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Resumo

O espaco classico de poligonos em R3, designado por Pol(@) com a = (ai,...,a,) € R*
foi introduzido por Klyachko em [KI] e por Kapovich e Millson em [KM]. Posteriormente
Hausmann e Knutson provaram em [HK1] e [HK2] muitos resultados importantes como por
exemplo o cdlculo dos possiveis polindmios de Poincaré e aneis de cohomologia.

Este espaco pode ser definido de diferentes formas:

1. Como o espago dos poligonos de R? com os lados de comprimentos a1, .. .,a,, a menos

de rotagdes e traslagdes e cujos pontos inicial e final coincidem.

2. Como o espaco das possiveis configuracdes ponderadas semiestéveis de 1 pontos de CP!
com pesos af,...,, a menos de uma transformacdo de Mobius, onde uma configuracio
¢é considerada semiestdvel se nenhum ponto tem um peso maior do que metade do peso

total.

3. Como uma reducdo simplética do espaco de representagdes de um guiver em forma de

estrela com caracteristica 2 e tor¢do n num nivel determinado por a.

Esta dltima construcdo pode ser generalizada a quociente Hyperkihler usando o quiver duplo
associado, onde obtemos o espaco de Hyperpoligonos.

Os espagos de poligonos e Hyperpoligonos podem ser relacionados com muitas dreas da
geometria e foram estudados por muitos autores. Por exemplo em [GM], foi provada a existéncia
de um isomorfismo entre o espago usual de Hyperpoligonos e o espaco de moduli de fibrados
de Higgs parabélicos sobre CP! com estrutura holomorfa trivial, caracteristica 2, determinante
fixo e campo de Higgs com traco nulo.

E entdlo natural procurar generalizar estes espacos considerando poligonos com lados noutro
espaco. Um caso especialmente interessante € o caso dos poligonos com lados no espago

tridimensional de Minkowski, que foi primeiro introduzido por Millson e estudado por Foth em



[F]. Estes espacos tém especial interesse dado que podem ser identificados com as componentes
do conjunto de pontos fixos de uma involugao natural no espago de Hyperpoligonos (ver [BFG]).

Outra pergunta natural seria estudar o espaco de poligonos obtido ao mudar o grupo de Lie
no quociente simpléctico.

O objectivo desta tese € o estudo da geometria e topologia do espago obtido ao consid-
erar o grupo SU(m), construindo de forma andloga um espago de poligonos. Dito de outro
modo, vamos considerar o espaco reduzido ]_[Ogu(m)(ai) // SU(m), onde Ofu(m)(ai) sdo Or-
bitas degeneradas da ac¢do coadjunta de SU(m) em su(m)* e / denota a redugdo simplética.
Neste caso, os espacos obtidos sdo espacos de poligonos com lados em CP"~!. Vamos ver
também que estes espacos podem ser definidos como redugio simplética de (C™)”" pelo grupo
G := (U(m)x (S1)")/T", onde T é o subcirculo diagonal de U(m) x (S')". Esta construgio é
mais rica, dado que proporciona relacdes com outros espacos conhecidos tais como as Grass-
mannianas complexas.

No nosso estudo iremos usar cohomologia equivariante.

Em geral, se temos um grupo de Lie G a agir sobre uma variedade M, o quociente M /G pode
ndo ser uma variedade, o que dificulta o estudo do seu anel de cohomologia. A cohomologia
equivariante ou cohomologia de Borel-Moore é uma generalizacdo do anel de cohomologia de
M /G e pode ser definida mesmo quando os espacos quocientes referidos ndo sdo variedades. E
por isso que € uma ferramenta especialmente valiosa quando consideramos a¢des de grupos de
Lie sobre variedades diferencidveis.

Foi introduzida primeiro por Borel e Moore em 1960 [BM] e depois estudada por muitos
autores tais como Atiyah, Bott, Tymoczko, Kirwan ou Jeftrey (ver [AB], [T], [Kir], [JK]). Como
os espacos de Poligonos e Hyperpoligonos podem ser obtidos como resultado de um quociente
simplético, os resultados de Jeffrey e Kirwan vao ser especialmente relevantes no nosso estudo.

Outro metodo que serd utilizado € o denominado por wall crossing.

Dado um grupo de Lie G e uma variedade simplética (M,w) onde G age de forma hamil-
toniana, muita informagdo sobre o espaco reduzido M // G pode ser obtida através do espago
M /T, onde T C G é o subtoro maximal de G tal como, por exemplo, o anel de cohomolo-
gia equivariante. Em particular, vamos ver que os conjuntos de pontos fixos dos subcirculos
S'=H c G =(U(m)x(S")")/T, correspondem a poligonos que se decompdem em dois sub-
poligonos contidos em subespagos complementares.

A imagem pela aplica¢do momento pg desses conjuntos, forma hyperplanos chamados walls
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ou paredes. Estas paredes dividem R"” em cimaras onde a classe de difeomorfismo do espago
Pol, (@) se mantém constante.

Desta forma podemos obter muita informag¢do ao estudar o modo como a passagem através
de uma parede afecta o espaco de moduli. Tanto o polinémio de Poincaré como o volume
simplético sao aqui calculados por este método. No caso do volume usamos resultados de Shaun
Martin em [Mal].

A tese esta estruturada como se segue:

Nos Capitulos 1 e 2 explicamos com mais detalhe a motivagdo do nosso trabalho e apresen-
tamos resultados preliminares que serdo utilizados mais tarde. Conceitos como cohomologia
equivariante e wall crossing sdo formalmente definidos.

No Capitulo 3 analisamos as diferentes maneiras de construir Pol,,(a). Em particular,
explicitamos a correspondéncia de Gelfand McPherson, que descreve Pol,, (@) como redugdo
simplética a partir do espaco de Grassmannianas complexas Gr(m,n). Obtemos assim o seguinte

diagrama de redugdes simpléticas:

((cmm)
/(Sh" J U (m)
((C")") [/ -2q (S'Y" = [TCP"! e ((©)) [/ 50,4, Um) = Gr(m,n)
/SU(m) J(sH!
T1CP™! o (SU(m)/Zy) = Poly(a) = Gr(m,n) ||y (SH"!

A dualidade entre espacgos de Grassmannianas Gr(m,n) e Gr(n—m,n) e o diagrama acima
sugerem uma dualidade entre espagos de poligonos com n lados em CP"~! e poligonos com n
lados em CP"~!. No Capitulo 4 estudamos esta dualidade.

No Capitulo 5 descrevemos as paredes no espago de moduli. Mostramos que no interior das
paredes externas o espago Pol, (@) é ndo vazio, e que, se @ ndo fica numa das paredes, € uma
variedade diferencidvel.

No Capitulo 6 calculamos o polinémio de Poincaré destes espagcos de uma forma recursiva
em m, obtendo uma férmula fechada para os casos m =2 e m = 3. No caso m = 2, comparamos

a formula obtida com a dada por Hausmann e Knutson em [HK1].
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Iremos aplicar o método de wall crossing para analisar a maneira na que o espago de
poligonos muda quando atravessamos uma parede.

Deste modo unicamente € necessdrio determinar um valor inicial énm onde o polinémio
de Poincaré do espago Pol,, (,l_i’nm) € conhecido e usar os resultados obtidos previamente. Em
particular o espaco inicial Pol,, (,é’n’m) € uma Bott tower generalizada de (m — 1)-passos, onde a
fibra de cada passo é CP"™~! (ver [CMS]).

Existem resultados semelhantes em espacos relacionados com Pol,, (@). Por exemplo, Holla
determinou em [Ho] uma férmula fechada para o polindmio de Poincaré do espago de moduli
de fibrados parabdlicos semiestdveis sobre uma superficie de Riemann. Goldin descreve em [G]
como obter o anel de cohomologia de Pol,,(a). No entanto, esta descricdo nao € muito pratica
do ponto de vista computacional.

Na dltima sec¢do do Capitulo 6, provamos que todos os espagos de poligonos estudados sao
simplesmente conexos.

No Capitulo 7, aplicamos os resultados de Shaun Martin e de Kirwan para determinar o
volume simplético de Pol, («), obtendo uma formula explicita quando m = 3. Tal férmula
concorda com a férmula obtida por Suzuki e Takakura em [ST].

Por dltimo, nos Apéndices A e B, incluimos dois programas na linguagem Wolfram para
calcular o polindmio de Poincaré no caso m = 3. O primeiro dos programas esta baseado nas

contas da Sec¢do 6.3.2 e o segundo, na férmula dada por Holla (ver [Ho]).

Palavras chave: Poligonos, redugdo simplética, polindmio de Poincaré.
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Abstract

The classical space of polygons in R3, denoted by Pol(ay,...,a,),a; € R*, was first introduced
by Klyachko in [Kl] and by Kapovich and Millson in [KM]. Hausmann and Knutson obtained
in [HK1] and [HK2] many interesting results about these spaces such as the computation of the
possible Poincaré polynomials and the cohomology rings.

It can be obtained in many different ways:

1. As the space of piecewise linear paths in R? with n steps of length 1, ...,a, modulo

rotations and translations, whose start and endpoints agree.

2. As the space of semistable weighted configurations of n points in CP!, with weights
at,...,a,, modulo Mobius transformations, where a configuration is considered unstable

if more than half of the total weight is assigned to a single point.

3. As symplectic reduction on the space of representations of a rank 2 star-shaped quiver and

twist n at a level determined by (ay,...,a;).

This last construction can be generalized to a Hyperkihler quotient, using the associated
double quiver, thus obtaining what is known as the Hyperpolygon space.

Polygon and Hyperpolygon spaces can be related to many areas of geometry and have
received the attention of many authors. For instance in [GM], Godinho and Mandini prove the
existence of an isomorphism between Hyperpolygon spaces and moduli spaces of stable, rank-2,
holomorphically trivial parabolic Higgs bundles over CP! with fixed determinant and trace-free
Higgs field.

It is natural to try to generalize these spaces, considering polygons ith edges in a different
space. A particular interesting case is the space with edges in Minkowski 3-space, which was
briefly introduced by Millson and studied by Foth in [F]. These spaces are specially interesting
because they can be identified with the different components of the fixed point set of a natural

involution on the space of Hyperpolygon (see [BFG]).



Since in the classical cases the Lie group SO(3) plays a fundamental role, another natural
question would be to wonder what happen if we change it by another matrix Lie group.

In this thesis we consider the group SU(m) instead, and construct our space of polygons
analogously. The corresponding space of polygons obtained is the one of polygons with edges

in CP"™~!. Our efforts are addressed to obtain information about these spaces.

Keywords: Polygon, symplectic reduction, Poincaré polynomial.
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Chapter 1

Motivation

1.1 Actions and symplectic reduction

1.1.1 Actions and Orbits

Let G be a Lie group and, for a given g € G, let us consider the action on G by conjugation
Co(h)=ghg™', VheG.
This diffeomorphism fixes the identity and its derivative at e is an invertible linear map
(dCy)e : T.G - T,.G.

Identifying 7, G with the Lie algebra g of G, we denote by Ad, the above isomorphism and we

obtain what is known as the Adjoint representation of G

Ad:G — GL(g)

g +— Ad,.
Moreover, taking the derivative at e, we obtain the adjoint representation of g

ad:g — g¢l(g)

X adx.



In particular, if G is a matrix group,
Adg(X) = gXg™

and

ad((Y) = [X,Y],

where [-,-] is the Lie bracket.
From these representations we naturally obtain their dual representations. For the adjoint

representation we get the coadjoint representation, defined as
(Adyé,X) = (£,Ad1X), VéE€g',g€G,Xeg,

where (-,-) is the natural pairing between g* and g. Similarly, we can define the coadjoint

representation
% d %k
i@ =) (Adgn(©):
t=0

In general, the adjoint and coadjoint representations are not equivalent. However, in some cases,

they are.

Proposition 1.1. Let p be a representation of G on a vector space V and let p* be its dual repre-
sentation. If there exists a G-invariant non-degenerate bilinear form on V, the two representations

are equivalent.

In particular, for a semisimple Lie group, we can take the Killing form and then the Adjoint
and the coadjoint representations are equivalent.
For ¢ € g* let us denote the coadjoint orbit through & by O(¢). It is a homogeneous G-space

with tangent space

T:0(¢) ={adx ¢ | X € o).

Moreover, there is a natural G-invariant symplectic structure w on O(¢) given by

w(ady &, ady &) = (£,[X,Y]).

This form is known as the Kirillov-Kostant-Souriau symplectic form (KKS).

Example 1.2. Let m and n be two natural numbers with m < n and consider the space of

2



m-dimensional subspaces of C" known as the complex Grassmannian Gr(m,n). This space is
isomorphic to the coadjoint orbit of the m-th fundamental weight [D] (i.e. the highest weight
of the representation of GL,(C) on A" (C")). The KKS symplectic form restricted to this orbit

defines a symplectic form Q on Gr(m,n).

1.1.2 Moment map and symplectic reduction

Let (M, w) be a symplectic manifold equipped with the action of a Lie group G.

Definition 1.3. The action is called Hamiltonian if there exists a map u : M — g* such that

d,uX =Lyt W,

where for each X € g the map uX : M — R is given by uX (p) = (u(p), X) (the component

of u along X) and X % is the vector field generated by the one parameter subgroup
{exp(tX) t e R}

(note that %X is a Hamiltonian function for the vector field X ﬁ).

2. pis G-equivariant with respect to the action on M and the coadjoint action on g%, i.e.

u(g-p)=Adgou(p), forevery pe M and g € G.

The map p is known as a moment map for this action of G.
We also recall some important results such as the Marsden-Weinstein-Meyer Theorem.

Theorem 1.4. Let (M, w) be a symplectic manifold equipped with a Hamiltonian action of a Lie
group G with moment map . Assume that G acts freely on the level set 4! (0) < M. Then
the orbit space M,.q := u~'(0)/G is a manifold and 7 : 4~ (0) — M, is a principal G-bundle.

Moreover, there is a symplectic form w,.q on M, .4 such that i*w = 7" Wy 4.

The symplectic manifold (M,.q,w;.q) is called the reduced space at 0 and is denoted by

M JG.



Remark 1.5. Theorem 1.4 is stated for the reduction at 0. If we want to take the reduced space
at another regular value £ € g*, it is necessary that ! (€) is preserved by G, or equivalently that
Adyé = ¢ forall g € G. Note that this condition is clearly satisfied by £ = 0. If G is a torus, any
level set is preserved by G and taking a reduced space at £ is equivalent to reducing at O using a

shifted moment map u’ := u—¢£.

Example 1.6. Consider the S'-action on C” defined by
A-z=za7"
This action is effective and Hamiltonian, with moment map

1 2
u(z) ——§IZI :

Then
1
cm //_% Sl :/l_l (_5) /Sl ~ CPm_l.

Moreover, the reduced symplectic form agrees with the Fubini-Study form on CP"!.
We also recall a result that will be useful (for a proof see [LS]).

Proposition 1.7. Under the conditions of Theorem 1.4, if G = G| X G, with G, G, connected
Lie groups and such that the actions of G; and G, commute, then it is possible to perform

reduction in stages, that is,

M [ 00)G = (M [[oG1) [/oGo.

1.2 Space of polygons in R’

As it was pointed out in the abstract, the space of polygons in R3, denoted by Pol(«,...,a,)
can be obtained in many different ways. We will discuss later several possible constructions, but
in this preliminary section we will see it as the set of piecewise linear paths in R? starting and
ending at the origin modulo rotations, and such that the i-th step has length «;, fori =1,...,n.
Assume that Sii is the sphere in R? of radius @; and consider the manifold of n-sided

polygonal paths in R?
[ ]2 c®y

1<i<n



Then we define Pol(ay,...,a,) as

Pol(ay,...,a,) = {(vl,...,vn) e ]—[ s2 Zvi :0}/50(3), (1.2.1)
1<i<n i
where SO (3) acts diagonally.

If the equation Z;.Z  €i@; = 0 has no solution with &; = +1 this space is a smooth Kahler
manifold of (real) dimension 2(n —3). This condition means that there are no polygons in
Pol(ay,...,a,) contained in a line.

Identifying R® with so(3)*, the spheres S(Zli can be seen as coadjoint orbits and the KKS
form gives a symplectic form with symplectic volume 2q;. Consequently, [];<;<, S(Zyi can be
seen as the product of n-coadjoint orbits. The diagonal coadjoint action of SO (3) on this space

has moment map

pOLv) = ) v (1.2.2)

1<i<n

and so

Pol(ay,...,a,) = ]—[ 2 JoSO(3).

1<i<n
Note that, using the isomorphism SU(2)/Z; ~ SO(3), this space can also be obtained as a
symplectic reduction by SU(2)/Z;.
This construction can be generalized to any other Lie group G taking its coadjoint orbits and
the diagonal coadjoint action. Such action is Hamiltonian with moment map as in 1.2.2, and so

we can define the corresponding polygon space as
Polg(a) = |O(ai) oG
i=1

for any regular value @ € @7 g".
As an example we present in this preliminary chapter the case G = SO(4). In the next

chapters we will study the more interesting case of G = PU(m) = SU(m) | Zy,.

1.3 Polygon spaces for G = SO (4)

Let
SO(4)={AeGL(4,R): AT=A"", det(4) =1}



be the special orthogonal group and let O,  be the coadjoint orbit in $0(4)* of

0 p 0 0
—p 0 0 0
Le=|"
0 0 0 «
0 0 —x 0

This orbit is the space of skew-symmetric matrices that can be obtaind from 1, , by conjugation
by elements of SO(4). Note that we are using the identification between adjoint and coadjoint

orbits.

Proposition 1.8. Let Polso4)(p, k) be the reduced space

/oSO (4)

Polsow)(p,k) = (]_[ Opi ki
i=1
for the diagonal coadjoint action of SO(4). Then

Polso4)(p, k) = Polso3)(2) X Polsos)(a”),

where

@ =|pi+k;| and @« =|p;—«il.

Proof. The proof has two steps. First we show that the coadjoint orbits of SO (4) are isomorphic
to the product of two spheres in R? and so the coadjoint action of SO(4) can be extended to
52 x §2. In the second step, we consider the covering map SO (4) — SO(3) x SO(3). This map
gives us a second action of SO(4) on §? x S2. Since such map is a covering, it is surjective and
therefore this action is equivalent to the action of SO(3) x SO(3) on S? x §2. Finally, we show
that the two actions of SO(4) are equivalent.

By [BCR, Section 3] there is an isomorphism

2
XS) ]

Y0, (A) — s?

|p+x|
—ajg—axs| [as—an3
A aipz—az |>|aiz+az |l

—a12 —Aasz4 app—dasg



where A = (a;;) € O, . Note that the values |p+«| and |p —«| are given by V2c;+2c; and
V2c1 —2c; respectively, where c1,c, are the values of the Casimir functions at A, which are
defined as

c1(A) = %Zafj and c2(A) =—Pf(A).

Now we take the map ¢ : SO(4) — SO(3) xSO(3) given by

X144+ X1243  Xi2aa— X143 Xina2+Xi13,44

X=X+ X134 Xz —Xize —Xie—Xizzs |
X4+ X223 Xippa—Xips X+ X134
X144 — X243 X+ X143 Xia2—Xi3,44
X233+ X134 X1z +Xnse  —Xinzp+Xisa|)

X114+ X1223 —Xi224— X123 X112 — X134

where, for every matrix X € SO(4), we let X;; x; denote the 2 X 2 minor

Xij  Xil
Xij ki =
Xkj Xkl

We just need to show that i is equivariant for the actions of SO(4) on O, , and on

X §?

