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Université catholique de Louvain, B-1348 Louvain-la-Neuve, Belgium

3University of Minnesota, Minneapolis, MN 55455, USA
4Max Planck Institute for Gravitational Physics (Albert Einstein Institute), D-14476 Potsdam, Germany

5Laboratoire d’Annecy de Physique des Particules,
CNRS, 9 Chemin de Bellevue, 74941 Annecy, France

The millisecond pulsars, old-recycled objects spinning with high frequency O(kHz) sustaining the
deformation from their spherical shape, may emit gravitational-waves (GW). These are one of the po-
tential candidates contributing to the anisotropic stochastic gravitational-wave background (SGWB)
observable in the ground-based GW detectors. Here, we present the results from a likelihood-based
targeted search for the SGWB due to millisecond pulsars in the Milky Way, by analyzing the data
from the first three observing runs of Advanced LIGO and Advanced Virgo detector. We assume
that the shape of SGWB power spectra and the sky distribution is known a priori from the popu-
lation synthesis model. The information of the ensemble source properties, i.e., the in-band number
of pulsars, Nobs and the averaged ellipticity, µε is encoded in the maximum likelihood statistic.
We do not find significant evidence for the SGWB signal from the considered source population.
The best Bayesian upper limit with 95% confidence for the parameters are Nobs ≤ 8.8 × 104 and
µε ≤ 1.1× 10−7, which is comparable to the bounds on mean ellipticity with the GW observations
of the individual pulsars. Finally, we show that for the plausible case of Nobs = 40, 000, with the
one year of observations, the one-sigma sensitivity on µε might reach 10−8 and 2.7 × 10−9 for the
second-generation detector network having A+ sensitivity and third-generation detector network
respectively.

I. INTRODUCTION

Dozens of gravitational-waves (GWs) sources have
been cataloged [1–3] using the data from the recently
completed third observing run (O3) of Advanced LIGO
[4] and Advanced Virgo [5] detectors. These sources
fall under the compact binary coalescence (CBC) cat-
egory, particularly binary-black-hole mergers, binary-
neutron-star mergers, and black-hole-neutron star merg-
ers, whose signal lasts for seconds. The continuous GWs
and stochastic gravitational-wave background (SGWB)
are the interesting source categories yet to be detected.
The continuous GWs is a persistent form of the gravita-
tional radiation emitted at a nearly fixed frequency from
a quadruple variation of matter, e.g., spinning neutron
stars in isolated/binary system [6]. On the other hand,
the SGWB is also a persistent signal but resultant of the
incoherent superposition of GWs from a large number of
sources with cosmological (e.g., inflationary GWs) and
astrophysical origin (e.g., CBCs and neutron stars, etc.),
and hence random in nature [7]. It is expected that the
weak GW sources that are individually undetectable will
produce a SGWB whose collective, incoherent signal will
be detectable.
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The SGWB can be categorized based on different an-
gular distributions, i.e., isotropic and anisotropic or/and
spectral distribution properties, i.e., broadband (with a
power-law spectral model specific to source population)
and narrowband sources. The astrophysical sources are
also expected to produce anisotropic signal [8–20], and
the upper limits placed on the estimator of SGWB am-
plitude [8, 21, 22] by isotropic searches could lead to con-
servative limits. The isotropic and directional searches
were performed for the broadband SGWB combining
the estimators from multiple frequency bins weighted
by a power-law spectral model using the data from sev-
eral runs of Advanced LIGO and Advanced Virgo detec-
tors [23, 24].

In the past, a likelihood-based formalism was proposed
and discussed in Ref. [21, 25, 26], to perform a targeted
search for an extended anisotropic SGWB knowing a pri-
ori, its angular distribution along with the spectral prop-
erties. This can improve the sensitivity of the search
for the extended sources considerably. In this work, we
adopt a similar formalism and perform a targeted search
for the SGWB formed by the galactic millisecond pulsars
population, using the data from the first three observing
runs (O1, O2, and O3) of Advanced LIGO and Advanced
Virgo observatories.

