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Abstract Mauser and coworkers discussed in a series of papers an ansatz how to split the Dirac equation and
the wave function appearing therein into a part related to a free moving electron and another part related to a free
moving positron. This ansatz includes an expansion of these quantities into orders of the reciprocal of the speed of
light € = 1/c. In particular, in Mauser (VLSI Design 9:415, 1999) it is discussed how to apply this expansion up to
the second order in the reciprocal of the speed of light €. As an expansion of this analysis, we show in this work how
all three well-known terms that appear in an expansion of the Dirac equation in second order on the reciprocal of the
speed of light, namely, a relativistic correction to the kinetic energy, the Darwin term, and the spin-orbit interaction,
can be found using the ansatz of Mauser—and doing so, we close a gap between this ansatz to approximate the
Dirac equation and other approximative results found using the Foldy—Wouthuysen transformation.
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1 Introduction

In 1928, Dirac found the famous Dirac equation for the description of the relativistic quantum theory of an electron
[1]. According to the relativistic aspect of this equation, the question arises how the Dirac equation can be approx-
imated in a semi-classical approach, so that one finds an equation which has the form of a Schrodinger equation
plus small relativistic corrections.

This approximation can be made using the reciprocal of the the speed of light ¢ = 1/c as a parameter—this
ansatz was discussed already in several works [2—11]. In particular, in [8—11] Mauser and his coworkers applied
such an approximation of the Dirac equation within an ansatz, where the Dirac equation and the wave function are
both split into a part related to a free moving electron and a part related to a free moving positron, and hereby,
Mauser demonstrates in [9, 10] how to apply this expansion up to second order in the reciprocal of the speed of light
€ for the differential equation being related to the free moving electron.

However, within this calculation the question remains unclear how to find the relativistic corrections to the
Schrodinger equation in second order in the reciprocal of the speed of light e—namely, a relativistic correction to
the kinetic energy, the spin—orbit interaction, and the Darwin term—in the form which can be found elsewhere in
the literature [12—15] derived with the Foldy—Wouthuysen scheme [16]. Within this work, we address this question
and show how to derive these terms if one uses the ansatz of Mauser. Hereby, a careful discussion must be made
how the electromagnetic quantities and their spatial derivatives depend in leading order on the reciprocal of the
speed of light € for the chosen system—we analyse in our discussion dependencies which are typical for atomic or
molecular systems containing one electron, such as the interaction of a hydrogen atom or a dihydrogen cation with
a laser pulse.

This paper is structured as follows: in Sect. 2, we explain how the electromagnetic quantities depend in leading
order on the reciprocal of the speed of light €. In Sect. 3, a brief review of the Dirac equation is given, and then,
in Sect. 4, it is discussed how the splitting of the Dirac equation is made into one differential equation for a free
moving electron and another part related to a free moving positron with the Mauser method. After that, we show in
Sect. 5, how we can derive from these two equations another differential equation with the form of the Schrodinger
equation plus relativistic corrections up to second order in €. In addition, we analyze in Sect. 5 how the differential
equations derived there can be related to prior findings of Mauser and his coworkers, where they derived within their
ansatz the Pauli equation [8—11]. Some longish side calculations of this section are presented in the Appendices.
Finally, we close this paper with a summary in Sect. 6.

2 Properties of the electromagnetic quantities

In this chapter, we will discuss how some electromagnetic quantities—these are the electric field E, the magnetic
field B, the scalar potential V, the vector potential A and spatial derivatives of these four quantities—depend in
leading order on the reciprocal of the speed of light

e=1/c. (H

In general, all these quantities depend on the position r and the time 7. The position r is described in Cartesian
coordinates with according coordinates 1 = x, r, = y, r3 = z, basis vectors e; = e, e = ey, €3 = €, and
coordinate derivatives 9y = dy, d2 = dy, 93 = J,. Moreover, we use Gaussian units throughout this paper.

We analyze a system, where an atom or molecule that contains one electron interacts with a laser pulse (so, the
atom or molecule might be a hydrogen atom H or a hydrogen cation H;‘ ). In the following, we will use the position r
as the position of the electron, while the positions of all other particles will not appear in the following calculations
explicitly—so we omit to use formula symbols for these positions. For this system, the scalar potential V is related
to the attractive Coulomb forces that pull the electron towards the nuclei. These Coulomb forces are zero-order
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How to approximate the Dirac equation...

quantities in e—thus, the vector potential V itself and its spatial and time derivatives are zero-order quantities in €,
too:

vV =0, )

(]‘[ a,-a) V =0, A3)
a=1

MV =0, 4)

where in the equations above and below i, € {1,2,3} andn € N.

Here, due to the form of Eq. (3), the left side of this equation can take for an appropriate choice of the parameter
n and the indices i, all forms of mixed derivatives of the Cartesian coordinates of the position r—for instance for
the special choice n = 3,71 = i, = 1 and i3 = 3, the left side of Eq. (3) becomes
3oV =029, V. (5)

Moreover, the effects of the laser pulse on the electron are induced by the vector potential A. We use for the vector
potential A the Coulomb gauge:

VA=0 (6)

and assume that it has the following form:
Ag
A= ?f (m, )

where the prefactor Ag does not depend on the position r or the time ¢, and the vector function f() depends on the
quantity:

n=wt—Kkr=w( —¢€kr), ®)
where w is the angular frequency of the laser pulse, and
k=wekr = O(¢), ©))

is the wave vector of the pulse, where « is a unit vector being independent of €, so |k| = 1.
A typical example, which form the vector function f (1) appearing in Eq. (7) could take for a laser pulse propagating
in z direction (so that k = e;) is

£n) = sin? () [=sin (0 + ger) e + peos (0 + der) e, ] (10)

for0 < n < wNT and f() = 0 for all other values of .

Here, T = 2 /w is the oscillation period, N is the number of oscillation cycles of the pulse, p € [—1, 1] is the
ellipticity parameter, ¢c g is the carrier-envelope phase (CEP). Now, we continue our discussion for any general
form of the function f(n) for which

f(n) = O(Y), (1)
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9"t (n)

= 0% (12)
an"

is valid.
Then, the vector potential A multiplied by e, that is

A=A = Apf(n), (13)
is a zero-order term in € because of Eqgs. (7) and (11) and the constancy of the prefactor Ag:

A = 0. (14)
In the following, we call the vector A as the scaled vector potential and substitute the vector potential A in all
equations by A/e.

Moreover, using Egs. (8) and (13), we find for spatial derivatives of the k-th component of the scaled vector
potential A (where k € {1, 2, 3} here and in all following calculations):

n n—1
<1—[ 8,~a> Ay = <1—[ 3ia> di, [Ao fr(m]

a=1 a=1
n—1
ad 0
- (ITa) o (52) %57
a=1 Fin "
n—1
a
= —WwE AOKin (l_[ 8,-,,) fk(’?)
a=1 877

n 9n
= (=1)"&"€e" Ay (]‘[ /cl-a> ;)’;}E"). (15)

a=1

The important consequence of the result (15) for the spatial derivatives of the vector component 4y is

<]"[ a,~a> Ap = O(e™). (16)

a=1

Here, after comparing Egs. (3) and (16), we note that each spatial derivative increases the leading order in € of a
vector component Ay by one, whereas these spatial derivatives have no effect on the leading order in € of the scalar

potential V.
However, time derivatives have no effect on the leading order in € of a vector component Ay, which can be
proven using Eqgs. (8), (12) and (13) within the following calculation:

9 Ax = 9/ [Ao fi(m)]

on\ o
o (3%

ofi(n)
on
0" fie(n)
an"
= 0. 17)

= Agwd'!

= Apa”
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How to approximate the Dirac equation...

For all other electromagnetic quantities discussed in this publication, time derivatives have no impact on the leading
order in € as well.

Now, we turn our discussion to the electric field E and the magnetic field B. They depend in this manner on the
potentials V and \A:

9
E— _vy_ A (18)
ot
1

B=-VxA (19)

Then, by combing Egs. (3), (16), and (17) with Egs. (18) and (19) we find that both the electric field E and the
magnetic field B have in lowest order a zero-order term in €:

E := 0, (20)
B := O(Y). (21)

As a further consequence of Egs. (16) and (19), we find for spatial derivatives of the magnetic field B:

<]_[ a,~a> B = O(eM). (22)

a=1

Moreover, because of Egs. (3), (17) and (18), we find for spatial derivatives of the electric field E in contrast to Eq.
(22) for B:

(]_[ al-a> Ex = O(0). (23)
a=1

As an additional comment for all equations in this paper, where the symbol O(€9) with a g € Ny is used, we note
that there exist special cases for which in some of these equations the value of g is higher than in our more general
calculations.

In particular, if the electron is so far away from all nuclei that their Coulomb forces on the electron can be
neglected and we can use V = 0, then from Eqgs. (16) and (18) follows that on the right side of Eq. (23) appears the
symbol O(e™) instead of O(eY).

As another special case, we find for the rotation of the electric field V x E using Egs. (16), (18) and regarding
that for all quantities analyzed in this work time derivatives have no effect on the leading order in €:

VxE:-Vx(VV+%“>=—%(VXA)=O(6), (24)

so this is in contrast to Eq. (23) in the leading order in € a first order term.

However, for the discussions in the following sections, these special cases are not problematic, because then the
order of approximation is even higher if we neglect terms described by the symbol O(e?).

Here, we mention that in [11] a discussion about how the electromagnetic fields and potentials depend on the
quantity € is performed, too. However, in Ref. [11] a different ansatz for this discussion is made that leads to a
magnetic field B = O(¢), while in our work, we have B = O(eo). Moreover, in this work the additional point
appears that due to Eq. (22), applying spatial derivatives on the magnetic field B increases the leading expansion
order in the quantity €, which is not included in [11].
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Now, we have completed our discussion about the properties of the electromagnetic fields E, B and the potentials
V and A and will turn now to the analysis of the Dirac equation.

3 The Dirac equation

In the following equations, we use the Einstein summation convention. Thus, when an index variable which is
related to time or a spacial coordinate appears twice in a single term, it implies summation of that term over all the
values of the index.

Therefore, with this convention, the Dirac equation is given by [1, 13-15]!

1
in 9,V = <m—2,3 + —akﬁk> e 4 S Ak wE — evwe, (25)
€ € €

Here, i = +/—1 is the unit imaginary number, 7 is the reduced Planck constant, e is the elementary charge and m,
is the mass of the electron. The wave function W€ is a four-dimensional spinor wave function depending on €. Here
and below, an upper index € of a quantity does not denote a power but that this quantity depends on €. Moreover,
o* and B are 4 x4 matrices given by

0 k
o = <Uk i ) (26)
and
ﬁ=<% _%2>, 27

where 15 is the 2x2 unit matrix and ok are the 2x2 Pauli matrices

L (01
- _(10>, (28)
, (0
”‘(10)’ (29)

a3=<é_01)~ (30)

In addition,
Pr = —ih 0 31

is the k-th vector component of the momentum operator p. As an additional quantity, we will use in the following
the kinematic momentum operator M. Its components I1; are given by

[ = pr + eAr. (32)

! In the Refs. [1,13-15], in the Dirac equation the vector potential A appears, for which we use .A/¢ instead.
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Using Eq. (32), the Dirac equation (25) can be rewritten into this form:

1.
ih 9, W€ = <m—2/3 +—offi, — eV> we (33)
€ €

4 The Mauser method

Having rewritten the Dirac equation (33) and discussed how the quantities depend on €, we can start to transform it
within the Mauser method developed by Mauser and his coworkers [8—11]. This means that we will split the Dirac
equation into two differential equations: One differential equation in which appears the eigenfunction of the free
moving electron, and another differential equation in which the eigenfunction of the free moving positron appears.

