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Abstract. Diffraction in time manifests itself as the appearance of probability-
density fringes when a matter wave passes through an opaque screen with abrupt
temporal variations of transmission properties. Here we analytically describe the phase-
space structure of diffraction-in-time fringes for a class of smooth time gratings. More
precisely, we obtain an analytic expression for the Husimi distribution representing the
state of the system in the case of time gratings comprising a succession of Lorentzian-
like slits. In particular, for a double-slit scenario, we derive a simple and intuitive
expression that accurately captures the position of interference fringes in phase space.
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1. Introduction

When a matter wave passes through a barrier with abrupt spatial variations of
transmission properties (e.g., an opaque screen with one or multiple apertures)
it exhibits interference/diffraction I, which manifests itself as the appearance of
characteristic fringes in the probability density. The most iconic example that illustrates
such a behavior is the celebrated Youg’s double-slit scenario, whose experimental
implementation for single electrons [2, 3] has even been informally referred to as “the
most beautiful experiment in physics” [1]. Similar probability-density fringes appear
when a matter wave interacts with a screen whose transmission properties are spatially
uniform but change abruptly in time (e.g., a neutron shatter). This phenomenon,
commonly referred to as diffraction in time, was discovered by Moshinsky [5] and

I Quoting Richard Feynman [1], “No one has ever been able to define the difference between interference
and diffraction satisfactorily. It is just a question of usage, and there is no specific, important physical
difference between them.”
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received much attention in the literature (see Ref. [0] for a review). In particular,
there have been several experimental realizations of this effect [7, 8, 9, 10, 11, 12].

There are different approaches to describing diffraction in time analytically, each
involving its own assumptions and approximations. We outline them here in the context
of the following physical problem, which is at the heart of the present work. We consider
a (nonrelativistic and stuctureless) quantum particle moving in one dimension along the
x axis, in the presence of a shutter at x = 0. The particle starts from the x < 0 region
and moves towards the shutter. The latter is an infinitesimally thin barrier that can
be opened and closed (suddenly or gradually) in the course of time. During the time
intervals when the barrier is fully open, the system behaves simply as a free particle on
a line. On the other hand, a completely closed barrier blocks the matter-wave exchange
between the incident (z < 0) and transmission (z > 0) regions.

Our main goal is to analytically address the appearance and structure of probability-
density fringes caused by the time variations of the shutter transparency. Needless to
say, physical properties of the shutter, e.g. its reflectivity and absorptivity, strongly
depend on the particular realization of the particle-shutter scenario, and, essentially,
all existing analytic approaches to this problem differ from one another in how they
mathematically describe the shutter.

One apparent way to model the shutter is to introduce a time-dependent Dirac
delta-potential V(x,t) = w(t)d(x) in the Hamiltonian that governs the dynamics of
the particle. The positive function w(t) ranges between 0 and oo, and controls the
shutter transparency: the shutter is open when w = 0 and closed when w = oco. The
main difficulty with this approach though is that analytic solutions to the corresponding
time-dependent Schrédinger equation are only known in very few special cases: w(t) =
constant [13, 14], w(t) oc t [15], w(t) o< 1/t [16], and w(t) o (at® + bt 4 ¢)~Y/? with
a, b, ¢ being some constants [17]. This severely limits the range of diffraction-in-time
systems amenable to analytic investigation. For instance, the time-domain version of
the double-slit scenario does not appear to be analytically accessible within the delta-
potential approach.

An alternative analytic approach to investigating the particle-shutter system is
to focus entirely on the transmission, i.e. x > 0, region. The particle’s wave function
U (z,t) satisfies the free-particle Schrédinger equation for all z > 0 and ¢ > 0. Initially, at
t = 0, the particle is assumed to have a zero probability to be found in the transmission
region: W(z,0) = 0 for all x > 0. The action of the shutter is then introduced by
means of a time-dependent boundary condition imposed on the wave function at = = 0,
namely W¥(0,t) = a(t) for all ¢ > 0. Here a(t) is a given (complex-valued) function
that essentially contains all information about the initial wave packet in the incident
(x < 0) region, as well as the time protocol of the shutter opening. This approach is
very popular in diffraction-in-time studies and has been extensively used in the literature
(see, e.g., Refs. [9, 18, 19, 20, 21, 22]). What it does not take into account however is the
back-action of the transmitted matter wave on the incoming wave in the incident region.
Such a back-action may arise, for instance, as a consequence of the so-called quantum
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backflow effect (see Refs. [23, 2] for pioneering works on quantum backflow and the
introduction section in Ref. [25] for the most up-to-date review of the literature).
Another approach, which was originally developed in Refs. [26, 27] and that we

hereinafter refer to as the aperture function model, is of particular relevance to the
present work. It models a shutter that can absorb but not scatter the incident matter
wave. The shutter’s transparency can depend arbitrarily on time, and this dependence
is represented by an aperture function x(¢). The latter ranges between 0 (perfectly
absorbing, closed shutter) and 1 (perfectly transmitting, open shutter). In the aperture
function model, the shutter is modelled by means of discontinuous time-dependent
matching conditions, involving x(t), that connect the value of the wave function ¥ and
its spatial derivative 0W/0x across the shutter. These matching conditions are closely
related to Kottler’s matching conditions used to justify Kirchhoff’s diffraction theory
in stationary-wave optics [28, 29, 30], the latter being known to yield experimentally
relevant predictions in the transmission region [30]. The aperture function model then
allows one to express the particle’s wave function in the transmission region as an integral
involving the initial state ¥(z, 0) and the aperture function x(¢). This transmitted wave
function constructed from the aperture function model has been explicitly shown to be
consistent with the wave function obtained from a first-principle analysis, based on a
delta-potential w(t)d(z), of physically relevant atom-optics systems [31].

In this paper, we analytically describe the interference fringes obtained in a class of
diffraction-in-time scenarios by extending the aperture function model into phase space.
More precisely, assuming that the incident particle is characterized by a fast localized
(Gaussian) wave packet, we derive an expression for the Husimi quasiprobability
distribution representing the part of the matter wave transmitted through the shutter.
We then evaluate this expression analytically for the case when the shutter aperture
function x(¢) consists of a finite number of Lorentzian-like slits. Our final analytic
result, obtained for narrow slits, offers a simple and intuitive description of (multiple)
slit interference/diffraction in the time domain. Special attention is devoted to the
single- and double-slit cases.

The paper is organized as follows. We first recall in section 2 the definition of the
aperture function model. We see in particular that the Husimi distribution associated to
the transmitted state can be expressed as an integral over a finite time interval. We then
discuss in section 3 how the latter can be written as a contour integral in the complex
plane that allows to apply Cauchy’s residue theorem. We see in particular that this
approach requires one to compute a residue at an essential singularity. This challenging
technical difficulty is addressed in section 4. Here we explicitly compute this residue,
and thus the resulting Husimi distribution, for a particular class of aperture functions
Xn of the form x,(t) = 1/[1+v™(t — T)"], with n an even integer. Such Lorentzian-like
functions describe apodization barriers, which smoothly open around the time 7" and
have a width 1/v. The underlying integral yielding the Husimi distribution being by
construction linear in y, our results can thus be straightforwardly extended to aperture
functions that consist in an arbitrary sequence of such y,: taking different opening
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times 7" then effectively describes a time grating. We treat the particular (Lorentzian)
case n = 2 in section 5. Considering the slit regime v > 1 of narrow Lorentzian barriers
X2 allows us to considerably simplify our analytic expression of the Husimi distribution.
In particular, we are able to derive a simple analytic expression of the position of the
interference fringes in the phase space. Our work is summarized and concluding remarks
are drawn in section 6. Additional technical details are deferred to the appendices.

2. The aperture function model of matter wave absorption

In this section we discuss how the dynamics of quantum wave packets in the presence of
a barrier can be adequately described by a particular model of matter-wave absorption.
The latter was originally devised in [20, 27] and is hereinafter referred to as the aperture
function model. We consider a nonrelativistic structureless quantum particle of mass m
that moves in one dimension along the x axis, and whose state at time 7 is described
by a wave function W(z, 7). The absorbing barrier is taken to be time dependent and
pointlike, located at position z = 0.

The particle is assumed to be prepared at the initial time 7 = 0 in the minimum-
uncertainty Gaussian wave packet ¢, 4 v, (2,0), i.e.

U(2,0) = Y, 0, (7, 0), (1)
given by
1\ (x —x0)?  mug
wa,x(),z)o(xa 0) = (ﬁ) eXp |:_ 202 +1 h (ZE - :L'O) ) (2)

where x4 and vy correspond to the initial mean position and mean velocity, respectively,
of the particle, while ¢ > 0 characterizes the width of the wave packet. Throughout
this work, we use velocities v rather than momenta p = mwv. The freely evolved state
Vo, 20,00 (2, T) = [ d! Ko(x — &', T) Y, 29,00 (@, 0) at some time 7, with

2
Kal€r) = [ o (i) )

the well-known free-particle propagator (see e.g. [32]), is then given by
1\ (x —x,)%
Vo, 0,00 (T, T) = (7?_02) exp {—T‘z + ZS(ZC7T):| : (4)
where
e\ 2
Ty = T + V0T and or=0 1+< 72) (5)
mo

denote the mean position and the width, respectively, while the phase S is given by

(x —x.)> hr  mu muaT 1 hr
202 mo? + h0<x —T) 27;) 2 ' (6)

We now discuss the dynamics of the particle in the presence of the time-dependent

S(x, 1)

absorbing barrier. Before we introduce the aperture function model in section 2.2, we
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first briefly discuss in section 2.1 the so-called frozen Gaussian regime in which this
model has been shown [31] to yield accurate physical predictions. Finally, section 2.3
is devoted to defining and writing the Husimi distribution, the quantity that is at the
heart of the present work, within this model.

2.1. Frozen Gaussian regime

Here we discuss the particular dynamical regime that we consider throughout this work,
and that can be summarized by the set of assumptions

maov,
0K —xg=|xo| Sy =00t — L) K - 0, (7)
where
l‘0| ZTo
te=— = —— 8
” ” (8)

corresponds to the time needed for a classical free particle initially located at position
ro and moving with the velocity vy to reach the barrier at * = 0. For this reason, we
hereinafter refer to t. as the classical hitting time. Here and in the sequel we take the
final time of propagation t > t. of the particle to be a fixed parameter.

BARRIER
TRANSMISSION
REGION
U(z,t)
0 X

Figure 1: Physical picture of the dynamical regime described by (7), with the initial
Gaussian state U(z,0) (blue) and a sketch of the final transmitted state W(x,t) (red).

The regime (7) allows for an intuitive picture, schematized on figure 1, of the
dynamics of the particle. The leftmost condition in (7) states that the particle is
initially localized on the left of the barrier. It then moves towards the latter with a
positive velocity vy > 0, crosses the barrier around the classical hitting time t. before
it reaches the (mean) position z; that, according to the second condition in (7), is in
the transmission region = > 0. Finally, the rightmost condition in (7) ensures that the
particle is localized on the right of the barrier at the final time ¢.

Indeed, the latter condition yields in particular

ht

mo?

< 1. (9)
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This ensures, in view of (5), that the freely evolved wave packet ¢, 4, v, (z,%) [which,
as sketched on figure 1, is known [31, 33] to be representative of the actual transmitted
state W(z,t)] does not spread in the time t. This characterizes the so-called frozen
Gaussian approximation [34], hence the name frozen Gaussian regime that we give
to (7). The latter is well within the reach of experiments using ultracold atoms (such
as e.g. [3D, 30, 37]).

With the frozen Gaussian regime (7) in hand we can now introduce the particular
model that we consider in order to describe the time-dependent absorbing barrier.

2.2. Model

Here we introduce the aperture function model, which is a model of time-dependent
absorption that was originally devised in [26, 27]. The presence of the barrier is taken
into account by imposing discontinuous time-dependent matching conditions on both
the wave function ¥ and its spatial derivative OV /0x at x = 0.

The problem can be equivalently formulated in terms of the propagator K, which
fully specifies the dynamics of the quantum particle between the initial time 7 = 0 and
the final time 7 = ¢t. In view of the frozen Gaussian regime (7), the propagator here
corresponds to a function K (z,2’,t) that relates the transmitted state W(z,t) of the
particle at time ¢ to its initial state ¥(z,0) through

V(o t) = /O do’ K (2, 1)0(«',0) (10)

—00
We emphasize that the integration range in (10) is restricted to 2’ < 0 since we assume
the particle to be initially localized on the left of the barrier. That is, the variable x’ of
K can be restricted to take negative-only values.

The propagator K is then constructed as follows [26, 27]. Tt is first required to obey
the free-particle time-dependent Schrodinger equation on both sides of the barrier, i.e.
{zhﬁ + h—28—2} K(z,2',7)=0 (11)
or  2m oz T
for any 0 < 7 <t and x, 2’ # 0. Then, it is set to satisfy the usual initial condition
K(z,2,07) =6(z — '), (12)

where 07 merely means the limit € — 0 with € > 0, as well as Dirichlet boundary
conditions at x — +oo for negative imaginary times, i.e.