Out of 108 − 109 neutron stars in the Milky Way
galaxy [27], ∼ 40000 recycled and rotation powered
pulsars are expected to spin with period < 10ms [28]
called millisecond pulsars (MSPs). The MSPs with the
asymmetric deformations around its spin axis (spinning
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with frequency f) may emit “monochromatic” continu-
ous GWs (at frequency 2f) in the frequency range of
several 100 Hz to about 1kHz where the ground-based
GW detectors are sensitive1. For a non-precessing tri-
axial body with the spin axis along the z-axis, the GW
strain amplitude is proportional to the deformation pa-
rameter called ellipticity ε, and is defined as

ε =
Ixx − Iyy

Izz
, (1)

where Ixx, Iyy and Izz are the principal moments of iner-
tia (or xx, yy and zz component). In practice, the ellip-
ticity is very small i.e. |ε| � 1 and Ixx ' Iyy ' Izz = I.

The targeted search for GW signals from a nearby re-
cycled pulsar (PSR J0711-6830) has bound ellipticity to
be ε ≤ 5.3×10−9 which surpasses the indirect spin-down
limit [30]. We note that there is evidence for the exis-
tence of minimum ellipticity ε ≥ 10−9 which indicates
that GW radiation might be the dominant mechanism
for spin-down of MSPs [31].

Due to the weak signal strength, the individual detec-
tion of GWs produced by MSPs at a far distance (galactic
and extragalactic) may not be possible. However, these
are potential candidates which contribute to the astro-
physical SGWB [21, 22, 26, 32, 33]. Hence, the SGWB
searches can give us more information about the MSPs’
ensemble properties, like the number of MSPs within the
search band (in-band number) and the average ellipticity.

The paper is structured as follows. In Sec. II, we review
the formalism for performing a cross-correlation-based
targeted search for an anisotropic SGWB and derive a
maximum likelihood statistic for the “overall amplitude”
of the SGWB. In Sec. III, we discuss the MSP population
synthesis model, which we adopt to perform the stochas-
tic search. We will also illustrate the method to prepare
a template for the spatial distribution. Details about the
data and analysis pipeline are given in Sec. IV. Following
the analysis outlined in the previous section, we present
the results from the search in Sec. V. In Sec. VI, we will
show the forecast on the expected sensitivity with the fu-
ture detector network. We will conclude the article with
the future prospects of the search in Sec. VII.

II. SGWB SEARCH METHODS

Considering the GW strain data from two geograph-
ically separated detectors, the stochastic gravitational-
wave background (SGWB) signal is expected to be cor-
related while the detector noise is uncorrelated. Hence,
the searches [23, 24] for SGWB are performed by con-
structing a cross-correlation spectral density (CSD) for a

1 Several other mechanisms of the spinning neutron stars will also
produce GWs, e.g., r-modes [29]

given baseline I (formed with the two detectors 1 and 2)
as

CI(t; f) =
2

τ
s̃∗1(t; f) s̃2(t; f) , (2)

where s̃1 and s̃2 are the short-term Fourier transforms of
the strain time series data of segment duration τ from
detector 1 and 2 and centered around the time labelled
by t. The expected value of CI(t; f) is related to the
one-sided power spectral density (PSD) PΩ̂(f) of the in-
coming GWs in the frequency range f and f + df per
solid angle d2Ω̂, if the source is in the direction Ω̂, as

〈CI(t; f)〉 =

∫
d2Ω̂ γI

Ω̂
(t; f)PΩ̂(f) . (3)

Here, γI
Ω̂

denotes a detector-geometry dependent func-

tion, usually referred to as the overlap reduction func-
tion (ORF). The information of the detector response
is encoded in this ORF, and it varies with the sidereal
time, location of the detectors, and the frequency of the
signal [7, 25, 34, 35]. We note that the observed CSD rep-
resents the signal from the collection of sources convolved
with the detector response.

The source strain PSD PΩ̂(f) can be decomposed into

the orthogonal bases eα(Ω̂), suitable to the angular dis-
tribution of the sources in the sky as

PΩ̂(f) = eα(Ω̂)Pα(f) , (4)

using the Einstein sum convention. Depending on the
source angular distribution, one can choose the basis
function eα(Ω̂). The pixel basis eα(Ω̂) = δ2(Ω̂ − Ω̂α) is
the preferred choice for a point source where as the spher-
ical harmonic basis eα(Ω̂) = Yl,m(Ω̂) is usually used for
the extended source distributions. The analysis reported
in this paper make use of the pixel basis to report the
results. So, using Eq. 3 one can write the expected value
of the CSD and the ORF respectively as,

〈CI(t; f)〉 = γIα(t; f)Pα(f) , (5)

γIα(t; f) =

∫
d2Ω̂ γI

Ω̂
(t; f) eα(Ω̂) . (6)

