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Abstract

In this paper we develop a fractional integro-differential operator calculus for Clifford-algebra valued
functions. To do that we introduce fractional analogues of the Teodorescu and Cauchy-Bitsadze operators
and we investigate some of their mapping properties. As a main result we prove a fractional Borel-Pompeiu
formula based on a fractional Stokes formula. This tool in hand allows us to present a Hodge-type decom-
position for the fractional Dirac operator. Our results exhibit an amazing duality relation between left and
right operators and between Caputo and Riemann-Liouville fractional derivatives. We round off this paper
by presenting a direct application to the resolution of boundary value problems related to Laplace operators
of fractional order.
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1 Introduction

Clifford analysis offers a higher dimensional generalization of the classical theory of complex holomorphic func-
tions. Its tools can be applied to several different areas, for instance to quantum mechanics, quantum field
theory [15], projective geometry, computer graphics [30], neural network theory [3] and to many other areas
of physics and engineering [17]. The corresponding analogy of the class of complex holomorphic functions is
that of monogenic functions. These are the null solutions to the Dirac operator. The latter operator factorizes
the Laplace operator and provides a first order generalization of the well-known Cauchy-Riemann operator in
complex analysis (see [5[8]).

A main tool that Clifford holomorphic function theory uses in the treatment of boundary value problems
is the Teodorescu operator, which is the right inverse of the Dirac operator. Properties and applications of

*The final version is published in Mathematical Methods in the Applied Science, in press. It as available via the website: 777.


???

the hypercomplex Teodorescu operator have been studied by many authors (see for instance [29] for a list of
references). In the context of quaternionic and Clifford analysis, K. Giirlebeck and W. Sprofig studied among
many others particular mapping and regularity properties of this integral operator. Furthermore, they studied
its connections to elliptic boundary value problems (see [17]). Additionally, in [4] the authors also investigated
some interesting connections between the Teodorescu operator and Hermitian regular functions. An extension
to the time-dependent case addressing the heat and the Schrédinger operator has been presented subsequentially
in [6].

Another central aspect that appears in the classical vector calculus and in generalized Clifford holomorphic
function theories is the Helmholtz decomposition of L2-spaces. Actually, in classical three-dimensional vector
analysis it is nothing else than the decomposition of an arbitrary sufficiently regular vector field into the sum
of a divergence free field (having a vector potential) and a curl free vector field (having a scalar potential).
This particular space decomposition together with the Teodorescu operator calculus provides a very elegant
resolution toolkit for boundary value problems in the corresponding scales of Hilbert-Sobolev spaces. For more
details we also refer to the survey paper [27]. For the time-dependent case, see for instance [7}22,23].

A parallel development over the last years consists of a rapidly increasing interest in the theory of derivatives
and integrals of non-integer order. Apart from several applications of fractional order models, as for example,
to kinetic theories, statistical mechanics, to the dynamics in complex media, and to many other fields (see 28]
and the references indicated therein), those methods provide an important counterpart and extension of the
classical integer order models. The advantage of fractional models consists in the possibility of using fractional
derivatives to describe the memory and hereditary properties of various materials and processes. Another field
of application consists in addressing differential equations related to flows with permeable boundaries, such
as for instance dam-fill problems which provides a further important motivation to develop three-dimensional
generalizations of harmonic and Clifford analysis tools for the fractional setting. Preceding work pointing in
this direction can be found in [18}[19] where the fractional p-Laplace equation has been treated.

Behind this background, the development of links between Clifford analysis and fractional differential calcu-
lus represents a very recent topic of research. In particular, some first steps in the direction of an introduction
of a fractional Clifford analytic function theory have been made in [10-12}[14]. In these papers, the authors
determined series representations for the fundamental solution related to some stationary and non-stationary
fractional Dirac-type operators. The knowledge of explicit representation formulas of these fundamental so-
lutions represents a corner stone in the development of a fractional version of Clifford analysis. The latter
functions serve as kernels for fractional integral operators, such as the fractional Teodorescu operator that we
are going to introduce and to investigate in this paper.

The aim of this paper is to apply the fundamental solutions obtained in [10,/12] in order to develop the
fundamentals of a fractional operator calculus related to the fractional Dirac operator that depends on a vector
of fractional parameters o = (aq,...,a,) with a; €]0,1], ¢ = 1,...,n. We introduce fractional analogues of
the Teodorescu operator and of the Cauchy-Bitsadze operator, and we investigate some important mapping
properties. Moreover, we present a Hodge-type decomposition for the fractional Dirac operator defined via
left Caputo fractional derivatives. The results that we obtain exhibit an amazingly interesting “double duality”
between left and right operators and between Caputo and Riemann-Liouville fractional derivatives. This double
duality appears in a non-trivial generalization of the Stokes formula as well as in the fractional Borel-Pompeiu
formula and in the Hodge-type decomposition that we are going to present subsequentially. Throughout the
paper we show that we can always re-obtain the results of the classical function theory for the Dirac operator
when switching to the limit case when o = (1,...,1). The analogous of the results presented in this paper for
the case of the time-fractional parabolic Dirac operator can be found in [13].

The structure of the paper reads as follows. In the Preliminaries section we recall some basic definitions
from the fractional calculus, special functions, and Clifford analysis. In Section |3| we present the fundamental
solutions of the fractional Laplace and Dirac operators in R", defined by left Riemann-Liouville and Caputo
fractional derivatives. Moreover, we prove that these functions belong to the function space L; (€2) under certain
conditions. Throughout the whole paper we assume that 2 is a bounded open rectangular domain. In Section
] we introduce and study the main properties of the fractional analogues of the Teodorescu operator and of the
Cauchy-Bitsadze operator. Finally, in Sectionwe present a Hodge-type decomposition for the L,-space, where
one of the components is the kernel of the fractional Dirac operator defined in terms of left Caputo fractional



derivatives. This decomposition represents a main result in the paper apart from proving the generalizations of
the Borel-Pompeiu formulae in the context of Caputo derivatives. In the analysis of the mapping properties and
the regularity properties there still appear some further peculiarities that require special attention. We round
off this paper by giving an immediate application to the resolution of boundary value problems involving the
fractional Laplace operators.

2 Preliminaries

2.1 Fractional calculus and special functions

Let a,b € R with a < blet o > 0. The left and right Riemann-Liouville fractional integrals I, and I;* of order
« are given by (see [21])

I @) =i [ i dh o> 1)
b
G0 @) = oy [ G dt 2 <b 2

By RLD3+ and RLDI‘)", we denote the left and right Riemann-Liouville fractional derivatives of order a > 0 on
[a,b] C R, which are defined by (see [21])

(53 1) () = (D" 1) @) = s | oy o> )

I'(m — «) dz™ x —t)a—m+l

_1\m m b
(P'Dg_ f) (x) = (=)™ (D™I]"f) (z) = (=)™ d / /) dt,  x<b. (4)

'(m — «) da™ (t — x)o—m+l

Here, m = [o] + 1 and [a] means the integer part of a. Let “D%, and “Dg_ denote, respectively, the left and
right Caputo fractional derivative of order o« > 0 on [a, b] C R, which are defined by (see [21])

z (m)
(CDS@f) () = (Iﬁ__o‘Dmf) (z) = I‘(ml_ 5 /a G ft)a(t?nJrl dt, T>a (5)
—1)m™ b (m)
D7) @) = (epm) @ = ol [ e e @

We denote by I%, (L1) the class of functions f that are represented by the fractional integral of a summable
function, that is f = I® o, with ¢ € Li(a,b). A description of this class of functions is given in [26].