K(z — +o00,2',7) =0 for T =—i|7|. (13)

Finally, discontinuous time-dependent matching conditions are imposed on the
propagator and its spatial derivative at = 0, reading (since 2’ < 0 here)

Kz, o, 7)"20 = = [1 = x(7)] Koz — 2/, 7)],, (14)
and

0 AN e 0 ,

£K(x,x ,T) = —[1—x(7)] £K0(x —z',7) , (15)

=0
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for any 0 < 7 < t. The real-valued time-dependent function x(7) in (14)-(15) embeds
the absorbing properties of the barrier. It is required to satisfy 0 < x(7) < 1 at any time
7, with x = 0 (x = 1) corresponding to a fully absorbing (fully transparent) barrier.
For this reason, here and in the sequel y is referred to as the aperture function of the
barrier, and thus the model itself as the aperture function model. The function x has
been explicitly connected to the (time-dependent) intensity of a laser beam in [31].

It can then be shown [27] that the propagator K (x,z’,t), unique solution to the
well-posed problem formed by (11)-(15), is given by

t /
K (w2, 1) = /0 ar X7 <% - %) Kolo,t = 7)Ko(a/, 7) (16)

in the transmission region, i.e. for x > 0, and for an arbitrary x (7). Substituting (1)
and (16) into (10) then yields the following expression of W(z,t) [38]:

¢
X() [ = wa;
\I/(:E,t) = /0 dr 9 |:t—7’ + as, :| Ko(xat_T)l/}U,fo,vo(O?T)? (17)
with
1 1 1 ht
= — = (1 , 18
=91t ihT/mo? 202 ( chﬂ) (18)

The transmitted state W(z,t) is in general not normalized as a consequence of
absorption: that is, as soon as x(7) # 1, we have [ dz|¥|* < 1.

Now, the structure of (17) suggests to consider not W itself, but rather a particular
phase-space representation of ¥ given by the Husimi distribution, as we now discuss.

2.8. Husimi distribution

In this section we construct the Husimi distribution associated with the transmitted
state W(x,t) given by (17). The former is a well-known phase-space representation of
a quantum state (see e.g. [39, 10]). We hereinafter denote by = and v the phase-space
variables corresponding to position and velocity, respectively. We also introduce for
convenience the (reduced) de Broglie wavelengths A, A and time scale { given by

Xzi , ~Ei~ and =2, (19)
muyg mu v

The Husimi distribution, which we denote by F', is a nonnegative function of z and
v that can be written as

F(z,0,t) = | f(Z,0,1)|" (20)
in terms of the complex-valued function f that we define by
f@T) = [ dofbozs(e0) Vo), (21)

where the asterisk denotes complex conjugation. In view of (20) we hence refer to f as
the Husimi amplitude. As is clear from (21), f is by construction the overlap between
U and a minimum-uncertainty Gaussian wave packet 9, z 7(x,0) with mean position z,
mean velocity v and width o [indeed identical to the width of the initial state (1)].
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The frozen Gaussian regime (7) ensures that F(Z,v,t) only takes non negligible
values in the phase-space quadrant where £ > 0 and v > 0. This is discussed in details
in ([33], Section 5.1). Substituting the expression (17) of W(x,t) into (21), it can be
shown [35] that f(Z,,t) is then given by

' -
F@,,t) = / ar X0 [“O‘H + 2 O‘T] Vo5, 5(0, = TV 00,0 (0, 7). (22)
0 2 ag o,

This expression yields a formal solution for the Husimi amplitude corresponding to the

transmitted state W(z, t). The physics that is embedded in f can be for instance accessed
by numerically computing the integral in (22). Here the challenge, and the main aim
of our study, is to analytically compute this integral. As we discuss in the remaining
part of this work, we perform this challenging task for a particular class of physically
relevant aperture functions x(7) by means of complex analysis.

To this end, we rewrite the Husimi amplitude (22) in an alternative form.
Combining (22) with (4)-(6) and (18), we show (details may be found in Appendix
A) that, in the frozen Gaussian regime (7), f can be written in the form

f(z,v,t) = {1 +0 (%)} Joa (T, 0, 1), (23)

where we introduced the frozen Gaussian Husimi amplitude

t
ffroz (%7 57 t) = / dT ffroz (T) ) (24)
0
with the function ﬁroz (whose dependence on 7, v is dropped for compactness) given by
r 1L (7 w o(7)
or(T) = ——s | — + — . 25
o) = s (24 2 ) x()e (29

Here the dimensionless complex-valued function ¢(7) is defined by

_ Tp T 1/c\> 1 /0\2
‘P“):T_Toﬂ_ﬁ—i(;) -3 (26)

in terms of the complex quantities

_mo? mo
To =1 and n=t—1

h h

~\2
1 o\2 Ao\ mo? i o)’ AT\ mo?
n=— () (r7) T oma m=5(5) () @

The form (23)-(24) of the Husimi amplitude is well suited to an analytic evaluation

(27)

by means of complex analysis. Our strategy is thus to resort to Cauchy’s residue theorem
in order to explicitly compute the integral in (24), as we now discuss.

3. The Husimi amplitude as a residue

In this section we express the frozen Gaussian Husimi amplitude (24) as a contour
integral in the complex plane that allows to apply the residue theorem.
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Figure 2: Contours Cg), corresponding to the segment line [— R, R] of the real axis, and
Cg), corresponding to the upper half-circle with center the origin and radius R, defining
the simple closed contour Cr = Cg) U C](;?) run in the positive direction.

In view of (24) we introduce the contour integral f;’foz defined by the limit

2= lim @ dz fro(z) = / AT Frron(T) + lim [iR / 0 ¢ iy (RE) |, (29)
— 00 0

R—o00 Cr oo

oo

with Cp = Cg) U C}(;?) the simple closed contour, run in the positive direction, that is
depicted on figure 2. Comparing (29) with (24) hence shows that

fron@0,t) = fE, = Loy — 1) — 1) (30)
where we introduced the integrals /e, I (=) and I*) defined by
I = lim {zR / df ¢ fivo, (R e”)] , (31)
o0 0
0 _ o
&) = / AT frr0s(T) and It = / AT frros(T) - (32)
—00 t

We now use the decomposition (30) to explicitly compute fgo,. Our strategy is
as follows. We first show in section 3.1 that the integral [ e vanishes under suitable

conditions imposed on the aperture function y. We then analyze the line integrals 1(-)
and ") in section 3.2 and determine an upper bound for [I(7) 4 IH)|. Finally, we
express in section 3.3 the contour integral flefoz by means of the residue theorem, for
which the main difficulty is seen to arise from the presence of an essential singularity.

3.1. The half-circle integral I )

Here we determine a sufficient condition that the aperture function y must satisfy for
the integral I, along the upper half circle to vanish.
Combining (31) with (25)-(26) yields for I,

7 ; 1 v N Vo . 1/0\? 1 (0)2
el 4y/mod \ oy ay, P73 X 2 \X

: 10 0 0 1
X/o d@}%lm [Re X (Re )exp( C—— + i 7_1)} . (33)
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We then Taylor expand, in powers of 1/R, the exponential term in the integrand in the
right-hand side of (33), and we have
T+ T\
R eif

T T Ty + T
exp < 0 1 ) _ 1420 + 11 Lo
Substituting (34) into (33) then readily shows that a sufficient condition for having

- -+ - -
Re® —17p  Re® —7 R et
I, =0 is that the aperture function y satisfies

(34)

lim [Re”x (Re”)] =0 for any 0<f<m. (35)

R—o0
Therefore, the integral I, plays no role in the expression (30) of fio, under the
condition that the aperture function y satisfies (35). We now derive an adequate upper
bound regarding the line integrals (=) and 1),

3.2. Upper bound for ‘I(*) + I(H}

From the triangle inequality and the definition (32) of (=) and I*) we have
0 . oo .

1) 4 1] < |10 + [10] < / dr ‘ ffmm\ + / dr \ ffmz<r)) , (36)
—00 t

Combining (36) with (25), we show (details may be found in Appendix B) that
|15 + )| admits the following global upper bound:

2 1202 0
|10 + 1| < T (T, 0) N5, 5 [max (¢, ¢)] max [e*%(%) o3 (%) ] / dr [x(7)]

—0o0

T (7, ) Ny g (£) max {eé(o)“’ ,e%(%f} /t S dr ()| (37)

where I'y, is the algebraic function

- 1 _
[p(7,0) = N v (38)
while AV is the Gaussian function
1
Noalr) = exp |50 6+ &) (39

and max(&; , &) denotes the maximum between &; and &.

The actual values of the integrals in (37) must be estimated, either numerically or
analytically, for any particular y that we may consider. These integrals can reasonably
be expected to exist in view of the condition (35) that any valid x must satisfy. In
particular, the apodization barriers x,, that we consider in sections 4 and 5 below allow
us to analytically derive upper bounds of these integrals.

Combining now the expression (30) of fp., with I 0@ = 0 yields in particular

ffroz(fy 1’77 t) - fffoz = ‘](_) + I(+)| : <40)
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Therefore, we can take the upper bound (37) as quantifying the maximum error that
we make when identifying f., to the contour integral f .

We hence showed at this point that the terms [ 0@ 1) and I can be safely
neglected in the expression (30) of fp.,. Therefore, we now discuss how we can compute
the remaining (and most important) term in (30), namely the contour integral ffsfoz.

3.3. Residues

In this section we describe our strategy for analytically computing the contour integral
$ that, in view of the definition (29), is defined by

froz
ffgfoz = ygdz Feron(2) with v = lim Cp. (41)
i

R—o0

First, substituting (18) and (26) into (25), we write the function fgo, in the form

Lﬁm@>29x@>wp( h | & ), (12)

zZ — 170 Z—T1

where we introduced the quantity

1 |9 A7\ v Xzl |
O=— |- [1+:Z )+ 2 (1
2\/?[0<+202>+0(+Zo2 e

For convenience, we also introduce the notations R, and C(z, p), with

R, ={z€C|z enclosed by 7} (44)

(SIS
—~
S
SN—
¥
|
NI
—
>
SN—
[\v)
—~
I
w
N—

denoting the interior of the oriented closed contour v and
Cz,p)={z€Cllz—z2[=p} (45)

denoting the circle of center z and radius p.

We now use Cauchy’s residue theorem (see e.g. [11, 12]) to compute the integral (41).
As is clear from (42) 75 and 7y are essential singularities of ﬁroz. However, (27) ensures
that their imaginary parts satisfy Im (79) > 0 and Im (77) < 0. Therefore, the integration
contour v in (41) only encloses 7p. If we further assume that the function x(z) only
possesses isolated singularities Z; (as is indeed the case for the apodization barriers x,
considered in sections 4 and 5 below), then the Cauchy residue theorem states that the
contour integral (41) can be written as

Jhou =271 Res | Fua(2) 7| + D Res | Frn(2) 23] 3 (46)

e
where Res [firoz(2) , 7] denotes the residue of the function fhe, at the point Z.

The term Res [ froz (2) , 7o) in (46) corresponds to a residue at an essential singularity
and is thus a priori the most challenging to treat. Indeed, no general method exists to
compute it other than to resort to its very definition: it is the coefficient of the term
1/(z — 1) in the Laurent series of ﬁroz about 79. To this end, it turns out that the
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exponential term in (42) can be transformed into the generating function of the Bessel
functions of the first kind: this is what we discuss in the remaining part of this section.
By definition of a residue, we have [11, 12]

Res [Fon(2) . 70] = 2%55 02 Fronl2) (47)
k)

where 7., is any simple closed contour enclosing 7, such that ﬁmz(z) is analytic on and
inside 7., except at z = 7y. For convenience, we choose v, = C(79,r), and we introduce
for concreteness the positive number 7., defined by

T = min |:‘7—0 — ’7'1| s <|T0 — ZJDJ] s (48)

where min denotes the minimum function. It is thus clear that, in order for 75 to be the
only singularity of fgo, enclosed by C(1y, ), the radius r must satisfy

0<r<rg,. (49)
Substituting (42) into (47) hence yields

~ Q T T;
Res [ffroz(Z) ,7'0] = —§é( )dZ’X(z/) exp( / ° 4 1 ) . (50)

211 Z—1 -7

As we discuss in details in Appendix C, applying first the Mobius transformation
_Z/ +
w=""21, (51)
AR )

followed by the change of variable
z2=1/=w, (52)

we show that the residue (50) can be written as

Q (Tl — 7'0) To—=Ty

Res [ﬁrOZ(Z) ,7'0] =07 €770 y%(_“zlm;m) dz gy (2)g(2), (53)

where we introduced the complex number Z given by

ZE\/??, (54)

as well as the functions g, (z) and g(z) defined by

_ 1 T02/7 + T
0= e () (59

and

9(2) = exp {m (z— 1)} ~ 3 (Wﬁ) o+ (56)

™ — To z b oo T — 70

the latter hence corresponding to the generating function of the Bessel functions of the
first kind Jg(z) (see e.g. [13]).