2
S o]

|p+x|

via ¢.

A matrix X = (x;;);; € SO(4) acts on an element A = (a;)x € $0(4)" as

Z Xik,jzakl) ,

1<k<I<4 ij

Adx(A) = XAXT =

where we used the fact that X~! = X7 and AT = —A. It is known that for any matrix X € SO(4),
if
A B

2

C D

then det(A) = det(D) and therefore X122 = X3344. Moreover, multiplying X on both sides by

matrices E;; obtained from the identity matrix by exchanging the rows i and j, we get a new



matrix in SO (4) with the same entries as X, but with the rows/columns exchanged. Hence, we

get that

Xo()r(1),02)7(2) = Xo(3)1(3),0(4)7(4)

for any pair of even permutations o, 7. Therefore

¥ (Adx (A)) =g (XAXT) = (¢1(X) -1 (A), 2(X) -2 (A))

as we wanted to show. O

The next natural case is the matrix group SU(3) and, more generally, SU(m). This will be

studied in the following chapters.



Chapter 2

Preliminaries

2.1 Generalities on SU(m)

In this section we recall some well-known facts about special unitary groups (see for example
[A, Sections 3.2, 4.2] for additional details).
Let
U(m) ={A € Mysm(C) : A7h = A"},

be the unitary group of degree m and let SU (m) be the special unitary group of degree m, i.e.
the subgroup of U(m) of matrices with determinant 1.

Both groups are Lie groups with Lie algebras

u(m) = {g € Muxm(C) : 'f* = _5}

and

su(m) ={& eu(m) : tr(¢) =0}.

Let H,, be vector space of m X m Hermitian matrices. We can identify this space with
V—=1u(m). Using the pairing (£, X) = Im tr(£X), where & € u(m) and X € H,,, we obtain the
identification V—1u(m) = H,, = u(m)* as well.

Analogously, we can consider ) the subspace of H,, of traceless matrices, and identify it

with V=Tsu(m) = H? = su(m)*.

Remark 2.1. In both cases such pairing agrees with the Killing form, which is degenerate for

U(m) and non-degenerate for SU (m).



2.1.1 Principal Weyl Chamber in SU (m)

Recall that the Cartan subalgebra ) C su(m) is defined as
h= {‘V—IH : H diagonal traceless matrix with entries in R} =R,

First we want to choose a basis of }) and use it to find nice expressions for the principal Weyl

chamber and its walls, which is defined as
A={Heh| 0<(H, H, ) for all simple roots y}.
Proposition 2.2. The set of roots is {y;;}, where
vij(H):=H;—H;;, Vi,je{l,....m},i#j.
Proof. Since g is a simple complex Lie algebra with Cartan subalgebra b, it admits a decompo-

g=b®@gy,
Y

where y runs over all the non-zero roots and

sition

gy :={X € su(m) : [H.X]=adyX =y(H)X, VH € b}.
Letyebh*,Hebh,X € su(m), then y(H) = Z;’;l a;H;; for some ay,...,a,-1 € R and, since
([H,X1);; = (Hii —Hj;)Xij,

the subspace g, is nontrivial if and only if y(H) = H;; —H,; for some i, j € {1,...,m} withi # j.

Denote this root by ;;. o

Note that, in particular, y;; = —y;; and y;; = v+, fori < k < j. Inthis case the eigenvectors
of y;; are TE", where T € R* and E" is the matrix with zeros everywhere and a one in the
(i, ) — position.

In order to find a proper basis for ), we need to compute the Lie brackets of pairs of
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eigenvectors of y;;, —y;; such that their Killing form is 2m. Hence
(TEY 7ETY = 2m tr(r*(EVE’")) = 2mt? = 2m,
ie. r=1andso HV := [EV E/'] = E ~EJJ. Then set
(H7 1 <j<m-1)}

as our basis for §).
Recall that the principal Weyl chamber is a convex space limited by its walls. Therefore any
point in its interior can be obtained as a linear combination of points on the walls.

LetAy,...,4,,—1 € R, then

A0 ... 0
m—1
5 0 =A1 ... 0
H=N=1) 4 =V=1| 2 .
j=1 '
0 0 A

and so we have m — 1 inequalities

0<(H,iH"?)=-(211-2)) © 1, > 21,
0 < (H,iH/*Y = =24, = Aj1 = Aj-1) © a1+ 451 224

0 < (H,iH™ ")y = —(2Ap-1 = An-2) © Az = 2Apm_1.

In particular, A; < 0 and the walls of the Weyl chamber are reached when m —2 of the in-
equalities are equalities. If the j-th inequality is the one that is not an equality, the corresponding
Weyl wall is given by the matrices

m—j)ld; 0
H=-V-1a (m=j)1d; forA>0and1<j<m-1.
0 —jldy,_;
Proposition 2.3. ([A, Proposition 4.1.2]) Each adjoint orbit intersects the principal Weyl cham-

ber in exactly one point A.
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2.2 Quiver Varieties

We will see later that polygon spaces can be obtained from quiver varieties. In this section we

recall the basic definitions related to quiver varieties based on [Kam].

Definition 2.4. A quiveris a directed graph Q = (V, E), where V ={1,...,n} is the set of vertices
and E c V xV is the set of oriented edges. For each edge (i, j), we will say that i is the source

and j is the target.

A representation of a quiver Q, denoted by Rep (Q), is a choice of finite dimensional complex
vector spaces V; for each vertex i € V and linear maps E;; : V; — V; for each edge (i, j) € E.
This definition generalizes, in some sense, the one of representation for a group. Asin the case
of finite group representations, we can build a functor between quivers and its representations
(up to isomorphism).
Let d; := dimV; and
Hom(V) =& jyeeHom(V;,V;).

Since V;,V; are Hermitian vector spaces, H om(V;, Vj) has a Hermitian form given by (A, B) =
tr(AB*), where B* is the Hermitian adjoint of B. Therefore Hom(V) admits a symplectic
structure defined as

w(A,B) =2Im (ir (AB"))
and so it is a symplectic vector space.

Then U(V) :=U(dy) x---xU(d,) acts on Hom(V) in a Hamiltonian way via

(815----8n) - (Eip)ij = (8Eij&7 Vi)

A moment map for this action is given by
wow) (By)i)=| D, BiBji= ) BiBuv.oy ), BuBj— >, ByBul.
(j,1)eE (1,))eE (j,n)eE (n,i)eE

Let U(1) c U(V) be the subcircle formed by scalar matrices (a single eigenvalue). Since the
action of U(1) is trivial, we consider the action of G := U(V)/U(1) and perform symplectic

reduction.

12



Definition 2.5. Let @ € (R*)". Then the quiver variety for Q (of dimension d) at « is

Hom(V) [la G = g (@) /G-

Remark 2.6. Quiver varieties are actually complex algebraic varieties. This can be seen from
another construction that identifies Hom (V) //, G with a geometric invariant theory quotient of
Hom(V)by Gec =GL(d,C)x---xGL(d,,C) (the complexification of U(V)), under a suitable

stability condition (see [Ki]).

2.3 Equivariant Cohomology

In this section we compile some results that will be useful later. Although we will use them
adjusted to our case, they are stated on a more general setting.

Let M be a manifold equipped with a smooth action of a Lie group G. The G-equivariant
cohomology of M can be defined in different ways. We present here the most general definition,
but it can also be defined as the usual de Rham cohomology with G-equivariant differential
forms, see [GZ], [K] oder [L]. The two definitions agree when G is a connected compact Lie
group and M is a differentiable manifold.

Let BG be the classifying space for G-principal bundles and let EG — BG be a fixed
universal G-bundle, i.e. a contractible space such that every G-bundle over M can be obtained
as a pull-back bundle f*EG for a suitable map f : M — BG.

Consider

Mg Z:EGXGM:EGXM/~

where (pg~',q) ~ (p,gq) for p € EG,q € M,g € G and we assume that G acts on EG on the
right and on M on the left. Thus 7 : Mg — BG is the bundle with fiber M over the classifying
space BG = EG/G and r is the natural projection. Then the G-equivariant cohomology of M
is defined as

HE (M) := H*(Mg)

and it is a contravariant functor from G-spaces to modules over the base ring

H; =H({pt}) = H (BG).

13



Remark 2.7.

1. The above definition arises as a generalization of the cohomology of the quotient space,

since M is homotopy equivalent to M /G when G acts freely. This is because, if

o:Mg—->M/G

[(p.a)] — lql,

then
o' (Gm)=EG /G, ~ BG,,

where G, is the stabilizer of m. In this case G,, = {e,} and hence o is a fibration with

fiber EG. Since EG is contractible we get Mg ~ M /G.

2. Note that ordinary data on M should be thought of as being given on the fiber over the

basepoint of BG, whereas equivariant data extend these to all of M.

3. Let H C G be a subgroup. Then the restriction of the G-action gives a H-action. Therefore

the H-equivariant cohomology ring is well defined and there is a natural restriction map
ré HE (M) — Hy(M). (2.3.1)
Example 2.8. Let G = S! and M = {pt}. It can be showed that EG — BG, with
EG=58%
and BG = EG/G = CP® is a universal S!-bundle. Hence
Hy ({pt}iR) = H* (CP¥;R) =R[u].
Analogously, it can be seen that

H:sl)n({pt}) =Rluy,...,u,].

14



2.3.1 Functoriality of the equivariant constructions

The functorial nature of the construction M — Mg, enables one to extend all the concepts of
ordinary cohomology to the equivariant one.

For example, let V be a vector bundle over M, on which G acts (lifting the action of G on
M). Then it is straightforward to define a vector bundle Vi, over M, which extends the original
V to all M. The characteristic classes of such bundles naturally take values in H; (M) and
incorporate the lifting data.

In particular, we introduce the equivariant Chern class, which will be used later.

Equivariant Chern class

Let V be a G-equivariant complex vector bundle over M and extend it to
EGxgV=Vg—> Mg=MXxsEG.

Then Vi 1s a complex vector bundle with the same rank as V and therefore we can consider the

equivariant Chern classes

cf (V) = ci(Vg) € H' (Mg) = Hg (M),
defined by c; (Vi) = f*(c;), where ¢; € H*(BG) is the i'” universal Chern class and f : Mg — BG
is the map defining Vg — M.

Remark 2.9. Although the construction is analogous to the one for ordinary cohomology, it
presents some differences. For example, the equivariant Chern class may not vanish even if

M = {pt} and the fiber bundle is trivial.

Other properties from usual cohomology that are satisfied in equivariant cohomology are

the following:
1. excision,
2. the Mayer-Vietoris sequence,
3. the Kiinneth formula and

4. Poincaré duality (for M smooth orientable).
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2.3.2 Kirwan Map

Until the end of this section, assume that (M, w) is a symplectic manifold and G is a Lie group,
which acts hamiltonianly on M with moment map u.

Then, for a regular value « of u, there is a natural map
Hg (M) — Hg (1™ (@)
If the action of G is free on the level set 1~ ! (), we have
Hg(u (@) = H (p™ (@) /G) = H*(M 2 G).
The map

Hg(M) — H'(M [/« G)

is known as the Kirwan map.
Kirwan shows in [Kir, Sections 7, 8] that if M is compact then this map is surjective (for

rational coefficients).

2.4 Wall Crossing

Let M be a smooth manifold with a Hamiltonian action of a torus 7', and moment map u and let
T c T be a subtorus of 7.

First we need to recall the following result (for a proof see [C]).

Proposition 2.10. Let G be a Lie group acting on the smooth manifold M. Then if the action
is proper, the subset of fixed points MY is a smooth submanifold of M. Moreover, if the action

is symplectic, M is a symplectic submanifold.
The short exact sequence of groups 7' < T —» T /T induces the following exact sequences of

Lie algebras and of their duals

Lie(T)— t —» Lie(T/T)

Lie(T)* « t* « Lie(T/T)".

Hence for any subtorus 7" ¢ T we will consider Lie(T/T)* to be a subspace of t*.
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Proposition 2.11. ([Mal, Fact 1.1]) Let T c T be a subtorus of T. Then 7 fixes a point p e M
if and only if
du(T,M) c Lie(T/T)".

This result has a global consequence.

Proposition 2.12. ([Mal, Fact 1.2]) The moment map u maps each component of the fixed

point set MT to an affine translate of Lie(T/T)" in t*.

Definition 2.13. Let M" be the submanifold of fixed points for some subcircle H = S! of 7.

Then each connected component of its image by u, will be called a wall in t*.

Remark 2.14. From Proposition 2.10, a wall is contained in an affine hyperplane in t* parallel
to Lie(T/T)*. For any x in a wall, we will say x lies in the interior of the wall if the stabilizer

of any point p € u~!(x) is contained in a circle.

The image of the moment map ur (the moment polytope) is a convex subspace of t* = R”"
bounded by the outer walls. Note that, in the case of toric varieties, every wall is an outer wall.

Thus for every @, @, in the interior of the moment polytope, there exists a path Z connecting
@, and a,, which is contained in Im(ur).

Given a path Z that crosses a wall u(M™) at a point x, we can define an orientation on H as
follows: we orient Z so that the positive direction goes from @, to @,. Then a positive tangent
vector in T, Z C t*, defines a linear functional on t, and this restricts to a nonzero functional on
b; we then orient H to be positive with respect to this functional.

Moreover, such path can be chosen to be transverse to the walls that it crosses and so ,u;l (Z2)
is a submanifold of M.

The following results are due to Martin (see [Mal, Section 1]).

Proposition 2.15. The path Z is transverse to the walls if and only if their intersection is

transversal and in the interior of the walls.

Proof. Let x be a point in the intersection of Z with a wall and let p € u~!(x). Since x lies on a

wall, the point p is fixed by some subtorus 7 of 7. The intersection is transversal if and only if

Tot* = du(T,M) & T, Z.
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Since T, t* =1" and dimZ = 1, we have
dimdu(T,M) =dimT - 1.

Using Proposition 2.11, we have du(T,M) c Lie(T/ T)*, and so the intersection is transversal
if and only if dim 7 = 1. We conclude that p is not fixed by any other subcircle and so x cannot

lie in the intersection of two walls. O

Remark 2.16. In particular, for every p € u~'(Z), the stabilizer subgroup of p is either finite or

1-dimensional. Moreover, the composition

(du)p
.M Tt S vz 24.1)

is surjective. Now we can identify the normal bundles
K 2vz = Vm(2),
where u* is the pullback map. Then the map in (2.4.1) can be factored as
T,M" — T,M — v,u"(Z) - v,Z
and, since the map is surjective, we conclude that ,u_l(Z) is transverse to the submanifold of

fixed points M%7,

Note that x is not a regular value of ;. However, since H acts trivially on the manifold M%7
and p(M™) lies in an affine hyperplane parallel to Lie(T/H)*, we can consider the reduction
with T/H instead. In this case, x is a regular value in such hyperplane for uy thought of as a
map to u(M™). The fact that x is a regular value is equivalent to the condition that Z crosses

each wall in its interior. In particular, from [Mal, Section 2] we have the following result.

Theorem 2.17. Under the above assumptions, p~ ! (x) " MH is a compact closed submanifold

of M and its quotient M //, T is a compact symplectic orbifold.
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Chapter 3

Construction of polygon spaces with edges

in Cp"1

This chapter is devoted to the construction of our object of study, the space of polygons with
edges in CP"~!. There are different ways to obtain it and we will focus on the most useful for

our purposes.

3.1 Reduction in stages and Gelfand McPherson correspon-
dence

The Gelfand-MacPherson correspondence plays a crucial role in our study of polygon spaces.
In this section we study this correspondence applied to our case.

A symplectic version for polygons with edges in CP! was introduced in [HK1] by Hausmann
and Knutson. For higher dimensional projective spaces this correspondence is used by Flaschka

and Millson in [FM1] and [FM2].
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3.1.1 Degenerate orbits and projective spaces

For a € R*, let Ofu (m) (@) denote the degenerate coadjoint orbit of

10 . 0

01 . 0
@ G.1.1)
m

00 ... =(m—-1)

in su(m)*. This coadjoint orbit can be identified with a projective space.

Proposition 3.1. There is a symplectomorphism

(Ofu(m)(“)""KKS) = (CP"H, (2a)wFs),

where wgks is the Kostant-Kirilov-Soriau form and wpg is the usual Fubini-Study form.

Proof. Let A be the matrix in (3.1.1). The stabilizer of A for the SU(m) action on su(m)* is
SU(m—1)xS! and so
Ogu(m)(“) = SU(m)/(SU(m—1)xS").

Now SU (m) acts transitively on 2"~ and the stabilizer of a point is SU(m — 1). Consequently

SU(m)/SU(m—1) = §?"~! and so
Oy (@) = 87718t = CP" .

It remains to show the relation between the two symplectic forms. First we need to describe
explicitly the diffeomorphism between Ogu(m)(a) and CP"~!. In order to find this map we
compute the moment map for the action of SU(m) on (CP"~, wrs).

Claim: The moment map for the action of SU(m) on (CP"!, wpy) is

bsu(m) : CP"! — su(m)*

Lo o R
[X] s _2|x|2 (xx —Wldm) .
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Proof of claim: Since the action of SU(m) on CP"~! is transitive, it is enough to check that

((dbsum)x)(v), A) =Im tr ((ddsy(m))(x] (V)A) = (wFs) ] (Ax, V),

for every v € T[X]CP’”_I and A € su(m) at [x] =[0:---:0:1] e CP" .
We can identify
T CP" ' = {(21,...,2m-1,0) € C"} = C"!

and so in the coordinates
(215 szZm_1) P 21 s 2ot 1]
at [x], the Fubini-Study symplectic form is given by
(WFs) [ (vow) = (v, w),

where (v,w) = Im tr (w*v) is the Hermitian product.

Therefore, by the choice of [x], we have that

(ddsum)) (V) = vx"+xv7, (3.1.2)

and so

<(d¢SU(m))[x] (v),A> = %Im tr ((vx*+xv™)A).

Note that

tr(vx*A) =tr (A*xv*) = —tr(Axv*) = —tr(v*Ax) = —=(Ax,v) = —(v, Ax)

and analogously tr(xv*A) = —(Av,x) = —(x, Av).

Combining this with the fact that (Av,w) = —(v, Aw), we get

(dstiom) (1), A) = 51 ((Ax, ) ~TA%17) = (@rs)(oy(Ax.). (3.13)
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Now the map

¢ = (2a)Psu(m) : (@Pm_l,@a)wm) — (Ogu(m)(a'),wKKS)

is a symplectomorphism. Indeed, since ¢ sy is SU (m)-equivariant, it is again enough to check

that

(2a)wrs = ¢ wkks
at [x] =[0:---:0:1] e CP""!. For this, let v,w € T[X]CP’”‘I. Then there exist X,Y € su(m)
such that

(dpsuim)x1(V) = X - dsum) ([x]) = [dsum) ([x]), X] = a(Xxx" —xx"X)

(dosum) 1 (W) =Y - dsum) ([x]) = [dsvm) ([x]), Y] = a(Yxx™ —xx"Y).

Moreover, from (3.1.2), we have that Xx = v and Yx = w, and so

Therefore,

(¢ kks)pg (v, w) = Imtr (B(LD X, Y]) = @lm 30,75 = Fw))) = 2(@rs) g (v, ).

Remark 3.2.