Here, we mention as a detail that in [8] this point, which is deviating to our following calculations, is explained:
there, the Dirac equation (33) is rescaled in a manner so that in this equation the natural constants m,, 7 and c are
eliminated—and the quantity € is introduced there not as the reciprocal of the speed of light, but as the dimensionless
quotient v/c of a reference speed v and the speed of light c. However, we will keep these nature constants in the
Dirac equation (33) for a better comparability of our results to other literature, such as [12—15], where this equation
is discussed within Gaussian units like in our work.

Now, the first step for the application of the Mauser method is to introduce the operator OF¢ as

ne 0 €p3 e(p1 —ip2)
A . 0 m e(p1+ip2) —€p3
€ __ k _ e
Q —meﬂ+60l Pk - 6[33 E(ﬁl_iﬁZ) _me 0 (34)
e(p1+ip2) —€p3 0 —m,

Therefore, the Dirac equation of the free electron, which is not coupling to the potentials A and V and which is
described by a wave function W<, is given by

1 4
ih W = e—zgew;. (35)

In the momentum space, we have to substitute the operator p; = —i%id; by the real-valued vector component py.
Then, in momentum space, we find that the operator Q¢ has eigenfunctions W (p, ¢) and eigenvalues +A€(p). The
according equation is

QU (p, 1) = £A°(PIVL(p, 1), (36)

and the function A€ (p) is given by

A (p) = /m2 + €2p?. (37)

Therefore, we can interpret the eigenfunction \ili (p, t) as the electronic wave function and the eigenfunction
W€ (p, 1) as the positronic wave function. With respect to the indices + of the wave functions ‘Ilft (p, t), we here
follow the notation of Mauser and his coworkers in [§—10] pointing out that these indices =+ do not refer to the charge
of the associated particles. Instead, they refer to the sign of the eigenvalues A€ (p). As a further consequence, these
indices also refer to whether the particle assigned to the wave function ‘il; (p, t) is matter (4) or antimatter (—).
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Then, we find projectors [8—10]

1 0°
i =3 (1 + M(p)) ) (38)

For these projectors, the following equations are valid:

TS WS (p. 1) = Wi (p. 1), 39)
rS e (p.1) =0, (40)
i+l =1 41)

For the non-relativistic case € = 0, we find the according projectors nj)t using Egs. (34), (37), and (38):

I
=S (£p). (42)

We note that because of Egs. (26), (27) and (42), these equations are valid:

0ok = b, 43)
niﬂ = :trri. (44)

As the next step, using Egs. (37), (38), (42) and the expansion

1 1 1€%p? 4
=— ———— +0("), 45
) me 2 m + O(eM) (45)

we find for the projectors § the following third-order expansion:

1 1 1e*p?
ﬂj: = E |:1:l: (meﬁ-i-eakpk) <m— - —6 p +O(E4))]
e

2 mg’
1 € 1 e2 1 &3
0 k 2 k 2 4
=n)+_-_— -— - O(eh). 46
Ty 2mea pk$4m%ﬂp :F4m20l pip” + O(e7) (46)

Since in the position space, the vector components pj transform into the operators —i%idg, there, this expansion
turns into the following equation:

: 2 .2 53 3
o _1h e he e in e’ 4 4
ﬂi—ﬂi:FEm—eOl 8k:|:Zm—Z,3A:FTm—gOl A+ O(e). @7

In the following equations, we will take into account often only the first two orders of this approximation, so we
will use:

€ 2 .2
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Sometimes, also a rewritten form of the equation above for the projectos ni is useful:

. 2 2
0 _ ine 4 h” e 3
Ty —niigm—ea 3k:FZm—g,3A+@(e ). (49)

In addition, we can transform the function A€ (p) given in Eq. (37) from the momentum space into the position
space. Then, we find:

AE(P) = \/mg +e2p? = \/mg — h2e2A. (50)

Here, the operator A under the square root can be evaluated using an expansion in e—up to the fifth order, this
expansion is given by

R K2 €2 At et
K@) =me— ——A— ——A+ O(). (51)
2 me 8 m?’

e

Then, the eigenvalue equation (36) can be transformed into the position space—there, it takes the following form:
Qg = £ (P) VL. (52)
Moreover, Egs. (39) and (40) can be transformed into the position space in the following manner:

REWE = e, (53)
TEWE = 0. (54)

In addition, we assume that the wave functions W are scaled in a manner so that for the wave function W€ holds
W =W W (>3)
where the wave function W€ is normalized as

/dr (w6 we =1, (56)

where f dr means an integration over the three-dimensional space. In contrast, the wave functions W are not
normalized to unity.
Now, we rewrite the Dirac equation (33) using Egs. (34), (52) and (55). Then, we find:

1 -
ih 0w = = 09U + S AW — eV e
€ €
1 4 e
= 50" (5 +95) + EAkak\w — eV e
1€(P)

= S (W5 — W) + St — eV, (57)

Then, we apply the projectors 7§ on Eq. (57).
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When we execute this projection, we regard that the projectors 7§ depend on the momentum operator p but not

on the position vector r, which means that the following commutators hold:

[xS. 0] =0,
[xS. 25@)] = 0,
[xS. 1] # 0.

Thus, the projectors 7§ do not commute with the potentials V and \A.

Therefore, using the projectors 7§ on Eq. (57), we find that
1

i 0 WS = £ A BWE + 7L (St we —evwe).
€ €

Now, we define the wave functions ¢S and ¢¢ as

Ps = exp( h) wi.
9° =95 + %

As a consequence, we can express the wave functions W§ and W€ as

met
WS = exp (—iTc> o5,

mel \
W€ = exp 2h o°.

Then, by combining Egs. (56) and (65) we find that the wave function ¢ is normalized:

/dr @) ¢ = 1.

Since

Mot
JTi, exp 2h =0,

we can find for the functions ¢S analogous equations to Egs. (53) and (54):

LATE
ni¢s =0.

As a next step, we find for the left side of Eq. (61):
met
in 8t\IJi—m exp( ‘h>¢i+exp< h)lh 995
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Using Eq. (67), we find the following equation, too:

< [fAka"\yf — evqﬁ] — exp <—im—> 7 [fAkakdf - ev¢€] . a1
€ € €

Thus, using Egs. (70) and (71), we find the following differential equation for the wave functions:

. 1 . m e
ih 9% = £ 525 (B)PS - 6—2€¢; + 7S (gAkakdf - eV¢E) . (72)

Therefore, as aresult of the Mauser ansatz, we find that this differential equation splits into two differential equations,
one for ¢¢ and one for ¢¢ [8-10]:

1
ih 95 = — (A(B) = me) @5 + 75 (SAkakabé - ev¢f) , (73)

1
in 9% = — (=27 (B) —me) ¢ + ¢ (S Aot —eve?). 74)

5 Approximation of the Dirac equation

In this section, we will analyze how to derive a differential equation that has the form of the Schodinger equation
plus relativistic corrections up to the second order in the reciprocal of the speed of light € from the two differential
equations (73) and (74). For the following discussion, we use this expansion for the wave functions ¢ [9,10]

9L = "L (75)

n=0

The upper index of the wave functions ¢’} is not a power but it is related to the n-th expansion order of ¢ in €. The
wave functions ¢ and ¢/} can be distinguished by the fact that for the wave function ¢ the upper index has the
dimension of a reciprocal velocity, but for the wave function ¢}, the upper index is an integer greater than or equal
to zero. However, for the special case {¢ = 0, n = 0}, the wave functions ¢S and ¢’} cannot be distinguished—but
this is not a problem, since it follows from Eq. (75) that for this case, the wave functions ¢ and ¢/} are equal.

For other wave functions discussed below, where either an upper index € or 7 is used, an analogous argumentation
is valid.

Now, the next step of our derivations of the differential equation mentioned above is to calculate the positronic
wave function ¢¢ up to third order in .

5.1 Positronic wave function ¢¢ up to third order in €

Using Egs. (51) and (63), we obtain from the differential equation for ¢¢ (74):

< = € n¢ (eAkakqﬁi) + -5 qe (eAkakqﬁi)

2m, 2m,
62 € € 62 € €
~m (eVeS) — o (eVe)
2 a2 )
€ p . lhe . 5
— — ——90 O . 76
2o 2, (o 2, 1p" + O(€”) (76)
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Now, we realize that only the lowest order function ¢9 vanishes, that is
¢? =0, amn
= ¢S =epl + 297 + ¢ + O(e"). (78)

For the following transformations, Egs. (48), (49), (68), and (69) for the projectors 7§ and ni will be useful. In
addition, we need the following equations [13]:2

afal = 81y +ieg, T, (79)
kol =28y 14 — ¥, (80)
BB = 14, (81)
ok B = —Bak. (82)

Here, 14 is the 4 x4 unit matrix, >k is the following 4 x4 matrix

k
k_ o O
¥ = ( 0 ak> (83)
being an extension of the 2x?2 Pauli matrices o* . In addition, 8y is the Kronecker delta, where
1if k =1
5k1—{0ifk#l, (34)

and gy, is the Levi—Cevita symbol given by

1 if (k,l, m) is an even permutation of (1,2,3)
exim = § —1if (k,[, m) is an odd permutation of (1,2,3) . (85)
0 if at least two indices are equal

Moreover, for the operator XX, the following calculation rule applies:
¥k = 5k, (86)

As the next step, the six summands in Eq. (76) have to be evaluated and then the sum of these summands has
to be simplified to find the final result for ¢ up to third order in €. Since these calculations are quite long and
cumbersome, we execute them in the Appendix A and state here just the final result:

)
ceA p 20 — %A%
o ek(ak_eﬁ_ezak—e)¢;

2m, M, 4m?
3
e’eh . k 4
- (ZB — i )qsi T+ O@EM. (87)

ksl —

2 In 13, Eq. (79) is given in an analogous form c“c' = &y 12 + i&k,0™ for the 2x2 matrices o¥ instead of the 4x4 matrices o
and =¥, However, using Eqgs. (26) and (83), one can easily verify that from this form follows, Eq. (79).

k
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The quantity ¥ appearing in Eq. (A.27) is just ¥ = XKe;. As an analogous quantity, we use below 6 = o¥ey,

too.

5.2 Differential equation for ¢ up to second order in €

As the next step, we now derive the differential equation for ¢ up to second order in €. Therefore, we use Eqs.
(51), (63), and (73) to get

: € hz Ezh 2 € 4
ihd¢S = — 2meA¢+ o 3A¢++rr+ —eAkaqb —eVo© )+ O
h? 2h4 1 1
= o ApS — oy A2¢+ + - JT+ (eAka c/>+) + - 7r+ (eAkoz ol )
—7¢ (eVS) — s (eVoe) + 0(64). (88)

On the right side of Eq. (88), six summands appear in front of the O(e*) term. The first two of these six summands
do not need to be simplified. Moreover, in the Appendix B, we explain how the last four of these six summands
can be simplified. Then, we sum up in this appendix these six summands, simplify the resulting sum, and find the
following final differential equation for ¢ up to second order in €:

. 1o ceh ieeh
1h8,¢>i=<2m 1| >¢+ ):B¢+ e

e

62 26‘
“am? ¢>+ 2 @ [(gﬁkAz>€Az+ﬁ< I-Ak) }(b

2e2p
i 2 {(Z[AX E—-(VV)]+iA(3;A)} ¢S

eeh2
4dm 2

B(AV — VA) ¢S + O(e). (89)

We mention here that Mauser also gives a differential equation for ¢ up to second order in € in [9,10]. However,
Mauser’s differential equation deviates from our differential equation, because he uses in his calculation the vector
potential A as a quantity which is independent of €, while we use the scaled vector potential A = €A instead
as a quantity which is in leading order independent from € (see Eq. (14)). As an additional contrast to [9,10], we
regard in our calculations that spatial derivatives increase the leading order for an expansion in € of the scaled vector
potential A and the magnetic field B (see Egs. (16) and (22)).

