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EQUIDISTRIBUTION OF ap’ WITH A CHEBOTAREV CONDITION
AND APPLICATIONS TO EXTREMAL PRIMES

AMITA MALIK AND NEHA PRABHU

ABSTRACT. We establish a joint distribution result concerning the fractional part of ap?
for 6 € (0,1), @ > 0, where p is a prime satisfying a Chebotarev condition in a fixed
finite Galois extension over Q. As an application, for a fixed non-CM elliptic curve E/Q,
an asymptotic formula is given for the number of primes at the extremes of the Sato-Tate
measure modulo a large prime £. These are precisely the primes p for which the Frobenius
trace a,(E) satisfies the congruence a,(FE) = [2,/p] mod £. We assume a zero-free region
hypothesis for Dedekind zeta functions of number fields.

1. INTRODUCTION AND STATEMENT OF RESULTS

For a real number z, let [x] and {z} denote the integer and fractional part of x, respec-
tively. The study of fractional parts of arithmetic sequences has been of great interest and
importance. For instance, distribution of {ay}, where « is a fixed non-zero real number, and
~ runs over the imaginary parts of zeros of L-functions has been studied in various settings,
see [Rad74, [Hla75, [Fuj93, MR20]. Another example would be of lacunary sequences and poly-
nomials, in particular, {an?} for which we refer the reader to [RSZ01l, [RZ02, [Zah95, [Wey16]
and the references therein.

The study of effective equidistribution of p? for 0 < # < 1 and related sequences such as
{ap®+ B} is important due to its connection to the infinitude of primes of the form n?+-1; this
is equivalent to the statement that {,/p} < p~1/2 holds for infinitely many primes p. Such
sequences have been studied extensively, see [Bal83l Har83, [Bai04, [BH91, BKS5 MS03]
to name a few. A major breakthrough in this direction was achieved by Friedlander and
Iwaniec [FI98] where they show that the polynomial z* + y* captures its primes, followed
by Heath-Brown [HBOI] for the primes of the form x + 2y3. More recently, there has been
study of fractional parts of \/p with p being of a certain type, namely p + 2 € P,, the set
of positive integers with at most r prime factors counted with multiplicity, see for example
[Cail3, Mat09, SW13].

In this paper, we study joint distribution for the fractional parts of prime powers where
the primes also satisfy a Chebotarev condition. It is well-known that for 0 < 6 < 1,

#{p <z :{p°} <0} ~ on(x)

with a power saving error term. Here, 7(z) denotes the number of primes not exceeding x.
On the other hand, for a fixed Galois extension L/Q and a union of conjucgacy classes C' in

2010 Mathematics Subject Classification. 11G05, 11N05.
Key words and phrases. Joint distribution, fractional parts, elliptic curves, extremal primes, Chebotarev
density.


http://arxiv.org/abs/2012.12534v2

G := Gal(L/Q), the celebrated Chebotarev Density Theorem implies that

€l

#{p <z : p unramified in L,0, € C'} ~ @ﬂ'(l’)

as x — 00, where o, is the conjugacy class of the Frobenius automorphism associated with
any prime in L lying above p. Here the focus is on the distribution of {ap’} with o, € C,
which we now describe. To simplify exposition, henceforth when we write o, € C, we assume
that p is unramified in L, unless mentioned otherwise.

Theorem 1.1. Let a >0, w > 1,0 < 6 < 09 < 1 with 6 := 3 — 1, and 6 € (0,1) be fized.
Let L/Q be a finite Galois extension with ny, = [L : Q]. For /2 < A < 1/2 fized, assume
that C1,(s) has no zeros in the region s > 1 — A and forw > 1,

o (wny /6) 2 (log 2)? < a2/279/4,

Then the following holds uniformly in o, « and w.

#{r<p<22:6 <{ap’} <3y and o, € C} — 5%7r(:c)
C] (0w)!/2al/ 1-A/2+6/4 Ow 1-6/2
<y @nL log x Ti + Wl’ log x

+ (Onpw) 2oz og x4+ —

We note that for all our results, setting A = 1/2 is equivalent to the Generalized Riemann
Hypothesis (GRH) for (;(s). However, we do obtain a power saving over the main term even
for weaker zero-free regions, as long as A > 6/2.

Setting o« = 1,0 = 1/2, and 6; = 0 in Theorem [I.T], one obtains the following generalization
of [Bal85] that investigates the distribution of fractional parts of p’ with p = a mod q.

Corollary 1. Assume the notations and hypotheses as in Theorem[L1. Then
#{r <p<2zx:{\/p} <6 and o, € C} — onc(z, L)

< 1¢] ((5wnL)1/2x9/8_A/2 log z + npdwz®*(log x)? + ox ) :
|G| wlogx

The above results are of a similar flavour as some other interesting joint distribution
theorems such as asymptotics for the number of Charmichael numbers composed of primes
satisfying the Chebotarev condition studied in [BGY13]. In [AG15], an asymptotic estimate
for the number of Piatetski-Shapiro primes up to z satisfying the Chebotarev condition is
derived.

Using essentially the same ideas as in Theorem [T, one can prove a similar result, stated
below, where the bounds for the fractional part of the prime are themselves a function of
the prime.

