([0,1)) for almost every 6 and || follpg,c0 <
| follpo- Moreover, by Proposition 2.8, there is a constant C' > 0 such that |f(z)] <

- ‘2;; —, for all z, and thus
1—|z[2)P0 " a0

[folla.co = sup? mi({r €[0,1) : |fo(r)| > tHV*

ols 1/«
<supt my <{r€[0,1):1—7’§—}) = supmin{¢,C} < C,
>0 te >0

so that fy € L*°°([0,1]) for all 8. Hence, applying Lemma 3.2 we have

1 follp < C oo, X) - [l follpy o0 - 1 folla s

Thus

1/q

27
poal(F) < Clpoy o ) / 1Fol20 - 1 ol 50 do
0

1/q 1/q

2m 27
<Clm.an) | [l de | =Conan) [ sl as
0 0

= C(p07 «, )‘) Cl_)\ppo,tm (f)A < C(p07 Q, /\) c'
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Step 2. If % > pio + q%)? then RM (po, qo) C RM(p, 0).
Take f € RM(po, qo). By Proposition 2.8, there is C' > 0 such that

1/p

Pp.oo(f) = esssup /|fre )|P dr

0e[0,2m)
1/p

1

p

< Cesssup /%Sf)l dr < 400
0€0,2) (1-— r)(%*%)p

Step 3. If pg > p and qo > ¢ then RM (po, qo) C RM(p,q).

This inclusion is a direct consequence of Héder’s inequality.

Denote by B(po,q) = {(p,q) € RT x R* :py > p, qo > ¢} and (px,qx) the couple
such that (1, L) =X (£, L) + (1= ) (& + 2,0). Since

Px’ g Po’ qo Po

A a0\ { (5228 00) | = s Boman) U {poc) s 1 > 2

Po + qo Po Qo

Steps 1, 2 and 3 give that if pg, gy < 400 and (p,q) € A(po,qo) \ {(p’;‘f‘q)o,oo)} then
RM(pOa qO) - RM(p7 q)
Step 4. If RM (po,qo) C RM(p,q) then py > p.

By closed graph theorem there is a constant C' > 0 such that p, 4(f) < Cppy g, (f) for
all f € RM(po, qo). Taking f,(z) = 2™ we obtain

ppa(fn) = (L4+np) "5 < C(L+1po) 70 = ppogo(f)

and this inequality holds for all n if and only if pg > p.
Step 5. If 1 —|— T L then RM (po,qo) ¢ RM(p1,q1)

We cons1der a functlon fa of Example 2.3 such that pl +oo<a<+o Hence,
we have a function f, such that f, € RM(po,qo) \ RM (p1, q1)
Step 6. If po, go < +00, then RM (po,q0) € RM (B, 0), where 3 = oo,

Assume that RM (po,qo0) C RM(8,00). By closed graph theorem there is a positive
constant C' > 0 such that pg oo (f) < Cppy.q(f). For each n, consider the function f,, g

introduced in Example 2.4. Then

>~
+ [ =
[a—y
N~
ey
vV
ID\
£
+
Naw?

n % n
i) 2 /zrk v) -(Si) >
k=0

Thus, Example 2.4 would imply

lnl/ﬁ(n+1)<C’< Po > InY/% (n + 1),
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what is not possible if n is large enough. So RM (pg, q0) € RM(j3, ).
ClearIY7 Steps 47 5 and 6 lmply that if RM(pOa qO) c RM(p7 Q) then (p7 Q) € A(p07 qO)\
{(8,0)}. Therefore, statement (1) and (2) are proved. O

A simple argument shows that if ¢ < 400, the density of the polynomials in RM (p, q)
implies that if RM (p,q) C RM (pg, o) if and only if RM (p,q) C RM (po, 0).

The situation is not so clear to study when RM (py,0) is contained in RM (p,q). To
characterize it, we need the following lemma.

Lemma 3.4. Let 1 < p,q < +oo. If {f.} is a bounded sequence in RM (p, q) that converges
uniformly on compact subsets of the unit disc to f. Then f € RM(p,q).

