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ABSTRACT

In this thesis, we have demonstrated our method of writing symmetric pre-
sentations of permutation progenitors, finding monomial representations and symmetric
presentations of monomial progenitors. We have also explained how various types of ad-
ditional relations are found. We have discovered original symmetric presentations and
original constructions of numerous groups.

We have constructed PSL(2,11)x2, A7, 23 : (22 : S3), U3(3) : 2, Sg, PSL(2,11) x
2, PSL(2,11), G, and PSL(2,7) x 25, as homomorphic images of 2*6 : Dg, 25 : (D5 : 2),
2%6 . Ay, 2928 0 PSL(2,7), 2% . (5x4), 26 . A5, 2¢10 . A5, 2%28 . PSL(2,7), and
2%28 . PSL(2,7), respectively. We have found monomial representation of degree 3 for
S4 over Z3 and degree 5 over Z7 for 3 x As. We have given symmetric presentations of
the corresponding progenitors 3*3 : Sy and 7*° : (3 x As). In addition, we have given

isomorphism types of almost every image that we have discovered.
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Chapter 1

Introduction

One of the great desires of the finite group theorist was to classify all finite
simple groups. The classification theorem states that any finite simple group is cyclic,
alternating, classical, it belongs to a broad infinite class called the groups of Lie type, or
else it is one of twenty-six sporadic groups. Simple groups can be seen as the basic building
blocks of all finite groups. Now every finite nonabelian simple group is a homomorphic
image of a progenitor of the form 2** : N, where N < S,,. We are interested in finding
simple groups.

This thesis is devoted to homomorphic images of such progenitors and others. In
Chapter 1 we give important definitions and theorems which are used for our research. In
the Chapter 2 we construct nine important groups by using the technique of double coset
enumeration. In Chapter 3, we give permutation progenitors, first order relations, famous
lemma relations. We demonstrate the process of finding monomial representations and
have given presentations for several progenitors of the form p*” : N (p=3,5,7,...). We
have also introduced Wreath Products in this chapter. In Chapter 4 we demonstrate our
technique of finding isomorphism types of groups and give isomorphism types of several
groups. In Chapter 5, we have listed several progenitors (mostly unsuccessful in terms of

images) and their images.



1.1 Definitions

Definition 1.2 Group [Rot 95]: A group G(G, %) is a nonempty collection of elements

with an associative operation *, such that:
e there exists an identity element, e € G such that exa =axe for all a € G;
e for every a € G, there exists an element b € G such that axb=e="bx*a.

Definition 1.3 Operation [Rot 95]: Let G be a set. A (binary) operation of
G is a function that assigns each ordered pair of elements of G an element on G.
Definition 1.4 Subgroup [Rot 95]: For group G, a subgroup S of G is a nonempty
subset where s € G implies s! € G and s,t € G imply st € G. We denote subgroup S of
Gas S <.

Definition 1.5 Proper Subgroup [Rot 95]: Let H be a subgroup of group G. H is a
proper subgroup of G if H # G. We denote this as H < G.

Definition 1.6 Symmetric group [Rot 95]: A symmetric group, Sx, is the group
of all permutations of X, where X € N. Sx is a group under compositions.

Definition 1.7 Permutation [Rot 95]: If X is a nonempty set, a permutation of X
1s a bijection ¢ : X — X.

Definition 1.8 Semigroup [Rot 95]: A semigroup (G, ) is a nonempty set G equipped
with an associative operation.

Definition 1.9 ¢ fixes x [Rot 95]: If z € X and ¢ € Sx, then ¢ fixes z if ¢(x) ==z
and ¢ moves z if ¢(x) # x.

Definition 1.10 Disjoint [Rot 95]: For permutations o, f € Sx, a and ( are disjoint

if every element moved by one permutation is fixed by the other. Precisely,

if a(x) # z, then B(a) =a and if a(y) =y, then B(y) # y.

Definition 1.11 Transposition [Rot 95]: A permutation which interchanges a pair of
elements is a transposition.

Definition 1.12 Commute [Rot 95]: In group G, if a,b € G, a and b commute if
axb="bxa.

Definition 1.13 Abelian [Rot 95]: A group G is abelian if every pair of elements in

G commutes with one another.



Definition 1.14 Presentation [Rot 95]: Let X be a set and A by a family of words on
X. A group G has generators X and relations A if G = F/R, where F is a free group
with basis X and R is the normal subgroup of F generated by A. We say < X|A > is a
presentation of G.
Definition 1.15 Progenitor [Cur07]: Let G be a group and T = t1,ta,....t, be a
symmetric generating set for G with |t;| = m. Then if N = Ng(T), then we define the
progenitor to be the semi direct product m*™ : N, where m*" is the free product of n
copies of the cyclic group Cy,.
Definition 1.16 Normalizer [Rot 95]: Let G be a group. If H < G, the normalizer
of H in G is defined by

Ng(H) ={a € GlaHa™' = H.}

Definition 1.17 Centralizer [Rot 95]: Let G be a group. If H < G, the centralizer
of H in G is:
Co(H)=x€G:[x,h] =1 forall h€ H.

Definition 1.18 Elementary Abelian [Rot 95]: Let p be prime. If G = Zy, X Z; X
... X Ly, then we say G is elementary abelian.

Definition 1.19 Isomorphism [Rot 95]: Let (G,*) and (H, o) be groups. The function
¢ : G — H is a homomorphism if ¢(a xb) = ¢(a) o ¢(b), for all a,b € G. An
isomorphism is a bijective homomorphism. We say G is isomorphic to H,G = H, if
there is exists an isomorphism f: G — H.

Definition 1.20 Kernel of a Homomorphism [Rot 95]: Let f : G — H be a
homomorphism. The kernel of a homomorphism is the set {x € G|f(x) = 1}, where
1 is the identity in H. We denote the kernel of f as ker f .

Definition 1.21 Word [Rot 95]: Let X be a nonempty subset of a group G. Let w € G
where w = 7' x{... x&r, with v; € X and e; = £1. We say that w is a word on X.
Definition 1.22 Conjugacy Class [Rot 95]: Let a € G, where G is a group. The
conjugacy class of a is given by a¥ = {a9|g € G} = {g taglg € G}.

Definition 1.23 Dihedral Group [Rot 95]: The Dihedral Group D,,n even and

greater than 2, groups are formed by two elements, one of order 5and one of order 2. A

presentation for a Dihedral Group is given by < a, b\a%,bQ, (ab)? > .



Definition 1.24 General Linear Group [Rot 95]: A general linear group, GL(n,F)
is the set of all n x n matrices with nonzero determinant over field F.

Definition 1.25 Special Linear Group [Rot 95]: A special linear group, SL(n,TF)
is the set of all n x n matrices with determinant 1 over field F.

Definition 1.26 Projective Special Linear Group [Rot 95]: A projective special
linear group, PSL(n,F) is the set of all n X n matrices with determinant 1 over field F

factored by its center:

PSL(n,F) = Ly(F) = m.

Definition 1.27 Projective General Linear Group [Rot 95]: A projective general
linear group, PGL(n,F) is the set of all n X n matrices with nonzero determinant over
field F factored by its center:

PSL(n,F) =L, (F) = m
Definition 1.28 (Monomial Character) [Led87]: Let G be a finite group and H < G.
The character X of G is monomial if X = A%, where X is a linear character of H.
Definition 1.29 (Character) [Led87]: Let A(z) = (A;j(x)) be a matriz representation
of G of degree m. We consider the character polynomial of A(z), namely

)\ — all(:c) —ai2 (l’) —alm(:n)
det(}J B A(x)) _ )\ — au(m) —a12<1') —alm(x)
A —ami(z) —ama(z) .. —amm(z)]

This is a polynomial of degree m in X\, and inspection shows that the coefficient of —\™ 1

s equal to
¢ =a1(z) + ag(x) + ... + amm(z)
It is customary to call the right-hand side of this equation the trace of A(x), abbreviated

to trA(z), so that
¢(x) = trA(z)

We regard ¢(x) as a function on G with values in K, and we call it the character of

A(z).
Definition 1.30 Degree of a Character [Led87|: The sun of squares of the degrees

of the s=distinct irreducible characters of G is equal to |G|. The degree of a character



X is xX(1). Note that a character whose degree is 1 is called a linear character
Definition 1.31 (Lifting Process) [Led87]: Let N be a normal subgroup of G and
suppose that Ag(N,) is a representation of degree m of the group G/N. Then A(x) =
Ao(N(x) defines a representation of G/N lifted from G/N. If ¢po(Ny) is a character of
Ao(Ny), then ¢(x) = ¢o(Ny) is the lifted character of A(x). Also, if u € N, then A(u) =
Iy, &(u) = m = ¢(1). Then lifting process preserves irreducibility.

Definition 1.32 (Induced Character) [Led87]: Let H < G and ¢(u) be a character
of H and defined ¢(z) =0 if x € H, then

49 (z) = ¢(r) x€H
0 x¢ H

s an induced character of G.

Definition 1.33 [Led87]: Let G be a finite group and H be a subgroup such that [G : H]

=n. Let Cq,a0 = 1,2,...;m be the conjugacy classes of G with |Cq| = hq,a =1,2,3,...;m.

Let ¢ be a character of H and ¢ G be the character of G induced from the character ¢ of

H up to G. The values of ¢© on the m classes of G are given by:

qﬁg = hﬁ Z o(w),a=1,2,3,...,m.

Y weHNCq

Definition 1.34 Order [Rot95]: Let G be a group. The order of G is the number of
elements contained in G. We denote the order of G by |G)|.

Definition 1.35 Normal [Rot95]: Let G be a group such that K < G. K is normal
in Gif gKg~' = K, for every g € G. We will use K aG to denote K as being normal in
G.

Definition 1.36 Representative [Rot95]: Let G be a group and S C G. For t € G,
a right coset of S in G is the subset of G such that St = st:se€ G. We say t is a
representative of the coset St.

Definition 1.37 Index [Rot95]: Let G be a group. The index of H < G, denoted [G
: HJ, is the number of right cosets of H in G.

Definition 1.38 Double Coset [Rot95]: Let G be a group and H and K be subgroups
of G. A double coset of H and K of the form HgK = {HgK|k € K} is determined by
g€ @qG.



Definition 1.39 Point Stabilizer [Rot95]: Let N be a group. The point stabilizer
of win N is given by:

N" =n € N|w" = w,where w is a word in the ti's.

Definition 1.40 Coset Stabilizer [Rot95]: Let N be a group. The coset stabilizer
of Nw in N is given by:

N® = p e NINw" = Ny, where w is a word of the ti's.

Definition 1.41 Center [Rot95]: Let G be a group. The center of G, Z(G), is the set
of all elements in G that commute with all elements of G.
Definition 1.42 [Rot95]: A symmetric presentation of a group G is a definition of G

of the form:
2% . N

T1W1, ToW2, ...

G

12

where 2*™ denotes a free product of n copies of the cyclic group of order 2, N is transitive
permutation group of degree n which permutes the n generators of the cyclic group by
conjugation, thus defining semi-direct product, and the relators mwi, mows, ... have been
factored out.

Definition 1.43 [Rot95]: We defined
N©=Cpn(t); N = Cn((ti, L)) ete,

single point and two point stabilizer in N respectively. The coset stabilizing subgroup,
N of N is given by
NY=meN: Nur=Nw

for w a word in the symmetric generators. Clearly N < N and the number of cosets
in the double coset|w] = NwN is given by |N|/IN@)|, since Nwmy # Nwmy

= Nuwmmyt # Nw

< mme ¢ NV¥

= NWmayt £ N

= N £ Ny,



Double Coset Enumeration Arithmetic [Cur07]

In order to obtain the index of N in G we shall perform a manual double coset enumeration
of G over N; thus we must find all double cosets [w] and work out how many single
cosets each of them contains. We shall know that we have completed the double coset
enumeration when the set of right cosets obtained is closed under right multiplication.
Moreover, the completion test above is best performed by obtaining the orbits of N on
the symmetric generators. We need only identify, for each [w], the double coset to which
Nwt; belongs for one symmetric generator t; from each orbit.

Definition 1.44 First Isomorphism Theorem(F.I.T) [Rot95]: Let ¢ : G — H s

a homomorphism with Ker¢. Then,
e Kerg <G
o G/Kerg = imgo

Definition 1.43.1 monomial representation [Cur07]: A monomial representation
of a group G is a homomorphism from G into GL(n, F), the group of nonsingular n z n
matrices over the field F, in which the image of every element of G is a monomial matrix
over F

Definition 1.43.2 monomial matrices [Led87]: A matriz in which there is precisely
one non-zero term in each row and in each column is said to be monomial.

Theorem 1.45 [Cur07]: The number of irreducible character of G is equal to the number
of conjugacy classes of G.

Theorem 1.46 [Rot95]: Let ¢ : G — H be a homomorphism with kernel K. Then K
is a normal subgroup of G and G/K = im¢.

Theorem 1.47 [Rot95]: Let N and T be subgroups of G with N normal. Then N N'T
is normal in T and T/(NNT) = NT/N

Theorem 1.48 [Rot95]: Every permutation a € S, is either a cycle or a product of
disjoint cycles.

Theorem 1.49 [Rot95]: Let f : (G,*) — (G, 0) be a homomorphism. The following
hold true:

o fle)= e, where € is the identity in G,

e Ifac G, then f(a™!) = f(a)™!,



e Ifae G andn € Z, then f(a™) = f(a)™.

Theorem 1.50 [Rot95]: The intersection of any family of subgroups of a group G is
again a subgroup of G.

Theorem 1.51 [Rot95]: If S < G, then any two right (or left) cosets of S in G are
either identical or disjoint.

Theorem 1.52 [Rot95]: If G is a finite group and H < G, then |H| divides |G| and
(G : H| = |G|/|H].

Theorem 1.53 [Rot95]: If S and T are subgroups of a finite group G, then

[ST|S NT| = |S[[T].

Theorem 1.54 [Rot95]: If N <G, then the cosets of N in G form a group, denoted by
G/N, of order [G : N].

Theorem 1.55 [Rot95]: The commutator subgroup G’ is a normal subgroup of G.
Moreover, if H< G, then G/H is abelian if and only if G < H.

Theorem 1.56 [Rot95]: Let G be a group with normal subgroups H and K. If HK = G
and HNK =1, then G =2 H x K.

Theorem 1.57 [Rot95]: If a € G, the number of conjugates of a is equal to the index

of its centeralizer:

%l =G : Ca(a)],

and this number is a divisor of |G| when G is finite.

Theorem 1.58 [Rot95]: If H < G, then the number ¢ of conjugates of H in G is equal
to the index of its normalizer: ¢ = [G : Ng(H)], and c¢ divides |G| when G is finite.
Moreover, aHa™' = bHb™ ' if and only if b*a € Ng(H).

Theorem 1.59 [Rot95]: Fvery group G can be imbedded as a subgroup of Sg. In par-
ticular, if |G| = n, then G can be imbedded in S, .

Theorem 1.60 [Rot95]: If H < G and [G : H] = n, then there is a homomorphism
p: G — S, with kerp < H. The homomorphism p s called the representation of G on
the cosets of H.

Theorem 1.61 [Rot95]: If X is a G-set with action o, then there is a homomorphism
a: Sx giwen by & : x — gr = afg,z). Conversely, every homomorphism ¢ : G — Sx

defines an action, namely, gr = p(g)x, which makes X into a G-set.