In practice, we combine estimators from multiple time
segments (∼ 80, 000), multiple baselines, and the fre-
quency bins (when searching for broadband signal) to
obtain a broadband “average” estimator of source strain
PSD. In such cases, from both Central limit theorem and
weak signal limit, the CSD is expected to follow a Gaus-
sian distribution with variance P1(t; f)P2(t; f) [36]. Here
P (t, f) is the one-sided noise PSD for the individual de-
tector. Now one can write the combined likelihood L for
the CSD as

L ∝
∏
I t,f

exp

[
− 1

2

(
CI(t; f)− γIα(t; f)Pα(f)

)∗
1

P1(t; f)P2(t; f)

(
CI(t; f)− γIα′(t; f)Pα′(f)

)]
. (7)
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If we further decompose the source strain PSD in terms of
a frequency dependent factor H̄f , a direction dependent

factor P̂α and an “overall amplitude” denoted by a scalar
A, then

Pα(f) = AH̄f P̂α . (8)

Detailed discussions on the astrophysical origin of the
quantities in the right hand side of the above equation
are given in Sec. III. Assuming that the H̄f and P̂α are
confidently known, then maximum likelihood (ML) esti-
mator of A and its mean 〈A〉 are given as [25, 26]

Â =
X†P̂

P̂
†
ΓP̂

; 〈Â〉 = A . (9)

Here X is the “dirty map”,

X ≡ Xα =
∑
I t,f

CI(t; f) γI∗α (t; f) H̄f

P1(t; f)P2(t; f)
, (10)

and Γ represents the Fisher information matrix [25, 35],

Γ ≡ Γα,α′ =
∑
I t,f

γI∗α (t; f) γIα′(t; f) H̄2
f

P1(t; f)P2(t; f)
. (11)

Following these definitions, it is straightforward to write
the likelihood in Eq.7 in terms of the dirty map and
Fisher information matrix as

L ∝ exp

[
− 1

2

(
X−AΓ.P̂

)†
Γ−1

(
X−AΓ.P̂

)]
. (12)

It is interesting to note that the ML estimator, Â has a
similar form to the matched-filter statistic used in CBC
searches. [37]. In our analysis, we are essentially “match-
ing” the observed dirty map with the model describing
the sky distribution of the source power. The model is
obtained by convolving the template P̂ , sky distribution
known a priori, with the detector response (i.e., the for-
ward modelling). From the likelihood, the variance and

signal-to-noise ratio (SNR) of Â are given as [25, 26]

σ2
Â

=
1

P̂
†
ΓP̂

, (13)

ρÂ =
X†P̂√
P̂
†
ΓP̂

. (14)

The Gaussian nature of the CSD makes sure that the
dirty map X, the ML estimator Â of the amplitude A,
and its SNR ρÂ follow the Gaussian distribution with
their mean and variance. These properties will be useful
in assigning the significance to the observed data and
setting the upper limit on the source parameters in case
of no detection.

It is also interesting that if the template is a vector
with a single non-zero element, having a value equal to 1,

then Â is equivalent to the broadband radiometer search’
estimator, a measure of the strength of the GWs signal
from a pixel or (l,m) mode in the sky [24]. On the other
hand, if the template is a vector with the elements having
a value of 1, then Â is identical to the isotropic search’
estimator [23].

In the usual map-making process, “clean map” is the
ML estimator of the “true” sky map P̂ obtained through
deconvolution process [25, 35, 38, 39]. It is also possi-
ble to rewrite the likelihood given in Eq. 12 to obtain
the ML estimator Â of the amplitude in terms of this
clean map [26]. However, the deconvolution involves the
inversion of the highly ill-conditioned Fisher information
matrix. Due to the insensitivity of the detector to certain
modes/directions in the sky, the inversion of the Fisher
matrix leads to the inverted noise boost [25, 35, 39–41],
thus making the deconvolution process a challenge. We
choose to work with the dirty map and avoid unnecessary
information loss and numerical errors that may arise in
the regularization process.

III. MSP POPULATION SYNTHESIS MODEL

In this section, we will be discussing the expected PSD
of the MSP population. The strain PSD for SGWB signal
from the neutron star population emitting GWs in the
frequency range f to f + df and lying in solid angle Ω̂
and Ω̂ + d2Ω̂ is given by (see Appendix A)

P(f, Ω̂) = Nobs〈ε2〉s︸ ︷︷ ︸
A

f4 p(f)︸ ︷︷ ︸
H̄f

32π4G2 〈I2〉s
5c8

〈r−2〉s p(Ω̂)︸ ︷︷ ︸
P̂

.

