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ABSTRACT Digital-to-analog converters (DACs) with bandwidths larger than 70 GHz and sampling
rates in excess of 170 GS/s will soon be required in ultra-high speed communication applications such as
coherent optical transceivers operating at symbol rates of 140 GBd and beyond. Frequency interleaving
has been proposed as a way to break the bandwidth bottleneck in such applications. Splitting the input
signal into multiple frequency bands reduces the required bandwidth per interleaved DAC and therefore
it enables the synthesis of greater bandwidth signals in the reconstructed output. Elaborate digital signal
processing (DSP) is required to seamlessly stitch together the sub-bands and compensate the errors of the
analog signal path, which would otherwise severely degrade the performance of the communication system.
Adaptive DSP techniques are required to automatically compensate errors caused by process, voltage, and
temperature variations in the technology (e.g., CMOS, SiGe, etc.) implementations of the data converters,
and therefore ensure high manufacturing yield. These techniques must operate in background mode to avoid
interfering with the normal operation of the communication system. This work introduces an adaptive
background compensation scheme for frequency interleaved DACs (FI-DACs). The primary application
example is a 128 GBd QAM16 coherent optical transceiver. However, the technique is applicable to other
types of communication transceivers, and it can be generalized to arbitrary signals, as long as they are
stationary or quasi-stationary and have a wideband continuous spectrum. The key elements of the proposed
technique are a MIMO equalizer and the backpropagation algorithm. Numerical simulation results for the
aforementioned application example show that the signal to noise and distortion ratio (SNDR) of the FI-DAC
is boosted by more than 25 dB when the proposed compensation technique is applied in the presence of
typical analog mismatches. Furthermore, the optical signal to noise ratio penalty of the optical transceiver is
reduced from 6 dB to 0.1 dB.

INDEX TERMS Background calibration, error backpropagation, frequency interleaving DAC, high-speed
optical transmitter.

I. INTRODUCTION
This paper introduces a novel adaptive background com-
pensation scheme for frequency interleaved digital-to-analog
converters (FI-DAC). The primary application example used
is a 128 Giga-baud (GBd) 16-quadrature amplitude mod-
ulation (QAM16) coherent optical transceiver. However,
the technique is applicable to other types of communication
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transceivers, and it can be generalized to arbitrary signals,
as long as they are stationary or quasi-stationary and have a
wideband continuous spectrum. Generalization is addressed
later in this paper.

Next generation coherent transceivers will operate at sym-
bol rates of fB = 1/T = 128 − 150 GBd and beyond [1].
For a comprehensive review of the state of the art in coherent
optical communications, please see [2], [3] and references
therein. The main challenge in the design of transceivers
for high-speed communications is achieving the large
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FIGURE 1. Block diagram of a two-band FI-DAC architecture for a DP
optical coherent transceiver with ω0 =

2πfB
4 , �0 = ω0 Ts, and α = 2.

bandwidth (BW) and sampling rate required by the analog-to-
digital and the digital-to-analog converters (ADC and DAC).
One of the solutions proposed in recent literature is the use of
frequency interleaving (FI) techniques [4], [5].
Laboratory experiments with high baud rate optical trans-

mission based on FI-DAC have been described in the tech-
nical literature [6]. However, significant obstacles remain
before this technology can be applied in commercial prod-
ucts. One of themain challenges is how to automatically com-
pensate the impairments of the analog signal path. As a result
of process tolerances, layout limitations, etc., errors exist
which, if left uncompensated, would introduce large distor-
tions and severely degrade the system performance. Several
techniques have been presented to compensate analog errors
in FI architectures. In previous work [7] the compensation
requires startup calibration, which is done using foreground
techniques. In coherent optical systems, the latter would
imply the interruption of the communication to compensate
the imperfections (particularly when there is a need to track
changes over time), which is undesirable. The compensation
needs to be accurately tailored to the impairments, which
are process, voltage, and temperature dependent and (slowly)
time variant. The only way to achieve this at low cost and
in a way that lends itself to high volume manufacturing is
to use adaptive background compensation techniques. How-
ever, no adaptive background compensation techniques for
FI-DACs have been reported so far in the technical literature.

The FI-DAC architecture considered in this paper is shown
in Fig. 1. It is discussed in the context of its application to a
high baud rate transmitter for coherent optical communica-
tions. The scheme of Fig. 1 corresponds to one polarization
in a dual-polarization (DP) coherent optical transceiver. The
transmit path is partitioned into two or more bands by DSP
techniques. Without loss of generality, in this paper we
assume that it is decomposed into two bands. As shown in
Fig. 2, each band is demodulated to baseband with respective
complex exponential sequences e±j�0 n where �0 = ω0 Ts
with ω0 = (2π fB)/4 and 1/Ts being the DSP sampling rate.
The oversampling factor is N = T/Ts with T = 1/fB

FIGURE 2. Example of the spectra in a two-band FI-DAC architecture.