Theorem 1.62 Jordan-Holder Theorem [Rot95]: Every two composition series of a
group G are equivalent. We will refer to this Theorem as the Jordan-Holder Theorem.
Theorem 1.63 [Rot95]: Let X be a faithful primitive G-set of degree n > 2. If H <G
and if H # 1, then X is a transitive H-set. Also, n divides |H|.

1.2 Lemmas

Lemma 1.64 [Rot95]: Let X be a G-set, and let xy € X.
e If H <G, then Hx N Hy # () implies Hx = Hy.
o If H <G, then the subsets Hx are blocks of X.

Lemma 1.65 [Famous Lemma]: NN < t;,t; >< Cn(N;j) where Nyi; denotes the sta-
bilzer in N of the two points i and j.

Proof: Let w € NN < t;,t; >. We need to show that w € C = Centralizer(N, N'i).
We use the defintion of a centralizer to perform the following:

w € C if w commutes with every element of N¥. Let m € N then

Thus 7 commutes with every element of N;; completing the proof.
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Chapter 2

Manual Double Coset

Enumeration

2.1 Construction of PSL(2,11) x 2

We perform double coset enumeration of PSL (2,11) x 2 over the maximal

subgroup Dg : 2 and Dy

Let G = 279D We will show G = PSL(2,11).

xOtatatotite=e, x3totst toteti=e"

Our relations are

$5t4t3t2t1t6 =e, (2.1)

2totstitotet; = e. (2.2)

Let

z=(1,2,3,4,5,6),

y=(1,5)(2,4) and let N =< x,y >= Ds.

and t ~ ¢;.

We consider the maximal subgroup H =< z,y, 23tgtsts >= Dg : 2 containing N. We

perform double coset enumeration of G over H and N.



We first prove the following lemmas.

Lemma 1: Ht1ty = Nt;.
We have t1t4 = xyt;.
Then Ht1ta = Ht1 € [1]

Lemma 2: Htitots = Histy.
Now we have t1tots = $_1t5t4.

Then Htqtots = Hitsty € [12].

Lemma 3: Htltgtl = Htltg.
(t1t3)(13E0) = tat,.
Now we have t1t3t1 = x2yt3t1

= Httst1 = Htits € [13]

Lemma 4: Httsts = Htqts.
Now we have ttsts = z~2t5t;

—> Htqtsts = Htgty € [13].

Lemma 5: Htitstg = Htqto.
(tth)(1,2,3,4,5,6) = tot3.

Now we have ttstg = 2 ytats
= Htitste = Htots € [12].

Lemma 6: Ht1t3t4t2 = Ht1t3t4.
(t1tgty)IHEIGO) — ¢ 40¢,.
Now we have t1t3t4t2 = x2yt4t2t1

= Htitstyto = Htitsty € [134]

Lemma 7: Ht1t3t4t5 = Ht6t1t6.

(tthtl)(1,6,574,372) = tgt1ts.

11



Now we have t1t3tsts = xilytﬁtltﬁ
= Hittstyts = Htgtitg € [121].

Lemma 8: Htltgtﬁtg = Ht3t2t4.
Now we have ttatgty = x~ stoty

— HtthtﬁtQ = Ht3t2t4 S [126].

Lemma 9: Ht1t2t4t3 = Ht5t3t4.
(t1t3t2)(1’5)(274) = t5tsty.
Now we have titotats = x~  ststy

= Htitotyts = Hitststy € [132].

Lemma 10: Ht1t2t4t6 = Ht5t4t2.
(t1t2t4)(1’5)(274) = tstats.
Now we have t1totstg = x’2t5t4t2

= Hititotyts = Histyts € [124].

Lemma 11: Htqitotqt1 = Htgtyts.
Now we have titotyt] = xytstats

—> Hitqtotyt: = Ht3t4t3 S [121].

Lemma 12: Htqtstots = Htstato.
Now we have titstots =z~ ststo

— Ht1t3t2t3 = Ht5t4t2 S [124].

Lemma 13: Htltgtltg = Ht1t5t4.
(t1t3t4)(2’6)(3’5) = titsty.
Now we have t1tot1ts = $_1t1t5t4

= Htitot1tg = Hititsty € [134]
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Lemma 14: Ht1t2t1t4 = Ht4t3t1.
(t1t2t4)(1»4)(273)(576) = tytst.
Now we have t1t2t1t4 =X * yt4t3t1

= Htitot1ty = Hiytst) € [124].

We now perform the double coset enumeration.
The First Double Coset HeN = [*]

H

The Second Double Coset Ht; N = [1]

To determine the number of single right cosets in [1] we do %, where NWis a
coset stabilizer that is greater than or equal to the point-stabilizer of 1. We note that
NI = N =< (2,6)(3,5) > .

The number of right single cosets in the double cosets [1] is 47 = % = 6.
The orbits of N on {1,2,3,4,5,6} are {1}, {4},{2,6},{3,5}.

We choose representatives 1, 4, 2 and 3 from the four orbits and form the cosets Ht1t1, Ht1t4,
Htqto, Ht1ts. We need to determine the double cosets of these cosets.

We have,

Htit; = N € [%],

Htty € HtytoH = [12],

Htits € HtytsH = [13],

Htty € Ht t4H = [1].

The Third Double Coset Ht ta N = [12]

To determine the number of single right cosets in [12] we do %, where N(12)is

the coset stabilizer of the coset Ht ity that is greater than or equal to the point-stabilizer

of 1. We note that N2 = N12 —< ¢ >

The number of right cosets in the double cosets [12] is % = % = 12. The
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orbits of NU?) on {1,2,3,4,5,6} are {1},{2}, {3}, {4}, {5}, {6}.
We choose representatives 1, 2, 3, 4, 5, 6 from the six orbits and form the cosets
Htqtoty, Ht1toto, Ht1tots, Httoty, Ht1tots, Ht1totg. We need to determine the double
cosets of these cosets.
We have,
Htytoty € Htqtot1 H = [121],
Htitote € Ht1H = [1],
Htqtots = HtstyH
= H(t1t) 1P — (1,5)(2,4) € [12],
Htytoty € Htytot, H = [124],
Httots € HtytsH = [13],
Httotg € HtytotgH = [126].

The Fourth Double Coset Ht1t3N = [13]

To determine the number of single right cosets in [13] we do where N13)is

[N
|N(13)| )
the coset stabilizer of the coset Ht t3 that is greater than or equal to the point-stabilizer

of 1. Note that N(13) = N13 —< ¢ > |

The number of right cosets in the double cosets [13] is % = % = 12. The
orbits of N3 on {1,2,3,4,5,6} are {1},{2}, {3}, {4}, {5}, {6}.
We choose representatives 1, 2, 3, 4, 5, 6 from the 6 orbit and form the cosets Ht1tst1, Ht1tsts,
Htqtgts, Httsty, Ht tsts, Ht1t3tg. We need to determine the double cosets of these cosets.
We have,
Htytst, € HtitsH = [13],
Htytsty € HtytstoH = [132],
Htitsts € Ht1H = [1],
Htytsty € HtytstyH = [134],
Htytsts € HtitsH = [13],
Htytste € HtitoH = [12].

The Fifth Double Coset HttstsN = [134]
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To determine the number of single right cosets in [134] we do %, where
N134) i5 the coset stabilizer of the coset Htitsty that is greater than or equal to the
point-stabilizer of 1.Note that Point Stabilizer N'3* = {e}.

Nt1t3t4 = Nt4t2t1 — (1, 4)(2, 3)(5, 6)
belongs to N34 and Nt1t3t21’4)(2’3)(5’6) = Ntytotq

Coset stabilizer is N(139) >< N134 (1,4)(2,3)(5,6) > .

The number of right cosets in the double cosets [134] is N]¥34 = % = 6. The
orbits of N34 on {1,2,3,4,5,6} are {1,4},{2,3},{5,6}.
We choose representatives 4, 2, 5 from the three orbits and form the cosets.
Hitqtstaty, Ht1tgtato, Ht1tststs. We need to determine the double cosets of these cosets.
We have,
Httstyty € HtytsH = [13)],
Htytstyty € Htytstyts = [134],
Htytstyts € Htitstats = [121].

The Sixth Double Coset Htitot¢ N = [126]
To determine the number of single right cosets in [126] we do %, where
N(126)is the coset stabilizer of the coset Htytotg that is greater than or equal to the

point-stabilizer of 1. Note that the point stabilizer N'26 = {e}.

Ntltgtﬁ = Nt6t5t1 - (1,6)(2,5)(3,4)

belongs to N(26) and Ntltgté1’6)(2’5)(3’4) = Nitgtsty.
Ntytotg = Nigtsts — (1, 4)(2, 5)(3, 6)
belongs to N(126) and Ntltgté1’4)(2’5)(3’6) = Nitytsts.

Coset stabilizer is N(126) >< N126 (1 4)(2,5)(3,6), (1,6)(2,5)(3,4) > .

The number of right cosets in the double cosets [126] is NZY% = % = 3. The
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orbits of N126) on {1,2,3,4,5,6} are {1,6},{2,5},{3,4}.

We choose representatives 6, 2, 3 from three orbits and form the cosets.

Htqtotgts, Ht1totgto, Ht1totets. We need to determine the double cosets of these cosets.
We have,

Htitotets € Hittote = [126],

Htytotets € Htyto = [12].

The Seventh Double Coset Htjtoty N = [124]

To determine the number of single right cosets in [124] we do %, where
N124)ig the coset stabilizer of the coset Htytoty that is greater than or equal to the

point-stabilizer of 1. Point Stabilizer N'?4 = {e}.

Ntitoty = Nitststo — (1, 5)(2, 4)
belongs to N124) and Nt1t2t21’5)(2’4) = Nistyto
Coset stabilizer is N(129) >< N124 (1,5)(2,4) >.

The number of right cosets in the double cosets [124] is N]¥24 = % = 6. The
orbits of NU2% on {1,2,3,4,5,6} are {3}, {6}, {1,5}, {2,4}.
We choose representatives 3, 6, 1, 4 from the four orbits and form the cosets Htitot4ts,
Hitqtotats, Ht1totat, Ht1tot4t4. We need to determine the double cosets of these cosets.
We have,
Htytotyts € Htitsty = [132] Lemma 9
Htitotsts € Htqtaty = [124] Lemma 10
Htytotgt; € Htqtoty = [121] Lemma 11
Htytotyty € Htyto = [12].

The Eighth Double Coset Htitzto N = [132]
To determine the number of single right cosets in [132] we do %, where

N(132)ig the coset stabilizer of the coset Htytsty that is greater than or equal to the
point-stabilizer of 1. Point Stabilizer N'3% = {e}.
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Ntltgtg = Nt5t3t4 — (1,5)(2,4)

belongs to N(132) and Nt1t3t51’5)(2’4) = Nitststy

Ntitsto = Nitgtets — (1, 4)(2, 5)(3, 6)
belongs to N(132) and Nt1t3t51’4)(2’5)(3’6) = Nt4t6t5
Coset stabilizer is N(132) >< N132 (1,5)(2,4), (1,4)(2,5)(3,6) > .

The number of right cosets in the double cosets [132] is NZYSQ = % = 3. The
orbits of N132) on {1,2,3,4,5,6} are {3}, {6}, {1,5}, {2,4}.
We choose representatives 3, 6, 1, 4 from the four orbits and form the cosets Htitstots,
Hitqtstotg, Ht1tgtot1, Ht1tstats. We need to determine the double cosets of these cosets.
We have,
Htytstots € Htitoty = [124],
Htytstots € Htyts = [13].

The Ninth Double Coset Htitat1 N = [121]

To determine the number of single right cosets in [121] we do %, where
N2Dig the coset stabilizer of the coset H t1tot; that is greater than or equal to the
point-stabilizer of 1. Point Stabilizer N12! = {e}.

Ntitot; = Ntotits = (1,2)(3,6)(4,5)
belongs to N(21) and Ntltgtgl’Q)(3’6)(4’5) = Ntotity
Coset stabilizer is N(12D) >< N2 (1,2)(3,6)(4,5) > .
The number of right cosets in the double cosets [121] is Nf}gl = % = 6. The
orbits of NU21 on {1,2,3,4,5,6} are {1,2},{3,6}, {4,5}.

We choose representatives 1, 3, 4 from the three orbits and form the cosets.

Htqtot t1, Ht1tot1ts, Ht1tat1t4. We need to determine the double cosets of these cosets.
We have,

Htytotity € Htyto = [12],

Htytotts € Htytgty = [134],
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Htqtot1ty € Ht1toty = [124].

1 1+1

1 2
6 6 ! 12 |,
2 1
1
[] [1] [13]
H Ht13
4
1.2
1
! 2
[132]
[12] [134]
Ht12 Ht134
2
[121]
[126] Hit
Ht 121

Figure 2.1: Cayley Diagram of PSL (2,11) x 2 over The Maximal Subgroup Dg : 2 and
Dg
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2.2 Constructions of A;

We perform double coset enumeration of A7 over the maximal subgroup S;
and D5 : 2.
_ 2*6:(D5:2) . ~
Let G= W We will show that G = A7.
Our relations are

yz Hotatstst2 = e (2.3)
Let
x=(1,2,3,4,5),
y=1(1,2,4,3) and let N =< z,y >= D5 : 2.
and t ~ t7.

Let H be a subgroup generated by N, where N = A7 and t5to4t11.
Thus H = < N, t15te4t11 >, where H is a maximal subgroup of G and H = 55. We

perform double coset enumeration of G over H and N.

We first prove the following lemmas.

Lemma 1: Htity = Nt;.

t1ty = 2yt

Then Ht 1ty = Hty € [1].

We now perform the double coset enumeration.

The First Double Coset HeN = [¥]

H is the only coset that is contained in [*]. This implies that the number of

single cosets of H in [*] is 1.
N is transitive on {1,2,3,4,5}. So we can choose a representative from the
orbits say, 1 to form a new double coset Ht; N. Thus all the 6 generators will move onto

the new double coset Ht; N = [1].
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The Second Double Coset Hty N = [1]

To determine the number of single right cosets in [1] we do %, where N(Dis
a coset stabilizer that is greater than or equal to the point-stabilizer of 1. Note that

NO = Nt =< (2,5)(3,4),(2,3,5,4) > .

The number of right cosets in the double cosets [1] is % = % = 2 = 5. The or-
bits of N on {1,2,3,4,5} are {1},{2,4,5,3}.

We choose representatives 1 and 2 from the two orbits and form the cosets Ht1t1, Ht1to.
We need to determine the double cosets of these cosets.

We have,

Htit; = N € [¥],

Htity € Ht1to H = [12].

12+12

['] (1]
H Ht,

Figure 2.2: Cayley Diagram of A7 over The Maximal Subgroup S5 and Ds : 2
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2.3 Construction of 23 : (2% : S3)

We perform double coset enumeration of 23 : (22 : S3) over Ajy.
G= Wlfﬁ%. We will show that G =23 : (22 : S3).
Let
=(1,3,5)(2,4,6),
=(1,2,6)(3,4,5) and let N =< z,y >= Ay.
and t ~ t7.
Expanding my given relation: (z71t¥)* = (27 15)*
S A
=z totytsto
=22totytets

- $2t2t4 = 1olg

22toty = totg (2.4)

Expanding my second relation in a similar way leads to:

."L‘Qtltg = t1t5 (2.5)

Our Group N has 11 elements; namely,

N —
(1,3,5)(2,4,6) ~ . =z,
(1,2,6)(3,4,5) ~ v,

(1,5,3)(2,6,4) ~ L

(1,6, 2)(354)~y 1,

(L,4)(2,5) ~ zxy,
(1,5,6)(2,3,4) ~ x xy—1,

(1,4)(3, )Ny*x,

(1,6,5)(2, )Ny*x_l,

(1,3,2)(4,6,5) ~ *2/—( “hxy)Th
(1,2,3)(4,5,6) ~ y~ L xx,



2.5)(3.6) ~xxy L.
b b y

We first prove the following lemmas.
Lemma 1: Ntito = Ntqts.

