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1 | INTRODUCTION

This paper reexamines the problem of obtaining lower bounds of the correct order of magnitude
for moments of the Riemann zeta function on the critical line, and related problems for central
values in families of L-functions. Our work is motivated by recent work on the complementary
problem of obtaining upper bounds for such moments. For example, [9] enunciates the principle
that an upper bound for a particular moment (with a little flexibility) may be used to establish
upper bounds of the correct order of magnitude for all smaller moments. Recent work of the
authors with Radziwitt [4] provides such upper bounds for all moments of the Riemann zeta-
function below the fourth moment. In those papers, one key idea is to approximate Euler products
that mimic suitable powers of the zeta-function using Dirichlet series of small length. The aim of
this paper is to demonstrate how that idea may also be used to establish lower bounds of the right
order of magnitude for all moments of the Riemann zeta-function.

1 1
Theorem 1. Let T be large. Uniformly for (logT) 2 < k < (log T):7° (for any fixed & > 0), we have
2T .
/ K +in|*dt > € T(log T)*,
T
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2 | HEAP AND SOUNDARARAJAN

where we may take C. = Ck in the range k < 1, and Cj, = (C,k? log(ek))"‘2 for some absolute pos-
itive constants C; and C,.

There is a long history concerning such lower bounds for ¢ and L-functions. To place our result
briefly in context, we recall that in the range k > 1 such a lower bound was established by [8],
although our quantification of C; is better and the proof arguably simpler. While we have stated
the result in a uniform range of k, the interest of the result is really in the case when k is a bounded
real number. For example, in the range k > loglog T, by modifying the constant C, and using
Holder’s inequality, one can consider just integer values of k, where it is easy to obtain lower
bounds (see, for example, [2]).

Theorem 1 is new in the range 0 < k < 1. Previous work of Heath-Brown [5] had established
such a bound for rational k in this range, and for real k such a bound was known to hold con-

ditional on the Riemann hypothesis (see [5, 11, 12]). In the range c(loglog T)_% <k =0(1), Laur-
inchikas [6] has shown that the 2kth moment is ~ T(log T)kz. The constant C; in our result tends
to zero as k — 0; with more effort, our argument could be made to yield C;, > 1 forall k < 1, but
we have not done so in the interest of keeping the exposition simple.

Combining the upper bound result of Heap, Radziwilt, and Soundararajan [4] with the lower
bound of Theorem 1, we obtain the following corollary.

Corollary 1. For T large, uniformly for (log T )_% < k < 2we have
) o s
T(ogT)* > / IG5 + it)|?kdt > kT(log T)*".
T

The moments of ¢ (% + it) encode information on the distribution of large values of |¢ (% + it)|.
In [13] it was observed that the 2kth moment of |¢ (% + it)| should be dominated by values of size

(log T)¥, which should occur on a set of measure about T/ (log T)kz. On RH, it was shown in [13]
that the measure of {¢t € [T, 2T] : |§'(% +it)| > (log T)*} is T(log T)~k*+o() for any fixed positive
k. From Corollary 1, we may obtain a sharper form of such a result unconditionally in the limited
range 0 < k < 2.

Corollary 2. Uniformly in the range

yloglog T logloglogT <V < 2loglogT — 24/loglog T logloglog T,

we have

2 Vlogloglog T
measit € [T,2T] : |§(%+it)l >e"}=Texp —V—+O 7080808 .
loglog T Vloglog T

Recall that Selberg’s central limit theorem (see [10] for a proof related to ideas of this paper)
states that for ¢ chosen uniformly from [T, 2T], log |{ (% + it)| has an approximately normal dis-

tribution with mean 0 and variance ~ % loglog T. Radziwitt [7] has established a uniform version
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of this result showing that for V' < (log log T)%_€ one has

[s9)
meas {t € [T,2T] : log |§(% +it)| 2V = AﬂéloglogT} ~L e~ /2dx.

2w JA

Corollary 2 gives a crude version of such a result but in a wider range for V.

2 | SETUP AND PLAN OF THE PROOF

Since Theorem 1 is really new only in the range 0 < k < 1, we give a detailed proof in this range.
In Section 6, we briefly indicate the modifications to the argument needed to establish Theorem 1
for k > 1, and also discuss lower bounds for moments of central values of L-functions in families.

Throughout, log; will denote the j-fold iterated logarithm. Let T be large and assume that

1/4/1og T < k < 1. Let £ denote the largest integer such that log, T > 10*. Define a sequence T i
by setting T; = e?, and for 2 < j < £ by

T . klogT

i .= eXx — ].