FIGURE 3. Proposed impairment equalizer (IE) with backpropagation
adaptation in a two-band FI-DAC based transmitter.

being the symbol period. The demodulated baseband signals
are first processed by lowpass filters (LPF) with frequency
response G(ej�), then they are downsampled by a factor α
and sinthesized by DACs of lower bandwidth and sampling
rate than required by the full signal.1 After synthesis, analog
double quadrature mixers reconstruct the full signal, which,
after amplification by a modulator driver, is used to control
the Mach-Zehnder Modulator (MZM).2 The reference clocks
of the mixers and the DACs are assumed to be properly
synchronized.

Figure 3 depicts a simplified block diagram of the pro-
posed compensation architecture in a two-band FI-DAC
based coherent optical transmitter. To compensate the effects
of all the analog impairments, we introduce a multiple-input

1Typically α is equal to the number of subbands (e.g., α = 2 for a two-
subband decomposition), although it could be lower and not necessarily an
integer.

2As discussed in Section II, the analog path compensated by the scheme
proposed here includes the impairments of the modulator driver and the
interconnections among the FI-DAC, the driver, and the MZM. Said analog
path may encompass components in different packages and printed circuit
board (PCB) interconnects.
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FIGURE 4. Example of the spectra in a four-band FI-DAC architecture.

multiple-output (MIMO) adaptive digital equalizer called
hereafter Impairment Equalizer (IE), defined by the transfer
matrixH(ej�

′

). Notice that the sampling rate of the signals at
the output of the digital band splitting block (i.e., x̂1[m] and
x̂2[m]) is 1/α smaller than the sampling frequency of the full
input signal. The response of the MIMO IE is adjusted by
using the error between the reconstructed analog signal and
the original wideband signal. To this end, the reconstructed
analog signal x̂R(t) is sampled by a feedback ADC to get
the error signal ê[n] = x̂R[n] − x̂[n]. This error includes the
impact of all the impairments of the analog path up to the
input of the MZM. Then, the IE is adapted to minimize
the mean squared error (i.e., E{|ê[n]|2} where E{.} is the
expectation operator) by using the least mean squares (LMS)
algorithm. It is important to observe that, although ê[n] is the
error that must be driven towards zero to achieve the com-
pensation of the analog signal path mismatches, it is not the
proper error to adapt the IE since it is not computed directly at
the output of the latter. Therefore ê[n] must be preprocessed
before it can be applied to the adaptation of the IE. The
digital backpropagation algorithm [8], [9] is proposed in this
paper to do the required preprocessing and thus enable the
background compensation of the channel impairments.3 As
shall be discussed in Section IV, this algorithm provides the
proper error samples required by the LMS algorithm to adapt
the coefficients of the IE. Computer simulations demonstrate
that the proposed IE architecture effectively compensates not
only the DAC and mixer impairments, but also the amplitude
and phase distortions of the electrical paths (e.g., it acts as
pre-emphasis and/or precompensator of time skew between
in-phase and quadrature (I&Q) components).

In the above discussion, partition into two subbands has
been assumed. To process even larger BW signals, this

3Alternatively, the forward propagation algorithm [10] could be used.
This option will be described in detail in a future paper.

technique can be extended to more subbands, which would
require more DACs with similar characteristics as those just
described (e.g., see Fig. 4).

The rest of this paper is organized as follows. Section II
introduces the channel impairments. Section III presents an
overview of the proposed adaptive background compensa-
tion technique, while Section IV contains a detailed mathe-
matical formulation. Section V presents simulation results.
Sections VI and VII discuss potential generalizations of the
technique described here to applications other that digi-
tal communications, as well as some limitations of this
study and open questions. Finally, conclusions are drawn in
Section VIII.

II. ANALOG IMPAIRMENTS IN FI-DAC
Analog impairments drastically affect the performance of any
FI-DAC architecture, including the one presented here. The
most important ones are the following:

a) Distortions, bandwidth limitations, andmismatches
in the frequency responses of the DACs and the
electrical paths between the DACs and the mixers.
Ideally the DACs should have an ideal low pass fil-
ter response with a bandwidth equal to one half of
the separation between bands, and the signal path
from the DACs to the mixers should have infinite
bandwidth. In reality, the frequency responses of the
DACs are not well controlled: their bandwidths may be
larger or smaller than the ideal, and their rolloffs may
depart significantly from the ‘‘brick wall’’ rolloff of the
ideal low pass filter. If the bandwidth is larger and/or
the rolloff is softer than ideal, interference between the
bands will result. If the bandwidth is less than ideal,
a dip in the combined frequency response will result at
the boundary between bands.

b) Time skews at various points in the signal path.
These may result from mismatches in the length of
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the physical paths and/or mismatches in the phase
responses of components such as the DACs and
the mixers. For example, a mismatch in the phase
responses of the DACs corresponding to the two bands
will result in an interband time skew. The same effect
will result if the physical paths leading from the afore-
mentioned DACs to the mixers have different lengths.
Similar effects could arise at the outputs of the mix-
ers and after the summing nodes where the signal is
finally reconstructed. One manifestation of these errors
of great importance in QAM transmitters is the skew
between the in-phase and the quadrature components
of the output signal (usually known as I/Q skew).

c) Amplitude errors of the analog carriers in the
reconstructionmixers. In Fig. 1 the carrier input to the
quadrature mixers is represented as a complex expo-
nential e±jω0 t . But in reality, the real and the imagi-
nary components of this carrier may not have perfectly
equal amplitudes. This could result, for example, from
mismatches in frequency responses or in the physical
lengths of the clock signal paths leading to the quadra-
ture mixers.