1. Another way to check the above isomorphism is the following. Abusing notation, let «
also denote the matrix that defines the orbit and let K = S(U(m —1) x S') ¢ SU(m) be its

stabilizer. Then there is an isomorphism

CP"! = GLy(C)/Pu-11 = SU(m)/K = OF (@), (3.1.4)

su(m

where P,,_1,, € GL,,(C) is the parabolic subgroup which preserves the subspace of C"”

defined by x; =--- =x,,-1 =0. The first and third isomorphisms in (3.1.4) come from
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the orbit-stabilizer Theorem for Lie groups (see for instance [Z]) and the second is the

identification between compact and complex homogeneous spaces.

. It is also possible to use the equations in (2.1.1) in order to check that the image of the

map ¢ is precisely the orbit Ofu(m)(a). Since ¢ is SU(m)-equivariant, it is enough to see

that the image of [0:---:0: 1] is the matrix
1 0 . 0
alO0 1 . 0
; ’
00 ... =(m—-1)

which is the only point of intersection between Im(¢) and the closure of the Weyl chamber

A.

. If we consider the action of U(m) on (CP™ !, wrs) instead of the action of SU(m), we

obtain a Hamiltonian action with moment map

1
2|x[?

(xx™).

v (m)([x])

This action is not effective since the center Z(U(m)) = {Ald,, : A € S'} = §' acts trivially.

Note that, in this case, the image of ¢ := (2a) @y m) is the orbit Off(m) (@) in u(m)* of the

matrix

whose projection on su(m)* (which consists in taking the traceless parts) gives Ogu (m) (@).
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3.1.2 Pol,(a) as reduced spaces of degenerate coadjoint orbits of SU (m)

Let a = (ay,...,a,) € (R*)" and consider the diagonal action of SU(m) on the product

1 Oju(m) (a;) of coadjoint degenerate orbits. This action is Hamiltonian with moment map

n
HSU(m)IHOZu(m)(ai) - su(m)”*
i=1

n
(At An) > Y AL
i=1

This action is not effective since the center
Z(SU(m)) ={&nl1dy,, with &, a primitive m root of unity} = 7Z,,

of SU(m) acts trivially.

Definition 3.3. The space Pol,, (@) of polygons with edges in Ofu(m)(ai) ~ CP"™! is the sym-

plectic reduced space
Poly(a) = (]_[ og’u(m)ml-)) 1o (SU(m) [Z,).
i=1

Note that since ([]7, Osdu(m)(a,-),wKKS) is symplectomorphic to a product of projective

spaces with the weighted symplectic form (2a;)wrs ® - ® (2a,)wrs, the space Pol,,(a) can
be seen as the space of polygons with edges in CP" !
We can obtain Pol, (@) directly from (C")" again by symplectic reduction. For that,

consider the action of (S!)” on (C™)" given by
_ -1 -1
A-x=(x147,...,x54,7),
where x; € C" is a column vector, for j = 1,...,n. This action is Hamiltonian with moment map
1 2 2
Hstyn (x) = —§(|X1| N,
and, for a regular value a, we obtain

(Cm)n //—cx (Sl)n = {X € (Cm)n : —|X,~|2 = _20'1‘}/(51)" ~ (CPm—l)n.
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From Example 1.6, we have that the corresponding symplectic form is
(2a))wrs @+ @ (2an)wrs.
Hence we have that
Poln(@) = ((€")" 20 (8")") o (SU (M) [Z,).
Note that the action of SU(m) x (S')" on (C™)" defined by
(Aser,...,en) (x1,...,x,) = (A-x; -el_l,...,A-xn-e,Zl) (3.1.5)
is not effective as
{(Emldy;énm, ... Em), With &, a primitive m-root of unity} = Z,,

fixes every point. Hence, considering the Hamiltonian actions of G = (SU(m) x (SHY")/Zn,
with moment map
e (1. o 1, 1
(X1yensXy) 2(x)c )os 2|x1| Yo 2|x”

b

we can use reduction in stages to conclude that Pol,, (@) can be obtained directly from (C™)"

by symplectic reduction as
Poly(e) = p=! (03 =art,..., =) /G = (C")" [ 0:-ar...-a) G-

Remark 3.4.

1. We can instead consider the Hamiltonian action of U(m) x (S')"” with moment map
MG 1 « 1 2 1
Xlyeoordp) > | = (x™); —=Ix1 |5 .., —=|x
( 1 n) 2( ) 2| 1| 2| n
This action is not effective as the subgroup

[:={(Aldu;A,...,2): 1€S'}
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fixes every point. Thus, taking G := (U (m) x (S')")/T" and Pa = (%Idm; —-ay,..., —an),
we obtain

Poly(@) = ug' (pa)/G = (C™)" [/, G-
We fix this notation for the incoming chapters.

2. Let ug be the moment map for the action of G on (C™)" and ¢ the map

e (C"" — @ su(m)”

x = (xx")o.

According to [FR, Section 2.2], the image of ¢| 1g (0) is in ”Ellj(m) (0), where sy is the

moment map for the action of SU(m) on [];_, su(m)*.

Therefore we can embed the polygon spaces obtained from (C™)" and the action of G
inherited from (3.1.5) inside the polygon space obtained from su(m)* and the coadjoint
action of SU(m). However, it is not possible to construct all the polygons in su(m)* this
way since many elements of su(m)* are not in the image of ¢. In fact only the degenerate

orbits considered in the Proposition 3.1 are in the image of ¢.

3.1.3 Pol,(a) as reduced spaces from complex Grassmannians

Since G = (U(m) X (S 1)") /T", we can perform reduction in stages in the opposite order obtaining
what is known as the Gelfand-McPherson correspondence [GGMS].
Let us consider the space M,;x,(C) = (C™)" of m X n complex matrices. The group

U(m) xU(n) acts on M,;x,,(C) by
(A,B)-N=ANB™!, for AeU(m),B € U(n),

where we take the natural symplectic structure given by the imaginary part of the standard

Hermitian product on (C™)". The moment maps for the actions of U(m), U (n) are respectively

Lo 1,
Hu(m)(N) = ENN and  uyn)(N) = _EN N.
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The level set

Vi

Uy =% = Yl e Mypxan(C) |v-|2:&forj:1,...,mand(vi,v~):0fori¢j
.
vm \ o5, J m /

Vim

can be identified with the set of m X n complex matrices whose m rows define a unitary m frame

in C". The symplectic quotient

T (%m) JU(m)

is the Grassmannian of m planes in C" and according to [Hos, Example 9.9], we obtain the

following result.

Proposition 3.5. There exists a symplectomorphism

((Cm)n //ﬁ Yaildy U(m),wred) = (Gr(m,n), Zaig) .

m

Proof. Let Q be the symplectic form introduced in Example 1.2. Then

(€ /14, Um). 0rea) = (Grim,m), 0.

Therefore

((Cm)" //ﬁzfljldm U(m),a)red) = (Gr(m,n), %Q) _

O

The U(n) action descends to the quotient and so does the action of the torus (S!)" c

U(n). This action is no longer effective as the diagonal circle of (S')" acts trivially on
(Gr(m,n),%g).

Moreover, its moment map can be obtained by composing the moment map

Gr(m,n)

Uy Gr(m,n) - u(m)”,

(induced by uy(n)) with the projection

u(m)* — R"
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onto the diagonal entries.

Hence if a m-plane in Gr(m,n) is generated by the vectors vy,...,v, € C" with |vj|2 = %

and (v;,v;) =0 fori # j we have the map

m m

1
s (L1 v = =5 | D Wil ) v (3.1.6)

J=1 J=1

whose image is the hypersimplex

{—(rl,...,rn)eR: OSrjsyandZZri:Zai}.
m

For appropriate values of a, which we will determine in Chapter 5, the group (S')" acts

freely on the level set ,u(‘sll)n () and we recover our polygon space as the symplectic quotient

Pol(a) = w7, (~a)/(8')" = (Gr(m,n),%stz) J-a((S))"/5").

We conclude that we have two ways to obtain our space of polygons

((cmm
J(Sh" J U (m)
(€™M [ 20 ()" = [TCP"! /G ((C™)") [ 011, U(m) = Gr(m.n)
//SU(m) //(Sl)n—l
TICP"™ o (SU(m)/Z) = . Poly(a) = Gr(m.n) g (SH™!

In the following chapters we will use properties from both constructions.

3.2 Construction via Quiver representations

The space Pol,,(@) can also be obtained as a quiver variety. It arises as a Kihler version of a
Nakajima variety coming from a star-shaped quiver. Such construction appears in [HP] and in

[FR], but was first introduced by Konno.
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Let us consider a star-shaped quiver Q of rank m, i.e. a directed graph with n+1 vertices

labeled from O to n, such that for each i € {1,...,n} there is an arrow from i to 0.

7N

{ \

\\1/,
4 \\
NN
e \7\ J
/ )

\/

Figure 3.2.1: Quiver associated to Polygon spaces.

Given a collection {V;,i € {0,...,n}} of finite dimensional vector spaces such that V; = C for
i=1,...,nand Vo = C", a representation of Q is a collection of maps from V; to V; for every
pair of vertices connected by an arrow. The space of subrepresentations of Q is then, using the

notation of Section 2.2,

n
Hom(V) = @Hom(C,Cm) =~ C™m,
i=1

The group G = (U(m) x (U(1))") /U(1) from Section 2.2 is isomorphic to (SU(m) X (S")") /Zy,
where Z,, acts diagonally. Taking an element p, € su(m)* @ (u(1)")*, the reduced space

Hom(V) [/, G is diffeomorphic to Pol,, ()

Poly(a) =Hom(V) /|, G
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Chapter 4

Duality between Polygon spaces

Since Gr(m,n) is diffeomorphic to Gr(n —m,n), from the description of the polygon space
given in Section 3.1.3, we obtain a duality between the corresponding polygon spaces. This
chapter explains this duality and is based on work of Howard and Millson (see [HM]).

Let Gr(m,n) be the complex Grassmannians of m-planes in C*. The general linear group
G L, (C) acts transitively on the space of m-planes in C" and the stabilizer of any of these spaces

can be identified with the parabolic subgroup
XY
Pon—m = :XeGL,(C),ZeGL,—n(C)
0 z

Consequently Gr(m,n) is diffeomorphic to
M = GLn(C)/Pm,n—m-

Moreover, as we saw in Section 3.1.3, if M is equipped with the symplectic form % PN719)

and T = (S')"/S!, there is a symplectomorphism

Poly,(a) =M )| _,T.
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4.1 Chevalley involution

Let us consider the Chevalley involution

0:GL,(C) — GL,(C)

A - (AD

Note that

X 0
O(Pmp-m) = (Y Z) :X€GL,(C), ZeGLy-(C)

The Chevalley involution induces a map
O:GLy(C)/Pup-m — GL(C)/O(Pmp-m)

defined by
®(APm,n—m) = Q(A)H(Pm,n—m)-

Remark 4.1. We can consider a representative n(wy) of the longest class in the Weyl group and
define a map

R:GL,(C)/O(Pmyp-m) — GLy(C)/Pp_nm

given by
R(AH(Pm,n—m)) = An(wO)Pn—m,m-

Composing this map with 8, we obtain a new map, which we also denote by ®

M = GLn(C)/Q(Pmﬂ_m) — N:= GLn(C)/Pn—m,n

APm,n—m = Q(A)n(wO)Pn—m,n'
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Remark 4.2. Since the principal Weyl walls of U(n) are defined by the elements

n—j

n—i
=J

=J

with A4 > 0, it is easy to check that —/; belongs to the orbit of £, ;. Therefore the longest class

wo in the Weyl group will intertwine these orbits for every 1 < j <n—1, and so

wo = (1,n)(2,n— 1)(@ n— (EJ —1)).

In the following example we describe explicitly how the map ® works.

Example 4.3. For n =4, let

——
_/

811 812 813 L14

0 82 823 824
0 g% 833 834

0 | g4 843 8u

Then we identify,

ha1 | han hyz hog
h3t | hisy hiz hig

hav | hay haz hag
with
has haz hy | hy
hia hsz hz | hs
haa  haz hyp | ha
\o o o | m

€ P34.

Remark 4.4. The map
®:Gr(m,n) - Gr(n—m,n)
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can be seen as sending each m plane in C” to its orthogonal complement with respect to the
standard Hermitian product in C"*. Indeed note that the j-th column of 6(g) is the j-th row of

g~!. Hence, the last n —m columns of @(g) are orthogonal to the first m columns of g.

Let us consider the symplectic forms wys,wy on GL,(C) /Py -, GLy(C)/Py_ym given

by the trace form. These forms agree with the form € defined in Example 1.2.
Theorem 4.5. ([HM, Lemma 2.7]) The map © : (M,wy;) — (N,wy) is a symplectomorphism.

Proof. The map 6 : GL,(C) — GL,(C) is holomorphic and so
®:M=Gr(m,n) —> N =Gr(n—m,n)

is holomorphic.

Then, since (d®),, X = -X' for any X € T,, M, we have

(G)*wN)em (X,Y) = (wN)en_m((dG))emXa (d®)emY) = (U)M)em (X’ Y)

where X,Y €T, M. O

Remark 4.6. In fact ® is a Kéhler isomorphism between the two manifolds.

4.2 Duality between polygon spaces

Consider on the spaces M, N the natural action of the torus 7 = (S!)"/S! on C" which takes

subspaces to subspaces. Then the map ® is T-equivariant.

Proposition 4.7. ([HM, Prop. 2.8]) Let uy, uy be the moment maps of the torus action on M
and N respectively. Then there is a linear functional A € (t*)", invariant under the Weyl group,

such that

("D*/.lN = A—,uM.

Proof. For X €t (so that X = X7T), let X,; and Xy be the associated fundamental vector fields
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on M and N respectively. Then, for p € M, Y € T, M we have

(d{pm, X))p (Y) = =(wp)p (X (p),Y) = —(wn)o(p) ((dO), (X (p)), (dO),(Y))
= —(wN)o(p) (XN (B(p)), (dO),(Y)) =ixy @) (WN)op) ((dO),Y)

=—d({un(0(p)), X)) ((d©),Y) = —(0"d{uy, X)), (Y).

Thus @ d{uy,X) = —d{upy,X) and so
O™ (un, X) = —(uum, X) + A(X),

where A :t — R is a linear functional on t (i.e. A € t¥). O

Remark 4.8. Note that since X € t, we have

(d®), (X}1") = ~Xn (O (p)).
Since A € t* is invariant under the Weyl group W (as both 3, and ®* uy are W-equivariant),

it has to be a multiple of the identity. We conclude the following result.

Theorem 4.9. The map ® : M — N induces a Kéhler isomorphism
Poly(@)=M | T — N |/ _(A-a) T = Poly-m(A-)

when these reduced spaces are smooth.

In order to use Theorem 4.9 we need to determine A. Since it is constant, it is enough to

compute

A=(0"puy+pum)([A])

for some [A] € M.

Moreover, if we consider the multiples

2. 2.

wpm and —WN
m

of the symplectic forms on M and N given by the trace forms and the corresponding 7-moment
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maps uy and uy, then uyy coincides with the map

Hstyn : Gr(m,n) — t*

defined in (3.1.6). Hence, considering for instance [A] € M with

A=kId,
and k = %, we obtain
k1d,,
/JM([A]):/J(SI)n = k,...,k,O,...,O
O S——
and
0
un (O([A])) = psiyn =10,...,0,k,...,k
k n—m S——
and so
Ask(l. 1) =2% 1)
m
We conclude the following result
Theorem 4.10. Let o € (R*)" and write o” = (% —ay,..., % —a,,). Then, when smooth,

Pol,,(a) and Pol,_,,(aP”) are isomorphic.
Example 4.11.

1. By [HK1] we know that the polygon space Pol(a) for @ = (@, a2, @3,a4) € (R*)* with
a1 # ap and a3 # a4 is a 2-sphere. This sphere admits a Hamiltonian circle action and the

image of the corresponding moment map is the interval A, = I N I, where

I = [|lay —az|, a1+ 2] and I = [|az —as|, a3+ 4],

i.e.

Ay = [max{|a; — az|,|az — a4|}, min{a; + @2, a3 +a4}].
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Taking n = 4,m = 2, we have that Poly(a?) with

QD: Za’i_a 2.
a —2 Toeees 2

is symplectomorphic to Poly(a). This fact is easy to check since Polr(aP) is also a

sphere and admits a Hamiltonian circle action whose moment map has image
_ D_ Dy ,D_ D (D, D D, Dy|_
Ao = [max{lay — o3|, ey — o} |} min{ay +a3, @} + @) }] = Aa,

since

al-D—oszl =|a;—a;

and

a{)+a?| = |az + a4, |a§)+af| = |ay +ap].

. Another interesting example is when m = 3,n = 5. In this case, the resulting polygon space

is, symplectomorphic to the space of pentagons with edges in R?.

Such spaces are well known and were completely classified in [HK2]. In particular, in
the equilateral case, the polygon space Pol,(1,1,1,1,1) is a Del Pezzo surface of degree
5 (see [DO, Chapter 2, Example 4]).
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Chapter 5

On the Moduli Space

The goal of this chapter is to determine the values of a for which the polygon space described

in Chapter 3 is a smooth Kahler manifold of real dimension 2(n—m —1)(m —1).

5.1 Nonemptiness of the moduli space

Along this section we will determine conditions on @ € (R*)" to ensure that the moduli space is

nonempty. For that, we first need to define a new space.

Definition 5.1. The a-path space is the product

Po(@) =] | Oy (@)
=1

j
and a path of length n is an element A = (A;) € P, ().

Proposition 5.2. If u (0) # 0, then

-1
SU(m)

(m-1a; < Zai, forl <j<n.
i#]

These inequalities will be called strong triangle inequalities.
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Proof. Let X = (x;;) € SU(m) and let

1
A=X — X
m 1
—(m—1)
be an element of Ogu(m) (). Then
o n—1
Aii=— Z;|xi,-|2—(m—1>|xm|2
J:

for every 1 <i < m. Since X € SU(m), its rows are unitary vectors and so

-1
A, ¢ [_u,z
m m

forevery 1 <i <m. Thusif (Ay,...,A,) € :“Ezlf(m) (0), we have that

b

m m

[_(m—l)a/j ﬁ] c [_Z#jai (m_l)Zi;tjai

m m

for every 1 < j < n. In particular, if ,ugl'](m)(O) is nonempty, we have (m —1)a; < 3, ; a; for
every 1 <j <n.

O

In order to prove sufficiency of the strong triangle inequalities we give the following defini-

tion.

Definition 5.3. Let {p1,...,p,} € CP" ! and (a1,...,a,) € (R*)". Then

(pl’---»pn) € ﬁm(g)

is said to be a-semi-stable if, for every proper projective subspace L of CP™ ! we have

dimL+1 <
Do ——— > ai, (5.1.1)
: m .
iely, i=1
where I is the index set of the points py,..., p, that are in L.
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The point (p1,...,p,) is said to be a-stable if the strict inequalities in (5.1.1) hold.

The motivation of Definition 5.3 will appear later, when we relate it with the results from
Geometric Invariant Theory (see for example [DO] or [Mu]).

To state them, assume a € (Z%)" and consider the line bundle L, on P,,(C)

Ly = Q) prj (Opm-1 (1)°%),
i=1

d
su(m

where pr; : P,, (@) > O )(ai) is the natural projection.