(15)
Here Nobs is the total number of neutron stars within the
observing band and sky patch. Therefore,

Nobs =

∫ fmax

fmin

df p(f)

∫
sky

dΩ̂πΩ̂

∫ ∞
0

dr r−2p(r) , (16)

where fmin and fmax are respectively the lower and upper
limits of the observed frequency band. The probability
density of a MSP to be observed in the direction Ω̂ at dis-
tance r from the Earth and emitting GWs at frequency
f are encoded in p(Ω̂), p(r) and p(f). The parameters I
and ε are the principle moment of inertia and deforma-
tion parameter called ellipticity (Eq. 1) of each neutron
star. The 〈...〉s denotes the ensemble average over the
source population. Subscript ‘s’ in the angular bracket
is introduced to distinguish it from the ensemble aver-
age over noise in Eq. 9. In this study, we will be using
a fiducial value of 〈I2〉s = (1.1 × 1038 kgm2)2, which is
constrained very well from nuclear physics studies [42].

In order to describe the SGWB signal from the Galac-
tic MSPs, a model of their spatial and frequency dis-
tribution is required. The determination of the intrin-
sic distribution of the spin-period, magnetic field, pe-
riod derivative, and spatial coordinates for the MSPs is
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(a) (b)

(c) (d)

FIG. 1: The MSP population synthesis model used in the analysis. (a) The probability density profile, p(f)(f) as a
function of the GW frequency f . (b) The expected spectral dependence H̄(f) of SGWB signal. The maps (c) and

(d) represent the template P̂ for the spatial distribution of the source power with Exponential and Gaussian density
profiles for the radii, respectively.

an ambitious goal in the field of electromagnetic astron-
omy as well. There have been studies to understand the
underlying distribution based on the statistical analyses
of artificial MSPs, which pass the criteria for detection
and comparing them with the detected MSPs [28, 43–45].
Next, we will discuss the model adopted for the spectral
shape and the template for the spatial distribution con-
strained by electromagnetic observations.

A. Frequency Dependence Model

The likelihood analysis of a sample of ∼ 56 radio MSPs
observed in the ‘first generation’ of Parkes multibeam
surveys [46–51] found that the underlying distribution of
spin-period of MSPs can be best fitted with log-normal
function form. Interestingly, these findings are consistent
with the current (large) sample of ∼ 206 MSPs within
95% credible region [44]. For our analysis, we consider
the best fit parameter values, as given in Lorimer et al.
[44]. We also modify the probability density function
(PDF) by changing the spin-period P to the GW fre-
quency variable f = 2/P (Hz) to well suit the analysis
described in this paper. The modified PDF is given as

p(f |µ, σ) =
1√

2π f σ
exp

[
− (ln(f)− µ)2

2σ2

]
, (17)

where mean µ = 6.1 and variance σ = 0.58. The proba-
bility density profile for the GW frequency and the spec-
tral shape of SGWB using Eq. 15 are illustrated in Fig. 1a

and Fig. 1b respectively. Note that the peak of PDF at
∼ 400 Hz is disappeared in the figure showing the spec-
tral shape of SGWB, since the luminosity of individual
MSP scales as f6 (see Eq. A3).

B. Spatial Distribution Model

One can write the radial and height distribution for the
MSP population in terms of the exponential functions as

p(R, z) ∝ exp(−R/R0) exp(−|z|/z0) , (18)

where R and z (having unit kpc in the galactocentric
coordinate system) define the pulsar’s distance from the
galactic center and the height of the pulsar above the
galactic plane. We use the best-fit values for the param-
eters R0 ≈ 4 kpc and z0 ≈ 1 kpc as given in Grégoire, T.
and Knödlseder, J. [45]. The polar axis passes through
the galactic center perpendicular to the galactic plane.
The PDF for polar angle φ can be assumed to be uni-
form between [0, 2π] with φ = 0 measured along the axis
connecting the galactic center to Earth. On the other
hand, other models for the radial distribution of MSPs
are also explored in the literature [28] by considering a
half-Gaussian distribution function as

p(R, z) ∝ exp(−R2/2Σ2
r) exp(−|z|/z0) , (19)

where the radial and vertical heights are constrained to
be Σr = 7.5 kpc and z0 ≈ 0.5 kpc from the statistical
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O1+O2+O3 Results