d) Quadrature errors of the analog carriers in the
reconstruction mixers. This effect is related to the
previous. The mismatches mentioned in (c) could also
cause the (ideally) quadrature carriers in reality not to
be exactly at 90◦ phase. It can be shown that the effect
of this error, independently or in combination with the
one in (c), is the generation of a complex conjugate
carrier, which causes interference in the adjacent band.

e) Bandwidth limitations and frequency response mis-
matches of the reconstruction mixers. These errors
impact the overall frequency response of the FI-DAC
and could also cause timing skews and interband
interference.

f) Bandwidth limitations and frequency response mis-
matches in the reconstructed signal paths. These
include the electrical path responses going from the
outputs of the quadrature mixers to the optical modu-
lator, as well as the responses of the modulator drivers
and any other components in the signal path.

III. OVERVIEW OF THE COMPENSATION TECHNIQUE
In this Section we give an overview of the complete compen-
sation technique without delving into mathematical details.
Readers who prefer to focus first on a high-level understand-
ing may read this section and then skip to Section V. A more
complete mathematical model is provided in the next section
and in the Appendix, which provide enough details for those
readers who want to reproduce our results.

Based on simple trigonometric identities and signal pro-
cessing techniques, we show in theAppendix that the FI-DAC
block with impairments can be reformulated as a 4 × 4
MIMO real channel defined by a 4× 4 transfer matrix F(jω)
with elements Fu,v(jω), u, v ∈ {1, . . . , 4}, followed by ideal
quadrature modulators (see Fig. 5). Based on this result,

FIGURE 5. Equivalent channel model of analog impairments in a
two-band FI-DAC transmitter.

FIGURE 6. Discrete time model of the proposed compensation in a
two-band FI-DAC based transmitter.

we can derive a simple discrete time model of the FI-DAC
architecture as depicted in Fig. 6. This formulation is impor-
tant since it shows that all the impairments in FI-DACs can be
digitally compensated by a MIMO compensation equalizer
(the IE) with transfer matrix H(ej�

′

). For example, for an
ideal compensation, we getHs(ej�)F(ej�) = I4 where F(ej�)
is the transfer matrix of the equivalent discrete-time model
for the analog impairments sampled at 1/Ts, Hs(ej�) is the
upsampled transfer matrix of the IE, H(ej�

′

), while I4 is the
4× 4 identity matrix.

The problem that remains to be solved is how to compute
Hs(ej�) (or H(ej�

′

)). Since the values of the impairments are
not known, and they may vary over time, adaptive feedback
techniques are required. The computation is carried out by
the IE, which is adapted by the well known LMS algorithm,
and the associated blocks (see Fig. 7). Assume for a moment
that the output of the block F(ej�), which models the channel
impairments, is accessible. Then, the error introduced by
the impairments in the output signal could be computed by
subtracting the output of the F(ej�) block from the output
of the band splitting filters, as is done in the ‘‘Error Com-
putation’’ block in Fig. 7. The adaptation algorithm aims to
drive this error towards zero. However, this is not the error
required by the LMS algorithm, because it is not computed
directly from the output of the IE, but from a version of
said output filtered by the channel F(ej�). To compensate for
the filtering effect of F(ej�), the backpropagation algorithm
is applied to the output of the ‘‘Error Computation’’ block.
This is done by the block called ‘‘EBP and Downsamp’’
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FIGURE 7. Block diagram of the proposed error backpropagation
algorithm to estimate the response of the impairment equalizer in a
two-band FI-DAC transmitter.

in Fig. 7. The IE can now be adapted by the LMS algorithm,
which makes use of the backpropagated error and the output
of the ‘‘Digital Band Splitting’’ block. However, the ‘‘EBP
and Downsamp’’ block needs as an input for its computation
the coefficients of the channel model F(ej�), which are not
directly available. Therefore, a ‘‘Channel Estimator’’ (CE)
block is introduced (see Fig. 8). This block, whose transfer
function is represented as F̂(ej�), is also an adaptive MIMO
filter (similar to the IE) adapted by another instantiation of
the LMS algorithm (LMSCE ).

Since the output of the channel model F(ej�) is not directly
available, the output of the entire FI-DAC system including
interconnections and possibly buffers, is sampled by an ADC
and fed back to the DSP for its use in the IE and CE adap-
tation. A reduced sampling rate is acceptable for this ADC,
since all the adaptation algorithms can be downsampled and
run at reduced speed.