This bundle defines a projective embedding

m—l+rri)_1

ﬁm(g) — HCP(m;rlai)_l — CPHflzl( m—1
i=1

which is the composition of the Segre and Veronese embeddings. The bundle L, admits a

G L,,(C)-linearization, which restricts to the action of SU(m) on P,, ().

Definition 5.4 (The Hilbert-Mumford Numerical Criterium). Let p € P, (@) and p* arepresen-
— (o
tative in the total space of L,. Then p is said to be semi-stable if either p € (Pm (g)) or for

any 1-parameter subgroup A : C* — G L,,(C) the limit
lir%/l(t) -p* (5.1.2)
—

does not exist.
~ C*
If for any such 1-parameter subgroup the limit in (5.1.2) does not exist and p ¢ (Pm (g)) ,

then it is called stable.

The notions of stable and semi-stable points play an important role due to the Kempf-Ness

Theorem ([KN]).

Theorem 5.5 (Kempf-Ness). Let G be a complex reductive group acting linearly on a smooth
complex projective variety X ¢ CPV such that its maximal compact subgroup K acts unitarily
with moment map u : X — K*.

Then p is semi-stable if and only if
G-pnu ' (0)#0.
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Hence, if we know that the set of semi-stable points is nonempty, we have that =1 (0) is also

nonempty. Let us then see that the set of semi-stable points is nonempty.

Proposition 5.6. Let @ € (Z*)" and p = (p1,...,pn) € P, (). If p is a-semi-stable (a-stable)

then it is semi-stable (stable).

Proof. Letd:C*— GL,,(C)bea l-parameter subgroup of G L,,(C). We can choose coordinates

in CP"™~! in such a way that the action of 1(C*) is diagonalized:
A0 - [zo: - zma] = [Mz0 - 117 ]
for some integers k; that we may assume satisfy

n
ko2 2 knot, ) ki=0, ko> 0.
i=1
Note that the condition 37, k; = 0 is equivalent to A() € SL,,(C) for every ¢, but this is no
restriction since the action of G L,,(C) restricts to SL,,(C), i.e. we can consider the SL,,(C)-
linearization instead.

For each k =0,...,m—1, let L, ¢ CP"! be the projective subspace defined by

let /i be the index set of the points py,...,p, in Ly and let ax = X ¢, @; (With a1 = Dy @)
Note that dim L; = k and that, if p; isin Ly, than p; isin Ly and so a;,—1 = -+ > ag (as a; > 0
for every i).
Consider the monomial
Am-1=Am-2 _Am-2—0m 3 ao

Z, Z -2

“m—1

(this monomial corresponds to a coordinate of the Veronese embedding of CP"~! of degree n).

The monomial
T )Ty )\ () 90
X:n(zo a2y ) ...(zm_z...zm_z) (zm_l...zm_l)
i=1

is a coordinate of the Segre-Veronese embedding of P, (a) given by the bundle L,.
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A l-parameter subgroup acts on these monomials X by
n
A1) -X = ]_[ "X
i=1
with

w = Z:'lzl a; (kO(am—l - am—Z) i km—Z(al - aO) + km—la0)

= 3 @ (Kotm-1 = (ko= K1)z = - = (ks = k-1)d0) .

Note that by (5.1.1) we have

k+1 &
ay < —— Q;
i=1
and so
n\? 1 2 1
m— m—
WS( Q’i) (ko——(ko—kl)——(kl—kz)—"'——(km—z—km—l)
— m m m
2
:(Zal) (ko+---+kpy-1)=0.
m
This shows that either
A(t) - p*

does not have a limit or p is contained in the fixed point set of C*, implying that if (5.1.1) is

satisfied, then p is semi-stable and, if the strict inequalities hold on 5.1.1, then it is stable. O

Remark 5.7. Since Pol,(a) and Pol,,(A- @) are diffeomorphic for every A € R*, the above
proof can be naturally extended to @ € 1- (Q*)"” with 1 € R*.
For a proof in the case @ € (R*)" see [FM2, Chapter 4]. Therefore, from now on we consider

a € (RY)".
Proposition 5.8. If the strong triangle inequalities are satisfied, then ,uggf(m) (0) 0.

Proof. If the strong triangular inequalities hold, then the set of semi-stable points is nonempty

and so the Kempf Ness Theorem implies that =1 (0) # 0. O
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Definition 5.9. a € (R*)" is said to be m-admissible if, for every 1 < j < n,

(m-1)a; < Zai.
i=1

i#]

Corollary 5.10. Each inequality of the strong triangle inequalities defines a half-space on the

space of parameters @ bounded by the hyperplane

(m-1a;= Za,-.

i#]

The intersection of all these half-spaces is a convex set. In the above propositions we have

shown that polygon spaces will be nonempty for values of « in this set.

5.2 Smoothness of the moduli space

From now on we assume that « is m-admissible and so the corresponding moduli space Pol,, (@)
is nonempty.

As it was seen in (1.1.2), for

Pol,y(@) = (C")" [ (0.-a) G

with
G = (SU(m)x (S1Y") /Z

to be a smooth manifold, we need the action of G on ,ué' (0,—a) to be free.
We can consider the analogue of (5.1.1) for points in (C™)" and obtain the following

definition.

Definition 5.11. Let @ = (ay,...,@,) € (R*)". A point ¢ = (q1,...,9,) € (C™)" is a-stable if

for every proper subspace L of C" we have

Zoz,- < diill ia’i.
i=1

i€l

Then we have the following result.
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Proposition 5.12. If ¢ = (q1,...,9,) € (C™)" is a-stable, then there are no disjoint proper

subspaces V, W of C" such that every g; is either in V or in W.

Proof. Let us assume that there exist two disjoint proper subspaces V,W C C" such that g; is

either in V or in W. Then denoting by / the index set / = {i € {1,...,n}: g; € V}, we have

| = %Iai N Zn,ca/,- - dimV+dimW _ dim(VeWw) Mo |
i @ X m m m m
which is impossible. O

The above proposition can be rewritten in terms of the stabilizer of ¢ for the action of G.

Proposition 5.13. Let ¢ = (¢1,...,¢9,) € (C™)" with g; € C" fori = 1,...,n. The stabilizer of
q for the action of G is trivial if and only if there are no disjoint proper subspaces V,W of C"

such that every g; is either in V or in W.

Proof. 1f g € (C™)" is fixed by a nontrivial element [A, (ey,...,e,)]| of G, where A € SU(m)
and e; € S', then

Aqiei_l =qi,

i.e. Ag; = e;q;. Consequently ¢g; must be an eigenvector of A with eigenvalue e;.
Since A € SU(m), it is diagonalizable. Let 1 </ < m be the number of distinct eigenvalues

of A. Then C™ has an orthogonal decomposition as
C'"=W,®---aW,

where Wy, ..., W, are the different eigenspaces of A.

Then, for each i € {1,...,n}, there exists j € {I,...,l} such that g; € W;. Taking V =
Wi@---@W;_; and W =W, we get that ¢; is either in V or in W.

Conversely, let us take two disjoint proper subspaces V,W of C”. We can assume without

loss of generality that

V C <€k+1,...,€m>

W c (ei,...,ex)
for some 1 <k <m—1. If, for every i € {1,...,n} we have that g; is either in V or in W, then
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the subgroup

| ) ~
{ : Ja o a e e Y dem R =1 c G
\ | bldu
#qieW} #{gicV}
fixes g and so, g has nontrivial stabilizer. O

As a direct consequence of Propositions 5.12 and 5.13, if ¢ is a-stable then it has trivial
stabilizer for the action of G. Hence, to ensure that q € ,uz;l (po) has trivial stabilizer, we have

to consider only values of « that satisfy

forevery k € {1,...,m—1}.

Remark 5.14. Note that, since « is m-admissible we cannot have

k n
Yor £ 30
1 m i=1

forany k € {1,...,m—1}.

If for some m-admissible & we have

Z a; = % Zai
or, equivalently,
(m—k)Zai = kZai
1 Ic

for some k € {1,...,m— 1}, then, taking g; € {ey,...,ex) fori € I and gq; € {€x+1,...,en) for

i € I° with |¢;|*> = a;, we have

{Ai ‘ 0 \ foriel

(gig;)o = \ 0 ‘ _%Idm—k},
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and

with

for a; = ’"T_ka/i withi € I and

(07] k a’l
B; = —Id,,.y = ——— Ad,,—x = —Id
; i Zm m—k m(m—k);al m—k 4 iy m—k

for a; = %a/,- with i € I€.

We conclude that the polygon obtained from ¢ decomposes into two closed polygons, one
in Pr((@;);) and the other in P,,_; ((&;);c), where P; (B) = w10, —p) forl e Nand B € (R
Such polygons will be called decomposable.

Definition 5.15. For k € {1,...,m} and a nonempty set I C {1,...,n}, let H; ;) be the hyper-

plane

Hrx = {g e (RMH": (m —k)Zai = kZal}.

i€l iel¢
The corresponding wall W(; s is the intersection of H(; ) with the set of m-admissible

values of . Note that in particular W; ) = Wje ).

Remark 5.16. If |/| = k = 1 the equations that define H(; ;) are the strong triangle inequalities.

In this case, the wall is an outer wall of the set of m-admissible values of a.

Proposition 5.17. If a € W(; ;) then o = mT_k(a,-)ig and @jc = %(Q’l‘)ie[c are respectively

k-admissible and (m — k)-admissible.
Proof. If a € W(; 1), then
(m—k)Zozi = kZal-
1 g

and

n
aj < Zai forall j € {1,...,n},

i=1

k < k k k —k
kajs%;Qi:EZaﬁE;ai:ZZaﬁmm I i_Za/i
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and so a; is k-admissible.

Similarly, we have that a;c is (m — k)-admissible. O

From Proposition 5.13 it is clear that P,, () contains a decomposable polygon if and only if
a lies on a wall. Moreover, if a polygon is not decomposable then its stabilizer is trivial. Hence
a necessary and sufficient condition for the smoothness of the reduced space is that @ is not on

any wall.

Definition 5.18. An m-admissible a € (R*)" will be called m-generic if, for all 1 < k < % and

2
I1c{l,...,n},

k(Zai)—(m—k)(Zai)iO.

IG 1
Remark 5.19. Note that since W(; 1) = W(je ), it is enough to consider k with k < [ | in

order to make sure that an m-generic « is not on any wall.
We conclude the following result.

Theorem 5.20. Let o be m-generic. Then the Polygon space
Poly(@) = (€™ [ (0-0) G

is a smooth manifold of (real) dimension 2(m —1)(n—m —1).

Proof. By construction it is a smooth manifold, so we only need to compute its dimension.

The dimension of a reduced product of coadjoint orbits [];_; G -x of a group G is
n(dimG —dim Stab(x))—-2dimG.

Since in our case dim G = dim SU(m) = m? — 1 and dim Stab(x) = (m — 1)2, we obtain that

dim ﬁ()gu(m)(a/i) /o (SU(m)/Zm)) n(mz_ 1= (m— 1)2) —2(m?-1)
i=1

2m—-1)(n—-m-1).
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Chapter 6

Topology of Pol,,(a)

As we have seen in Chapter 5, the moduli space of m-admissible n-tuples a € (R*)" is divided in
chambers separated by walls. Within these chambers the polygon spaces Pol,, (@) for different
values of @ are diffeomorphic. However, the diffeotype of these spaces changes where crossing
a wall. The case m =2, i.e. the usual polygon space with edges in R?, has been studied using

wall crossing theory by several authors such as S. Martin [Mal] or A. Mandini [M].

6.1 Variation of Pol,,(«) when crossing a wall

As we have seen in Chapter 5, a wall W ;) is the intersection of the set of m-admissible values

of @ and the hyperplane

7‘{(1,]{) = {g S (R+)n : (m—k)Za/i = kZa’,}
1 Ic

where I C {1,...,n}and 1 <k < [%].

Definition 6.1. Given an m-admissible value @, aset I C {1,...,n} is said to be k-short if
(m—k)Zai < kZai
iel iel°

and k-long otherwise.

Given a and a wall Wy ), for a set I to be k-short/long, indicates the side of the wall where

a lies.
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Note that for a set  to be k-short is equivalent to /¢ being (m — k)-long. Hence, even though
W1 k) = W(ie m-k), being k-short (for 1) is exactly the opposite of being (m — k)-short (for I¢).

Let us recall the description of the polygon space Pol, (@) as a symplectic quotient of
Gr(m,n) by the n torus ()" (cf. Section 3.1.3) and let ¢ be in a single wall W(1.x). We have
seen in Section 5.2 that there are polygons in P,, () that are decomposable. These correspond
to m-planes V ¢ C" in Gr(m,n) given by direct sums V = V| @V, with V| and V, respectively a
k-plane and a (m — k)-plane in C".

Since the action of the n-torus on Gr(m,n) is not effective (the diagonal circle I" in (S!)”
fixes every point in Gr(m,n)), we consider the action of (S!)"/T" on Gr(m,n) instead.

The stabilizer of the points in Gr(m,n) corresponding to m-planes
V=VieV,,

where Vi = (v;)ier, Vo = (vi)iere (with dimV; = k,dimV, = m — k), for the action of (S))*/T" is

the circle

V=16

Hx ={diag(ai,...,a,), wherea; =e if j € I and a; = 1 otherwise}.

Let us assume that [ := |I| > kandn—1[1=|I°| > m—k.

Let Y¢ be the set of singular points in
Poly(e) = i (@) /((S')'/T)

i.e. those that correspond to orbits of points in u(‘Sll)n T (a) € Gr(m,n) with H ;1) as stabilizer.

Then Y¢ can be identified with

B :u(_;l)l(éi) X:U(_;l)n—l (@;c) B /*‘(_311)1(21) y ,U(_;l)n_, (Qic)
) (St (S (ST

Now the action of (S')! on ,u(‘Sll)l (@) is not effective since the diagonal circle I'; C (SH!
fixes every point of the level set, so we consider the action of (S')!/T instead.
Similarly, the action of (§')"~! on y(_Sll)n_l (@}.) is not effective so we have to consider the

action of (S!)"~%/T,_; instead, where I',_; is the diagonal circle in (S')"/.
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Hence,

~C

-1 ~ -1
B lu(Sl)l/r‘l (Q;) o lu(Sl)n—l/l"n_l (QIC)
T sy I

= Poli (@) X Poly_1(@5.). 6.1.1)

Remark 6.2. By Proposition 5.17 we know that Q; is k-admissible and Q; is (m — k)-admissible,
so Yc is nonempty.

Note also that Y is formed by the orbit classes of decomposable polygons in P,, (a°).

Theorem 6.3. Let o, @, € (R¥)" be m-generic lying on two adjacent chambers separated by a
unique wall W(; x). Assume further that [ is k-long for @, and k-short for ;.
Then Pol, () can be obtained from Pol,(a) by a partial blow up along Yc, where the
exceptional divisor is a projective bundle over a copy of Y with fiber cplm-kr=k)=1,
Similarly Pol,, (a,) can be obtained from Pol,,(a“) by a partial blow down along Y¢, where

the exceptional divisor is a projective bundle over a copy of Y¢ with fiber CP¥ (e 1=(m=k))—-1

Proof. We can assume without loss of generality that / = {1,...,[} and consider the group
Hp = {diag(e"™1,...,e¥7101,..., 1))

associated to the wall W ;).

Let us consider a line segment between @, and ¢, in the space of m-admissible values of a
and let a“ be the point where it intersects the wall Wy 1.

In the level set ,u(_SI])n /F(g") there are points with H(; ;) as stabilizer, namely those corre-

sponding to m-planes V = V| @ V,, where dim V| = k and dimV, = m — k, represented by matrices

( (xjj) 1=i<k 0 \‘
1<j<l )
k 0 (xl'j)k+1<i<m}

I+1<j<n

By (6.1.1) the fixed point set Yc of H(; x) on u(‘Sll)n I (a°) can be identified with
Yc = Poly (QI) X POlm_k(Q;L-),

where @, := %"‘(ai)iel and @, = %(a,-),-elc (it is formed by the decomposable polygons in

Pol, (a“)).
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Let Pc € u(‘Sll)n I (a) € Gr(m,n) be one of these fixed points and let
H= {diag(l,e‘/__mz,...,e‘/__w"“, 1), e‘/__w-f € Sl}
be a complement of H(; ;) in
(SHY"JT ~ {diag(eV™10, ... V101 1), V167 ¢ g1},

We will now study the residual action of H(; ) on a neighbourhood U C ,u;il (a®)/H of
[Pcla.

Given a point [¢] € U with ¢ = (q1,...,q,) generating an m-plane in C" we can, as usual,
consider the (m X n)-matrix A = (611, e, Qn) which has characteristic m.

Sufficiently close to [P¢], we can assume that the (m X m) minor M formed by the first k

columns and the last m — k columns of A,

M = (ql, s dks9n—(m—k—-1)s- - - ,C[n)

is non singular. Then, using the action of G1[,,(C) on Gr(m,n), we can choose a m X n matrix

representing A of the form

( D, (vij) 1=izk (Wij) 1=k ka(m—k)\
k+1<j<I I+1<j<n—-m+k , (6.1.2)
k()(m_k)xk (Wij) ket <i<m (Vij) keisi<m D, }
k+1<j<l I+1<j<n-m+k

where D = diag (207, ..., y/207 ) and D = diag ( ot o Jzag).

Indeed, we just have to take B € G L,,(C) such that

( D, O(m—k)xk\M_l

B:\()kx(m—k) ‘ D, }

and then BA is of the form (6.1.2).
Using the action of the torus H we can assume that the entries in the first line and column of

the matrix

C _k) = \V;7) 1<i<k
ex(mk) 1= (Vif) sk

are real numbers. Moreover, knowing that g € ,u(‘;l (a“), the first column and the first line of

)/
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Cix(m-k) are completely determined by the remaining entries of Cyx(,,—k). We are then left with
(I-kk-(U-1)=(k-1)(-k-1)

free complex coordinates.