Theorem 1.2. Let a, A > 0 and 0 € (0,1) be fized. Consider a finite Galois extension L]/Q
and let ny, = [L : Q] and dr, denote the absolute discriminant of L. For 0/2 < A < 1/2 fized,

2



assume that (1(s) has no zeros in the region Rs > 1 — A. Then, forw > 1, as x — oo,

#{r<p<22:{ap’} <p™ and o, € C} - Z p

m<p%%x
op€E
C 1-A
<y % wxlog . +wa'’? 292 1og d; log® x
C 1-2-6/2
+ %alﬂ log® z (log dy, + ny, log ) (wal_A+9/2 + 2T ).
!

Setting 0 = 1/2,a =1 and A = 1/4 — € for any € > 0, we obtain the following asymptotic

result, in the spirit of Landau’s prime counting problem where the primes satisfy {\/p} <

—1/2
p

Corollary 2. Assume the notations and hypotheses in Theorem[1.2. Then, for any e > 0,
#{r <p<2z:{p}< p Y+ and o, €C}— Z p/Ate

i.e., p— 1 is a perfect square.

T<p<2zx
opeC
C x3/4+e C
%w gz wz'/*log dy, log® x + %“21‘5/ 2 log’ x (logdr, + ny logz) .

1.1. Applications. Our main application of Theorem [L.I] is towards the extremal prime
counting function for elliptic curves without complex multiplication (CM). Let E denote
a non-CM elliptic curve over Q with conductor Ng. For a prime p of good reduction, F
reduces to an elliptic curve over the finite field F,, and we denote by a,(E) the trace of the
Frobenius automorphism acting on the points of E over F,. Then, a,(E) = p+1—#E(F,),
and the Hasse bound |a,(£)|< [2,/p] holds. As the name suggests, extremal primes are those
for which [a,(E)] = £[2,/p], i.e. the primes at the ends of the Sate-Tate distribution. It is
not yet known whether there are infinitely many such primes for a single non-CM elliptic
curve. We refer the reader to Section Bl for more details on the background and results
on extremal primes in the literature. Using Theorem [T, we prove the following result on
primes satisfying the extremality condition modulo a large enough prime /.

Theorem 1.3. Let E/Q be a non-CM elliptic curve and L = Q(E[{]) denote the (-torsion
field of E with { being a large prime. For 1/4 < A < 1/2 fized, assume that ((s) has no
zeros in the region Ws > 1 — A. Then, for { < 122/971/18,,=2/916078/% 3 () > 1,

m(x)

#{r <p<2zx:pf{Ng, a,(E) = [2y/D] modf}—T

<g w254 9/8=A2 60 o T2/ (log o).

wllog x

The inspiration to study the quantity in Theorem [[3 comes from the work of Serre [Ser72]
and Murty-Murty-Saradha [MMS88] towards the Lang-Trotter conjecture, which predicts
that for t € Z fixed,

#{p<x:ptNg a,(E) =t} ~ Cgy x'/*/logz, asz — oo,
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where Cp, is a constant depending on E and ¢. In the case of upper bounds towards the
Lang-Trotter conjecture, better estimates are known when a,(£) = 0. In a similar spirit, we
obtain better estimates for the joint distribution in the particular case of a,(£) =0 mod /.
To be precise, the following holds.

Theorem 1.4. Assume the notation and hypotheses as in Theorem and ¢ be a large
prime with { < 2?2711 (log 2)~%7w=2/7. Then

()
/2

+ w3 (log ).

#{x <p<2x:pfNg, a,(E)=[2\/p] =0mod (} —

. WL29/8=0/2 og
B r2ulogx 0174

<

Moreover, choosing w = 1 and ¢ = 222/9-1/18 106789 2 in Theorem [[.3, we obtain the
following upper bound for the number of extremal primes up to x.

Corollary 3. Assume the notation and hypotheses as in Theorem[1.3. Then for x large,
{r <p<2x:p{Ng, a,(F) =[2/p]} <& 28289 (Jog )71/

Remark 1. Similar results can be obtained for extremal primes at the other end, i.e. when
ap(E) = —[2/p], using essentially the same arguments as presented here. Moreover, because
of the generality in Theorem [I1], one can write versions of Theorem and Corollary [3
where \/p is replaced by P’ for 6 <1/2.

The structure of this paper is as follows. We begin with the joint distribution result
adapting the ideas of Balog [Bal83] and Lagarias-Odlyzko [LOT7] and prove Theorems [[.1]
and in Section Extremal primes and proofs of Theorem and Theorem [I.4] are
discussed in Section [Bl Lastly, in Section Ml we provide details of the results needed in
Section
Acknowledgements: The authors are grateful to Chantal David for suggesting the problem
and for many fruitful discussions, and to Terence Tao for bringing Balog’s papers to their
attention. They thank MSRI and WIN-4 workshop organizers at BIRS for their support
where part of this work was accomplished. The authors would also like to thank Ayla Gafni
and Caroline T.-Butterbaugh. The first author is supported by NSF Grant DMS-1854398.

2. JOINT DISTRIBUTION RESULTS

In this section, we give proofs of Theorems [I.1l and [T.2]
Remark. In what follows, we may assume that the parameters a and 6 satisfy az? > 1 since
for ax? < 1, az? = {a2} € [§1,0,), and therefore the desired quantity can be computed
using the Prime Number Theorem.

2.1. Proof of Theorem [1.1l
Proof. To start with, we capture the fractional parts in the desired interval as follows:

1 if & < {ap?} < &y
0 otherwise.