Baseline Exponential radial distribution Gaussian radial distribution

(Â± σÂ)× 10−10 ρÂ (p− value%) (Â± σÂ)× 10−10 ρÂ (p− value%)
O3-HL 2.3 ± 2.5 0.92 (18) 1.4 ± 2.6 0.54 (30)
O3-HV 50 ± 22 2.3 (1.2) 39 ± 18 2.2 (1.4)
O3-LV 7 ± 1.3 0.54 (29) 24 ± 12 2.0 (2.1)
O2-HL -6.8 ± 9.8 -0.69 (76) -3.6 ± 1 -0.36 (64)
O1-HL -22 ± 21 -1.1 (85) -23 ± 22 -1.1 (86)

O1+O2+O3 2.2± 2.4 0.92 (18) 2.4± 2.4 1.0 (16)

TABLE I: Here, we report the results of the targeted stochastic search analysis using the data from the first three
observing runs of Advanced LIGO (H and L) and Advanced Virgo (V) detectors, hence the five individual datasets,
i.e., O3-HL, O3-LV, O3-HV, O2-HL, and O1-HL and with the combined network, O1+O2+O3. The observed overall

amplitude, Â with the uncertainty, σÂ and SNR, ρÂ are obtained using the two templates for the spatial
distribution created for the Exponential and Gaussian distributed radial coordinate. The results are assessed

through the p-value against the null hypothesis, which is that the data is pure Gaussian noise. We do not claim any
detection since the obtained p-values do not pass the threshold, 5%.

analysis of the observed MSPs in radio band along with
the uniform distribution for the polar angle. In this work,
we will analyze the data considering both the PDFs for
radial coordinate. The template or model map P̂ is ob-
tained by following the steps given below:

1. We draw random locations of N = 105 pulsars with
the density function given above in terms of galac-
tocentric coordinates {R, z, φ}.

2. We then convert the pulsar positions from galacto-
centric coordinates {R, z, φ} to equatorial coordi-
nates {RA,Dec, r}. Here we assumed the sun to be
at 8.12 kpc away from the galactic center [52] and
at 20.8 pc height [53] above the galactic plane.

3. Next the simulated pulsar are binned into 3072
HEALPix pixels with nside = 16 [54, 55]. We then
calculate r−2 for each pulsar and compute the av-
erage over that for each pixels (see Eq. A2 for a
detailed derivation).

The final step described above gives us the map of
〈r−2〉 p(Ω̂). We multiply it with the constant (see Eq. 15)

to obtain P̂. We then create 1000 such realizations fol-
lowing the above three steps recursively. The average of
these realizations is considered as the template for the
MSP population. It is worth mentioning that, by con-
sidering the mean of these realizations, one can suppress
the large power (statistical fluctuations) from the pulsars
outside of the galactic plane. The templates for both the
exponential distribution and the Gaussian distribution
of the radial coordinate are shown in Fig. 1c and Fig. 1d
respectively.

Given these population properties, we are interested in
constraining the ensemble properties of MSPs, i.e., Nobs
and averaged ellipticity µε. However, the estimator A
of our search has information on the average of squared
ellipticity, 〈ε2〉s (Eq. 15) which is related to the µε as

〈ε2〉s = µ2
ε + Σ2

ε . (20)

Estimating intrinsic variance Σε of ellipticity requires its
distribution to be known. However, the actual distribu-
tion is not confidently known. Thus we assume,

〈ε2〉s = µ2
ε =⇒ A = Nobs µ

2
ε . (21)

The above approximation is valid if the intrinsic variance
is small compared to the averaged ellipticity, i.e., Σε �
µε. Even though this leads to bias in the estimator, in
the rest of the paper, we assume this approximation is
valid [21, 22].