The differential equation for ¢ (Eq. (89)) has already the form of a Schrodinger equation plus relativistic
corrections up to second order in €. Within this equation, there appear two relativistic correction terms which have
already a form that one could expect from literature [12—15]:

These two terms are first the coupling term Em B ¢S + of the magnet1c field B with the operator X, and second

a relativistic correction to the kinetic energy which is — 8 3

However, two other relativistic corrections to the Schrﬁainger equation in second order in the reciprocal of the
speed of light €, namely, these are the spin—orbit interaction and the Darwin term, cannot be found in Eq. (89) in
the form we would expect them from the references [12—15]. However, for two reasons, these deviations are not
too surprising:

3 As adetail, here and in [12] the kinematic momentum operator Mis regarded for this relativistic correction to the kinetic energy, while
in [13-15] in this term the kinematic momentum operator II is approximated using just the momentum operator p instead. Among these
references, this approximation is explained in the most detail in Ref. [13].
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The first reason is that the differential equation (89) is only a differential equation for the electronic wave function
¢S, but not for the full wave function ¢ being the sum of the electronic wave function ¢ and the positronic wave
function ¢¢ (see Eq. (63)).

The second reason is that the above mentioned spin—orbit interaction and the Darwin term do not appear in a
differential equation for a four-dimensional spinor like Eq. (89) but a two-dimensional one—so we have to search
for a differential equation, where a two-dimensional spinor appears. As the first step for that, we define below
several two-dimensional wave functions.

5.3 Introduction of different two-spinors

We begin with the introduction of the two-dimensional spinors ¢S and x{—using these spinors we can write the
four-dimensional spinors ¢S as

¢S = (“’i) : (90)

xi

and then, we define the four-dimensional spinors ¢§ and x§ as

é5 = (“’Oi) ©1)
and

0
X5 = . 92
X+ (Xi) (92)

Thus, we can calculate these spinors ¢4 and x§ using the projectors ni and Eqgs. (27) and (42) as

9% =095, (93)
75 =05 (94)

Analogously to Eq. (75), we expand the functions ¢4 and x§ in this way:

o0

gL =Y €@l (95)
n=0
(0.¢]

K=Y €T (96)
n=0

Of course, such two-dimensional spinors can not only be defined like in Eq. (90) for the four-dimensional electronic

spinor ¢ or the according positronic spinor ¢¢ , but for the total four-dimensional wave function ¢¢ = ¢< + ¢

(see also Eq. (63)), too. Therefore, within the following equation, we introduce the two-dimensional spinors ¢€ and
€

X

e (¥
0] —<X5>7 97
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and also these four-spinors:

~c _ @°
~e. (O
7= (X) (99)

In analogy to Egs. (93)—(96), for the four-spinors ¢¢ and x €, these equations hold:

5 = 209", (100)
7€ = 0 ¢, (101)

Moreover, the four-spinors ¢¢ and x € can be expanded as

o0

¢ =) ", (102)
n=0
o0

XC=) € (103)
n=0

As the next step, we derive a differential equation for ¢ up to second order in €.

5.4 Differential equation for ¢ up to second order in €

To obtain the differential equation for ¢S up to second order in €, we use Eqs. (43), (44), (86), and apply the
projector nf: on the differential equation for the electronic wave function ¢ up to second order in € for interaction
with laser fields (89) according to

. 1 2 eeh ieeh
ina,nl¢s = <2me n - ev> 705 + T EBrl¢S + e oF @Vl
€2 .4 .. e (1. 1 Al 0 e
“8m? I 7, ¢\ + 22 a [(Z Pk-Al) eA — (g PlAk) I’li| b adoxt
e2e’h
- T[Ax (E— (VV)]+iA3,.A4)) 70 ¢S
4m?2 { t +P+
e
2 32
e€“eh
2 (AV = VA TS + O(Y). (104)

Now, we derive first a differential equation for ¢ up to second order in e—since these calculations are a bit
cumbersome, we give them in the Appendix C and here just state their result:

1 22 €eh €2 .4
ih 0,05 = I —eV )¢5 + —3IBpS — —II ¢S
1o <2me ¢ >(p++2me O+ 8m3 O+
2
h -
_262 ):[(VV) x l'[—i—eAxE]gZ)i
me
€2eh . e 3
a2 [AV (VV) +ieA(9,A)] @5 + O(e). (105)
e
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In this equation, only terms appear, in which the upper two components of the wave function ¢ are not coupled to
its lower two components. Moreover, the lower two components of the wave function ¢¢ are zero (see Eq. (91)).
Therefore, we can substitute in Eq. (105) all the four-dimensional spinors ¢¢ by the two-dimensional spinors ¢
and the operator ¥—being a 4 x4 extension of the spinor operator o, which is a 2 x 2 matrix—by the spinor operator
o itself. Taking this into account and using Eq. (31), we find

1 2
ih ;95 = <2

€
e

~2 eeh ~ 4
I —eV )¢Sl + —0BpS — — 1 ¢
¢ >¢)++ 2m, OO g Ot

e

A

2
c€“eh
a2 a[(VV)xH—i—e.AxE](pi

icZeh
4m?

as the differential equation for the wave function ¢ up to second order in e.

[B(VV) +eAB.A)] ¢S + O (106)

5.5 Differential equation for ¢€ up to second order in €

We derived the differential equation (106) for ¢ up to second order in €. However, the wave function ¢§ contains
just the electronic part of the total upper two-spinor ¢€¢, and now we derive an according differential equation for
this upper two-spinor ¢°<.

In the following, we apply 712 in 0; on Eq. (63), i.e., ¢ = ¢S + ¢° . In addition, we use Eq. (93) and that the
limit € — 0 of the +-case of Eq. (58) is [ng, d;] = 0. Then, we find

n0iha,¢¢ = 7l ih 3, (¢S + ¢%)
= 1%ihd,¢¢ = 70 ih 9,05 + 70 ih 3,0
= iha,n0¢¢ =in g, ¢S +ihdmlpC
= i8¢ =1ih0,¢5 +ih9,¢C. (107)
Now, we have to bring the right side of Eq. (107) into the form of an operator acting on ¢¢ (where we will neglect
terms of higher order than O(e?)). This right side of Eq. (107) contains two terms, namely, i% 0;¢S and ih 0, @€ .
We will focus first on the term %2 9,¢¢ in this equation, for which we can use Eq. (105). However, on the right side

of Eq. (105), the wave function ¢ appears, but not ¢¢. Therefore, we need a formula to rewrite the wave function
@S as an expression, where ¢¢ appears. In the Appendix D, we show first how to derive this equation. It is
e

2
4m

[Ap—iZ (AxP)]¢ + O). (108)

P = +

Using Eq. (108), we rewrite then in Appendix D the term i/ 9,¢¢ and find:

- 1 2 .. eeh . €2 .4
in 9;¢% :<2mel'[ —eV)(pe—i-zme ):Bg0€—8m3l'l<p6
e
2
€“e 1 .2
— | — —eV)|[Ap—-iZ (A xp)|o©
ot (0 ev ) (=3 (4o
2eh .
—2—622[(VV)XH+eAxE]¢E
me
€2eh . e 3
— TS Y (V) +ieA@ AN + OE). (109)
e

Having found the result (109) for the first term i% 9,¢$ on the right side of Eq. (107), we turn now to the second
term i% 9, < .
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Since the calculus of this term is long, we discuss it in Appendix E and state here just the result of this calculation:

- ie2eh . .
in10,¢° = ——— [(0.A)p + AV V)] 5*
Ezeh ~ ~€
— MZ [(BIA) XPp + eA X (VV)] ()
2 A
_:782 <E 2—eV> [AD —iZ (A xP)]&° + O (110)

As the next step, we insert into Eq. (107) the result (109) for the term i7 9;¢$ and the result (110) for the term
ih 9,¢¢ . Then a differential equation for the wave function ¢¢ can be calculated. The corresponding calculations
are given in detail in Appendix F—here we give just the result:

I . h 2,
ih0,5¢ = — Mg — eV® + <L SBGE — < "¢
2m, 2m, 8m3
e2eh 4 e ie2eh A e 3
+—— (2 x E) ¢ + — HEGS + O(). (111)
4mg 4ms

Since all of the operators that act in Eq. (111) on the wave function ¢¢ do not couple its upper two components with
its lower two components, and the lower two components of the wave function ¢¢ are due to Eq. (98) just zero, we
can substitute in (111) the four-spinor ¢€ everywhere it appears by its upper two-spinor ¢€, and the 4 x4 matrix X,
which is an extension of the 2x2 spinor operator o, by the spinor operator ¢ itself. Then, we find:

. B 2,
ih 0,¢¢ = Hztpf —eVoe© + c¢ oBy¢ — € 3 l'[4<,06
2m, 2m, 8m;
2 )
/AN i~
+ S M (0 x E)¢f + = B¢ + O (112)
dmg 4ms

Now, we have derived the differential equation for the wave function ¢€ up to second order in €.
However, one problem remains: while the operators

N 1 .2

H = n, (113)
2m,

Hy = —eV, (114)

A eeh

H; = 0B, (115)
2m,

A= e’ it (116)

4 = &3 ,

which act in the first line of Eq. (112) on the wave function ¢€, are Hermitian, the operators

A eZeh
Hs:= <M xE), 117)
4m3
f = €2 g (118)
6 -=— 4mg 5
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which act in the second line of Eq. (112) on the wave function ¢, are non-Hermitian. Because of these non-Hermitian
operators Hs and Hg, in general, the norm of the wave function ¢€ is not conserved during its propagatlon in time.

The reason why these norm deviations occur during the propagation of the wave function ¢€ is:

According to Eq. (97), the four-dimensional spinor ¢¢ can be represented with a two-dimensional upper spinor
¢¢ and a two-dimensional lower spinor x€. As given in Eq. (66), the four-dimensional spinor ¢€ is normalized
but it still allows the two-dimensional spinors ¢ and x € to exchange population between each other during their
propagation in time. Because of this exchange of population, the norms of the two-dimensional spinors ¢€ and x €
are not conserved.