Proof. Clearly the function f is holomorphic. Assume that p,q < +oco. By Fatou’s
Lemma, for each 6 we have

1

/ \f(rew)|p dr < g(0) := limninf gn(0),
0

where, for each n, g,(0) := fol | fn(re?®)|P dr. Repeating again the argument, we have

2m

27

P < = / (9(6))"/ d6 < liminf / (9(6))"/" do

’ 2T n 2T
0 0

= limninfpg),q(fn) < sup P .o (fn) < +oo.
A similar argument works in the remaining cases, so that we are done. 0O

Proposition 3.5. Let 1 < pg < +o00. Then RM(pg,o0) C RM(p,q) if and only if
RM (po,0) € RM(p, q).

Proof. Assume that RM (pg,0) C RM(p,q). Take f € RM (pg, ). For each r < 1, the
function f, belongs to RM (pg,0) and then to RM (p,q). Since {f, : r < 1} is bounded
in RM (pg,0), it is also bounded in RM (p, q). Since f,. converges uniformly on compact
subset of D to f, Lemma 3.4 guarantees that f € RM(p,q). O

3.2. Compactness of the inclusions

Once the containment relationships of these spaces have been determined, we study
when such inclusions are compact.
A standard argument shows the following characterization of compactness.
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Lemma 3.6. Let 1 < pg,qo < 400 and 1 < p,q < +oo. Then i : RM (po,q0) = RM(p, q)
is compact if and only if every bounded sequence {f,} in RM (po,qo) that converges to
zero uniformly on compact subsets of the unit disc satisfies that lim,, p, ¢(fn) = 0.

We will use this lemma several times in the proof of the next theorem without explicit
reference. We also need the following result.

Proposition 3.7. Let 1 < p < +oo, f € RM(p,0), and o € OD. Then for the non-
tangential limit we have / lim f(2)(1 —2)Y/P = 0.
zZ—0

Proof. Without loss of generality we assume that ¢ = 1. Suppose that p, o (f) < 1 and
consider the holomorphic function h(z) = f(z)(1 - z)'/P. Fix R > 1 and the Stolz region
S(I,R)={z€D:|1-z| < R(1—|z|)}. Looking at (2.7) in the proof of Proposition 2.8,
we see that there is a constant C' such that

h(z)] < RYPIf(2)|(1 — |2])/? < CRY?, 2 € S(LR).

That is, the function h is bounded on S(1, R). Therefore, by Lindeléf’s Theorem [6,
Theorem 1.5.7, p. 26], it is enough to prove that lim,_,;- |f(r)|(1 — 7)Y/? = 0.

Assume by contradiction that there is a constant ¢; > 0 and a sequence {r;} where
e — 17 such that ¢; < |f(r)|(1—|rg])'/? for all k. Write 0y, := 1—ry,. By Proposition 2.9,
there is a constant C such that |f/(z)| < ﬁg for all z € (0,1). Choose ¢ < 4.

Then, for 1 — (1+¢)d < < 1— b,

1 1 Ce 1
|f(z) = f(re)] < C| k|(1_rk)1+1/p = k(gi“/i’ 5;/” 26,?”
Thus
c1 C1 C1
x)| > [f(ri)| — | f(z) = flr)] > - -
@121l = 1f@) = fro)l = T 57 251/P 9L/
and
1—6k e 1/p
» yp_ G _ Q&
[f(@)P dx | > (edk) /P 2
1—(1+€)ds ’

Notice that this lower bound does not depend on k. But, this is impossible because
[ (@) do < +o0. D

Theorem 3.8. Let 1 < pg,qo < +o00 and 1 < p,q < 4+o0o. Theni: RM(po,q0) — RM(p, q)

is compact if and only if% + % > pio + qio and p < pg.
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1 5 1
Lll
P
1
@
1 17, 1 T
o wtw 0 w
(A) po < 00 (B) po = 00

Fig. 2. Compactness of the inclusions.

As we can see in the Fig. 2, the grey region, removing this time the dotted lines,
represents the spaces RM (p,q) such as i : RM(po,q0) — RM(p,q) is compact when
po < oo in Fig. 2A and when py = +oc0 in Fig. 2B.

Proof. Bearing in mind Theorem 3.3, we have to prove that the inclusion is compact if
;1)+%>piOJrinandp<p0anditisnotcompactifeither%Jré:p%Jrqioorp:po.