22toty = totg (2.4)

Rewrite: (153)(264)tats = tots
(153)(264)t2t51162)(354) _ 7521%162)(354)
=(123)(645)t1t3 = t1to.

Now we have Ntitg3 = Ntito

Note by R2 we know that Nt t3 = t1ts5

SO, Ntltg = Ntltg == Ntltg,.

Lemma 2: Ntitg = Ntqts.
22tits = tt5 (2.5)

Rewrite: (135)(246)t1t3 = tits
(153)(264)t2t51132)(465) _ tgténg)(465)
= (342)(156)t1tg = t1ts.

Now we have Ntitg = Ntqits.

Lemma 2.1:
By Lemma 1: Ntito = Ntits = Ntyts and Ntits = Ntitg ( By Lemma 2).
So that implies that Nti1to = Nt1t3 = Ntits = Niqitg.

Lemma 3: Ntitots = Ntq.

Note from above: Nti1tg = Ntqts

Multiply right sides by t3 = Ntytotsts = Nititsts
Ntytotsts = Nt;.

Lemma 3.1: Ntyts = Nigts.
Ntits = Ntyt5 (2.5)
(153)(264)t, ") = ¢4

(423)(561)t4ts = tato.

14)(25)

22



Now we look at:

Nioty = totg (2.4)

(153) (264)7522551135)(246) _ 25275((5135)(246)

(153)(264)tate = Lato

Substituting the above results in the following:(156)(234)tst3 = (153)(246) Nt4ts
(156)(234)(153)(246)tats = tats

(14)(36)tats = tate.

Lemma 4: Nttty = Ntstg.

Consider: 1463(look at 46)

From Lemma 3.1 we know that (14)(36)tsts = tats
= 1(14)(36)433

= (14)(36)44

= (14)(36).

So 1463 = (14)(36) € N

= Nttstets = N(14)(36)

— Ntyts = Ntste.

Lemma 5: Ntitot1 = Ntstgts.

Note: Ntitg = Ntitg from Lemma 2

Multiply on right side by t1 = Ntitot1 = Nititety

From our given relations x%taty = xtats (conjugate by (126)(345))
=(156)(234)tsts = tet1.

Now substitute the new relation above into Ntitot1 = Ntitgt
Ntytot; = Nt1(156)(234)t6ts

— Ntstgts

So, Nt1t2t§153)(264)

= Nitstgtst.

Lemma 6: Ntthtl = Nt1t5t1.
Note: Ntitg = Ntyts from Lemma 1
Multiply on right side by t1 so, Ntitot1 = Ntitst;.

23
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Lemma 7: Ntitoty = Ntgtats.
Note: Ntitotytstste = N (By Lemma 4)
Rewrite:

Ntqtaoty = tetats.

Lemma 8: Ntitoty = Ntitsty.
Note: Ntitg = Ntqts from Lemma 1
Multiply on right side by t4 so, Ntitoty = Ntitsty.

We now perform the double coset enumeration.
1st Double Coset [*] = NeN
[¥x] = NeN = {N(e)"|n € N}
Now we plug in each element that is in N and this will return N.The coset stabilizer of
the coset Ne is N.
So the number of single right cosets in NeN is = % =1.
Now the orbits of N are on X = {1,2,3,4,5,6} are {1,2,3,4,5,6}.
Now we select a representative from the single orbit say 1. So Nt; € [1] = all of the

six ti’s extend to the same double coset which we will call [1].

[']

2nd Double Coset [1] = Nt; N
[1] = NtyN = {N(t1)"|n € N}
Now we plug in each element that is in N
= {N(t1)¢, N(t)13D@46) N (£)126)345) N (1,)153)264) N (1) 2536}
= {Nty, Nts, Nty, Nts,...Ntg}.
Point Stabilizer on N! = {e, (2,5)(3,6)}
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Coset Stabilizer of N =< N() >= 2
N = N = {e, (2,5)(3,6)}.

So the number of single right cosets in Nt; N is = % = 172 =2.
Now the orbits of N on X = {1,2,3,4,5,6} are {1},{4},{2,5},{3,6}.
Now we select a representative from each orbit say 1,4,2,3 and determine the double coset
of Ntit1, Ntity, Ntita, Ntits .
We have,
Ntit; = N € [%],
Ntyty € NtytyN = [14],
Ntity € Ntito N = [12],
Ntits € Niytg = [12].

[12]
Nt1t2

3rd Double Coset [12] = Ntjto N

[12] = Nt1toN = {N(t1t2)"|n € N}

Now we plug in each element that is in N

= {N(t1t2)¢, N (t1t2) 13946 N (115)126)BA5) | N (411,) 136D | N (¢,£5)25) B0}
= Ntitg, Ntsty, Ntote, Ntsts, Ntgt, Ntats, Ntsts, Ntato, Ntets, Ntsti, Ntots, Ntyts.
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Point Stabilizer on N2 = {e}

Note: Ntity = Ntits (By Lemma 1).
We know from Lemma 1: Nt1t§25)(36) = Ntyts.
So, (25)(36) € N2 and |N(12)| =2.

Therefore NU2) > {e, (2,5)(3,6)}.

IV _ 12 _
ING2)| T 2 = 6.

Now the orbits of the coset stabilizer N2 on X = {1,2,3,4,5,6} are {1}, {4}, {2,5},and{3,6}.

So the number of single right cosets in Nt1toN is =

Now we select a representative from each orbit say 1,4,2,3 and determine the double cosets
of Ntitoty, Ntitots, Ntitots, Ntitots.

We have,

Ntitot, € Ntitot) N = [121],

Ntitoty € Ntitoty N = [124],

Ntitots € Nty N = [1],

Ntitots € Nty N = [1].

[121]
[*1 [1] Nt1t2t1
N Nt1

[12]
Nt1t2 [124]
Nt1t2t4

4th Double Coset [14] = Nt1t4N
[14] = Nt1t4N = {N(t1t4)"ln S N}
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Now we plug in each element that is in N
= {N(t1t4), N(t1t4) 130 @46) N (3,1,)L2OGA5) N (1,1,)153@64) N (¢4,)20)(36))
= Ntits4, Ntstg, .., Ntati.

Point Stabilizer on N4 = {e,(2,5)(3,6)}

Note: Ntity = Ntstg (by Lemma 4).

We know from Lemma 4: N t1t4(1135)(246) =
So, (135)(246) € N4,

Therefore N0%) >< N (135)(246) >= N.

tste.

So the number of single right cosets in N4 has the order of 12 and Nt t4N is

— N 12y
TNaH T 12 T

Now the orbits of the coset stabilizer N(14) on X = {1,2,3,4,5,6} are {1,2,3,4,5,6}
Now we select a representative from each orbit, say 4 and determine the double cosets of
Ntityaty.

We have,

Ntityty € NttstyN = [1].

[121]
4 [1] Nt1t2t1
N Nt1

[12]
Nt1t2 [124]
Nt1t2t4
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5th Double Coset [121] = Ntjtot1 N
[121] = Ntytoty N = {N(tytst1)"|n € N}
Now we plug in each element that is in N
— [N (t1tat1), N (trtaty) 3D N (#1858 ) B2OGAS) | N (1) L5264 N (4125125 36))
— Ntytoty, Nitstyts, Ntoteto, Ntstets, Ntgtite, Ntatsts, Ntststs, Ntgtots, Ntgtats,
Ntstits, Ntotsta, Ntitst.

Point Stabilizer on N'2! = {e}

Note: Ntitats = Ntstets (By Lemma 5).

We know from Lemma, 5: Nt1t2t5153)(264) = tstets.
So, (153)(264) € N(121),

Note: Ntitot; = Ntitsty.

From lemma 6 we get that Nt1t2t§25)(36) = t1t5tq.
S0,(25)(36) € N(121)

Therefore N21) >< (25)(36), (153)(264) >= N.

So the order N2 is 12 and the number of single right cosets in Ntitot1 N

— Nl _ 12 _ 4
T N@D] T 12 T

Now the orbits of the coset stabilizer N(12Y) on X = {1,2,3,4,5,6} are {1,3,5},{2,4,6}

is

Now we select a representative from each orbit, say 1 and 2 and determine the double
coset of Nititotit1, Ntitotits.

We have,

Ntitotit; € NtytoN = [12],

Ntytotity € Ntytotyty = [12].
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[121]

| [1] Nt1t2t1
N

[12]
Nt1t2 [124]
Nt1t2t4

6th Double Coset [124] = Ntytaty N
[124] = NtytatyN = {N(t1tots)"|n € N}
Now we plug in each element that is in N
= { N (t1tats)®, N(titoty) I3V CA0) N (t1t9ty) 12O GAD) N (t1t9t4) 153264 | N (t1t9t,)(25)(3.6)}
— Ntytoty, Nitstyte, Ntotets, Ntsteta, Ntgtits, Ntatsty, Ntststs, Ntgtats, Ntgtats,
Ntstits, Ntotsts, Ntitsts.

Point Stabilizer on N24 = {e}

Note: Nt1t2t4 = Nt6t4t3 (By Lemma 7)
(165)(243)

We know from Lemma 7: Nttty = totyts.
So, (165)(243) € N(124)

Note:Ntitoty = Ntytsty (By Lemma 8).

We know from Lemma 8 Ntltgtfl%)(%) = t1t514.

So, (25)(36) € N124),
Therefore N(124) >< (25)(36), (165)(243) >= N.

So the number of single right cosets in Ntjtoty N is = % = % =1.

Now the orbits of the coset stabilizer N(124) on X = {1,2,3,4,5,6} are {1,2,3,4,5,6}.
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Now we select a representative from each orbit, say 1 and determine the double cosets of
Ntytotyty .

We have,

Ntytotyty € Ntyto = [12].

[121]

[ [1] Nt1t2t1
N

[12]
Nt1t2 [124]
Nt1t2t4

Figure 2.3: Cayley Diagram of 23 : (22 : S3) over Ay
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2.4 Construction Us3(3) : 2

We perform double coset enumeration of Us(3) : 2 over PSL(2,7).

G= t1t2t1(12)(37)(46)(25*92)§ift€(:2€?2,3,8,7)(4,10,6,5,9)' We will show that G = Us(3) = 2.

Let

z = (1,2)(3,5)(4,6)(8, 11)(9,13)(10, 15)(14, 19)(16, 22) (17, 20) (18, 21)(23, 25) (26, 27),

y = (1,3)(2,4,7,10)(5,8,12,17)(6,9, 14, 20)(11, 16, 13, 18)(15, 21, 19, 23) (22, 24, 25, 26) (27, 28),
and let N =< z,y >= PSL(2,7).

and t ~ t1.

Expanding given relation: (y:nytxy2)3 =e
Let ¢ = yay and s = xy?

Note: t% =t7

Rewrite: (qt*)? — q3t$3t$2 t

Ptrtaotar = e = trtoota = e.

¢ Ptrtaotar = € (2.6)

Expanding given relation: ((yzy~ leyzy 1)t)* =e
Let ¢ = yay loyry !
Rewrite: (ct)? = Mttt = e

— C4t2t1t2t1 =e.

t2t1t2t1 =€ (27)

We will prove that |G| = 15624.
Thus we must find all double cosets of G over N and determine the number of right
cosets in each double coset. We will know that the double enumeration is complete if
the set of right cosets is closed under the right multiplication by the ¢;. We note that for
each double coset NwN it suffices to determine the double coset of Nwti for one t; from

each orbit of the coset stabilising group N®) of the right coset representative Nw of the
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double coset NwN. In order to do this we must first perform the manual DCE of G over N.

We find it convenient to list the permutations, and the corresponding words, of N.
N =

(1’376)(27477)(57879) = Y,
(172)(375)(7’9)(8’ 10) = x,
(1,4,7,5,6)(2,3,8,10,9) = av,
(1,3,6)(2,4,7)(5,8,9) = 2% xy,
(172)(375)(779)(87 10) = x?,’
(1,4,7,5,6)(2,3,8,10,9) = 23y,
(1,3,6)(2,4,7)(5,8,9) = 2y,
(172)(375)(779)(87 10) = $5a
(1,4,7,5,6)(2,3,8,10,9) = 2°y.

Lemma 1: Ntity = Nioty.
tito = toty = Ntitg = Niot;.
1st Double Coset [*] = NeN
[¥x] = NeN = {N(e)"|n € N}
Now we plug in each element that is in N.
= [N(e)¢, N ()12 (35)(4,6)(3,11)(9,13)(10,15)(14,19)(16,22)(17,20)(18,21)(23,25)(26,27) |
N (e) (13 2A4T10)(5,8,12,17)(6,9,14,20)(11,16,13,18)(15,21,19,23)(22,24,25,26) (27,28) |

._.N(e)(1,27)(2,4)(3,28)(6,26)(7,10)(8,17)(9,25)(11,16)(13,18)(14,24)(20,22)(21,23)}

This will just give us {N} and the coset stabilizer of N = N.

So the number of single right cosets in NeN is = % =1.
Now the orbits of N on X = {1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15, 16,
17,18,19,20, 21, 22, 23, 24, 25, 26, 27, 28} is x.
Now we select a representative from the single orbit say 1. So Nt; € [1] = all of the

28 ti’s extend to the same double coset which we will call [1].
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['] (1]

2nd Double Coset [1] = Nt N
1] = NtyN = {N(t1)"|n € N} = {Nty,..., Ntog}
Point Stabilizer of 1 on Nt = {e, (2,7)(4,10)(5,12)(6, 14)(8,17)(9, 20)
(11,13)(15, 19)(16, 18)(21, 23)(22, 25)(24, 26),
(2,28)(3,20)(4, 23)(5, 26)(6, 15)(10, 25) (11, 12)(13, 24) (14, 18)(16, 19)(17, 27) (21, 22) }.

So N = N1 =< (2,7)(4,10)(5,12)(6,14)(8,17)(9,20)(11, 13)(15,19)(16, 18)(21, 23)(22, 25) (24, 26),

(2,28)(3,20)(4,23)(5,26)(6,15)(10,25)(11,12)(13,24)(14, 18)(16,19)(17,27)(21,22) > .
The number of single right cosets in Nt; N is = % = 1%8 = 28.

Orbits of N on X = {1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18, 19, 20, 21,

22,23,24,25,26,27,28} are {1},{2,7,28},{3,20,9},{8,17,27},{4, 10, 23, 25, 21, 22},

{5,12,26,11, 24,13}, {6, 14,15,18,19, 16}.

Now we select a representative from each orbit say 1,2,3,8,4,5,6 and determine the double

coset of Nt1t1, Ntyty, Ntita, Ntits, Ntits, Ntits, Ntits, Ntite.