Similarly, we obtain (m —k —1)(n—[—m+k — 1) free coordinates in

D(m—k)x(n—m+k—l) = (V,‘j) k+l<i<m

I+1<j<n-m+k

Moreover, we have (n—[—m+ k)k free coordinates in

Zix(n-msk-1) = (Wij) 1<i<i

I+1<j<n-m+k

and (/ — k)(m — k) coordinates in

Wim— —k) ‘= \Wjj) k+l<i<m .
(n—tyx(i-k) 1= (Wij) ksrsicn

Hence on U we have coordinates

k+1<j<l l+1<j<n—-m+k k+1<j<l I+1<j<n-m+k

((vij) 1<i<k ,(W,'j) 1<i<k ,(W[j)k+lsi§m, (V,'j) k+l<i<m )

(k=1)(I-k=1)  (n—l-m+k)k (I-k)(m=k)  (m—k=1)(n—I-m+k—1)

Let us now see how the action of Hj x) behaves on these coordinates

D Vii) 1<i<k Wii l<i<k 0 _ \ { -Vv-16 ‘ \
[0 | Gz, | O s, | O (0 |0
Om— W) keis<i Vii) keis<i D \ 0 ‘Id_}
Ot | ()sizsn | () srsem 2 el
{e‘ _leDl e 1o (V,‘j) I<i<k (Wij) 1<i<k ka(m—k)\
= k+1<j<lI I+1<j<n—-m+k
O e V1 (W) khisic Vii) k+ls<is< D
| Qo (wij) iersin | (vig) psiem 2
D Vii) 1<i<k e -1e Wi 1<i<k 0 _ \
~ ( ! ( lj)k+l’sj§l ( lJ)l+l§j§1n—m+k k><(m k)
Om— eV (w; ) ks Vii) kel<i D
ot | Wiz | ), porzen :
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Hence, the action of H(; ;) on U becomes

V-16
e . Vii) 1<i<k Wii I<i<k Wi k+l<i< Vii k+1<i<
( l]) k+1lsj§l ’ ( l]) l+lsjsln—m+k ’ ( l]) I<+lsljgnl1 ’ ( l]) [+1§j3rlz—1nv:+k
V=16 V=16 )
= \Vij) 1<i<k ,€ Wii 1<i<k e Wii) k+l<i< Vii k+1<i<
(( l]) k+1l§j§l ’ ( l]) I+1§jsln—m+k ’ ( l]) k+1§lj§"11 ’ ( l]) 1+1§j5rll—1nrf+k ’

and the moment map is, in these coordinates,

,uH(I’k) ((Vl'j) 1<i<k ,(Wij) 1<i<k s (W,’j) k+1$i$m,(Vl'j) k+l<i<m )

k+1<j<I I+1<j<n-m+k k+1<j<I I+1<j<n-m+k

— 2 2
—5 E |Wij| - § |le |
I1<i<k k+1<i<m
I+1<j<n-m+k k+l1<j<I

The values of the variables w;; at [ Pc] are zero and so, at the critical level set we have

> il ] wil

1<i<k k+1<i<m
I+1<j<n-m+k k+1<j<I

Note that the fixed point set of H; ;) has dimension
2(k-1)(I-k-1)+2(m—k—-1)(n—1-m+k—-1) =dim Poly(a,) +dim Pol,,_i(,.),

where @, := %(ai),-el and @, = %(a/,-),-e]c (see (6.1.1)).

Therefore, a transverse slice to Y¢ at a point [ P¢] is a cone Cy over a link

W = (SZ(m—k)(l—k)—l xSZk((n—l)—(m—k))—l) /s!.

Cw

[Pc]

Figure 6.1.1: Cone Cy at [Pc].
As [Pc] varies, the slice changes continuously, giving rise to a fibration £ — Y¢ of a
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neighbourhood E of Y¢. The fibers of this fibration are Cy.

In particular, the link W of a fiber Cy over a point [ P¢| € Y¢ can be seen as a fiber bundle over
CP=RU=R=1 o1 4 fiber bundle over CPX(("=D=(n=)=1 " Corresponding to these two ways of
describing W there are two possible ways of desingularizing the critical reduced space. Indeed,
the action w - V=10 of S! on S™=K (=P~ extends to a linear action on C~K=k) and so

we can consider the associated bundle
W, = Clm=k) -k X1 §2k((n=D)=(m=k))~1 (6.1.3)
over CPK(("=0=(n=k)=1 " O this bundle there is a blow down map
By Wy — Cy

defined by By(wi,wz) = (wi,|wi|wz) and an embedding ¢ : Cpk((n=D=(m=k)-1 _, W, as the
zero section of the bundle in (6.1.3). The image of ¢ gets blown down to 0 by S, and B4 is a
diffeomorphism from the complement of this image to the complement of {0} in Cy.

Similarly, we obtain a different desingularization W_ of Cy and a blow down map
,3_ W — Cw,

with
W = §2m=k)(i-k)-1 X1 ck((n=D=(m=k))

where now there is a CP"~%)(=k)-1

that is blown down to {0}.

To simplify notation, let us write p = (m—k)(l —k) and ¢ = k((n—1)—(m —k)). We
conclude that as @ goes from the critical level a¢ to @, the reduced space Pol, () remains
unchanged except in a neighbourhood of Y¢ which suffers a partial blow up along Yc. The
exceptional divisor E* is a fiber bundle over Y¢ with fiber CP4!.

Similarly, as @ goes from the critical level a“ to @, the reduced space Pol,, (@) is unchanged

except in a neighbourhood of Y which suffers a partial blow up. The exceptional divisor E~ is

a fiber bundle over Y¢ with fiber CPP~!, O

Let us now see how these partial blow ups affect the cohomology of the reduced spaces.
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Theorem 6.4. Let @, a,a“ be as in Theorem 6.3. Let
p=(m=k)(I|-k) and q=k(|I°]-(m-k)).
Then the Poincaré polynomials of Pol,,(a,) and Pol,(a,) satisfy
Py(Poly(a,)) = P.(Poly(ay)) = Pi(Yc) (P, (CBr™!) - P, (cP7) ).
Proof. As we have seen in Theorem 6.3 we know that
~‘ +
POlm(QQ) = POlm(QC)YC

is a partial blow up of Pol,,(a) along Y¢. Let U C Pol,,(a®) be a neighbourhood of Y¢ which
fibers over Y with fiber the cone Cy.

We have a globally defined blow down map
B+ : Poly(a,) — Poly ().
Let

U=pg;"(U), U'=U\Ye, U*=0\E",

Poly, (QL)>k = Poly (QC)\YC’ Poly, (Q())#< = Pol, (QO)\E"',
where E™ is the exceptional divisor in Pol,,(a,), and compare the Mayer-Vietoris sequences for
Pol,(a) =UUPol,(a)"

and

Pol,(a,) = Pol,(a,)" U U

(see [GH, pg. 605] for details).

Since U and U respectively retract to Y¢ and E*, we have isomorphisms

H*(U) = H*(Y¢) and H*(U) = H*(E™).
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Moreover, by the blow up construction we have isomorphisms

IR

H*(Poly(a®)")

IR

H*(Poly(a,)").

Hence we obtain
H™Y(U*) —— H'(Pol,(a,)) —— H'(Poly(a,)") @ H'(E*) —— H'(U")
|

H=Y(U*) —— H!(Pol,,(a‘)) —— H'(Pol,,(a®)*)® H (Yc) —— H'(U*)

and since (8%)* : H'(Pol,,(a)) — H'(Pol,, (@,)) is injective, we have that (additively),
H*(Poln(ay)) = (B")"H*(Poly(a®)) @ H"(E™)/(B")"H" (Yc).
We conclude that the Poincaré polynomial P,(Pol,(a,)) of Pol,,(a,)) satisfies
Pi(Poln(ay)) = Pi(Poln(a®)) +P(E™) = Pi(Yc).
Similarly, we conclude that
Pi(Poly(a,)) = Pi(Polyu(a®)) +P(E™) - Pi(Yc)

and so

Pi(Poly(a,)) = Pi(Poly(ay)) = P(E7) — P((E").

Now E~, E* are projective bundles over Y respectively with fiber CP?~! and CP?~! so they
are projectivizations P(E~),P(E*) of vector bundles E~ and E* of rank p and ¢ respectively
(see [Har, Chapter II]).

Consequently, since the Poincaré polynomial of any projectivization bundle splits, we have
P(ET) = P, (CP'!) Py(Ye)

and

P(E*) = P, (CB) Po(Ye).
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‘We conclude that
Py(Poly(a,)) = Pi(Poly(ay)) = Pi(E7) = Pi(E®) = (P, (CPP!) = P, (CBI™1)) Py (Ye).

Note that

14 +12P72 ifp>gq
P, (C2P) =P (CPU) = {222 ifp < g

0 if p=gq.

6.2 Wall crossing and the Poincaré polynomial

Given a value of « that is m-generic, our goal is to obtain the Poincaré polynomial of Pol,, ().
If we are able to compute it for some generic value 8, we can consider a path ¢ in the moduli
space from S8 to @ and use the results in the previous section to compute the Poincaré polynomial
of Poly, ().

We can choose a transverse path { intersecting only one wall at a time from 3 to @. This
path crosses a wall W(; x) if and only if / is k-short/long for 8 and k-long/short for a.

We will choose S in such a way that we know its relative position to every wall and the
Poincaré polynomial of Pol,, (é). We will call such polynomial the initial Poincaré polynomial.

In this section we will always assume that @] < --- < @,,. Note that this assumption supposes

no constraint, since we can always rearrange a.

Proposition 6.5. Let @ be m-admissible and not on an outer wall. Let / C {1,...,n} and consider

an integer k € {1,...,m}. If |I| < k, then [ is k-short for .

Proof. Since a; < --- < ay, then it is enough to prove the statement for I = {n—k+1,...,n} (the
set where the sum of the ¢;s is maximal).

If 1 is not k-short for ¢, then

(m=k)(ap—ks1+---+ay) = k(a1 + - +an_)
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and so

m(p—jjj+1+ -+ ) +(m—k)a, > k(ay+---+a,_1).

Then, we have

(mk—=1)+m—-k)a,=(m—-Dka, >m(ay_js1+--+a,—1)+(m—k)a, > k(a;+---+a,-1)

k-1
and so
(m-Da, >a1+--+a,-.
Contradicting the strong triangle inequalities and the fact that @ is not on an outer wall. O

Remark 6.6. From Proposition 6.5, it follows that if m — k > |I¢|, then [€ is (m — k)-short for @

or, equivalently, that / is k-long for a (i.e. if |I| > n—m+k then [ is always k-long for @).

Since we are assuming that oy < --- < @,, Proposition 6.5 implies that if we want to study
the effect of crossing a wall on polygon spaces Pol,, (@), it is enough to consider the set of inner

walls W(; x) with (1, k) in the set ‘W,,, where
-1
W,, = {(I,k):lc {1,...,n}and k € {lmT} l1<k<|l|<n-m+k Sn—l}
if m is odd and

W, ::{(I,k):lc{l,...,n} and k € {1,...,%—1}, 1<k <|I <n—m+k$n—1}
U{(I,%) :Ic{l,...,n—1}and 1 < % < |1 <n—% Sn—l}
if m is even. Here we used the fact that Wy 1) = Wje jp_p).

Remark 6.7.

1. Note that the outer walls (i.e. those that bound the set of m-admissible values of a) are

those defined by the equations

(m—l)a,-:Za/j fori=1,...,n

J#

and so they are the walls W(; 1) with |I| =1 or W(y ,_1) with [I| =m — 1.
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2. When m is even and k = 5, we have W(I,%) = W([c’%), so we only consider sets I C

{1,...,n—1} to avoid repetitions.
We will start y taking an initial m-generic value g with §; < --- < 8, and such that

loaset I c{l,...,n} with 1 <k <[I| <n—m+k <n-1is k-short for B for some k €
{1,...,1%]} if and only if

[IN{n—m+2,...,n} <k
and
2.aset I c{l,...,n} with 1 <k <|l|<n-m+k <n-1is k-long for B for some k €

{1,...,1%]} if and only if

[IN{n-m+2,...,n}| > k.

Then, if for any m-generic value @, we consider the sets

Lgm’k = {(I,k) eW,: |In{n-(m-2),...,n}|<k-1 and]Iis k-long forg},

n,

S* k::{(l,k)ewm: [IN{n—-(m-=2),....,n}| >k andlisk-shortforg},

n,m,

|z

2

a (01 (07
Lom= U L, and S, =
k=1

7]

L3
st 6.2.1)
k=1
B B
we have that £, US;,, =0 and so
Ly USrm

will give us the collection of walls that the path ' from S to @ has to cross.

6.2.1 Choice of the initial value é

Proposition 6.8. Let 31, ...,B,_m+1 € R* besuchthatB; <--- < B, .41 andlet S := Z’};’l’”l Bj.

Then for any 0 < & < B, the initial value

Enm = (ﬁl" -~aﬁn—m+175_gla'~"S_8m—1)
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with

m +m -2
E; D)
T m2em =2 el
fori=1,...,m—1,is m-admissible.
Remark 6.9. Note that
+t g
P B (6.2.2)

fori=2,...,m—1. Indeed,

-—Zs (m +m— 21)8 ((m +m)(l—1)—l(l—1))
a 2ym-2)"" +m—2 el

j=1
2 -2 2 _
:i(m +m 1)81_(171 +m ;)81(1_1)

m2+m-—2 m2+m—
= (m—i)(m+i+1)>0.
m2+m-—2

Moreover S1 < -+ < By, since Bp—m+1 < S—&1.

Proof. Since B < --- < B, (cf. Remark 6.9), it is enough to show that {n} is 1-short for én .

ie.
(m_ 1),871 <ﬁ1 +"'+ﬂn—l-

This is true by (6.2.2) since

m=2
(m=1)(S=&n1) <S+(m-2)S= > &
i=1
holds if and only if
m-2
(I’I’l - I)Em_l > Z Ej.
i=1

We conclude that ,Bn . is m-admissible for every m > 1. O

Remark 6.10. Knowing that én . is m-admissible, one can choose 0 < £; < §; such that Eﬂ .

is also m-generic.
Proposition 6.11. Let ,Bnm =B, Bn-m+1,S—€1,S —&2,...,8S —&,_1) be as in Proposi-
tion 6.8 for some 0 < &) < B sothat 8 is m-generic. Then,
—n,m
B B
SimYU L =0,
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where S,/%m and Lf,—im are the sets defined in 6.2.1.

Proof. Let us first show that Lgm =0 for every 1 < k < |5] or, equivalently, that if a set
Ic{l,...,n}withl <k<|I|<n-m+k <n-—1satisfies |[IN{n—-m+2,...,n}| < k-1, thenit
must be k-short for 8. (Note that, in this case, / has at most k — 1 elements in {n —m+2,...,n}.)

For that, since ) < --- < 3, it is enough to show that
I={2,....n-m+1,n—-k+2,...,n}

is k-short for 8 (note that |[I| = n—m+k —1). This follows from the fact that

m—1 m—k
(m—k) Y pi<k) piem=-k)|S-p+k-D)S— > g,-) < k(ﬂl+(m—k)5—zg,-)
1 IG i=m—k+1 i=1
m—1 m—k
S0<mpBr+(m—k) Z Si—kZSi
i=m—k+1 i=1
m—1 m—1
S 0<mpBr+m Z gi—kZ&-
i=m—k+1 i=1

2 2
<:>O<m,81+(m(k_1)(m —2m+k)—km (m—l))g1
me+m-—2

k*—m*+m—k
£
m2+m-—2 !

(:)O<m,81+m(

2 _ —k2
<:>O<m,81—m(m m+k )81

m2+m-—2

m?—m+k - k?
O - 9
(=4 <m(,81 ( m2+m_2 )81)

which is true since

m(m—-1)—k(k-1)
m2+m-—2

0<,31—81<ﬁ1—( )61<ﬁ1,
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as

0< m(m—zl)—k(k— 1) <1
m=+m—2
Let us now show that S,/.%m = forevery 1 <k < |7 ] or, equivalently, thatifaset/ C {1,...,n}
withl <k <|l|<n—-m+k <n-1satisfies |[IN{n—m+2,...,n}| > k, then it must be k-long
for ,§ (Note that, in this case, I has at least k elements in {n—m+2,...,n}.)

Since 81 < -+ < B, it is enough to show that
I={l,n-m+2,....n—-m+k+1}

is k-long for 8 (note that |I| = k+1). This follows from the fact that

m—1

k
(m—k)(,Bl—kS— 6,-)>k(S—,81+(m—1—k)S—Zs,-)
i=1 j

i=k+1

k m—1
& (m—k),Bl—(m—k)Zsi > kB —k Z &
i=1

i=k+1

m—1

k
& mpf —mZ£i+kZSi >0
i=1 i=1

m*+m—k—1 m?(m—1)
= —mk k >0
mpL—m ( m2+m-—2 )8 m2rm—2""
2m—k—1
@mﬁl—mk(n; )81>0
m?*+m—
2m—k—1
& k > 0,
m('Bl m2+m—281)

which is true since
- k(2m—-k—1) <1
m2+m-—2
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as

2mk—k>—k <m*+m-2 o m>+m(1-2k)+k(k+1)=2>0

o m(m=-2k+1)+k(k+1)-2> 0.

O

roposition 6.12. Let = (b1 s On-m+1,9 — €1,...,9 — Ep—1) be as 1n Proposition 6.3.
P ition 6.12. Let = ( S S )b in P ition 6.8

Then there exists 0 < £ < B such that 8 is m-generic and
—n,m

P, (Polm (Enm)) — (Pt (CPn_m_l))m—l |

Proof. We know from Proposition 6.8 that ,Bn . is m-admissible. Moreover, we can choose &
appropriately so that it is also m-generic.

We will now show by induction on m that
m—1
P, (Polm (,Bnm)) - (P, (CP”—’"—I)) forallm>1andn>m+1. 6.2.3)

Note that (6.2.3) is trivially true for m = 1.

Let us assume then that (6.2.3) is true for m — 1, i.e. for all n > m,

Pi(Polu-1 (B, ) = (Pr(CP")"

and show that it is true for m.

For that let us consider the following m-admissible éfl .

,BC ;:(ﬁl,,_,,ﬁn_n1+1,5—81...,S—Em—Z,S_/lm)

—n,m

where
-2

ﬂmzﬁzsi.

1=

Note that é; € Wi 1, since

-2 m—2

(m—1)(S=1,) :S+(m—2)S—Zel- & (m-1)A, = ng-

i i=1
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We can choose &; small enough such that 8 is close to 8¢ (so that there are no walls
—n,m —n,m

between them), and then, by Theorem 6.4, we have

Pi(Poln(B, ) = P,(Yc)P, (CP"™7"),

where Y is the set of critical points in Pol,, (é; m). By (6.1.1) we know Y¢ is a copy of

POlm—l (é; ),

—1,m-1

where @;_1 — (Bis---»Bn-m+1,S —&1,...,S —&m-2). Note that we can still assume, without

loss of generality, that 8¢ i is (m — 1)-generic. (In fact, given m, we can choose &; such that
—n—1,m—

B¢ . is (m—j)-generic forevery0 < j <m-—1.)

—n—j.m=j

By the induction hypothesis we have

P, (Polm (gn’m)) = P,(YC)P, (Cpn—m—l) - p, (Polm_l(én_l’m_l)) P, (Cpn—m—l)

m—1

m-2
=P, (c =) P, (cpr ) = py (et

O

Remark 6.13. We can easily adapt this proof to show that, in fact, Pol,, (En m) isa (m—1)-stage
generalized Bott tower, where the fiber of each stage is CP" "', i.e. it is the final space of a

sequence of toric manifolds

Tm-1 TTm-2

B B2 ... 25 By = {pt}

where the fiber of 71; : B; — B;_; fori=1,...,m—11is CP" ! (see [CMS]).

6.3 The Poincaré polynomial

Let us see how to compute the Poincaré polynomial of Pol,, (@) for some m-generic value a.

Theorem 6.14. Let @ € (R*)" with a) < --- < @, be m-generic and let £ be the line segment

from ﬁn Lo (contained in the set of m-admissible values).
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Let S,%m and L%m be the sets defined in 6.2.1. Then the Poincaré polynomial of Pol,,(a) is

P;(Pol,(a)) = (Pt (CPn_m—l))m_l

s 3 0 Y P (Poli(£)) Pr (Polu- (£)) Quray (1),

(LK)ES mULim

where

Qi (t) =P; (@Pk(|1c|—m+k)—1) _p, (CP(m—k)(m—k)—]) ,

{; and £, are formed by the coordinates of {(s) with indices respectively in / and /¢ when it

intersects the wall W(; x) and y ,o is the characteristic function of the set L

Proof. We already know that the set Sffm U [,,%m gives us the set of walls crossed by the path ¢
from Enm to a.
From Theorem 6.4 we know that when { crosses a wall W(; ), the Poincaré polynomial

changes by
(=1) =i " P, (Poli (£9)) Py (Pol 4 (£5)) Q1 (1),

where
1if (1,k) € Ly

X-Engm(l, k) = . a
' 0if (1,k) ¢ Ly

i.e. the sign of the additional polynomial depends on whether the set I € S,%m U L,%m is short or
long for En . O
Corollary 6.15. Let @ € (R*)", then Pol,, (@) is an even cohomology space.