Let us start by showing that it is not compact if p = pg. For each n, consider the
function f,,(z) = (npo + 1)/702", z € D. A simple calculation shows that p,, 4 (fn) = 1
and that the sequence {f,} converges uniformly to zero on compact subsets of the
unit disc. Assume that ¢ : RM(pg,q0) — RM (po,q) is compact, then there exists a
subsequence {f,, } such that pp, q(fn,) must go to 0 as k goes to co. But this is not
possible because pp, 4(fn) =1 for all n.

Now take p and ¢ such that % + % = pio + qio. Assume that i : RM (pg, qo) — RM(p, q)
is compact. Then i* : (RM(p,q))* — (RM (po,qo))* is also a compact operator.

Assume firstly that ¢ < 400. Let us see that w*-converges to 0 when

62
=1l (Rt (,a))*
|z| — 1. Taking p a polynomial we obtain

19-(p)]

e (1|27 +7 < [Iplloo(l —|2[2)7 T,
162 IR (p,0))"

= |p(z)

which clearly goes to 0 when |z| — 1. Since ¢ < +00, by Proposition 2.13, polynomials

are dense in RM (p, ¢) and then w*-converges to 0 when |z| — 1. Therefore,

52
9=11(ra (p,a))*

» ( d, )
-z
162 H(RM(p,q))*

However, this is impossible because, as we shall now see, such norm must be greater

the compactness of i* gives

=0.
(RM (po,q0))*

|z|—1

than a certain positive constant. Indeed, since i*(d,) = 4., by Proposition 2.8,



24 T. Aguilar-Herndndez et al. / Journal of Functional Analysis 282 (2022) 109262

(o)
1021l (rM (p,9))"

The argument for the case py = ¢ = oo is the same. However, we consider a sequence

0=l ratpo.ao

(RM o)) N0zl (Rar(p.a))

{#zn} in the Stolz region such that |z,| — 1. In this way, we obtain the w*-convergence
bearing in mind Proposition 3.7.

Assume now that p% > p% + q% and take a sequence {f,} in RM (po,qo) such that
Ppo.go(fr) < 1 for all n and it converges to zero uniformly on compact subsets of . We
claim that lim,, pp, oo (frn) = 0. Otherwise, there is € > 0 and a subsequence (that we
denote in the same way) such that pp, o (fr) > € for all n. Thus, we find {6,,} such that

/|fn ")|Prdr > Pt (3.1)

for all n € N. For each n, we write g,(r) := fa(re?"), r € [0,1). Since ppy.q0(fn) < 1,
by Proposition 2.8 there is a constant C' > 0 such that

C

| = |fn(ren _
9] = e} <

C
(1— r2)p0
zero, we get that it converges to zero in the norm of LP'([0,1]) which contradicts (3.1).
So that the claim holds.

Take now p, g such that there is A € (0,1) with ( , q) = (L i) +(1-X) (%,O).

Po’ qo
Then, for each f € RM (p, q), applying Holder’s inequality we have

Since the map r — belongs to LP'([0,1]) and {g,} converges pointwise to
0

P 1
[iseen = [ 1seenpaiseen o= a
0 0

1 Ap/po 1 (1=X)p/p1
/ |F(rei®)Po dr / Fre®)P dr
0 0

So that

Ppa(f) < ppo,qo(f)APp1700(f)1_)\~

This inequality, the above claim and Lemma 3.6 show that i: RM (pg,q0) — RM(p,q)
is compact whenever % + (11 > pio + % and qo <q.

Take now p,q such that 1 + > oot f, p < po and qo > q. Fix ¢ < ¢ such that
— —|— = < = + =. By the above argument the inclusion map ¢ from RM (po, q) into
RM(p, q) is Compact Since i : RM (po, qo) — RM (p, q) factorizes through 7, we get that

¢ is compact. O
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4. Bergman projection

In the theory of Banach spaces of analytic functions, a useful integral operator is the
Bergman projection

P(f)(2) = / K(z,w)f(w) dA(w), z€D,
D

with kernel
K(z,w)= (1 —zw)"% zweD, (4.1)

which is called the Bergman kernel. Such function is the reproducing kernel for the
Bergman space A2.