177 5PN (og; T

Note that T), is already large. Further, the sequence T} is in ascending order, and lastly klog T <

logT, < 108k logT.
Foreach2 < j <7, set

Pi(s) = ) L and Pi=P,()= ) %,

Note that

logT; 1 log; T
P =1 L +o0 ~21 : =2log; T —2log;,, T,
j =08 log T ; * <logT- 1) og( log; T °8j 08j+1

so that P, > 10%, P,_, > exp(10*), and so on.
Let A denote the set of integers n = n, --- n, where each n; is divisible only by primes in the
interval TJ-_1 to Tj and such that Q(nj) < KJ- = SOOPJ- forall2 < j < Z.Ifn € N, then

n= n2 . nf S T§00P2T§00P3 e T;OOP{/ S Tk/9 (1)
Let g(n) denote the multiplicative function given on prime powers by g(p") = 1/r!. Define, for
any real numbercand2 < j <7

a¥™g(n)
ns

Kj
r=0""

pIn=>T;_1<p<T;
Q(n)<K;
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and put

Q(n) ‘
NGs,a)i= Y “n—g(”) =[G 3)
j=2

neN

In view of (1), N'(s, @) is a short Dirichlet polynomial. The idea is that A'(s, ) behaves in many
ways like ¢(s)%, but with the advantage that since N'(s, @) is a short Dirichlet polynomial, one can
compute mean values involving it and {(s). The proof of our theorem rests on the following three
propositions dealing with such mean values involving ¢(s) and N (s, &) for suitable values of a.

Proposition 1. Let T be large. Uniformly in the range 1 > k > 1/+/log T we have
2T ,
G +IONG +it,k = 1N —it, k)dt > C;T(log T,
T
for some positive constant C,.
Proposition 2. Let T be large. Uniformly in the range 1 > k > 1/+/log T we have
2T ,
/ |§(% + it)N(% +it,k —1)|?dt < C,k ' T(log T)*",
T
for some positive constant C,.
Proposition 3. Let T be large. Uniformly in therange1 > k > 1/ \/@ we have
2T . 5 ) )
/ |N(§ +it, k)| * |N(5 +it,k —1)|?dt < C;T(log T)¥,
T

for some positive constant Cs.

Two applications of Holder’s inequality give

2T
| / $G +IDNG +it,k — DN G — it,k)dt|
T

1-k

2T % 2T =
</ |§(§+it)|2kdt> x(/ |§(§+itw(§+it,k—1)|2dt>
T T

2T N
X </ ING +it, DIFING +it, k- 1)|2dt> :
T

VA

STk

so that the lower bound of the theorem follows at once from the three propositions.

Deducing Corollary 2 from Corollary 1. Let V be in the range of the corollary, and put
k=V/loglogT and & =log; T/+/loglogT so that k + 26 < 2. The upper bound implicit in the
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corollary follows (in a stronger form) upon noting that

2T 2
meas{t € [T,2T] : [¢(5 + 1) >eV}<e—2kV/T ¢ +in)*dt < Texp <——log‘1’0gT>.

To prove the lower bound, consider

2T
/ KG +inP*+de > (k + 8)T(log T 5 T (1o T)k¥07, @
T loglog T

The contribution to the integral from t with |§’(% +it)| <e¥is

2T
<e? / S +in)Kdt < T(log T +240 = o( (log T)(k+5)2>.
T

T
y/loglog T

Similarly, the contribution to the integral from t with |{ (% +it)] > e"(logT)® is

2T
< (log T)—25(k+25)/ |§*(% + it)|2(k+25)dt < T(logT)k2+25k — O< (log T)(k+5)2)-
T

v/loglogT

Thus, the left side of (4) is dominated by values of |§’(% +it)| lying between e = (log T)* and
(log T)**+2% and it follows that the measure of the set of such t is

> (log T)2k+0)k+29 ) 6+ iDPEdr
(log TYk+28 >|§(%+it)|>(log Ty

. L(log T)K*=4k6-357

v/loglogT

The corollary follows.