Theorem 2.1 (cf. [26]) A function f belongs to 13 (L1), a > 0, if and only if I'".”* f belongs to AC™(]a,b]),
m=[a]+1 and (I;’f:af)(k)(a) =0,k=0,...,m— 1.

In Theorem 2.1, AC™ ([a, b]) denotes the class of functions f which are continuously differentiable on the segment
[a,b] up to the order m — 1 and £~V is supposed to be absolutely continuous on [a,b]. We note that the
conditions (1”7 f)*¥)(a) = 0, k = 0,...,m—1, imply that f*)(a) =0, k =0,...,m—1 (see [25,26]). Removing
the last condition in Theorem 2.1l we obtain the class of functions that admit a summable fractional derivative.

Definition 2.2 (see [26]) A function f € L1 (a,b) has a summable fractional derivative (D2, f) (x) if (I f) (2)
belongs to AC™([a, b)), where m = [a] + 1.

If a function f admits a summable fractional derivative, then we have the following composition rules (see [26]
and [25], respectively)

(12 03.) (@) = 1(0) = 3 e ()™ @, w1 ™)
k=0
m—1 (k)

( f) Z f ac—a)k m=[a] + 1. (8)
k=0



We remark that if f € I& (L) then and reduce to (1% ®LD2, f) (z) = (I2,°D2, f) (z) = f(z). Nev-
ertheless we note that D& I% f = f in both cases. This is a particular case of a more general property
(cf. [25} (2.114)])

D (I f) =D°7f,  a>ry>0. (9)

One important function used in this paper is the two-parameter Mittag-Leffler function E,, ,(2) (see [16]),
which is defined in terms of the power series by

o] z"
Eo() =S — 0, v>0, z€C. 10
o (2) nz_%r(;mw) p>0,v>0,z¢ (10)

In particular, the function E, ,(2) is entire of order p = i and type 0 = 1. From the power series and the
operators , and 7 we can obtain by straightforward calculations the following fractional integral and
differential formulae involving E,, ,(2) (see |16, pp. 87-88]):

3+ ((x - a)y_lEu,V (k(m - a)”)) = (33 - a)a+y_1Eu,V+a (k(x — a)u) (11)
foralla >0,ke C,x >a,u>0,v>0,
RLD3+ ((x — a)”_lE#’V (k(x — a)“)) =(z— a)”_a_lE,W,a (k(z —a)?) (12)
foralla > 0,k € C,z > a,u>0,v>0,v # a—p, where p=0,...,m — 1 with m = [o] + 1, and
Dy ((x—a) ' Epy (K(z —a)")) = (x — )" "' By (k(z — a)*) (13)
forall a > 0,k € C,z > a,u > 0,v > 0,v #p, where p=1,...,m with m = [o] + 1.

Remark 2.3 Forv=a—p withp=0,...,m — 1, we have that RLD3‘+((x —a)* P~ = 0 which implies that
the first term in the series expansion of (x —a)*~'E,, . (k(z — a)*) vanishes. Therefore, the derivation rule @)
must be replaced in these cases by the following derivation rule:

BLDe ((x —a)* P ' Epa—p (k(z —a)*)) = (x — @) Pk Ey ey (k(x —a)*), p=0,...,m—1. (14)

Remark 2.4 For v = p with p = 1,...,m, we have that CD;‘+((x —a)P~1) = 0 which implies that the first
term in the series expansion of (x — a)*"'E, , (k(z — a)*) vanishes. Therefore, the derivation rule must

be replaced in these cases by the following derivation rule:
‘D2, (z—a)’ "B, (k(z —a)*)) = (2 — a)" P * "k Ey yipo (k(z —a)*), p=1,...,m. (15)

The approach presented in this paper is based on the Laplace transform and leads to the solution of a linear
Abel integral equation of the second kind.

Theorem 2.5 ( (16, Thm. 4.2]) Let f € Li[a,b],a > 0 and X € C. Then the integral equation
u(z) = f(x) + % /w(z — 1) u(t) dt, x € [a,b]
has @ unique solution
u(@) = f(x) + A /I(ac O B a (A — %) (1) dt. (16)

Now we recall the formula for fractional integration by parts for 0 < a < 1 and z € [a, ] (see [1])

b b
/ g(x) (°D2. f) (z) dx = / f(@) (FEDgg) (2) da + [f(x) (I g) ()]

b b b
[ 9@ (D51 @ e = [ 5@) (UD3g) (@) do — (@) I 9o

We end this section by recalling an important result about the boundedness of the fractional integrals I, and
I (see Theorem 3.5 in [26]).

Theorem 2.6 I[f0 < a<landl <p< é then the operators 1%, and I are bounded from Ly(a,b) into

Lq(a,b), where ¢ = 2 and [a,b] C R.




2.2 Clifford analysis

Let {e1,---,e,} be the standard basis of the Euclidean vector space in R™. The associated Clifford algebra
Ry, is the free algebra generated by R™ modulo z? = —||z||? eg, where € R™ and eq is the neutral element
with respect to the multiplication operation in the Clifford algebra Ry ,. The defining relation induces the
multiplication rules

eie; +eje; = —25”‘7 (17)
where §;; denotes the Kronecker’s delta. In particular, e? = —1 for all i = 1,...,n. The standard basis vectors
thus operate as imaginary units. A vector space basis for Ry, is given by the set {e4 : A C {1,...,n}} with

ea =epe,...e,,where 1 <y <... <[, <n,0<r<n,ep:=ey:=1 Eacha € Ry, can be written in the
form a =3 a4 ea, with ag € R. The conjugation in the Clifford algebra Ry, is defined by @ = > , a4 €a,
where €4 =€, €,_,...¢,, and e; = —e; for j = 1,...,m, € = ep = 1. Bach non-zero vector a € R" has a
multiplicative inverse given by ﬁ

An Ry ,—valued function f over  C R™ has the representation f =) , eafa with components fa : Q —
Ro,. Properties such as continuity or differentiability have to be understood componentwise. Next, we recall
the Euclidean Dirac operator D = Z;—;l e;0z;. This operator satisfies D? = —A, where A is the n-dimensional
Euclidean Laplacian. An Ry ,-valued function f is called left-monogenic if it satisfies Du = 0 on Q (resp.
right-monogenic if it satisfies uD = 0 on Q).