[ap® — 61] — [’ — 6] = {
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First, we obtain the result when z; < p < x4 for z; ;= [z(1 +j/B)]+1/2 for j =0,...

and B = |w]. Summing over j then establishes the result for z < p < 2.
With 6 = 05 — 01, the length of the interval, we set
0 0
ax; ax;
U. = —L, U, = —2+1
5 +

Then for z; < p < x;41, we have

1 1
ap’ <1—U—) -6 < ap? — 5, < ap’ (1_U_+) — 1.

Note that we are interested in the sum

S = Z [ap? — 61] — [ap? — 6]

Tj<p<Tji1
opeC

in order to bound the number of primes z; < p < x;,; such that g, € C and §; < {ap?} < .

This implies

S > Y [ape—al}—[aﬁ(l—U%)—al}

T <P<Tjqn
opeC

and

Therefore, using

0
ap )
-+ _5 Z
U, +O<w)’

in order to obtain the claimed asymptotics for S, it suffices to prove

s st ()]

Tj<p<Tji1
opeC
< C] lo (6 /w)1/2 1/4,1-0/2+0/4 4 ong, 21792 o0 1
‘G| gx nr 84 OK1/2 g

+ (Onp Jw) 2ol gA 204 og 1.

We may write the summand
1
[ape—dl}—{ape (1—U—i)—5l}: Z 1 — Z 1.

Define the sequence (@, )men

S 1 if%a:ce—él <m < 3az? —§
™10 otherwise.
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Set

As, (M) = Ay = A m+51)
5. (M) m%é mZ f( 7
where
1 ifo<y<1
flyy=491/2 ify=1
0 ify>1.

Using the inverse Mellin transform, for o > 0, we write

fly) = L /U AN

21 Jolioo S

For y = (m + d1)/M, this gives

1 fotiee a M*
As (M) = — — dx. 2.
n(M) =305 /U_m ;(mwl)s s (23)

Thus, using the definition of the sequence (a,,), we rewrite (2.2)) as

[ap? — 6] — [ape (1 — Uii) — 51} = > am - > m

nF o et (i)

Ay, (ap®) — A, <ap9 (1 _ Uii)) |

In order to estimate the integrals Az, (ap®) and Ay, (ap9 (1 - i) ), given by (2.3), we make
use of the truncated Perron’s formula [Tit86, Lemma 3.12], and obtain

[ap? —61] — {(Ozpe) (1 - Uii) - 51] _ 2%2 /11/2+iT1 L(s)H(s) p” ds

/2—iTy

-1
. _ ap
+O<1 Z mm{l,Tlllogm_i_é1 })
+ax? <m+61 <3ax?
0 w1 flog 2 (11
+ Z min q 1,14 og — - U_:I:
1 1/2+iT1

%a:c9<m+61§3a:c9
0
— L(s)H(s)p? ds+ O (% log(ax9)> ,

2mi Jy /2—iT) 1

H(s) 1=§<1— (1_%)) <l

1
L(s) :==a° Z CESAL

%axe —51<m<3axz?—6;

where

and
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Note that 77 will be chosen so that az? log(az?) < 6T} so as to obtain a true error term.
Summing over the primes, we find

> (o o1 (i) -s])

T <p<Tji1
opeC
1 [1/2+n o’
= —/ L(s)H(s)F(—0s) ds + O | ——log(ax)mc(x;, L) |, (2.4)
21 J1j2-ir T

where

F(s) := Z p° and ne(xj, L) == Z 1.

Tj<P<Tiqn T <PSTjqn
opeC opeC

First, we compute the above integral in the smaller range, up to Tp := ax?. Observe that

in the range [t|< Ty, we have
1 |s — 1]
H(s)=—+0
(s) Uy " ( Uz )

and
,(3aa)1= = (az?/3)"~
1—s
Therefore, for the integral in (2.4]) in the range [t|< Ty, we have
1 1/24iTo
— L(s)H(s)F(—6s)ds

2mi Jy /2—iTH

L(s) =« +0 (a:_(m(s)) .

1 1 1/2+iTo 3 0\1—s __ 0 3 1—s
toaypmen 2 S 1—s
opeC
) To
+ 0 <—x—39/2/ |F(—0/2 — i0t)| dt) . (2.6)
« —To
Using Cauchy-Schwarz inequality, the error term (2.6)) is bounded by
5 To 1/2
< a2 ( / |F(—0/2 — i6t)|? dt) . (2.7)
o T

Also, by applying the mean value theorem for Dirichlet polynomials, we have

/TO |F(=0/2 — i6t)|> dt < o (x;, L) (To+ z/w).

—To

Inserting this estimate in (Z7), the error term (28] is bounded by
< 5T01/2(ozx9)_17rc(xj, L)Y/? (Tol/2 + :L’l/z/wl/2>
< dmo(xy, L)Y? (1+ x(l_e)/Q(aw)_l/Q) : (2.8)
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using Ty = ax?. We now compute the integral in (ZH) to obtain the desired main term. The
change of variable w = 1 — s yields

1 Z .1 1/2+iTo | <(3$9)w (x(’ )w) ;
— ap’ — — — |53 w.
Uy 2, <Pl 271 1/2—iT, W p 3p

opeC

By Perron’s formula, for all values z; < p < x4,

1 1/24iTo 1 31,6 w LL’Q w 1
_ - -] — (= dw=14+0(=].
210 Sy jo—imy W (( P’ ) (3179) ) v i (TO)

Therefore (2.5) becomes

(7
ap 1 9
— O . 2.9
3 i b > (2.9)
zj<p<mjy1 zj<pSTjyl
opeC opeC

= (o - [or(1-8) o] )