5.6 Differential equation for the normalized upper wave function ¢,
In the following, we will discuss how to bring the diffential equation (112) for the non-normalized wave function
@€ in a form with a normalized wave-function ¢;,. To do that, we have to make the operators Hs and Hg on the right

side of (112) Hermitian.
Therefore, we regard that the Hermitian part O, of any operator O is

On = % (é + é*). (119)

The adjoint operators to the operators Hs and Hy are

fi = et (6 x E)fl (120)
=— (0 X ,
5 4m2
Al = €M gh (121)
6 4m? ’
hence
A el 1 a N
A, = = 2[1’[(axE)+(axE)H], (122)
A icZeh
He), = (HE En)
8m?2
icZeh

=3 5 (=ih VE + e AE + i EV — eEA)
m?2

e
_ et (VE — EV)
~ 8m2

2 %2
B

= <& [(VE) +EV —EV]
&mz

_ €2eh? (VE) (123)
~ 8m2 '

As an additional detail, we mention that the term I:I5h given in (122) can be rewritten using Eqgs. (31), (32) in the
following form:

A cZeh . .
Hsj, = 32 kim (HkGIEm + GlEmHk)

e
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2
€“e A .
= <5 Ekim [21—1k01Em +ih 01(3kEm)]
&m?
€2eh f[( E) ie2en? (V x E)
= o xE)— o X
4m? m?
A ieZeh
= As — o (V xE). (124)
8m?

e

Now, we regard Eq. (24) for the rotation of the electric field V x E and find:
Hsj, = Hs + O(d). (125)

If the rotation of the electric fields vanishes, from Eq. (124) follows that we have even ﬁ5h = f]5 then.
Nevertheless, for electric fields with a non-vanishing rotation, it is still advisable to use the term I-A15h instead of
the term 1:15 as a summand in the Hamiltonian, because the Hermitian term ﬁsh does not cause norm violations for
all kind of electric fields E, while this applies for the term Hs only for electric fields with a vanishing rotation.
Having discussed this detail related to the term FI5;,, using the results (122) and (123), we finally obtain the
differential equation for the normalized upper wave function ¢ :

1 42 ceh €2 .4
. € __ € € € €
ih 0, = . IT ¢, —eVo, + m, 0By, — 8m2 II ¢,
2 2 %2
€“eh [~ N €“eh
+ [H (0 xE) + (¢ x E) n] o5+ = (VE) ¢f + O(e). (126)
8ms &mz

The result (126) is the Schrodinger equation with the relativistic corrections we searched for, and it coincides with
the result in [12]. In detail, these relativistic corrections can be split into four different terms; one term scaling with
€ in first order and three terms scaling with € in second order. Due to [12], these terms can be described in the
following way:

The single first-order term is Hj (see Eq. (115)), which can be related to the Zeeman splitting in the magnetic
field.

The first second-order term is FI4 (see Eq. (116)), which can be related to a relativistic correction of the kinetic
energy; the following second-order term is Hs), (see Eq. (122)), which is proportional for the special case of static
electromagnetic central fields with

A=B=0, (127)
r oV
= (128)

to an operator S-L, where S = %6 is the so-called spin operator and L=rx p is the angular momentum. Therefore,
this operator Hs), is called the spin—orbit interaction.

Finally, the last second-order term is ﬁ@h, which is the Darwin term: a relativistic correction that can be related
to the charge density p = VE/(47) in the system.

As an additional comment to Eq. (126), we mention that it also corresponds to the according results in [13—15]—
whereas in these references, the spin—orbit interaction is given in the above-mentioned form for the special case of
static electromagnetic fields, where Hs), is proportional to the operator S-L*

4 Moreover, in the Refs. [13—15], the kinematic momentum operator M is approximated by the momentum operator p in the term Hy
(see also Footnote 3 in Sect. 5.2).
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Thus, using the Mauser method, we could derive the differential equation (126) in the Schrédinger form containing
relativistic corrections up to the second order in € that coincides with other literature results [12—15] derived with
the Foldy—Wouthuysen scheme [16].

5.7 Relation of the discussed differential equations to the Pauli equation

As a final part of Sect. 5, we discuss how the Pauli equation [13—15,17] is related to the differential equations (106),
(112), and (126) derived in Sects. 5.4, 5.5, and 5.6, because Mauser and his coworkers derived the Pauli equation
from a differential equation for the wave function ¢ in [8-10] already.

At first sight, one might wonder why they found the Pauli equation from an equation related to the electronic
part ¢S of the upper two-spinor ¢¢ and not from an equation related to the wave function @5, since we needed
in this work the differential equation (126) related to the wave function ¢;, to derive a differential equation in the
Schrodinger form containing relativistic corrections up to the second order in € that coincides with other literature
results. As an addition to the works of Mauser [8—10], we will clarify this point with the discussion below about
Eqgs. (106), (112), and (126):

If we regard on the left side of the differential equation (126) for ¢;, only all the expansion terms up to the
first expansion order O(¢€), Eq. (126) is approximated as a Pauli equation that takes this form (where we note the
approximative wave function solving this equation as (pf)):

. 1 .2 eceh
indp = T gy —eVey + %aB Pp- (129)

Moreover, if we take into account on the right side of the differential equation (112) for the wave function ¢€ just
all the expansion terms up to the first expansion order O(¢) and approximate the wave function ¢€ as (pg, we find
again the Pauli equation (129). This result can be explained in this way:

As discussed in Sect. 5.6, on the right side of Eq. (112) the operators I-AIa, a € {1,2,...,6}, act on the wave
function ¢€ and on the right side of Eq. (126) their Hermitian parts Hyj, act on the wave functlon @5, Among these
Six operators Ha , three operators are O(€%) or O(e)—these three operators are H 1, Hz, H3, and all three of them are
Hermitian. Thus, they appear in the same form in Eqgs. (112) and (126). In addition, the operators H4, H5, H6 and
their respective Hermitian parts are O (e2)—so, these operators are neglected if we take into account just operators
up to the order O (¢€).

Therefore, it is comprehensible that Eq. (112) becomes the Pauli equation (129), too, if we approximate it
analogously to the derivation of the Pauli equation starting from Eq. (126), where we took into account only all the
expansion terms up to the first expansion order O(¢).

Furthermore, if we regard on the right side of Eq. (106) only the expansion terms up to the expansion order O(¢)
and substitute the electronic part ¢ of the upper two-spinor ¢ by the wave function <p§, then we find the Pauli
equation (129) again. This finding can be cleared up in the following way: using Eqgs. (91), (98), and (108), we
realize that

2
4m 2
= ¢ = ¢+ 0@2). (130)

¢ = [Ap—la(Axp)]go + O,

Thus, we find this consequence of the transformations from the differential equation (106) for the wave function
¢4 to the differential equation (112) for the wave function ¢*:

Because of Eq. (130), these transformations modify only the kind of operators on the right side of these equations,
which are at least O(e2). Therefore, both on the right side of Eq. (106) and on the right side of Eq. (112), up to the
expansion order O(¢) just the same operators Hi, Hy and Hj act on the wave functions ¢S and @€, respectively.
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Therefore, both Egs. (106) and (112) can be transformed into the Pauli equation (129) within the approximations
for these equations described above.

Thus, the discussion above clarifies why we can derive the Pauli equation from all three differential equations
(106) for ¢S , (112) for ¢, and (126) for ¢;,—and so, we could verify the result of Mauser and his coworkers given
in [8-10], where they derived the Pauli equation from a differential equation for the wave function ¢ .

However, if we are interested to find a differential equation in the Schrodinger form containing relativistic
corrections up to the second order in € that coincides with the literature results derived with the Foldy—Wouthuysen
scheme [16], itis not sufficient to take into account just the electronic part ¢ for the wave function in this differential
equation. Instead, we have to take into account both the electronic part @< and the positronic part ¢ of the upper
two-spinor ¢€. This is done in this work within the derivation from Egs. (106) to (112) in Sect. 5.5. Furthermore,
we have to make an another transformation to obtain a normalized wave function ¢, what can be found in this
work within the derivation from Egs. (112) to (126) in Sect. 5.6.

6 Summary

In this paper, we further developed the works [8—11] of Mauser and his coworkers, where they developed an ansatz
how to split the Dirac equation into a set of two differential equations: there is one equation, where an eigenfunction
for a free moving electron and another equation including an eigenfunction for a free moving positron appears. In
our work, we addressed the question how to find a differential equation of the Schrodinger form plus relativistic
corrections using the ansatz of Mauser. Here, we regard all relativistic corrections up to second order in the reciprocal
of the speed of light—and we find for these corrections, in coincidence with other literature results derived with
the Foldy—Wouthuysen scheme, a first order term related to the Zeeman splitting and three second-order terms: a
relativistic correction to the kinetic energy, the spin—orbit interaction and the Darwin term.

To find these results, we had to regard several aspects in our calculations.

The first point is that one has to regard carefully how the electromagnetic potentials and their spatial derivatives
depend on the reciprocal of the speed of light—we analyze a scenario which is typical for the interaction of a laser
pulse with a molecular system, where the scalar potential and its spatial derivations of it do not depend in general
in the lowest expansion order on the reciprocal of the speed of light. However, not the vector potential itself but
another quantity, which we call the scaled vector potential being the vector potential divided by the speed of light,
is independent in lowest expansion order of the reciprocal of the speed of light. In addition, each spatial derivative
applied on the scaled vector potential increases its leading lowest expansion order related to the reciprocal of the
speed of light by one.

The next critical question is which wave function does one analyze: we analyze in our work the complete upper
two-spinor of the four-spinor appearing in the Dirac equation. In particular, we realized as a further development
to the analysis in [9, 10] that it is not sufficient for the reproduction of the literature results derived using the Fouly—
Wouthuysen scheme for all relativistic corrections of the Schrodinger equation up to second order in the reciprocal
of the speed of light if one regards only the part of the wave function related to a free moving electron. At least,
regarding just this part of the wave function is sufficient to derive the Pauli equation that contains the relativistic
corrections of the Schrédinger equation up to first order in the reciprocal of the speed of light.

As a last point, one has to regard for the derivation of relativistic corrections of the Schrédinger equation up to
second order in the reciprocal of the speed of light to bring the Hamiltonian into a Hermitian, norm-conserving
form.

Therefore, with our calculations, we have found the missing link between the ansatz of Mauser and the approx-
imation of the Dirac equation derived in the literature using the Foldy—Wouthuysen scheme.
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Appendix A: The positronic wave function ¢¢

In this Appendix A, we transform the six summands in Eq. (76) that we give here again for clarity:

¢¢ = —— 7 (e.Akozkd)j_) + b (eAkak¢€_)

2m,
2
- € (eVes) — € (eveS)
e e
2 a2 2
e p° . ihe 5
— 0 @)
3z 2mg 9= 7 2, H9= O

Then, we simplify the sum of these six summands and doing so, we derive a result for the positronic wave function
@< up to the third order in €.
Now, we start with the calculation of the first summand.

Analysis for the first summand.:
The first summand in Eq. (76) is rewritten as

€ kpe) € 0 fi I h_zi ke 4
o (eAka ¢+) = om (rr_ + > me a0 X 2 BA (eAka ¢+) + O()
1 e k_0 ih e ! k
= zm—eeAka TP + Zm—%oz o (eAkoe qbi)
h2 3 4
—g—ﬁA (e.Aka ¢+) + O(Y)
1 e X € h? €2
=—m—ee.Aka (nfr—i———eoza —Z—gﬂA oS
ih e 2 ' h2 3 '
+Zm_ga 3 (eAka ¢+) — g—m (eAka ¢+) + O, (A1)
hence
&3
€ . kic €e h okl eh?
A = Ay ArA
2me77_(@ 133 ¢+> 2m, e o A ¢+ Sm g 05,3 k ¢+
iezeh 1 k €3€h2 k 4
+ 4mg oo a[Ak(ﬁi — Wg ,80[ A.Ak(l‘)j_ + O(G )
2
€e k ie“eh 1 4 Ik
= . .Aka ¢j_ + 4m£2, (0[ o Ao +a'a BlAk) (Pj_
€ ehz( BAA + B AA>¢ + O
— o o
8m€ k k)
- 2m,
ie%en ol 4 alak) A8 + olak (A €
G [\ Feet) A oot (01A) | 5
eSen?
B Sme [( B+ P )'AkA
+20 (0, A) B + Bk (AL | 65 + O, (A2)
where in the last step
Afg = (Af)g +2(0nf)ong + fAG (A.3)
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was used.