For more details about Clifford algebras and basic concepts of its associated function theory we refer the
interested reader for example to [§].

3 Fundamental solutions revisited

In [10] and [12] the authors considered the so-called three-parameter fractional Laplace and Dirac operators
defined in terms of the left Riemann-Liouville and Caputo fractional derivatives, and obtained families of
eigenfunctions and fundamental solutions for both operators. In this section we present the generalization of
these results for R™. Let Q = []}__,]a;, b;[ be any bounded open rectangular domain, let a = (v, ..., o), with

€10,1],i = 1,...,n, and let us consider the n-parameter fractional Laplace operators RLAZ‘+ and CAZ‘+
defined over 2 by means of the left Riemann-Liouville and left Caputo fractional derivatives, respectively, given
by

n n

MEAG = Moyt Bpe =) Gopte. (18)

=1
Associated to them there are the corresponding fractional Dirac operators RI’D(‘;&, and CD2‘+ defined by
1+a,

o = Zel , Doy = Zez +(‘9z1 . (19)

1
RLalJrai RLa

toy g
For i = 1,...,n the partial derivatives : 081“3‘1 and Cam are the left Riemann-Liouville

and Caputo fractional derivatives and . of orders 1+ ozZ and 1+20” , Wlth respect to the variable z; €]a;, b;[.
Under certain conditions we have that RIN® = —RIpe RIpa (see [10]), and “A%, = — “D2, D (see
[12]). Due to the nature of the eigenfunctions and the fundamental solution of these operators we additionally
need to consider the variable T = (z2,...,2,) € 0= [17_,]a;, b;[, and the fractional Laplace and Dirac operators
acting on 7 defined by

n n
RLNa __ 2 : RL ql+a; CARa § : Caol+a;
] =2
n 1o,
E CHa § .
a+ = el a’l 17 5 ,Da+ = ez 81 . (20)
1=2

We start by addressing the Caputo case. Consider the eigenfunction problem

CAY () = Mv(z), (21)



where A € C, and where we suppose that v(z) = v(z1,...,2,) admits a summable fractional derivative
(%@;f’“v) (z) in the variable z7, and belongs to Iiia'i (L1) in the variables x;, with i« = 2,...,n. Apply-

i

ing the fractional integral Iiio‘l to both sides of the previous equation and taking into account we get
1

v(x) —v(a1,7) = (#1 — a1) vy, (a1, 7) + Z (11+a1 Cortery ) () = A (I;li‘“v) ().

Now, applying successively the fractional integrals I;iaj, with j = 2,...,n, to both sides of the previous
i

equation, applying Fubini’s theorem, and rearranging the terms, we get

n n n n
1+a, 1+a, 1+ay
e ST s (T2 ) o (T
Y op=2j=2 j=2 7 j=1
ik

T2 ) @)+ (@1 —a) HIH“’ (@), (22)
=2

where g9 and g; are the Cauchy initial conditions given by
90(7) = v(a1,7) and 91(Z) = vy, (a1, 7). (23)

We observe that the fractional integrals in are Laplace-transformable functions. Therefore, we may apply
the (n — 1)-dimensional Laplace transform with respect to za, ..., x,:

+o0 +o0 n
F(5) =3F(s2,.--y8n) = L£{f}(s2,...,8n) :/ / exp (—Zspxp> flxo, ..., xy)day, - -+ drso.
as an p=2

Taking into account its convolution and operational properties (see [9,21]), we obtain the following relations for

each term in :

Il+a1 Z H Il+a, (21,5 Z H syl-er (Il+a1 V) (21,3), k=2 ...,n, (24)

k=2 j=2 k=2 p=2
Jj#k p#k
n n
14+ ~ 11—« ~
£ Hlai ‘v o (21,8) = Hspl *Y(x1,5), (25)
j=2 J p=2
e[ 15 v b (@3 =[] 55" (IH‘“ v) (z1,3), (26)
j=1 7 p=2
ST L% g0 ¢ (21.8) = [ 5, 27 &0(5), (27)
j=2 p=2
£4 (21 —a1) H Iiiajm (71,5) = (z1 — a1) H s, T B(5). (28)
j=2 J p=2
Combining all the resulting terms and multiplying by HZ 9 511,+% we obtain the following second kind homo-
geneous integral equation of Volterra type:
Zn 2 8111+ap - A 1
vx,§+”—/ x — ) V(t,5)dt = G(x1,5), 29
@019 + = | 0V = 69 (29)



where G(z1,5) = 6¢(3) + (z1 — a1) 61(5) and &4(5) = £{gx} (s) with k = 0,1. Using (16]), we have that the
unique solution of in the class of summable functions is:

. DY 23113+%_)‘ . o 1+as ~ ita o
V(z1,8) = G(x1,5) — Z)F(ITQ /a1 (z1 =) Ertay ita, | —(21 =)' ;%ﬁ =) | Gt,5)dt,
(30)

which involves the two-parameter Mittag-Leffler function. Due the convergence of the integrals and the series
that appear in (30), we can interchange them and rewrite in the following way:

n 1+ap )\ k+1
Zp QSP -

_ (1+a1)k+1+a1 6 AN
N(14+a)k+2+a1) (1 —a1) 0(3)

V(z1,5) = 1+Z INlan

k+1

n 1 p
(Zp 2817+a _)\)
F((1+a)(k+1)+2

+| (@1 - a +Z 1)kt (tan)E+HD+1 | 6, (3)

] (1 —a1)

n 14+« m
(Zp 2 Sp r— >\>

— 1 _ (1+o¢1)m 6 I~
+Z N ey @) o(®)

n 1+ay, m
(Zp 2 Sp - A)

7 o (14a1)m+1 ~

+ | (1 —a1) + E T+ an)m + 2) (r1 —a1) &1(3)

N e

_ E _1\m — _ (14+a1)m o~
m:()( 1) F((l +a1)m+ 1) ((L’l al) 60(8)
N e

—_1\ym — _ (14a1)m+1 ~

+ mE,O( 1) T Tom<2) (1 —aq) &1(3). (31)

In order to cancel the Laplace transform, we need to take into account its distributional form in Zemanian’s
space (for more details about generalized integral transforms see [31]) and the following relation:

o1+irs On+irs ( ) n (1+ )
: n(l+ayp — n a ~
T27m71r1£n_>+OO /alm . ./Unirn pl_[z sy G (5) exp E Spxp | dsp ...dss ]UQ Bm;r a | (&), (32)

where k = 0, 1. Therefore, applying the multinomial theorem and after straightforward calculations we get the
following solution of :

> xl — ap)(IHen)m ( CA mo
Az -2
mz::O (T+apm+1) \ —oF %0(%)
0o xl _ al)(l—i-al)m-‘rl ox m N
A% — A . 33
+mz:0 N(1+a1)m+2) ( at ) 91(7) (33)

From the previous calculations we obtain the following results in R™, which generalize Theorem 3.1 and Theorem
4.1 in [12].