T <p<Tjyn
opeC

s £(1-0)/2
<L dme(xj, L) (1 + (aw)1/2) + "y oz, L)

0 T

+ 27 g (aa?)me(e;, L) + — / L(1/2 4+ it)||[F(—8/2 — i68)]| dt. (2.10)
Ty Us Jg

In order to estimate the integral in the error term above, we use dyadic division, and bound
the following integrals

. !/
1 1/2+i2T

21"
— L(s)H () F(—s) ds < — / IL(1/2 4+ it)||[F(—0/2 — i6t)| dt

for Ty < T'" < T;/2 using Cauchy-Schwarz inequality. This is achieved by obtaining the
following uniform bound for 77 < 7 < 27" and [z, zj1+1] C [z, 2z] established in Proposition
for K = Q,

bxl
F(=0/2 — i6r) < 272 (log dp +b+ x;,gx)
C] 1-A+6/2 / logT" 2
— 1 logT —];
+ |G|:E ogdy, +nplog log = + ik

and the mean value estimate below given by Lemma A.1]

21"
/ |L(1/2 +it)|? dt < oT" + o*2%(log ax?).

!/
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Note that A € (6/2,1/2] is fixed. This gives us

/2T/\L(1/2 4 t)||[F(—0/2 — i0t)| dt

’

1/2 ]
< <aT’2 + o*2°T" (log oz:z:(’)) {x9/2 (log dp + b+ b ;%x)

C| 1-A+6/2 N (logT' |z
— 1 logT —
" |G|I ogdr +nrlog log x * T

1/2
< 2%% (log dy, + b) (aT'2 + T’ log(azze))

_ 1/2
+ bz t92 og (a + T2 1og(aa:9))

C
+ %:ﬂl_mﬂ/z (logdy, + nglogT")

1/2 log T"
((aT/2 + T2’ log(ax9)> 08

log x

1/2
+ (a + 2T 'a? log(ax9)> a:A> :

9
Recall that Uy < %, ar? <T' < T; and ax’log(az?) < 6Ty. Therefore,

1)

1 27”7
i |L(1/2 + it)||F(—0/2 — i0t)| dt

+ J

g ICl 1A logTy = A
< W {@x (logdL +ny IOng) T1 IOgI +x
+ T3 (logdy, + b) + bx log :c}
We now set
o34
" (npdw) 2 log o (2.11)

Observe that log T} < logz since we have assumed a/*(wny/6)Y?(logz)? < 1974, Thus,
using logd;, < nglogng (which follows from the discussion in [Ser72l, Section 1.3]), we
conclude

/
1 2T

o | ILQ/2+ )| F(=6/2 — i6t)] dt < (nyfw) 2t 12t/
+ J17

|C| _ 57’LL _
—i—@ (ong/w) 2ot/ 4zt A/2+9/4+—a1/2:c1 210g x| .

Given the value of T7, since we use dyadic division of the interval [Ty, 7], the number of
integrals that we need to add is O(log ). With this, inserting the above estimate in (210

9



gives us

(o oo (-5) -0 - 5)

T <p<Tj+1
opeC
s £(1-0)/2 5
< ome(xj, L) (1 + (aw)l/Z) + 3 ez, L) (2.12)
C o
+ % log ((5nL/w)1/2a1/4x1_A/2+9/4 + %xl_em log x) (2.13)

+ (Onp Jw) 2ol gt /2H0/4 og o,

Note that the error terms in (2.12]) can be absorbed into (2.13]). Invoking (2.1]), this completes
the proof of Theorem [I.1l O

2.2. Proof of Theorem [1.2. Since the proof is similar to that of Theorem [L.I], we point
out only the main differences below and omit the details.

Proof. We proceed as in the proof of Theorem [I.1] with
51 = O, 52 = p_)\.

Note that in this case § = p~* < x;)‘ and hence we can eliminate § from the error terms.
We follow the proof above until (ZIT]) and choose

_ 0+
Ty = awz; " log .

Following the reasoning after (2.11)) in the proof of Theorem [[T] with the above value of T},
we obtain the asymptotics when z; < p < z;4,. Lastly, summing over j gives the desired
result claimed in Theorem O

Remark 2. One can also write versions of Theorems 11l and [1.2 for a normal extension
L/K with Galois group G = Gal(L/K), where K/Q is a finite extension and C is a fized
conjugacy class of G. Here one would obtain joint distribution results for the primes p € K
unramified in L with the Artin symbol [L/TK] = C and norm Ngop < x with conditions on
the fractional part {a(Nyop)?}. For the sake of clarity of exposition, and applications, the
proofs are presented with K = Q.

3. APPLICATIONS: EXTREMAL PRIMES FOR NON-CM ELLIPTIC CURVES

In this section, we provide proofs of Theorems and [T.4

Let Ng denote the conductor of the elliptic curve £ without complex multiplication (CM)
over Q. Recall that extremal primes for a fixed elliptic curve £ are those for which [a,(E)] =
+2,/p. These were first studied by James et al. [JTT16] (see also [JP17]) who conjectured
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that, as © — oo,

) 1'3/4

3 1o for £ with CM;
T x
#{p <z :pfNp,ap(E) = £[2¢/p]} ~ 2 (3.1)

8 S(Il/4
— for E without CM.
3m logx

The asymptotics for CM curves were proved in [JP17] while for the non-CM case, |[GJ1§]
confirmed the asymptotics on average. In contrast, the asymptotics (B.1]) for a fixed non-CM
curve seem to be out of reach with current techniques. In [DGMT20], along with David,
Gafni, and T.-Butterbaugh, the authors established the following upper bounds for a single
curve £/Q, under GRH[ for L(s, Sym"(E)), n > 0.