IV. ADAPTATION OF THE IMPAIRMENT EQUALIZER (IE):
ERROR BACKPROPAGATION ALGORITHM
The samples of the reconstructed full signal can be expressed
as (see Figs. 5 and 6):

x̂R[n] = ŷ1[n]ej�0n + ŷ2[n]e−j�0n, (1)

where ŷ1[n] = y(I )1 [n]+ jy(Q)1 [n] and ŷ2[n] = y(I )2 [n]+ jy(Q)2 [n]
with components given by

y[n] = F−1{F(ej�)F{s[n]}}, (2)

where F{.} (F−1{.}) denotes the FT (inverse FT) oper-
ator, y[n] is the 4 × 1 real vector defined by y[n] =
[y(I )1 [n] y(Q)1 [n] y(I )2 [n] y(Q)2 [n]]T while s[n] =

[s(I )1 [n] s(Q)1 [n] s(I )2 [n] s(Q)2 [n]]T is the 4 × 1 real vector with
the upsampled digital samples at the inputs of discrete-time
model of the channel with impairments given by

s[n] = F−1{Hs(ej�)F{xB[n]}}, (3)

where xB[n] = [x(I )1 [n] x(Q)1 [n] x(I )2 [n] x(Q)2 [n]]T is the 4 ×
1 real vector with the upsampled outputs of the digital band
splitting block (i.e., the sampling frequency is 1/Ts).4

Let ê[n] be the error signal defined as

ê[n] = x̂R[n]− x̂[n], (4)

where x̂R[n] is the reconstructed full signal (1), and x̂[n] is the
input full signal given by

x̂[n] = x̂1[n]ej�0n + x̂2[n]e−j�0n (5)

with x̂a[n] = x(I )a [n] + jx(Q)a [n], a ∈ {1, 2}, being the
upsampled complex signal at the output of the digital band
splitting block (see Fig. 7).

The IE response H(ej�
′

) (or Hs(ej�)) is adjusted to mini-
mize of the mean squared error (MSE), E{|ê[n]|2}, by using
the LMS algorithm as explained in the following.

A. LMS BASED ADAPTATION OF THE
IMPAIRMENT EQUALIZER
Let Hu,v(ej�

′

) with u, v ∈ {1, 2, 3, 4} be the (u, v) transfer
function of the 4×4 transfer matrix of the IE,H(ej�

′

).We also
define the real impulse responses hu,v[m] = F−1{Hu,v(ej�

′

)}
with u, v ∈ {1, 2, 3, 4}. In this work we adopt the LMS
(LMSIE ) algorithm to iteratively adapt the real coefficients
of the set hu,v[m] in order to minimize the MSE, E{|ê[n]|2},
by using

h(k+1)u,v = h(k)u,v − β∇hu,vE{|ê[n]|
2
}, (6)

where u, v ∈ {1, . . . , 4}, k denotes the number of iteration,
hu,v = [hu,v[0] hu,v[1] · · · hu,v[Lh − 1] ]T , Lh is the number
of coefficients of the filters, β is the adaptation step, and
∇hu,vE{|ê[n]|

2
} is the gradient of the MSE with respect to the

real vector hu,v.
From (1) and (5), notice that minimizing E{|ê[n]|2} is

equivalent to minimizing the mean of the total squared error
of the subband signals,

E[n] =
2∑

a=1

|ŷa[n]− x̂a[n]|2. (7)

Therefore (6) results

h(k+1)u,v = h(k)u,v − β∇hu,vE{E[n]}, u, v ∈ {1, . . . , 4}, (8)

The computation of the gradient of E{E[n]} is not trivial
since E[n] is not the squared of the error at the output of
the IE. To get the proper error samples to adapt the coef-
ficients of the filters as expressed in (6), we propose to
use the backpropagation algorithm widely used in machine
learning [8], [9].

4In this work, time index m is used when the sampling rate is 1/(αTs),
while n is used for 1/Ts sampling rate.
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B. ERROR BACKPROPAGATION (EBP)
For simplicity, we modify the notation of the systemmodel as
depicted in Fig. 7. Note that we use an integer index between
1 and 4 to represent a certain component (I or Q) in a given
band (1 or 2). Then, the squared error (7) can be rewritten as

E[n] =
4∑
i=1

|e(i)[n]|2, (9)

where e(i)[n] is the real error between the i-th real output of
the MIMO channel, y(i)[n], and the i-th upsampled real input
of the IE, x(i)[n], i.e., (see Fig. 7)

e(i)[n] = y(i)[n]− x(i)[n]. (10)

As usual with the stochastic gradient descent (SGD) based
adaptation, we replace the gradient of theMSE,∇hu,vE{E[n]},
by a noisy estimate, ∇hu,vE[n], i.e.,

h(k+1)u,v = h(k)u,v − β∇hu,vE[n], u, v ∈ {1, . . . , 4}. (11)

Based on the analysis in the Appendix of [11], it is possible
to show that an instantaneous gradient of (9) is

∇hu,vE[n] ∝ ẽ
(u)[m]x(v)[m], (12)

where x(v)[m] is the Lh-dimensional real vector with the
samples at the input of the IE, i.e.,

x(v)[m] =
[
x(v)[m], x(v)[m− 1], · · · , x(v)[m− Lh + 1]

]T
,

while ẽ(u)[m] is the backpropagated error obtained by down-
sampling the real error sequence

ẽ(u)[n] =
4∑
j=1

LF−1∑
l=0

fj,u[l]e(j)[n+ l], (13)

where fu,v[n] is the impulse response of the filter with input
u and output v of the MIMO channel F(ej�), while LF is
the number of taps of the filter (see [8]–[10] for a detailed
description of the backpropagation technique).