Theorem 3.1 A family of eigenfunctions of the fractional Laplace operator CA;, 18 given by
0A®@) = s (—(@1 — )+ Bz - 1)) 90(@)
+ (21— @) Briaye (@1 = a)" (B - 2)) a1(@), (34)

where go(®) = v(a1, &) and g1() = v}, (a1, 3).



We give a direct proof of the theorem in order to confirm that is indeed the solution of . The proof uses
the fact that aﬂ@;f‘ll 1=0and aﬂ@;f‘“ (1 —a1) = 0, and the analogous fractional formula for differentiation of
1 1
integrals depending on a parameter where the upper limit also depends on the same parameter (see |25 Section
2.7.4]). Proof: Applying the operator A%, = acira,}/,j'“l + “A% to and using the series expansion of the
Mittag-Leffler function 7 we get
o) ((Ifl _ al)(k:—l)(l-‘roq)

CAS#U)\(.%) = 2 (—1)k F((l T Oél)k — Oél)

= (x1 —a1)!
+ kZ:l A T w——

(B ~2) w(@)

1+a1)k—an

~ k ~
( CAe, — A) a(@ + ( CA§‘+> a(2).
Rearranging the terms of the series we obtain
CAY vy (z) = — ( Cﬁgﬁ - )\) ua(z) + ( CAZ‘+) ua(z) = A vy(z).
|

Corollary 3.2 A family of fundamental solutions for the fractional Laplace operator CA;ﬂ is obtained by
considering A = 0 in .'
G5 («) = vo(2)

=Fita1 (*(501 —ap)tt C&%) 90(Z) + (21 —a1) Eiya, 2 (*(xl —ap)tt CA%) g1(Z), (35)
where go(Z) = v(a1, @) and g1 () = vy, (a1, 7).

For the fractional Dirac operator C’D(‘;‘+ we can obtain a family of fundamental solutions by applying the operator
CDS‘+ to the family of fundamental solutions of the operator CAZ‘+.

Theorem 3.3 A family of fundamental solutions of the fractional Dirac operator CDgﬂr (acting on the left or
on the right) is given by

G (x) =) e (G9), (@), (36)
i=1
where
Cra _ o —1+Q1E . . 140 Cﬁa =~
( g+)1 (x) - (xl a’l) 2 1+a1,1_% (‘rl al) at gO($)
1z 14+a1 CARa ~
+(r1 —ay) 2 E1+a1,3‘% (—(961 —ay) Aa+) 91(2), (37)
and fori=2,...,n

~ 1oy
(Cgi)i (x) = (E1+a1,1 (—(ml —ap)tt CA2‘+) ai%zﬁ )go(i‘\)

~ 1toy .
o= an) (Broa (~or - o) ) 0.5 ) 0@ (39)

with go(Z) = v(a1,7) and g1(T) = v}, (a1,).

Now we present the corresponding results for the Riemann-Liouville case. First we obtain the eigenfunctions
associated to the operator #LA%, satisfying #FA%, v(x) = Av(z), where A € C, and v(z) = v(z1,. . ., ;) admits
a summable fractional derivative <flfag2al v> (x) in the variable z1, and belongs to Ii;rai (L1) in the variables
x;, with ¢ = 2,...,n. The following results generalize Theorem 3.1 and Theorem 3.4 in [10].

Theorem 3.4 A family of eigenfunctions of the fractional Laplace operator P”LAng s given by

ur(@) = (@1 =) Biay o (—(2n - )t (RS - 2)) fo@)
+ (21— a1)" Briaytea, (—(01 —a)* (A2 - 2)) (@), (39)

where fo(7) = (I;;alu) (a1,7) and f1(3) = (a;%l;u) (a1,).

1



The proof of Theorem is similar to the proof of Theorem however, it takes into account the composition
rule (7). For the case n = 3, see [10].

Corollary 3.5 A family of fundamental solutions for the fractional Laplace operator RLA% is obtained by

considering A = 0 in (@/
LGS (2) = uo(w)
= (@1 = @)™ Brpasa (—(@1 - a) 4 RAL ) fo(@)

+ (£E1 - 611)&1 E1+a1,1+a1 (—(531 - Cll)H_a1 RL£3+> fl({f)a (40)

where fo(Z) = (Iilgalu) (a1,7) and f1(7) = (agliu) (a1, 7).

For the fractional Dirac operator RI’Dgﬁr we can obtain a family of fundamental solutions by applying the

operator }U’Dg‘+ to the family of fundamental solutions of the operator RLA;‘@.

Theorem 3.6 A family of fundamental solutions of the fractional Dirac operator RZ’DZ‘+ (acting on the left or
on the right) is given by

RIGe (z) Zez (71G9), (=), (41)
where
RLAa o1 =3 1+a1 RLA« P
(R1G9), (2) = (w1 —a) ™ By, e (~(o1 —ar) A2.) fol@)
t(z—a) T E1+a1,”% (—(331 —ap)tt RL£3+) f1(Z), (42)
and fori=2,...,n

1+ay

("69), (x) = (31 — ay)™ ! <E1+a1,a1 (—(xl —ap)'te RL&%) RaL+ 2

) 1o(@)

o= a)® (B (<@ -a) e BE5) Mo ) @ @)

with fo(7) = (1;1;%) (a1,7) and f1(3) = (8ziiu) (a1,7).

Remark 3.7 From (@) or it is possible to obtain the fundamental solution of the Fuclidean Laplace
operator in R™ when o = (1,...,1). Let us consider only the Riemann-Liouville case (the Caputo case can be
treated similarly). We know that the fundamental solution of the Euclidean Laplace operator in R™, n > 3, is
given (up to a constant) by ||z — a||~ 2. The case n =2 can also be treated but we restrict ourselves to only
present the case n > 3 in detail. First we need to obtain the power series expansion of the fundamental solution
of the Laplace operator in R™. Considering the binomial series

+oo 1
(1—33)5:2(8—’—2_ )xp, lz] < 1

p=0
we obtain

~(n-2)

_n-—2
[ = all = ((m1—a)’+[7—al?) >
n—2

g —
_ ”5},\_&”7(7172) <1_|_ (1‘1 7(11) ) 2

1z —al?
+
_ S Fe-l) e (44)
2 P 1@ —af2n-2



2
with |7 —a|? = Y1y (z; — a;)?, and (1= a)” < 1. Now, putting o = (1,...,1) and fi the null function in

=2 [&=al?
@ we obtain
Iy —g1)2P
uo(a) = ;0( o B ple) (15)

From a comparison of and (@ we observe that we have to find a function fo(Z) such that

R fol@) = ( 7 el ) T L (16)

~ < \2ptn—2°
p (Iz —al)™"

