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ABSTRACT
The amount of cross-linking in the design of polymer materials is a key parameter for the modification of numerous physical properties,
importantly, the permeability to molecular solutes. We consider networks with a diamond-like architecture and different cross-link ratios,
concurring with a wide range of the polymer volume fraction. We particularly focus on the effect and the competition of two independent
component-specific solute–polymer interactions, i.e., we distinguish between chain-monomers and cross-linkers, which individually act on
the solutes and are altered to cover attractive and repulsive regimes. For this purpose, we employ coarse-grained, Langevin computer simula-
tions to study how the cross-link ratio of polymer networks controls the solute partitioning, diffusion, and permeability. We observe different
qualitative behaviors as a function of the cross-link ratio and interaction strengths. The permeability can be tuned ranging over two orders
of magnitude relative to the reference bulk permeability. Finally, we provide scaling theories for the partitioning and diffusion that explicitly
account for the component-specific interactions as well as the cross-link ratio and the polymer volume fraction. These are in overall good
agreement with the simulation results and grant insight into the underlying physics, rationalizing how the cross-link ratio can be exploited to
tune the solute permeability of polymeric networks.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0045675., s

I. INTRODUCTION

Nano-, micro-, and mesoporous materials are promising can-
didates for numerous applications, such as particle absorption, stor-
age, drug delivery, molecular sieving, and catalysis.1–11 Nowadays,
there exists a big variety of composites in engineering, making up
a range from soft to solid materials: Many of them contain met-
als, while others are purely organic. Several natural microporous
materials, such as zeolites, are based on hybrid metallic–organic
composites, and these own a rather random microstructure. They
have inspired the design and synthesis of the so-called metal–organic
frameworks (MOFs) and porous coordination polymers12 (PCPs)
featuring periodic structures with well-defined network mesh sizes.
In terms of porous organic chemicals, synthetic polymer materials

have undergone a similar evolution13–15 and provide a wide range of
polymer networks from rather soft and randomly cross-linked ones,
such as hydrogels16–19 or aerogels, to highly ordered and much more
rigid covalent organic frameworks20–25 (COFs), porous aromatic
frameworks26,27 (PAFs), and (micro-) porous polymer networks28,29

(PPNs) or high-strength hydrogels, such as tetra-arm polyethylene-
based networks.30–34 In fact, this list is not complete and the intense
ongoing research in polymeric materials raises the expectation that
arbitrary and regular network architectures with desired mesh sizes
and properties can be fabricated.

Although the physical and chemical properties of all these
materials do differ, they are essentially networks of polymers with
interconnecting junctions. We will denote these junctions as cross-
linkers throughout this work. By identifying and counting the
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chain-monomers and the linkers, all networks can be characterized
by the cross-link ratio expressed as

α =
Nx

Nmer
, (1)

with Nx and Nmer being the cross-linker number and chain-
monomer number in the polymer network, respectively. For con-
venience, we denote the chain-monomers simply as monomers in
the following.

The polymeric networks are, in adaptation to their function,
manufactured at various cross-linker concentrations, chain lengths,
mesh sizes, or volume fractions. Regarding stimuli-responsive
hydrogels, the cross-link ratio is usually below 15 percent in order
to retain its responsiveness.35 However, highly cross-linked gels and
many frameworks (MOFs, COFs, and PAFs) used as absorbing and
storage devices show values of α ranging from 15% to 50%. The
cross-links reinforce the network rigidity31,36 and, in addition, affect
the uptake and the mobility of solutes in the network,1,37,38 which is
the focus of the present work. In fact, the permeability of the network
to solutes, which we interchangeably call tracers or penetrants, is of
key importance to smart material design39–44 since its control allows
the fine-tuning of the function and performance of devices such as
drug carriers, filtration membranes, and nanoreactors.

In many experiments and computer simulations, a planar slab-
like geometry of the network is very convenient since the analysis
can be carried out in one dimension. The permeability across such
membranes can be obtained by the solution–diffusion model, which
is based on Fick’s first law of diffusion.45,46 With the assumption of
very small concentrations and their gradients, the linear response
limit is applicable, and the steady-state solutions equal the equilib-
rium situations of such membranes. The permeability can thus be
calculated by the product of the equilibrium partition ratioK (a mea-
sure for the uptake) and the tracer self-diffusion inside the network
Din (quantifying the mobility), reading39,40,43,47–52

P = KDin. (2)

Note that the definition of the permeability may alter with respect to
the subject of research and the definition of the partition (or sorp-
tion, or solubility) coefficient/ratio. We have decided to regard P
as a material property that depends on the type of membrane and
the solutes, i.e., it is independent of the membrane width, and has
the units of the diffusion coefficient. We know from our group’s
previous work53,54 that the permeability exhibits non-trivial func-
tions of the polymer volume fraction and the interaction strengths
between the tracers and the network. These relations may be non-
monotonic as a result of the possibly anti-correlated behavior of the
tracer partitioning and diffusivity. Maximizing or minimizing the
solute permeability can be tuned by the polymer volume fraction,
which is controlled by the cross-link ratio α, the key parameter in
the present work.

In this work, we emphasize another important influence on
the permeability, namely, a dissimilar chemistry of cross-linkers and
monomers. In combination with the solute and solvent chemistry,
various complex local interaction scenarios arise, which are caused
by hydrogen bond formations, hydrophobic (or other entropic)
effects, and (local) electrostatic and steric contributions.55 By quan-
tifying the solute adsorption to specific parts of the polymer, i.e.,
the chain and the cross-linkers, the complexity on the atomistic

level can be reduced and mapped onto coarse-grained potentials
with effective interaction parameters. This enables us to system-
atically vary the effective interaction strengths between the trac-
ers and the cross-linkers as well as between the tracers and the
monomers.

We expect various non-monotonic relations between the cross-
link ratio and the partitioning and consequently an even more com-
plex permeability. Similar non-monotonic behaviors of the parti-
tioning and diffusivity in dependence on the chemistry of hydro-
gel and the solutes have been observed experimentally for differ-
ent degrees of co-polymerization and for different solute types.56,57

Although many numerical studies investigate the influence of cross-
linkers, polymer density, many-body effects, particle size, and qual-
itatively different interactions, on the solute partitioning and dif-
fusion,53,58–71 none of them, to the best of our knowledge, has
introduced an independent, specific interaction strength between
cross-linkers and the solutes, as proposed herein.