In view of (49), it is clear that the integration contour in (53) encloses the essential
singularity z = 0 of g(z), but not its other essential singularity z = co. In addition, the
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number of singularities of g, (z) enclosed by the integration contour in (53) must, for
consistency, be independent of the particular value of r.

While the expression (53) is valid for an arbitrary aperture function x, to evaluate
the remaining integral can a priori only be done in some specific cases. We now consider
a class of functions y for which the integral in (53) can be evaluated explicitly.

4. Apodization barriers

The analysis performed in section 3 above is valid for general aperture functions y. Here
and in the sequel, we consider a particular class of such functions, which we denote by
Xn With n a strictly positive even integer. We define the function x,(7) by

_ 1

T 1+ v (1 — Top)

Xn(T) , neven, v>0, T,,eR. (57)

The requirement of an even n ensures that 0 < x,,(7) < 1 for any 7, so that (57)
indeed represents a valid class of aperture functions. As is illustrated on figure 3, x,
models a smooth algebraic window, or apodization barrier. Because x,(Ty,) = 1, we
call T, the opening time of the barrier. We assume hereinafter that it satisfies

0< Ty <t. (58)

This indeed ensures that the barriers (57) open when a substantial part of the incident
wave packet reaches the barrier. The quantity v characterizes the inverse of the width
of the barrier, with v < 1 (v > 1) corresponding to a broad (narrow) barrier.

10
— n =2
— — n=4
E o5
<
= — n=6
— n =28
0

Figure 3: Apodization barriers (57) as functions of 7 for n = 2 (blue), n = 4 (orange),
n =6 (green) and n = 8 (red). Here we chose the numerical parameters to be v =5 (in
dimensionless units), T,,, = t. and t = 2t..

Before analyzing the residue (53), we must check that the apodization barriers of
the form (57) satisfy our complex formulation of the Husimi amplitude discussed in
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section 3 above. First, since x,,(Re?) ~ 1/v"R" ™ as R — oo, we have

, A 1
: 10 10 I T —
Jim (e (Re)] = fim || =0 &
for any n > 2. Therefore, x,(z) indeed satisfies condition (35) for any n > 2.

We then evaluate the two integrals that appear in the right-hand side of (37) for
X = Xn. As we show in details in Appendix D, we have the upper bounds

/0 dr xn(T) < 1 F — Arctan (T, )] if v> ! (60)
- Xn X v 2 op Y = Top I
and
o 1 (m _ 1
/t dr xn(7) < - {5 — Arctan [v (t — Top)]} , ifv> =T, (61)

for any even integer n > 2. It is thus clear from (60)-(61) that we can make the upper
bound (37) arbitrarily small by making v large enough. Therefore, the apodization
barriers (57) are indeed perfectly suited to our complex formulation.

We now explicitly compute the residues in (46) for the apodization barriers (57).
We first investigate in section 4.1 the analytic structure of the two functions y, and
Gx,- We then derive in section 4.2 the Taylor expansion of g,, about z = 0. We use
the latter in section 4.3 to construct, by means of Cauchy products, the relevant part
of the Laurent series of g,,¢ about z = 0: the term 1/z in the latter series then yields
the residue Res [g,,(2)g(2),0]. After obtaining this residue at the essential singularity,
we conclude in section 4.4 by computing the remaining, simple residues at poles.

4.1. Analytic structure of x,(z) and gy, (2)

In this section we study the analytic structure of the two functions x,(z), given by (57),
and gy, (2), obtained from (55) for x = x,, for an arbitrary even integer n > 2.
These two functions being rational functions, their only singularities are thus poles [11].
Technical details are deferred to Appendix E.

As is clear from (57), X, admits the n simple poles Z ](") given by

n 1 . i . .
Z]( V=T, + —e@tDE with 0<j<n—1. (62)
1%

We now use (62) to identify which of these poles must be taken into account in (46),
namely those that have a positive imaginary part. Since n is even by assumption, it

is clear from (62) that Im [Zj(-")] > 0 if and only if 0 < j < n/2 — 1. Therefore, the

contour integral (46), which we relabel fﬁfﬁ? here to emphasize that it corresponds to
the aperture function y,, is given by

. _ _ n/2—1 _
?fﬁ?fygdﬁffﬁi(z):%i Res [fi0)(z), ] + D Res |f(2). 2" | oo (69)
v =0
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where ﬁEZZ) is obtained upon substituting y = x,, into (42), that is

Q ex T | T >
T T, P <z—7’ Z—T
0 ! ) - k . (64)

7 (n) _

() = Qxa(2) exp( h | T
Z—To Z—T n 1—[0 [Z—Zj(")]
]:

We then denote by z](n), with j an integer, the poles of the function g,, that is
obtained upon substituting (57) into (55), that is

) (/2 + )"

z) = - -
Il = G0 + 0 (70— Top) 212 + 71 — Top)
As is clear from (65), gy, admits the n simple poles

1 . i 1 . i -1
zj(n) =-Z |:7'1 —Tp — —e(2j+1)n} {7’0 — Top — —6(2]+1)n:| with 0 <j<n—1. (66)
v v

(65)

Combining (66) with (62) shows that the poles z](") are related to the poles Zj(") through

() _ _ o) [ ]! : S
zj ' =—Z |\ —2Z;"| |10~ Z; with 0<j<n—1. (67)

J

We can now express the residue Res [ffﬁg;)(z) , To] obtained from (53) for x = xp, i.e.

Q (7'1 — T()) To—Ty

£ = —— L em1—70
Res [ffroz(z) ,7’0] =57 ¢ yé(_z,z o) dz gy, (2)g(z). (68)

Indeed, combining (67) with (49) shows that the distance | — Z — zj(n)] between z = —Z

)

and any pole zj(n satisfies the strict inequality

n |7—0_7—1|
7| <zl

<|z (69)

,
This shows that the circle C(—Z, |Z] |1 — 71| /r) encloses all the poles zj(-n) of gy,
Furthermore, we already saw in section 3.3 that it also encloses the essential singularity
z = 0 of g. The integral in (68) can thus itself be computed by means of the Cauchy
Residue Theorem, and we get

~(n Q(r — Ty —T;
Res |:ff1(‘oz) (Z) 77_0] _ (7'1 7'0) exp ( 0 1)

A T — 70

X {Res (9. (2)g(2) , 0] + i Res [an(z)g(z) ,zj(”)] } , (70)

The terms Res [g,,, (2)g(2) , zj(n)] in the right-hand side of (70) correspond to residues
at simple poles, and are thus straightforward to compute. The main challenge hence
arises from the residue Res [gy, (2)g(2) , 0] at the essential singularity. The latter requires
to construct the Laurent series of g,,, g about z = 0. Since we already know the Laurent
series of g [see (56)], we now compute the Taylor series of g, (z) about 0.
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4.2. Taylor expansion of gy, (2)

In view of the results obtained in section 4.1, we can write (65) as

0 2) = T 2 {H - zﬁ-")]} - (1)

op =0

We can then write a partial fraction decomposition of (71) of the form

22 n—1 Agn)
= 72
Ixn (Z) 1+ V”(Tg _ Top)n ]go L Z](n) ) ( )

where the n complex numbers A§n) must be explicitly determined. We propose the

following hypothesis regarding the expression of these coefficients Agn)'
-1

n—2 —
A0 = [ + 7] H[ -] . 0<j<n-1. (73)

J
j'=0
J'#3

While we have explicitly checked that the expression (73) of Ag-n) is valid for even integers

n up to 10, we have been unable to show that (73) holds for an arbitrary n. Indeed, the

difficulty arises from explicitly expanding factorized polynomials of arbitrary degrees.

We emphasize however that (73) is exact for the n = 2 case that we analyze in section 5.
We now use (72) to write the Taylor series of g,, about z = 0. We easily get

Sen(l) )

which converges absolutely for any ¢ # 0 and any z € C such that |z/{|] < 1.
Substituting (74) into (72) hence readily yields

n—1 A(n 0o k
J
) =T & wZL;] | 5

0 % k=0

We can now use the Taylor series (75) to construct the Laurent series of g,, g about
z = 0, which is necessary in order to obtain the residue Res gy, (2)g(z),0], and thus
Res | ffizz)(z) ,To) in view of (70), at the essential singularity.

4.3. The residue at the essential singularity

Here we evaluate the residue Res|g,, (2)g(z),0] from its very definition [11, 42]: it
corresponds to the coefficient of the 1/z term in the Laurent series of g¢,,,¢g about z = 0.

Combining the Taylor series (75) of g,, with the Laurent series (56) of g yields the
Laurent series of g,, g about 0, and we have

k
72 A, > W\
o (9(z) = . Yl X ()

L+ v™(10 — Top)™ =0 % 1—o
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As we show in details in Appendix F, using Cauchy products to express the product
of the two series in (76) allows us to identify the term proportional to 1/z. We hence
obtain the following expression of Res gy, (2)g(2),0]:

-1 o)
(—1)* (2 TOTI)
Res z2)g(2),0] = J, . 7
90, (190 = 1 Z T Akt ()
j
We now substitute (77) into the expression (70) of Res [fvfigz)(z) ,To] to get
n—1
~(n) ] _ Q (7‘1 — 7’0) To — T1 |: (n)i|
Res [ffroz(z) , T0 7 exp P jzo Res |9y, (2)g(2) , 2
z? S s~ GV (2T
L+ vn(mo — Top)” = [ () T1 — To

1 :
ZJ

Finally, we substitute (78) into the expression (63) of the contour integral ff‘fé;l) to get

n Q(r — = 72 = > (—1)k WToT,
ffgféz): (11 To)efgfo - T A(n)z( )Jk:< 0 1>

A 1 + l/n(T() — Top =0 J 1 [Z](n)i| T — 70
n—1 n/271

+ D ORes gy, (2)g(2) 2| |+ D Res | fiz), 2] pomi (79)
=0 §=0

The remaining residues in (79) are at poles and are now easily computed.

4.4. The residues at poles

Here we explicitly compute the remaining residues in (79).
First, it is clear from (64) that any ZJ(") is a simple pole of ffﬁgz) . Therefore, the

residue Res [fi")(2), Z j(n)] can be simply computed from the limit [41]

Res (=), 2] = tim {[z= 2" i)} (20)

(n
z—>Zj

We hence get, in view of (64),
-1

0 n—1
Res [ " (2), Z](.n)] = — H [ZJ(.H) - ZJ(-,n)] exp

froz

forany 0 < j<n—1.
We then have from (56) and (71)

d
g (2)a(z) = 2 (Z+Z);2n {ﬁ [zzy‘)}}l exp [m (z— 1)} )

1+ v (10 — Top)
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This shows that any zj(.”) is a simple pole of g, g, so that

Res [an(z)g(z) ,z](-n)} = lim {[z - zj(-")} an(z)g(z)} , (83)

(n)
Z—2;

and thus we get from (82)

n—2
(n) v n
Res [g (z)g(z) Z(n)} . 72 [Zj + Z] erlTBZ;l [Zg( )Z§1¢L)] (84)
X T T v — Top)m et [ (n) (n):| ’
Z' - Z /
jl_:[o
3£

forany 0 <j<n—1.
We then set fffoz = ffgfé;b) into (30) to get the corresponding frozen Gaussian Husimi
amplitude

FE .0 = )~ 10— 109, )

— Jfroz

where we used I, = 0 [see section 3.1 as well as condition (59)]. Combining (85)
with (79), (81) and (84) hence yields

n/2—1 Ty Ty

n) j~ ~ Q 1 — ey —
ff(m)z(x,v,t) = 27 E — - eZ](. ) _rg Z]( ).
,_ pyn n— (n) n)
j=0 I1 [Zj — 7 }
j’=0
3'#3

—79) To-T 72 — X (=1)F . (2VTyT
fomi o) 2R ) AN ( >ka< - 1>
Z L+ v(10 — Top)" ey Pt [Zj(n)} T —To
\
3
O K v A R
n—1 2 |:Z’I’L _I_ :| 041 |:Z-n— 1 :|
+2 < ] S S I e (86)
n _ n n—1
1+ vn(r — Top) 1 [Z](n) B ZJ(,TL)}
=0
i'#3 J

Finally, setting fro, = ff(rz)z into (23) defines the Husimi amplitude f, namely
) i~ ~ ht n) m ~
£ )(;p,v,t) = {1 + O (m(ﬂ)} f(m)z(a:,v,t) ) (87)

The result (86), combined with (87), is the main result of our work. Indeed, it
provides an analytic expression of the Husimi amplitude f (")(ZE, v, t) for an apodization

barrier x,(7) of the form (57). This expression is valid for an arbitrary opening time
Top, (inverse) width v and even integer n > 2.