We observe that the function fo(Z) = ||z — a||~ =2 satisfies (@) First we recall that the p-th powers of the
m-dimensional Fuclidean Laplace satisfy (see (2, (1.5)])

20T (541) D(A™) 4,

APrF = r
L(§—p+1) T (52 —p)

with r = ||z|,x € R™, p € N and k € Z. Therefore, for m =n —1 and k = 2 — n we obtain

22pF (25" + 1) ﬁ 2—n—2p
2-n _ 1 _ " ’
(=" —-p+1) T (53-p)

Comparing (@) and we conclude that we have to show that

n—2 _ 2p 2—n T
<2+p 1)(213)! _F(z T (52 +1) 7 )

AP = (47)

p Srop+)T(;-p)

This equality is true and can be proved by using well-know relations for the Gamma function and taking into

v\ P(l+v)
E] TA+kT1+v—k)
Therefore, we conclude that the equality @ is satisfied when fo(Z) = ||T —a||~("~2). As expected, on the basis

of considering this same function, together with f1 being the null function, we may obtain from and @)
the fundamental solution for the Euclidean Dirac operator in R"™, n > 3, when a = (1,...,1).

account that

In the following section we introduce fractional versions of the Teodorescu and Cauchy-Bitsadze operators where
the kernel of these operators is the fundamental solution ng‘,. Before we proceed to the development of the

operator calculus we present the following auxiliar results.

Theorem 3.8 For functions go and g1 such that

/ dT < oo, /
Q Q

the fundamental solution °G< belongs to Ly(£).

( Cﬁ;)igo@) ( Cﬁga)igl(f) d7 < o, Vi € No,

Proof: From we have

1965 Ny < [ Brsmn s (= =) B2 ) u(@)

L1(Q)

+ |1 = a1) Brsay o (@ — )t “Bg) 0:(@)

L1(Q)

< [ [Brraa (~o = ) B ) go(@)| do
Q

4 [ o1 =) Brpaya (<@ - ant Bg) (@) de
Q

10



Relying on the series expansion of the Mittag-Leffler function , and the fact that the series and integrals
that are involved are absolutely convergent, we derive that

[e’e] b1 i
C e _ (1+061)i [OYN] A~ ~
G¢ E r1—a dx ( A ) )| dr
H HL1 :0 1+a; 2—1—1) / ( 1 1) 1 /@ at 90( )
) b1 (Ltan)itl on i
—_— . 1) d Aa ) ~ dA
+;F I+m z—l—2) / (21— a1) o /@ ( at) 91(®)) d2,
where Q = H?:z]aja b;[, and where go, g1, are chosen such that the integrals over Q are finite for each i = 1,...,n.

Let us denote by Cy and C the corresponding maximum values over i. Moreover, computing the integrals with
respect to x; leads to the following inequality

 (by — ap) ()i by — ay) ()i
C < by — (b1 1 2 1 1
1963 00 < €01 =00 Yo gy + 6 0= 3 i

1= 1=

Moreover, since 0 < a1 < 1, we get the final estimate

= (b —a 2 (by —ay)?
C, 1 1 2 1 1
H G2 ||L1(Q) 0 (b1 —a1) 2 F +C’1 (b1 —aq) ;m
etr—a)® _q e®=a)® _ (h — )2 —1
=Cy + 1 .

by —ax (bl - a1)2

The last expression is a finite quantity in view of a; < b;y.

In a very similar way we can prove the following result for the fundamental solution of CDgﬁ,.

Theorem 3.9 For functions gg and g1 such that

[ (Cﬁgq)lgo(i:\) dz < oo, [
Q Q
/ dzT < o, /
Q Q

the fundamental solution G belongs to L1(S2).

dT < o0, Vi € Np,

(°Bz) 0@

and

14+a,

—~ % Ita,; ~ % 1tay
(CA;ﬂ) 5027 g0() (%gq) 0.7 g1(®)| d7 < oo, Vi € N,

4 Fractional Teodorescu and Cauchy-Bitsadze operators

In this section we introduce and study the main properties of the fractional analogues of the classical Teodorescu
and Cauchy-Bitsadze operators described in [17]. We start by proving fractional analogues of the Stokes formula
and the Borel-Pompeiu formula in a rectangular open rectangular domain of the form © = []}",]a;, b;[. From
now on CD?, denotes the right Caputo fractional Dirac operator, which is given by

14+ay

Cpy = Zelb_awl , (49)

where, for ¢ = 1,...,n, the partial derivative b(f s N is the right Caputo fractional derivative (EI) of order 1-&-2%

with respect to the variable x; €|a;, b;|.

Theorem 4.1 Let f,g € AC*(Q2) N AC(Q). Then the following fractional Stokes formula holds

/Q [~ (F D) (2) g(2) + f(2) ('Dgeg) (2)] dz= | f(z)do(z) (Ig+g) (@), (50)

o0

where do(x) = n(x)dQ, with n(z) being the outward pointing unit normal vector at x € 9N, where dQ) is the
classical surface element, and dx represents the n-dimensional volume element.

11



Before we give a proof of theorem we observe that in the operator GDE‘_ acts on the right and the operator
RI’D2‘+ acts on the left, which is specific of the Clifford analysis setting because of the lack of commutativity.

Proof: Suppose that f and g satisfy the above mentioned conditions. From and (6]) we obtain that

/Q—(f D) (x) gla) da = zj:/g<f1b8x> (z) i g(x) d

iZ/ﬂ <fA Il—;ax> (r)eae;g(x)de. (51)

i=1 A

Concerning the integral appearing in we have

1may 1 bi b o
/ (fAIb_2 8&) (x)eae;g(x)dx = F(l_o‘)/ / / (w—xi)f% (Ou, fa) (x],w) eq e; dw g(x) dx; dx},
Q i T7 *Ja; x;
(52)
where O = [[;_, ,lai, bil, 2f = (21,..., 251, 2i41, ..., 2,) and where (9;, f4) (], w) means that after dif-
ferentiation, the variable z; is replaced by w, while the remaining variables remain unchanged. Changing the

order of integration in the two inner integrals and relying on (1)), we obtain that the right-hand side of
equals to

r o [, et ene [w-n

i

4oy

> g(z)dx; dwdx}

1—a;

:/ (O, fa) () ea e <Ia+2 g) (z) dx. (53)
Q :
Hence, inserting (53 into (51)) we conclude that

/Q—(f Dy ) (x) g(x)de = iZ/ﬂ(arifA) (z)eaei (I;r;g> (z) dz. (54)

i=1 A
Applying now the classical Stokes formula (see [8]) to the right-hand side of and applying , we get
/ —(f CD?_) (z) g(x)dx = ZZ {/ fa(x)easdo(x) (I(ﬁ2 g> (z) — / fa(x)eae; <8‘T"Ia+2 g) (z) dx}
Q = oo g Q g
1