IV. DATA AND PIPELINE

For the analysis, we use the data from the first three
observing runs (O1, O2, and O3) of Advanced LIGO’s
Hanford (H) and Livingston (L) and Advanced Virgo (V)
detectors calibrated by LIGO-Virgo-KAGRA collabora-
tion [56–59]. The data is now available publicly [60, 61].
The strain time-series data is processed in a similar way
as in Abbott et al. [24, 62, 63] to obtain the CSDs for in-
dividual datasets/baselines, i.e., O1-HL, O2-HL, and HL,
LV, and HV in O3 run, as well as the PSDs for individ-
ual detectors. These quantities are computed for the seg-
ments of τ = 192s long duration and 1/32 Hz frequency
resolution along with the observing band of 20-1726 Hz
(see Eq. 2). The data quality cuts in the time domain
and the frequency domain to remove the non-Gaussian
features and the known artifacts are applied identically
as in Abbott et al. [24, 62, 63]. The CSDs and PSDs are
further compressed to one sidereal day using the fold-
ing algorithm [36, 64]. In the next step, we prepare the
dirty map X (Eq. 10) and the Fisher information ma-
trix Γ (Eq. 11) for each baseline with the folded data
and PyStoch pipeline [65] in HEALPix grid of 3072 pixels
in pixel basis. The dirty map and the Fisher informa-
tion matrix for the combined network (O1+O2+O3) can
be obtained by combining the estimators from individual
baselines/observing runs using Eqs. (10,11).
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V. OBSERVATIONAL RESULTS

With the observed data, we estimate the overall am-
plitude Â (Eq. 9) and its SNR ρÂ (Eqs. 13, 14), using
the prepared dirty map and Fisher matrix for individual
datasets and combined network (O1+O2+O3) along with

the prepared templates P̂ as detailed in Sec. III B. The
results of the analysis are obtained in two steps. First,
the observed data is assessed against the null hypothesis
by assigning the p-values. In the second step, we deter-
mine the 90% confidence credible intervals (along with
95% confidence upper limits) for the parameters defining
the ensemble properties of the MSPs population; specif-
ically, the in-band number of MSPs, Nobs and averaged
ellipticity, µε.

A. Significance

To compute the p-value, we use the statistical property
of the observed SNR of the overall amplitude ρÂ that it
is a Normal distributed random variable with zero mean
and standard deviation 1 (see Eqs. (12 & 14)) in the
absence of a signal. The results are summarised in Ta-
ble I. The observed SNR from the O1+O2+O3 dataset
is ρÂ = 0.92 with p-value=18%, if the Exponential den-
sity profile for the radial coordinate is considered. On
the other hand, using the template with the Gaussian
distributed radial coordinate, the observed SNR from
the O1+O2+O3 network is ρÂ = 1.0 with p-value=16%.
The observed SNR is consistent with the Gaussian noise.
Hence, the results conclude that we do not find significant
evidence for the SGWB from the galactic millisecond pul-
sars. We also note that the current observational data is
not sensitive enough to distinguish between the spatial
distribution models.

B. Constraining The Source Parameters

The ensemble properties of the MSP population are
inferred using the Bayesian analysis. As we discussed in
the previous sections, the PDF for the observed overall
amplitude Â can be assumed to be a Gaussian distri-
bution with mean A = Nobsµ

2
ε and standard deviation

σÂ. The two sets of prior are considered: uniform and
log-uniform prior distributions for Nobs and µε over the
ranges [104, 105] and [10−10, 10−5] respectively. Second, a
log-uniform distribution considering the same maximum
and minimum range for both the parameters. Given the
likelihood and priors, the joint and marginalized poste-
rior densities are computed numerically. The joint and
marginalized posterior densities along with the median
and 90% credible interval for the parameters are shown
in Fig. 2. In this figure, we show four combinations,
i.e., uniform and log uniform prior for the parameters
along with the observed Â using the O1+O2+O3 net-
work for the Exponential and Gaussian density profiles.
The best 95% confidence upper limits on the source pa-
rameters are obtained using the log-uniform prior: they
are µε ≤ 1.1× 10−7 and Nobs ≤ 8.8× 104. The limit on
the averaged ellipticity µε is consistent with the predicted
minimum ellipticity of ≥ 10−9 [31].

VI. FUTURE SENSITIVITY OF THE SEARCH

Given the successful completion of the O3 run of Ad-
vanced LIGO and Advanced Virgo detectors, the up-
grades of second-generation (2G) detectors are planned
and aim to achieve the Advanced LIGO Plus (A+) and
Advanced Virgo Plus (AdV+) sensitivity during the fifth
observing run. Along with the KAGRA detector, situ-
ated in Japan (K, [67–69]), which has started its opera-
tion, they will be joined by the LIGO-India observatory
(I, [70, 71]), which is planned for construction in Hin-
goli, India with A+ sensitivity. Other than that, the
third-generation (3G) observatories such as Cosmic Ex-
plorer (CE, [72]) and Einstein Telescope (ET, [66]) are
also envisioned for the future. The design sensitivities of
these detectors are shown in top panel of Fig. 3 using the
publicly available projected noise sensitivity curves [73–
75]. As the detector network grows and the sensitivi-
ties of the detectors improve, it will be interesting to get
an idea about the sensitivity of the stochastic targeted
search to the parameters of the galactic MSPs popula-
tion. We measure the sensitivity of the average elliptic-
ity µε through the expected SNR of the overall amplitude
〈ρÂ〉 using Eqs. (11,12,14) given as