Since the expression (86) is rather intricate in general, we now illustrate this
important analytic result on the simplest, Lorentzian case n = 2.
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5. The Lorentzian case n = 2

In this final section we consider the apodization barriers (57) in the simplest case
n = 2, i.e. we consider Lorentzian aperture functions x». In addition to simplifying the
expressions (86)-(87), we also see that it embeds all the ingredients that are necessary
to exhibit interesting physical behaviors such as diffraction.

Setting n = 2 into (86) hence yields the frozen Gaussian Husimi amplitude

~ ~ Q 1 %4_%
fgri)z(xavat;Top) = 277'7,—2 ﬁ@ZO -0 Zy -
v Z(() ) _ Z1( )
1 00
+2W¢M6f§fg B zZ? ZA(~2)Z (—1) . (2 ET0T1>
A L+ v2(19 — Top)? po J £ [2(2)}/& L — 1o
J
1 2 m[z(2)_ (12)}
(2) 1770 J z - (7) . (+)
M re m S (58)

j=0

where the dependence on Ty, is explicitly written for later convenience.

The expression (88) remains rather intricate, notably because of the series of
Bessel functions. Therefore, we first discuss in section 5.1 how this expression can
be significantly simplified in the limit of a large v. This so-called slit regime is then
applied in section 5.2 to the case of a double barrier. This allows us in particular to
exhibit diffraction, and to analytically describe the phase-space structure of the resulting
diffraction pattern.

5.1. The slit regime v > 1

Hereinafter we consider the particular regime of large v, which we write for convenience
v > 1 (irrespective of units). This makes of y, a time slit that is open at time 7,,.

As we discuss in details in Appendix G, we show that i) the first term in the right-
hand side of (88) is of order 1/v, whereas ii) all the other terms in the right-hand side
of (88) are of order 1/v%. Therefore, we can write ff(ri)z in the simple form

-~ 1
ff(ri)z(‘%? v, t; TOp) flsht(z v, t; TOp) +0 (Vz) ) (89)
where we introduced the slit Husimi amplitude fiq;; defined by
~ - 7T -~
Srai (T, 0,4 Top) = _Q exp [Y0(Top) + 71 (Z, 0, 4 Top)] (90)
with the quantities vo1 = 101/ (Top — 70.1), i-€. in view of (19) and (27)-(28)
1 2T,p|xolve — 22 + m2a*vd /2

— 91
202 1+ h2Tgp/m2a4 ’ (91)

Re [0(Top)] =

m 2|zg|lvg — Top (V3 — R2x3 /mPc?)
Im [VO(TOP)] = ﬁ 1+ K272 /m204
op

(92)
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and
- 1 2(T,, —t) 20 + 22 — m20*0? /h?
Re (3.5, Typ)] = —5g 20— TR ()
20 1+ h2? (T, — t)° /m2o?
m 270 + (T,p — t) (0 — R*7? /m?o?)
2h 1+ 12 (Ty, — t)* /m204
In view of (20), we hence define the slit Husimi distribution Fig; by
Flslit(fa ’777 ta Top) = |flslit (%7 ’17’ ta Top) |2 ) (95)
that is using (90)

Im [v1(Z,0,t; Top)] =

2
- T .
Fiaw(z,0,t;,1T,,) = = ]Q]z exp {2Re [y0(Top)] + 2Re [v1 (7,0, T0p)] - (96)

While (91)-(94) are valid for an arbitrary 7,,, the effect of the barrier is magnified
when T, is close to t.. In addition, to further assume that t — T,,, = T, allows to
considerably simplify (91)-(94). Therefore, here we assume that

Top =t and t=2t.=2T,,. (97)
Combining (96) with (19), (43), (91)-(94) and (97) hence yields

2 ~ _ ~1 N2

Fraie(&,5, 2teit) = 15— |+ vo)’ + # (T + |x0\)2] exp [_%} S (98)
Therefore, it is clear from (98) that Fig; does not exhibit any diffraction pattern. This
is in agreement with [15], see more precisely Eq. (36) in [18] for a single rectangular slit
in space and in time: here we consider a time slit with a very small width, so that the
nearest diffraction peak (whose position depends on the inverse of the width of the time
slit) is essentially sent to infinity.

The expression (90) of fig; is valid for an arbitrary narrow Lorentzian aperture
function y,. It can be adequately used to construct the Husimi amplitude obtained in
the more interesting case of a double slit in time, as we now discuss.

5.2. Double slit

In this final section, we consider a double-slit scenario characterized by the aperture
function yag¢ given by a superposition of two narrow Lorentzian functions y» that open
at two different times Tég) and T (511,), with Tég) < Téé), that is

1 1

o " 1]?

(99)

N | —

X2sht(7) =

The factor 1/2 in (99) is added in order to ensure that 0 < xagit(7) < 1 at any time 7.
Similarly to section 5.1 above, we still consider the slit regime v > 1 here.

As is clear from (22), the Husimi amplitude is by construction linear in x. Therefore,
the double-slit Husimi amplitude foq;; that corresponds to (99) can be constructed from
the single-slit Husimi amplitude fiq;, and we merely have

f2slit [jf’ 57t7T(0) T(l)} - % {flslit [§7 ;[J/atT(O)} + flslit [EE, i\)J7t7,-ro(1}>)]} : (100)

op 7~ op y - op
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The corresponding double-slit Husimi distribution Fyg; is then defined by (20), i.e

F2slit [§7U tuTo(g ) 0;] ‘f?sht [ tuT()(g)7To(;)] |2 : (101)
Therefore, combining (101) with (19), (43), (90) and (100) shows that Fig; reads
Fogit [x v t,TO(p),chp)] =% 7; 591(T,0) exp {92 [x v, t; chp),To(p)}}

X (cosh {f1 [ U, t; To(g),Top ]} + cos {f2 [1: v, t; T(fp), TCS;)} }) , (102)
where we introduced the notations

2

9 F0) = @+ w) + —g (F fao)? (103

g2 [x v, t; Tcgp),TO%} = Re {70 [Tég)}} + Re {71 [x v t,TO(p)H
2 2

+Re {70 [15)]} + Re {n [7,0.6 1]} - 75 (7 +f) | (104)
filE 8415, T5)] = Re {0 [T)]} + Re {m [7,0,6 T3]}

—Re {0 [T))]} = Re {m [0, TH]} (105)

fa [m v, t; To(p), TO(;)} Im {70 [ } } + Im {71 [x v, t; To(g)] }
—Im {7 [ op ]} —Im {y [z, t,TO(p)” : (106)
It seems reasonable to expect the occurrence of diffraction in the case where the
time difference TO%) — To(g) between the two slits is small enough, as it is the analog of
the distance that separates the two slits in Young’s classic double-slit scenario. In view
of this, i) we assume for convenience that the two opening times Tég) and T, 0%) are taken
symmetrically with respect to the classical hitting time t., that is

To(g) =t.(1—¢) and Té;) =t(l+¢€), (107)
and ii) we further assume that the dimensionless parameter € is small, i.e.
e 1. (108)

This ensures that both slits open when a significant part of the incident wave packet
reaches the barrier. Furthermore, in order to make the algebra as simple as possible
while at the same time preserving the essence of diffraction, similarly to (97) we here
again assume that the final time ¢ is simply twice the classical hitting time ¢,

t=2t.. (109)
Combining (107) with (109) yields the symmetries
— 1 1
t—TO =170 and t-T)=TY. (110)

The expressions of the functions g¢o, fi and fy defined by (104)-(106) that result
from (107) and (109) are written explicitly in Appendix H.

We now compute the Husimi distribution (102) in view of (107)-(109). The results
are shown on figure 4(a) for a Rb atom of mass mg;, = 86.9091805u. We choose as
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36 (a) Analytical expression x 1075 36 (b) Numerical integration x 1079
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Figure 4: (a) Analytic expression (102) of the double-slit Husimi distribution Fog
(see text for numerical parameters); (b) Corresponding Husimi distribution obtained by
means of a fully numerical evaluation of the integral (22) for the aperture function (99)
and for the exact same parameters as in (a).

numerical parameters o = —0.15mm, o = 30 um, vy = 3mm/s, t. = |zg|/vo = 50ms
and t = 2t. = 100 ms (similar parameters have been e.g. used by Jendrzejewski et al.
in their study of the coherent backscattering of ultracold atoms of 8Rb [30]). This
set of parameters is designed so as to satisfy the frozen Gaussian regime (7) since we
have vy (t —t.) = |rg] = 0.15mm, while mo?vy/h ~ 3.7mm > 20wvg (t —t.). The
dimensionless parameter € in (107) is set to € = 0.1, hence yielding the opening times
To(g) = 45 ms and To(Il)) = 55ms. Finally, we have set v ~ 36.537 kHz (namely v = 5000 in
the corresponding numerical set of dimensionless parameters). It is clear from figure 4(a)
that the double-slit Husimi distribution (102) exhibits a succession of peaks in the phase
space: this is indeed a clear signature of diffraction.

In order to check that the function Fyg; given by (102) indeed provides an accurate
analytic description of the actual state of the system, we confront it to a fully numerical
evaluation of the original integral (22), which hence gives the actual Husimi amplitude,
for the double-slit aperture function (99). The results are shown on figure 4(b) for the
exact same numerical parameters as the ones used on figure 4(a). We can readily see
that the agreement between the numerical and analytic results is excellent: while our
analytic expression (102) apparently slightly overestimates the amplitude of the peaks,
the phase-space structure of the Husimi distribution is indeed remarkably predicted
by (102). Therefore, we can now adequately use the latter to analytically investigate
the phase-space structure of the diffraction pattern.

We are for instance able to infer an analytic expression of the position of the
interference fringes in phase space. To this end, we first note on figure 4 that the peaks
are seemingly arranged along a line v = ax + 3, for some o > 0 and § € R. In view of
the mathematical structure (102) of the double-slit Husimi distribution, our strategy is
thus as follows (additional technical details may be found in Appendix I): i) First, we
substitute the ansatz v = aZ + [ into the expression (105) of f;. ii) We then require
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the resulting expression of f; to vanish, i.e. fi[z,az + ] = 0 (what is also suggested
by numerical investigations). This allows us to obtain a and /3, and we find

1 Rt Rt
OJZE |:1+O<m20_4€ )] and B:’Uoo(m204€) . (111)
This ensures that in the diffraction regime (108), we can safely take a = 1/t. = vy/|z0|
and f = 0. iii) Finally, we substitute the resulting ansatz v = z/t. = v9Z/|zo| into the

expression (106) of fo, and require sin f, to vanish, i.e. sin|[fy (Z,7/t.)] = 0. The latter
condition hence precisely yields a countable family of solutions {5,22),5,532)} with k € Z,
and we find

~(2) ~ 2h 2h
{a:,(f),v,(f)}: |zo] |1+ - sk, v |14 - Tk . (112)
This result precisely yields the position of the interference fringes in phase space. This
is in agreement with [18], see more precisely Eq. (44) in [18] for a single rectangular slit
in space and a double rectangular slit in time.

(a) Husimi distribution along the line v = voz /|| (b) Numerical integration x107°
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- 1 1 1 1 1
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Figure 5: Confirmation of the expression (112) of the position of the interference fringes
in phase space (same numerical parameters as on figure 4): (a) Double-slit Husimi
distribution Fiyg;, as given by (102), along the line v = vo@/|zo|; (b) Corresponding
Husimi distribution obtained by numerically evaluating the integral (22) for the aperture
function (99) and for the same parameters as in (a).

The validity of our analytic prediction (112) is illustrated on figure 5 (where we use
the exact same set of parameters as on figure 4 above). We first plot on figure 5(a) the
double-slit Husimi distribution Fyg;t, as given by (102), along the line v = vyZ/|zo|. As
anticipated, the latter is indeed seen to contain both the dark and the bright interference
fringes, whose positions are indeed perfectly described by our analytic result (112).
More precisely, the phase-space points (112) for even values of the index k correspond
to peaks of the Husimi distribution Fygy, i.e. to bright interference fringes. On the
other hand, the phase-space points (112) for odd values of the index k correspond to
dark interference fringes, i.e. points where Fyg;, vanishes. To further ensure that (112)



Phase-space representation of diffraction in time: Analytic results 24

indeed accurately describes the phase-space structure of the actual Husimi distribution,
we then superimpose on figure 5(b) the phase-space points (112) for k = —4,—-2,0,2,4
onto the corresponding Husimi distribution obtained by numerically evaluating the
integral (22) for the aperture function (99) and for the exact same numerical parameters
as on figure 5(a). This clearly confirms the accuracy of our analytic result (112) to
describe the position of the diffraction peaks in phase space.