We have,

Ntit; = N € [¥]

Ntity € N = [%],
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Ntyts € Ntqyts = [13]
Ntqts € Niyts = [13]
Ntity € Ntyty = [13],
[13]
[13]

Ntits € Ntits = [13],
Ntitg € Ntitg = |13].
28 143 o8 3+3+6+6+6
('] [1] [13]
N N, Nt,,

3rd Double Coset [13] = Nt t3N

[13] = Nt1t3N = {N(t1t3)"|n € N} = {Nt1, ..., Ntog}
Point Stabilizer N3 = {e, (2,7)(4,10)(5,12)(6, 14)(8, 17)(9, 20)(11, 13)(15, 19)
(16, 18)(21, 23)(22, 25)(24, 26)}.

Ntyts = Ntst; = (1,3)(2,10,7,4)(5,17,12,8)(6, 20, 14,9)(11, 18,13, 16)

(15,23,19,21)(22, 26, 25,24)(27, 28)
belongs to N3 and Ntlt(1,3)(2,10,7,4)(5,17,12,8)(6,20,14,9)(11,18,13,16)(15,23,19,21)(22,26,25,24)(27,28)
3

= Ntsty.

Niits = Ntgrtas = (1,27)(2,4)(3,28)(6,26)(7,10)(8,17)(9, 25)(11, 16)(13, 18)
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(14, 24)(20,22)(21, 23)

belongs to N3 and Nhtél,??)(2,4)(3,28)(6,26)(7,10)(8,17)(9,25)(11,16)(13,18)(14,24)(20,22)(21,23)
= Ntgrtog.

Coset stabilizer is N(13) >< N3 (1,3)(2,10,7,4)(5,17,12,8)(6, 20, 14, 9)
(11,18,13,16)(15, 23,19, 21)(22, 26, 25, 24)(27, 28),
(1,3)(2,4,7,10)(5,8,12,17)(6,9, 14,20)(11, 16,13, 18)(15, 21, 19, 23)

(22,24, 25,26)(27, 28), (1, 27)(2,4)(3, 28)(6, 26)(7,10)(8,17)(9, 25)(11, 16) (13, 18)
(14,24)(20,22)(21,23), (1,27)(2,10)(3, 28)(4, 7)(5, 12)(6, 24) (9, 22)(11, 18)
(13,16)(14, 26)(15,19)(20, 25) >

The number of single right cosets in N3 has the order is % = % = 21.
Orbits of N on X = {1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15,16, 17, 18, 19, 20,
21,22,23,24,25,26,27,28} are {1,3,27,28},{2,7,4,10},{5,12,8,17},{11, 13,16, 18},
{15,19,21,23},{6,14,9, 20, 26, 24, 25, 22}.
Now we select a representative from each orbit say 3,2,5,11,15,6 and determine the double
cosets of Ntitsts, Ntitste, Ntitsts, Ntitstr1, Ntitstis, Ntitsts.
We have,
Ntitsts € Nty € [1],
Ntitsts € Nty = [1],
Ntitsts € Ntitsts = [135],
Ntitstyy € Niqtsty = [1311],
Ntitst1s € Ntitsts = [135],
Ntytste € Ntitsts = [135].
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28 1+3 28 3+3+6+6+6 4+4 21 4+4+8
4
[*] [1] [13] [135]
N Nt, Nt,, Nt,..
[1311]
Nt

1311

4th Double Coset [135} = Nt1t3t5N
[135] = Ntytgts N = {N(t1t3t5)"]n S N}
Point Stabilizer on N3% = {e}.

Ntytsts = Ntitstis = (2, 7) (4, 10)(5, 12)(6, 14)(8, 17) (9, 20)

(11,13)(15,19)(16, 18)(21, 23)(22, 25)(24, 26)

belongs to N139 and NtltgthJ)(4,10)(5,12)(6,14)(8,17)(9,20)(11,13)(15,19)(16,18)(21,23)(22,25)(24,26)

= Ntqitstys.

Ntitsts = Ntygtstas = (1,19,27,15)(2,24,10,6)(3,5,28,12)(4, 26, 7, 14)(8, 23)
(9,25,22,20)(11,13,18,16)(17,21)

belongs to N(135) and Ntltgté1,19,27,15)(2,24,10,6)(3,5,28,12)(4,26,7,14)(8,23)(9,25,22,20)(11,13,18,16)(17,21)

= Ntygtstog.

Coset stabilizer is N(135) >< N135 (2,7)(4,10)(5,12)(6, 14)(8, 17)(9, 20)

(11,13)(15,19)(16, 18)(21, 23)(22, 25)(24, 26), (1,19, 27, 15)(2, 24,10, 6)(3, 5, 28, 12)(4, 26, 7, 14)(8, 23)
(9,25,22,20)(11,13,18,16)(17,21) > .
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The number of single right cosets in N IS Ty = 8
Orbits of N on X = {1,2,3,4,5,6,7,8,9,10, 11,12, 13, 14, 15, 16, 17, 18, 19, 20,
21,22,23,24, 25,26, 27,28} are {1,19,15,27},{3,5, 12, 28},
{8,17,23,21},{9,20,25,22},{11,13,18,16},{2, 7,24, 14, 26, 10, 6,4}.
Now we select a representative from each orbit say 1,5,8,9,11,2 and determine the double
cosets of Ntytststy, Ntitststs, Ntitststs, Ntitstste, Ntitststiy, Ntitststs.
We have,
Ntitststy € Ntitg = [13],
Ntytststs € Ntyts = [13],
Ntytststs € Ntitststs = [1358],
Ntytststy € Ntytststs = [1358],
Ntytststyy € Niitststyy = [13511],
Ntytststs € Ntits = [13].

(135) IN] _ _ 168 _ 91

28 143 28 3+3+6+6+6 4+4
4

"] (1]

[1311] [1358] [13511]

NJ[1311 Nt1358 I\H:13511

5th Double Coset [1311] = Ntitst;1 N
[1311] = Ntjtsti1 N = {N(t1t3t11)n|n S N}
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Point Stabilizer on N3 = {e}.
Ntitstin = Ntstitig = (1,3)(2,4,7,10)(5,8,12,17)(6,9, 14, 20)(11, 16, 13, 18)
(15,21, 19, 23)(22, 24, 25, 26) (27, 28)

belongs to N(131D) and Nt1t3tg11,3)(2,4,7,10)(5,8,12,17)(6,9,14,20)(11,16,13,18)(15,21,19,23)(22,24,25,26)(27,28)

= Ntstiti6.

Ntitstyy = Ntptqty, = (1,11,4)(2,16,27)(3,7,18)(5,9,25)(6, 8, 20)(10, 28, 13)(12, 24, 14)
(15,21,23)(17, 26, 22)
belongs to N3 and Nt tst
= Nti1tqty.

Coset stabilizer is N(1311) >« N1311 (13)(2,4,7,10)(5,8,12,17)(6,9, 14, 20)(11, 16, 13, 18)
(15,21, 19, 23)(22, 24, 25, 26)(27, 28),

(1,11,4)(2,16,27)(3,7,18)(5,9, 25)(6, 8, 20)(10, 28, 13) (12, 24, 14)

(15,21,23)(17,26,22) > .

The number of single right cosets in N3 ig ‘NH\QH)‘ = % =T.

Orbits of N on X = {1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15, 16,17, 18, 19, 20,

21,22, 23,24, 25,26, 27, 28} are {15,21,19,23},{1,3,11,7,16,4, 10, 18,13,27,2, 28},
{5,8,9,12,20,14, 25,17, 24,6, 26, 22}.

(1,11,4)(2,16,27)(3,7,18)(5,9,25)(6,8,20)(10,28,13)(12,24,14)(15,21,23)(17,26,22)
11

Now we select a representative from each orbit say 15,11,5 and determine the double
cosets of Ntitgti1t15, Nt1tsti1t11, Nt1tstiits.

We have,

Ntytstiits € Nitytststy = [13511],

Ntytstiity) € Nitytz = [13],

Ntitstiits € Ntqtststy) = [13511].
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28 3+3+6+6+6 4+4

"]

[1311]

I\”:1311

[1358]

Nt1353

[13511]

Nt1 3511

6th Double Coset [1358] = Ntytststs N

[1358] = NiytststsN = {N(t1tststs)"|n € N}
Point Stabilizer on N3 = {e}.
Ntitststs = Niatststyy, = (1,2)(3,5)(4,6)(8,11)(9,13)(10, 15)(14, 19)(16, 22)
(17,20)(18, 21)(23, 25)(26, 27)
belongs to N(135) and Nt1t3t5té1,2)(3,5)(4,6)(8,11)(9,13)(10,15)(14,19)(16,22)(17,20)(18,21)(23,25)(26,27)
— Nitotststiy.

Nititststs = Nigtatsty —> (1,8)(2,21)(3,4)(5,6)(7,9)(11,19)(12,16)(13, 24)
(14,18)(15, 26)(20, 23)(22, 28)

belongs to N(1358) and Nt1t3t5té(gl,8)(2,21)(3,4)(5,6)(7,9)(11,19)(12,16)(13,24)(14,18)(15,26)(20,23)(22,28)
= Ntgtytsty.

Ntytststs = Ntiotigtastia = (1,10,11)(2,27,18)(3,16,7)(4,13,28)(5, 22, 24)(6,9, 12)

(8,14,26) (15,21, 19)(17, 25, 20)
belongs to N358) g Nt1t3t5tgl,10,11)(2,27,18)(3,16,7)(4,13,28)(5,22,24)(6,9,12)(8,14,26)(15,21,19)(17,25,20)
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= Ntyoti6tastia.

Coset stabilizer is N(1358) >< N1358 (1 9)(3,5)(4,6)(8,11)(9,13)(10, 15)(14, 19)(16, 22)
(17,20)(18,21)(23,25)(26, 27), (1, 8)(2,21)(3,4)(5,6)(7,9)(11,19)(12, 16)(13, 24)
(14,18)(15, 26)(20, 23)(22,28), (1,10, 11)(2,27,18)(3, 16, 7)(4, 13, 28)(5, 22, 24) (6,9, 12)
(8,14,26)(15,21,19)(17,25,20) > .

(1358) : N _ 168 _
1S [N — 24 T 7

Orbits of N on X = {1,2,3,4,5,6,7,8,9,10,11,12, 13,14, 15, 16, 17, 18, 19, 20,
21,22, 23,24, 25, 26,27, 28} are {17, 20,25,23},{1,2,8,10, 21,27, 11,14, 15, 18, 19, 26},
{3,5,4,16,6,22,13,12,7,9, 28, 24}.

The number of single right cosets in N

Now we select a representative from each orbit say 17,8,3 and determine the double cosets
of Ntitstststiz, Ntitstststs, Ntrtstststs.

We have,

Ntitstststi; € Ntitststatir = [135817),

Ntitstststs € Ntitsts = [135],

Ntitstststs € Ntytstststs = [135].

28 3+3+6+6+6 4+4

']

[1358]
Nt

[135817]

Nt135817

[1311]
Nt

1358

[13511]
Nt

1351

1311
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7th Double Coset [13511] = Ntitstst11 N

[13511] = Ntytststi N = {N(t1tstst11)"|n € N}
Point Stabilizer on N35! = {e}.
Ntitststry = Ntotststs = (1,2)(3,5)(4,6)(8,11)(9,13)
(10,15)(14, 19)(16, 22)(17, 20)(18, 21)(23, 25)(26, 27)
belongs to N(13511) and NtltgtStgll,Z)(?)j)(4,6)(8,11)(9,13)(10,15)(14,19)(16,22)(17,20)(18,21)(23,25)(26,27)

= Niotststs.

Nitytststiy = Ntitstiotis = (2,7)(4,10)(5,12)(6,14)(8,17)(9,20)(11, 13)(15, 19)
(16,18)(21,23)(22, 25)(24, 26)
belongs to N(13511) and Nt1t3t5t§21,7)(4,10)(5,12)(6,14)(8,17)(9,20)(11,13)(15,19)(16,18)(21,23)(22,25)(24,26)
= Nititstiotis.

Ntitststyy = Ntortoststis = (1,27)(2,4)(3,28)(6,26)(7,10)
(8,17)(9,25)(11,16)(13, 18)(14, 24)(20, 22)(21, 23)

belongs to N(13511) and Nt1t3t5tgll’27)(2’4)(3’28)(6’26)(7’10)(8’17)(9’25)(11’16)(13’18)(14’24)(20’22)(21’23)
= Nitartogtstie.

Coset stabilizer is N(13511) >« N13511 (1 9)(3,5)(4,6)(8,11)(9,13)

(10,15)(14,19)(16, 22)(17,20)(18, 21)(23, 25)(26, 27), (2, 7)(4,10)(5,12)(6, 14)(8, 17)(9, 20)
(11,13)(15,19)(16, 18)(21, 23)(22, 25)(24, 26), (1, 27)(2,4)(3, 28)(6, 26)(7, 10)
(8,17)(9,25)(11,16)(13, 18)(14, 24)(20,22)(21,23) > .

(13511) ; IN| 168 _
18 INUSBID| — 24 — 7.

Orbits of N on X = {1,2,3,4,5,6,7,8,9,10, 11,12, 13, 14, 15, 16, 17, 18, 19, 20,
21,22,23,24, 25, 26,27, 28} are {3,5,28,12},{1,2,27,7,4,26,10,6,24, 15, 14, 19},
{8,11,17,13,16,20,9, 18,22, 25, 21, 23}.

The number of single right cosets in N

Now we select a representative from each orbit say 3,1,11 and determine the double cosets
of Ntitststiits, Ntitststiity, Ntitststiitiy.

We have,

Ntitststiits € Ntitststyits = [135113],

Ntitststiit, € Ntytststyity = [1311],

Ntitststiityy € Nitqtststiiti, = [135].
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28 3+3+6+6+6 4+4

"]

[1358]
Nt [135817]

1358
Nt1 35817

[1311]

I\”:1311

[13511]

Nt13511

8th Double Coset [135817] = Ntitstststir N

[135817] = NtitstststirN = {N(titstststir)|n € N}
Point Stabilizer on N3%817 = (e},
Ntitatststis = Ntortoststirts = (1,2)(3,5)(4,6)(8, 11)(9, 13)
(10, 15)(14, 19)(16, 22) (17, 20) (18, 21)(23, 25)(26, 27)
belongs to N(13511) and Nt1t3t5t§11,2)(3,5)(4,6)(8,11)(9,13)(10,15)(14,19)(16,22)(17,20)(18,21)(23,25)(26,27)

= Niotstsls.

Ntitstststir = Ntatstastiolss = (2,7)(4,10)(5,12)(6, 14)(8, 17)(9, 20)(11, 13)(15, 19)
(16,18)(21, 23)(22, 25) (24, 26)

belongs to N(13511) and Nt1t3t5t§21,7)(4,10)(5,12)(6,14)(8,17)(9,20)(11,13)(15,19)(16,18)(21,23)(22,25)(24,26)
= Ntqtstiat13.