For the further transformation of Eq. (A.2), we apply Eqgs. (79), (80), (82), and regard that because of Eq. (19)

the following formula is true for m-th component of the magnetic field vector B:

1 1
By, = - [VxAl, = Eglkm(alAk)-

(A4)

In addition, we take into account Eq. (31) and that for the k-th component of the scaled vector potential A because

of the Coulomb gauge (6) and because of Eq. (16) these equations are true:

oA = 0,
8n~Ak = O(G),
AA; = 0(62).

Then, we transform Eq. (A.2) in the following way:

2m, 2me
h2
_EM 12 (A e + (AAD] 195 + O(e*)
Sme
= Ako © Apros ’ th¢€ + O
= om, KOO+ T 22 kD — amz 0+ ’

and finally, we find for the first summand in Eq. (76):

eeAx Pk e3eh 4

€ A k e) — k__ Ik € _ € O .
2m, (e Ko 2m, @« M, 9+ 4m? +0@E)
Analysis for the second summand:

Using ¢¢ = O(¢), see Eq. (78), the second summand in Eq. (76) is rewritten as

ih
€ (eAkOlktbi) = 2; (719 + %mi a 31) («?Aktxkdf_) + O(eh

= le eAvaf ¢ + ﬁia’a, (eAkoquﬁé) + O(eh
2 m, T 4 m2 -

1 € . in e
= —— ——dly ) p¢
3 m. e.Ak(x <7T++ 5 me(x 1)¢_
ih €2 4
o 'y, (e.Akoz o< )+O(e ),
hence
&2
€ (eAkak¢6) = ie’eh ool A€ —+— ch ol ko ArpS + O(e*)
2m, - 4m?2 4m2 -
ifzeh kI Ik € 4
= 5 (a o' Ao +ata BlAk)¢>_+(9(e )
4m?
ie?en k.l Ik Ik € 4
=—— [(a o +ao'a ).Akal—i-oza (81Ak)]¢,~|— O().
4m?

Using Egs. (31), (79), (80), (A.4), (A.5), and ¢ = O(e), we get

ie2eh
4me

< (eArdt ot ) = T [2AWdk + (0Ao) + iern =" (G140 ] 6 + O(eh)

2m,

: 2
7 (eAuat9) = 5 A+ Ak + @AW F e =" (01AD] 95

(A.5)
(A.6)
(A.7)

(A.8)

(A.9)

(A.10)

(A.11)
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€2 3eh
“om ezAkPk¢_ a2 TBoC + O(e*)
=€ eA" Prye 4 o). (A.12)
2m, me
Using Egs. (76), (A.8), i.e.
€ __ € [ € 2
0 = 5 (eAia’gs) + Oe)
_eeA 5
=, @O OE), (A.13)

Equations (31), and (A.6), we finally obtain

€ (EAkakqsf_) _ _Zedy pr ee

a'gs + O

2m, 2me me 2m,
ie3eh A
= 4—3]( OllakAl(pj_ + 0(64)
ic3e’h A
= 4—3k o [A + @ AD] 65 + O(e?)
ie3e2n AL A
= L deal g, + O(et)
2 A Ar pr 4
- _Tme 'pS + O(e*)
_ ek keA”z” 95 + O (A.14)
2m, 2m?

Analysis for the third summand.:
The third summand in Eq. (76) is rewritten as

62 € € 62 in e € 4
-3 7t (eVgSl) = — ( +——a8k>(eV¢>+)+(9(6)

M 2m, 2 me
1€ 0 ine .
= _Em_e €V7T_¢_€,’_ — Zm_ga ak (6V¢i) + O(E )
1€ ine ine | 4
:——m—eeV <n’€—7m—eo¢ 8k>¢i—zm—%ot Bk(thbi)—i—(’)(e ), (A.15)
hence
2 - 3 . 3
€ . ey l€veh . l€’eh c 4
— 2me JT_ (€V¢+) = 4mg o Vak¢+ — MO{ akv¢+ + 0(6 )
ie3eh
= o (Vo — V) ¢S + O(eh)
ie3eh ok 4
= 2 [V — Vo — (V)9S + O(e™)
e
3 k 4
= " (8kV)a ¢S + O(e™). (A.16)

Analysis for the fourth summand.
Using ¢ = O(e), see Eq. (78), the fourth summand in Eq. (76) is rewritten as
2 2

7€ (eVgS) = —

2me 2m,

70 (eVee) + 0"
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1€ 0 4
= ———eVr’loSt + O
2m,
1 2
= = Vet + 0@
2me
1%
__CV e o), (A17)
2m,

Using Eq. (A.13), we finally obtain

2 3,2

€ e VA, 4
— 2me T[i (€V¢6_) = —4—2(1 ¢i +O(€ )

ee.Ak ke

<+ 0. (A.18)

2m,
Analysis for the fifth summand.:
Using Eq. 31), p> = p; = —h?3?, and Eqgs. (A.6), (A.7), and (A.13), the fifth summand in Eq. (76) is rewritten

as
2 ’\2 242
;m m, 9= Zni:g %9°
- 683;’;2 ol A16S + O(e*)
= 63%“4’ ol aZ¢S + O(eh)
— GSIij k plz ¢S + O(eY). (A.19)

Analysis for the sixth summand:
Using Eq. (A.13), the sixth summand in Eq. (76) is rewritten as

ile? 16 eh
— o gt = o3 ArgS + O(eh)
Me 2
16 3eh ie3eh Ay
=~ (3 Ap) k¢S — 2 k9,05 + O(eh). (A.20)
To obtain the dlfferentlal equation for ¢¢ ‘. up to zeroth order in €, we use Egs. (51), (63), and (74) to get
h? 1
ih ;¢S = —2 APS + 7l (— eArak g — qubE) + O(e?)
_ hz Ad€ 1 € A k € 1 € A k 1€
= T, AT T (eArart e ) + 2t (e o)
—7$ (eVgS) — 7S (eVPE) + O(eD). (A21)
Using Egs. (31), (80) and (A.6), we obtain for the second term
1 k L ih k
et (entot) =2t - o (et
k0, deh €
= - A" 1 ¢S — — o' a"  ArgS + O(e)
2m,
i

¢ k_0 eh | &
= EAka 7t_¢>j_ — . oo Akalqﬁj_ + O(e)
_ f k_0 e ieh _
= - Ao At o (231{1 oka ) Ak31¢+ + O(¢)

e
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e e R
= - Ao 09 + — A pros €+ O()
€ My

e ieh c e A e

= S-Akakﬂi¢i + = Akﬁk¢>i + O(e)

- €Ak = ¢+ + O(e). (A.22)
For the third term, we obtain with ¢¢ = O(¢), Egs. (79), (A.13),and A x A =0
l € k e\ _ l 0 k 1€
z Tl (eAkoz qf)f) = b (eAkoz d),) + O(e)

= SAka"nﬂdf_ +0(e)

= SAkaknidf_ + O(e)

- SAkoe"di +O(e)

2
= e A otkalqbi + O(e)

2m,
B 2 ALA
T 2m,

2 2
“4 ¢>+ +Oe). (A.23)

(8xt + ieim=™) ¢S + O(e)

Furthermore, we easily get for both last terms:

—ni (eVel) = _7T+ (eVes) +Oce)

= —eVJT+¢+ + O(e)

= —eVai¢S + O(e)

= —(3V¢5r + O(e), (A.24)
—nl (eVS) = —71_?_ (eVo<) + O(e)

= —eVrl¢¢ + O(e)

= —eVali¢S + O(e)

= O(e). (A.25)

Then, along with these equations and Eq. (31), the differential equation (74) for ¢ up to zeroth order in € is
rewritten as

ih 0,5 = 2m ( +2e A pr + ezAk) ¢S — eV + Oe)
= 2m [p,% + e(prAr) +2eAxpr + e Ak] ¢S — eVl + O(e)
= 5 ( + epri + e A i+ E2AY) 65 — eV + Oe)
l € €
= 2me( v+ eA) 65 — eVgS + O(e)
_ 705 — eV + O(e), (A.26)
2m,
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where in the last steps we used Eq. (A.5), i.e., 9 Ar = prAx = 0, Eq. (32), and f[2 = ﬁ% Then, the sixth summand
in Eq. (76) is obtained from Eq. (A.20) as

ihe? 16 3eh Sedy P . 2 0
s H9S = = 2 (@ Ap) b — B (pl F2eipr +e A,)¢1
SeAr of eV 4
O A27
+ 2m, 2m ¢+ +0(€). ( )
Result:

With Egs. (A.9), (A.14), (A.16), (A.18), (A.19), (A.27), the positronic wave function ¢¢ (74) up to third order
in € is rewritten as

c eeAr [ & Dk ¢ € 3eh € e.Ak keAl Di
— Y 4.3 B
9- 2m, <a ¢ me>¢+ 4m 2 9% - 2me 2m ¢+

1: ezh (0 Ar) o* ¢S — Seék k (p; +2edipr+e Az)¢
f;nf:k ¢ 26 ¢+ O
- % (ak — m_k) ¢S — 2376’; B¢S — ijTe; OV + 3. Ao o* oS,
egeélk X (2171 +dedr i +e2A2> ¢S + O(eY). (A.28)
e

Using Eq. (18),i.e. Ex = —(0;V + 9;Ax) and Eq. (32) with p;A; = 0, we get

e €eAr (4 P\ . €eh i€ eh ok
= —e = B -
o)l <a € e) o5 — ¢S + ) o P

2m, 4m 2 e
3
eeAr 1 (.0 o 2 42 e’ e Ak oke? 4
_ pr o (pl+2e.A1p1+e .Al)¢>i o 3 A¢++(’)(e)
eeAr (4 Dk 5 — e3eh TB¢ 16 eh vt
=——|adf—e—
2m, me) T 4m? + 4m?2 +
€ 3e Ay of 2 ey k 62 4
a3 <pl +2eAipr+e A )¢+ o, ¢+ + O
eeAr (& Dk e3eh . i€len ke
- - ~ S Byt +— 2 E
2m, (a € me) ¢+ 4mg 9+ + 4mg Ko
3 3 2 42
e A of i’ el e A | 4
_ O A.29
2m, & 2m 2¢+ my & a2 PO (A.29)

and obtain the final result
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A D
ce Ay Dk 2[1° — ¢2.A2 e3eh .
¢ = o <ak — 2ok - o5 — oz ():B — 1Ekak> ¢S + O(e"). (A.30)

Appendix B: The differential equation for the wave function ¢

In this Appendix B, we derive an differential equation for the wave function ¢¢ up to second order in €. As the
starting point for our calculation, we use Eq. (88):
_ h? e2nt 1 ‘ 1 ‘
in o5 = "o, ApS — @ APS + - s (eAkot ¢§r) + - s (e.Ak(x qbi)
—7& (eV¢S) — 1S (eVoE) + O(eh.

As we mention in Sec. 5.2, as a first step, we simplify now the last four of the six summands on the right side of
Eq. (88) in front of the O(e*) term. After that, we sum up these six summands, bring their sum in a compact form
and doing so, we will find the result for the differential equation for ¢ up to second order in .