The above analysis can of course be repeated for generalizations of the double-
slit aperture function (99) to aperture functions xssit, Xasit, --. that are a sum of
3, 4, ... Lorentzian slits all opening at different times. Though the algebra becomes
more intricate even in the slit regime v > 1, this effectively allows us to analytically
study diffraction in time for general time gratings.

6. Summary and conclusion

In this paper we investigated how a particular model of matter-wave absorption, the
so-called aperture function model, can be adequately used to obtain an analytic phase-
space representation of diffraction in time.

We considered a nonrelativistic, structureless quantum particle that follows a one-
dimensional motion along the x-axis. The particle is assumed to be free everywhere
except at x = 0 where it is taken to be subjected to a spatially infinitely thin,
pointlike time-dependent absorbing barrier. The aperture function model characterizes
the transparency of the barrier by a (time-dependent) function x(t), termed the aperture
function, whose values range between 0 (completely closed barrier) and 1 (fully open
barrier). The effect of the barrier on the particle is then taken into account by imposing
discontinuous time-dependent matching conditions, which involve y, on both the wave
function ¥ and its spatial derivative OV /0x at x = 0.

The advantage of the aperture function model is that it allows to analytically
express the wave function W(z,t), evolved from the initial minimum-uncertainty
Gaussian state (1) according to (10), in the transmission (z > 0) region in the form
of the integral (17). This remains true for the Husimi amplitude f (yielding the Husimi
distribution F' through F = |f|*) associated with ¥, given by (22). This integral
expression of f proves to be valid for an arbitrary time-dependent aperture function y.
The main aim of our work has then been to explicitly compute the latter integral by
means of Cauchy’s residue theory.

We found that the main difficulty that arose from this complex-analysis-based
approach was the need to compute a residue at an essential singularity, for which no
general method exists. Therefore, we had to resort to the very definition of a residue, and
thus to construct the relevant part of the Laurent series of the corresponding function
(namely, the 1/z term if the singularity is z = 0). We did this for the particular class of
aperture functions x,, given by (57), with n an arbitrary even integer. Such functions
describe Lorentzian-like barriers that smoothly open around the opening time 75, with
a width 1/v. We hence obtained the expression (86)-(87) of the Husimi amplitude f
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that corresponds to the aperture function y,,.

The latter expression, valid for any n, appears to be rather convoluted, in particular
due to the presence of a series of Bessel functions. Therefore, we gave particular attention
to the Lorentzian case n = 2. Furthermore, considering the slit regime v > 1 of very
narrow barriers allowed us to reduce the Husimi amplitude f® to the considerably
simpler expression (89) in terms of the quantity fig;; given by (90). We saw in particular
that the resulting Husimi distribution Fig;, given by (98), exhibits no interference
pattern. We then exploited the linearity, obvious on (22), of the Husimi amplitude in
the aperture function y and considered the double Lorentzian yoq; given by (99). The
latter hence describes the time-domain version of the double-slit scenario, with two time
slits that open at different times To(g) and To(é). The general structure of the resulting
Husimi distribution Fyg;, given by (102), allows for the appearance of diffraction in
time: a clean diffraction pattern indeed arises in the regime of parameters described
by (107)-(109). This eventually allowed us to derive the analytic expression (112) of the
position of the interference fringes in phase space.

In conclusion, the main outcome of our work is to provide a simple and intuitive
analytic description of the phase-space structure of diffraction in time that arises from
a class of smooth, Lorentzian-like time gratings. An interesting followup question is
to investigate the structure of the Husimi distribution F™ = |f™)|? outside of the
Lorentzian case, i.e. for n = 4,6, ... Another followup direction is to explore the phase-
space structure of the Husimi distribution out of the narrow-slit regime v > 1 in order
for instance to determine the impact of the term that involves Bessel functions, a direct
consequence of the essential singularity.
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Appendix A. Derivation of (23)-(25)

Combining (22) with (4)-(6) and (18) allows to write f in the form

FGE 1) = /0 dr 7). (A1)

with the function f(7) defined by

~ 2 U3 1 3 1
f(r) = Xt [ 2. (iafToz? + 002 ozt27> e?() (A.2)
2 Ty \ Of Qi

We now use the frozen Gaussian approximation (9) that results from (7) to Taylor-

expand the square roots in (A.2).
Because (9) can also be alternatively written as

0<E<<1 and ng

3 <1 , Vrelot], (A.3)

mao?
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combining (A.3) with the definition (18) of a, hence yields the Taylor expansion

[ ht \] 13
no__ M 1 y = -, = A4
oz o%)) i +O(2m0_2)- ) VT € [Ovﬂ M 279" ( )
which, because 7 <t and by definition of the O notation, is equivalent to
[ ht \] 1 3
F=al |1 3 t ==,= A.
al = ab _ +O(zm02)_ , Vrelot] , u 505 (A.5)

where the right-hand side has now the advantage of being independent of 7 as compared
to the right-hand side in (A.4). Similarly, we can thus write

ht 1 3
af . =al {1+O(z’m02)} , Vrelot] , p= 575" (A.6)
Therefore, we combine (A.5) with (A.6) to get
31 ht 31 ht
atg,raé =a} [1 +0 (im02>] and ozfg ozté,T = o [1 +0 (im02>] . (A.7)

Substituting now (A.7) into (A.2) hence shows that f(7) can be written in the form

flr) = [HO (z i H firon(T) (A.8)

mo?

With firos(7) given by (25). As compared to its original definition (A.2), the resulting

expression (A.8) of f(7) is single valued. This allows for a straightforward extension of
the integral in (A.1) to a branch-cut-free contour integral in the complex plane.

Appendix B. Upper bound for |[I(-) + [(H)

This appendix is devoted to deriving a relevant upper bound for [I(=) 4+ I+)|. For clarity,

we recall the following standard result about positive powers of positive real numbers:
Va,beRy , VpueR, , a>b <= d'2b", (B.1)

where Ry (R%) denotes the set of all positive real numbers with 0 included (excluded).
Furthermore, combining the definition (32) with the triangle inequality yields

|16)] g/(;dT ’ﬁrOZ(T)‘ and |1 </toodf ‘ﬁm(r)‘. (B.2)

We first write an upper bound for |ﬁroz (7)| in Appendix B.1. After discussing some
technical details in Appendix B.2 and Appendix B.3, we derive upper bounds for |I(7)|
and |/ in Appendix B.4 and Appendix B.5, respectively.

Appendixz B.1. Upper bound for )ﬁmz(T)‘

In view of its definition (25), the function fqe,(7) can be written as

Fron(T) = Tx(7) 27, (B.3)
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where ¢ is given by (26), and T is, in view of (18)-(19), defined by

r= 2\1/% [; (1+zi~) +— <1+ixgo’)] . (B.4)

We now take the modulus of (B.3). We first note that
|e#(7)| = eRele(™)] (B.5)

with Re (2) denoting the real part of z, that is in view of (18) and (26)
‘e¢(7)| = Uz 5(T) Usg, vy (T) (B.6)

where the functions uz 3(7) and wuy,, ., (7) are defined by

Uz,5(T) = exp {— (B.7)

o [T —0(t — 7)) g (o + voT)”
1+4h040(t_7_)2 1+4h2a0 2
Finally, taking the modulus of (B.4) and using the triangle inequality, we can write

T < Typ, (B.8)

} and Uy, 4, (7) = exp

where Iy, is defined by

1
Iy = —— B.9
Therefore, combining (B.3) with (B.6) and (B.8), we get:
(7)] < T (), 507) g0 (7) (B.10)

This is our starting point for deriving upper bounds of [I(7)| and |IY)]. We do this
in Appendix B.4 and Appendix B.5, respectively, after we study in Appendix B.2
and Appendix B.3 the general behavior of the two functions uz 5(7) and s, v (7),
respectively. More explicitly, we want to determine their senses of variation for 7 € R.
This is indeed a simple approach of finding upper bounds for these two functions.

Appendiz B.2. Behavior of uz

We first find the stationary points of wuz 3, i.e. the points where the derivative
Uy 5 = dugz,5/dr vanishes. Differentiating (B.7) with respect to 7 yields

. (7) = or — (3t — 7)) [4’122‘0 - (4520‘3 T+ 'ﬁ)} ; jao% 0 (Bay

m m? 4h2a2 (t T)Q]

Since o # 0 by assumption, and uz 5(7) # 0, V7 € R, we can readily see on (B.11) that

the derivative uf ;(7) admits the two real roots Tﬁl% and 7'£ l given by

2
7'5(1% =t—t and 7';(:2% =t+ =,
’ ’ 4h2adt

(B.12)
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where we used the definition (19) of t. Remember that in our case ¥, ¥ > 0, and hence
t > 0. Therefore, a direct consequence of (B.12) is that

7'(1)5 <t< 7';72) (B.13)

We now study the sign of uz; 5(7) for 7 € (Tg% : 75(2%). In view of (B.13), and because

TE(I% and T5(2% are by construction the two only roots of ﬂ’iﬁ, this is equivalent to merely

studying the sign of 7 +(¢). From (B.7) and (B.11) we get

Wy +(t) = —200T0 0T | (B.14)
and thus, since by assumption ag, z, v > 0,

g 5(t) < 0. (B.15)
Therefore, we deduce from (B.15) that

uz 5(1) <0, Vre <TE(1%,T§2%> . (B.16)

We now determine the sign of ug 5(7) for 7 ¢ [Tg(l% : 75(2%] To do this, we study the
behavior of uj () as 7 — +oo. From (B.7) and (B.11) we can write
miry  _m’? 1
1 NL ~ e 4h2a 1 —_— = +
TEI:EIOO Uz 5(7) SHay e 0 Tgrfm = 0", (B.17)

. "~ 1 2
since we have g, x, v > 0. Therefore, because 7t % and 7%

only roots of u; ; we deduce from (B.17) that , ’

are by construction the two

7,00 1%,y

Uz 5(1) >0 , Vr¢ [T(l)~ 7'(2)} : (B.18)

Combining the results (B.16) and (B.18), we hence see that the function uz (1)
has the following behavior:

Uz 5(7) increasing , V7€ (—oo, 7-5(1%}
Uz 5(7) decreasing , V7€ [75(1%, 7%2%] _ (B.19)
Uz, 5(7) increasing , V7€ [75(2%, oo)

Appendiz B.3. Behavior of g, v,

Now, we first find the stationary points of g, .,, i.e. the points where the derivative
!/

u = duy,, 4, /d7 vanishes. Differentiating (B.7) with respect to 7 yields

Zo, V0o
4h2a?
Uy o (T) = (20 + v07) (TQO ToT — Uo> (

200Uz, v (T)

b olT] (B.20)
1+ —4};?0 72)

Since ag # 0 by assumption, and ., ,(7) # 0, V7 € R, we can readily see on (B.20)

that the derivative u, ., (7) admits the two real roots ngé?vo and T,,Eﬁ?vo given by

2

1 m 2
TCEO?’UO = _4712@(2)150 and ngo?fuo = te, (B.Ql)
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where we used the definition (8) of ¢.. Because t. > 0 by assumption, we deduce

from (B.21) that the two stationary points T;,g(l)?vo and Txo vo Satisfy

M o<0<t®, . (B.22)

3’30 Vo Z0, Vo

(1) for 7 € (Téé)yo ,raﬁﬁ?vo) In view of (B.22), and

this is equivalent

We now study the sign of u/

1
because Téo)vo and Txo)

o, vo

v are by construction the two only roots of u/

o, v0?
to merely studying the sign of u , (0). From (B.7) and (B.20) we get
Wy 4y (0) = —2aqT0ug €070, (B.23)

and thus, since by assumption ag, vy > 0 and zy < 0,

u', (0)>0. (B.24)

o, Vo

Therefore, we deduce from (B.24) that
wy (1) >0, vre (r), P ). (B.25)

o, Vo 960 vo 7 " X0, V0

We now determine the sign of u, , (7) for 7 ¢ [Txo,vo , ;ﬁo?vo] To do this, we study
the behavior of u}, , (7) as 7 — Foc. From (B.7) and (B.20) we can write

m2xovg _m%f 1
liril Upy oo (T) = o © aRZag hrin — =07, (B.26)
T—300 ’ Qp T—E0o0 T

. 1 2
since we have ag, vg > 0, r¢g < 0. Therefore, because T:z(:o?vo and Téo?

s We deduce from (B.26) that
wy (7)) <0, VY7Té T SR o) ]. (B.27)

o, Vo 900 vo 7 " T0, V0

v are by construction
the two only roots of u/,

Combining the results (B.25) and (B.27), we hence see that the function ., ,,(7)
has the following behavior:

Ugg, vy (T) decreasing , V7 € (_007 Tﬂ%?vo]
U up(7) increasing . V7 € |7l 7l | (B.28)
Ugg, vo (1) decreasing , V7€ [T ﬂgg?vo ) OO)

Appendix B.4. Upper bound for }[(_)}

In view of (B.2) we have throughout this section 7 < 0. We first use the results
of Appendix B.2 and Appendix B.3 to obtain upper bounds of uz 7 and uy, ,, for 7 € R_.