3 | PROOF OF PROPOSITION 1

Expanding out, we have

2T
(G +HIONG +itk— DN G — it k)dt
T

1O Qm) 2T i
_ Z (k—1) \l;%g(n)g(m)/T {(%Ht)(%)tdt. (5)
nneN

Using the simple approximation

1

o T o2,  telT,2T],

¢a/2+in=y

r<T
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we find that

T ) it 5(rn = m) 1 1
Liin(™) ar=r2 ="y olrs 4 Y — L
(G+in(y) NG ; Vrllog(rn/m)| |

Here 6(rn = m) equals 1 if n|m and r = m/n, and there is no main term if n } m. If rn # m, we

may estimate 1/| log(rn/m)]| trivially by <« m, and so the remainder term above is O(mT ; ). From
these remarks, it follows that the right side of (5) equals

_ (n) 1, Q(m) 1
Z (k — 1)k g(n)g(M)+O< Z 1 mT5>. (6)

m
mneN Vmn

m,neN
nim

Since the elements of A" are all bounded by T'/, the error term above is seen to be O(T7/%), which
is negligible.

Now consider the main term in (6). Factor n = n, ---n, and m = m, --- m, where m; and n;
are divisible only by the primes in the interval (T - T j) and Q(m;) and Q(n j) are bounded by

K;. Then the main term in (6) factors naturally as

‘ (k = DX m) g(nYg(m )
J J
d H 2 m; ' M
Jj=2 nj,m; J
njlm;
Q(m;)<500P;

If we drop the condition that Q(m;) < K}, then the sums over n;, m; above may be replaced with
(thinking of a as the power of p dividing m; and b the power dividing n;)

1 [+ X k(i)—)g(p")g(pb) 11 <1+k§>

T;_1<p<T; a>1 Tj_1<p<T;
azb>0

The error incurred in dropping this condition is bounded in magnitude by

Z g(nj)g(mj) <e_Kj 2 g(nj)g(m])eﬂ(m])

njm; M g M
nj|mj nj|mj
Q(m;)>K;

_—500P; e? 1
e 1 (1B 3 )
TJ ]\p<T a>1 azb>0

—500P; 20 —400P;
<e J H <1 + —> <e J.
Tj_1<p<T; p
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It follows that the main term (7) is

‘ 2
>T[] [] <1 + %) (1—e™*P)) > CT(log T,)",

J=2 T 1<p<T;

for an absolute positive constant C. Since log T, > klog T, and kk* > 1for0 < k < 1, this proves
Proposition 1.

4 | PROOF OF PROPOSITION 2

It is a simple matter to compute the mean square of the zeta function multiplied by a short Dirich-
let polynomial. For example, from [1], we obtain

. — 1)Qm)+Q(n)
/ ¢ +ionNCrik-pRd=1 Y & DA g(m)g(ﬂhog(BT(m,n)z)
T

m n mn
m,neN .l

+ o(T), 8)

for a constant B. We must now bound the main term above. While one can work out an asymp-
totic for this main term, we give a quick proof of an upper bound, which is all that is needed in
Proposition 2.

Write

log (BT(m.*\ _ 1 / BT(m,n)*\"dz
& mn © 27 \z1=1/logT mn z2’

so that the main term in (8) becomes

l (k — 1)Q(m)+9(”)g(m)g(n) <BT(m, n)2 )ZQ
72’

27i |Z|:1/10ngn€N [m,n] mn

By the triangle inequality, we may estimate the above by

©

| (k — 1)Q(m)+9(”)g(m)g(n) <(m, n)2 >Z|

<3TlogT max
- [m,n] mn

|z|=1/logT e

We can now analyze the sum over m and » in (9) by adapting the argument of the previous
section. Thus, decompose m = m, --- m, and n = n, --- n, where m; and n; are composed only of
the primes in (T;_;,T;) and Q(m;) and Q(n;) are both < K;. By multlpllcatwlty, the sum in (9)
factors as

4 k — Q(mj)+Q(n;) ) i z
1 y (k-1 g(mj)g(n;) <(m, n)? > 10)
=

mj.n; [mj.n)] mn
Q(mj),Q(nj)ng



8 | HEAP AND SOUNDARARAJAN

As before, we handle these terms by first dropping the condition on Q(m;) and Q(n;), and then
bounding the error in doing so. If we drop the conditions on Q(m;) and Q(n;), the sums over m;
and n; become

H i Mp—|b—a|z — H <1 + (k=12 +2(k—-1)p* N O<i>>
T;_3<p<T; \a,b=0 albtpmax(@.b) T;_1<p<T;j b P’

J

2 _ lo
I1 <1+k 1+O< EP +i2>>
T,_i<p<T, p plogT ~ p

J

The error incurred in dropping the conditions on Q(m;) and Q(n;) is bounded in magnitude by

1
oK z g(m)g(n) £, )+Q(n)< mn >l/ &t

[m n| (m,n)?