〈ρÂ〉 = A

√
P̂
†
ΓP̂ = Nobsµ

2
ε

Tdays

∑
I,ti,f

P̂∗αγI∗α (ti; f) γIα′(ti; f)P̂α′ H̄2
f

P1(f)P2(f)

1/2

. (22)

Here we assume that i runs from 0 to the number of
segments in one sidereal day, the data is taken for Tdays

number of sidereal days, and the noise is stationary dur-
ing the whole observing run. We note that the SNR is

proportional to the square root of the number of total
segments (or days) and the frequency bins. In the bot-
tom panel of Fig. 3, we show the one-sigma sensitivity
(i.e., 〈ρÂ〉 = 1) in Nobs−µε plane for both the Exponen-
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(a) Exponential distribution and uniform prior (b) Exponential distribution and log-uniform prior

(c) Gaussian distribution and uniform prior (d) Gaussian distribution and log-uniform prior

FIG. 2: The corner plot depicts the joint and marginalized posterior density for the source parameters (Nobs and µε)
using the O1+O2+O3 data. The prior for the parameters are uniform (left) or log-uniform (right) over parameter

ranges µε ∈ [10−10, 10−5] and Nobs ∈ [104, 105]. The dashed lines (and title) in the 1-D plot show the median values
along with the (0.05,0.95) quantile values. The caption for each subplot shows the combination of radial density

profile and assumed priors.

tial and Gaussian density profile considering one year of
observations with multiple detector network. Here we
have considered a network of five 2G detectors (H, L, V,
K & I) with A+ sensitivity, and for the 3G case, one base-
line was formed by assuming one CE detector in the USA
(assuming the location of Hanford detector) and one ET
in Europe (assumed the location of Virgo detector).

We note here that, with the 2G detector network with
A+ sensitivity, for the optimal number of in-band NSs,
Nobs = 40000 [28], one-sigma sensitivity for µε is ∼ 10−8.

Considering the GW detector network with all 2G de-
tectors simultaneously (the HLVKI network) gives only
marginal improvement compared to the HL network since
the latter favors ORF dominantly. With the 3G detector
network, we might achieve ∼ 2.7×10−9 sensitivity which
is close to the minimum limit on the ellipticity [31].



8

FIG. 3: The top panel represents the assumed noise
curves for the considered 2G and 3G detectors. In the
bottom panel, we show the one-sigma sensitivity of the

future detector networks in Nobs − µε plane for the
Exponential and Gaussian density profiles for one year

of the observational runa. The horizontal solid lines
show the achievable 1-sigma sensitivity for µε if the

in-band pulsars are Nobs = 40000 in total with the 2G
and 3G detectors. The arrows with the circle, the
square, and the diamond at its end show the 95%
confidence upper limits set on µε & Nobs and the

predicted lower limit on ellipticity in [31].

a Even though Einstein Telescope (ET) is planned to have three
co-located detectors [66], we only considered one detector
(ET1) for our test study.

VII. CONCLUSIONS

We performed a targeted stochastic search for the
galactic millisecond pulsars using the O1, O2, and O3
data from the Advanced LIGO’s Hanford & Livingston
and Advanced Virgo detector. In this search, we assumed
that the shape of the spectra and spatial distribution of
SGWB from the source population is known a priori from
the theory and the electromagnetic observations. The
analysis found that the data is consistent with the noise,
favoring the null hypothesis. Hence, we constrained the

ensemble properties of the source population, i.e., the
in-band number of MSPs, Nobs and averaged ellipticity,
µε using the Bayesian formalism. We found that the
log-uniform prior for the source properties gives the best
95% confidence upper limits i.e., µε ≤ 1.1 × 10−7 and
Nobs ≤ 8.8× 104.