Therefore, we begin our calculations with the simplification of the third of the above-mentioned six summands.

Analysis for the third summand.:
We use Egs. (43) and (47) to rewrite the third summand of Eq. (88) as

eh? 8A ie2p?
4m3

1 1 ih
D (eduates) [-ng—‘ ol +

- e proe a' g A+ 0(e3>] (eAkak¢1)

e ieh eel?
= - Ao 709 — — ok APS + — Bak AALYS
€ S 2me, w oA+ 4m? pa by

2 83
ie“en” | 3

— e oo AB;Akq)j_ + O(€”)

= EAkaknO¢€ — ﬂotlakAkalqb6 _ e ol ok (9, A0) 95

€ -t 2m, + 2m, +
ceh? x icZen? |k

+4m% Ba* AAgS — e o' AAO S
2 %3
i€“eh

———5 " A@ AP + O). (B.1)
4m;

Then, we use Egs. (31), (79), (80), (A.4), and (A.5) to obtain

éni (eAkakqﬁi) = SAkoekngfﬁi - ;Zle Q28 — o) Ardr S,
_zi;he (Sut + ietkm =™ (01 AN S + ZZ B AAgS,
_ii;if Q261 — afa) AA BB
:
—if,ZT Ot + ienm E") A @A) GS + O(€)
p
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e e .
= - Aw* 005 + — Axpros.
€ My

eeh n? i€ eh3
— B¢ KA A S AALD
m, ¢L + 4mg Bua Ak¢+ m 3 Ak k¢+
2 %3 3,53
1€ eh k1 eh 3
+ Pl AA3 ¢S + Tnd =" ABu ¢S + O(e). (B.2)
With Egs. (82) and (A.3), we get
1 e
< JTj_ (e.Akoekqbi) = - .AkOlkTL’ ¢+ + — Akpk¢+
i€h eeh
+ A Ea 8 ¢+ ) ZB¢§_
+—2 (AA)Ba” ¢S + —2 (3nAx) Bo” 9,95
4ms 2m
252 3
e k€ ie?eh’
——AkOl m 2 ﬂ ¢+ m 3 (A-Ak)akd)+
16 eh3 iezeh3
(On AR @S — ——5— Ak AgS
€ e
ieZen’ ieZen’
T (AAyet a9l + —— g (OnAr)e ! 09,0
i 333 3 3
e PR
+- Ara o oy A + 3 Z"(ABw)eS
3o’ . . 3,53 5
+ 2m3 X" (00 Bim)0n . + y 3 YBA¢S + O(e”). (B.3)

Now, we use the fact that for the kind of systems which we analyze Eqgs. (A.6), (A.7) hold, and because of Eq. (22),

the following equations are true, too:

O By = O(e€), (B.4)
AB,, = O(€?). (B.5)
Then, Eq. (B.3) is simplified to
1. i e uf_ o i€n ;. €n? ie’n .
;n+<eAka ¢+>:EAka 7+ g = o A+ Tl ) 6
e eeh eeh?
— A prds. + — EBOS + — (01.Ar) Bk 89
+me kPk®S + . ¢ + 22 (O Ap) Ba™a1¢5
243
i€e“eh
- Acd AdS + O(e3). (B.6)

2m3
Using the definition for 7€
Eq. (88) as
1
- 8 (eAkak¢>i> =— Akpk¢+
2

2m

eeh
3, TBOS

C AprpoS + O

, see Eq. (47), and Egs. (31), (69), we obtain the final result for the third summand of

e k A A
22 Ba™ (pr AW pi1os
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D e2p? eeh
:eAk:;—]:<l = 2)¢+ o B0
2 1
~< pat ( vl Ak>ﬂ¢i+0(€3)- (B.7)
2 € M, Mme

Note that we should always remind that because of Eq. (A.6), pAx = —ifid; A = O(e), hence p;Ax /e = O(Y).

Analysis for the fourth summand.:
We use Egs. (31), (43), (48), (79), (80), (86), (87), and (A.6), to obtain the fourth summand of Eq. (88) as

ieh e2n?
—-n (eAkak¢>i> = [nﬁ — ;7 a™ oy, + 3 BA + 0(63)j| eAra
e

e

~ ~ 2
eA [ DI , 2l — A2
. a —e— —€a) ———
2m, Me 4m?

2
€“eh . I 3
a2 ():B —iE ) + O )}bi
k.10
= 2me AcAjoa' i ¢S
e 2 o a0
2I17 — e* A .
~ I 2 <A1 — 1hE1) akaln?_qbi
e
16 2p 2e2p
262 A At om0 ¢s — S ok EB A g5
e
1ee h €2e2p?
o % okl 8 A AigS + i Q" ok 8 A A1d195
202
+S 3 ,ch o AALAIGS + O()
_ e k. 1_0 €
= 2me ArAje” o ¢S
2, ~2 040
€ 2I17 —e* A
T 2 <Al Z—me — ihEl) ockozln_?_qu_
e
1ee 2p e2e’h
2 2 AkAlakalﬂ ¢+ 5 akZBAkn'Bqﬁj_
e
2 .2
i€ce“h i€e“h
4e 2 O ArAD o™ aldﬁr - 46 5 .Ak.A[amakotlamd)i
me
2h2 2,22 kl X
+ yoe A Aja™ o 813m¢i + WAkAl,Ba o' AgS + O(€)
LAy (5 + e =) 7065
= s 1 (8 + iepm 2™) 7l 95
2, 2 042
€ 21 —e* A” .
4 2 Ak <A] T — lhE]) (8]([ +18k1m2m) ﬂ_?_¢i
e
16 2p 2h
2e Ac Ak om0 g — o B A S

e
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1662

gy O ArAD o™ (8p1 + iein Z") ¢

2

e
I AkAza Skt + 1ekin ) O
2€2h2
+ A Ay (280 — @ ™) 3y
4me
ete’n’ . m € 3
g5 A (St +ieum ™) AP + O(e). (B.8)
e
With A x A = 0, we then get
l € k e\ _ 62 2 0 €
pat eAa Pt ) = Al ¢S
e
€22 S22 42
2I1" — e* A
2 . 0
_4 7 |:.A s —ihAE + X (A x E)j|7r+qbf|r
16e h Ze h
+5- ST A Aok gm0 ¢S — " EB A ¢<
e
1ee ’h ice’h
e (a?) @ — = Tl Ak o0
2€2h2 2 2h2
+ 2m? A A10i 9195 — I — — A At "0
20202, \
€
e A2BAGS + O
2 42 . 252
e A o l€h €°h
= - N
2m, (77-1- 2me * 4mg P )¢+
2.0 o2 2402
€“e , 2ITT — e A° 0
_4m2 |:A T —ihAE + hX (A x E):| T, %

ice?h i€h
2 2 zme amam) ¢j—

2 2
hoy iee“n N\ &
o TBA? 5 — a2 (8k.A )ot ot

+—

A Aie*o, (rr +

dm %
2 2
TR 5 AkA18k81¢++(9(e3) (B.9)

Using Eqgs. (31), (48), (49), (68), (69), and (A.6), it is simplified to

1, . 2A2
c s (eAkaqu_) ¢+
eze 5 2ﬁ2 — A €
_4mg |:A 2 —ihAE + 12 (A x E) | ¢
ieelh 26212
465 (9e4%) o5, + 7 A + 03
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2 A? €22 A?

_ e _ o X VAP
= 2m, o+ 8m <2H e A )¢+
€2e’h . €2 P 2
_ e [X (A x E)—iAE] ¢S — Ty (eAm—e> S
2 17
+4€76 ok (E& e2A2> o< + O, (B.10)

where we note that because of Eq. (A.6), prA*> = —ihdpA> = —2ih A A; = O(e).
Equation (B.10) is the final result of the fourth summand of Eq. (88).

Analysis for the fifth summand.:
Using Eqgs. (48) and (68), we calculate for the fifth summand of Eq. (88):

— 78 (eVgs) = — (712 ~ %ia I + ——,BA) (eVS) + O()

v UK LGN P
=—eV () -~ —a —
2 me 4 m2 +

ieeh e2eh? c 3
+2m o (8kV)¢+ 4m£ —B(AV = VA) ¢, + O(€)

= —eVrSet + lzei ok (V) 65
Me

€ 2¢0h2 3
o B(AV — VA)$S + O(e)
— €
= eV¢++2me
€2eh?
g BAV - VA) ¢S + O(d). (B.11)

Analysis for the sixth summand:

We use Eqgs. (31), (43), (48), (49), (68), (69), (79), (80), (87), and (A.6) to obtain the sixth summand of Eq. (88)
as

ieh eeA D
o (eVigl) = — (ﬁ -5 ak8k> eV % <a1 —e n%) ¢< + O

e nme
€e? ¢ icZe’h VA ¢
= - T
2m, + Zme kO 1P
2
ie2e2h
+ 5 UV AP + O
e
2 22
€e k0 ie“e h
= _2me V Ay 7'[7(}51 m 2 VAkakn+¢>+
ie?e’h k.l eh g € 3
+— 2 O V) o .,41¢+ o VA ¢S + O(e”)
dm 4ms
o2 2.2
k0 i€“e“h
= —2me VA nZ ¢S — - 2 VAkBkn+¢+
- 22
i€“e“h .
Az (V) (Bt + ierim =™) ArdSy
e
2
ie2e2h
T (200 = ola¥) VA, + O

e
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&2 2.2
k ie“e h
= Zme V Akl — s V Al oS
16 2¢2h €2 zh
4 2 (VV)ApS — o % X [(VV) x Al ¢S
i€ e2h ie2e2h k1 3
o 2 V.Akak(b+ 4mg o o V.Ak31¢i+0(€ )
€e? 0 ieh
= Vv 0 <
2me Akol ( +2meot 1) o
ie2e2h 0
5 VA (79 = 1) 6
62 2
+ 3 [Z[A X (V)] +iA(VV)} o5 + O(e). (B.12)
Thus, we find for the sixth summand:
262h
- (eV¢>i) = 2 {(Z[AX (VV)]+iA(VV)} ¢S + O(). (B.13)
Result:

With Egs. (31), (82), (B.7), (B.10), (B.11), and (B.13), the differential equation for the electronic wave function
q)i (88) up to second order in € is rewritten as

2

A 242
. € € eeh
ih 3¢5 = i ¢++e.Ak%<l——p>¢+ o EBO,
e

¢ - 8m3 2m?
2 - 2 42

€ tf1 2 pPi et A
N - A b€ Y €
2 po (e mee k> Me ot 2m, &
2€2A2
8m}

2me

2,2
(i - 24%) g5 - % [Z (A x E) — i.AE] 6

2 5 2 5\ 2
€ (1P 2 » € p
_rr A € _ A_ €
+4mga <emee i 2m, ¢ Mg a
i e2eh?
Tz POV V)95

—eVd)_E,_ +

i

4m

+ 2 (Z[A X (V)] +iA(VV)} ¢S + O(e)

p? +2eAp + 2 A%) — eV | ¢S
(s )-ev]

6

¢ [ZB +ia (akV)] o5

[p +PA? (211 2.A2>+4e.Af)f)2+4e ( ﬁ)z] <

2 1
+26 =l [(‘ ﬁk-Al> eAr+ B ( Pl-Ak) Pli| (o
o2

2

mmw

6

42
eeh2
42

{Z[AX(VV)=E)]+iA[E+ (VV)]} ¢S

B(AV —VA) S + O(Y). (B.14)
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Using Eq. (18), i.e. Ex = —(0¢V + 0;Ay) and Eq. (32)—here we regard that pyAx = 0 because of the Coulomb

gauge given in Eq. (6)—we get

~2 eeh iceh
O —eV )¢S + —IBoS K@V ¢
e >¢++ i, o5 + zme“ V) o5

. ¢ 1
i oy = 2m 2
e

2
)
&m;

+4e? (Ap)” + 4P A2 Ap + o' A% g5

[f)“ + 4e APP? + 262 A2p?

eZe X 1 . 1. . .
5,2 |\ oA eAr+ B - piAc) pr| ¢4
m2 € €
€2e?h
4m?2
e2eh?