Our investigation shows how the cross-link ratio may be used
to tune the membrane’s solute permeability when the polymer net-
work of the membrane retains a regular architecture and conforma-
tion. We provide insight into the intricate interplay between parti-
tioning and diffusion in dependence on the tracer–polymer inter-
action strengths. To this end, we perform coarse-grained, Langevin
dynamics simulations (implicit solvent) of polymer network mem-
branes with different cross-link ratios and tracer–polymer interac-
tion strengths. The cross-linkers are tetrafunctional, and the poly-
mer chains are of equal length, and hence, the network owns a
tetrahedral (diamond-like) architecture (see Fig. 1 for simulation
snapshots and Fig. 2 for an illustration of different regular archi-
tectures). We employ Lennard-Jones (LJ) potentials for non-bonded
interactions and use harmonic potentials for bonds and angles. For
the generality of our model and transferability to various porous
materials, we present our results in the standard (LJ) reduced
units.

II. METHODS
A. Coarse-grained Langevin simulations

In our coarse-grained simulations, all particles are consid-
ered spherical and equal in size and mass. The effects of the sol-
vent, i.e., the numerous collisions of the particles with the solvent
molecules, are implicitly imposed by dissipation (friction) and fluc-
tuating forces, as described by the standard Langevin dynamics
framework. The thermal fluctuation of the ith particle is modeled
by a Gaussian white noise ξli(t) (with direction l ∈ {x, y, z}). It is
delta-correlated in time, independent of any other particle j, and
orthogonal in space, reading ⟨ξli(t)ξl

′

j (t
′
)⟩ = 2kBTγδ(t − t′)δijδll′ .

The noise intensity kBTγ is proportional to temperature T and the
Boltzmann constant kB and is linked to the friction coefficient γ and
related to D0, the unperturbed diffusion of suspended particles in
infinite dilution, via D0 = kBTγ−1.

The non-bonded particle interactions are subject to pairwise LJ
potentials of the form

ULJ(εij, rij) = 4εij
⎡
⎢
⎢
⎢
⎢
⎣

(
σ
rij
)

12

− (
σ
rij
)

6⎤
⎥
⎥
⎥
⎥
⎦

, (3)
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FIG. 1. (a) 3D simulation snapshot of a polymer network membrane (cross-link ratio α = 0.1) in a simulation box (periodic boundaries) after equilibration. The network
is composed of the chain-monomers (red beads), cross-linkers (yellow), and tracers (blue) represented by hard spheres with diameter σ. The solute–polymer interaction
strength is attractive (βεmer = βεx = 1). The circular inset provides a close-up view inside the membrane. (b) Same snapshot as in (a) in the x–z-plane. (c) Time averaged
profiles of the local polymer volume fraction ϕp(z) (left ordinate) and the normalized tracer concentration c(z)/c0 (right ordinate) for the same setup as in (a) and (b). The
red dashed lines indicate the maximum of the polymer profile (horizontal line) and the estimated polymer membrane boundaries (full width at half maximum, vertical lines at
z = ±L/2) defining the width (L ≈ 67σ for α = 0.1) of the network along the z-direction [compare with (b)]. The width L is used to determine the different domains, namely, “bulk”
(|z| > L), “interface” (L/4 < |z| < L), and “network” (|z| < L/4), indicated by the black vertical dashed lines. [(d) and (e)] 2D snapshots including close-up views of membranes
with α = 0.25 (d) and α = 0.033 (e) with identical interaction parameters as in (a). Note that the simulation box sizes differ (see Table I) and the bead sizes (all equal σ) thus
appear smaller or larger as compared to (b) in this representation. All snapshots were created with Blender.72

with rij = |ri − rj|, σ being the LJ length (regarded as the particle
diameter) at which ULJ vanishes, and εij being the potential depth
at 21/6σ, which depends on the types of the particle pair ij. In the
simulations, the LJ interactions are truncated at the standard cut-off
length 2.5σ.

Our system consists of three particle types, namely, “monomers,”
“cross-linkers,” and “tracers.” The parameter εmer corresponds to
the tracer–monomer interaction, while εx denotes the tracer–cross-
linker interactions. They will be altered in the range from 0.01kBT
to 3.0kBT and from 0.01kBT to 2.0kBT, respectively. All remaining
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FIG. 2. Geometrical calculations of the polymer volume fraction ϕstatic
p of fixed, fully

extended (straight chains) polymer networks, consisting of non-overlapping hard
spheres, in dependence on the cross-link ratio α. Three different architectures are
shown, i.e., the cross-linkers are placed on a diamond lattice, simple cubic lattice,
and body-centered cubic lattice, respectively. The cross-linkers are interconnected
with chain-monomers according to their functionality f, illustrated by color-related
insets. The filled symbols on the right-hand axis correspond to α =∞, the well-
known packing fractions for closely packed hard spheres. This is not covered by
our theory since we require Nchain to be a positive integer and α = 2/(fNchain). For
the diamond architecture, we additionally depict the case of overlapping spherical
beads, i.e., in which the bead radius and bond lengths between two beads coin-
cide. The difference between overlapping and non-overlapping beads is clarified
in the sketch in the right-hand side. For this, the volume fraction is slightly over-
estimated (especially for greater values of α), whereas all non-overlapping results
are exact. In all cases, the polymer volume fraction increases with the cross-link
ratio and the cross-linker functionality f. In the α → 0 limit, ϕp is proportional to
α2 and shows decreased scaling behavior for α → 0.5 (compare dashed lines).
The overlapping case further increases the fraction, and it can be interpreted as
the excluded volume fraction ϕex for one solute particle (with equal size as one
polymer bead).

potential depths (tracer–tracer and polymer–polymer) are fixed at
ε = 0.1kBT (repulsive/good solvent regime73). For convenience, we
present the interaction strengths in reduced energy units, i.e., as βε,
with β = (kBT)−1.
The bonded interactions (bonds and angles) in the polymer network
are modeled by harmonic springs, reading

Ub(rij) = κb(rij − r
0
)

2
, (4)

Ua(ψijk) = κa(ψijk − ψ
0
j )

2
. (5)

The bond potential Ub is identical for all pairs with κb = 100kBT/σ2

and r0 = σ. Concerning the angle potential, all constants are equal
(κa = 10kBT/rad2), but we distinguish between two types of equi-
librium angles ψ0

j , determined by the angle’s vertex particle j. The
vertex can be either a monomer (ψ0

mer = π) or a cross-linker (ψ0
x

= arccos(−1/3) = θ ≈ 109.47○, the tetrahedral angle). The equilib-
rium angles and relatively high spring constants keep the polymer
network close to the regular extended shape. The chosen values for
the angle stiffness κa and the number of tracers ensure our dilute
concentration regime in consideration, which is further discussed in
Sec. SI of the supplementary material.