- Z [ t@aote) (1.79) () - Z | f@re ("0mE ) (o) do

Therefore, from we obtain the following fractional Stokes formula

| 1= 05 @gta) + @) (MD5g) @] de = [ f@)do(o) (Ggeg) (2,
where (I3 g) (z) = Z (I?g) (z).
|
We notice that the Stokes’s formula in the classical Clifford analysis setting has the form
[ D) @) g(a) + Fla) (Dg) @) de = [ fa)doo)go). (55)
Q o0

where D is the Euclidean Dirac operator. However, in the fractional Clifford analysis setting we obtain a more
complicatedly kind of “double duality” relation. On the one hand the formula involves both the Caputo and
Riemann-Liouville derivatives, and on the other hand it also involves left and right derivatives. It is also possible
to obtain other versions of the fractional Stokes’s formula. For example, if we consider in the operator
RID:; then we obtain the following alternative version of the Stokes’s formula:

/Q [(£ D2, (1) g(z) — f(x) ( ODg) (2)] d = / (12, f) () do(x) g(x).

o0

12



Before we deduce our fractional Borel-Pompeiu formula, we need to understand the behaviour of the fractional
Dirac operator CDZ‘){ when the argument of the function f in is translated and reflected. Denoting the
translation operator by Ty f(y) := f(6 + y) and the reflection operator by R, f(y) := f(—y), and applying
the definitions of the right and left Caputo fractional derivatives presented in @ and we can deduce the
following relation (where the derivative is with respect to the variable y):

(f(0 =) Dy_a) = (ToRy f(1)) Dy_ay- =-ToRy (F(v)Dis) =~ (fD) (0 —y).  (56)

Replacing f by “G¢ (2 +a —y) in (50) and integrating with respect to the variable y, we obtain the following
fractional Borel-Pompeiu formula and fractional Cauchy’s integral formula.

Corollary 4.2 Let g € ACY(Q2) N AC(Q). Then the following fractional Borel-Pompeiu formula holds
- [ G2te+a—u) (D) dy+ [ G2+ a=1)dols) (U2e0) 1) = glo). (57)

Moreover, if g € ker (RL’Dgﬁr), then we obtain the fractional Cauchy’s integral formula

/a G a—y) doly) (I59) (v) = o(x). (58)

Proof: Note that ng_(y) is the fundamental solution of GDg‘+ defined only for y; > a;, 7 = 1,...,n and satisfies
( “D2.9GY) (y) = 6(y—a). First we replace f by “G¢(x+a—y) = Tota Ry G (y) in . Since °G¢ (z+a—y)
is defined only for y; < z;,7 = 1,...,n, due to translations and reflections, the operator C'Dl‘j‘_ in is replaced
by CD;“,. Thus, we have

- [ ra—y) DL gy + [ e ra—y) (MDg) dy= | Gt ap)doly) (I29) ().
Q Q o0
Applying with 8 = x + a, leads to
/ 5z —y)gly) dy + / Gla+a—y) ("Dg) (y)dy = / Gz +a—y)do(y) (I3 9) ().
Q Q

[219]

The previous expression leads to the fractional Borel-Pompeiu formula

g9(z) :*/chi(x+a*y) ("D, g) (y)dy+/ Gz +a—y)do(y) (I3 9) ().

[219]

Additionally, if g € ker (RDD3+) then the first integral of the right-hand side of the preceding expression is equal
to zero. Therefore, we arrive at the fractional version of Cauchy’s integral formula stated in .

As a consequence of the “double duality” mentioned previously it is possible to deduce alternative versions of
the previous Borel-Pompeiu formula.

Remark 4.3 In the case a = (1,...,1), a = (0,...,0), g1 = 0, go(@) = ||2]|~"2 in @, , and @,
and taking into account that (“°Di_g) (x) = — (Dg) (z), (DL, g) (x) = (Dyg) (), and (I}_g) () = g(z) we
obtain the classical Stokes formula @, the Borel-Pompeiu formula, and Cauchy’s integral formula presented
in |8, Sect. 2.1] and [17, Sect. 3.2].

From we may introduce the following definition.

Definition 4.4 Let g € AC*(Q)). Then the linear integral operators

(“T%g) (2) = — / G (x+a—y)gly) dy (59)
Q
and

(°Feg) (2) = / G (& + a — ) do(y) (1% 9) (v) (60)

o0

are called the fractional Teodorescu and Cauchy-Bitsadze operator, respectively.
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Remark 4.5 In the case o = (1,...,1), a = (0,...,0), g1 =0, and go(Z) = |||~ "2, the operators “T* and
CFe coincide with the usual and well-known classical operators defined in [17, Def. 3.1, 3.25].

The previous definition allows us to rewrite in the alternative form
(T "DZg) (2) + (Fg) (x) = g(z),  z e

Now we study some properties of the fractional integral operators “T'® and “F. We point out that in all
with

the forthcoming results the parameter p referring to the L,-space belongs to the interval ]1, # ,

*

a* = miny<;<,{a;}. This specific range of p results from the application of Theorem to the fractional

integrals of order 1_2%, with ¢ = 1,...,n, that appear in the definition of the fractional differential operators.

Moreover, the parameter g of the Ly-space must be chosen such that ¢ = %,
Ifa=(1,...,1), then we conclude that p €]1,00[ and ¢ = p, as it occurs in the classical setting (see |17, Ch.3]).
Before we deduce two properties of the fractional integral operators and , we need to understand the
behaviour of our fractional derivatives when the argument of the function over which we apply the derivatives
is only translated. Denoting the translation by Ty f(z) := f(z + 0), and using the definition of the left Caputo

fractional derivative presented in , we can deduce the following relation (where the derivative is with respect

according to Theorem

to the variable z):

(D prays F@+0) = (Diprays To f@)) = To (DL f() = (D% f) (@ +0).  (61)

Theorem 4.6 The fractional operator T is the right inverse of C’Dgﬁr, i.e., for g € L,(Q), withp € ]1, ﬁ [
and

a* = miny<;<,{a;}, we have
(“Dgy Tg) (x) = g(a).
Proof: Note that Cgﬁ:(x) is the fundamental solution of CD;’@ defined only for x; > a;, i = 1,...,n and
satisfies ( D%, 9G¢) (z) = 6(x — a). With respect to the variable z, the function “G¢ (z + a —y) is defined only
for z; > y;, 1 = 1,...,n, therefore, the operator CD2‘+ is replaced by CD;‘+. Taking into account the definition
of T given in and the relation with 6 = a — y, we obtain
(D 1) (0) = — [ D G (e +a—y)gly) dy
Q
== | D5 (T, G5 @) a) dy
=— [ Tay (DY “GS(2)) g(y) dy
Q

_ / Ty 6z — a) g(y) dy

= */ Sz —y)g(y)dy
Q

=g(x).
]

In a similar way as in [18], we introduce the fractional Sobolev space W 5"(€2), specifically adapted to our
problem, with the norm ”'HW“f(Q) given by

)

1+op

C
a+al’1c2 f
* Lp(Q)

1y ey = N1, ey +
k=1

where || - ||, (o) is the usual Ly-norm in ©, and o = (ay, ..., ay), with oy, €]0,1,k =1,...,n.
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_1

Theorem 4.7 The fractional operator “F* maps VV:Jr p’p(aﬂ)—functions to functions belonging to the kernel
1

of CDZﬁ, i.e., the fractional operator °F® satisfies ( GDg‘+CFo‘g) (z) =0, for every g € Wj+ ’”p(aﬂ), with

pE }1, ﬁ[ and o = mini<;<p{o}.