2
4m

{ZIA X (E—(VV)]+iA(3,.A)} ¢S

B(AV — VA) ¢S + O(e).

~ 4 N N
Now, we evaluate IT  using Eq. (32), regarding px.Ax = 0 because of Eq. (6) and pi.A;
(A.6), as

R N 2
H4 _ (HZ)
R 272
= [(Pk + eAr) ]
2
- <ﬁ2 +2eAp + e2A2>
= p* 4 2ep>Ap + 2e App> + ¢*p* A% + 2 A%p?
+4e? (Ap)” + 263 APA® + 263 A2 Ap + ¢4 A
= p* + 4e.APp” + 262 A2p? + 4e® (AP)” + 4> A2AP + ¢* A* + O(e)

(B.15)

= (O(e) because of Eq.

(B.16)

to obtain the final result of the differential equation for the electronic wave function ¢¢ up to second order in € as

f[2 V) et + eeh EBo¢ + ieeh V) 68
—e — o
T 2m, 0 2m, k +

€2 .4 e2e 1 1
——— 1T ¢S 1= prAr ) eA - prAL | pi | 95
83 ¢++2m£06 [<€Pk z>e 1+ B c A pi (o

2 Zh 2 hZ
o EAX E— (VW) +IAGA) 65 — S BAV = VA 6L

. ¢ 1
i oy = 2m
e

4m?
Appendix C: The differential equation for the wave function ¢<

At the beginning of Sect. (5.4), we derived Eq. (104), which is
1 .2 eeh ieeh
. 0 0 0 k 0
ih ol ¢S = <2m m - eV> TP + . YBr ¢S + . o (V) mZof
2 2
€ .4 €“e 1. 1. R
—— M n0¢S + — o [(Z Pk-Al) eAr — (Z Pl-Ak) Pli| LA
e

8m 2m

e

e
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2 2
64 > (Z LA (B = (VV)]+iA @A) 7l9)
2 2

—64::; (AV = VA) 7095 + Od).

In this Appendix C, we use this equation as a starting point to derive a differential equation for the wave function
@5 up to the second order in €. But as a preparation of the transformations of Eq. (104), we take into account first
that from Eqs. (49) and (69) follows that

ih hz 2
o R T ﬂA + 0@ (C.1)
2 m, 4 m
= en'¢S = en S — E—205 kokgs +(9(e3)
-+ = + m +
if €
= —E—a KoepS + O(e). (C2)

From Eq. (C.2) directly follows by multiplication with e:
270¢¢ = O(e). (C.3)

Using Eqgs. (79), (93), (C.2), and (C.3), we then transform Eq. (104) in the following manner:

e e BN - , €eh o €en® €
ih 0,95 = 2mel’[ —eV g0++2 IBoS + a2 a‘a (0kV) 995
E2 A4 62 2 ] ~
_WH Pf — —— y {Z[Ax(E (VV)]+1iA4(0,.A)} ¢
h2
—6482 (AV = VA @ + O(e))
1 . . eeh ___ . €*eh?
_ <2men —ev> 5+ o BB+ SO + i =) (4V) 015
2 2,2
€7 A4 €“eh . -
~gm3 1 PG — —— 2 {(Z[AX (E—-(VV)]+iA@.A)} ¢S
m; dm
2 %2
e€“eh -
~ (AV = VA) G5+ O(e?)
e
1 ~2 eeh €2 .4
= I —eV )@ B¢ — | § MM
<2me ¢ ) ++2 gm3 O+
eZeh? ezeh A1 e
+4 2 (VV) V¢S — WE[(VV)Xp]q&JF
2h ) e
~ a2 {(Z[A X E—-(VV)]+iA0,A)} ¢S
€ eh2 e 3
3 (AV = VA) S + Oe). (C4)
e

Before we continue to transform Eq. (C.4), we first make the following side calculation, where we derive an equation
that relates terms of the form equi and ezgﬁi:
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We start this derivation by taking the limit ¢ — 0 of Eq. (68) and get
e = ¢4 (€

Using Eq. (C.5) and taking the limit € — O for the +-case of Eq. (93), we find that

¢l =709} = ¢7. (C.6)

Therefore, using Eq. (C.6) the following result can be found for terms of the form ezdﬁz

23 + 0
62¢3_ + O
=c (p++0(6 ). (C.7)

Ez(ﬁj_

Having finished the side calculation, now we use Eq. (C.7) for the following transformation of Eq. (C.4):

e 1 5 1 M s € 4
ih ol = 2mel'[ —eV ++2 YBy _WH¢+
e
h
_ete 2[(VV) x p+eA x (E— (VV)]
e
e2eh? e
————[AV = (VV)V = VAl
4ms
2eh
5 [ie A (9.4)] ¢ + O(). (C.8)
e

Using Eq. (32),
[(VV) x p+eAx (E—(VV)]G = [(VV) x (ﬁ —_e )
e x (E— (VV)] ¢
= [(V V) x 1+ eA x E] & (C.9)
and
[AV — (VV)V — VA]G = [(AV) +2(VV)V + VA — (VV)V — VA] &
= [(AV) + (VV) V]S

=V (VV) @5, (C.10)
we get the differential equation for ¢$ up to second order in € as
1 .2 eeh € .4 e2eh R
: ~e ~¢ ~6 ~¢ ~¢
ih 9,65 = <2me fi ev> Pt g T — g -5 (V) x [+ eAxE| 5
2
€“eh
~im? [AV (VV) +ieA (3, ]S + O(ed). (C.11)

Appendix D: Calculation of the term i% 3,95
In Sect. 5.5 is discussed that we have to transform the term i/ 0, (ﬁi into a term, where the wave function ¢¢ appears,

and for this calculation, we have to find an equation that expresses the electronic wave function ¢¢ by the wave
function ¢€.
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How to approximate the Dirac equation...

As a first step for this task, we calculate another formula that rewrites the wave function ¢ as an expression,
where the wave function ¢¢ appears:
If we regard just terms up to second order in €, we find that from Eq. (87) follows:

€e 626

2
2mg

¢¢ = — A" ¢S — Ak 95 + O(€). (D.1)

2m,

Therefore, we realize that using the abbreviations

1= Ara®, (D.2)
e

N e R

2= =5 APk, (D-3)

Eq. (D.1) for the wave function ¢¢ can be rewritten as

¢° = efi ¢S + €2 frpS + OEd). (D.4)

Then, we derive the following formula using Eq. (63), i.e., ¢ = ¢ + ¢, and (78), i.e. ¢ = O(e):

62¢i — €2¢€ _E2¢€_

= €29 4+ O(d). (D.5)

Now, we add ¢ to Eq. (D.4) and use Egs. (63) and (D.5). Thus, we get:
¢ + 05 =05 +efidl +eXfrol + O)
= ¢¢ =95 +efigh +fro + 0
= ¢S =¢° —cfigh — 2 fro + 0. (D.6)
Then, we further transform the equation above using Eqs. (63), (D.4), and (D.5)

95 =90 —efi (07— 0°) — a9+ O
= ¢ —cfig +efi(figh +fr05) - frot + O
=0 —cfig" + [P 9L —fr9" + O
=9 —cfig" + (/1= f2) ¢°+ 0. (D7)

Now we insert into Eq. (D.7) the abbreviations (D.2) and (D.3) for the operators f] and fz. Then, we find the
following result to express the wave function ¢§ with ¢¢:

626

A Aok ol g€ + 3

2,2
Akak¢€+ze

2m, mg

€e

Ps = ¢ — Ak prg + O(€%). (D.8)

2
mg

As a side result, by combining Eqgs. (63) and (D.8), we directly find the following equation to express the wave
function ¢¢ with ¢€:

2.2 2
€e €~e €-e
Ak(xk¢>€ — .Ak.A[otkotl(l)€ — 3
2ms3

o y Arprd® + O(€). (D.9)

9e =
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As the next step, we transform Eq. (D.8) into an equation, where the wave function ¢ is expressed by a formula
containing the wave function ¢. Therefore, we apply the projector rr_(a on Eq. (D.8) and regard Eqs. (43), (63), (93),
and (100). Therefore, we find:

0 ete? k.l
— A Aja*a’ ¢€
me

04 _ 0 e 0_¢¢
Ty =T o
e

0 EzeA 5.0 + O3
+7T+W kPkd" + O(€”)
e

2,
= =9 - 2 (% + o<  AAiatolge
YL =9 om, (¢++¢ )+4 3 kA0
2,
tm zAkPMP +O(e). (D.10)
Now, we make a separate discussion for the term — Aka T’ (¢ G+ oS ) appearing in Eq. (D.10). Therefore, we

use Egs. (49) and (D.9). Then, we find:

k70 (g5 + %)

me 2m,

ih €
€ — Em_“lal) (¢ +¢%) + O(e?)

- 2
eh
=~ Ao+ i afal Akdipf + O
m

Zme Z

. €e Akak <6€Alal¢€>

2m, 2m,

. 2 h
e k! Ap019¢ + (9(63)

e

i€ eh ok
2
4 e

o Apdip€ + O3). (D.11)

In addition, from Eq. (D.11) follows

S (5 +¢5) = 0, (D.12)

thus, Eq. (D.10) has the consequence
@5 = ¢ + O(eD). (D.13)

Now, we regard that using Egs. (63), (78), (C.7), and (D.13), we find these side results:
9" = (o5 +9°)
= ezdﬁ +0()
=¢2 @+ O
= €2¢° + O(e). (D.14)
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How to approximate the Dirac equation...

Then, we insert Eq. (D.14) into Eq. (D.11). In addition, we use Eq. (31) and get this result:

© A0 (g5 + ¢ 622 e ool Aeprg® + O(€) (D.15)
- atm = o €’). .
2m,  KE TP T O = T " am? kpie

As the next step, we insert the result from Eq. (D.15) for the term — Aka b (qb S+ ¢€) into Eq. (D.10), and

apply then Eq. (79). Therefore, we get

~€ ~€ 6262 k1 ~€ 626 k1 A ~€
kol 3
4m 2m? )
62 ; 3
=0+ -— (2Akpk —a aAkpz)w + O(€”)
4m
~c 626 N . m Al ~e 3
=0+, 5 [2Ak P — (81 + i =) Axpr] ¢ + O(€”)
e
o, €’ 3
=6+ (Aipr — ierim =" A pr) §° + O(€”). (D.16)
e

Therefore, we find this result that transforms the wave function gbi into a expression that contains the wave function
s

62

¢C =@ + o 2[.Ap—lZ(.Axp)](,o + 0. (D.17)

Now, we can evaluate the first term i/ 9, on the right side of Eq. (107) by combining Egs. (105) and (D.17):

1 2
: ~€
ih 8,(p+ = <2

~ 2 eceh € A4
I —eV ) oS — ¥BoS — — I ¢¢
e ¢ >¢++2me Y+ 8m3 Y+
€2eh
_F
2

4 2
1 . o e .. g
=< I —eV) {(p + 2[.Ap—l)l(.Axp)](p }

2m, 4m?

z[(VV)xﬁ+eAxE]¢i

[hV (VV) +ieA 3 A)] 55 + O()

eeh TBF — €
2m, 8m3
eeh
_ﬁ

2ot

4 2

1 - eeh €2 .4 €2e 1 .2
= i’ —ev) g IBg — — I ¢ — 0 —ev p—iX NG
<2me ¢ >€0 + 2m, ¢ Smg’ ¢+ 4mg (zme ¢ ) [Ap 1 (A X P)] @

):[(VV)xﬁ+eAxE]¢f

[AV (VV) +ieA (3,4)] ¢ + O()

2
_eteh [(VV) x T+ eA x E] - ﬁ [AV (VV) +ieA 0, 4)] 5 + O@E). (D.18)
4me 4m?