Corollary 6.16. Let @ € (R*)" with @] < --- < @, be m-generic. With the notation of Theo-

rem 6.14, the Euler Characteristic of Pol,,(a) is

¥ (Polu(@) = (n=my+ S (<1 Gy (Pol(¢)) x (Pol-i(£0)) (kn =i,

(Ik)eI@uSe

where y (Poly(£f)) and x (Pol,u— (£;.)) are the Euler Characteristics of Poly (£f) and Pol,,—x (£5.)

respectively.
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6.3.1 Closed formula for m =2

In this section we always assume that m = 2 and so k can only be equal to 1. We will therefore
omit it abusing notation.
Using Theorem 6.14 we will recover the formula proved by Hausmann and Knutson in [HK2]

for the Poincaré polynomial of Pol,(a).

Theorem 6.17. ([HK?2, Corollary 4.3]) Let a be 2—generic. Then

1 .y 4 -
Proba) (1) = 1777 (;2l1l_,2(n Il 2)),
IeS,

where

Sp={le{l,...,n—1}: IU{n} is 1-short for a}.

Proof. Using the fact that Pol| () is always a point for every @, we have from Theorem 6.14

that

P(Poly(@))

P(ce?)e Y 0" p(Poly(¢) PPl (6)Qi 1)

3 a
IeSn’ZULn’2

plce)e 3 0o,

14 @
Iesn,2u‘£n,2

where Q;(t) = P; (CP“Cl_Z) - P, (CP'1|_2).

Let ,[_3n =(B1,...,Bn-1,S —&1) be as in (6.8), where S = Zl’.‘z_ll,Bi and 0 < £; < By. Since
Bi,...,Bn-1 are arbitrary, we can take B; = q; fori=1,...,n—1.

Consider the path £ (1) = B +A(a— é). Since the set of m-admissible values is convex, all the
values { (A1) are m-admissible. By choosing another o’ in the same chamber as « if necessary,
we can assume that the path ¢ always crosses one wall at a time. Moreover, the sets W, Siz

and L%z defined in Section 6.2 are

W, = {Ic{l,....n=1},2<|I| <n-2}
S, =0
.[:%2 = {IeW,: Iis l-long for a}.
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Hence,

@ (1) c
Pi(Poly(a)) = P (CP”‘3)+ Z (-1)" 42 (P, (CP" "2)—P, (CIP""Z))
IeS, VL,
= p(ce)- 3 (Pi(cRl ) - i (c212))
IeL,,
= 1424 4123 Z (1+t2+---+t2(|’C|‘2)—(1+t2+~~-+t2(|’|‘2))).
IeLI%2

If aset Jisin Liz’ then J c {1,...,n—1},2 <|J| <n-2and J is 1-long for @, implying
thatn € J¢,2 < |J¢| < n—2 and J¢ is 1-short for a.

Let S, be the set of subsets / of {1,...,n—1} such that /U {n} is 1-short for @. Then
S, = {Ic\{n} Je 135,2} U{0}.

Note that if a set AU{1,...,n—1} is such that |A| =n—2, then AU {n} is always 1-long.

Therefore

Pi(Poly(@)) = 1+ 4+ +279 = )" (1 +12 42D (g +t2+---+t2(|1|_2)))
IeL,,

g 23 Z (1+t2+---+t2(”|_1)—(1+t2+---+t2(”_|J|_3))),
JeSn\{n}
Note that if J € S, then I := (JU{n})“ € sz and so J = I°\{n} and |J| = |I¢] - 1.

If|J|-1>n-|J|-3, then

(1 w24 +,2(|J|—1>) _ (1 w24 +t2<n—u|—3>) — 20-171-2) L 201D

__ (t2<n—|f|—2> _ ,2|J|) .
1-12

Otherwise we have

(1 124 +[2<|J|—1>) _ (1 b +,2<n—|f|—3>) __ (tzm b +t2<n—|f|—3>)

1
L (,zm _ t2(n—|J|—2>) .
1-72
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Hence

1
P,(Pola(a)) = 1414420794 Z — 2(IZIJI_IZ(n—Ul—z))
sespvoy !

1
Z - (tzm _ t2<n—|f|—2>) '
1-72

JeS,

Corollary 6.18. The Euler Characteristic of Poly () is

x(Poly(a)) =n-2- Z Q+2-n).
JeSu\{n}

6.3.2 Closed formula and examples for m =3

In this section we always assume that m = 3 and so k can only be equal to 1. We will therefore
omit it, abusing notation.

Using Theorem 6.14 we have the following result.

Theorem 6.19. Let a be 3-generic. Then

2
P[(POZ3(Q)) = (1+I2+~~~+t2("_4)) +

1 Z (1) Sa-1a ) Z (t2|A|_t2(|J|—|A|—2))(t2(2n—2|J|—2)_t2(|J|—2))’

+ _—
(1-12)2
J€£n—l,nusn—l,n AESmax(«])
J#{{n-1,n}}

where
Si—in={1c{l,...,n}: {n—1,n} cIand [ is 2-short for a},
Lo,={Jc{l,...,n}: 3<|J|<n-2,{n—1,n} ¢ J and J is 2-long for o'}
Smax(J) ={A c J\{maxJ} : AU{maxJ} is 1-short for @},
with

a;, if jeJ\{n-1,n}
(@9)i=1 Ajean_1+(1=2;0)(S—gy), ifi=n—1
/l]can+(1—/ljc)(s—%81), ifi=n
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where

3

Aje = .
/ 2—Clj—bj+ajbj

(2-ay=by)S+(=D)TPIVY 1\ oy @i—(ag+2bs+6(1—ay) (1-by)) 5

(z—a‘/—b‘/+2\‘%J) ?:l (li—3((1+ajbj)(an_1+an)—aj(l’n_l—bj(l’n+(aj+2bj+3(]—aj)(]—bj))% ’

with

a; = |[In{n-1}|,

by = |Jn{n}| and
n—-2

S = Za,-.
i=1

Proof. Since k is always 1, abusing notation we can simply write L%, S% for their projections

on the first factor.

Let
é: (ﬁ],...,ﬂn—Q,S_S],S_SQ)
be as in Proposition 6.8, where S = Z,’-’:_lzﬂi,() <g  <Biand g = %81. Since By, ...,Bq—2 are
arbitrary, we can take 5; = ; fori=1,...,n—-2.

Consider now the path {(1) =da+(1-2) . Since the set of m-admissible values is convex,
all the values (A1) are m-admissible.
By choosing another @’ in the same chamber as « if necessary, we can assume that the path
{ always crosses one wall at a time.
Let
W={Ic{l,...,n}: 1 <|l|<n-2},

SE={leW: In{n—1,n}#0and I is 1-short for a}

and

LE={IeW: In{n—-1,n} =0and I is 1-long for a}.
Now we have different cases:

e let/e L%andlet J=1°N{l,...,n—2}. Note that yr«(I) =1 and that, since |I¢| > 3,
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we have |J| > 1. Then
ZZai > Zai+an_1 +a, ©25—a,_1 —a, > 3Za,~ > 3ap > 3e; > 0. (6.3.1)
1 J J

Moreover, the critical value {; given by the intersection of the path  with the wall W, 1),

satisfies

224“ - Z(i" PN 22(ﬁ,~+/11(a,- -Bi)) = Z(ﬁﬁfll(ai -pBi)
I IG 1 Ic

S Zza’i = Zai"‘ﬂn—l +/11(a/n—1 _ﬁn—l) +Bn +/11(an _IBn)’
1 J
with B,_1 =S—&1, Ba=S—&,=5—2e; and S = ¥} 7 ;. Then,

Ap(an-1+ay = Bu-1-Bn) = 22“! Za'z Bn-1—PBn

S Ao ta,—25+ = 81) 22&, Zal 2S+ 81 —32a1+ £l,

andso Ay =7, wherea=3%;a;- %81 and b=2S—a,-1 —a, — %81. Note that by (6.3.1),

we have b > a > 0 and so A; € (0,1). We obtain

21\ {n-1,n) ¥ — 5€1
230 i =3y +ap+ %81)

Ar=

We conclude that the corresponding critical value {7 is given by

{7 =B+(a-p)

and
;= (Bi+ (@i = Bi))ier = (@it (6.3.2)
while
@, ifi e I°\{n—1,n}
(@5)i =1 Jan_1+(1-2)(S—g1), ifi=n—1 (6.3.3)

Ara,+(1=27)(S - %81), ifi =n.

Note that the actual values of @} and aj. given by Proposition 5.17 are the ones in
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(6.3.2) and (6.3.3) multiplied by 2/3 and 1/3 respectively. Nevertheless, since we are
only interested in the Poincaré polynomials we can forget about these extra factors as the
corresponding polygon spaces are diffeomorphic to the ones obtained using (6.3.2) and

(6.3.3).
e Let/eS%andletJ =1°N{l,...,n—2}. Now we have three possibilities

1. Ifn-1elc{l,...,n—1}thenn el and |J| > 2, and

2Zai<2a,~ s 2 Z a;+2a,-1 < Z o+ ay
] Ig

I\{n-1} I\{n}
S ZS—ZZai+2an_1 < Zai+a/n
J J
o 25+2a, | —a, < 320,-. (6.3.4)
J

Moreover, the critical value £ given by the intersection of the path { with the wall

W(1.1), satisfies

224,?:;45

&2 Z Bi+Ai(ai—Bi))+2(S—e1+A(ap-1 - S+&1))
IN\{n-1}

4 4
= Z (Bi+Ai(ai= i) +S—ze1+ A (a,— S+ z&1)
1} > 5

o2 Z @i +28 —2&1 +24 (@1 — S+&1)
N1}

4 4
= Z ai+S - %! +A(a, - S+ 581)
1\{n}

6 6
@/11(2an_1—an—S+§81)= Z ;=2 Z CL’,'—S+§81
1\{n} N\{n— 1}

_Za, 2(S - Zal) 542 =

6
_3Za, 3S+ 81 31\{2_1}0’,'+§81,

and so A7 = b, where a = 321\{,, 1)@ — 681 and b=S+a,—2a,_1— gsl. Note that
since |I| > 2, we have

6
a23a1—§81>0
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and by (6.3.4) we have

6
S+a,—2a,-1>3 Z a; > 3a) > =g
5
I\{n-1}

and so b > a > 0. We then obtain

S in-1y @ — 31

A1 =3 n 2
2 @i =3(au-1+581)

€ (0,1).

We conclude that the corresponding critical value £} is given by

{=B+A(a-p)

and af = (Bi +A;(a; — Bi))ier is given by

. a;, ifie \{n—-1}
(Ql)i =
A1, 1+(1=2)(S-¢1), ifi=n-1
while
. a;, if i € I°\{n}
(QIC)I' =

/1[CL’n+(1 —/1[)(5—%81), ifi =n.

Note also that, in this case, we have
xre(I)=0.

2. Ifnelc{l,...,n-2,n},thenn—1¢€ [°and |J| > 2 and

ZZai < Zai =) Z a;+2a, < Z ;i +a,_]
1 Iz

N 1\ {n-1}
@2S—2Zai+2an < Zai+an_1
J J

2S5 —a, | +2a, <3 Zai. (6.3.5)
J

Moreover, the critical value {; given by the intersection of the path ¢ with the wall
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W(1.1), satisfies

2) 5=
T L

S0 (Bt dar=B) +2(S - go1+As(an S+ ge1)
I\{n}

= Z (Bi+Ai(ai=Bi) +S—e1+A(an1 — S+e&1)
1\{n-1}

8 4
@ZZa/,-+25——81+2/11(a,,—S+—81)
5 5
I\{n}
= Z ai+S—e1+A(ap-1—S+e&1)
1\{n—1}

3
<:>/11(2an—an_1—S+§81): Z a;— ZZa/l S+ 81
1\{n-1} 1\{n}

—Za, 2(S— Za,) §+2 1= 3Za, 3542 6
:—3Za/,+ -&1,

N\{n}

and so A; = 7, herea—321\{n}0z, 581andb S+a,-1 — 2(1/,1—%51. Note that

since |I| > 2, we have

3
a>3a;1—=-1>0
5
and by (6.3.5) we have
3
S+a,-1-2a,>3 Z a; > 3a) > =g
5
1\{n}

and so b > a > 0. We then obtain

2\{n} @i — 5E1

/11:3 n 1
i=1 i _3(a'n+§31)

€ (0,1).

We conclude that the corresponding critical value {7 is given by

=B+ l(a—p
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and o = (B; +A1(a@; = Bi))ier is given by

. a;, ifi e I\{n}
(Q])i = 4 )
/1101,1+(1—/11)(S—§<91), ifi=n,
while
a;, ifie I‘\{n-1}
(Q;c)i =

/ban_1+(1 —/11)(5—81), ifi=n-1.

Note also that, in this case, we have
xre(l)=0.

If{n-1,n} cl,thenlI=J c{l,...,n—2} and

22% < Zai 2 Z a;+2a,-1 +2a, < Za/,-
] IG

I\{n-1,n} Ic
PN 2S—2Za,~+2an_1 +2a, < Zai
J J

& 25 +2a,-1 +2ay < 32&1- =3(S— Z a).  (6.3.6)
J I\{n—1,n}

Moreover, the critical value £ given by the intersection of the path £ with the wall

W(1.1), satisfies

22{1.5:2{[?
T IG
4 4

o2 Z (,8,-+/11(a,~—ﬁ,-))+2(2S—81—581+/11(an_1+an—25+81+§81))

I\{n—1,n}

= Z (Bi+A1(ai—pi))
]C

2 Z CU'+4S—§8 +2A (-1 +a —2S+28 )—Za‘

A I 5 1 I\&p-1 n 5 1 2 i

9 18
© 24 (-1 +Qn—2S+§8]) :Zai—Z Z a;, —4S+—¢

Ic I\{n-1,n} 5
6
=3(=S- ), atze.
IN\{n—1,n}

andso A; = %, where a =3S+3 X\ -1 0y @i — %81 and b =225 —ay-1 —a, — %sl).
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Note that

3 3
a=3(S-¢e1)+3 E ai——=€1 23,2 ——-€&1 > 3(&1—2) >0
5 5
I\{n—1,n}

and by (6.3.6) we have

48 —2a, 1 —2a, > 3S+3 Z a;
I\{n—1,n}

and so b > a > 0. We then obtain

28 = X e\ (not iy ¥ — 381
230 @i —3(an-1 +an+3er)

3
/1[25' E(O,l)

We conclude that the corresponding critical value {7 is given by

{=B+A(a-p)
and af = (B; + A1 (@; = B;) )ier is given by

@, ifie\{n—1,n)
(@)i=9 Aan-1+(1=2)(S~e1) ifi=n-1
/llan"'(l_/ll)(S—%Sl), ifi=n

while

(@fe)i = (@i)iere.

Note also that, in this case, we have
xre(l)=0.

From the above computations we obtain the following general formulas for 4; and ¢,

B 3
2—aj—bic+ajbje
(2-age—be)S+(=1) P17V S oy 0y oy @i—(age+2bie+6(1-azc)(1-bye)) L

(2—&1C—b16+2{%J) :121 ai—3((l+a1cb,c)(a/n_1+a/n)—a,can_1—blca/n+(a1c+2b1c+3(l—a,c)(l—b1c))%)

Ar
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where

ape = 1N {n-1}]

bre = |I°N {n}]

and
a;, ifi e I°\{n—1,n}

(@)i=9 Apap_1+(1=2)(S—¢y), ifi=n-1 (6.3.7)
/l]a’n+(1—/11)(5—%81), ifi =n.

Then, from Theorem 6.14 we have

(Pace™) = 3 PPob@ @i+ Y, PiPol@i)Qi()

lef IeSL
Ic{l,...,n-2} {n}cIc{l,...,n-2,n}

+ 3 PPoly(@i)Qi() + Y Pi(Poly(@))Q:(1) = Py(Pols(a),

IeS% IeS%
{n—-1}clc{l,..., n—1} {n-1,n}cl

where

0/(1) = P, (CPI3) - p, (cp21)

and @, is given by 6.3.7. Now

Le {Ic{l,...,n=2}:2<|I| <n-3and[is l-long for a}

{Ic{l,....,n}: 3<|I°1<n=-2,{n—1,n} C I and I is 2-short for o}

and so

D Pi(Poly(a5))Q: (1)

le L& 3<|J|gn=2,{n-1,n}cJ
J is 2-short for @

S P(Poha) (P; (CP|1|—3) _p, (szn_z|1|—3)) ,

IESnfl,n\{n_lsn}

P,(Poly(a%)) (Pt (CP|J|—3) - P, (CPZIJC|—3))

where

Si-in={Ic{l,...,n}: {n—1,n} c I and I is 2-short for a'}.
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Remark 6.20. Note that since a is 3-admissible, there are no sets J with {n—1,n} c J and

|J| > n—1 such that J is 2-short for a.

Moreover

S< {Ic{l,...,n}:2<|I|<n=-3,In{n—1,n} # 0 and I is 1-short for a'}

{I° c{1,....,n}: 3<|I°1<n=2, {n—1,n} ¢ I° and [ is 2-long for o'}
and so

S P(PoL(@5))Qi(1) + Y Pi(Poly(@i)Qi(n)+ Y Pi(Poly(@))Q:(1)

1eS% 1eS% IeS%
nel and n—1¢1 n—1€l and n¢l {n-1,n}cl

:szn;m P.(Poly(a®)) (Pz (CP|]|—3) - P, (szn-2|f|—3)) ,

where
Loia={Jc{l,....,n}:3<|J|<n-2,{n—1,n} ¢ J and J is 2-long for a}.
Hence,

Pi(Pol3(a)) = (1+~~~+t2(”‘4))2

=Y PPob(a) (P (cBVI) - P, (cR2VI)
JESn—I,n\{{n_l’n}}

+J€£Zn;l,n Pi(Poly(a5)) (P, (CPM—S) - P, (CPZn—2|J|—3))

with

Su-1n = {I{c{l,....,n}: {n—1,n} c I and I is 2-short for o'}

Lo, = Jc{l,...,n}:3<|J|<n-2,{n—-1,n} ¢ J and J is 2-long for o'}
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and so

P,(Pols(@)) = (1 +...+t2<n—4>)2

1 20141 L2(1J]-1Al-2) |71-3 2n-2|J|-3
e D M G [T G A C )
jesn—l,n\{{n_l’n}} Aesmax(-’)

+

112 Z Z (tz|A|_tz<|J|—|A|—z>)(p,(@plfl—3)_P,(CPZ”‘Z""3)),
—t

JGLn—l,n Aesmax(-])

where

Smax(J) = {A c J\{maxJ} : AU {maxJ} is 1-short for a}.