Proof: By the same reasonings used Theorem we have from that

(©D2, OFag) () = /B DG+ a =)o) (T70) 0

= [ D5 (Tany 02 ) dot) (I29) ()
on

= [ Ty (PG @) doly) (1329) ()

- Ta—yd(x —a)do(y) (I8 g) (y)
o0

= 3z —y)do(y) (I&9) (v)
o0

=0.

Note that the validity of the last equality is due to the fact that z € Q and y € 01, i.e., the difference z — y is

always non-zero.

|
Now we present some mapping properties of the fractional operators T and “F.
Theorem 4.8 The operator “T® is bounded from L, () to L,(Q), with p € } 12 [ and o = mini<;<,{a,}.

Proof: Under the previous conditions, and in view of the Young’s inequality for convolutions (see Theorem
1.4 in |26]) and Theorem we obtain

HCT&QHLP(Q) = Hcgi *gHLp(Q) = HcgiHLl(m l9llz, ) -
which leads to our result.

Remark 4.9 Considering a = (1,...,1), a = (0,...,0), g1 = 0, and go(Z) = ||2]|~™2 we obtain Theorem
3.9 in [T7).

Now we want to study the derivatives of “T'®. Before we do that we present an auxiliar result where we calculate
the partial fractional derivatives of Cgf;.

Theorem 4.10 The partial fractional derivatives of the fundamental solution CDZﬁr are given by

1+aq ~
(Ca Cgi) (2) = e1 (@1 = a2) 70T Brpay —a, (o1 — @)™ B2 ) g0(@)

+(x1 —a1)" Eiya,1-ay (—(961 - 661)1+O‘1 Cﬁ;ﬁ) 91(55\)}

1+a;

n
1+ -~ ~
—I-Zei [(Jsl —a)" 2 B = (—(331 —ap)tt CAZ“+) a_?azf 90(7)
=2

1—
2

1—a 1tog

o —a) FE e (<o — a0 B) G0,

0@,

15



and fork=2,...,n

(3

1+ag 1+ay,

Cg+> ( ) =e1 |:(;[;1 — al)_ 2 E1+a1,1_% (—(.’El — a1)1+a1 Cﬁng) Cawk

A~

9o(7)

1—a ~ ltag R
b= ) F By, s~ - a0t B G007 )]
n 1 o c 1+ay 1+ay R
+ Zei |:E1+a1,1 <—(=’E1 —ap) AZ#) a;:awkz +8mb2 90(7)

i=2

1+ay 1+a;

o a) By (<o - )t B G 00 a@). o

1+aq
Proof: Let us start with the proof of QID Applying the operator Cjaxf to “G¢ and relying on we

Ttoy
obtain the expression 1) Concerning |ID the deduction is even more direct because the operator 28 2

only acts on the functions gg and g;.

Let us now study the derivatives of “T%.
Theorem 4.11 Let g € L,(9Y), with ¢ = %(ffpa*)p, pE }1, %[, and o = minyj<;<n{a;}. The fractional
partial derivatives of T with respect to xy, satisfy the mapping property

caz,c (CTa ) Lg(Q) — Le(9), k=1,2,...,n.

Proof: Since for k =1,...,n we have

1+oy

(Ca;f - CTag) @)= [ GorF G3teta =) gt ay

1+ay
T /Q y§a$k2 (7:1—11 Cgi(x)) 9(y) dy

Ifop
—— [ 7o (07" G2)) 9t an (64)

then to study the derivatives of the operator “T' it suffices to study the convolution terms (see [24]). The
expression for the kernel of this convolution corresponds to the expressions and . These kernels can be
proved to be Li-functions in a similar way as it was done in the proof of Theorem with go and ¢; like in
Theorem This fact, combined with Young’s inequality for convolutions (see Theorem 1.4 in [26]), leads to

Ca sk o
()
Lq(Q) F

which in turn implies our result.

Cazk (CTQ ) Caﬂﬁk Cg+ ”g”Lq(Q)

Lq(9) L1(9)

Remark 4.12 Considering a = (1,...,1), a = (0,...,0), g1 =0, and go(Z) = ||Z|| =2 the previous theorem
reduces to Theorem 3.8 in [17].

Theorems and allow us to prove the continuity of “T¢.

Theorem 4.13 Let q = %(ffpa*)p, pE }1, %[, and o = minj<;<,{a;}. The operator T : L, () —

W) is continuous.

This result can be obtained as direct consequence of Theorem and Theorem and, therefore, we omit a
detailed proof. Now we study the mapping properties of “F.
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Theorem 4.14 Let ¢ = 2_(12%&%, pE }1, % {, and o* = minj<;<,{a;}. The operator °F* acts continu-

1
ously on W;r ”’p(@Q), more precisely, the operator
_1
Cpe s WiT P (00) = WN(Q) Nker (©D)
18 continuous.

Proof: For a function f € ij*’(am we can find a function g € W59(Q) such that g = “F*f. Next,
by the Borel-Pompeiu formula we may infer that CFf = (I — e Rl’Dg@) g. In view of the continu-
ity of “I'™ and the fact that for a function g € W?(€2) we have DY g € W%%(Q), and hence we con-
clude that (I — “T*"IDe )g € W(Q). By Theorem and Theorem we have 0 = ©“D2 CFof =
(“D2 (I —C°T*Rp2 ) g. This in turn implies that g = “F*f € W3(Q) N ker( “D2,) for a function
g € WH().

Remark 4.15 Considering a = (1,...,1), a = (0,...,0), g1 = 0, and go(Z) = 2|2 we have that
ker ( “D2,) reduces to ker (D) as it happens in [17)].

5 Hodge-type decomposition

The aim of this section is to obtain a Hodge-type decomposition and to present an immediate application of

this decomposition for the resolution of boundary value problems involving the fractional Laplace operator. To

realize this we need first the following lemma.