This projection is well-defined on L!(D), mapping each function of L!(D) to an ana-
lytic function and mapping each function of the Bergman space A' into itself. Moreover,
for 1 < p < oo it is known that the Bergman projection is a bounded operator from
L?(D) onto AP. These properties allow to describe the dual of Bergman spaces AP.

Theorem 4.1. For 1 < p < 400, the dual space of AP can be identified with Ap/, where

p' is the conjugated index, that is, % + ﬁ = 1. Such functional ¢ € (AP)* has a unique

representation

o(f) = 6o(f) = / Fw)g(w) dA(w), f € AP,
D

for some g € AP

Mimicking this schedule for Bergman spaces (but with a deeper argument), in this
section we prove the boundedness of the Bergman projection from L%(T, LP[0,1]) onto
RM (p,q), where 1 < p,q < oo and, as a byproduct, we describe its dual.

To study the duality of RM(p,q) spaces, the following theorem will be important
because it provides a characterization of the dual space of LI(T, LP[0,1]), for 1 < p,q <
+00. Let us recall that a measurable function f : T x[0,1) — C belongs to L(T, L?[0, 1])
if pp.q(f) < 400 (here, the definition of p, 4 is the same as the one given in Definition 2.1
for holomorphic functions).

Theorem 4.2. [3, Theorem 1, p. 304] Let 1 < p,q < 400. J(f) is a continuous functional
on the normed space LA(T, LP[0,1]) if and only if it can be represented by

J(f) = / h(w) f (w) dA(w)

D
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where h(w) is a uniquely determined function of LY (T, L?'[0,1]) and || J| = pp.q (R).

Theorem 4.3. Let 1 < p,q < +00. The Bergman projection P is bounded from the space
LT, LP[0,1]) onto RM (p,q).

Since the restriction of P to RM(p,q) is the identity and Pf is analytic for all f €
L%(T, LP[0,1]), in order to prove above theorem it is enough to show that P is bounded
from L9(T, LP[0,1]) into itself.

Before going into the proof of this result, we introduce some necessary terminology. In
general, given a measurable function M : D xID — C we can define the integral operator

T (f)(re?) = / M(re®®,w) f (w) dA(w)
D

2m 1
o  dod
://M(rew,pe“/’) f(pe*?) p%, re€0,1), 0 €[0,2n],
00

whenever such integral exists.

From now on, with a little abuse of notation, |# — | will denote the distance between
6 and ¢ in the quotient group R/27Z, that is, mingez |# — ¢ 4+ 2kn|. Notice also that in
order to prove the boundedness of P = Tk, it is sufficient to check the boundedness of
T'%, where

K(re®, pe'?) := |K(re', pe™)|x(j0-p|<1}

because | K| — K is a bounded function.
Moreover, by showing that T : LY(T, L?[0,1]) — L(T, L?[0,1]) is bounded, where

D(0,¢,m,p) = 2y i 1210 -] >1—rp,
Tz i [0—¢l<1—rp

we obtain the boundedness of P : L4(T, LP[0,1]) — L4(T, LP[0, 1]) since

K (re”, pe'?)|x(jo-g <1y < 4D(0, 0,7, p).

_ Bearing in mind the change of variable x = 1 — 7 and y = 1 — p, it follows that
AEL20 < D0, p,1 — 2,1 —y) < H(0,0,2,y), 2,y € [0,1], with

0, if 10—¢|>1,
H(97<p7xay) = Wa if 1 Z |0 - SD| Z max{x,y},
m7 if  max{z,y} > 1[0 — ¢,



T. Aguilar-Herndndez et al. / Journal of Functional Analysis 282 (2022) 109262 27

because max{x,y} < 1—rp < 2max{z,y}.

Finally, next lemma shows that the boundedness of the operator T4 : L9(T, L?[0,1]) —
L%(T, LP[0,1]) is equivalent to the boundedness of Ty : LY(T, L?[0,1]) — L%(T, LP[0, 1)),
where

0, if |o—0>1 or max{z,y}>|p—0|,
if 1> |p—0|>max{z,y}.