We conclude that

P,(Pol3(a)) = (1 + --+z2<"-4>)2

1 2|1A] _ 2(U1-1A1=2) | [ ,2(2n=21J1-2) _ ,2(]J]|-2)
C(1-12)2 Z Z (t -1 )(t —t )
JeSn—l,n\{{n_l’n}} AeSmax(J)

1
+m Z Z (tZIAI_tZ(lJI—IAI—Z))(t2(2n—2|J|—2)_t2(|J|_2))

Je-[:n—l,n AESmax (J)
and the result follows

Remark 6.21. Holla computed in [Ho] a closed formula for the Poincaré polynomial for the
moduli spaces of semi-stable parabolic bundles on a curve by a completly different method.
Due to the tedious computations, such formula is not the best way to compute the Poincaré
polynomial. However, it can be programmed and leave that task to a computer.
We include in Appendix A a program for Wolfram Mathematica that computes the Poincaré

polynomial of Pol3(«) using our results and in Appendix B, a program using Hollas results.

Here are some examples for m =3 and n =5, in this case |/| = 2 for every [ € L£US%, so
either P;(Poly(ag.)) =1 or P;(Polx(aj.)) = 0. Notice that P;(Pol(aj.)) =0 if and only if
Poly(aj.) = 0, but from Proposition 5.17, this is not possible. On the other hand, P, (CP2|I |_3) -

P,(CP"11=3) = 12 50 the Poincaré polynomial is (1+2)%+ (| LL] —|SL|)%.
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Example 6.22.

1. Let O < & be small enough and @ = (3.25,4.25,5.25,7.75,8 +¢). Then S = L% =0 and

SO

PPolg(g)(t) =(1 +t2)2-

2. Let 0 < & be small enough and @ = (1 -¢,2,2,2,2), then L% = {{2,3}} and S% =
{{1,4},{1,5}}. Therefore

PP013(Q) (t) =1 +l‘2+l‘4.

Using the notation of Chapter 4, A = (3 — %)(1, I,LI,1,1) and A—a=(2+ 23—8, 1- %,1 -

£
3

On the other hand by [HK?2, Corollary 4.2],

1-%,1-%). As we saw, the Poincaré polynomial of Pol3(a@) is Pp,i;(a)(t) =1 +12 414,

119432 -t +3(t* - 1?)

. = 1+2+1%,
1-1¢

Ppoly(a-a) (1) =

6.4 Fundamental group of Pol,, (@)

We will now show that all polygon spaces are simply connected.
Theorem 6.23. Let @ € (R*)" be m-generic. Then the fundamental group of Pol,, () is trivial.

Proof. For any m,n, we can choose Enm m-generic such that Pol,, (én’m) is a (m — 1)-stage
generalized Bott tower (see Remark 6.13). In particular, Pol,, (én’m) is a toric manifold and so
it is simply connected. Now for any m-generic @, we can find a path £ from ,l_i’n’m to @ such that
crosses one wall at a time. Without loss of generality, we can assume that £ only crosses one
wall Wy for some I C {1,...,n} and k < m.

By Theorem 6.3 we have that Pol,,(«@) can be obtained from Pol,, (En’m) by a partial blow-
down followed by a partial blow-up or vice-versa, where the exceptional divisors involved are
projective bundles over Y.

Now we can apply [R, Proposition 2.3] and so we have that the fundamental group of
Pol,, () remains invariant as @ crosses inner walls. Since Pol,, (Enm) has trivial fundamental

group, the result follows. O
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Chapter 7

Symplectic Volume

For m =2, the symplectic volume of Pol, (@) has been determined by many authors. In particular
in [M, Section 3.2], it is computed using the wall crossing method.

In this chapter we generalize this method to compute the symplectic volume for every m and
give an explicit formula for m = 3. From now on we assume that @ is m-generic. We will use

the description of Pol3(a) given in Section 3.1.2.

7.1 Equivariant Integration Formula

First we will fix notation and recall some results. Let us denote by C, the complex space C™

endowed with the S'-action given by
A (Z21yeszm) = (A zq,...,A7z,), A€ st yezZ"

and let Q(y) := M xC,) be the total space of an equivariant line bundle over a symplectic
manifold M.
Our computations of the volume are based on the following theorem (see [Ma2] for a detailed

proof).

Theorem 7.1. ([Ma2]) Let M be a smooth symplectic manifold equipped with the action of a
Lie group G with maximal torus 7. Assume that the action is Hamiltonian and that the reduced

space M //,, G is a smooth manifold. Then, for every equivariant class a € H(, (M),

— 1 G T
R ) ( @ -] i€y

Y

b
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where kg, kt are the corresponding kirwan maps

ke : H5(M) — H (M /|, G) (7.1.1)

kr: Hy(M) — H*(M [, T) (7.1.2)

defined in Section 2.3.2, W is the Weyl group of G, p’ is the projection of p on t*, r? is the

restriction map defined in (2.3.1) and the product runs over all the roots y of G.

Remark 7.2. Let ; : [] Ogu(m)(ozi) — Ogu(m)(a/i) be the projection on the i-th coadjoint orbit.

d
su(m)

Then the symplectic form on [|O (a;) is given by w = ) nw;, where w; is the KKS
symplectic form on each orbit.

As we have seen in Section 3.1.2, every orbit (O;iu(m)(cy,-),w,-) is symplectomorphic to
(CP"!, Qe wrs).

Therefore, on each coadjoint orbit we can consider the line bundle

L : Ogpm1 (2a;) — CP" ! = Ofu(m)(ai)

and its pullback to [T O¢ )(a/i) by the projection

su(m
n
pi: l—logu(m)(a’i) - Ogu(m)(a’i)-
i=1
The tensor product of these pullbacks defines a line bundle

L=p|Li® --®p, L,

known as the prequantum line bundle of the product. Note that c; (L) = [22] .
n

Since

dim Pol,, (@) =2(n—-m—-1)(m—-1),
the volume of Pol,, (@) is given by the evaluation of the class

2re(L))r=m=Dm=1)
((n=m~1)(m~1))!

on the fundamental class [Pol,(@)]. Hence the volume of Pol, (@) can be obtained from
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Theorem 7.1, using the form

2 (n—m—-1)(m-1)
(27) ( Py , (7.1.3)

4 . (m)(L))(n—m—l)(m—l)
T ((n=m=1)(m=-1)r\"!

IIJU(m) is the equivariant first Chern class for the action of PU (m) = SU(m) /Z,, on CP"~!

where ¢
(see Section 2.3).
Note that the above construction is only possible for 2a; € Z, but this supposes no restriction

since, by rescaling, we have

Vol(Pol,,(Aa)) = 22m=D0=m=Dys1(pol,, (@), VYA eR*.

7.2 Wall decomposition and localization theorem

In order to compute the right hand side of (7.1.1) for a as in (7.1.3), we need to introduce more
results related to wall crossing. These are due to S. Martin and detailed proofs can be found in
[Mal, Chapters 5 to 9].

Let 7 be a subtorus of the maximal torus T and let M7 be the corresponding fixed point set.
The T-action on each connected component M lT of MT induces a Hamiltonian action of T /T on

Ml.T whose image lies in an affine translate S; of Lie(T/T) c t*.

Definition 7.3. Let £ € t* and let S be the affine translate
S:=¢+Lie(T/T)* ct.
We say that & is T-regular if ur maps some connected component of MT to S and for this

component £ is a regular value for u7 (thought as a map to ).

Remark 7.4. If T is a subcircle of T and ¢ is in a wall corresponding to 7', then & is T-regular

if it lies in the interior of this wall.

Definition 7.5. Let S be an affine translate of Lie(T/T)*, let £&y,&; € S be two T-regular values
and let Z be a path between them. Then Z is said to be T-transverse if it is contained in S and
for each connected component of w7 (M f) that is mapped to S, the path Z is transverse to the

restriction of 7 (thought as a map to S).
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Definition 7.6. Let Z C S be a T-transverse path with endpoints &, & (two T-regular values).

The wall crossing data for Z is the set
data(Z) = {(H,&) : H is a subtorus of T containing 7 and & € Zn ur(M™)} .
Definition 7.7. For a given subtorus 7' c T, we say that a collection of subtori
®=(l=HycH,c---CHy,=TcT)

is a T-flag of subtori if H; is an i-torus and H;/H;_; = S' foreveryi=1,...,k.

Definition 7.8. Let 7 c T be a subtorus, then

A = H2(0.)

is the set of formal linear combinations of pairs (®,&), where © is a T-flag of subtori and & a
T-regular value.

Let us consider the Z-module
A = @ Az,
7
where the sum runs over all the subtori 7' c T.
Remark 7.9. Only a finite number of sets A; are nontrivial and so the sum in A is finite.
Definition 7.10. Let R ¢ A be the submodule of relations defined by

1. Forevery T c T, let &y, & be two T-regular values, Z a T-transversal path connecting them

and © a T-flag of subtori (1 = Hy c H; C --- € Hy =T). Then we have the relation

~(0,£)+(0.6D+ Y, (OUH,),

(H,¢)edata(Z)

where ©® U H is the flag defined as

(lcHcHUHc---cTUHCT).

2. Let & be a T-regular value such that & ¢ uy (M f), then for every T-flag ® of subtori, we

have the relation (©,¢).

82



Remark 7.11. Since M is compact, for any regular value & € t* there is always a path Z starting
at & and ending outside the image of the moment map ur. The same holds for every subtori of

T.

7.2.1 Localization theorem

Let T be a subtorus of T and let © be a T-flag of subtori
®=(l=Hyc---cH,=TcT).
We define the localization map

Ao : Hi(M) — H; /T(MT)
as follows.

If 7= {1} (and consequently ® = (1 c T) is the trivial flag), then Ag is the identity map.

Otherwise,
Ao = Ag, jH,_, ©* o AH,/H, © AH,,
where
.o H;- * Hi/Hi-1\ ~ 1g* H;/H;-
AH;/Hiy - HT/Hi—l(M D H(T/Hi—l)/(Hi/Hi—l)(M / Y= HT/Hi(M / ")

is the localization map defined in the following way.
Let S(vym,n,_,) be the sphere bundle of the normal bundle v,u,m,_, of MHi/Hi-1 inside

M™i-1 . Moreover, let p and 7 be the projections

H;/H;_
SO ) [(Hi/Hi-) Sy )/ (L Hioy)
\ /
MHi/Hi—l
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and let 7, denote integration over the fibers of 7. Then Ay, /y, | is the composition:

[(Hi/H;-1)
— 5

" N A JH NPT
HT/HI._I(MH’_I) - HT/HI._I(MH’/HL_I) — HT/HH (S(VMHi/Hi—l))

* T * H;/H;_
= Hiryp g S Ongmini ) (il Hi) = Higyg o,y (M7,

where i : MHi/Hi-1 < pHi-1 is the inclusion map.

Using the localization maps, Martin proves the following result.

Theorem 7.12. ([Mal, Theorem D]) Suppose that

c[0,6]= ) cilO,&1 € AR, ci€Z,

iel

where O is a f‘—ﬂag of subtori and ©; is a T;-flag of subtori.

Then for any a € H}. (M), we have

o[, ko)=Y [ ko).
MY [T el M) T
where k is the Kirwan map from the equivariant cohomology of a manifold to the ordinary

cohomology of the symplectic quotient.

Remark 7.13. In order to compute the symplectic volume, we have to compute the integral on

the left hand side with [(1 c T),0] and the cohomology class a defined in (7.1.3).

Let us now obtain a formula for Ag : H;. (M) — H*(MT) when @ is a T-flag of subtori

®=(1=Hyc---c H,=T). In this case, we can choose a decomposition
T=T%x---XT, (7.2.1)

such that 7; = H;/H;_; = S'.

Now the action of T on each connected component F ¢ M of the fixed point set is trivial

and hence

H;(F) = H*(F)® H;(pt).
Moreover, from the decomposition of 7 in (7.2.1), we get a set of generators {uy,...,u,}
of Hy(pt) = Q[uy,...,u,], where u; can be seen as the equivariant first Chern class of the
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representation on C of T, where T; acts with weight 1 and the other T} act trivially.
Consider the action of 7 on vg, the normal bundle of F in M and the decomposition
associated to ®

F

IR

H H
vF” C--CVp =VF,

where V;I" is the subbundle of vr of points fixed by Hy. Let us denote by V; — F' the orthogonal

complement of vgi in vg"“. In particular, V; = vg‘” / v;]i. Now we can define the map

i : Qu;] — H'(F)xQlujy1,...,up,]

+k; Tiv1%-XT,
u{ i —> sjt+1 X n(‘/l_’j"l_)’

where k;+1 =rank V; and sJT.”‘X"'XT” (Vi, T;) is the T4y X - - - X T,-equivariant weighted Segre class
of the bundle V; — F.

Then /; extends to a map
I H* (F)®Q[uy,...,uy] = H (F) @ Q[utis1,- - . tn]

by tensoring with the identity map on the complement of Q[u;]. This extension 1; is a homo-

morphism of H*(F) ® Q[u;41, .. .,u,]-modules.

Proposition 7.14. For every a € H;. (M),
Ae(a) = or(M) I,0---oli(alp),

where o7 (M) is the order of the stabilizer of M for the action of 7.

7.3 Symplectic volume of Polz(a)

From the results of Section 3.1.2 we have that
Poly(a) = (CPz,ZaleS) X (CPZ,zanwFS) /o PU(3).

Let us assume for simplicity that ; =0 mod 3 fori =1,...,n. We can consider the maximal
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torus 7% of PU(3) acting on each CP? as
(A1,42) - [z1 1221 z3] = [Aiz1 1 A2zt 23], (A1, A2) €T

and a moment map ¢7 : (CP?,2a;) — R? given by

21 20 @ @ |21 |22|?
21l l=— =)o , )

|z11? +|z2|? +|23[% |21 ]2 +|z2|? + |23

It has three isolated fixed points F; =[1:0:0], F/,=[0:1:0] and F3=[0:0: 1] and the

image u7(CP?) is the convex hull of the points

= (3 5)-mr0=(-545]
) = (5. 5) oo = (5.51)
ur(F) = (3.5

The T-action on (CP?)" has 3" fixed points Fy x---xF; withi; €{1,2,3}.
Let 7 be the set of 3-partitions of {1,...,n}

Lubulz= {1,...,71}.
Then the fixed point set is in one-to-one correspondence with the set 7, i.e.
T
((@PZ)") — (F; e (CP?)": I e I},

where F7j is the n-tuple of points of CP? such that (F7); is equal to Fy,F> or F3 according to
whether j is in 1,1, or I3.
Then if {e1, e} is the standard basis of t* = R2, the moment map of the torus action at those

points is

Zal( 2er+ex)+ ) ai(er=2ex)+ ) aier+e)

el iel i€l

ur(Fr)

(7.3.1)
= % —2Zai+2a,~, —2Za,~+2ai .
Iy I I IS
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Example 7.15. Let n = 5 and consider the partition I = {1,3} L {2} L1{4,5}, then
Fr=([1:0:0],]0:1:0],[1:0:0],[0:0:1],[0:0:1])
and
1
MF, = § (—2(&1+a3)+a2+a4+a5,—2az+a1 + a3 +a4+a5).

Remark 7.16. Note that since @; =0 mod 3 and « is 3-generic, zero is always a regular value

of MT.-

Example 7.17. Let @ = (6,6,9,9), the image of the moment map ur is the convex hull of the
points (10,10), (=20, 10) and (10, -20).

H(Fi, . 43,0, 0) H(Fig, 0, 11, ... 43))
@ L 2 C L 4 @ @ L J
@ L L ]
—2 T ’ ®
0 ei
L J

©4 Points
®2 Points *
®1 Point . ®

U(F(a, {, .. 4}, ra))

Figure 7.3.1: Moment map image for @ = (6,6,9,9).

The T action on Pol3(a) has 3* = 81 fixed points, but many of these points have the same
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image under ur, for example,

ur (F13).0,02.4)) = ur(F(1,4),0,02.3)) = M1 (F(23),0,01,4)) = 47 (F(2,4),0,{1,3}) = (=5,10)
pr(Fpsy044y) = Hr(Fpay20.3)) = Hr(FRsyy.4y) = ur(Fa.ay.ey) = (=5,4)

T (F3y0a1.01.2)) = ur(Fray 33.0123) = (1, 1).

In general, the image of the moment map is always a (right) triangle with vertices

1 n n
ur(Foo1,..ny) = 3 ;ai,;ai)

1 n n
ur(Foq1,...n3.0) = 3 ;ai, —2;%’)

1 n n
ur(F,. nyp00) = 3 —2;%;%)-

7.3.1 Decomposition of [(1 c T),0]

Let us start with the regular point pg = 0 (see Remark 7.16) and obtain the decomposition of
[(1cT),0]
Let H, and H; be the subcircles of T given by Hy :={(4,1)} and H, := {(1,4)}. Note that

these correspond to vertical and horizontal walls respectively.

Proposition 7.18. Consider on H; the usual orientation and on H; the reversed orientation,
denoted by H;. Let
O =(1cH,cHyxH, =T)

and

@2:(1CECF}XH2:T)

be two T-flags of subtori.
Then

[(1cT).0l= > [OuFnnl+ Y. [02F,5nsl.
(I1,12,13)€R, (11,12,13)€Ry

where R C 7 is the set of 3-partitions of {1,...,n} for which I, and I3 are 1-short for @ and

R, C I is the set of 3-partitions of {1,...,n} for which /; and /5 are 1-long for a.

Proof. Since the line of equation y = —x does not contain any image of a fixed point, we can
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assume our path Z to go from O to the exterior of the moment polytope along this line.

Indeed, note that if uy(F;) were on the line y = —x, we would have

Zai—22a,~:22a,~—2ai
I3 3 I I

and so

ZZQ’[: Z [07]
I

UL
and a would not be 3-generic.

We can assume without loss of generality that Z is contained in the second quadrant.

The path starts at O and has its endpoint outside the moment polytope. Therefore, the
direction of Z defines an orientation on the subgroups associated to the walls. We will always
cross the walls in directions —ej, > so that we consider the standard orientation on H, and the
reversed orientation on H;.

Therefore if, to go from O to a point gg € Z, we have to cross exactly one horizontal wall and

ro is the crossing point of Z at this wall, we have
[(1cT),0] =[(1cT),qol +[(1 c HyCT),rol.

Consider now the path Z’ that starts at rop and goes along the horizontal wall through r.
It will eventually pass through an image of a fixed point p; until it reaches a point r; (see
Figure 7.3.2). The direction of this path is determined by the one on Z and is according to the
orientation of H».

Therefore

[((I1cHyCT),rol =[(1 cHy CT),r1]+[O1,p1].

We can repeat this procedure crossing k vertical lines until we reach a point r; outside the

polytope.
By Definition 7.10, [(1 € Hy c T),r] =0 and thus we can write

k
[(1c HycT),ro) = ) [O1,pi.
i=1
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Analogously, we can write
k/
[(1CT),q0) = [(1 < T),q1] + ) [©2,p]]

i=1

where g1, p},...,p}, are the images of the fixed points that lie on the first vertical wall crossed

by Z. Repeating this procedure we get

[(1cT),01= > [01,p]+ ) [02,p]]

iER| i€R,
for some index sets Ry, R».
H(Fi, . 43,0, 0) Z H(Fg, 6, (1, ..., 41))

q:
fa d
4 \Oez

rs Ps o P 1 P ro

o[

IJ(F(a, {,.. 4, ¢))

Figure 7.3.2: Decomposition for @ = (6,6,9,9).