#{r <p<2x:pfNp, a,(F) = 2D} <& 2%
From recent work of Gafni, Thorner and Wong [GTW20], it follows that an unconditional

upper bound of the order of z(loglogx)?/(logx)? holds. As an application of Theorem [LT],
we study the asymptotics of the following related quantity

#{r <p<2x:p{Ng, a,(FE)=[2/p] mod (}. (3.2)
We begin by giving some background needed for the proof of Theorem [.3l For a given

prime ¢, let E[¢] denote the (-torsion points subgroup of E[Q]. It is known that the Galois
representation
PE. - Gal(@/@) — Aut]FZ(E[E]) = GLQ(F@)

is unramified at all primes p t Ngl. The field Q(E[{]), obtained by adjoining the coordinates
of all the (-torsion points of E to Q, is the fixed field in Q of kerpp . Serre [Ser72] showed
that for all but finitely many primes ¢, the representation pg, is surjective. Thus, using pg
we see that for all but finitely many primes ¢, the Galois group G, := Gal(Q(E[(])/Q) is
equal to GLy(FFy). Henceforth when we write ¢, we assume that it is a prime large enough

so that the surjectivity of pg, holds. The characteristic polynomial of pg (o,) is given by
2% — a,(E)z + p (mod¥).

That is, a,(E) is the trace of the Frobenius automorphism at p. Therefore, for a € Fy, if
Cy(a) denotes the union of conjugacy classes in GLs(IF,) of elements of trace a modulo ¢,
then

a,(E) =amod ! <= o, € Cy(a).
The structure of conjugacy classes in GLy(F,) for an odd prime ¢ is well known, see for
example [FH91l Section 5.2]. It follows that

?—0—1
)l _ JEry T .
G 4 for a — 0 (3:3)
e-ne+y T

1 1
- —4+0(—=]).
0 (=)
IThe result in [DGMT20] assumes additional hypotheses which are now known to be true due to the

recent breakthrough of Newton-Thorne [NT20].
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Moreover, for a # 0, Cy(a) is a union of ¢ conjugacy classes, while C;(0) is a union of £ — 1
conjugacy classes. We use the following effective Chebotarev density theorem of Lagarias-
Odlyzko [LOTT] which is sufficient for our purposes.

Theorem (|[LOTT]). Let L/K be a finite Galois extension of number fields with Galois group
G and C be a conjugacy class in G. There exists an effectively computable positive absolute
constant ¢y such that if 1 (s) satisfies the GRH, then for every x > 2

]

C
mo(z, L/ K) — %w(:c) < clﬁxlp log dpx"* +logdy,. (3.4)

3.1. Proof of Theorem 1.3l

Proof. For each residue a € {0,1,...,¢ — 1}, we have

2yp] = amod ¢ {#} . {%ng)

and
a,(E) =amod l <= o, € Cy(a) C G,.
Therefore, by Theorem [T with 0 = 1/2,a = 2/¢, and § = 1/¢, we have

#{p <z : ay(E) = [2¢/p] = amod (}
:#{pgx:ape@(a) and {%} e {%“;1)}

1
= 7 @ (x,Q(E[{])) + O <w1/2€1/4a:9/8_A/2 log & + wl® 223 *1og? z + wf%ogx) .
This gives
#{p <z :a,(E)=[2\/p] mod (}
= Z #{p <x:ay(E)=[24/p] = amod (}
a mod ¢
1
= Z 7 i@ (x,Q(E[{])) + O <w1/2€5/4a:9/8_A/2 log & + wl™?23*10g? z + “x )
a mod £ wtlogw
_ m(z) 1+ O [ wl/2gp/4,9/8-1/2 log = L BT log5/2:c 4 z 7
l wl log x
where we have used (3.3) and (3.4) to compute ¢, ) (z, Q(E[(])). O

3.2. Proof of Theorem [1.4l As in the proof of Theorem [[.3, we note that
#{p <x:ay(E)=[2y/p] =0mod ¢}

:#{x<p§2x : 0p € Cpand {#}E {0,%)}7

where Cj denotes the union of conjugacy classes of trace zero in Gal(L/Q) = GLy(F,).
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Before giving the proof, we first fix some notations and record some useful results needed
for the proof. For a group G and C' C G, let ¢ : G — {0,1} denote the class function such
that dc(g) = 1 if and only if g € C. Then,

ro(e.l)= S Goloy).

p prime
p unramified in L
r<p<l2z

Let
@C’[51752)(ZL’, L, a) = Z 50(0'p).

p prime
p unramified in L
r<pl2z

61<{ap?}<d2

We now define an analogue of these functions that include contributions from ramified primes
as well. Let D, and I, denote the decomposition and inertia subgroups of G, respectively at
a chosen prime ideal p lying above p. Consider Frob, € D,/I,, the Frobenius element at p.

Then, for each integer m > 1, we define
m 1
50(0’17 ) = m Z 50(9)

p

geDy
m
gl,=Frob,"en, /1,

Note that dc(o7") is independent of the choice of p and the above definition agrees with the
usual definition of é¢(o]") for primes p that are unramified in L. Define

m m
Fo(z, L) = M and @ (z,L,q) = dc(0y')
TTol\x, = m C,[61,02)\ Ly L, &) 1= m :
p prime,<n§21 p prime,<77;21
z<pM<2x r<pM<2x
61§{O¢pm9}<62

With these notations, we state two lemmas from [Zyw15] to be used later, and we state them
for our case when the base field is Q.