<e ™ ] <1+2Z Z a'b'pa a/logT)

] 1\p<T a=10<b<a

o0
—~500P; et 500P; 35e —400P;
<e II <1+3521a!pa><e J exp Z ? <e J.
a=

/ 1\p<T ; 1\p<T
We conclude that the sum over m;, n; in (10) is
2 _ lo
I1 <1+k L +o< cP +i2>>(1+0(e—3°°1’1)), 6]
T,1<p<T; p plogT ~ p

so that the quantity in (9) is

2 _ 1
< TlogT H <1+ k-1 +O( %6 P + = 1 )> < k™ 1T(logT)k
o<t p plogT = p?

The proposition follows.

5 | PROOF OF PROPOSITION 3

Recall from (2) and (3) the definitions of N j(s,a)and N (s, @). The following simple lemma is the
key to establishing Proposition 3.

Lemmal. For2< j<?

WG it k= DNGE + it F 12 < IWGE, 4+t KPA + 0™ /K) + o(2/*,»),
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where the implied constants are absolute, and

1217, + i\ KL 2eP,E +in)
o0=(—%—) Z{—1 )

J
Proof. We begin by observing that if |z| < K/10, then

r

K K
‘Zz__ez S&s(i) ,
= r! K! 10
so that
K
z" K
ZF =e*(1+0(e7X)). (12)
r=0 " °

Consider first the case |Pj(% +it)| <K f /10, where three applications of (12) show that
2
|V +it,k = DIPIN; G +it, k)| & = exp(2kReP; (5 + it))(1 + O(e ™ i /k))
= [N +it, 1P (1+ 01 /k)).

The lemma follows in this case.
Suppose now that |Pj(% +it)| > Kj/lo. Here note that

S PG +iDl il Kj=r
1, ., ‘2 1 . .. K, 107 1
|Nj(5 +lt,k—1)|<ZT<|pj(§+lt)l JZ<K—> a1
r=0 ' r=0 J
K;
12|P;(5 +in]\
|l ————) - (13)
K;
Further, applying Holder’s inequality we find
& p, iy ) (S ekpdonE (5 )
. 2 J (5 it J (5 +HiDDE S
Wi il <| 3 SR T |3 BT s 5
r=0 : r=0 : r=0

2r

g z 3, [ 2e|P;(5 +iD]\ *
2 2r -
ol Boum ot ()7 oot 5 (22

=
-
i M
(=}

= r+1 r/k+1
A little calculus allows us to bound the above by

K;/k 1, . 2r
<t Jz: 2e|P;(5 +it)]
r+1 ’

r=0

which when combined with (13) yields the lemma. O
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We next show that Q;(¢) (which is always non-negative by definition) is small on average.

Lemma 2. With the above notation

2T
Q;(tdt < Te™™i.

Proof. We begin by recalling a simple mean-value theorem for Dirichlet polynomials:
- _it|? 2 la(m)a(n)|
| Z a(n)n | dt=T Z la(n)|” + O Z Tostm/m1 )’
T n<N n<N m#n<N | Og(m/n)l

and bounding |a(m)a(n)| by |a(m)|? + |a(n)|?, it follows that

/ ! | > a(n)n_”|2dt = (T +O0(NlogN)) Y a(m)*. 14)
T

n<N n<N

Now, for0 < r sKj/k,

(K, +lg(n)

1, Kt _
Q(n):Kj+r n2
pIn=>T;_1<p<T;
K;(1+1/k
is a short Dirichlet polynomial (since T, sA+1/0) < T1/19), and so by (14)

(K, +1)P2g(n)?

2T
P, +in) &t dr = (T + o(T'/?
A P, +i0PEHde = (T o2y Y -

Qn)=K;+r
pIn=>T;_1<p<T;

<&+ (1 +0(r2),

where the last bound follows upon noting that g(n)?> < g(n). Using this bound in the definition of
Qj(t), we find

2T 2k Kj/k
12 J 2e \¥ K+r
. —_— . | J
Q;(hdt < T< j) ;:0 <r+ 1) (Kj+mp; " (15)

Stirling’s formula and a little calculus show that the terms above attain a maximum for r around
. 2 _ . _ . .

the solution to r* = 4Pj(Kj + r), and since Kj = 500Pj, such r satisfies 24 /PjKj <r<21 PJ-KJ-.