Even though the results are not straightforward to
compare, we note here that the recent upper limits
ε ≤ 5.3×10−9 from the targeted search [30] for the GWs
from MSP (PSR J0711-6830) are one order of magnitude
less than the upper limits reported here. In addition, re-
cently, De Lillo et al. [22] also inferred the average ellip-
ticity of the galactic and extragalactic population of the
MSPs using the cross-correlation method for SGWBs (as
a function of the number of the neutron stars emitting
GWs within the frequency band of the search). Given
the isotropic assumptions of the background and the dif-
ference in the pulsar population properties considered,
the results are not straightforward to compare with our
template-based search results.

The authors in [21] proposed a novel method to com-
bine the information from the GW observations of indi-
vidual pulsars with the stochastic search. The estimator
for the mean ellipticity µε is biased and is a degenerate
parameter with in-band numbers in a stochastic back-
ground search. However, if we understand more about
the distribution of ellipticity, we will be able to take care
of this bias and better constrain the in-band numbers of
sources. In a similar line of thought, recent work in Pitkin
et al. [76] provides the upper limit for the mean elliptic-
ity in a hierarchical Bayesian framework using the GW
observation data for individual pulsars in LIGO’s sixth
science run. Our results are found to be consistent with
the upper limits reported in [76].

Even though the error bars on our results with the cur-
rent data are relatively large, we expect them to narrow
down with the future network of detectors. We show that
with the 3G detectors, we might achieve ∼ 2.7 × 10−9

sensitivity which is close to the minimum limit on the
ellipticity [31].

It is interesting to note that one can easily extend
this work in several directions. One, the actual distri-
bution of the source may differ from the specific spin-
period, and spatial distribution adapted in our analysis.
Hence one can explore the changes in the sensitivity of
the search to the variations in source distributions. Sec-
ond, the uncertainty in the assumed values for the pa-
rameter 〈I2〉 may play an important role in our analysis.
Accounting for this uncertainty can further benefit sim-
ilar searches in the future. Third, the hyper-parameters
for the spectral shape, (µ, σ) in Eq.17 and spatial distri-
bution, (R0, z0/Σr) in Eqs.(18,19) can be treated as free
parameters. Then, one could use the all-sky all-frequency
search results [77] to perform a parameter estimation [23].
Finally, since the perturbations in the cosmological scale
can lead to the anisotropic stochastic background, many
models [9–13] can be studied using the formalism dis-
cussed in this work.
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Appendix A: Derivation of the PSD for MSP
population

The SGWB can be characterized using a dimensionless
energy density parameter which has a unit of Hz−1 sr−1

defined as [24]

Ωgw(f, Ω̂) =
f

ρc

dρgw

dfd2Ω̂
, (A1)

where ρgw is the energy density of the GWs emitted in
frequency range f and f + df per unit solid angle and
ρc = 3H2

0 c
2/8πG is the critical energy density for a flat

universe. If we assume that the SGWB is the resultant of
the incoherent sum of GW power from N(f, Ω̂) number
of sources in the frequency range f to f + df and lying
in solid angle Ω̂ and Ω̂ + d2Ω̂, then

Ωgw(f, Ω̂) =
f

cρc

N(f,Ω̂)∑
i=1

P (i)

4πr2
(i)

δ(f − f (i)) δ2(Ω̂− Ω̂(i)) .

(A2)
Here P (i) is the GW power radiated from a source at
distance r(i) from Earth. Now, the luminosity of the
radiated GWs from a deformed axis-symmetric spinning
neutron star having moment of inertia I and ellipticity
ε, emitting nearly monochromatic signal at frequency f
is given by [88]

P =
32π6G

5c5
ε2 I2 f6 . (A3)

Considering Eq. A2 and A3, one can write

Ωgw(f, Ω̂) =
32π6Gf

5c6ρc

N(f,Ω̂)∑
i=1

ε2(i) I
2
(i) f

6
(i)

4πr2
(i)

× δ(f − f (i))δ2(Ω̂− Ω̂(i)) , (A4)

The above expression can be written in terms of
population-averaged (〈..〉s) quantities as

Ωgw(f, Ω̂) =
8π5G

5c6ρc
Nobs〈ε2〉s f7 p(f) 〈I2〉s 〈r−2〉s p(Ω̂) .

(A5)
Additionally, the dimensionless energy density parameter
is related to the source PSD as [24]

Ωgw(f, Ω̂) =
2π2

3H2
0

f3P(f, Ω̂) . (A6)

Therefore the source PSD can be written as

P(f, Ω̂) =
32π4G2

5c8
Nobs〈ε2〉s f4 p(f) 〈I2〉s 〈r−2〉s p(Ω̂) .

(A7)
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