Lemma 5.1 Let u be in L1(Q2), and v has a summable fractional derivative (S+a;1+a1v) () in the variable x1,
1

and belongs to Iijfc” (L1) in the variables x;, with i = 2,...,n. The solution v(x) of the Poisson equation

i

CA% v(2) = u(z) (65)
18 given in the operator form by

0(@) = Briapn (—(@1 = a) “B&) go(@) + (@1~ 1) Brya, 2 (~(21 — a0)* Bg ) 1 (3)

+ g‘,o (- Ao )" (1000 (@), (66)

ay
where the functions go and g1 are the Cauchy initial conditions given by
90(3) = v(a1, ) and 91(8) = v}, (a1, ). (67)
Proof: The proof follows the same reasoning of the deduction of . Applying successively the fractional

integrals Iii'a", with § = 1,...,n, to both sides of , applying Fubini’s theorem, and rearranging the terms,
i

we get

:ajv (x)
J

n n n

eI | Ea [OR B IRK

Yok=2j=2 j=2
J#k

u o ~ = 1+a; ~ . 1+
=I5 | @+ @i —an) [ [T 10 | @+ | [T LI e ) (@), (69)
j=2 "’ j=2 "’ j=1 "7
where g and g1 are the Cauchy initial conditions given in (67). Applying the (n — 1)-dimensional Laplace

transform with respect to Z = (za,...,2,) to , taking into account the relations —, and multiplying
by HZ:Q 311,+% we obtain the following second kind homogeneous integral equation of Volterra type:

n 1+ay z1
_5 S
2p=2 % / (z1 — ) V(,5) dt = G(z1,5) + (Iii“lu) (z1,3), (69)

V(x1,8) + Tara) /|
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where G(z1,5) = 6¢(3) + (z1 — a1) 61(5) and &4(5) = £{gx} (s) with k = 0,1. Using (16]), we have that the
unique solution of in the class of summable functions is:

ZZ 2511)+ap T1 . n )
T T(+ar) / (@1 = ) Blyag, 1oy | —(@1 = 8)1F0 Y sy ) G(1,5) dt

al p:2

V(z1,3) = G(z1,5)

> 2 5117+% o =
(I;:ralu) (z1,5) — m / (1 = )" Bltar 1404 (—(xl — )it 25;17+ap> (IHMU) (z1,8)dt.
ai p:2

(70)
The first two terms in coincide with and are equal to with A = 0. Concerning the last two terms

in , due the convergence of the integrals and the series, we can interchange them and rewrite them in the
following way (in the calculations we make a change of the order of integration):

n 1tay\FH

1+ N (7 2p=25p p) o o (1+a1)k+

Iy s) + U(w,s —t QVRTAL (¢ — ) dt d
<a;r )(m,S) 1;:0 T+ an)k + 1 + ) /a (w,s)/ (x1 — 1) (t—w) w

1 w

En 1+a k1

1+ S ( 2 p) o (1+a1)k+2a;1+1 d
= (U s) + ai atlyi (. 5

( ot )(m,s) ,;:0 T+ o)k 201 + 01)) /al (x —w) (w,8) dw

+oo n k+1 (Lhan)(k12)
= I”“lu) A+ =D spter (I “ u) 3
( a;r ($1,8)+ Sp ”‘Ir (.131,8)

k=0 p=2

(IHO”Z/{) (z1,8) + f ( is},"’%)m (I{g+a1)(m+1)U) (21,3)

p=2

+00 n m
_ Z ( Z S;mp) ([(51++a1)(m+1>u) (z1,5). (71)
m=0 p=2 !
Hence, from and (with A = 0) we can rewrite as

= Siast)”
V(z1,5) = Z (=™ F(((l +2a1)m 2 ) (z1 — ap)F)™ By (3)

1+ay, m
+ Z(_l m (Z;:2 Ser ) (x —a )(1+a1)m+1 & (:9\)
P I(14a)m+2) 1 !

+ n m
+ f (- Z#f%) (18U (21,9), (72)
m=0 p=2 !

It remains to invert the Laplace transform. Using and after straightforward calculations, we obtain,

L oo (xl _ al)k(1+o¢1) ~4 1’1 —aq
V(Cﬂl,s) 7];)(71)kr((1+a1)k+1) ( CAa+) +Z +a1)k+2)

+oo

which corresponds to our result.

)(1+a1)k+1

(As) 0@

Theorem 5.2 Let ¢ = 2_(12#%, p € ]1, T [, and o = minj<;<p{a;}. The space L,(Q2) admits the
following direct decomposition

Ly(Q) = Ly(Q) Nker ( “D2) & D (W}f’ (Q)> , (74)
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where WWP (Q) is the space of functions g € WP (Q) such that tr(g) = 0. Moreover, we can define the following

projectors
P Ly(Q) — Lg() Nker ( “D2), QY : L,(Q) — “D <W;‘+~P (Q)) :

Proof: By (— CAg+)g ! we denote the unique operator solution for the problem (cf. Lemma |

— CA;ﬂf = u, in Q
(75)

f=0, on 0f)

which is given by with v(z) = f(z) and go(Z) = 0.
As a first step we take a look at the intersection of the two spaces that appear in the decomposition. Let

[ € [Lg() Nker( “D2 )] N “D, (Wf;p (Q)) We directly see that “D% f = 0, in Q. Moreover, since

fe “Dy (W;ﬁp (Q)), there exists a function g WP (Q) with “D?, g = f and “A% g = 0. From the

uniqueness of (— CAZ‘Jr)a ! we obtain that ¢ = 0. Consequently, f = 0 in €. Hence, the intersection of these
subspaces only contains the zero function, which implies that the sum is direct.
Now, let f € L,(2) and fo such that

oim D3 (= A s e Con (Wi @)

Applying CDgﬁ, to the function fi := f — fo, we get

Diifr= Dif— D fo

-1

Dy f— DY Dy (- DY), DS

—1

= Do f— (=A%) (- 9A%), Dif

Dif— Dif =0,

ie., f1 € ker ( CD;). Since f € L,(Q) was arbitrarily chosen our decomposition is a direct decomposition of
the space L4(2).

Remark 5.3 When a = (1,...,1) we have that ¢ = p and p €]1,+00[. For the particular case of p = 2 the
decomposition is orthogonal (see Theorem 3.75 in [17)]).

We end this section by presenting an immediate application of our results.

Theorem 5.4 Let p € }1 = [, and o = minj<;<p,{a;}. Consider g € Wffa’p(Q), The unique solution of

’ ]l —a*

the problem

CAg+f:9» in
f=0, on 0f)

is given by f = —CT* Q> “Tg.

Proof: The proof is based on applying the properties of the operator “I'* and of the projector Q<. Since
CT is the right inverse of “D?,, we get

CAg+f _ CD3+ Cng+ CTa CQa CTag — CD3+ CQa CTag _ CD3+C ag = g

19



6 Conclusion

In this work we presented a generalization of several results of the classical continuous Clifford function theory
developed in [17] in the context of fractional Clifford analysis. Our results can be regarded as a starting point for
future works. Due to the “double duality” indicated previously, some of the previous results admit alternative
versions, for instance, for the operator RL’DZQ. Moreover, it is desirable to obtain an explicit expression for the
fundamental solutions finding appropriate functions gg and g;. This can be done considering adequate series
expansions in the neighbourhood of a. This will be subject for future work.
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