It follows that the right side of (15) is

2Kj K\ (2P K\
<<T<£> <—J>< : J> WK « Te 7K,

Kj k e
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‘We need one more observation for the proof of the proposition. Suppose that we are given R
Dirichlet polynomials

Aj(s) = Z a;(mn”,

neSj

where the sets S; satisfy the following two properties: (i) If j; # j,, then the elements of S, are
all coprime to the elements of S; , and (ii) H oM SN foralln; € S;. The coprimality condltlon

implies that there is at most one way to write n = HR

=1y with n; € S;. Thus applications of (14)
give

R
1/2TH|A (i)Pdt = (1+ONTogN) Y | ¥ Ha(n )(

n<N n=np--np j=
neS

R
=@ +oWT logN) ]| X 1a,n))P2

Jj=1\n;€S;
R 1 2T

=(1+ONT™! 1ogN))H<f / |Aj(it)|2dt>. (16)
j=1 T

We are now ready to combine the above observations to prove Proposition 3. Applying Lemma 1,
we find

2T 5
/ NG +it, k= DIPING +it, k)| Fde
T
7 1 2 -K; 2/k
< [ TT(VG + it P+ o /0) +0@ /e, )di
j=2

Appealing now to the observation (16), the above is

4 2T
<t[(7 [ (W& +itRa + 0@ /i) + 0@Q;() )dt. )
L T Jr Jr2 J
]:
Applying the mean-value theorem for Dirichlet polynomials (14), we see that

& 2Q(n) 2
/ W it kPde = oty Y KT
T

n
pln=T;_<p<T;
Q(n)sKj

<@ +oT/?) ] <1+ k; +o<l>>.

2
j 1\p<T p
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Combining this with Lemma 2, we conclude that the quantity in (17) is

<T[] <1+k§+o<l%>>’

p<T,

which completes the proof of the proposition.

6 | EXTENSIONS OF THE RESULT

We first give the modifications needed to obtain Theorem 1 in the range k > 1. Once again let £
be the largest integer with log, T > 10%, and now define T; by T; = k*e? and for 2 < j < # by

T —e logT
c=exp| ————— ).
1= %P\ Jeog, 172

Define Pj(s), P; exactly as before, and now put K = 500k%P f with M'(s, &) defined accordingly.
Analogously to Proposition 1, we may establish that

2T 2
1, ., 1, . 1, k
. {(E+1t)N'(5+lt,k—1)/\/'(5—lt,k)dt>>T || <1+—>.

T,<p<T, p

Now Holder’s inequality gives that the left side above is

2k—1

2T = 2T o T
< </ |§(% + it)|2kdt> </ |N(§ +it,k — 1)N(§ +it, k)|2k_—1dt> )
T T

By modifying the argument of Proposition 3 (indeed the details are even a little simpler), the
second term above may be bounded by

21 2k=1
2 4 >k 2 2k
<<<T H <1+k—+o<k—2>> <<<T H <1+k—>> )
T,<p<T, p p T, <p<T, p

The lower bound claimed in the theorem follows.
Examining our proof, we may extract the following principle. Given a family of L-functions,
if one can compute the mean value of L(%) multiplied by suitable short Dirichlet polynomials,

as well as the mean value of |L(%)|2 multiplied by suitable short Dirichlet polynomials, then one
obtains a lower bound of the right order for the moments |L(%)|k forall k > 0. If k > 1, then one
needs only an understanding of the mean value of L(%) multiplied by short Dirichlet polynomials,

and knowledge of the second moment of L( %) isnot required. Thus, for example, one may establish
that

>G> qllog ), (18)
x (mod q)
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where q is a large prime, and k > 0. Or, that for k > 0 and large X

b 1 k k(k+1)
D ILG x)lF > X(logX) 2,
ldI<X

19)

where the sum is over fundamental discriminants d. Previously, (18) and (19) were accessible for
all k > 1 by [8], and (18) was known for rational 0 < k < 1 by the work of Chandee and Li [3]. A
third example is the family of quadratic twists of a new form f, where the second moment of the
central L-values is not known. Here one can establish

b

1 k k(k-1)
Y LG, f X x)f > X(logX) 7, (20)
ldl<X

forall k > 1. Such a result would be accessible also to the method of [8], but the problem of obtain-
ing satisfactory lower bounds for the small moments k < 1 (which is connected to the delicate
question of non-vanishing of L-values) remains open.
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