As observed from (13), the knowledge of the MIMO
channel response F(ej�) (i.e., fu,v[n]) and the subband errors
(e(j)[n]) is required to evaluate the backpropagated error and
the gradient (12). These components can be obtained from
the samples of the reconstructed signal x̂R(t), therefore a
feedback channel is required. The feedback path includes
buffers and track and holds (T&H) to support the bandwidth
of the reconstructed full signal x̂R(t). The samples are then
used by the ‘‘Channel Estimator’’ (CE) block to compute the
error signals (10) and estimate the MIMO channel response
F(ej�), as discussed in the following.

C. CHANNEL ESTIMATOR (CE) BLOCK
The estimation of the analog channel response F(ej�) can
be achieved by using the LMS algorithm (LMSCE ) and the
error between the estimated full band signal (x̂E [n]) and the
samples of the reconstructed full signal (x̂R[n]) as depicted
in Fig. 8. Notice that CE block is also able to provide samples

FIGURE 8. Low complexity architecture for estimating the equivalent
channel model of analog impairments in a two-band FI-DAC for one
polarization in a DP coherent optical transmitter.

of the reconstructed signal at full rate for computation of
the error ê[n]. The response of the feedback path (i.e., T&H,
ADC) could be initially estimated and removed from F̂(ej�).
Channel impairments change slowly over time, thus the

estimation algorithm does not need to operate at full rate. The
latter allows implementation complexity to be significantly
reduced. For example, low power, low speed (i.e., 1/(MT ) =
1/(MNTs) with M � 1), medium resolution ADCs with
adjustable sampling phase can be used. Let tm be the time
instant corresponding to the sample x̂R[m] (i.e., x̂R[m] =
x̂R(t)|t=tm ). Thus, the m-th time instant of the feedback low
speed ADC used to estimate the analog channel is

tm = m(MN )Ts + mTs. (14)

Notice that the sampling period of the feedback channel is
(MN + 1)Ts. Additional complexity reduction is enabled by:
1) strobing the algorithms once they have converged, and/or
2) implementing them in firmware in an embedded processor,
typically available in coherent optical transceivers.

V. SIMULATIONS
Using computer simulations, we investigate the performance
of the proposed background calibration technique in a two-
band FI-DAC-based coherent optical communication system.
We assume QAM16 modulation with a symbol rate fB =
1/T = 128 GBd in a back-to-back optical channel. The
oversampling factor in the DSP blocks is N = T/Ts = 1.5.
We assume 8-bit resolution DACs with 96 GS/s sampling rate
(i.e., α = 2 in Fig. 1) and B0 =32 GHz nominal BW, which
is half of what would be needed to process the input signal
band in a non-interleaved architecture. Pulse shaping with
raised cosine filters and rolloff factor ρ = 0.10 is applied.
An ideal feedback channel is assumed. The number of taps
of the impairment equalizers is Lh = 59. For details of
the traditional DSP blocks of a coherent optical transceiver
see [2] and references therein.

The impairments of the FI-DAC described in Section II are
modeled as follows:
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a) Distortions, bandwidth limitations, and mismatches in
the frequency responses of the DACs and the electrical
paths between the DACs and the mixers. We assume
four electrical analog path responses, B(I/Q)a (jω) with
a ∈ {1, 2} (see Fig. 17), modeled by sixth-order Butter-
worth lowpass filters with bandwidths B0+1BWB(I/Q)a

,
where B0 is the nominal bandwidth and 1BW

B(I/Q)a
is

the corresponding bandwidth error.
b) Time skews. Although this effect can be introduced

at various points in the signal path, we focus on the
time delays between s(I )a (t) and s(Q)a (t) with a ∈ {1, 2}
(i.e., I/Q time skew). These delays, denoted as τsa , are
generated by four independent Lagrange interpolators
(i.e., ± τsa2 with a ∈ {1, 2}).

c) Amplitude errors of the analog carriers in the recon-
struction mixers and

d) Quadrature errors of the analog carriers in the
reconstruction mixers. As discussed in the Appendix,
the complex carrier in the quadrature mixer a with
a ∈ {1, 2} can be written as pa(t) = (1 +
δa) cos (ω0t + φa/2) + j(1 − δa) sin (ω0t − φa/2),
where δa and φa are the gain and phase errors, respec-
tively. This equation combines the effects of items c)
and d) of this list.

e) Bandwidth limitations and frequency response mis-
matches of the reconstruction mixers. We assume eight
electrical analog path responses, C (I/Q)

a,b (jω) with a, b ∈
{1, 2} (see Fig. 17), modeled by sixth-order Butter-
worth lowpass filters with bandwidths 2B0(1 + ρ) +
1BW

C (I/Q)
a,b

, where 2B0(1+ρ) is the nominal bandwidth,

1BW
C (I/Q)
a,b

is the corresponding bandwidth error, and ρ

is the rolloff factor.
f) Bandwidth limitations and frequency response mis-

matches in the reconstructed signal paths. We assume
four electrical analog path responses, D(I/Q)

a (jω) with
a ∈ {1, 2} (see Fig. 17), modeled by sixth-order
Butterworth lowpass filters bandwidths 2B0(1 + ρ) +
1BW

D(I/Q)
a

, where 2B0(1+ρ) is the nominal bandwidth
and 1BW

D(I/Q)
a

is the corresponding bandwidth error.