Lemma 3.1. [Zywl15, Lemma 2.7| For any subset C' of G stable under conjugation,

. 2172
7Tc(l’, L) = Wc(l’,L) +0 <10g:)§' + lOgdL) . (35)

Note that the term logd; above makes the error term a little cruder than what appears

in [Zyw15], but sufficient for our purposes. The following result follows from Proposition 8
of [Ser72].

Lemma 3.2. [Zywl5| Lemma 2.6 (ii)] Let N be a normal subgroup of G and let C be a
subset of G stable under conjugation that satisfies NC C C'. Then

77('0(517, L) = ﬁ'c/ (LL’, LN),
where C' is the image of C in G/N = Gal(L" /Q).
We are now ready to prove Theorem [L4
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Proof. Consider the extension L/Q with L = Q(E[(]). Observe that Cj is stable under
multiplication by H,, the subgroup of scalar matrices in GLy(IF,). Moreover, it is the inverse
image of C}, the subset of order two elements in G}, := G;/Hy = PGL2(F,). Applying Lemma
3.2, we obtain

ey (@, L) = @iy (a, L),
Therefore, invoking (B.5]), we have

2 1
#{x<p§2:c:ap€Co, {7\/@} € [O,Z)}
2
= QCO,[O%) (:L’, L, Z)
1/2

2 x
— H,
—(I)C(’),[O,%) (SL’,L Z,E) +O<1ng+10gdL)

Applying Theorem [T with § = 1/2, o = § = 1/¢ and the Chebotarev Density Theorem in
the form given in ([3.4) to the sub-extension L#¢/Q, we conclude

9 113'1/2
H,
(I)C(l)’[()’%) (flf, L Z, Z) + O <]0gx + ].Og dL)

4 PPwlog x (1/4
_ m(x) /2%

2l (ﬁzwlog:c_l—w /4

for ¢ < x?2/71/14,=2/T10g™%7 1 noting that logd, < [L7¢ : Q] = |[PGLy(Fy)|< 3 and
|C}/GY|= 1/ + O(1/¢?). This completes the proof of Theorem [L4l O

log  + w*?23/* (log x)2)

9/8—A/2

log & + wl® 223/ (log a:)z) :

4. PROOFS OF INTERMEDIATE RESULTS

In this section, we give proofs of two auxiliary results used in Section
4.1. Mean value estimation of L(1/2 + it).
Lemma 4.1.

or
/ |L(1/2 +it)|* dt < oT" + o*2% log(aa?).

/

Proof. We have

27’ o
/ ‘L(l/2+it>|2 dt = a/ Z (m+51)—1/2—it dt
l Tl az? /3—61 <m<3ax?—d;
2T —1/2+it
= -1 (k' + 51)
= S m+a) T+ 3 s

az? /3—61 <m<3ax?—5; az? /3—61<k#m<3azx?—d;

B aT’ a((m+6,)(k+6,))"1/2
= 2 CETAREY 2 Toa((m + 02)/(k + )

az? /3—61 <m<3ax?-§ ax? /3—61 <k<m<3az?—§

14



Using 0; < ax?/3 and rewriting the sum in the error term, we obtain

(m+61)/9

a
amg/g_(;l;ngmg_& ; (m+61)\/1—=r/(m+d)log(1—r/(m+d))
(m+61)/9

< Z Z % < o*2% log(ax?).

az?/3—861 <m<3ax?-6 r=1

This gives us

27"
/ |L(1/2 +it)*dt = T’ Z (m+61)"" + O (a?2” log(az?))
' az? /3—61 <m<3ax?—5;

< ol + a*2%log(az?).
This completes the proof of the lemma. O

4.2. Estimation of F(—6/2 — ift). For each sub-interval [z}, x;41] C [z,2z] we prove the
following.

Proposition 4.2. Let 6 € (0,1) be fized. Consider a finite extension K of Q and a normal
extension L over K with Galois group Gal(L/K) = G. Let C be a union of b conjugacy class
i G, define

F(—0/2—i0r)= > (Np)"/>H

i <N(p)<zjt1
opE

Assume that the Dedekind zeta function (r(s) has no zeros in the strip Rs > 1 — A where
0/2 < A<1/2. Then

F(—-0/2 —i01) < gatl_mre/z(log dr, +nplogT") <

log T" :zA)
_l_
G|

logz T

1
4 2902 (log dy + bng + b ;g I)

uniformly for 0 <T' <7 < 2T".

The proof follows along the same lines as in [LO77]. The function F(—60/2 — i07) here is
similar to that of m¢(x, L/K) in [LOTT|, the main difference being a shift in the complex
variable s = o + it by 6/2 4 if7. While the shift in the real part by 6/2 results in a factor of
2%/2 tagging along with the error terms obtained in [LOT7], the shift in the imaginary part is
where the saving is obtained. To be precise, we choose a contour that is a box which avoids
the real axis, therefore the only poles in the interior are the non-trivial zeros of L(s, x, L/FE),
and a pole at —0/2 — if7. In particular, the residue from the pole at s = 1 that makes up
the main term in the proof by Lagarias-Odlyzko [LOT7]| does not appear here, giving us a
power saving under the assumed zero-free region hypothesis, which is equivalent to GRH
when A =1/2.