As is clear from (B.19), the point T£)~ (7'5(2%) corresponds to a local maximum
(minimum) of uz (7). Since we have both ¢ > 0 and I > 0, then we see on (B.12)
that T~()~ > 0. However, note that T( ) can a priori be either positive or negative, and

thus, because it is a local maximum of Uz,5(7), we can write
ﬂgvgy(T) g ﬂg’g [min (0 s Té}%)} s V7 € R_ s <B29)

where min(&;,&>) denotes the minimum between & and &. Therefore, the upper

bound (B.29) of the function @z 7 depends on the sign of the stationary point 75(11)7,



Phase-space representation of diffraction in time: Analytic results 30

that is, in view of (B.12), whether the final time ¢ is larger or smaller than t= z/v. For
completeness; we explicitly write (B.29) in these two cases.
If we first assume that 7'5(11)7 < 0, then (B.29) reads, in view of the definition (B.7)

of uz 3, the expression (B.12) of 7'5(11)7 and the fact that t = 7/7,
If t<t: uz (1) <1 , VreR_, (B.30)

which is obviously the most naive upper bound we could write, the function uz 7 being
by construction the exponential of a negative quantity. On the other hand, if we now
assume that 7'%1)5 > 0, then (B.29) reads, in view of the definition (B.7) of uz, 7,

1 T—ot\”
21_1_(&)2 o

mo?
Now, as is clear from (B.28), the point 7w (Tég?vo) corresponds to a local minimum

(maximum) of g, (7). Since we have t. > 0, then we see on (B.21) that e <0

2 . n . . )
and Téo?yo > (. Therefore, since Tx(o?vo is a local minimum of wu, ,,(7) we can write

If t>t: uz,5(7) < exp

, VreR_. (B.31)

Uzg, v (T) < max { Hm gy, 0 (7) ,uxo,vO(O)} , VreR_, (B.32)

T——00

where max(§;,&) denotes the maximum between & and &. In view of the
definition (B.7) of uy, 4, (7), we have, also using the definition (19) of X,
1(0)? 1202
Hm gy 0 (7) = e2(%) and Uzy. v (0) = e2(%) , (B.33)
T——00

and thus, combining (B.32) with (B.33) we get

lod 0]

1 2 1 2
Uzg.vo (T) < max [e’i(i) 76*5(?) ] ., VreR_. (B.34)
Therefore, substituting the results (B.29) and (B.34) into (B.10) yields
)ﬁrOZ(T)‘ < Fup ﬂg"ﬁ [min (O,TE(?%)} max [6_%(%> ,6_%(%) :| |X(7-)| , VreR_. <B35)

Finally, combining (B.35) with (B.2) yields the following upper bound for [I(7)]:
0

1] < Loy s [min (0,70) | max e85, 2] [ ar i) (B.36)

Appendixz B.5. Upper bound for }ﬂ“}

In view of (B.2) we have here 7 > t. We first use the results of Appendix B.2
and Appendix B.3 to obtain upper bounds of 4z 5 and uy, ., for 7 € [t, 00).

In view of (B.13), and since we know from (B.19) that 7'5(2% is a local minimum of
uz,5(7) we can write

Uz,5(7) < max |uz 5(t), lim ﬂg,g(T)] , VT €ft,00) . (B.37)

T—00

In view of the definition (B.7) of uz 3(7) we have, also using the definition (19) of X,

(

)’ and lim uz 5(7) = e3(%) : (B.38)

T—00

[N
Qs

ﬂg,g(t) =e
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and thus, combining (B.37) with (B.38) we get

—~ 1(7\2 1(0)\2

UE,E(T) < max |:6_2<0') ’e_i(i) :| s V’T c [t, OO) . (B39)

Now, combining (B.22) with the facts that 7D = te [see (B.21)] and 0 < t. < ¢
readily shows in particular that

T3 <t (B.40)

xo, Yo
and thus, since it is clear from (B.28) that ngg?vo is a local maximum of g, ,,(7),
uwo,vo(T) < uwg,vo(t) , VT € [ta OO) . (B.41)

Therefore, in view of the definition (B.7) of uy, ., (7), we have

1 1 ZL‘O—f—’Uot
u$07UO<T) < exp [_51 + ( ht )2 ( o

mao?

)2] , Vreltoo). (BA2)

Therefore, substituting the results (B.39) and (B.42) into (B.10) yields

B 1 ($0+U0t)2 e e_%<§>2 e_%(%)z 7.
2021 4 (%)2] [ ) } IX(7)] (B.43)

for any 7 € [t,00). Finally, combining (B.43) with (B.2) yields the following upper
bound for |I):

+ 1 (170+Ugt)2 1(3)2 ~i(¢g 2 o0
1] < Pup exp [—QUQH(%)QI max [ oM W/t dr (). (BA4)

Finally, substituting (B.36) and (B.44) into (36) indeed yields (37).

[Fron(7)| < Tupexp [

Appendix C. Mdobius transformation for Res [ﬁroz(z) , 70

In this appendix we study how the residue Res [frop(2),70], given by (50), can be
adequately rewritten by means of a particular M6bius transformation.

We begin with the change of variable 2/ — w in (50), where w and 2’ are related
through the Mdobius transformation [11]

/
w=—"1 (C.1)
AR )
and hence the inverse transformation reads
,  Tow+ T
w41

First, the orientation of the integration contour is reversed under the change of

(C.2)

variable (C.1) (indeed, any Mobius transformation can be decomposed into two
translations and one inverse [11]). We hence formally write

7§ R §£ | (C.3)
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Then, we determine how the integration contour C(7,r) in (50) is mapped under (C.1).
By definition, C(7q,7) is described by the set of all 2’ € C satisfying the equation

2 -1t — 2 o —r? = 0. (C4)
Therefore, substituting (C.2) into (C.4) yields the following equation for w:

2
ww = (—1)*w — (~Lw* + (—1)(=1)" - <M> —0, (C.5)
r

which characterizes the circle C (=1, |19 — 71| /r), with in view of (49)

170 — 71 > 170 — 71 .

(C.6)

r T
Therefore, (C.1) maps the integration contour C(7y,7) onto C (=1, |10 — 71| /7):
Clro.r) = C (—1 , M) . (C.7)
r

Now, we have in view of (C.1) and (C.2)
dv  10-71 (w+1)

@_(z’—m)z To—T1
so that the Jacobian of the transformation (C.1) reads

To —T1

dz' = dw——. C.8
(w+1)° (C8)
Finally, from (C.2) we get
T T 1 T; Ty — T
LR . —_ Tow— — ) + 22— (C.9)
Z—=T1 -7 T1—T w I — To

Therefore, combining (C.2), (C.3) and (C.7)-(C.9), we see that under the Mobius
transformation (C.1) the residue (50) can be written in the form

To—=T1

. . P d Tow+T1 )
Res [ffr0z(z) ,7’0] = Hm TO), S % Meﬁ—m (Tow=33) . (C.10)
C(*l,lTO;Tll)

2mi (w+1)

Furthermore, noting that

T T, T 1
Tow — =2 = /ToTy [ /22w — /22~ C.11
0T 0 1( 7" T0w> ’ (C.11)

we then make the change of variable w — z in (C.10), with

T
z = '_ZT(l)w’ (C.12)

which then readily yields (53).
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Appendix D. Upper bounds for [ dr x,(7)

In this appendix we derive upper bounds for the two integrals fi)oo dT |xn(7)| and
[ dr |xn(7)| obtained upon substituting x = x,, into (37).
First, we analytically compute these integrals for n = 2: using (57) and noting that

1d
X2(7) = ;EArctan (it =T, , (D.1)
we have
0 1w
/ Ir Pxa(r)] = © |5 Arctan (T,,)] (D.2)
o v
and
o 1 (m
/ dr o) = {7 — Arctan (i ~ Tp)]} (D.3)
t V
We then use the equivalence
Xae(T) S xa(r) = w(r = Tp)| ' > 1, (D.4)
that is alternatively
1 1
R L (N 05)
valid for any positive integer k. If in particular v > 1/T,, we get from (D.5)
Xok(T) < xa(7) , V1 e (—o0, 0] . (D.6)
Furthermore, if v > 1/(t — 1,,) we get from (D.5)
Xok(T) < xa(7) : V1 et, o) . (D.7)

Finally, combining (D.6) with (D.2) and (D.7) with (D.3) indeed yields (60) and (61).

Appendix E. Analytic structure of x,(z) and g,,(z)

Here we study the analytic structure of the functions y,(z) (in Appendix E.1) and g, (2)
(in Appendix E.2), as given by (57) and (65), for an arbitrary even integer n > 2.

Appendiz E.1. The function x,(z)

We denote by ZJ(.n) the poles of y,,. As is clear from (57), they must satisfy

140" [Zj.”) - Top]" ~0, (E.1)

which we rewrite in the form
V(20 )] = () . e<isa-t

We then use the n distinct roots of unity

(e%%)n:l 0<j<n—1, (E.2)
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n)

to get the n poles Z](- of x, given by

n 1 - i
2" = Ty + =0T 0<j<n—1. (E:3)

?

These poles can be readily seen to satisfy Z 7& Z ) for any j # j'. Therefore, the
function y,(z) admits precisely n simple poles

Now, the poles ZJ(") that must be taken into account in (63) are, by definition of
the contour +, those that have a positive imaginary part. It is clear from (E.3) that

n 1. . :
Im(Zj()):—sm[(Qj—i—l)q : 0<j<n—-1,
v n
where the parameter v is by assumption strictly positive. We hence have the equivalence
1
Im(Z(”))>O<:>(2j+1)z<7r<:>j<g—§, (E.4)
n

where 7 must be an integer that satisfies 0 < j < n — 1. Now, n must be even, hence
n/2 is an integer, so that the rightmost inequality in (E.4) is equivalent to j < n/2 — 1.
Therefore, we readily get from (E.4) that

Im (Zj( >>O — 0< 5—1 , for any even n > 2. (E.5)

Furthermore, we readily check that

Im(Z( ><O<:>g<j<n—1 , for any even n > 2. (E.6)
The two results (E.5) and (E.6) hence ensure that only the poles Zj(") for which

0 < j <n/2—1 are enclosed by the integration contour in (63). In particular, no pole

lies precisely on the integration contour.
We now investigate the analytic structure of the function g, (2).

Appendiz E.2. The function gy, (z)

We now denote by 2" the poles of g, . As is clear from (65), they must satisfy
J Xn

(n) " (n) "
Z; 0 — 1on) 2
é7+1 +M1L&—jii—+ﬁ—ﬂm =0, (E.7)

We here again use the roots of unity (E.2), and rewrite (E.7) in the form

(n) " (n)
H¢+ 1 }:[6<zj+l>g <i+1>
Z

Z
This is readily solved and we get
71— Thp — %e(2j+1)%’

J i11)im
To — Top — le(23+1) 5

n

,0<j<n—1. (E8)

which clearly satisfies z 7é z; ™) for any j # j'. Therefore, the function g,, (2) admits
precisely n smlple poles Flnally, combining (E.9) with (E.3) shows that the n distinct

simple poles z ) of Gy, (2) are related to the n simple poles Zj(") of xn(2) through

(n)

T — 4,

A=z 0<j<n—1. (E.10)
— 7
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The simple relation (E.10) now allows us to unambiguously identify which of the

(n)

poles z; are enclosed by the integration contour C(—Z, |Z||ro — 71| /7) in (68) as a

direct consequence of the condition (49) satisfied by . We do this by showing that the

(n)

distance between the center z = —Z and any z; "’ is strictly smaller than the radius

|Z]| |70 — 71| /r. In view of (E.10), the distance | — Z — zj(n)| is given by

T1|

R | BT e R Lt (E.11)
)7’ AL
0 J
Now, in view of (49), r satisfies in particular
wﬂm—zﬁl L 0<j<n—1,
from which we readily get
MH“ il ww' ?t ., 0<j<n-—1. (E.12)
Z n

Finally, combining (E.11) with (E.12) yields the strict inequality

(n) — 71

‘—Z—zj

., 0<j<n-—1. (E.13)
r

This shows that C (=2, |Z] |10 — 71| /r) indeed encloses all the poles z ) of Gxn-

Appendix F. The residue Res gy, (2)g(2), 0]

Here we explicitly compute the residue Res|g,, (2)g(z),0], which corresponds to the
coeflicient of the 1/z term in the Laurent series of g,, (2)g(z) about z = 0.
We combine (75) with (56) to get

nflAn
9 (2)9(2) = - Hyn T n;%mc[ "], (F.1)

where we introduced the function £ defined by
- = 2¢%ﬂ>k,
L) = Jy | ———— F.2
(© Z(g) > o (22 (F2)
which we decompose in the form