Nt1t3t5t8t17 = Nt3t6t22t12t28 = (1, 27)(2, 4) (3, 28)(6, 26)(7, 10)
(8,17)(9,25)(11,16)(13, 18)(14, 24)(20, 22)(21, 23)

belongs to N(13511) and Nt1t3t5t§11,27)(2,4)(3728)(6,26)(7,10)(8,17)(9,25)(11,16)(13,18)(14,24)(20,22)(21,23)
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= Ntortogtstie.
Coset stabilizer is N(13%817) >« N135817 (1 97)(2,4)(3, 28)(6, 26)(7,10)(8,17)(9, 25)(11, 16)
(13,18)(14,24)(20,22)(21, 23), (1,4, 26)(2, 27,6)(3, 5, 28)
(7,10,15)(8,16,20)(9, 18,23)(11, 17, 22)(13, 25, 21)(14, 19, 24),
(1,3,6,21,24,18,20)(2,27,5,22,19, 13, 25)
(4,15,9,14,11,17,28)(7, 10, 26,8,12,16,23) > .

The number of single right cosets in N135817) jg % = % =1.
Orbits of N on X = {1,2,3,4,5,6,7,8,9,10, 11,12, 13, 14, 15, 16, 17, 18, 19, 20,
21,22,23,24, 25,26, 27,28} are {1,27,4,3,6,5,2,26,15,28,21,22,8,7,9, 23,13, 24, 20,
11,19,17,16,12, 10,25, 18, 14}.
Now we select a representative from each orbit say 17 and determine the double cosets
of Ntitstststiztin.
We have,
Ntitstststirtiy € Niqtstststiztir = [1358].
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28 3+3+6+6+6 4+4

[*]

[1358]
Nt [135817]

1358
Nt135817

[1311]

I\It1311

[13511]

Nt13511

Figure 2.4: Cayley Diagram of Us3(3) : 2 over PSL(2,7)

S0 |G < o + ity =1+ 284214214 7+ 7+7+1

Then we multiply the result by the order of N to get the following: 93 % 168 = 15624.



2.5 Construction of S

We perform double coset enumeration of S5 over 5:4.

~ 2*5:(5:4) . ~
G= 235 Mhatactatsts We will show that G = Se.

Our relations are

22ytoty = totsts = e

Let

x=(1,2,3,4,5)

y=(1,2,4,3) and let N =< z,y >= (5: 4).
and t ~ t1.

Our Group N has 20 elements; namely,

N =

(1, 3)(4, 5),

(1,4,5,2),
(1, 3, 2, 5),
(1, 4, 3, 5),
(1, 2, 4, 3),
(1, 3, 4, 2),
(1, 3, 5,2, 4),
(1,2, 5, 4),
(1, 5, 2, 3),
(1, 5, 4, 3, 2),
(1, 5)(2, 4),
(1,4, 2,5, 3),
(1, 4)(2, ),
(1, 5, 3, 4),
(1,2, 3,4, 5),
(2, 4, 5, 3),
1d(N),

(1, 2)(3, 5),
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First we are going to obtain additional relations by conjugating all the previous rela-

tions of N and the following is the resulting list:

(2,3,5,4)[2,4,5,3,2], ~ (2354)24 = 235
(1,5,3,4)[3,5,1,4, 3], ~ (1534)35 = 341
(1,2,4,3)[1,3,4,2,1], ~ (1243)13 = 124
(1,4,5,2)[4,1,2,5,4], ~ (1452)41 = 452
(2,3,5,4)[4,5,3,2,4], ~ (2354)45 = 423
(1,5,3,4)[4,3,5,1,4], ~ (1534)43 = 415
(1,4,5,2)[5,4,1,2,5], ~ (1452)54 = 521
(2,3,5,4)[3,2,4,5,3], ~ (2354)32 = 354
(1,3,2,5)[1,5,2,3,1],~ (1325)15 = 132
(1,3,2,5)[5,2,3,1,5], ~ (1325)52 = 513
(1,4,5,2)[1,2,5,4,1], ~ (1452)12 = 145
(1,3,2,5)[2,3,1,5,2], ~ (1325)23 = 251
(1,5,3,4)[5,1,4,3,5], ~ (1534)51 = 534
(1,2,4,3)[3,4,2,1,3], ~ (1243)34 = 312
(1,5,3,4)[1,4,3,5,1],~ (1534)14 = 153
(1,3,2,5)[3,1,5,2,3], ~ (1325)31 = 325
(1,2,4,3)[4,2,1,3,4], ~ (1243)42 = 431
(1,4,5,2)[2,5,4,1,2], ~ (1452)25 = 214
(2,3,5,4)[5,3,2,4,5], ~ (2354)53 = 542
(1,2,4,3)[2,1,3,4,2], ~ (1243)21 = 243

‘We now perform the double coset enumeration.
1st Double Coset [x] = NeN
Point Stabilizer on N* conjugate by the elements in N. Also note that that Coset
Stabilizer of N*) = N* since [N*)| > |N*| = 20
So the number of single right cosets in NeN is = H =1.

This tells us that there is a single Coset in NeN
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Orbits are found by conjugating each of the elements of N by the following:
(1V). So we obtain the orbit of N on (1,2,3,4,5) are (1,2,3,4,5). Now we select a repre-
sentative from the single orbit say 1. So Nt; € [1] = all of the five ti’s extend to the

same double coset which we will call [1].

(']

2nd Double Coset [1] = Nt} N
Point Stabilizer on N! = {(2,3,5,4),¢,(2,5)(3,4),(2,4,5,3)}
Coset Stabilizer on N() = N1 since |[NM| > [Nt =4

So the number of single right cosets in Nt; N is = Ul%‘)' = % =5.

This tells us that there are 5 single Cosets in Nt1 V.

Now the Orbits on N(I) are {1} and {2,3,4,5}. Then we select a representative
of the orbit say 1 and 1 € {1} = Ntit; € [} = NeN € [«]
Then we select 2 and 2 € {2,3,4,5} = Ntity € [12].

So we have a new double coset [12].

['] (] [12]
N Nt1 Nt1t2

3rd Double Coset [12] = Nt to N
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Point Stabilizer on N'? = {e}
Coset Stabilizer on N2 = N2 since [IN(2)| > |[N12| = 1
So the number of single right cosets in Ntjta N is = % = % = 20.

Now the orbits of the coset stabilizer N(?) are {1} and {2}{3}{4}{5}. To be
able to find each distinct coset we have to find all the right cosets of N'? in N Right
cosets of N2 are
Ntity(1,3)(4,5), Nt1ta(1,4,5,2), Nt1to(1,3,2,5), Nt1ta(1,4,3,5), Nt1ta(1, 2,4, 3), Nt1t2(1,3, 4, 2),
Ntita(1,3,5,2,4), Nt1to(1,2,5,4), Nt1ta(1,5,2,3), Ntita(1,5,4,3,2), Nt1ta(1,5)(2,4),
Ntita(1,4,2,5,3), Ntita(1,4)(2,3), Ntita(1,5,3,4), Nt1ta(1,2,3,4,5), Nt1t2(2, 4,5, 3),
Ntita(1,2)(3,5), Nt1t2(2,5)(3,4), Nt1ta(2,3,5,4).

Then we can get the transversal by taking an element representative from each coset.
So we get T12 = (1,3)(4,5),(1,4,5,2),(1,3,2,5),(1,4,3,5), (1, 2,4, 3),
(1,3,4,2),(1,3,5,2,4),(1,5,2,3),(1,5,4,3,2),(1,4,2,5, 3),
(1,5,3,4),(1,2,3,4,5),(2,4,5,3),(2,3,5,4).

Now we can find the double cosets by conjugating Nttty by the transversals. So we get
the following:

NtitoN = {Ntots, Ntoty, Ntsty, Ntsty, Ntito, Ntgto, Ntsts, Ntats, Ntsts, Ntits, Ntsty,
Ntyty, Ntqts, Ntots, Ntats, Ntsts, Ntsty, Ntato, Ntity, } Note: that the above will help in
identifying which cosets are equal by the relation.

Then we select a representative of the orbit:

First we select 1 and 1 € {1} = Ntjtot; € [121] and this is a new double coset [121].
Second we select 2 and 2 € {2} = Nittats € [1] and this goes back to [1].

Third we select 3 and 3 € {3} == Ntitat3 € [123] and creates a new double coset
[123].

Fourth we select 4 and 4 € {4} = Ntjtaty. For this one lets look the relations
we found in the beginning:

Ntoty = Ntotsts = (Ntotg)~! = (Ntgtsts)™! == Ntit3 = Ntitaty where Ntits €
[12] = Ntytaty € [12].
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Fifth we select 5 and 5 € {6} == Nttats. For this one lets look the relations we
found in the beginning;:

Ntoty = Niotsts = (Ntoty) ' = (Niotsts)?¥) — Ntity = Ntitsts Now multiply
by t5 = Ntitots = Ntits where Ntits € [12] = Ntytots € [12).

Nt1t2t3

[121]
Nt1t2t1

4th Double Coset [121] = Ntitot1 N
Point Stabilizer on N'?! = {e}
Coset Stabilizer on N2 = N12! gince [NI2D| > |N1?| =< e > |
Now we should look at our relations from the beginning specifically we are going to look at
(1452)t1ty = titats. We can multiply by a t5 on the left sides = t5(1452)t1ts = t5titats
note: (1534)ts5t1 = tststy so we can rewrite t5(1452)t1ty = tstitats into
(1452)tat1ts = (1534)tststatsts
(1452)tat1ty = (1534)tststs
(1452)tat1ts = (1534)tststs (Now we are going to conjugate) == (1452)(1452) 1tot1ty =
(1534)(1534) " Ustgts = totits 72 = tytat173Y
Ntitot, = Ntststs.
Now we can say that Ntitqot; = Nt3t5t§1’3’2’5) and this implies that N2y > N2 =<«
(1,3,2,5) > .
So N2t = fe (1325),(12)(35), (1523)}.
So the number of single right cosets in Ntitot1 N is = % = 2—50 = 5.
So Orbits on N'2! are {4} and {1,2,3,5}. This gives us five distinct single cosets in

[121].Then we can get the transversal by taking an element representative from each

coset.



50

So we get Tio1 =€,(1,2,3,4,5),(1,4,3,5),(1,4,2,5,3),(1,3,5,2,4)
So we can get the distinct double cosets:

Ntitoty = Niststs = Ntotits = Niststs,

Nitotsto = Ntstits = Nistots = Ntitaty,

Ntytoty = Nistits = Niotsts = Nttsty,

Ntgtsts = Ntytsty = Ntstats = Nistyts,

Ntstyts = Nistots = Ntgtsty = Ntotsto.

Then we select a representative of the orbit:

First we select 1 and 1 € {1,2,3,4,5} = Ntytot1t; = Nityte € [12].

Second we select 4 and 4 € {4} = Nttatit4. For this one lets look the relations
we found in the beginning:

(1452)tats = totits then we can multiply by 1 on left side = ¢1(1452)tat; = t1tat1ty —
tatots = titot ity

Ntytots = Ntytot1ty From the next double coset of [123] we will show that Ntjtotity €
[123].

[121]
Nt1t2t1

5th Double Coset [123] = Nt tatsN
Point Stabilizer on N123 = {e}
Coset Stabilizer on N(123) = N123 gince |[NU23)| > N8| =< e > .

Now we should look at our relations from the beginning specifically we are going to look at:
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(1243)t1t3 = titoty = (1243)t1ts = t1(2354)tatsts because (2354)taty = totsts
Multiply by t5 on right side and rewrite (1243)t1t3ts = (2354)t1tatststs
(1243)t1tsts = (2354)t1tats
Ntytsts = Ntqtots.
Now we can say that Ntitots = Ntltgté2’3’5’4) and this implies that N(23) > 123 —
(2,3,5,4) > .
So, N'23 has 4 elements = {e, (2354), (25)(34), (2453)}.

INl_ _ 20 _ 5
[NO23) T 4 T

Orbits on N'?3 are {1} and {2,5,3,4}. This gives us five distinct single cosets in [123].

So, the number of single right cosets in NtitotsN is =

Then we can get the transversal by taking an element representative from each coset.
So we get Tio3 = {e,(1,2,3,4,5),(1,5,4,3,2),(1,3,4,2),(1,4,2,5,3)}.

So we can get the distinct double cosets:

Ntitots = Ntqtsts = Ntitsts = Ntitats,

Nitotsty = Niotst; = Nitotits = Niotsts,

Nitstits = Nistots = Nistats = Nitststy,

Ntstity = Niststs = Nistste = Nistotq,

Ntytst; = Ntgtits = Ntgtsts = Ntgtots.

Now to prove what we left off in the previous double coset [121] we are going to look at
the relation: Ntytst1

(Ntytots) 123457 = Ntytst; = Ntytst; = Nigtats(from the above)

— Nitytots = Ntytotity € [123].

Then we select a representative of the orbit:
First we select 1 and 1 € {1} = Ntjtotst;.
So we have to look at the relation (1325)tats = tatst;.
We can multiply by ¢5 on the left side: t5(1325)tats = tstatsts
(1325)t1tats = tstatsty.
We can multiply by ¢; on the right side: (1325)t1tatst1 = tstatstits
(1325)t 1 tatsty = tstots
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Ntytotst; = tstots.

We can look at the relations from the double coset [121] = Ntststs = Nistots =
Ntytsty = Ntotsto.

Looking at the fourth coset [121] we get (Nt toty)(1b23452 —  Ntstyts and we know
that Ntststs = Ntstats so we have that Ntstots = Ntytatst; € [121].

[121]
Nt1t2t1

Figure 2.5: Cayley Diagram of Sg over 5:4



2.6 Construction of PSL(2,11) x 2

We perform double coset enumeration of PSL (2,11) x 2 over Aj

*6. . ~
Let G = 2rydpys- We will show G = As.
Expanding my relation: ((z~!*y)? xt)*

Using a shortcut we can expand the relation:

=((z % y)2) L 5 @7 (@)D @7 h)? oy
Let z = (271 xy)? = (16325)

Rewrite: 2?4 x t‘fs * th * 15 % 11

= (15236)t2t3t6t1 — (15236)t2t3 = t1lg

Rewrite in terms of x: (yx)?tats = t1tg.

(y33)2t2t3 = tite

Let
x=(1,4,3)(2,5,6),

= (1,4)(2,3) and let N =< z,y >= As.
and t ~ t7.
Our Group N has the 60 elements; namely,
N =

(1,4,3)(2,5,6),(1,4)(2,3),(1,3,4)(2,6,5), (2,5,6,3,4),(1,3,5,6, 2),

(2,4,3,6,5),
(1,2,6,5,3),
(1,4,5,2,6),
(1,3)(4,6),
(1,2,4)(
(1,4,2)(
(1,5)(3,

,6),

1 3,5
1 3,6,5),

4),

93

(2.9)



1,6,2,5,4),
2,6,4,5,3),
1,2,3,4,6),
1,5,2,3,6),
1,6,4,3,2),
1,3,2,4,5),
2,3,5,4,6),
1,5,4,2,3),
1,6,3,2,5),
14635)
1,3,6)(2,5,4),
15642)
1,6,3)(2,4,5),

(

(

(

(

(

(

(

(

(

(

(

(

(
(1,5,3,6,4),
(1,6)(2,4),
(1,2)(4,5),
(1,6,2)(3,4,5),
(1,2,4,6,5),
(1,2,6)(3,5,4),
(1,2,5)(3,6,4),
( )
(
(
(
(
(
(1
(
(1
(
(1
(1,

)

5)

1,5,6)(2,4,3),
1,2,3)

1,5,2)

)

)

)

»5)

)

(
(
(4,5,6),
(3,4,6),
1,5,3)(2,4,6),
1,6,5)(2
1,3,2)(4,6
(2,6,
(2

4)

,5)

) 4)7
3)

7 ) )
)
7
)

) )

1,5,4)(2,6

,6)(3,5),
1,6,4)(2,3,5),
:2)(3,6),
1,3,4

,5,6),

54



6,5,4,3),

(1,
(2,4)(3,5),
(1,4,5)(2,3,6),
(3,6)(4,5),
(1,4,6)(2,5,3),
(1,5)(2,6),
(1,3,6,2,4),
(2,5)(4,6),
(1,4,2,6,3),
(1,2,5,3,4),
(1,4,3,5,2),
(2,3)(5,
(
(
(

)
)

3)(5,6),
2,6)(3,4),
1,3)(2,5),
1,4)(5,6).