A. IMPACT OF THE ANALOG IMPAIRMENTS
OF THE FI-DACs
To illustrate the impact on the performance of a coherent
optical receiver caused by the different impairments in the
transmitter FI-DACs, we show the received constellations in
the presence of analog errors for a noise-free optical chan-
nel. The parameters used in the simulations are drawn from
uniform distributions in the intervals detailed in Table 1.
Please notice that there is a one to one correspondence of the
items of the list given above with the scenarios of rows a)
through f ) of Table 1, as well as with the list of Section II
describing the impairments. The simulations of Fig. 9 use
parameters from one particular sample from the distributions.
For example, the eight values of relative bandwidth errors of
C (I/Q)
a,b (jω) are eight random numbers drawn from a uniform

TABLE 1. Description of the cases analyzed in Fig. 9. Note that
a,b ∈ {1,2} (see Fig.17). Errors are generated randomly according to a
uniform distribution.

distribution in the interval [−12.5%, 25.4%]. Although for
simplicity the specific numerical values used in our simula-
tion are not shown, the simulation results of Fig. 9 are typical
and different random samples produce very similar results.
Figures 9 (a) through (f) show results with the proposed com-
pensation off and mismatches exercised one at a time accord-
ing to their type (i.e., BW errors, phase errors, I/Q time skew
τsa , etc.), while Fig. 9-g depicts the case with all the impair-
ments simultaneously active (see Table 1 and Fig. 17 for a
detailed description of the simulated scenarios). From these
figures notice that the analog mismatches severely degrade
the transmitted signal. Theworst case occurs when all random
errors are applied simultaneously. The great improvement
enabled by the proposed compensation scheme can be seen
in the constellation of Fig. 9-h.

B. PERFORMANCE OF THE IMPAIRMENT EQUALIZER
We focus on the optical signal-to-noise ratio (OSNR)
penalty5 at a bit-error-rate (BER) of 10−3, which is computed
using an ideal software receiver. Figure 10 shows the OSNR
penalty as a function of the bandwidth mismatches, the gain
and phase errors of the quadrature mixers, and the I/Q time
skew error. Only one effect is exercised in each case. To stress
the mismatch effects, the impairments are introduced as fol-
lows: a) BW errors in the responses B(I )1 (jω) and B(Q)2 (jω)
with 1BWB(I )1

= 1BWB(Q)2
, b) I/Q time skew at the outputs

of the DACs with τs1 = τs2 , c) BW errors in the responses
C (I )
1,1(jω) and C

(Q)
2,1 (jω) with 1BWC (I )

1,1
= 1BWC (Q)

2,1
, d) BW

errors in the responsesD(I )
1 (jω) andD(Q)

2 (jω) with1BWD(I )
1
=

1BWD(Q)
2
, e) phase (φa) and f) gain (δa) errors of the two

quadrature mixers with φ1 = φ2 and δ1 = δ2. The affected
parameters are swept together. We present results with and
without the proposed background compensation technique.
The effectiveness of the IE architecture is verified in all cases.
Notice that the proposed FI-DAC scheme performance is
excellent even in the presence of BW errors.

C. MONTECARLO SIMULATIONS
The robustness of the proposed compensation scheme was
assessed by Montecarlo simulations. A total of 500 channels
with uniformly distributed random impairments such as gain

5See [12] for a definition of OSNR penalty.
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FIGURE 9. Received QAM16 constellation in the presence of analog
mismatches with a two-band FI-DACs transmitter. For a detailed
description of the test scenarios see Table 1.

errors (δa ∈ [±0.25]), phase errors (φa ∈ [±18◦]), I/Q time
skew (τsa ∈ ±25%, and bandwidth errors (1BWX /BX ∈
[±25%] where BX is the corresponding nominal BW and
X ∈ [B(I/Q)a (jω),C (I/Q)

a,b (jω),D(I/Q)
a (jω)]), were simulated.

We set the OSNR to that required to achieve a BER ∼ 2 ×
10−4 in the absence of analog impairments. Figure 11 shows
the histogram of the BER for the system with and without the
MIMO equalizer. In all cases the excellent compensation of

FIGURE 10. OSNR penalty comparison at BER = 10−3 versus analog
mismatches in a two-band FI-DAC-based transmitter.

FIGURE 11. Histogram of BER for 500 random analog channels with and
without compensation for a BER reference of ∼ 2× 10−4.

FIGURE 12. BER evolution during convergence of the proposed IE with
subsampling of the feedback ADC (M = 128). The BER reference in the
absence of analog impairments is ∼ 2× 10−4.

the impairments achieved by the proposed IE architecture is
verified.

Figure 12 depicts one example of the BER evolution in
the presence of analog impairments using subsampling of the
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FIGURE 13. SNDR evolution during convergence of the proposed IE with
subsampling of the feedback ADC (M = 128) for sinusoidal inputs with
frequencies fin =5GHz and 55GHz. The SNDR reference in the absence of
analog impairments is ∼ 44dB.

feedback ADC with M = 128. The target BER without ana-
log errors is∼ 2×10−4. The results confirm the effectiveness
of the compensation system in the presence of decimation.