B. System setup and simulation details
We construct polymer network membranes, which are periodic

in two dimensions and with a finite thickness in the z-direction.
In order to study the solute partitioning and their diffusion, we set
up systems with two distinguishable phases, i.e., the bulk reservoir
phase and polymer network phase. The size of the polymer network
and the bulk phase are chosen large enough to minimize interfa-
cial effects. The simulation box length in x-, y- and z-directions
are denoted as Lx = Ly = Lxy and Lz , respectively. The actual val-
ues depend on the cross-link ratio α, discussed below, but have a
fixed aspect ratio of Lz = 3Lxy. Simulation snapshots of equilibrated
networks with three differing cross-link ratios are depicted in Fig. 1.

The cross-linkers are initially placed on regular diamond lat-
tice sites, and (nearest) neighboring cross-linkers are interconnected
by polymer chains of equal lengths, i.e., equal number of monomers
Nchain per chain, which is related to the cross-link ratio of a fully peri-
odic network as α = (2Nchain)

−1. This work studies networks with
nine different cross-link ratios, summarized in Table I. The maxi-
mum number of monomers between two cross-linkers was chosen
to be Nchain = 25, corresponding to a very low cross-link ratio of α
= 0.02. The shortest distance between two cross-linkers is Nchain = 1,
resulting in a relatively high α = 0.5. Owing to our setup procedure,
it is convenient to express the size of the initial polymer network
by the amount of diamond lattice unit cells. One membrane has
the same number of unit cells in each direction (without account-
ing for the x–y-periodicity). The least dense network (Nchain = 25, α
= 0.02) consists of exactly one unit cell. The number of unit cells of
the networks with higher α is chosen such that the width Lxy is sim-
ilar to that with α = 0.02 (see Table I). After the initial placement
of cross-linkers and chain-monomers, the network (without trac-
ers) is equilibrated with the stochastic Langevin integrator with γ/m
= τ−1 (τ = σ

√
βm) together with an isotropic Berendsen barostat74

(τp = 0.1τ) with zero equilibrium pressure. This NpT equilibration
is carried out for 5 × 103τ (106 time steps with one increment of
dt = 0.005τ) to ensure the relaxation of the polymer network and
the convergence of the simulation box volume, i.e., the network is
initially stress-free.60,61

In the subsequent step, tracer molecules are added randomly
into the simulation box. The number of tracer particles Ntracer
ensures a relatively high dilution and sufficient sampling. The aver-
age concentration yields c̄ = Ntracer/(L2

xyLz) ≈ 0.005/σ3, yet test-
ing with a higher dilution, i.e., c̄ ≈ 0.001/σ3, has not significantly
changed the results (see Sec. SI of the supplementary material).
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TABLE I. Summary of the different membrane setups and the corresponding spatial extensions after equilibration.

Nchain
a αb unit cellsc Npolymer

d Ntracer
e Lz[σ]f Lxy[σ]f L(βε = 0.01)[σ]g L(βε = 2)[σ]g

1 0.5 103 24 200 1444 137 45.8 46 ± 2 45 ± 2
2 0.25 133 88 218 10502 266 88.8 89 ± 4 89 ± 4
3 0.167 93 40 986 8100 244 81.4 82 ± 4 81 ± 4
4 0.125 73 24 794 7276 236 78.6 79 ± 4 78 ± 4
5 0.1 53 11 050 4546 202 67.2 67 ± 3 66 ± 3
10 0.05 33 4 554 5120 210 69.9 70 ± 3 collapseh

15 0.033 23 1 992 4264 197 65.8 61 ± 3 collapseh

20 0.025 23 2 632 8295 246 82.1 77 ± 4 collapseh

25 0.02 13 410 1774 147 49.1 32 ± 2 collapseh

aThe number of monomer beads between two adjacent cross-linkers.
bCross-link ratio defined as α = 1/(2Nchain).
cThe number of lattice unit cells (see Fig. 2 for one unit cell).
dThe total number of polymer beads (Npolymer = Nmer + Nx), the sum of chain-monomers, and cross-linkers.
eThe total number of tracer beads to ensure a concentration of c̄in ≈ 0.005σ−3 .
fThe simulation box lengths Lxy in x- and y-directions and Lz in the z-direction.
gThe width of the polymer membrane in the z-direction after equilibration with solute particles for a small (βε = 0.01) and high
(βε = 2) solute–polymer interaction (ε = εmer = εx).
hFor strong interactions (βε = 2) and small cross-link ratios α ≤ 0.05, the membrane may collapse.

The network sizes and the corresponding polymer and tracer
particle numbers are summarized in Table I. The tracers and the
network are further equilibrated in the NVT ensemble for 5 × 104τ
(107 time steps). The final production run (NVT) is carried out for
1.5 × 105τ (3 × 107 time steps). This procedure has been performed
for all α and possible interaction parameter combinations of βεx
∈ {0.01, 0.1, 0.3, 0.4, 0.5, 0.6, 0.7, 1, 2, 3} and βεmer ∈ {0.01, 0.1, 0.15,
0.2, 0.25, 0.3, 0.35, 0.4, 0.56, 0.5, 0.6, 0.7, 1, 2}. The network creation
and the simulations are performed with the LAMMPS75,76 software
package.

C. Analysis
Every 100 time steps of the production run, the z-positions of

all particle types (polymer, cross-linker, and tracer) are collected to
create a total of 3 × 105 particle probability density profiles (particle
average) for each type. The center of mass (COM) in the z-direction
of all polymer beads for each distribution is determined and is used
as a reference point for the analysis, as depicted in Fig. 1(c). 100 sub-
sequent profiles are further averaged (temporal binning), reducing
the total number of density profiles per particle type to 3 × 103.