We now provide details of the proof.
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Proof. We first consider the function

. log Np
Ve(=0/2-i0m)= 3. iy

Np™e(zj,zj41]
p:unramified

2]

for a single conjugacy class C'. We use partial summation to pass on to the bounds for
F(—=6/2 —if7). As in [LOTT], in order to use Hecke L-functions, we need to consider the
ramified primes as well, (which are later removed). For $ts > 1, let

C
o SR (ox B (4.1)

where x runs over the irreducible characters of H = Gal(L/FE) and FE is the fixed field of H,
the cyclic subgroup of G generated by a chosen element g € C. Note that

Z@ ) log(Np)(Np) ™

where for an unramified prime p C Ok,

@(pm):{l if [L/K] =C

0 otherwise

and |©(p™)|< 1 if p ramifies in L. We use Perron’s formula to estimate F'(—6/2 — i01) by
considering partial sums of Z(s), which include the ramified primes as well. Define

oo+iT

— | z(s—9/2- ief)w%ds (4.2)
oo—iT

I(z;,T):=Ic(x;, T,0,7) =
where T'= 0T"/2 and 09 = 1+ 6/2 + 1/log z. Then,

Ve (—0/2 —i07) — I(z;, T)| < {I(2;,T) — Z Séz;z(l_oigivi))

p?m
T <Np<zjt1

O(p™) log(Np)
+ Z (Np)m(—9/2—i97—) ’
p?m
T <Np<wji11
p:ramified

16



The two terms on the right hand side of the above equation are now estimated. Using Lemma
3.1 of [LOTT], we have,

©(p™)log(Np)
I(z;,T) = Z (Np)m(=6/2—ibr)
pim
Tj<Np<zj11
log Np 0o
< Z ((Npm)—€/2 + ?)
p?m

Np™=x;11 or Np"=x;

i1 \° T |7 log Np
+ Z (j—tln) min (1,T‘1 log jtln ) -
c~  \Np Np (Npm)=0/2
Np™#zjq
z; \7° z; |7 log Np
+ > ( Jm) min (1,T‘1 log —2- ) LA
e~ \Np Np (Npm)=0/2
Np’UL#:Bj

Following arguments from [LOTT7] to estimate the terms on the right side of the above in-
equality, and noting that z; < 2z for each j =0,..., B, we get

21192 Jog?

O(p™)log(Np) o/ 9
I(z;,T) - pzm (o < Priclog e +nicos + nx——— (4.4)
2 <Np<zjq1
Moreover,
O(p™)log(Np) 42
Zm (N )(=/2=707) < 2" “logxlogdy,. (4.5)
Ej<1\%SIj+1
p:ramified
Putting (44]) and ([@3]) together in ([A3)), we see that
1
U (—0/2 —ifr) = I(z;,T) + O (:WZ log (log dy + nx + @)) . (4.6)
Next, we estimate I(z;,T"). From (£2) and (1), we have
|C| 1 00+iTL/ s s
[ )
Ix;,T) = ——: v(g)— “(s—0/2—1 L/E) 23t i
(0 T) =~ X0 | Te-o-ionx /Pl as
oo—iT

where x runs through irreducible characters of H = (g), T" < 7 < 27" is fixed, and T =
01"/2. We make the change of variable s > s — & — if7 to rewrite

1 . .
1+logz+2T—Z€T

_ s+6/2+i01 s+0/2+i01
C] X(9) / L xjil — T
I(z;,T) = —+— — L/E ds.
5 T) |G| £~ 2mi L (X L/E) s+0/2+i07 °

1 . .
1+logz—2T—Z€T
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Abbreviating %(s, X, L/E) by %(s, X), we evaluate for each character x of H, the integral

1 . .
1+logz+2T—Z€T

(o0 T) ._L / 5,(8 ) x;+9/2+i07 .
XA o L ’Xs+9/2+i97'

1 . .
1+logz—2T—Z€T

for each 7 = 0,1,..., B. We may assume that 7"+ 07 and T' — 67 don’t coincide with the
imaginary part of a zero of any of the L(s,x). To estimate this integral, we move the line
of integration and consider the integral over a rectangle and apply Cauchy’s theorem. More
specifically, for J := m + % where m is a non-negative integer, let Br ;4 be the positively
oriented rectangle with vertices at 1+ 10293 —i(T+07), 1+ loéx+i(T—9T), —J—=4+i(T—07) and
—-J- g —i(T+071). Observe that this box does not intersect the real-axis, because T'— 01 < 0
for all 7 € [17,21"]. Define

0/2+i67

€T L xS
I (2:.T.J) = 2 2y g
x(#5, T, 7) o /BTJ’G L(S’X)S+9/2+i97' 5

Now we estimate the error term
Rx(xj’T> J) = [X(IhT’ J) _Ix(xjaT) (4.7)
uniformly for each j =0,..., B. Here, the error R, (z;,T,.J) consists of sum of one vertical

integral V, (z;,T, J), and two horizontal integrals H,(x;,T,J) and H}(x;,T) which we now
estimate, following the line of proof in [LOTT, Section 6, Lemma 6.2]. We deduce

1 -T x—J"rit L/
Vi(x;, T, J) = — L 2 (=J—0/2+i(t—07),x) dt
X\ = omi ) —J+it L ’
T
SL’_J
< TT (log A(x) + nglog(|T + 07|+|J + 0/2]) ;
6/2+ibr —1/4 wo=iT
H (2;,T,J) = -2 0 (e —i(T+86 d
T, J) omi a+9/2—iTL(U (T +07),x) do
—J—0/2
IQ/2+7L€T —1/4 IU,'HT /
_ R B (T — 0 d
ori / s T =0y do
—J—0/2
p1/4+0/2
C (logA log|T + 67]) ;
< Tlogz (log A(x) + nglog|T + 07]) ;
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and lastly