D. SNDR OF THE FI-DAC WITH THE PROPOSED IE
The signal-to-noise-and-distortion ratio (SNDR) is usually
used to measure the quality of the signal generated by a
DAC. To evaluate the SNDR of the FI-DACwith the proposed
impairment equalizer, the spectrum of the reconstructed ana-
log signal x̂(t) is analyzed using a digital real tone as input
signal, i.e., x[n] = cos(2π finTs). Figure 13 shows the evolu-
tion of the SNDR achieved by the system for a subsampled
feedback ADC with M = 128. We consider the same set of
analog errors used in Fig. 12. To obtain the SNDR values,
the coefficients of the IE employed to calculate the BER
in Fig. 12 (which are evolving all along as the background
compensation system performs the adaptation), are saved at
certain points of the convergence evolution. Then, those coef-
ficients are loaded to the system, and the SNDR of the output
signal is measured. The same approach is used to evaluate two
input frequencies: fin = 5GHz and 55GHz. The target SNDR
is ∼ 44dB. The results confirm the effectiveness of the com-
pensation system in the presence of decimation. The spectra
of the output signals for a sinusoidal tone at the input at
the beginning (uncompensated) and at the end (compensated)
of convergence are shown in Fig. 14. In the uncompensated
case, the presence of spurs degrades the SNDR of the whole
system. At the end of the convergence in the compensated
scheme, complete mitigation of the spurs is accomplished.
The SNDR curves for a frequency sweep at the input are
depicted in Fig. 15. The same set of analog errors used in
Fig. 14 is considered. Note that the SNDR degradation in the
presence of all errors exercised at the same time and without
compensation is more than 25dB for all frequencies.

VI. GENERALIZATION TO OTHER APPLICATIONS
The scope of this paper has been deliberately limited
to the example of the transmitter in a coherent optical
transceiver. However the technique presented here can be
generalized to other applications not related to digital com-
munications. The only condition necessary for the tech-
nique to be applicable is that the input to the FI-DAC be
a stationary or quasi-stationary signal and that its spectrum

FIGURE 14. Frequency domain spectra of the output signals, for a
sinusoidal tone at the input (fin = 5GHz tone and fin = 55GHz tone),
uncompensated (left) and compensated (right) in a decimated
compensation system, see Fig13.

FIGURE 15. SNDR performance for a frequency sweep at the input.
Mismatch errors applied in the simulation for all impairments are in
intervals of ±10% of their ideal values.

be wideband and continuous. The stationarity or quasi-
stationarity condition is necessary because the adaptation
of the IE and the CE is relatively slow and it can only
track signals whose properties change slowly in time. The
wide spectrum condition is required to ensure that the IE
and the CE have feedback at all frequencies within their
band of operation, so that convergence and stability can be
guaranteed. However, even in applications where the sta-
tionarity and wide spectrum conditions cannot be met, it is
possible to use this technique in foreground mode. In this
case the IE and the CE are trained during an initializa-
tion period using a synthetic signal which meets the above
conditions, for example a pseudo-random binary sequence
(PRBS), and then both adaptive filters are frozen and normal
operation of the FI-DAC starts. At this point the FI-DAC
system is ready to be used with arbitrary signals, including
narrowband and non-stationary signals. This is essentially
what was done in the simulation study of Section V-D.
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FIGURE 16. Generalization to other applications.

The practical application would mimic the procedure of the
simulation.

Figure 16 shows how the DAC system is used in a generic
application. Examples of applications not related to com-
munications are radar [13], arbitrary waveform generators
(AWG) [14], test and measurement equipment [15], and
instrumentation for physics research. Additionally, even in
digital communications, the technique can be extended to
applications that the present work did not cover. For example,
it can be used to precompensate the transmitter in wire-
line or wireless applications, as well as in intensity modu-
lation and direct detection (IM/DD) channels.

VII. LIMITATIONS OF THE STUDY AND FUTURE WORK
The present work addressed the FI-DAC topology, but similar
techniques can be applied to alternative topologies such as
time interleaving and analog multiplexing DACs. Further-
more, the proposed technique was analyzed at a high level
and in a conceptual way, but future work will address the
implementation level. A large body of work is currently
underway to develop proofs of concept in laboratory experi-
ments and in integrated circuits. An experimental platform is
being developed, which is expected to motivate new research
on compensation techniques for ultra high performance data
converters.

VIII. CONCLUSION
A FI-DAC architecture with adaptive background compen-
sation of the analog signal path errors has been presented.
Simulations confirm the effectiveness of the proposed tech-
nique, which shows more than 25 dB of SNDR improvement
in a frequency sweep in the band of interest. This results in
the essentially complete elimination of the penalty caused
by the DAC frequency response and the gain and phase
errors in the mixers, as well as other impairments. Although
the technique was presented in the context of a transmitter
for coherent optical communications, it is more general and
suitable not only in other communication applications such as
IM-DD but also in the presence of arbitrary wideband signals.