For the estimation of the membrane width L (along z), we use
the full width at half maximum (FWHM) of the polymer number
density profiles cp(z). This construction is illustrated by red dashed
lines in Fig. 1(c) (note that we instead present the local polymer vol-
ume fraction in this figure, which is proportional to the polymer
number density). The membrane width L is used as a measure to
divide the system into three domains, namely, the “network” phase
(|z| ≤ L/4), the “bulk” phase (L < |z| ≤ Lz), and their “interface” (L/4
< |z| ≤ L). Owing to good sampling, the latter is chosen relatively
generous to minimize the polymer effects on the bulk phase. In the
network region, we estimate the average polymer volume fraction,
i.e., the fraction of the polymer volume Vp in a given volume V,

yielding

ϕp =
Vp

V
=

π
6 σ

3
∫

L/4
-L/4cp(z)dz

L/2
(6)

in which the polymer beads are approximated as hard spheres with
diameter σ. Furthermore, the tracer profiles are used to determine
the partition ratio as

Ksim =
cin

c0
, (7)

where cin and c0 are the tracer concentrations inside the network
and the bulk region, respectively. One example profile with a mod-
erate cross-link ratio of α = 0.1 and attractive interaction strengths
(βεmer = βεx = 1) is presented in Fig. 1(c).

For the calculation of the diffusion from the mean squared dis-
placement (MSD), the trajectories of the tracer particles are required.
The positions of the last third of the production run are output every
1000 time steps (5τ), and the z-coordinates are evaluated relative to
the z component of the polymer’s COM. The particle trajectories are
split into parts (referred to as segments k) of length tseg = 500τ that
are inside the polymer network phase (see Sec. SII A of the supple-
mentary material for more details). With tseg ≫ 1/γ, we ensure to
measure the long-term diffusion for which the MSD∝ t holds. The
segments were used to calculate the tracer particle diffusion in x- and
y-directions inside the network, yielding the 3D effective diffusivity
as

Din = D2D
xy

=
⟨(xk(tseg) − xk(0))

2 + (yk(tseg) − yk(0))
2
⟩seg

4tseg
, (8)

where ⟨⋯⟩seg denotes the average over trajectory segments of all par-
ticles k identified as inside the network phase and D2D

xy denotes the
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effective diffusion in the x- and y-directions only. Because of the
symmetry of the network, we assume all one-dimensional diffusion
coefficients (in x, y, and z directions) to be identical, decoupled,
and additive, as it is the case for the free diffusion with orthog-
onal stochastic forces ξli(t). This assumption has been verified by
the 3D diffusion result from simulations of fully periodic networks.
A more detailed description of the data preparation, the calcula-
tion of Eq. (8), the verification of this method, and examples of the
time resolved MSD can be found in Sec. SII A of the supplementary
material.

III. RESULTS
A. The polymer volume fraction

Although the present work focuses on regular networks with
a diamond-like architecture, the analytical results for the penetrant
partitioning, diffusion, and permeability presented in Secs. III B–III
D can be extended to different network topologies if the relation-
ship between the cross-link ratio α and the polymer volume fraction
ϕp is known. Furthermore, ϕp is a key parameter that tunes the par-
titioning and diffusion and it is affected by the architecture of the
network (expressed by the cross-linker functionality f ) as well as the
cross-link ratio α.

We first consider regular and fixed (no fluctuations) networks
in the extended state. More precisely, the cross-linkers are placed
on lattice sites and are interconnected by straight chains of equal
length (Nchain monomers). All entities, i.e., monomers and cross-
linkers, have the same diameter σ and equal distance r0 to bonded
neighbors. For convenience, we will denote such networks as “static”
throughout this work. We evaluate three different regular architec-
tures, which differ in the cross-linker functionality f. These are the
simple cubic (f = 6), the body-centered cubic (f = 8), and the dia-
mond lattice (f = 4). The cross-link ratio is hence defined as α =
2/(fNchain). The reader is referred to Fig. 2 for the illustration of
the different architectures and the corresponding polymer volume
fractions ϕstatic

p as functions of the cross-link ratio α. The mathemat-
ical details can be found in Sec. SIII of the supplementary material.
We calculate ϕstatic

p for all networks without overlapping beads (i.e.,
distance/bond length equals diameter r0 = σ), and for f = 4 we
additionally show the effect of overlapping beads (r0 = σ/2).

Comparing the different architectures (non-overlapping), ϕstatic
p

increases with f. However, the scaling with respect to α does not
depend on f. For very small α, ϕstatic

p scales with α2. With values of
α just below 0.5, ϕstatic

p (α) shows a trend toward linearity. For the
overlapping case, we choose r0 = σ/2. This case can be considered as
the excluded volume fraction ϕstatic

ex for solute particles with identi-
cal diameter as the polymer beads. With f = 4, the scaling with α is
similar since their relation is almost linear (ϕstatic

ex ≈ 5ϕstatic
p ).

Evaluating the flexible model from the simulations (black sym-
bols in Fig. 2), we see that the actual polymer volume fraction ϕp

is always greater than the static reference ϕstatic
p . This is clear since

the polymer chains are subject to thermal fluctuations and the net-
work is no longer completely extended, decreasing the network
mesh/volume. This leads to the fact that α2 for low cross-link ratios
does not hold. Note that with lower angle stiffness (κa) or worse
solvent quality (ε), ϕp will deviate more from ϕstatic

p .

An additional influence on ϕp in the simulation may arise from
the tracer–monomer interactions. If εmer is high and the polymer
rigidity is low (i.e., low α) and if the concentration of the tracers (c̄) is
high enough, a collapse of the polymer network can be induced (see
Sec. SI of the supplementary material for a comparison of different
concentrations). This “solute-induced” collapse is already described
in our previous work.69 Although α controls the occurrence of the
collapse, ϕp will be rather independent of α if the network is in a
densely packed configuration. The collapsed cases are not consid-
ered in Secs. III B–III D since the analysis of the partitioning and
diffusivity is fundamentally different.

B. Partitioning
In this section, we first describe the simulation results of the

partition ratio and subsequently make use of two common analyti-
cal approaches that acceptably describe the simulation results. The
partition ratio, Ksim = cin/c0, shows different qualitative scenarios
in regard to the interaction strengths εx and εmer and the cross-link
ratio α. In Figs. 3(a)–3(c), we show a selection of K as functions of
the cross-link ratio representing the tested parameter range.