H(é’,%%y):{

1
fo=or

Remark 4.4. Let 1 < p,q < +o0 and a,b € (0,1]. If we have the following relation
J(0,p0,2,y) = K(0, ¢, ax, by) between the kernels J and K, then

pi/p

\Ty: LYT, LP[0,1]) — L4(T, LP[0,1])|| < bT/P”TK: LY(T, L?[0,1]) — LYT, LP[0,1])].
a

Lemma 4.5. The operator Ty : LY(T, L?[0,1]) — LT, L?[0,1]) s bounded if and only

if the operator Ty : LY(T, L?[0,1]) — L(T, L?[0,1]) is bounded.

Proof. Clearly, the boundedness of Tz implies the boundedness of Ty because 0 < H <
H. Now, we show the converse implication. First of all, we define the dilated kernels
Ho(0,0,2,y) == 272"H(0, p,2 "z,27"y). Using Remark 4.4 and denoting by || - || the
operator norm from L?(T, L?[0, 1]) into itself, we have

1T, || < 27" Tull- (4.2)

Therefore, using the fact that for 6 # ¢

g(97§07$7y) S 32 Hn(97g05$7y)

n=0

and the previous inequality (4.2), we conclude

1Tl <3 1T, | <3 27| Tull < 6] Tull,

n=0 n=0

and we are done. 0O

Lemma 4.6. Let f € LY(T, L?[0,1]), g € LY (T, L*'[0,1]) such that f,g > 0. Then

27 1 27 27

/ / (T f) g do db < / / Rf(6.]¢ — 0)Ry(p. |0 — 6]) db dyp,
0 0 0 0

t .
SupthZm % fo f(aau) dua fo < ]-7
ifx > 1.

where Rf(0,x) = {

)
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Proof. Using the definition of the kernel H and grouping terms, it follows

21 2w

//Ter 9(0,2) dz do O/O/O/O/H 0.2,9)f(p,9)9(6, ) dw ydy —- db
< //// |2f(<p 9)g(0, ) dx dy dyp df

0<z,y<|0— c,o|<1

10—l 10—¢l

1
fle,y) d —/g@,x dx | dO dy
- o / =g ) 900
|p—0]<1 0
27 27
< [ [ Rite.lo~ 8DRg(0.10 - 61) db do.
0 0

Remark 4.7. Let 1 < p < oo. Notice that if 0 < 2 < 27 < 1 then Rf(0,2) > Rf(0,x1).
Moreover, for e € T fixed we define fo(x) := f(#,x). Therefore, since Rf(6,z) <
M fo(z), where M is the Hardy-Littlewood maximal function, there is a constant Cj, > 0
such that ||[Rf(0,)||zr0,1) < Cpllfollzrpo,)-

Proof of Theorem 4.3. Bearing in mind the notation of the previous lemma, for f €
L4(T, LP[0,1]) and g € L9 (T, L [0,1]) such that p,,(f) < 1 and p, 4 (g) < 1 we con-
sider the functions F' = R|f| and G = R|g|. Moreover, we define the following sequences
of functions fi(p) = F(p,27%) and gir(p) = G(¢,27%), » € [0,27] and k € N U {0}.
Notice that for all x € I, = [27%,27%+1) we have that fr_1(¢) < F(p,z) < fr(p) and
gi—1(9) < G(p, ) < gr(p). Indeed, it follows

kal e)xr,(z) < F(p, ) ka P)xr, (z

o0

ngl e)xn(2) < Glp,2) <Y grle)xn ().
k=1

Using Remark 4.7 and these inequalities, we obtain

21, a/p
/ (Z i (e) 2‘k> de < / /|F p0)fP dz | dp < 27CY
0 \k=1

and therefore

2T q/p
/ (Z fzf(ga)z—k) dp < 2" imCy. (4.3)
0

k=0
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Following the same argument, we obtain the inequality for the sequence {gi}.
Hence, by Lemma 4.6 we have

27 1 2w 21
//(THf>gdx des//F(e,|so—9|>a<so,|sa—e|> a6 d
0 0 0 0
2T 00 2
< / S () / ax(@)x1 (16— o) dp | db
0 \k=1 0
27roo 1 9+27k+1
<[Sro2 | o [ e
0 k=1 972—}94»1