0/2+i0r ‘T1/logw o—iT ,

T
Hi(2;,T) = 2 — S Z(o—i(T+6r).y)d
ol 1) = =5 / crop g T Hm)x) do
~1/4
iOr 1+1/logx ot
_ §/2+ ' / 7@3* ’ £/(0 +i(T — 071),%) do
omi o+0/2+4T L ’
—1/4
_ L 1+1/logx Z’?+€/2_ZT Z do
21 J 14 o+0/2—iT P o—i(T+60r)—p
[y—(T+67)|<1
1 1+1/logx Iq+9/2+iT do
- S
2mi J_1 4 o+0/2+iT Zp: o+i(T—0r)—p
Iy +(T—67)|<1

21+0/2
#0 (o 10 AL + nilogl +07) ).
where the sum above is taken over the non-real zeros p of L(s,x) and A(x) = dgNg/g(fy),
fy being the conductor of x. The proof of Lemma 6.3 in [LOT7] can be modified to show
that

14+1/logx o+0/2—iT 1
g d
/ o+0/2—il ; o —iT+0m)—p ’
~1/4 ly=(T+67)|<1

xl-l—l/logm

—n, (T + 0
< Thogs ny (T + 07)

146/2 ]
< xiTng(log A(x) + nglog|T + 671]).

Here n, (t) denotes the number of zeros p = f 447y of L(s, x) with 0 < f < 1 and |y —¢< 1.
A similar estimate holds for the sum over p with |y + (T" — 67)|< 1. Therefore, for each
j=0,1,...,B,

1’1+9/2 loga?
—7 (

Note that the estimate for H, (x;,T') is bounded above by the estimate for i} (z;,T'). There-

fore, from (A7),

Rx(Ij,T, J) <

Hi(z;,T) < log A(x) + nglog|T + 07]).

21012 og 3
T
o
+TT(logA(X)+nE10g(\T—«97'|+|J+9/2|). (4.8)
We remark here that one only needs to consider the first term above; the second term goes
to zero as J — oo. Next, by Cauchy’s theorem, I, (x;,T,J) is the sum of the residues at

(log A(x) + nglog|T + 07|)
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the poles of the integrand inside B, ;. For our specified contour, the poles occur only at the
non-real zeros of L(s, x), and at s = —6/2 — ifr. This gives

PO/ 2T ,

L
L(x;, T D)= Y —L ot 2 — 4.
X(x]? ?‘]) p+9/2+197 ( 9/ 297-) ( 9)
|[y+07|<T

The term L& ( 0/2 — i01) is estimated using the following lemma which is a slightly general
version of Lemma 6.2 in [LOTT7] and can be proved essentially using the same arguments, so
we omit the details here.

Lemma 4.3. If s = 0 + it with 0 < —0/2 and |s + m|> 0/2 for all non-negative integers
m, then

/

f(s, X) < log A(x) + nglog(|s|+2).

Applying these bounds, we get
L/
7=

Using (4.10), (4.9) and (48] in (47), we have

+0/2+i6
2 / T

T = N/
Mo = D g

|y+0r|<T

146/2
+0 <<% + 1) (log A(x) + nglog|T + 97’\)) :

/2 — i01) < log A(x) + nglog(|0/2 + i01|+2). (4.10)

We plug this into the definition of I(x;,T") to obtain
I(z;,T) = S(xjs1,T) + S(x;,T)
< % (% + 1) ; (log A(x) + nglog|T + 07])
i (M

<1l T

el + 1) (logdr, 4+ ny log|T + 07]), (4.11)

where
C] Z Z yP+o/2+ir
=) (g S A—
|G| N |V+€T‘<Tp+9/2 + 1071

Under our assumption of a zero-free region fts > 1 — A where /2 < A < 1/2, and with
slight modification to the calculation in the proof of Theorem 9.1 of [LOT7], and summing
over x, we get

C
S(x;,T) < %kaﬂg/z log T(logdy + ny log|T + 07])
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Finally, using the above bounds in (4I1)) and recalling (Z.6]), we conclude

A
Ueo(—=0/2 —i071) < %Il_A—Hg/Q (logdyr, + np log|T + 07|) (logT + % log:):)

xlo
+ 20/ log x (logdL +ng + nk Tgm) )
Using partial summation and 7 < 27", and setting T' = 67"/2, one gets the desired bounds
for F'in the case of a fixed conjugacy class C.
Next, suppose C' = U’ _,C,, is a union of b conjugacy classes for some integer b > 1.
Then, using the estimates established for each conjugacy class C,, and summing over m, we
have

: Zb G| 1At logT" 2
F(—60/2 —i6 =m=L - 012 1og d logT’ —
(—0/2 —ifr) < & x ogdy, + ny, log gz + T

1
4 2012 <log dy + brg + bng~ ;gg”)

Cl 1—avep N (logT" | x®
|G|x ogdr +nzlog log + T

1
4 2012 (log dy + brge + b ;gx) ,

noting that the error term in (&3)) that contributes 2%/ log d;, remains unchanged whether C
is a single class or a union of conjugacy classes. This completes the proof of the proposition.
O
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