For equal interaction strengths (εmer = εx), K can be monoton-
ically increasing (εx = εmer > εc) or monotonically decreasing (εx =
εmer < εc), depending on the critical interaction strength εc. The crit-
ical interaction strength for non-bonded beads in high dilution is
known,73 βεc

≈ 0.32, yet it is expected to deviate slightly for bonded
beads because of many-body effects. The cases with equal interaction
strengths have been thoroughly studied by our group for comparable
polymer membranes53,69 and the results are qualitatively consistent.

For non-equal interactions (εmer ≠ εx), the monotonous scenar-
ios for K(α) are, as one would expect, also observed with εx, εmer
> εc or εx, εmer < εc, respectively. By comparing two parameter
pairs with interchanged values, e.g., orange symbols in Fig. 3(b) (βεx
= 1.00 and βεmer = 0.50) vs purple symbols in Fig. 3(c) (βεx = 0.50
and βεmer = 1.00), one can recognize that the tracer–monomer inter-
action strength εmer has a greater impact on the partitioning since
Nmer is always greater than Nx. On some occasions, we observe non-
monotonic behavior of K with possible extrema. These can occur
when one interaction strength is very low, while the other has mod-
erate to high values. For instance, the orange symbols in Fig. 3(a)
(βεx = 1.00 and βεmer = 0.01) show a minimum at α = 1/6, and
the blue symbols in Fig. 3(b) (βεx = 0.01, βεmer = 0.5) maximize at
α = 1/4. Since these extrema are hardly visible in the plotted range,
see Sec. SIV of the supplementary material for more details. How-
ever, these extrema are not very pronounced and the partitioning
does not deviate much from unity.

The simulation results are now compared with two theoret-
ical approaches. Both are based on the assumption of an infinite
tracer dilution. We first consider static, fully extended networks
as discussed above. Hence, the positions ri of all polymer beads
(monomers and cross-linkers) for all α are known, and the poten-
tial landscape H(rj) for a single tracer at any position rj inside one
network unit cell can be computed. This is the superposition of the
potentials [Eq. (3)] of all polymer beads in one unit cell and its first
periodic images (including the diagonals) within the cut-off (2.5σ),
reading

H(rj) =∑
i
ULJ(εij, rij), (9)
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FIG. 3. Simulation results and analytical theories of the partition ratio K [(a)–(c)], the normalized diffusion Din/D0 [(d)–(f)], and the normalized permeability P/D0 = KDin/D0
[(g)–(i)] as functions of the cross-link ratio α for different interactions strengths (βεx and βεmer). The simulation results plotted against the polymer volume fraction can be
found in Sec. SV of the supplementary material. The details for α < 0.2 are resolved in an additional plot in Sec. SVI. The tracer–cross-linker interaction βεx is consistently
color-coded [see the legend in (b)] throughout all panels. Panels in the same column share the same tracer–monomer interaction βεmer as labeled on top. The simulation
results are represented by symbols, and the analytical theories are drawn as lines. Each row, i.e., plots of the same quantity (K, D, or P), shares the same pattern-coded
legend (left column). As a reference, black dashed-dotted lines represent the net zero effect level at which each respective quantity equals one. For the partitioning [(a)–(c)],
we compare the simulation results Ksim with two different theories (Kμ and KB2). For the diffusion [(d)–(f)], two semi-analytical theories are presented, which require a fitting
against the simulation results Dsim

in . The free-volume theory DYasuda/D0 = exp(−bYasuda
ϕ ϕp/(1−ϕp)) with bYasuda

ϕ = 5.5 well-describes the steric limit (βεmer = βεx = 0.01),

whereas DBerg/D0 [Eq. (15) with parameters bϕ = 6.57, bmer = 0.88, and bx = 0.65] correctly captures the impact of εx and εmer for cross-link ratios up to α = 0.25. Regarding
panels (g)–(i), it is traceable how the permeability P = KDin is influenced by the partitioning and diffusion. See Sec. III of the main text for more details on the theories and the
comparison with the simulation results.

with rij = |ri − rj| and εij depending on i, the polymer type (εx or
εmer). The probability of finding a tracer at r is proportional to its
Boltzmann factor exp(−βH(r)), and the partition ratio is eventually
obtained by averaging these probabilities in one unit cell as

Kμ =
cin

c0
=
∫cell d3r exp(−βH(r))

∫cell d3r
. (10)

The partitioning described by Eq. (10) is in good agreement, yet
it overestimates the simulation results [see Figs. 3(a)–3(c)] since
neither the polymer conformation nor possible steric self-exclusion

(tracer–tracer interactions) is considered by this approach. The test-
ing of different concentrations (see Sec. SI of the supplementary
material) shows that the self-exclusion can lower K at most by 10%
at c̄ ≈ 0.005σ3 and only for very high cross-link ratios and inter-
actions strengths ε = 2.0. Furthermore, since the static networks
(used for calculating Kμ) have smaller polymer volume fractions
than the corresponding flexible networks in the simulation (see
Fig. 2), one would expect Kμ to underestimate Ksim. We thus con-
clude that the differences betweenKsim andKμ stem from non-trivial
contributions of the polymer’s local conformation.

Our second theoretical approach applies the virial expansion
up to the second order. More precisely, two independent second
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virial coefficients Bx
2 and Bmer

2 , accounting for the two-particle inter-
actions of tracers with cross-linkers and the monomers, respectively,
are calculated. These enter the partition ratio as

KB2 = exp(−2
8

Vcell(α)
(Bx

2 + α−1Bmer
2 )), (11)

where the prefactors are derived from the amount of cross-linkers
nx = 8 and monomers nmer = 8α−1 per unit cell with α-dependent
volume Vcell. A linear approximation of this approach was already
established in our previous research55 by making use of the solute–
polymer adsorption coefficients (Γ∗ ≈ − 2B2) obtained from atom-
istic simulations, which predicted the different qualitative scenarios
for the partition ratio of regular networks as a function of α pre-
sented herein. The second virial coefficients in the present work are
determined by

Bij
2 = −

1
2 ∫

∞

0
dr 4πr2

(exp(−βULJ(εij, r)) − 1). (12)

In the case of the Lennard-Jones interactions [Eq. (3)], the second
virial coefficient B2 vanishes at the critical value βεc

≈ 0.32, and the
partitioning [log(K)∝ −B2] thus equals unity.