0-5(0) £ (35) B £ (TR)F @

k'=1

We then rewrite the second term in the right-hand side of (F.3) by means of the
Cauchy product of two infinite series, namely

o) [e9) © k
Z ar Z bk/ = Z Z albk_l . (F4)
k=0 k'=0

k=0 =0
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Noting that we have, with a change of index ¥ — k' — 1,

2 T (WTO—T) . :g o (WTO—T) ! (F.5)

T — To ? T — T0 Zkurl ’
we hence get, in view of (F.4)-(F.5),

[e's) k oo 9 /—TT 1 >~ k 1 9 —TT 1
2 (g> 2 T (Tl —0701) & 2.2 EJHC*I (n —0701) Zh—20+17 (F.6)

k=0 k'=1 k=0 1=0

that is, splitting the sum over k in the right-hand side of (F.6) into one sum over even
integers only and one over odd integers only,

oo k oo oo 2k—1
z 2\/TOT1 1 . 1 2\/TOT1 1
Z(Z) Zjik/ (71—70) ?—ZZEJ12k<Tl—To 22k

k=0 k'=1 k=1 1=0
oo 2k
1 24/ Ty T 1
+ Z Z EJI72]€71 ( T —To ) ZQ(k_l)+1 . (F7)
k=0 =0

Substituting now (F.7) into (F.3) hence yields

il ke WTT\ . % T, 1
L) = Z (g) kZ: T ( oa) —07'01) &+ Z Z ajlf% < 5l —0T01> 22(k=1)
=0

k=0 k=1 1=0

oo 2k
1 0WToT, 1
+ Z Z aJl—Qk—l ( ) ZQ(k:—l)-i—l . (F8)

T — T
k=0 1=0 170

We now use (F.8) to identify the coefficient, which we denote by £_1((), of the term
1/zin L£(C). It is clear that the latter only arises from the third term in the right-hand
side of (F.8), and is obtained from the latter by keeping only the terms of the double
sum for which [ = k. Using in addition the identity J z(z) = (=1)*Ji(2) [14], we hence
obtain for £_1(¢)

£ - ey S (200 (F.9)
k=

1 Qk 1 — 7o

Since £_; is by construction the coefficient of the term 1/z in the power series L,

the desired residue Res|gy, (2)g(z),0] is obtained from (F.1) and we have

n—1 4(n)
Res [g,. (2)g(2),0] = — Z 3 4 . {z@} (F.10)
o ’ L+ vm(r = Top)" 4= 2 ol ‘

Finally, substituting (F.9) into (F.10) yields the desired residue (77).

Appendix G. Leading order in 1/v

In this appendix we derive the expansion of (88) to the leading order in 1/v. Throughout
this appendix the integers j, ' are such that

j7j/:Oa]-' (Gl)
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We also explicitly write the poles (62) and (67) for n = 2, that is

z@=17+L  and z@=7-1
14

v
and
. Z(2) - Z(Q)

z(()2) =—7 n=% (()2) and 252) =—7Z I 12)

Furthermore, from (73) we have
1 1
A = ——— and AP = ——— =AY
’ z(()Q) -z ' zf) - z((f) ’

First, note that in view of (G.2) we have
1 v

78— 2@ 2

1 1 el 1 1
[t Lio(2)].
T — Zj@) Ty — Top Ty — Top v V2

and

where we defined
0, = (2 + 1)% ,

as well as
T T, T T,
Gt — =t + bio
ZO — 70 ZO — T Top_TO Top_Tl v

where we defined
Tgee(’ T1€91

(Tc)p - TO>2 (TOp - 7'1)2 .

Therefore, we have
T T
6262)0—707+4Zé2)1—q _ e‘TOPTOTo”FTos = |:1 L2 B o) ( 1 ):| 7
2
and thus finally, also using (G.5),
T T

2 ZéZ) B ZI(Q)

1 eToZOToJF% 1 + O ( 12) .

22 v

Then, we have in view of (G.3) and (G.6)
T 1
PO N A S S (_2) ,
7o — Top v v
where
T — Top ™ — T0 0

=7 e,
& 7o — Top (70— Top) (71 — Top)

0 1
l ;3252)*704_2(()2)41 — ieToZOTOJrTo: nl1+ 2 ﬁ + O 1
2iv 2

37

(G.2)

(G.3)

(G.11)

(G.12)

(G.13)
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and similarly

where

ny =

1T0 Top 77] 1
—_— (@)
ZTl Top T v + V2
17‘0—T0p TOo —T1 0.
e,
ZTl—Top (TO_Top) (Tl_Top)

From (G.12) we hence get

(2)

(2) _

1

— 1
Ho M1+(’)<2)
v v

and thus, also using (G.4),

AP

2
__A®

1 p—

Y

z(g?) — zf) B Ho

Therefore, combining (G.14) with (G.17) yields

AP

e

then

A((]2) AgQ)

2 +
SEENCY

5 =

and more generally

AP

el

AP 2 1 1 Mo — T 1
A || - o).
2] Z z] Ho — H1 v
@) 1 1 2710 —Topm— 1o
0 @12 (.12 Zn-T "
[Zo } [21 ] 1 op Mo — M1
AP 1 1
L= AP =0(1),

_l’_ —
k k 0 k
SEEEY )

for any integer

k > 1. Furthermore, it is clear that

ZZ

Z2

1+ 1v%(1
Therefore, combining (G.20) and (G.21) readily shows that

1+V2 (10 —

z

(2 _

J

so that we have

(&

V7ToT1

7170

“j

4

L@

—Z

TT =T [1 O (

V2

QiA i —1)’“ka(

i

where we used the fact that the Bessel functions J; are independent of v.
Furthermore, combining (G.12) and (G.14) yields

1

2\/m>

1 — 7o

Tl_Top 17—0_7ﬂ’op_+_,u 77]+0<
To — Top Z T — Top 1%

:@(

1
2

1
ﬁ )

).

38

(G.14)

(G.15)

(G.16)

(G.17)

(G.18)

(G.19)

(G.20)

~—~

G.21)

~—~

G.22)

(G.23)

(G.24)
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where the quantity

—_
—
—

(G.25)

\/T()Tl T — Top 1 T0 — Top
7 + =
T — 70 T()—Top ZTl—TOp

is independent of j. Therefore, combining (G.17), (G.21) and (G.24) shows that
VToT |:Z(.2) 1 :| _ 9 9
LA U 22 AR 4 AP 1ro(N]zo(d G.26
O e e vl I O R O R

Therefore, (G.11) shows that the first term in (88) is of order 1/v, while (G.22)
and (G.26) show that the other terms in (88) are of order 1/v%. Hence (88) reads

1~

-~ Q _To T 1
S (@, T, Top) = e T — [ - ) 4 0 (‘ ) . (Ga2)

v
Now, since (60)-(61) are exact for n = 2, we get

0 1 1 o 1 1
/_OO dT XQ(T) = V2T0p + O (;) and /t dT XQ(T) = —y2 (t — Top) —+ O <§) ,(G28)

o tha
that /; dr xa(r) = O (%) and /too 07 xa(7) = O <%> . (G.29)

Substituting (G.29) into (37) then readily shows that

1D+ 1P =0 ( ) . (G.30)
Therefore, combining (G.27) with (G.30) readily yields (89)-(90).

Appendix H. Explicit expressions of g5, f; and f5

In this appendix we give the explicit expressions of the functions (104)-(106) that result
from (107) and (109). We get, also using (91)-(94),
1 1 1
202 1 + R2(TD)2 /m204 1+ R2(TS))? /m2o
RIS TS
m2o4

go [x 7,2t T T(l)}

CH op ? op

1+

X{Q [chg) +T()(Il,)] (|zo|vo + 20)

(2 e [+ ) [ @) - @+ )]

m2o?
mio®
R (U +UO)> (H.1)
then
1 1 1
f 702 TO, TY] = — T8 — 1O
20 1—|—h2( ) Jm2o* 1—|—h2(T )2/m204

R2TS TS _

X{2 [—1 + # (|$0|U0 — LE’U)
R

[T + 7] {Ug St (@ x%)] } (H2)
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and

1 1
fo [7,9,2te; 7O, TO) 7V 7
g p To] = 2h 1+ h2(TiN2 /m204 1+ h2(TH)? /m2o Too 3

X -y, [Top +T ] (|xo|vo — 20)

RTTE) h? _
1oy Top {@’2_@3+m (azg—xQ)] } (H.3)

+ -1+

m2o4

Appendix I. Phase-space structure of the diffraction peaks

Here we derive the result (112) that describes the phase-space structure of the
interference fringes exhibited by the Husimi distribution Fig; in the case of the double-
slit scenario.

Our strategy to infer, from the mathematical structure (102) of Fyg;, an analytic
expression of the position of the interference fringes in phase space is then the following.
We first note on figure 4 that the peaks of Fygy seem to be arranged on a line
v(T) = ax + B, for some o« > 0 and 5 € R. We determine these parameters o and
B in Appendix I.1, by i) substituting the ansatz v = az + [ into the expression (H.2)
of fi, and ii) requiring the resulting expression of f; to vanish, i.e. fi[z,az + ] = 0.
Then, as we discuss in Appendix 1.2, we substitute the resulting ansatz v = ax +
into the expression (H.3) of fs, and require sin f; to vanish, i.e. sin[fs (7, a7 + §)] =
Since the latter condition hence sets f2 (Z,ax + B) = kr with k € Z, it thus yields a

(2) ~

countable family of solutions {7} vk } the latter precisely describe the position of the

interference fringes in the phase space.

Appendiz 1.1. The line v(x)

A numerical analysis of the double-slit Husimi distribution (see figure 4) strongly
suggests that i) the peaks of Fyyy are arranged on a line v(z) = ax + (3, for some
a >0 and § € R, and ii) that f; vanishes along this line ©(Z): we hence take the latter
as our starting point in order to determine the parameters o and f.

First, our numerical results suggest that (z,vp), i.e. (|zo|,vo) in view of (109),
belongs to the line (), i.e. v(|zg|) = a|xg| + B = vy, which hence readily yields for /3

B = vy — ool (I.1)
We hence get for v(7)

0(T) = a (T — |xo|) + vo - (1.2)
We then introduce the variables X and V' defined by
X =7 — |z and V =9(7) — v, (1.3)

which in view of (I.2) are thus related through
V=aX. (1.4)
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Substituting (I1.3)-(1.4) into (H.2) hence yields
1 1 1

f 2 T T = — () _ 70
1 [ ( ) p p ] 202 1 N h2(T§g))2/m204 1+ h2(TO(Il)))2/m204 [ p p }
x (X +B) X, (L5)

where the quantities & and /3 are defined by

2 | (0) (1)
RTOTO] R T + 7|
_ o o ) 1
o = 20[ [1 — W — [Tcgp + To(p)] + m204 (16)
and
2 |7(0) (1)
RTOTY B [Top 4Tl ]
= — op ~© _ (0)
B =2 (Jrola+ o) |1 iy 2upa [T)3)) + T ] + 2|0 -y (L.7)
We now require that @ = 0, that is in view of (I1.6)
) 2 BT TS B2
— (0) R 2,4 ——5 =0 (18)
TS + T m2o m2o

The quadratic (in «) equation (I.8) hence admits the two solutions a4 given by

B 1 2 h2 op)T(l)
a4y = 5 {Tég) + Térl)) 1 m20‘4 :l: \/K (19)
in terms of the discriminant
2 (0)\2 (1y2 0) (1) 7 2
A= 4 1 § [(TOP )"+ (To) } h2T0(p)Tc§p) [.10
T [0, 0] " m2o* m2ot ’ (1.10)
79 + 19|

which is thus positive by construction. Furthermore, substituting (107) into (I1.10) [and
remembering (108)] readily shows that

R22 0\ ° R,
<1+m204) +(9(m204 ) . (L.11)

Therefore, taking the square root of (I.11) and using /1 +y =1+ O(y) we get
1 ht2 ht2
\/__t {1+ +O( c 62” . (1.12)

c m2og4 m2o4

1
A:t_Q

C

Substituting (1.12) into (I.9) hence yields the two roots

oy = tl {1 +0 < il 62):| (I1.13)

c m2o?
and
h?t.
m2o4

[1+0(e)] . (1.14)

a_ = —

Note on (I.14) that a_ is negative: since it is clear from our numerical results (see
figure 4) that the peaks of the Husimi distribution are arranged along a line that has
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a positive slope, the solution a_ must thus be discarded. Therefore, the slope a of the
line (I.4) is given by the solution o, that is in view of (I.13)

242
a:m:tl[u(o(mce?)]. (1.15)

24
c m2o

Furthermore, substituting (1.15) into (I1.7) yields, using again (107),

n*?
B = 40,0 <m 0_46 ) : (1.16)
Furthermore, substituting (I.15) into (I.1) yields
het?
B = v,0 <m2;462) , (1.17)

so that § vanishes to first order in e. Therefore, substituting (I.15) into (I.5) and
using (107) and (108) indeed ensures that we have

_ Rt
fi[5,0(@), 2t TS, T = O (m204 e3) , (1.18)
showing that f; indeed vanishes, to first order in €, on the line
e T R,
(7)) = . +0 (m204 ) : (I.19)

We now derive the phase-space positions of the interference fringes.