)

We first prove the following lemmas.

Lemma 1: Nt to = Ntsts.
(yx)?tats = titg (1)

(15236 )¢yt 52 (46%)
(34125)t 1ty = t3ts.

Therefore Nt1to = Nitats.

_ 75175((3132)(465)

Lemma 1.1: Ntot1 = Ntsty.
(yx)?tats = titg (1)
(15236) 5150 = 111
(35214)tat) = t3ty

tot1 = (41253)t3t,.

Therefore Ntot; = Nitsty.

13)(46)

Lemma 1.2: Ntztg = Nt4t5.
(yx)*tats = tits (1)

95
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(15236)t2t§’14)(56) _ tlté14)(56)
tots = (53264 )t4ts.
Therefore Ntots = Ntyts.

Lemma 2: Ntitot1 = Niytsty.

Consider 121:

121 = 1(41253)34 (By Lemma 1.1)

= (41253)234

= (41253)234 — (41253)(53264)454 (By Lemma 1.2)
= (164)(235)454.

Therefore Ntitot1 = Nitatsty.

‘We now perform the double coset enumeration.
1st Double Coset [*] = NeN
[x] = NeN = {N(e)"|n € N}
Now we plug in each element that is in N.
The coset stabilizer of the coset Ne is N.
The number of single right cosets in NeN is = % = % =1
Now the orbits of N on X = {1,2,3,4,5,6} are {1,2,3,4,5,6}.
Now we select a representative from the single orbit say 1. So Nt; € [1] = all of the

six ti’s extend to the same double coset which we will call [1].

[']
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2nd Double Coset [1] = Nt; N
[1] = NN = {N(t,)"|n € N}
Now we plug in each element that is in N
= {N(t1)¢, N(t;)BADE50) N ()LD N (4)I3DR65) N (1)1 5:0))
= {Nty, Nto, Nt3, Nty,...Ntg}.

Point Stabilizer on N1 = {e, (3,6)(4,5), (2,4,3,6,5), (2,6)(3,4), (2,6,4,5,3),
(2,5,6,3,4),(2,4)(3,5),(2,3)(5,6),(2,3,5,4,6),(2,5)(4,6)} =< (3,6)(4,5), (2,4, 3,6,5) >=
Ds.

Coset Stabilizer NO > N1 and N(U = N1
So the order of N is 10, because Dj is of order 10.
The number of single right cosets in Nt; N is = % = % = 6.
Now the orbits of N on X are {1},{2,4,6,5,3}.
Now we select a representative from each orbit, say 1 and 2 and determine the double
coset of Nt1t1 and Ntito.
We have,
Ntit; = N € [¥],
Ntity € Ntito N = [12].

['] (1] [12]
N Nt1 Nt1t2

3rd Double Coset [12] = Nt1to N
[12] = NtitoN = {N(tltg)”]n € N}
— {N(tth)e,N(tltg)(1’4’3)(2’5’6),N(tltg)(1’4)(2’3),N(tltg)(1’3’4)(2’6’5)...N(tltg)(1’4)(5’6)}
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— {Ntity, Ntgts, Ntgts, Ntsts...Ntsto}.
Point Stabilizer N2 = {e, (36)(45)}
Coset Stabilizer N12) > {N12 (16)(24), (163)(245), (13)(25), (136)(254)}.
We have Ntsts = Ntity (By Lemma 1 ) and Ntltgl’g)@’m = Nitats.
So Nttt — Nyt = Nt oty
— (1,3)(2,5) € N2
So the order of N2 is 6.

The number of single right cosets in NtitoN is = \N‘(ng)l = %0 = 10.
Now the orbits of the coset stabilizer N2 on X are {1,6,3}, and {2,4,5}.
Now we select a representative from each orbit, say 1 and 2 and determine the double
cosets of Ntitot1 and Ntitaots.
We have,
Ntitot; € Ntytoty = [121],

Ntqtoto € [1] .

6 1 5 3 3

1 Q 10
N

[’ (1] [12] [121]
N Nt1 Nt1t2 Nt1t2t1

4th Double Coset [121] = Ntjtat1 N
[121] = Ntitat1 N = {N(t1tat1)"|n € N}
Now we plug in each element that is in N
= {N(t1tot1)€, N(t1taty) LA E50) N (t1t9t)IHE3 N (tt0t1 )13 (265) N (tt0t,)(LHG6)Y
— {Nt1tot) Ntgtsty, Ntgtsty, Ntstets... Ntgtoty).

Point Stabilizer on N'2! = {e, (36)(45)}

Coset Stabilizer on N2 >< N2 (1,5,6)(2,4,3), (1,2)(3,6), (1,6,5)(2,3,4), (1,3,5)(2,6,4),
(1,4,3)(2,5,6), (1,2)(4,5),(1,5,3)(2,4,6), (1,3,4)(2,6,5),

(1,6,4)(2,3,5), (1,4,6)(2,5,3) > .
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We have Ntltgtl = Nt4t5t4 (By Lemma 2 )
(1,4,3)(2,5,6)

Now Ntltgtl = Nt4t5t4
So Nt1t2t51’473)(2’576) == Nt4t5t4

= (1,4,3)(2,5,6) € N'21.
The order of N2V ig equal to 12.

N
[N _ 60 _5

The number of single right cosets in Ntjtot1 N is = V@] = 12 = O

Now the orbits of N on X are {1,4,5,3,6,2}.

Now we select a representative from each orbit, say 1 and determine the double cosets of
Ntitotits,

We have,

Ntitatity € Ntyto = [12].

'] [1] [12] [121]
N Nt1 Nt1t2 Nt1t2t1

Figure 2.6: Cayley Diagram of PSL(2,11) x 2 over Aj
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2.7 Construction of PSL (2,11)

We perform double coset enumeration of PSL(2,11) over As.

2%10: A5 : ~
G= HhE (1237 A6)(59) fitsir—(123 87 (A10,650) . e will show that G = PSL(2,11).

Expanding my given relation: (z*y*zxy lxxzxy*zxy lxxxy*t)?

Let zxyxzxy lxzxysaxxy lxxxy=q
:q3*tq2*tq*t
=(1,2)(3,7)(4,6)(5,9) * t¢ » t1LDENAHEI) 4 ¢
= Ntjtat19 = e.

Ntltgtl *xq=¢€ (2.10)

Expanding my given relation: (y* z %y * t(z + y~1))?
=(y*x*y)>* tgy*x*y)Q * tgy*x*yp
Let (yxz*xy)3=r

— rtitstr = e

Tt1t3t7 = e. (2.11)

Let

z = (1,2)(3,5)(7,9)(8,10),
y=1(1,3,6)(2,4,7)(5,8,9) and let N =< z,y > As.
and t ~ t7.

We perform double coset enumeration of G over N.
Our Group N has the 10 elements; namely,

N =

(1,3,6)(2,4,7)(5,8,9) ~ vy,

(1,2)(3,5)(7,9)(8,10) ~ z

(1,4,7,5,6)(2,3,8,10,9) ~ xy,
(1,3,6)(2,4,7)(5,8,9) ~ 2% x v,
(1,2)(3,5)(7,9)(8,10) ~ 2
(1,4,7,5,6)(2,3,8,10,9) ~ x3y,
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(1,3,6)(2,4,7)(5,8,9) ~ 2y,
(1,2)(3,5)(7,9)(8,10) ~ a7,
(1,4,7,5,6)(2,3,8,10,9) ~ z5y.

We first prove the following lemmas.
Lemma 1: Ntit3 = Niyto.

2Btatitsts = e (1)

aStattsts DY) = pdtatsty
=altits =t 15!

— i1ty = tyts

So Ntltg == Nt4t2.

Lemma 2 : Ntitoto = Niyts.

2Btatitsts = e (1)

wStatytst PO EDCD = pdp oot

—> 2Mtytetats = e Rewrite: attytg = t7 't (Note: t, 1 =ty t5 1 = t5)
= xtyte = t1t5 ( Note: t5 = tots)

So Ntltgtg = Nt4t6.

1st Double Coset [*] = NeN
[¥] = NeN = {N(e)"|n € N}
Now we plug in each element that is in N.
= {N(e)¢, N(e) LDBITNEL0) N (£)1362ANGSI) N ()163)RTAGEIS) | N (e)1LDBNE6)(59)
This will just give us N and the coset stabilizer of N = V.
The number of single right cosets in NeN is = % =1.
Now the orbits of N on X = {1,2,3,4,5,6,7,8,9,10} are {1,2,3,4,5,6,7,8,9,10}.
Now we select a representative from the single orbit say 1. So Nt; € [1] = all of the

ten ti’s extend to the same double coset which we will call [1].
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['] [1]
N Nt

2nd Double Coset [1] = Nt; N
[1] = N&N = {N(t1)"|n € N}
Finding the point stabilizer of Nt;
Point Stabilizer on N! = {e, (2,5)(3,4)(6,8)(9, 10), (3,9)(4,6)(5,7)(8,10)}
So N = N1 =< (2,5)(3,4)(6,8)(9,10), (3,9)(4,6)(5,7)(8,10) > .

IN| 60 _
INOD] — 6 10.

Now the orbits of N on X ={1,2,3,4,5,6,7,8,9,10} are {1},{2,7,5},{3,6,8,10,9,4}.

The number of single right cosets in Nt; N is =

Now we select a representative from each orbit, say 1, 2, 3 and determine the double
cosets of Ntqty, Ntity, Ntits.

We have,

Ntit; € N =[1],

Ntity € Ntyty = [1],

Ntits € Ntits = [1].
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[*] [1]
N Nt,

Figure 2.7: Cayley Diagram of PSL(2,11) over 2*10 : Aj

V] N _
So |G| < 1x1 + vy = 1+ 10

Then we multiply the result by the order of N to get the following: 11 % 60 = 660.




2.8 Construction of G

We perform double coset enumeration of G over PSL(2,7).

_ 2%98:PSL(2,7)
Let G = t11ti5taa=e,tat;=¢"

Expanding my given relation: (y:L’yt(W)Q)3
Let ¢ = yry and s = (yx)?

Note: t% = t11

Rewrite: (qt%)? = q?’t(fitﬁt(fl

Ptirtostas = ¢ => ti1tistas = e.

Ptintistas = e

Expanding my given relation: ((yxy ‘zyzy!)t)?

1 1

Let ¢ = yxy™ xyxy™
Rewrite: c?toty

— C2t2t1 =e.

t2t1 =€

Let

64

(2.12)

(2.13)
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x=(1,2)(3,5)(4,6)(8,11)(9,13)(10,15)(14, 19)(16,22)(17,20)(18, 21)(23, 25)(26, 27),
y=(1,3)(2,4,7,10)(5,8,12,17)(6,9, 14,20)(11, 16, 13, 18)(15, 21, 19, 23)(22, ...28) and let
N =< uz,y >= PSL(2,7).

and t ~ t7.

In order to do this we must first perform the manual DCE of G over N.

We first prove the following lemmas.

Lemma 1: Ntitg = Nioty

Lemma 2 : Nty = Nt
tot; = e (2.12)

Inverse on both sides:
tol1t1 = 61

Soty =1

1st Double Coset [*] = NeN
[¥x] = NeN = {N(e)"|n € N}

Now we plug in each element that is in N.
= {N(e)® N(e>(1,2)(3,5)(4,6)(8,11)(9,13)(10,15)(14,19)(16,22)(17,20)(18,21)(23,25)(26,27)
N(e)(1,3)(2,4,7,10)(5,8,12,17)(6,9,14,20)(11,16,13,18)(15,21,19,23)(22,24,25,26)(27,28)

N () (127 (24)(3,28)(6,26) (7,10)(8,17)(9,25)(11,16)(13,18)(14,24)(20,22)(21,23) ) Thiis will just give us

N and the coset stabilizer of N = N.
The number of single right cosets in NeN is = % =1
Now the orbits of Non X = {1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15,16, 17, 18, 19, 20, 21,
22,23,24,25,26,27,28} are all 28 ti’s.
Now we select a representative from the single orbit say 1. So Nt; € [1] = all of the

28 ti’s extend to the same double coset which we will call [1].
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[']

2nd Double Coset [1] = Nt1 N
1] = NtyN = {N(t1)"|n € N}

Finding the point stabilizer of Nt;

Point Stabilizer on N = {e, (2,7)(4,10)(5,12)(6,14)(8,17)(9,20)(11,13)(15,19)(16, 18)
(21,23)(22,25)(24,26) (2,28)(3,20)(4,23)(5,26)(6,15)(10,25)(11,12)(13,24)
(14,18)(16,19)(17,27)(21,22)}.

So N = N1 =< (2,7)(4,10)(5,12)(6, 14)(8,17)(9,20)(11, 13)(15, 19)(16, 18)(21, 23)

(22,25)(24,26) (2,28)(3,20)(4,23)(5,26)(6,15)(10,25)(11,12)(13,24)(14, 18)
(16,19)(17,27)(21,22) > .
The number of single right cosets in Nt; N is = % = 1%8 = 28.

Now the orbits of Non X = {1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15,16, 17, 18,19, 20, 21, 22, 23, 24,
25,26,27,28} are {1}, {2,7,28},{3,20,9}, {8,17,27}, {4, 10, 23, 25, 21, 22}, {5, 12,26, 11, 24, 13},
{6,14,15,18,19,16}.

Now we select a representative from each orbit, say 1, 2, 3,4,5,6,8 and determine the

double cosets of Ntit1, Ntito, Ntitg, Nt1tg, Nt1ty, Ntits, Niitg.

We have,

Ntity = N € [%],

Ntity € Ntity = [4],

Ntits € Ntits = [1],



Ntitg € Ntytg = [1],
Ntity € Nt1ty = [1],
Ntits € Ntjts = [1],
Ntitg € Ntitg = [1]
3+3+6+6+6
28 1+3
['] (1]
N Nt

Figure 2.8: Cayley Diagram of 27 : PSL(2,7) over PSL(2,7)

N N
So |G < [§ + iy = 1+28.

Then we multiply the result by the order of N to get the following: 29 x 168 = 4872.
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2.9 Construction of PSL (2,7) x2°

We perform double coset enumeration of PSL (2,7) x 2° over A;.

Let G = t1t2t1(12)(37)(46)(59)2,;25,}?7:(1,273,8,7)(4,10,675,9)' We will show G = A7
Expanding my given relation: (y * x x y x tz*y2)3

Let g=y*x*yand s = x x y>

Note: t° =ty

Rewrite: (qts)?’ — ¢« t'§3 * t?Z * t‘%

q3t7t20t21 =e = tl7*xtlgg *xto] = €.

Pty xtog xta1 = € (2.14)

Expanding my given relation: ((y*x*y lxz*yxz*y 1) *t)?