The partition ratio given by Eq. (11) is compared with the sim-
ulation results in Figs. 3(a)–3(c). The B2 approach overestimates the
partition ratio, especially for high interactions strengths εx, but is
in good qualitative agreement. In fact, the monotonicity and even
the existence of extrema of K(α) can be predicted. The deviations
from the simulation results stem from the many-body effects of the
polymers, as these are disregarded by the second virial coefficient.

C. Diffusion
In this section, we present the simulation results for the tracer

diffusion and discuss the limits in which the existing theories are
applicable. In Figs. 3(d)–3(f), the normalized penetrant diffusion
coefficient Din/D0 inside the polymer network vs the cross-link ratio
α for a selection of representative parameter sets (εx, εmer) is pre-
sented. The normalized diffusion is, as expected, always below unity
and decreases with the increase in the cross-link ratio at moderate
interaction parameters. This can be rationalized by steric obstruc-
tion and additional trapping in local potential minima, reducing
the probability of free diffusion. Regarding the trapping, the tracer–
monomer interaction εmer has the strongest effect since it contributes
to the solute trapping to the chains as well as to the cross-link region.
The tracer–cross-link interaction parameter εx, however, plays a
subordinate role. It shows the strongest influence for moderate
values of α ∈ [0.1, 0.25].

For strong interactions, e.g., βεmer = 1 and βεx = 3, Din at
first decreases and then increases again, exhibiting a minimum at
α = 0.25. A more pronounced minimum is found for higher attrac-
tions, e.g., βεx = βεmer = 2.0, visualized in Fig. S2 of the supple-
mentary material. This effect has already been observed for particle
diffusion in static and perfectly periodic media.77 Therein, it is sup-
posed that the overlap of potential wells facilitates transport path-
ways, which speed up the diffusivity. In other words, the overlap
flattens the energy landscape, reducing the particle trapping. The
diffusion thus tends toward the free-volume limit. Noteworthily, at
α = 0.5, the diffusion appears almost independent of εx.

Now, we briefly overview available theories for the diffusion.
In the last decades, many empirical laws and theoretical frameworks
have been established that provide some explanation of the dynam-
ics of penetrants in porous media, lattice structures, and flexible
polymeric media.78–82 The concepts scale the diffusion to pore/mesh
sizes83–85 and to free volume and obstruction theories41,78,86–89 and
may also account for hydrodynamic effects.89–91 Peppas and Rein-
hart proposed a theory that accounts for cross-linkers, i.e., they
account for the average mesh size in swollen hydrogels.92,93 In fact,
many of these theories describe well the diffusion in the purely repul-
sive (steric exclusion) limit (εx = εmer ≈ 0.01). For instance, a varia-
tion of the obstruction theory,87 Din/D0 = (1 − b1ϕp)

2
/(1 + b1ϕp)

2,
the free-volume theory by Yasuda et al.,41,86

DYasuda
in

D0
= b2 exp(−bYasuda

ϕ
ϕp

1 − ϕp
), (13)

the general hydrodynamic theory,91 Din/D0 = exp(−b3ϕb4
p ), and

even a linear approximation, Din/D0 = 1 − b5ϕp, can acceptably be fit
(with fitting parameters bi), where the free volume theory Eq. (13)
(with b2 set to 1 and bYasuda

ϕ ≈ 5.5) yields the best description.
However, all approaches mentioned so far are only of steric nature.
They disregard the attractions in H(r), generated by the numerous
polymer beads, whose effects become evident for higher interaction
strengths.

Moreover, none of these theories accounts for the possible spe-
cific solute–network interactions, which we have introduced with
the parameters εx and εmer. In previous simulations with very flexible
and polydisperse polymeric membranes,54 we proposed an exten-
sion to the free-volume theory that scales the prefactor b2 in Eq. (13)
with εp, the tracer–polymer interaction strength. This theory can
only be acceptably fit to the simulation data of the present work if α
is fixed. We thus provide a new theory that describes the simulation
results while accounting more accurately for α and the interaction
parameters εmer and εx. The interested reader can find the detailed
derivation in Sec. SVII of the supplementary material.

The tracer diffusion is considered as a rate (or jump) process
within the polymer matrix, and it is governed by the adsorption
and desorption at binding sites (traps), well described by Berg for
intracellular diffusion in 1986.94 It can be formally written as

DBerg
in = D0

τfree

τfree + τtrap
, (14)

where τfree and τtrap describe the average time the penetrant freely
diffuses and the mean time of being trapped, respectively. This
result can be interpreted as Din = D0Wfree, with Wfree being the
probability that the particle freely diffuses, which can be identi-
fied in many theoretical approaches.81 In the steric exclusion limit,
i.e., βεmer = βεx ≈ 0.01, when no adsorption is at play, Wfree is
described by the (free-volume, obstruction, and hydrodynamic) the-
ories mentioned above. For stronger interactions, the trapping of
tracer molecules dominates the dynamics, and τtrap can be expressed
in terms of (inverse) Kramers’ rates. The time τfree to find such a
trap has been extensively studied in random and ordered media.95–98

It is essentially a mean first passage time problem, and its solution
depends on the unperturbed diffusivity D0 and the polymer volume
fraction ϕp.
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The final result can be written in terms of our input parameters
α, εmer, and εx and the polymer volume fraction ϕp(α), reading

DBerg
in

D0
=

1 + α
1 + α + bϕϕp(ebmerβεmer + αebmerβεmer+bxβεx)

, (15)

where bϕ, bmer, and bx are dimensionless fitting parameters, which
depend on the polymer’s local conformation. The fitting parameters
bmer and bx scale the contributions (many-body effects) to the spe-
cific traps, and bϕ is a dimensionless steric prefactor. The binding
to the polymer chains only depends on εmer, whereas for the bind-
ing to the cross-link regions, both interaction parameters need to
be considered. Be reminded that the polymer volume fraction is a
function of the cross-link ratio. It depends on the flexibility of the
polymer chains, the network architecture (Fig. 2), and the solvent
quality and is thus kept as an empirical input parameter. Note-
worthily, with only one trap type (εx = εmer), Eq. (15) is formally
similar to the diffusion model for molecules in semidilute polymer
solutions proposed by Petit et al.99 Although the derivation and
argumentation are somewhat different, the physical concept, i.e.,
regarding diffusion as a hopping process, is similar to Berg’s initial
idea.