APPENDIX
In this Appendix we derive the channel model of Fig. 5.
Figure 17 shows a block diagram of a two-band FI-ADCwith
all the impairments as described in Sections II and V. With a
proper design, it is possible to assume that the two cosine (and

FIGURE 17. Model of analog impairments in a two-band FI-DAC based
transmitter.

sine) signals used in each quadrature mixer have the same
gain and phase,6 i.e., δ(I )a,1 = δ

(Q)
a,1 = δa; δ

(I )
a,2 = δ

(Q)
a,2 = −δa;

φ
(I )
a,1 = φ

(Q)
a,1 = φa/2, and φ

(I )
a,2 = φ

(Q)
a,2 = −φa/2 with

a ∈ {1, 2}. Note that δa and φa represent the gain and phase
imbalance of the quadrature mixer for band a, respectively.
On the other hand, the mismatches between the responses of
the electrical paths that arrive at each adder of the quadrature
modulator can be assumed small (e.g., C (I )

a,1(jω) ≈ C (Q)
a,2 (jω)

and C (I )
a,2(jω) ≈ C (Q)

a,1 (jω) with a ∈ {1, 2}). Therefore,

the responses C (I/Q)
a,b (jω) can be moved after the adders and

included in the corresponding filters D(I/Q)
a (jω), as shown in

Fig. 18. The good accuracy of this assumption is verified
through simulations in Section V.
Then, based on the complex model proposed in [16], the

modulator output of band a denoted as za(t) = z(I )a (t)+jz(Q)a (t)
(see Fig. 17), can be expressed as

za(t) = ŝa(t)pa(t), a ∈ {1, 2}, (15)

where ŝa(t) = ŝ(I )a (t)+ jŝ(Q)a (t) is the mixer input, and

pa(t) = ka,1ejω0t + ka,2e−jω0t (16)

with complex constants given by

k1,1 = k (I )1,1+jk
(Q)
1,1 =

1+δ1
2

ejφ1/2+
1− δ1

2
e−jφ1/2, (17)

6Although this assumption simplifies the math, it can be shown that it is
not necessary for the applicability of the compensation scheme proposed in
this paper.
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FIGURE 18. Simplification of the responses C (I/Q)
a,b (jω) for an equivalent

complex channel model approach.

FIGURE 19. Equivalent complex channel model of a quadrature mixer
with I/Q imbalance for the subband a ∈ {1,2}.

k1,2 = k (I )1,2+jk
(Q)
1,2 =

1+δ1
2

e−jφ1/2 −
1− δ1

2
ejφ1/2, (18)

k2,1 = k (I )2,1+jk
(Q)
2,1 =

1+δ2
2

ejφ2/2 −
1− δ2

2
e−jφ2/2, (19)

k2,2 = k (I )2,2+jk
(Q)
2,2 =

1+δ2
2

e−jφ2/2+
1− δ2

2
ejφ2/2. (20)

In the absence of gain and phase errors, notice that p1(t) =
ejω0 t and p2(t) = e−jω0 t . Figure 19 shows the equivalent
complex-valued model of the quadrature mixer with impair-
ments. The quadrature mixer outputs z(I/Q)a (t) are transmitted
up to the optical modulator through electrical paths (which
include the modulator drivers) with mismatch responses
D
(I/Q)
a (jω) (see Fig. 17). From (15) and Fig. 20, the complex

FIGURE 20. Complex-valued channel model of the mixer-MZM electrical
paths with responses D

(I/Q)
a (jω) for the subband a ∈ {1,2} (see Fig. 17).

FIGURE 21. Equivalent MIMO channel model of the combined quadrature
mixer and mixer-MZM electrical paths for the subband a ∈ {1,2}.

FIGURE 22. Equivalent channel model of analog impairments in a
two-band FI-DAC for one polarization in a DP coherent optical transmitter.

signal at the MZM input can be expressed as

x̂a(t) = z(I )a (t)⊗ d
(I )
a (t)+ jz(Q)a (t)⊗ d

(Q)
a (t), (21)

where symbol ⊗ denotes the convolution operation and
d
(I/Q)
a (t) = F−1{D(I/Q)

a (jω)}. Since z(I )a (t) = 0.5[za(t) +
z∗a(t)] and jz

(Q)
a (t) = 0.5[za(t)− z∗a(t)], we can get

x̂a(t) = za(t)⊗ ua(t)+ z∗a(t)⊗ ua(t), (22)
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where ua(t) = 0.5[d
(I )
a (t)+d

(Q)
a (t)] and ua(t) = 0.5[d

(I )
a (t)−

d
(Q)
a (t)] (see Fig. (20)).
From the above, we can derive the channel model for the

quadrature mixer with impairments including the electrical
paths as shown in the block diagram on the left side of Fig. 21.
Moreover, taking into account that ŝa(t)e±jω0 t ⊗ u(t) =
[ŝa(t) ⊗ u(t)e∓jω0 t ]e±jω0 t , it is possible to exchange the
order of the modulator and filter blocks ua(t) and ua(t). Then,
grouping the signals properly, the analog channel for the sub-
band a can be reduced to a 2×4MIMO real channel followed
by two ideal quadrature mixers as depicted on the right side of
Fig. 21. Notice that the response of the DAC-mixer electrical
paths (i.e., B(I/Q)a (jω) in Fig. 17) can be easily included within
this MIMO channel model. Finally, the model just described
is applied to the two subbands which are combined resulting
in the 4×4MIMO real channel model of Fig. 22 (and Fig. 5).
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