Note that the points p; and p are fixed by T and therefore can be written as Fy, 1, j, for some

(I,I,Iz) e I.
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The fixed points F7, j, 1, of the upper semispace are those for which

2 Yo < o
3 I

(cf. (7.3.1)) i.e. such that I, is 1-short for @. Moreover the fixed points below the path Z are

those satisfying

1.e. such that /5 is 1-short for @. Indeed we need

2 Y- Y T2
I I¢ I I
o S-S Yow- e
I I I I
@ZZai < Za,-.
I I

The set R, is obtained analogously.
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R,

H(Fica, . 43, 0, 0) Z H(Fo, 0, 1, ... 41))
Ry
q1
s \qoe2
r3 Ps P2 ry Pi o
o] e

IJ(F(;a, {1, .., 4, ra))

Figure 7.3.3: Decomposition and index sets for & = (6,6,9,9).

7.3.2 The Localization maps Ag,

Proposition 7.19. The localization maps Ae, : H7({pt}) = Quy,uz] — H*({pt}) = Q, where

u1 and u, are the generators of H| and H», are given by

(_1)|11|+1 J2—= | =15 if jp >n+|L|-1
/19 (ujlujZ): |11|+|12|_1 and j1+j2:2n—2
1 172

0 otherwise.
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and

(=1l Ji=Ih|=|1] ifji>n+|l]-1
2\* My ) T

0 otherwise.

Proof. Let us fix the set {e] —e3, e} of simple roots of PU(3). Now the normal bundle of the

fixed point Fy, 1, 1, 18

Vi=vp, =~ clhl ocll gcll  gclkl gl g clsl

.03 (—e1+e2) (—e1) (e1—e2) (=e2) (e1) (e2)”

The subbundle stabilized by H is

Hy _ ~l| |13]
Vie=Cl,,eCq)

and therefore

V/VH2 ~ C|11| 69@']2' ®C|12| EBC|13|

(—e1+e2) (e1—e2) (—e2) (e2)”

In particular, rk(V/V2) = n+|I,|. Since c{l' (C(kye)+kae)) = k1u1, the weighted Segre class is
given by

551 (Clkyerskser)) = (ko +kqup) ™"

Thus

S%I(V/VHz) = (1 —ul)—llll(u1 - 1)—|12|(_1)—|12|(1)_|13|

(1 —uyp)~UNHED,

Therefore, for the flag ® = (1 € H, € H; X H = T) of subtori, we have

0. if j <n+|hL|-1
Ly =3 [ j—ILl -] RCEIAEY

Ll ] 1 1 if j >n+|lL|-1
1+12]—=
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and

— (=DM if j=n—|k| -1
l(up) =

, otherwise.
Note that we can compute l~2 as if the flag were ® = (1 ¢ H, € Hy x H; =T), but then we have

to multiply by —1 because of the reversed orientation.

Since the order of the stabilizer of 1~!(0) is zero, we get

o _pylal J2— | =13 if j, >n+|hL|-1
/1(91(”{1149): |11|+|12|—1 andj1+j2:2n_2
0 otherwise.

The computations for the flag ® = (1 ¢ H; € H; x H, =T) are analogous and the proposition

follows. O

Remark 7.20. Since the set of roots is
A={e;—eyer,er,—e1+er,—e1,—e2},

from Section 7.2.1 is easy to compute [],cp c{(C(y)).
We have

T 3.2 2 2 33 42 24
ncl(C(y)):(—l) uiuy(uy —uz)” = 2ujuy —uju; — uju,.
yeA

Hence a| Fi,.1,.1, Nas always degree 2n —2 and therefore the condition ji +j2 = 2n -2 of dg, in

the nontrivial case is redundant for our computations.

7.3.3 Symplectic volume of Pol3(«)

Using the results of the previous sections we can finally obtain a formula for the symplectic

volume of Pol3(a).
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Theorem 7.21. Let a € (R*)" be 3-generic with n > 5. Then,

2\ 1
Vol(Pols(a)) = (—) m

3
n—|l|-3
2n—8\(n+|Ii|-k—-6 _g_
_pinl gk g2n-8—k
RN ek

(11,12,13)€R, k=0

l’l—|11|—3
2n—8\(n+|L|—-k-06 s
—_l&l §2n-8-kgk
SIDSRNCILED Y G i it

(I,12,13)€Rs k=0
where
1. Rj is the set of 3-partitions (1,15, 13) of {1,...,n} with I; and I3 1-short for «,
2. R, is the set of 3-partitions (/1,/,13) of {1,...,n} with ; and I3 1-long for a,

3. S1 and S, are defined by

Si(l,Ib,l3) = _2Zai+za’i
T e

—2Za,~+2ai.
L 15

Sa(1h, 1z, I3)

2n-8
Proof. From the previous sections, we only need to determine (c{(L)l FflJst) for every
fixed point Fy, 1, 1, and compute the image under Ag, of its product with ZM?M; - u‘]‘u% - u%u‘z‘ for

i=1,2.

Since
1 1
ur(Fron.n) = 3 —ZIZCYﬁ;ai,—ZIZZ%;%’ = 3(51,52),
1 1 2

we have

.£|F11,12,13 = C(NT(F11,12,13)) = C%(SI,SZ)

and therefore

1 1
—Slul +—Szl/t2.

CT(£)|F11,12,13 = 3 3
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Using Proposition 7.18 we have

1 1 2n—8
/l@l ((§51u1+552u2) (2u?u%—u?u%—u%u‘2‘)) =

2n—8

1
32n-38 ;}

2n-38 N8 n—8—
(7 stsis-tao b

(=i (2n— 8) (n+ |-k -6

= Sk S2n—8—k
32n-8 k n—|L|-3 ) 1=

k=0

and

1 1 2n—8
Ao, ((§S1u1 +§S2u2) (2u?u;—u?u§—u%ug))

1 2¥mon-38
- 32n—8 k

k ¢2n—8—k k. 2n—8—k
)SIS2 Ao, (uju; )
k=

o

(=l (2n—8) (n+ L] -k—6

- S2n—8—k Sk,
32n-8 k n—|Iz -3 ) ! 2

k=0

where we used the equality

AT

The result follows from Theorems 7.1 and 7.12 (see Remark 7.2).

O

Remark 7.22. The above volume formula is computed in [Mal] for the equilateral case, i.e.

«; = k for some fixed value k.

A general formula was computed by Suzuki and Takakura in [ST] using a completely

different method. They study the dimension of the trivial part in a tensor product of several

irreducible representations for SU(3) and its asymptotic behavior. This is equivalent to compute

the symplectic volume.

Example 7.23. Let 0 < & be small enough and @ =3(1—-¢,2,2,2,2). As we have seen in
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Chapter 6, the subsets I C {1,...,5} that are 1-short for @ are those with |I| < 2 or with |I| =2
and such that 1 € /. Likewise the subsets that are 1-long for @ are those with |/| > 2 or with
|I| =2 and such that 1 ¢ 1.

Therefore the set of partitions R; is given by

Ri={(Ii,1,53) : |Io|,|I3] <2} U{(I1,12,13) : || <|I3]=2and 1 € I3}

U{(I1,15,13) : |I3] < || =2and 1 € I}.
Analogously we have
Ry ={(I1,12,13) : with I, =0 or I, ={1}}.
Now using the formula from Theorem 7.21, we have

2
Vol (Pol3(3-3¢,6,6,6,6)) = %(561 +704e —71&2).
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Appendix A

n=Input["What is the number of steps of the polygons?"];

alpha=List[]; (* alpha will be the weight vector *)
For[j=1,j<n+1, j++,alpha=Append[alpha, Input

[HPlease insert the weights of the polygon

(one by one in increasing order)H]]];

Print["Weight vector alpha= ",alpha];

Print[""];

(* a is a weight vector on the outer wall W_{1,...,n-1}} *)

a=List[];

For[k=1, k<n-1,k++,a=Append[a,alphal[k]]]];
a=Append[a,Sum[alphal[[i]], {i, n-2}]-alphal[[1]]/10];
a=Append[a,Sum[alpha[[i]], {i, n-2}]-(2*alpha[[1]])/25];
Print["Initial weight vector on the outer wall: a= ",a];

Print[""];
TotalSum=Total[alpha]; (* Sum of all the weights *)

1=List[]; (* 1 is the list {1,...,n} *)
For[i=1,i<n+1,i++,1=Append[1l,i]];

SS= Subsets[1]; (* SS is the list of all subsets of {1,...,n} *
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ShortSetsa=List[];

(* ShortSetsa will be the list of Short Sets for a;

NOTE: S is short if sum_S < 2 sum_Scomp *)

k=1;

TotalSuma=Total[a];

While[k< Length[SS]+1,

Listauxa=SS[[k]];

n=Length[Listauxa];

SumSa=0;

(* SumS will give the sum of the weights of a in the kth subset of SS *)
For[i=1,i<n+1,i++, If[Listauxa != {}, SumSa=SumSa+ a[[Listauxa[[i]]11111;

If[3 * SumSa< 2 * TotalSuma, ShortSetsa=Append[ShortSetsa,Listauxa]];

k++];
Print["Short Sets for a= ", ShortSetsa];
Print[""];

ShortSetsalpha=List[];

k=1;TotalSumalpha=Total[alpha];

alphaGeneric = True;

(* In the end alphaGeneric will be False if alpha is not generic *)
Walls=List[];

(* Wall will list the walls that contain alpha if nongeneric *)
While[k< Length[SS]+1,

Listauxalpha=SS[[k]];

n=Length[Listauxalpha];

SumSalpha=0;

(* SumS will give the sum of the weights alpha in the kth subset in SS *)
For[i=1,i<n+1,i++, If[Listauxalpha != {},

SumSalpha= SumSalpha + alpha[[Listauxalphal[[i]]]11]17;

If[3 * SumSalpha< 2 * TotalSumalpha,
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ShortSetsalpha=Append[ShortSetsalpha,Listauxalpha],
If[3*SumSalpha == * TotalSumalpha, alphaGeneric = False;
Walls=Append[Walls,Listauxalpha]l]]; k++];

If[alphaGeneric == True,
Print["Short Sets for alpha= ", ShortSetsalpha];
Print[""];

(* short sets of a that are not short for alpha and vice versa *)

ShortSetsalphanota=Select[ShortSetsalpha, MemberQ[ShortSetsa,#]==False &] ;
ShortSetsanotalpha=Select[ShortSetsa, MemberQ[ShortSetsalpha,#]==False &] ;

Print[HShort sets of alpha that

are not short for a= H,ShortSetsalphanota];

Print[""];

Print["Short sets of a that are not short for alpha= ",ShortSetsanotalpha];
Print[""];

i=1;

PoincarePol=((Sum[t*{2(u-1)},{u,n-4+1}1)42);

(* part of the Poincaré polynomial corresponding a chamber adjacent to

the outer wall W_{1,...,n-1} that does not involve any other crossing. *)
Print["Initial Poincaré Polynomial: ", PoincarePol[[1]]];
Print[""];

While[i< Length[ShortSetsalphanota]+1,

SetI=ShortSetsalphanotal[[i]];

SetIcomp=Delete[l,Partition[SetI,1]];

SumIa=0;
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SumIalpha=0;

k=1;

For[k=1, k<Length[SetI]+1, k++, SumIa=SumIa+a[[SetI[[k]]]1]1];

For[k=1, k<Length[SetI]+1,k++,SumIalpha=SumIalpha+alphal[SetI[[k]]]11];

Epsilonla=3 SumIa-2Total[a];
EpsilonIalpha=3 SumIalpha-2Total[alpha];

Print["Wall corresponding to the set ",SetI];

Print["EpsilonIa= ", Epsilonla];

Print["EpsilonIalpha= ", EpsilonlIalphal];

NewalphaWI=List[];

For[s=1,s < n + 1, s++, NewalphaWI=

Append[NewalphaWI, Abs[EpsilonIa *alpha[[s]]-EpsilonIalpha * a[[s]]1]11]1;
Print["Critical weight vector on the wall W_I: ",NewalphaWI];

(* critical weights at the wall W_I *)

NewalphaInI=Extract[NewalphaWI,Partition[SetI,1]];

(* critical weights at the wall W_I that are in the positions of I *)
NewalphaNotInI=Select[NewalphaWI, MemberQ[NewalphaInI,#]==False &];
(* critical weights at the wall W_I that

are in the positions complementary of I *)
If[(2*Last[NewalphaInI]<Total[NewalphaInI] && Length[SetI]>=3 ),
SS2I=Select[Subsets[SetI], 2*Total[NewalphaWI[[#]]]< Total[NewalphaInI] &];
PoincarePol = PoincarePol +
Simplify[1/(t22(t*2-1))*((1+t*2)*(Length[SetI]-1)
-Sum[t*(2*Length[SS2I[[ull]),{u,Length[SS21]1}]1)]

(Sum[t* (2w, {u,2(n-Length[SetI])-3}]-Sum[t*(2u),{u,Length[SetI]-3}1)1];
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Print["Change in the Poincaré polynomial by crossing the wall W_I: Add ",
Simplify[1/(t*2(t*2-1))*((1+t*2)*(Length[SetI]-1)
-Sum[t*(2*Length[SS2I[[u]l]l]),{u,Length[SS2I]13}1)]
(Sum[tA(2u),{u,2(n-Length[SetI])-3}]-Sum[t*(2u),{u,Length[SetI]-3}]1)1];

Print[""];

i++];

i=1;

While[i< Length[ShortSetsanotalpha]+1,

SetI=ShortSetsanotalphal[[i]];

SetIcomp=Delete[l,Partition[SetI,1]];

SumIa=0;

SumIalpha=0;

k=1;

For[k=1, k<Length[SetI]+1, k++, SumIa=SumIa+a[[SetI[[k]]]]1];

For[k=1, k<Length[SetI]+1,k++,SumIalpha=SumIalpha+alphal[[SetI[[k]]]1]1];

EpsilonIa=3 SumIa-2Total[a];

EpsilonIalpha=3 SumIalpha-2Total[alpha];

Print["Wall corresponding to the set ",SetI];
Print["EpsilonIa= ", Epsilonla];

Print["EpsilonIalpha= ", Epsilonlalpha];
NewalphaWI=List[];
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For[s=1,s < n + 1, s++, NewalphaWI=Append[NewalphaWI,
Abs[EpsilonIa *alpha[[s]]-EpsilonIalpha * a[[s]]1]]1];
Print["Critical weight vector on the wall W_I: ",NewalphaWI];

(* critical weights at the wall W_I *)

NewalphaInI=Extract[NewalphaWI,Partition[SetI,1]];

(* critical weights at the wall W_I that are in the positions of I *)
NewalphaNotInI=Select[NewalphaWI, MemberQ[NewalphaInI,#]==False &];
(* critical weights at the wall W_I that are in the positions

complementary of I *)

If[(2*Last[NewalphaInI]<Total[NewalphaInI] && Length[SetI]>=3 ),

SS2I=Select[Subsets[SetI], 2*Total[NewalphaWI[[#]]]< Total[NewalphaInI] &];

PoincarePol = Simplify[PoincarePol +
Simplify[1/(t*2(t*2-1))*((1+t*2)*(Length[SetI]-1)
-Sum[t*(2*Length[SS2I[[u]l]l]),{u,Length[SS2I]13}1)]
(Sum[tA(2u),{u,Length[SetI]-3}]-Sum[t*(2u),{u,2(n-Length[SetI])-3}1)11;

Print["Change in the Poincaré polynomial by crossing the wall W_I: Add ",
Simplify[1/(t*2(t*2-1))*((1+t*2)A(Length[SetI]-1)

-Sum[t* (2*Length[SS2I[[u]]]),{u,Length[SS2I]1}])]
(Sum[tA(2u),{u,Length[SetI]-3}]-Sum[t*(2u), {u,2(n-Length[SetI])-3}1)1];

Print[""];

i++];
Print["PoincarePol= " ,Expand[PoincarePol[[1]1]]]

Print["The weight vector alpha is not Generic."];

Print["It is on the walls corresponding to the sets: ",Walls]];
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Appendix B

(* Construir a lista de short sets *)
m=Input["What is the number of steps of the polygons?"];

alpha=List[]; (* alpha will be the weight vector *)
For[j:l,j<m+1,j++,alpha:Append[alpha,Input[[%lease insert
the weights of the polygon (one by one)H]]];
TotalSum=Total[alphal; (* Sum of all the weights *)

1=List[]; (* 1 is the list {1,...,m} *)
For[i=1,i<m+1,i++,1=Append[1l,i]];

SS= Subsets[1]; (* SS is the list of subsets of {1,...,m} *)

ShortSets=List[]; (* ShortSets will be the list of Short Sets *)

k=1; alphaGeneric = True;

(* In the end alphaGeneric will be False if alpha is not generic *)
While[k< Length[SS]+1,

Listaux=SS[[k]];

n=Length[Listaux];

SumS=0; (* SumS will give the sum of the weights in the kth subset in SS *)
For[i=1,i<n+1,i++, If[Listaux != {}, SumS=SumS+ alpha[[Listaux[[i]1]1]111];
If[3 * SumS< 2 * TotalSum, ShortSets=Append[ShortSets,Listaux],

If[3 * SumS == 2 * TotalSum, alphaGeneric=False]];
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k++];

SetsNotShort= Select[SS,Not[MemberQ[ShortSets,#]]&];

(* SetsNotShort will be the 1list of Sets that are not short *)

(* GoodPairsSets is the List of pairs (S,T) such that S and T

are subsets of {1,...,m} and S\cup T= {1,...,m} *)

PairsSets=Tuples[SS,2];
(* PairsSets is the list of all possible pairs of subsets of {1,...,m} *)
GoodPairsSets=Select[PairsSets, Sort

[DeleteDuplicates[Join[#[[1]1],#[[2]1]1]1]1]1==1&];

f=Function[{11,12}, If[ (MemberQ[ShortSets,11] && MemberQ[ShortSets,12]) ||
(Not [MemberQ[ShortSets,11]] && Not[MemberQ[ShortSets,12]]), -1

If[ (MemberQ[ShortSets,11] && Not[MemberQ[ShortSets,12]1]),-3,1111;

(* Polinémio de Poincaré *)

(¥ Part 1 *)

QQl=(1-a*6)*(m-1)/((1-a*2)A(m+3) (1+ar2)r2);

(* Part 2 *)

PP2=Expand[Sum[ (1 + a*2)*Length[ShortSets[[i]]]
(a*(2*(Length[ShortSets[[i]]]+1))+a*(4* (m-Length[ShortSets[[i]]1]-1))),
{i,1,Length[ShortSets]}]+Sum[(1 + a*2)*Length[SetsNotShort[[i]]]
(a*(2*(Length[SetsNotShort[[i]]]-2))+a*(4*(m-Length[SetsNotShort[[i]]]1)+2)),

{i,1,Length[SetsNotShort]}]];
QQ2=Simplify[PP2/((a*6-1)(1-a*2)*3(1+a*2))1];
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(* Part 3 *)

PP3= Expand[a*(2m) * Sum[a”(2*(Length[GoodPairsSets[[i]][[2]1]]
-Length[GoodPairsSets[[i]][[1]]]+f[GoodPairsSets[[i]][[1]],
GoodPairsSets[[i]][[2]111)),{i,1,Length[GoodPairsSets]}]];
QQ3=Simplify[PP3/((1-a*2)*4(1+a*2)*2)];

(* Polinémio Final *)

QQ=Simplify[QQ1+QQ2+QQ3];

If[alphaGeneric == False, Print["alpha is not generic."],
Print["alpha=",alpha];
Print["ShortSets=",ShortSets];

Print["The Poincaré Polynomial is ",QQ]]
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