The final analytical model [Eq. (15)] has been fit against 880
out of 1170 simulation results with parameters sets (εx, εmer) at once,
i.e., we obtain unique results for bϕ, bmer, and bx. As mentioned, only
small to moderate values of the cross-link ratio (α ≤ 0.25) were taken
into consideration since at α = 0.5, the local trapping is reduced
and the assumptions are violated. Furthermore, the most sparse net-
works with α = 0.02 were also excluded as a consequence of large
uncertainties and unacceptable aspect ratios of the membranes (see
Table I), violating the symmetry argument for Din = D2D

xy . In the case
of a network collapse due to strong tracer–monomer interactions,
the assumptions of our theory do not hold, and we therefore omit-
ted all simulation results with βεmer = 2 at α ∈ {0.025, 0.033, 0.05}.
The inverse errors of the Dsim

in /D0 have been used as fitting weights.
The results of the fit are bϕ = 6.6 ± 0.5, bmer = 0.9 ± 0.1, and
bx = 0.65 ± 0.05. The errors are estimated from a comparison with
an unweighted fit of the same data.

The fit is in overall good agreement and allows an interpretation
based on the parameter values. The dimensionless steric parame-
ter bϕ accounts for the effective surface area per polymer volume
fraction and the characteristic length scale of the free diffusion. It is
specific to the type of polymer, its network architecture, the solvent,
and the tracer molecules. Nevertheless, for very small α (ϕp→ 0)
and zero attractions (εmer = εx to 0), one can show that Eq. (13) [or
Eq. (S19)] and Eq. (15) converge to Din/D0 = 1 − bϕϕp. Thus, the
steric limit described by the free volume theory is incorporated in
our theory for small α. The parameters bmer and bx describe the con-
tribution of εmer and εx to the specific traps. As already observed in
the simulation results, the tracer–monomer interaction has a greater
impact on the diffusivity than the interactions between tracers and
cross-linker beads, even for the traps located at these junctions.
Since bmer ≈ 1, the trapping approach appears to be meaningful,
and the value of bx ≈ 0.65 makes sense since the cross-linker is
somewhat shielded from the surrounding monomers, lowering the
contribution of εx to this trap.

D. Permeability
The simulation results and two theoretical approaches of the

solute permeability (P = DinK) are depicted in Figs. 3(g)–3(i) as a
function of the cross-link ratio. In general, as already observed for
the partitioning and diffusion, the impact of the tracer–monomer
interaction strengths εmer is larger than the tracer–cross-linker inter-
action parameter εx, which is still valid for the permeability, as obvi-
ous in Fig. 3. In the following, we elaborate on different qualitative
scenarios of P(α) as a result of εx and εmer.

Regarding the weak interactions, e.g., βεx = βεmer = 0.01 [blue
lines and symbols in Fig. 3(g)], monotonously decreasing curves
P(α) are observed since Din and K are decreasing functions of α. For
tracer–polymer interaction strengths that are effectively attractive,
i.e., εx,εmer > εc, the resulting permeability is not trivial because of
the opposite trends of partitioning and diffusion. In the attractive
regime, the membrane absorbs/traps more penetrants with increas-
ing polymer density (higher binding site density), and thus, K is an
increasing function of α. However, the diffusivity Din (always below
unity already because of steric obstruction) is even further decreased
since the tracer mobility is reduced by the very same trapping. This
anti-correlation of K and D is illustrated in Fig. S8 of the supplemen-
tary material and is the reason for the various qualitative scenarios
of P(α).

At very strong interactions, e.g., βεx = 3 and βεmer = 1 [see the
green symbols in Figs. 3(c), 3(f), and 3(i)], we find that the parti-
tioning outvalues the diffusion for all α and P(α) is monotonously
increasing. For moderate, yet attractive values, e.g., βεx = 1 and βεmer
= 0.5 [see the orange symbols in Figs. 3(b), 3(e), and 3(h)], Din and
K are anti-correlated, and the permeability is near unity. In fact,
P(α) exhibits extrema. For example, when βεx ≥ 1 and βεmer = 0.5
[panel (h)], the permeability shows a minimum and even changes
from P/D0 < 1 to P/D0 > 1 (βεx ∈ {2, 3}). Since in this regime,
K and Din monotonously increase and decrease, respectively, we
can deduce that the impact of the diffusivity dominates at low α
(low ϕp), while for α → 0.5, the partitioning gains influence and
P/D0 is eventually above unity. This observation [P/D0(α = 0.5) >
1] for attractive interaction parameters is further enhanced by the
fact that the diffusion, as discussed in Sec. III C above, turns out
to be less hindered by the trapping at very high polymer densities
(α = 0.5).

Now we discuss scenarios in which the interaction parameters
(εx and εmer) have opposing qualities, i.e., one is attractive (larger
than εc), while the other is repulsive (smaller than εc). In Sec. III
B, we already recognized the non-monotonic behavior of K as a
function of α for some specific interaction parameters (εx and εmer).
However, we also noticed that the extrema are not strongly pro-
nounced and considered K as essentially neutral, i.e., K ≈ 1 for all
α. In fact, these non-monotonicities in K(α) play a subordinate role
for the occurrence of the extrema in P(α). Nevertheless, balancing
εx and εmer in such a way that K ≈ 1 means that the permeability
is controlled by the diffusion only, i.e., P ≈ Din. For instance, this
is the case when βεx = 0.01 and βεmer = 0.5 [compare blue symbols
in Figs. 3(b), 3(e), and 3(h)]. The same will occur for εx = εmer = εc

(not shown), for which K(α) ≈ 1. The extrema for P(α) are, as men-
tioned, caused predominantly by the anti-correlated quantities of K
and Din. Additionally, a weak maximization of P(α) is observed, e.g.,
for βεx = 0.01 and βεmer = 1. Since P(α) ≈ 1, we consider the effects

J. Chem. Phys. 154, 154902 (2021); doi: 10.1063/5.0045675 154, 154902-9

© Author(s) 2021

https://scitation.org/journal/jcp
https://www.scitation.org/doi/suppl/10.1063/5.0045675
https://www.scitation.org/doi/suppl/10.1063/5.0045675


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

of K and D on P as compensating in that case. This phenomenon
has already been observed and discussed in previous computational
studies.54

Since we focused on one theory for the diffusion, precisely
DBerg

in [Eq. (15)], and discussed two approaches for the partitioning,
namely, Kμ [Eq. (10)] and KB2 [Eq. (11)], we can compare two theo-
ries for P with the simulation results. The permeability described by
P = KB2D

Berg
in is depicted by dotted lines in Figs. 3(g)–3(i). The over-

all behavior is well-captured, but this theory becomes inaccurate for
high interaction strengths. The theory that makes use of Eq. (10),
which reads P = KμDBerg

in , is computationally more costly, yet slightly
more accurate [see the solid lines in Figs. 3(g)–3(i)]. The largest devi-
ations from the simulation results at α = 0.5 are due to the failure of
DBerg

in at this cross-link ratio (be reminded that simulation results for
α = 0.5 were not considered for the fit). The reader is referred to
Secs. III B and III C for the detailed evaluation of the theories.