Appendiz 1.2. Derivation of f,(f) and 5,(5)

We determined in Appendix 1.1 the line (I1.19) that we expect contains the phase-space
points {E,(f), 27,(62)} that characterize the positions of the interference fringes. Our strategy
to obtain the latter is to impose that the sine of the function f; along this line v(7)
must vanish (to first order in €), that is

sin{ f> [Z,0(2), 2t; T, TS|} = O (€) . (1.20)
Therefore, we first compute fo along the line v(Z). Noting, in view of (107), that
1 hQ 2 h4t4 T
. —1-—5(1-e+0|—F5(01—-¢* (1.21)
1+ hz(To(p))Q/m%‘l m2o | mto |
and
1 h2t? [ hite ]
- =1-—=S(1+e?+0 |50+, (1.22)
1+ h2(To(p))2/m204 m2o | mto |

we hence get upon substituting (1.19) and (I1.21)-(1.22) into (H.3)

~ net?
f2 [2,0(%), 2tC,To(g),T0(p)] = ;n—ti (7% — 23) {1 + (’)( 2)] . (1.23)

m2ot

Combining now (I1.20) with (I1.23) hence requires that

ME (T 42) {1 +0 ( sl 62)1 — kr, (1.24)

ht. m2o4
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for k € Z. Since we have
1

ht2
242 :1+O( 2C4€2>’
1+0 (722254 62) m-o
we hence get from (1.24)

=231+ n kr |1+ 0O hzt‘%e? (1.25)
0 mugt.e m2o4 ' '

Taking the square root of (I.25) hence readily yields the positions 5,(3) of the interference

fringes, namely

- / h
72 = ||y 1+ e k., (1.26)

that is alternatively, recognizing that in view of (107) we have t.e = [chll)) - T O(S)]/ 2,

2h
mu3 [To(é) — Téfj’]

7 =zl |1+

k. (1.27)

The latter readily yields the corresponding velocities 5197 since in view of (1.19) we can

write (neglecting the € terms)

~(2)
0 = x% (L.28)

Substituting (1.27) into (I.28) hence yields (also recalling that t. = |zo|/vo)

2h
3P =0 |1+ k. (1.29)

mug [T (%) — To(g)}

The expressions (1.27) and (1.29) of the positions ff) and velocities 5,(62) of the

interference fringes exhibited by the double-slit Husimi distribution (102) have been
obtained by focusing only on the terms cosh f; and cos fy in the expression (102) of
Fogit. Therefore, we emphasize that our analysis up to this point does not yet ensure
that the phase-space points {E,?),'ﬁ,(f)} indeed correspond to actual critical points of
Foqit, which would require to show that

8F sli aF sli
(;Jt _ a{lt —0. (1.30)
Tl En=E? ) v lEa=E o

to the leading order in e. While this can technically be done, it would require some
tedious algebra. Therefore, here we choose a pragmatic approach: we test the validity
of our analytic expressions (1.27) and (1.29) by numerically evaluating the Husimi
distribution Fyge. As is clear from figure 5, the agreement between our expressions (1.27)
and (1.29) and the numerical results is excellent, as we are indeed able to predict, with
an excellent precision, the positions of the dark and bright interference fringes, i.e. the
minima and maxima, respectively, of the Husimi distribution.



Phase-space representation of diffraction in time: Analytic results 44
References

[1] R.P. Feynman, R. B. Leighton, and M. Sands. The Feynman lectures on physics; New millennium
ed. Basic Books, New York, NY, 2010.

[2] C. Jonsson. Elektroneninterferenzen an mehreren kiinstlich hergestellten Feinspalten. Z. Phys.,
161:454, 1961.

[3] A. Tonomura, J. Endo, T. Matsuda, and T. Kawasaki. Demonstration of single-electron buildup
of an interference pattern. Am. J. Phys., 57:117, 1989.

[4] R. P. Crease. The most beautiful experiment. Phys. World, 15:19, 2002.

[5] M. Moshinsky. Diffraction in time. Phys. Rev., 88:625, 1952.

[6] A. del Campo, G. Garcifa-Calderén, and J. G. Muga. Quantum transients. Phys. Rep., 476(1):1,
2009.

[7] P. Szriftgiser, D. Guéry-Odelin, M. Arndt, and J. Dalibard. Atomic wave diffraction and
interference using temporal slits. Phys. Rev. Lett., 77:4, 1996.

[8] M. Arndt, P. Szriftgiser, J. Dalibard, and A. M. Steane. Atom optics in the time domain. Phys.
Rev. A, 53:3369, 1996.

[9] Th. Hils, J. Felber, R. Géhler, W. Gléser, R. Golub, K. Habicht, and P. Wille. Matter-wave optics
in the time domain: Results of a cold-neutron experiment. Phys. Rev. A, 58:4784, 1998.

[10] F. Lindner, M. G. Schétzel, H. Walther, A. Baltuska, E. Goulielmakis, F. Krausz, D. B. Milogevi¢,
D. Bauer, W. Becker, and G. G. Paulus. Attosecond double-slit experiment. Phys. Rev. Lett.,
95:040401, 2005.

[11] Y. Colombe, B. Mercier, H. Perrin, and V. Lorent. Diffraction of a Bose-Einstein condensate in
the time domain. Phys. Rev. A, 72:061601, 2005.

[12] G. G. Paulus and D. Bauer. Double-slit experiments in the time domain. In J. G. Muga,
A. Ruschhaupt, and A. del Campo, editors, Time in Quantum Mechanics — Vol. 2, Lect. Notes
Phys. 789, chapter 11, pages 303-339. Springer, Berlin Heidelberg, 2009.

[13] B. Gaveau and L. S. Schulman. Explicit time-dependent Schrodinger propagators. J. Phys. A:
Math. Gen., 19:1833, 1986.

[14] S. M. Blinder. Green’s function and propagator for the one-dimensional §-function potential.
Phys. Rev. A, 37:973, 1988.

[15] Yu. N. Demkov. Detachment of electrons in slow collisions between negative ions and atoms. Sov.
Phys. JETP, 19:762, 1964.

[16] G. Scheitler and M. Kleber. On the adiabaticity of continuum states: tunnelling through a time-
dependent barrier. Z. Phys. D, 9:267, 1988.

[17] V. V.Dodonov, V.I. Man’ko, and D. E. Nikonov. Exact propagators for time-dependent Coulomb,
delta and other potentials. Phys. Lett. A, 162:359, 1992.

[18] C. Brukner and A. Zeilinger. Diffraction of matter waves in space and in time. Phys. Rev. A,
56:3804, 1997.

[19] A. del Campo, J. G. Muga, and M. Moshinsky. Time modulation of atom sources. J. Phys. B:
At. Mol. Opt. Phys., 40:975, 2007.

[20] S. Godoy, N. Olvera, and A. del Campo. A theorem on boundary functions for quantum shutters.
Phys. B: Condens. Matter, 396:108, 2007.

[21] E. Torrontegui, J. Mufioz, Y. Ban, and J. G. Muga. Explanation and observability of diffraction
in time. Phys. Rev. A, 83:043608, 2011.

[22] F. Delgado and J. G. Muga. Dynamics of a quantum wave emitted by a decaying and evanescent
point source. Phys. E: Low-Dimens. Syst. Nanostructures, 74:108, 2015.

[23] G. R. Allcock. The time of arrival in quantum mechanics III. The measurement ensemble. Ann.
Phys. (N.Y.), 53:311, 1969.

[24] A. J. Bracken and G. F. Melloy. Probability backflow and a new dimensionless quantum number.
J. Phys. A: Math. Gen., 27:2197, 1994.

[25] A. J. Bracken. Probability flow for a free particle: new quantum effects. Phys. Scr., 96:045201,



Phase-space representation of diffraction in time: Analytic results 45

2021.

[26] A. Goussev. Huygens-Fresnel-Kirchhoff construction for quantum propagators with application
to diffraction in space and time. Phys. Rev. A, 85:013626, 2012.

[27] A. Goussev. Diffraction in time: An exactly solvable model. Phys. Rev. A, 87:053621, 2013.

[28] F. Kottler. Zur Theorie der Beugung an schwarzen Schirmen. Ann. Phys. (Leipzig), 70:405, 1923.

[29] F. Kottler. VII Diffraction at a black screen: Part I: Kirchhoff’s theory. Prog. Opt., 4:281, 1965.

[30] J. F. Nye, J. H. Hannay, and W. Liang. Diffraction by a black half-plane: Theory and observation.
Proc. R. Soc. Lond. A, 449:515, 1995.

[31] M. Barbier, M. Beau, and A. Goussev. Comparison between two models of absorption of matter
waves by a thin time-dependent barrier. Phys. Rev. A, 92:053630, 2015.

[32] L. S. Schulman. Techniques and Applications of Path Integration. Dover Publications, 2005.

[33] M. Barbier. Dynamics of matter wave packets in the presence of time-dependent absorption. PhD
thesis, Northumbria University, 2017.

[34] E. J. Heller. Frozen Gaussians: A very simple semiclassical approximation. J. Chem. Phys.,
75:2923, 1981.

[35] C. M. Fabre, P. Cheiney, G. L. Gattobigio, F. Vermersch, S. Faure, R. Mathevet, T. Lahaye, and
D. Guéry-Odelin. Realization of a distributed Bragg reflector for propagating guided matter
waves. Phys. Rev. Lett., 107:230401, 2011.

[36] F. Jendrzejewski, K. Miiller, J. Richard, A. Date, T. Plisson, P. Bouyer, A. Aspect, and V. Josse.
Coherent backscattering of ultracold atoms. Phys. Rev. Lett., 109:195302, 2012.

[37] P. Cheiney, C. M. Fabre, F. Vermersch, G. L. Gattobigio, R. Mathevet, T. Lahaye, and D. Guéry-
Odelin. Matter-wave scattering on an amplitude-modulated optical lattice. Phys. Rev. A,
87:013623, 2013.

[38] A. Goussev. Manipulating quantum wave packets via time-dependent absorption. Phys. Rev. A,
91:043638, 2015.

[39] H-W. Lee. Theory and application of the quantum phase-space distribution functions. Phys.
Rep., 259:147, 1995.

[40] L. Cohen. The Weyl Operator and its Generalization. Birkh&user, 2013.

[41] M. J. Ablowitz and A. S. Fokas. Complex Variables: Introduction and Applications, 2nd Ed.
Cambridge Univ. Press, 2003.

[42) W. Appel. Mathématiques pour la physique et les physiciens, 4é Ed. H & K Eds, 2008.

[43] G. B. Arfken and H. J. Weber. Mathematical Methods for Physicists, 4th Ed. Academic Press,
1995.

[44] 1. S. Gradshteyn and I. M. Ryzhik. Table of Integrals, Series, and Products. Elsevier/Academic,
Amsterdam, 7th edition, 2007.



	1 Introduction
	2 The aperture function model of matter wave absorption
	2.1 Frozen Gaussian regime
	2.2 Model
	2.3 Husimi distribution

	3 The Husimi amplitude as a residue
	3.1 The half-circle integral along the upper half circle
	3.2 Upper bound for the complementary real axis integrals
	3.3 Residues

	4 Apodization barriers
	4.1 Analytic structure of chi and f
	4.2 Taylor expansion of f
	4.3 The residue at the essential singularity
	4.4 The residues at poles

	5 The Lorentzian case n=2
	5.1 The slit regime nu large
	5.2 Double slit

	6 Summary and conclusion
	Appendix A Derivation ofthe frozen Gaussian Husimi amplitude
	Appendix B Upper bound for the complementary real axis integrals
	Appendix B.1 Upper bound for the modulus of h in the FGR
	Appendix B.2 Behavior of f
	Appendix B.3 Behavior of f and g
	Appendix B.4 Upper bound for the negative integral
	Appendix B.5 Upper bound for the positive integral

	Appendix C Möbius transformation for the residue
	Appendix D Upper bounds for 
	Appendix E Analytic structure of chi and f
	Appendix E.1 The function chi
	Appendix E.2 The function f

	Appendix F The residue at 0
	Appendix G Leading order in nu
	Appendix H Explicit expressions of g, g and f
	Appendix I Phase-space structure of the diffraction peaks
	Appendix I.1 The line v
	Appendix I.2 Derivation of  and the fringes