2 0o
< [ 3" ulo) 2 *atau(6) o
0 k=1

Applying Hélder’s inequality it follows

2 1 2

o /P / 1/p'
//(TH)f(H,x) (0, ) dv db < 4/ < 700) 2*) (Z(Mgk)z”(e) 2—k> d
0 k=1

00 k=1
2T q/p
/ (Z FHG) 2k> de
0 \k=1

Hence, by a classical result of Fefferman and Stein [9, Theorem 1, p.107], the inequality
(4.3), and its version for {gi}, we get

27 1
//THfOx g(0,z) dx db
00
1/q

o q /v
< 22-&-%—&-%71,1/11 Cp Ap/,q/ / (Z 92(9) 2k> a6 = 167 OP Cp' Ap/7q/.
0 k=1

Finally, we conclude the proof of the boundedness of the Bergman projection using
the last inequality with [3, Theorem 1, p. 303]. O

1/q 2r

I

0

1/q’

NE

q/p
(Mgi)¥ (6) 2‘“) d6

k=1

An important consequence of this result is the following corollary about the dual of
RM (p,q) for 1 < p,q < oo.

Corollary 4.8. Let 1 < p,q < co. Then (RM(p,q))* = RM(p',q’), where % + i =1 and
1,1
=+ =
a " q
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Proof. One part of the proof follows immediately. Indeed, applying the Holder’s inequal-
ity, one has that the functional defined by

/f 9(2) dA(z), f e RM(p.q), g€ RM(p.q),

where A is the normalized area measure on the unit disc I, is bounded and
Mgl (M (p,g))* < 2Ppr,q'(g). Moreover g is unique, since if we assume that A, = Ay, we

have that Ay, (2") = Ag,(2"), for all n € N, and hence, g1 = g2 because \y(2") = ;221

where a,, is the n-th Taylor coefficient of g.
Now, let A be a functional in (RM(p,q))*. We have to show that there exists g €
RM (p',q') such that

= /f(z)m dA(z) for every f e RM(p,q).

Using the Hahn-Banach theorem, this functional can be extended to a certain A €
(Lq(T,Lp[O, 1]))* such that ||)‘||(R]\/[(p7q))* :,”AH(L‘I/(T7LP[O71]))*' NOW, by means of [5,
Theorem 1, p. 304] there is a function h € L9 (T, LP [0, 1]) such that

= /f(z)m dA(z) for every f e LT, L"[0,1])

and [[All(zacr,Lego)s = 1Pl Lo (v o70,1))-
Let g = Tk h, where Tk is the Bergman projection, and notice that, using Theorem 4.3,
g € RM(p',q'). So, by Fubini’s theorem we have, for f € RM (p, q),

A =80 = [ £eRE aae) = [ [ aawie dae)
D D D

- [sw) [ (h”_ 4A(:) diw) = [ J)Tich(w) dA(w)
D

1—zw)?
D D
- / F(w)gw) dA(w)
D

Also, we obtain that ppq(9) < Clhll e (1 10 10,1)) = ClIA(RM(p,q))+ by Theorem 4.3. O

For the cases not covered by Theorem 4.3, its statement does not hold. In fact, we
have

Theorem 4.9. Let 1 < p,q < +oo. If max{p,q} = +oo or min{p,q} = 1, then the
Bergman projection P does not send LI(T, L?[0,1]) into RM (p,q).
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Before starting with the proof of the theorem, we state the following elementary
lemma.

Lemma 4.10. If z,w € Q:= {re? : 0< 0 < 1/2,0 <r <1—20}, then

(1) 1=z =1—],
(2) ’Arg(l_z)’ < arctan (

I

) <%

(3) Re [(—:)} > 8|i=

Proof. The first identity follows immediately using the triangle inequality and the defi-
nition of the set Q:

o N

1—r<|1—rei9|<\/(1—r)2+92<\/g(l—r).

To prove the second one it is enough to show that tan(Arg(1—z)) < % for z € €2, because
we have that Arg(l —2) € (0,arctan(1/2)) and Arg(l — z) € (—arctan(1/2),0). Clearly,
one can see, for re?? € Q, that

_\ _rsin(0) (1 —20)sin(0)
tan(Arg(l —2)) = 1 —rcos(9) = 1—(1—26)cos(9)

To finish the proof of (2), we have to show that % < 1. But this is clear
because the function f(6) = (1 —(1—26)cos(d)) — (1 —260) sin(9) for 6 € (0, 3) satisfies
that f(0) =0 and f'(6) = 26 cos(6) + 3(5 — 26)sin(#) > 0 for 6 € (0,1).