IV. CONCLUDING REMARKS
In this work, we investigated the effect of the cross-link ratio

α on the polymer volume fraction ϕp and the solute permeability P
of regular polymer networks by means of coarse-grained computer
simulations. We particularly studied the role of the parameters εmer
and εx, accounting for the specific interactions of the solutes with the
chain-monomers and cross-linkers, respectively.

In the coarse-grained Langevin simulations, we imposed har-
monic bond and angle potentials for bonded beads and employed
the Lennard-Jones potential for non-bonded interactions in the
good solvent regime (βε = 0.1). The polymer networks have been
arranged as slab-like membranes in order to study the tracer perme-
ability in accordance with the solution–diffusion model P = KDin,
i.e., by measuring the equilibrium partitioning K and the diffusivity
Din inside the polymer membrane. The permeability was studied at
different cross-link ratios α as well as membrane-specific interaction
parameters, namely, εmer and εx. With the chosen parameter range,
the permeability P/D0 can be tuned within two orders of magnitude
approximately ranging from 10−1 to 101.

A simple estimate of βε from all-atom simulations of our group
reveals that the chosen range is appropriate for the interactions
between small apolar molecules, such as butane, hexane, and ben-
zene, with poly(N-isopropylacrylamide) (PNIPAM).55 With typical
interaction length scales of σ ≈ 0.4 nm, the proposed solute–polymer
specific adsorption coefficients in that work coincide with the sec-
ond virial coefficients for the LJ potential as Γ∗ ≈ − 2B2 (without
distinguishing between chains and cross-linkers in this compari-
son). Moreover, the predictions of different qualitative scenarios
for the solute partitioning in regular networks as a function of the
cross-link ratio were successfully reproduced by the coarse-grained
simulations herein.

In addition to the partitioning, we have presented the results for
the diffusion and permeability as functions of the cross-link ratio (or
like-wise as a function of the polymer volume fraction) in the present
work. We found different qualitative scenarios in dependence on the
interaction parameters. For given interaction strengths between the
solute and the polymer, the cross-link ratios can be used to fine-tune
K, Din, and P according to the needs of a membrane device.

For a better understanding of the underlying principles, we pre-
sented scaling theories, expressed in terms of εx, εmer, α, and ϕp,

which are in good agreement with the simulation results. These the-
ories are based on penetrant trapping and escape processes inside the
polymer network, and due to the generic approaches, they are appli-
cable to regular extended networks with other architectures. While
the two theoretical expressions provided for the partitioning stem
from rather common approaches, the analytical finding for the dif-
fusion [Eq. (15)] yields a novel, convenient expression that resolves
the contributions of the component-specific interactions (εmer and
εx). This implies that if the relationship between α and ϕp for a given
regular and non-collapsed network is known, a fit with the provided
theory to experiments allows an interpolation and extrapolation of
Din(α) for weak and moderate interactions.

As mentioned, it is important to know how ϕp scales with α.
In arbitrary regular networks, this is governed by the cross-linker
functionality f, and we thus presented how f and α relate to ϕstatic

p
(the polymer volume fraction of static and fully extended networks).
These geometrical calculations with differing f (diamond f = 4, sim-
ple cubic f = 6, and body-centered cubic f = 8) show an increase in
ϕstatic

p with the increase in functionality and cross-link ratio. Interest-
ingly, we found that the relation ϕstatic

p (α) shows an almost universal
scaling irrespective of the functionality, which is ϕstatic

p ∝ α2 for small
α and a trend toward linearity for higher cross-link ratios α→ 0.5.

The provided theory not only yields the potential for differ-
ent topologies but also can be employed to evaluate polymers with
heterogeneous chains, e.g., copolymers, since the extension of the
model is straightforward.

In contrast to swollen/extended networks, the physics con-
trolling the solute dynamics in collapsed gels, amorphous polymer
melts, or networks with mesh sizes comparable or smaller than the
tracer size is fundamentally different. In such dense media, the pen-
etrants are rather trapped in local cavities of the network, and the
passage to another cavity is usually facilitated by a stochastic open-
ing and closing of pathway pores.40,71,100–102 Such hopping diffusion
strongly depends on the flexibility of the polymer and on the size
and shape of the penetrant.40,71,102–105 Additionally, further investi-
gation is required to evaluate how other architectures, the flexibility
of the polymer, chain conformations (curving, coiling, zigzag, etc.),
defects, and irregularities in the network structure compare to the
presented results. Promisingly, we find substantial similarities with
our results for polydisperse and more flexible networks with compa-
rable polymer volume fractions,54 suggesting that the semi-analytical
theories of the present work are possibly transferable to polymeric
networks with a less regular architecture and conformation.

Overall, this work encourages the fabrication and examination
of polymer devices with regular network architectures and with an
appropriate choice of the chemical composition (chain-monomers
and cross-linkers) since precise control over the solute permeability
and many other material properties can be achieved by tuning the
cross-link ratio.

SUPPLEMENTARY MATERIAL

See the supplementary material for the justification of the cho-
sen tracer concentration, details on the diffusion measurement in
simulations, the calculation of the polymer volume fraction, the
illustrations of possible extrema of the partitioning, the simulation
results plotted against the polymer volume fraction, the simulation
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results with focus on small cross-link ratios, the detailed deriva-
tion of the analytical expression for the diffusion, fitting results of
two theories (diffusion) at fixed cross-link ratios, and partitioning–
diffusion correlation diagrams.
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