With Eq. (D.18), we have found now the result for the term i/ 9, g?)i, which we were looking for.
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Appendix E: Calculation of the term i% 9;¢¢

In this Appendix E, the second term i% 9,¢¢ on the right side of Eq. (107) is rewritten in a form, where the wave

function @€ appears.

We start this calculation by applying 712 71 9, on Eq. (D.1). For the left side of this equation, we find because of

Egs. (58) and (93):

) ih 0,¢¢ = ih 3,¢<

(E.1)

what is just the term we want to calculate. Therefore, regarding Eq. (E.1), we find after applying 7t9r % 0, on Eq.

(D.1):

2
L €e €?e 3
ih0,¢¢ =m, |:1h 9, <2me — @Akpk(pi)} + O(e)

1eeh €e .
= om, F(8,.Ap) ak¢+ JTJ.Akak in 0,95
icZeh 2 3
- m 2 77() (0 Ax) Pk¢+ m 2770 Akpk ih at¢+ + O(e”).

By inserting Eq. (89) into Eq. (E.2), we find:

. - 1€eh
iy g = o (3 A a9,
e
€e 0 k 1 ) eeh . ] €
A I —ev [EB aV ]
2m, e {(Zme ¢ )+ 2me, e G V) }¢+
_i€’he e2e 1 a2 . 5
g —— 7 (9 Ax) prd — ngmflkpk e I —eV | ¢S +O()
ieeh 0 X 1 42
= s Ty (B;Ak)ot ¢+ + —eJT+Akoc (2me I —eV ¢j_
2 2 - 2
€’e . ie“eh R
+ Gz LA [ZB il (V) |65 = el @) pros

2
€“e R 1
o anAkpk(

~D 3
e 1| —ev> o5 + O().

In the intermediate result (E.3), five summands appear. In our next calculation step, we will evaluate them:

Analysis for the first summand.:

For the calculation of the first summand, we apply Eqs. (43) and (49). Then, we find

iceh iceh
o (@A P = g
16eh c
= o Ap) o ( ) oL+ O(eY).
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How to approximate the Dirac equation...

As the next step, we combine Eqgs. (C.7), (D.13) and get

29 = €26 + O(e). (E.5)

Then, we transform Eq. (E.4) by applying Egs. (31), (69), (79), and (E.5) and find the following result for the first
summand:

i€eh 0 « iezeh 0 A ;
2
h
== ez ool (3, Aw) pi§° + O().
4m3
(2
ie“eh ) L
= (B +iekm =") 3 Aw) i + O(E)
e
. 2 2
ie“en €2eh
= @ APF — == [(0.A4) x p]§° + O(E). (E.6)
4m? 4m? [ ]

Analysis for the second summand:

For the analysis of the second summand, we take into account that because of Eqs. (31), (32) and (A.6) holds:

AT = €Ay (pr + e A)
=& (1 + eAy) Ax — ine® (9,.Ar)
= EzﬁlAk + 0(63).

(E.7)
Therefore, using Egs. (31), (43), (49), (69), (79), (E.5), and (E.7), we get for the second summand:
¢ 0t (oA ev) ¢t = S Aot (S = ev ) 200t
2m, T k 2m, T 2m, k 2me -
€e 1 2 i€h
= — At O —ev i L) oS + 03
2m, ke <2me ¢ )(ﬂ 2mea l) i+ O
€ ) N
—ezakozl.Ak ( I — eV) pios + O(ed)
m e
_ e (8k1 + iexim =™) L ov) epgf + 0@
= 4m§ kl klm m, kPl @
2
€“e 1 .2
= — I —eV p o€
4m? <2me ¢ )Aptp
2
i€“e 1 .2
— M —eV )X p) g + O(). E.8
+ i (G = eV) (A B) 5 + 0 €9)
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Analysis for the third summand.:
Applying Eqgs. (43), (49), (68), (69), (79), (86), and (E.5), we derive for the third summand:

2 2h 2
S At [EB+id! V) | ¢ = Aka (282" +io! V)70 ] 65
me
2
= .Akak [ani +id V) ni] ¢S + O
dmg
2,2
h
- ‘Z—"’zaka’Ak @V) ¢ + O
2,2
i€e’h . ~
= (8kr + iexim =™) Ak (V) ¢ + O(€Y)
4m?
2 2,2
h h
_i ANV - DA X (V)G + O@ED).
4ms 4ms

Analysis for the fourth summand.:
Using Eqgs. (49), (68), and (E.5), we calculate for the fourth summand:

) )
ie“eh R eh
—Mmr (0 Ap) prds = “om? (3 Ax) pr 95
16 Zeh

=~ (@ Ap) pe s + O

16 Zeh

=~ 0 P’ + O

__Ieh o A)p 5+ OE).
2m2

Analysis for the fifth summand.:

Taking into account Egs. (31), (43), (49), (68), (E.5), and (E.7), we find for the fifth summand:

2 2
€“e 1 .2 €“e R 1
- 2710 Ak pr <2meH _ev>¢i:_2m§Akpk <2meH —ev>n+¢+
2
€“e R 1 A2 3
_2mg.,4kpk (2me f —ev> T PS + O()
¢ pei (= 2= ev ) ¢ + 0D
- —e €
2m? P\ 2m, +
2
€“e 1 42
= ———Ap(—T —eV )¢ + 0
2m? p<2me ¢ )90 €
2
€“e 1
= (— M —ev)Apg
2mg (Zme e) P¢
2
et P AV G+ OE)
2m?2
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How to approximate the Dirac equation...

Having calculated terms for the five summands, we insert the results (E.6), (E.8), (E.9), (E.10), and (E.11) into Eq.
(E.3) for the term i 9,¢¢ and find:

i 2e
iho,gc == 2 " o Ap e — & 27 2 [0 x b
e
n e2e .
4mg 2me Ap¢*
n ie2e
4m2 2me
ie2e?h e e2e’h
Im 2 A(VV) ~ E[.Ax(VV)](p
e
ieZeh .
gz @AIDF
eze 1 - n
2
- 162 e2 AVV) G + 0. (E.12)

After simplifying Eq. (E.12), we finally find this result for the term i% 9;¢< :

2
in o, = — < e = (@ Ap + ATV ¢ S 3 A) X P+ eA x (VV)] ¢
eze 1 4 A . A\ ~e 3
- 2mer[ —eV ) [Ap—iZ (A xP)]g + O). (E.13)

Appendix F: The differential equation for the wave function ¢¢

In this Appendix F, we demonstrate how a differential equation for the wave function ¢€ up to the second order in
€ can be calculated by inserting Eq. (109) for the term i 9,¢ into Eq. (107), and Eq. (110) for the term i% 9, ¢
into Eq. (107).

Therefore, by applying this insertions and simplifing the resulting equation, we find this intermediate result for
the differential equation for the wave function ¢€:

1 A e .
ih 8§ = o —ev) o+ % s — S fitge
2m, 2m, m3
2
€“e 1 .2
S (—Mf —ev|[Ap—iZ (Axp)|¢
4m%(2me ¢ >[ P! ( xp)](p
2 f R
—%):[(VV)anreAxE]@f
4m3
€Zeh . -
=SSV (V) +ieA @A
me
2
ie“eh . -
A [0, AP + e AVV)] ¢
me
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€Zeh
- 2
4ms
€“e

2
( ! ﬁz—ev> [AP —iZ (Axp)]é + O

~ 4m2 \2m,

T [0A) xp+eAx (VV)]ge

1 .2 eeh €2 4
= I —eV)g* IBgC — I ¢
(Zme ¢ )(p + 2m, ¢ 8m3 ¢
€2eh
4m?
i 2
ie“eh - . « -
= 3 [ V(YY) + e A A) + 04 b+ e AV Y)] ¢ +0O(e). (E1)
e

Z[(VV)Xl:[+e.A><E+(8tA)xf)+eAx(VV)](ZJE

Now, we start an analysis for the two terms

Ti=(VV)xH+eAxE+ (3,4 xp+edx (VV), (F.2)
Ty == —ih V(VV) + e A3, A) + 3, A) p + e AVV), (F.3)

which appear both in [...] brackets in Eq. (F.1).
We start our calculations with the transformation of the term T;. Therefore, we use Egs. (18), (32), and (F.2)—
then, we find:

Ti=(VV)xH+eAxE+eAx (VV)+ (3,4 x p
=[(VV)+ (3,.A) — 0,A)] x T+ eA x [E+ (VV)]+ (3,.4) x p
=—ExHO— 0.4 x I —eAx (0.4 + (3.4 xp
= —Ex I — (3,.4) x (f[—eA—f))
=—-E x II. (E4)

Having found the compact result (F.4) for the term T, we start now with the transformation of the term 7>.
For this task, we regard that because of Egs. (31) and (A.6) the equation

(0, AP = P9, A) + O(e) (E.5)

holds.
Then, using Eqgs. (18), (31), (32), (F.3), and (F.5), we find:

Ty = —ih V(VV) + e A (0,.A) + (3, A) p + e AVV)
=p(VV)+eA 3 A +p@3A) +eAVV)+ Oe)
=(P+eA)[(VV) + (3.A)]+ Oe)
= —ME+ Oe). (F.6)

As the next step, we insert the results (F.4) and (F.6) into Eq. (F.1) and find:
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1 .2 eeh €2 4
if 0,6 = i —ev)e IBG — —— Mg
nae (2me ¢ )‘P + 2me, ¢ 8m} ¢
2 i 22
h . I
+ S5 B (Ex )¢ + =5 A + O, (E7)
4ms 4mg

Now, we make an intermediate calculation for the operator X (E X f[) appearing in Eq. (F.7). Therefore, we use
Egs. (18), (31), (32), (A.6), V x VV =0, and find:

) (E X ﬁ) = Eiim EkElfIm

= &kim [ﬁm YiEr — X (ﬁmEl)]

= &ktm T Sk Ep + h &kt Sk {0 [(91V) + (91.AD]}

= exim T Sk Er 4 ik eggm Sk (30 V) + O(e€)

=N (T xE)+ih X (V x VV) + O(e)

=T (T xE) + O(e). (F.8)

Inserting Eq. (F.8) into Eq. (F.7), we find as a result this differential equation for the wave function ¢€ up to the
second order in €:

1 .2 h 2 4 el A ie2eh -
ih 9§ = — NG5 — eV + - EBG- — —— 1§65 + = [ (Z x E) ¢ + —5 HEG + O().
2m, 2m, 8m; ms 4m;

(F9)
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