The last inequality follows immediately from (2). O

Proof of Theorem 4.9. The case p = +o00. Let us recall that the Bergman projection
P is a bounded operator from L°°(D) onto the Bloch space B (see [8, p. 47, Theorem
7] or [19, p. 102, Theorem 5.2]). Moreover, using lacunary sequences, it is possible to
find functions in B whose Taylor coefficients do not go to zero (see [2, Lemma 2.1]).
Therefore, B¢ HY, 1 < g < +00. Thus, the Bergman projection P is not bounded from
LT, L*°[0,1]) to RM(o0,q) = H1.

The case ¢ = +00, 1 < p < +00. We show that there exists a function f € L (T, L?[0, 1])
such that

|P(f)(a)] = (1 —a)~'?, for every a € G 1) ,

so that P(f) ¢ RM (p,o0). To prove this, take the set

Q={re” : 0<0<1/2,0<r<1-20}.
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Given « € R, consider the function

0, ret? ¢ Q,

re'?) .= , ,
fre®) 0K (1 —0,re”), re? € Q,

where, as usual, K is the Bergman kernel. Taking a =2 — = =1+ ,, we have f €

p
L*>(T, L?[0,1]). Indeed, for 0 < 0 < 1/2,

1 —26 1

/| (re?)|P dr = 6P / |K(1—6,re )P dr<9p‘l/ R

0 0

et 1-2
_ Tl 2 ppeiew 2
2p—1 1—-6 ~—2p-—1 2p—1

Now let us see that this function f satisfies that |P(f)(a)| > (1 — a)~'/? for every
a € (%, 1). We have that the Bergman projection of the function f, for a € (0,1), is

1/2 1-20 p "
rdr
P = o - - -
nw= [ | o |
0 0
1/2 1-20 0N 2
B / 9o / 1—(1—8)re rdr dg
o 1—are— [1—(1—0)rei0|4 T
0 0

By Lemma 4.10 (applying first (3) and then (1)), we obtain

1/2 1-2 02
3 o 1—(1—60)re? rdr de
U@ 2 RelP(P@] > 3 [0 | [ ] el T v el B
0 0
1/2 1-26 p
o rar
=7 (/ a2 o2 | ¥
0 0
1—a 1-260 J
o rar
[ (v

Y
o
>
Q
—
—
—
\
)
—
—
\
[N}
s
~—
~
—
—_
\
S
~
H~
N
~
>

Using that # < 1 —a and 3/4 < a < 1 we deduce (1 —a(l —260))73 - (1 —a/4)73
(1—a(1—26))"3/2 and 1 — a(1 —26) < 3(1 — a). Hence
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a a

0 (1 —a(l—20))" — (1 —a/4)"3)do > % 0%(1 —a(1 —20))"3do

5|

—
Q
o"\'l-‘
O\T

1—a
1 1 1
> - «
T 24027 (1 —a)3 /9 a0
0
=(1-a)®2=(1-a) /P

Thus, for a > 3/4, we have |P(f)(a)| 2 (1 — a)~/? and the function P(f) does not
belong to RM (p, 00).

The remaining cases. For the remaining cases, we use the fact that if the Bergman
projection P : L (T,LP[0,1]) — RM(p',q) is bounded then P : L4(T,LP[0,1]) —
RM ((p, q) is bounded since, for f € LI(T, LP[0,1]),

Pp.qa(P(f)) = ppqa(rP(f))) = sup /P(f)(w) g(w) dA(w)

9EB o/ o1 10" 0.1 D

= sup f(w) P(g)(w) dA(w)
9EB o/ 7 1o [0,1) D
< pp,a(f) sup ppa (P(9)) < Cppg(f),
geB

Ld’ (T,LP [0,1])

where C' is the norm of the operator P : LY (T, L?'[0,1]) — RM(p/,¢') and, as usual,
By (1.1 0,17 denotes the unit ball of L9 (T, L' [0,1]). O
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