Letc=ysxxy ! 1

*THRY*T*Y
Rewrite: (ct)? = ¢ «t” «t «tcxt=¢

— 04 *x tot1tat] = e.

tgtltgtl =e (2.15)

Let

x=(1,2)(3,5)(4,6)(8,11)(9,13)(10,15)(14,19)(16,22)(17,20)(18, 21)(23, 25)(26, 27),
y=(1,3)(2,4,7,10)(5,8,12,17)(6,9, 14,20)(11, 16, 13,18)(15, 21, 19, 23) (22, ...(27, 28) and
let N =<,y >= Ay.

and t ~ t7.

In order to do this we must first perform the manual DCE of G over N.

We first prove the following lemmas.
Lemma 1: Ntity = Nitoty.
1st Double Coset [x] = NeN

[x] = NeN = {N(e)"|n € N}
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Now we plug in each element that is in N.

Coset Stabilizer of the coset Ne is N

The number of single right cosets in NeN is = % =1
Now the orbits of N are on X ={1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17, 18,
19, 20, 21, 22, 23, 24, 25,26, 27, 28} and all 28 are going to the next coset.
Now we select a representative from the single orbit say 1. So Nt; € [1] = all of the

28 ti’s extend to the same double coset which we will call [1].

'l (1]
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2nd Double Coset [1] = Nt; N

[1] = NtyN = {N(t1)"|n € N}
Point Stabilizer on Nt;= N' = {e, (3,9)(4, 22)(5, 13)(6, 16)(7,28)(8,27)(10,21)(11, 26)
(12,24)(14, 19)(15, 18)(23,25) (2, 28)(3,20)(4, 23)(5, 26)(6, 15)(10, 25)
(11,12)(13,24)(14, 18)(16,19)(17, 27)(21, 22)}.
Coset Stabilizer N(D > N1
N = N1,

IN| _ 168 _
vy = 60 = 28.

Orbits of Non X = {1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15,16, 17, 18, 19, 20, 21, 22, 23, 24, 25,
26,27,28} are {1},{2,7,28},{3,20,9}, {8,17,27}, {4, 10,23, 25,21, 22},
{5,12,26,11,24,13}, {6, 14, 15,18,19, 16}.

The number of single right cosets in Nt; N is =

Now we select a representative from each orbit, say 1,2,3,8,4,5 and 6 and determine the

double coset of Ntltl, Ntltg, Ntltg, Ntltg, Nt1t4, Ntltg,, Ntltﬁ.

We have,
Ntit; = N € [¥],
Ntity € Nt1to N = [12],
Ntits € NttsN = [127],
Ntits € NittgN = [124],
Ntity € Nt1tyN = [1],
Ntits € Nt1tsN = [1],

[

Ntitg € NtitgN 12].



71

[124]

Nt124

3rd Double Coset [12] = Nt ta N
[12] = Nt1toN = {N(t1t2)"|n € N}
Point Stabilizer on N2 = {e, (3,9)(4,22)(5,13)(6,16)(7, 28)(8, 27)(10, 21)(11, 26)(12, 24)
(14,19)(15,18)(23,25)}.
Note: Ntito = Nioty
Ntity = Nityrtog

Coset stabilizer is N(12) > {N12 (1,2)(3,5)(4,6)(8,11)(9, 13)(10, 15)(14, 19)(16, 22)(17, 20)
(18,21)(23,25)(26, 27),

(1,17)(2,20)(3,21)(4,22)(5,15)(7, 25)(8,27)(9, 10) (12, 19) (13, 18) (14, 24)(23, 28),
(1,2)(3,13)(4,16)(5,9)(6, 22)(7, 28)(8,26) (10, 18)(11, 27)(12, 24) (15, 21)(17, 20),
(1,17)(2,20)(3,10)(5,18)(6,16)(7,23)(9,21)(11,26)(12,14)(13,15)(19, 24)(25, 28),
(3,9)(4,22)(5,13)(6,16)(7,28)(8,27)(10,21)(11, 26) (12, 24) (14, 19) (15, 18)(23, 25)}.

The number of single right cosets in Nt1t9 N has the order is |]\|/](\1[|2)| = % = 84.

Orbits of N on X = {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16, 17,18, 19, 20, 21, 22, 23,
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24,25,26,27,28} are

{1,2,17,20}, {4,22,6,16},{7,28,23,25},{8,27,11,26}, {12,24, 14,19}, (3,9, 5,13,10, 21, 18, 15}.
Now we select a representative from each orbit, say 1,4,7,8,12 and 3 and determine the
double cosets of Ntqtoty, Ntitots, Ntitoty, Ntitots, Ntitat12, Ntqtats.

We have,

Ntytoto = N € [1],

Ntytoty € NtytgN = [124],

Ntitoty € NtitsN = [127],

Ntitots € Ntqta N = [12],

Ntytotis € NtytoN = [12],

Ntitots € Nty N = [1].

4th Double Coset [127] = Nt tat7 N
[127] = Ntytot7;N = {N(t1t2t7)”]n S N}
Point Stabilizer on N27 = {e}



73

Note: Nt1t2t7 = Nt2t1t7
Ntitoty = Ntigtastiy.

Coset stabilizer is NU27) > {N127 (1,2)(3,5)(4,6)(8,11)(9, 13)(10, 15)(14, 19)(16,22)(17, 20)

(18,21)(23,25)(26,27),

(1,19,27,15)(2,24,10,6)(3, 5,28, 12)(4, 26, 7, 14)(8, 23)(9, 25, 22, 20)(11, 13, 18, 16) (17, 21)}..
The number of single right cosets in Ntitot7 N is = % = % =T.

Orbits of Non X = {1,2,3,4,5,6,7,8,9,10, 11,12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24,

25,26,27,28} are {3,5,28,12},{1,2,19, 24, 14,27, 10,4, 26, 15,6, 7},

{8,11,23,13,25,9, 18,22, 21,16, 20, 17}.

Now we select a representative from each orbit, say 3,7 and 8 and determine the double

coset of Ntitotrts, Ntitotrtr, and Ntqtotrts.

We have,

Ntitotrts € Ntytoty N = [124],

Ntytotrt; € NtytoN = [12],

Ntytotrts € Nty N = [1].
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5th Double Coset [124] = Ntitot4 N
[124] = Ntytotga N = {N(t1tots)"In € N}
Point Stabilizer on N'24 = {e}
Note: Ntitoty = Ntgtstis
Ntytoty = Ntprtaots.

Coset stabilizer is N124) > {N124 (1,17)(2,20)(3,10)(5, 18)(6, 16)(7,23)(9,21)(11, 26)
(12,14)(13,15)(19, 24)(25,28), (1,6,7,15)(2,5)(3, 11,12, 20)(4, 13,19, 17)(8, 22,9, 21)
(10, 18,14, 25)(16, 24, 23, 27)(26, 28)}.

IN| - _ 168 _
Naen] = 21 = [

Orbits of Non X = {1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15,16, 17, 18, 19, 20, 21, 22, 23, 24, 25,
26,27,28} are {8,22,9,21},{1,6,17,7,16,4,15,23,24,13,27,19},
{2,5,20,18,3,14,11, 10, 25, 12, 26, 28}.

The number of single right cosets in Ntitoty is =

Now we select a representative from each orbit, say 8,4 and 2 and determine the double



cosets of Ntqtotyts, Nititotaty and Niitotyts.
We have,

Ntitotsts € Ntytoty N = [127],

Ntytotyty € NtitoN = [12],

Ntitotsts € Nty N = [1].

Figure 2.9: Cayley Diagram of PSL (2,7) x 26 over Ay

IN| | IN|
So |G| < 1 + oy = L+ 28

Then we multiply the result by the order of N to get the following: 29 % 168 = 4872.
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Chapter 3

Symmetric Presentations of
Progenitors and Additional

Relations

Let N = Sy =< zz,yy >, where xx = (1,2,3,4) and yy = (1,2). We give a
symmetric presentations of the progenitors 2*4 : N below:
We first note that N has presentations
< z,ylzt, 92, (x % y)? >. Let t ~ t;. The stabilizer of 1 in N < zy,9* >= S3 < zy,y® >
Symmetric presentation for the progenitor is obtained by listing the above presentation of
N. Followed by t? and then the relations that insure that t commutes with the stabilizer
of 1. Thus,
G =< z,y,tlzt, 2%, (xz * )3, 2, (t,zy), (t,y%) >. G is an infinite group and we want to
add relations called additional relations to see finite homomorphic images. Here, I will
demonstrate the method of finding what we call the first order relations. Note that a first
order relation is of the form (7t;)® where m € N and a is a parameter.

Sy has 24 elements; namely,

(1,2,3,4) ~
(7 )Nya
(1,4,3,2) ~ 1,
(1,3)(2,4) ~ 22,
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1

1,2,4)~y*x*y*x_1,

3,4) ~ 2% %y x 2?2,

1,3) ~xxy*a*y,

2,4) ~y*xa?xy*z,

1,2)(3,4) ~ (2% x y)2

There are a total of 92 relations if we do not include the identity. We acquire these

relations by multiplying the element in N by every word from ¢; to ty where t ~ t1,t* ~

to, 177 ~ 3, 17"~ ty

However we can shorten the process by using exactly 1 representative from the
orbits of the centraliser of each class representative on X = {1,2,3,4}. Thus we need to
find the orbits of the centralizer of each of the elements (12)(34), (12), (123), (1234).
Now the Orbits of (12)(34):

{1}, {2}, {34}

Now we take a representative from each orbit and obtain the following:
(12)(34)t1 ~ (2% * y)*t1

(12)(34)ty ~ (2% * y)?ty

(12)(34)t3 ~ (2% * y)?t3
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So far our first order relations are ((z? * y)%t)®

Orbits of (12):

{1}, {2}, {3.4)

Now we take a representative from each orbit and obtain the following:
(12)t1 ~ yta

(12)tg ~ yta

(12)t3 ~ yt3

This relation is added to the list(yt)®

Orbits of (123):

{1}, {2}, {3144}

Now we take a representative from each orbit and obtain the following:
(123)t1 ~ (22 xy x 2~ Nty
(123)t3 ~ ( )
(123)t3 ~ (22 xyx 27 1)t3
(123)t4 ~ ( )

This relation is added to the list (22 * y * 27 1¢)¢

Orbits of (1234):

{1}, {2}, {3}.44}

Now we take a representative from each orbit and obtain the following:
(1234)t; ~ xtq

(1234)tg ~ xty

(1234)t3 ~ xt3

(1234)t4 ~ xty

This relation is added to the list ()%

Then G =< a,y, ta', y2, (wxy)%, £2, (t, 2y), (t,y7), (@2  y)*)%, ()P, (22 5y + 2~ 2), () >

will provide finite homomorphic images for a, b, ¢, d € [0..10]
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We handle the progenitor 2*3 : S3 =< z,y,t|23,92, (zy)?, 2, (t, zy) > in a similar manner.

3.1 Using The Famous Lemma

In order to find a progenitor of the form m*" : N factored by a single relation will
produce a simple group. Finding these relations are not simple so in order to find groups
of interests we need to write elements of our group N in terms of symmetric generators.
This method was founded by Robert Curtis and is used to find factor the progenitor in
order to find the images easier then before. Robert Curtis method is called the Famous

Lemma and is shown below.

Lemma 4.64 [Famous Lemma]: NN < t;,t; >< Cn(N;;) where Nj; denotes the
stabilzer in N of the two points © and j.

Proof: Let w € NN < t;,t; >. We need to show that w € C = Centralizer(N, N'i).
We use the defintion of a centralizer to perform the following:

w € C if w commutes with every element of N¥. Let m € N then

Thus 7 commutes with every element of IV;; completing the proof.

Example 3.1

Take N = Sio =< (1,2)(3,5)(7,9)(8,10), (1,3,6)(2,4,7)(5,8,9)]. Next we find the Cen-
tralizer( S4, Stabilizer(Sy, [1, 2]). The stabilizer of Stabilizer(S4, [1, 2]) stabilizes the points
1 and 2 to get us a result of Stabiliser(NV, [1,2]) =< (3,9)(4,6)(5,7)(8,10) >. The central-
izer is computed by finding what elements of N commute with {e, (3,9)(4,6)(5,7)(8,10)}.

We now have the following relations using Lemma 4.64 [Famous Lemmal:

(t1t2)™ = (3,9)(4,6)(5,7)(8,10), m >= 2



80
((1, 2)(3, 5)(7, 9)(8, 10)t1)*, k is odd,

((1,2)(3,7)(4,6)(5,9)t1)?, q is odd

3.2 Finding The First Order Relation

In this section we want find a method that will exhaust all possible relations of
a particular progenitor. The purpose of this would be to find all possible finite homomor-
phic images. J.N. Bray, A.N.A Hammus, and R.T. Curtis developed a way to exhaust all
relations of the form ((7)t%)” = 1, where 7 € N and w is a word in the ¢;s, which they
called the first order relations. In order to find these relations, we begin by finding the
Centralizer(elements in conjugacy class). Next we find the orbits of the centralizer and
take a single t; from each orbit (respectively) in order to write out relation. An example

of this process is shown below.

Example 3.2

In order to find the first order relations we need to compute the classes of N where N =
< (1,10,5)(2,9,6)(3,23,8)(4,24,7)(11,20,17)(12, 19, 18)(13, 21, 16)(14, 22, 15),
(1,19,23,22)(2,20,24,21)(3,6)(4,5)(7,11,9,13)(8,12,10, 14)(15,16)(17, 18) >. We show

the classes of N below:
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Class | Order Class Representative Length
1 1 e 1
2 2 (1, 23)(2, 24)(7, 9)(8, 10)(11, 13)(12, 14)(19, 22)(20, 21) 3
3 2 (1, 18)(2, 17)(3, 14)(4, 13)(5, 12)(6, 11)(7, 8)(9, 10)(15, 23)(16, 24)... 12
4 3 (1, 10, 5)(2, 9, 6)(3, 23, 8)(4, 24, 7)(11, 20, 17)(12, 19, 18)(13, 21,16)... 32
5 4 (3, 16, 5, 17)(4, 15, 6, 18)(7, 19, 9, 22)(8, 20, 10, 21) 3
6 4 (3,17, 5, 16)(4, 18, 6, 15)(7, 22, 9, 19)(8, 21, 10, 20) 3
7 4 (1, 13, 23, 11)(2, 14, 24, 12)(3, 17, 5, 16)(4, 18, 6, 15)(7, 9)(8, 10)(19,22)... 6
8 4 (1, 19, 23, 22)(2, 20, 24, 21)(3, 6)(4, 5)(7, 11, 9, 13)(8, 12, 10, 14)(15,16).. 12
9 8 (1, 14)(2, 13)(3, 22, 16, 7, 5, 19, 17, 9)(4, 21, 15, 8, 6, 20, 18, 10)(11,24)... 12
10 8 (1, 14)(2, 13)(3, 7, 17, 22, 5, 9, 16, 19)(4, 8, 18, 21, 6, 10, 15, 20)(11,24)... 12

Table 3.1: Classes of example 3.2

The next step is that we compute the centralizer of each class representative in

N and then find the orbits of the corresponding centralizer. We can then build the table

below which shows how each relation is written.

Let 2 = (1,10,5)(2,9,6)(3,23,8)(4, 24,7)(11,20, 17)(12, 19, 18)(13, 21, 16)(14, 22, 15) and
y = (1,19, 23,22)(2,20,24,21)(3,6)(4,5)(7,11,9,13)(8, 12, 10, 14)(15, 16)(17, 18)
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Class Number Class Rep Cent(N,Class Rep)  Orbit Relations
2 y? (1, 23)... {1,... } (W2 1)
3 wryteaay? (1, 18)... {2, (@eytealey?) e tlvrmeysaT ey
4 @ (1,10, 5)... {3,..} (z) » t7*a D)
5 (@ y)? (3,16, 5, 17)... {4,...} (@ e y)? w1l 19)
6 (@ xy~1)? (3,17,5,16)...  {l,...} (s y=1)2) xt
7 e laysa eyt (1,13,23,11).. {70} (@ lsyraley st e
8 v (1,19, 23,22)... {15,... } (y) * 1™ *2)
9 zxy (1, 14)... {11,... } (@ 4 ) # £’
10 yrazlxy? (1, 14)... {12,... } (a1 xy2) st

Table 3.2: First order relations

By using this technique we are able to build progenitors.

3.3 Monomial Progenitors

In this section we will discuss building a monomial progenitor. In order to start

this process we need to have a monomial representation that is formed from n x n matrices

over a certain field (Definition 1.43.1). These matrices have monomial columns and rows

(Definition 1.43.2).

Example 3.4

Consider G = zz and yy, where xx

(3,6), and yy = (1,3,5)(2,4,6). We want to

find a faithful, irreducible, monomial representation of degree 3. Thus we need to find

a subgroup of index 3 in G and induce a linear character of H up to the character ¢& of G.

The conjugacy classes of group G are
C1 = Id(G),

C2=(1,4)(2,5)(3,6),

C3 = (1,4),

C4 = (1,4),(3,6).
C5=(1,3,5)(2,4,6).

)



C6 = (1,5,3)(2,6,4).
C7=(1,6,2,4,3,5).
C8=(1,5,3,4,2,6).

Consider the subgroup H of G given below.
H = Id(G)7 (27 5)7 (2a 5)(3a 6)? (1’ 4)(2’ 5)'

The conjugacy classes of H are

D1 = Id(G),
D2 = (1,4)(2,5),

D3 = (2,5)(3,6),

D4 = (1,4)(3,6).

D5 = (2,5).

D6 = (1,4).

D7 = (3,6).

D8 = (1,4)(2,5)(3,6).

Consider the irreducible characters ¢ (of H) and ¢ (of G) given below.
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Class D1 D2 D3 D4 D5 D6 D7

Size 1 1 1 1 1 1 1
Representative | Id(G) (1,4)(2,5) (2,5)(3,6) (1,4)(3,6) (2,5) (1,4) (3,6)

(1,4)(2,5)(3,6)

b 1 1 1 1 1 -1 1
Class C1 C2 C3 C4 Ch 6
Size 1 1 3 3 4 4

Representative | 1d(G) (1,4)(2,5)(3,6) (1,4) (1,4)(3,6) (1,3,5)(2,4,6) (1,5,3)(2,6,4)

¢ 3 3 -1 -1 0 0

Do the following.



a) Induce the character ¢ o up to GG to obtain the character of G.
(a) Induce the ch ¢ of H G to obtain the ch ¢ of G

¢ 14
96 = o(w), where n = 161 — 21 _ 3
a T ha 2eweHNC, P\W), Where n = ygr = 55 = o.

(blG = % ZweHﬁCl ¢(w)

So, 6 = 3(6(1)) = 3(1) = 3.

¢§ = % ZwGHﬂCz ¢(w)

So, ¢ = 3(4((1,4)(2,5)(3,6))) = 3(1) = 3.

¢3G - % ZweHmcg p(w)

So, ¢ = 2(¢(1,4) + ¢(2,5) + ¢(3,6)) = 1(—-1+ —-14+1) = —1.

¢f = % ZwEHﬂC4 (;5(10)

(bg = % ZwEHﬁC’a ¢(w)

84
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So, 6§ = (6(0)) = $(0) = 0.
¢7 =1 Lwennc, dW)
So, ¢ = %(¢(0)) = 3(0) = 0.
8§ = 1D wennc, o)

So, ¢§ = §(¢(0)) = 3(0) =0.

¢p1%=33 —13 00 00.

(b) Show the monomial representation has the generators

Let t1 = e, to = (1,3,5)(2,4,6), and t3 = (1,5,3)(2,6,4).

Then
d(haty") p(tixty') dltiaty”)
A(zz) = | ¢(taxty") (tawty") o(tants")
B(tswty") Bltswty") p(tswts")

o(exe) o(ex(1,5,3)(2,6,4)) o(ex((1,3,5)(2,4,6))
— | $((1,3,5)(2,4,6)ze) &((1,3,5)(2,4,6)z(1,5,3)(2,6,4)) &((1,3,5)(2,4,6)z(1,5,3)(2,6,4))
((1,5,3)(2,6,4)xe) &((1,5,3)(2,6,4)z(1,5,3)(2,6,4)) &((1,5,3)(2,6,4)x(1,3,5)(2,4,6))

-

#((3,6)) #((3,6)(1,5,3)(2,6,4)) #((3,6)(1,3,5)(2,4,6))
= | ¢((1,3,5)(2,4,6)(3,6)(1,5,3)(2,6,4)) ¢((1,3,5)(2,4,6)(3,6)(1,5,3)(2,6,4))  #(((1,3,5)(2,4,6)(3,6)(1,5,3)(2,6,4))
#((1,5,3)(2,6,4)(3,6)) #((1,5,3)(2,6,4)(3,6)(1,3,5)(2,4,6))  #((1,5,3)(2,6,4)(3,6)(1,5,3)(2,6,4))
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¢((3,6)) ¢((1,5,3,4,2,6)) ((1,3,2,4,6,5))
= | 0((1,6,2,4,3,5)) ¢((1,4)) ¢((1,2,6,4,5,3))
¢((17576747273)) ¢((17375747672)> ¢((27 5))

1 0 0
=10 -1 0
00 -1

oyt D) oltiyty)  oltiytsh)
Alyy) = | oltayty) oltayty ) d(tayty ')
otsyty ) oltayty ') oltsytsh)

¢(eye) ¢(ey(1,5,3)(2,6,4)) ¢(ey((1,3,5)(2,4,6))
= | o((1,3,5)(2,4,6)ye)  ¢((1,3,5)(2,4,6)y(1,5,3)(2,6,4)) #((1,3,5)(2,4,6)y(1,5,3)(2,6,4))
(;5((1,5,3)(2,6,4)3/6) (b((la573)(27674)y(17573)(27674)) ¢((17573)(27674)y(17375)(27476))

#((1,3,5)(2,4,6)) $((1,3,5)(2,4,6)(1,5,3)(2,6,4)) $((1,3,5)(2,4,6)(1,3,5)(2,4,6))
= ¢((1,3,5)(2,4,6)(1,3,5)(2,4,6)(1,5,3)(2,6,4))  ¢((1,3,5)(2,4,6)(1,3,5)(2,4,6)(1,5,3)(2,6,4))  #(((1,3,5)(2,4,6)(1,3,5)(2,4,6)...)
¢((1,5,3)(2,6,4)(1,3,5)(2,4,6)) ¢((1,5,3)(2,6,4)(1,3,5)(2,4,6)(1,5,3)(2,6,4)) ¢((1,5,3)(2,6,4)(1,3,5)(2,4,6)...)
¢((1,3,5)(2,4,6)) ¢(e) ¢((1,5,3)(2,6,4))
= | o((1,5,3)(2,6,4)) ((1,3,5)(2,4,6)) ¢(e)
¢(e) ¢((1,5,3)(2,6,4)) ¢((1,3,5)(2,4,6))
010
=10 1
00

(c) Give a permutation representation of A(xx) and A(yy) of the monomial

representation of part (b).



1 0 0
Alzz)=10 -1 0
0O 0 -1
1 0 0
=10 2 0 |, wherean =1, azp =2, azz3 =2.
0 0 2
Note:

ajj = a <~ ti—>t?

Therefore,
t — ti,
ty — t3,

t3 — 3.

1 2 3 4 5 6

t ty t3 7 13 13
N

o ]t

1 5 6 4 2 3

Therefore, A(xx) = (2,5)(3,6).

A(yy) = 0 0 1 5 where a12 = 1, ag3 = 1’ aszy = 1.

Therefore,

tl *)fg,

87



to — t3,

t3 — t1.

1 2 3

4

t1 12ty

il

ty 2 t3

th
0

5

3 4 5

Therefore, A(yy) = (1,3,5)(2,4,6).

6
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Example 3.5

Consider G = Sy, zx and yy, where zz = (1,2,3,4), and yy = (1,2). We want to
find a faithful, irreducible, monomial representation of degree 3. Thus we need to find
a subgroup of index 3 in G and induce a linear character of H up to the character ¢< of G.
The conjugacy classes of group G are

C1 = Id(G),

02 = (1,2)(3,4),

C3 = (1,2),
C4 = (1,2,3).
C5 = (1,2,3,4).

Consider the subgroup H of G given below.

H = 1d(G),(1,2),(1,3,2,4),(3,4),(1,2)(3,4),(1,3)(2,4), (1,4,2,3), (1,4)(2, 3).

The conjugacy classes of H are

D1 = Id(G),

D2 = (1,2)(3,4),

D3 = (1,3)(2,4),

D4 = (1,2).



D5 = (1,4,2,3).

Consider the irreducible characters ¢ (of H) and ¢© (of G given below.

Class D1 D2 D3 D4 D5
Size 1 1 2 2 2
Representative | Id(G) (1,2)(3,4) (1,3)(2,4) (1,2) (1,4,2,3)
¢ 1 1 1 1 1
Table 3.3: Character table ¢ (of H) of 3*3 1, Sy
Class C1 C2 C3 C4 C5
Size 1 3 6 8 6
Representative | Id(G) (1,2)(3,4) (1,2) (1,2,3) (1,2,3,4)
¢ 3 -1 1 0 -1

Table 3.4: Character table ¢ (of G) of 3*3 :,, S,

Do the following.

(a) Induce the character ¢ of H up to G to obtain the character ¢“ of G.

015
oG = e Ywennc, $(w), where n = % =2 =3

d)? = % ZweHﬂCl ¢(w)

So, 66 = 3(6(1)) = 3(1) = 3.

90



91

5 =3 Luennc, (w)

So, ¢35 = 1(¢((1,3)(2,4)) + &((1,3)(2,4)) + 8((1,4)(2,3))) = 1(1 -1 - 1) = —1.
65 = § Cuwennc, 9(w)

So, ¢ = 5(6((1,2)) + ¢((3,4))) = 3(1 +1) = 1.

f = § Cuennc, )

So, ¢ = §(¢(e)) = §(0) = 0.

95 = § Luennc, $(w)

So, ¢ = 3(6((1,4,2,3)) + ¢((1,3,2,4))) = 5(-1 - 1) = 1.

p1t%=3 -1 10 -1

(b) Show the monomial representation has the generators

G=HeUH(1,2,3,4) UH(2,3,4)
Let t1 = e, ta = (1,2,3,4), and t3 = (2, 3,4).

Then
oty d(tiaty') o(tiaty')
Alzz) = | ¢(taaty!) dltoaty') @(tants?)
o(tsaty ') o(tsaty') o(tsaty")
o(exe) o(ex(1,4,3,2)) o(ex(2,4,3))
=1 ¢((1,2,3,4)z) ¢((1,2,3,4)x(1,4,3,2)) ¢((1,2,3,4)x(1,4,3,2))
6((2,3,d)ze)  6((2,3,4)2(1,4,3,2))  6((2,3,4)z(2,4,3))
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[ 6((1,2)(3,9)) o((1,2,3,4)(1,4,3,2)) o((1,2,3,4)(2,4,3))
= | #((1,2,3,4)(1,2,3,4)) 6((1,2,3,4)(1,2,3,4)(1,4,3,2))  ¢((1,2,3,4)(1,2,3,4)(2,4,3))
| A((2,3,4)(1.2,3,4)  $((2,3,4)(1,2,3,4)(1,4,3,2))  $((2,3,4)(1,2,3,4)(2,4,3))

[ 6((1,2,3,4)  o(e) $((1,4))
= | o((1,3)(2,4) ¢((1,2,3,4)) ¢((1,2,3))
| 9((1,2,4,3))  ((2,3 )) $((1,4,2,3))
-1 0 0
=10 1 0
0 0 -1
o(tiyty!) oltiyty') oltayts?)
Alyy) = | oltayty) oltayty) oltayts?)
(tgytl) d(tsyty ") (tsyts")
¢(eye) P(ey(1,4,3,2)) P(ey(2,4,3))
=1 o((1,2,3,4)y) o((1,2,3,4)y(1,4,3,2)) &((1,2,3,4)y(2,4,3))
| 9((2,4,3)ye)  9((2,3,4)y(1,4,3,2))  ¢((2,3,4)y(2,4 3))
[ 6((1,2)) $((1,2)(1,4,3,2)) #((1,2)(2,4,3))
= | #((1,2,3,4)(1,2)) ¢((1,2,3,4)(1,2)(1,4,3,2)) #((1,2,3 4)( 2)(2,4,3))
| o((2,3,4)(1,2))  #((2,3,4)(1,2)(1,4,3,2))  #((2,3,4)(1,2)(2,4,3))
[ 0((1,2)  6(2,4,3) ¢((1,4,3,2))
=1 #((2,3,4)) ¢((1,4) o¢(e)
| 9(1,2,3,4) (e o((1,4))
1 00
=10 0 1
01 0

(c) Give a permutation representation of A(xz) and A(yy) of the monomial rep-

resentation of part (b).

0 1 0 010
Afxz) = | =1 0 0 =12 0 0 |(Mod3), where ajo = 1, as; = 2,
0 0 —1 0 0 2

ass — 2.



Therefore,
ty — t,
ty — 2,

t3 — 3.

1 2 3 4 5 6

t1 to ty 3t t3

th B2 t2 1t 3

Table 3.5: Computation of permutation representation of matrices A (xx)

Therefore, A(xz) = (1,2,4,5)(3,6).

1 0

A(yy) = 0 0 ]. 9 Whel"e a12 - ]_, a23 = 17 a32 = ]_
010

Therefore,

ty — t1,

t2 — t37

t3 — to.



1 2 3 4 5 6

ty te tz3 B3 t3 #2
N
ty ty to 13 t3 13

1 3 2 5 6 5

Table 3.6: Computation of permutation representation of matrices A(yy)

Therefore, A(yy) = (2,3)(5,6).

(d) Give a presentation of the monomial progenitor 3*3 :,, Sy.

We can find a presentation for Sy by using the followin magma code:

S:=Sym(6) ;

xx:=S1(1,2,4,5)(3,6);

yy:=51(2,3) (5,6);

N:=sub<S|xx,yy>;

#N;

/* 24 */

#G;

/* 24x%/

IsIsomorphic(N,G);

/*true Mapping from: GrpPerm: N to GrpPerm: G
Composition of Mapping from: GrpPerm: N to GrpPC and
Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: G

FPGroup(N) ;

Finitely presented group on 2 generators

Relations
$.1°4 = 1d($)
$.2°2 = 1d($)

($.2 x $.1°{-1})"3 = 1d($)

A presentation for Sy is < z,y|z?, y?, (yz=1)3 >.
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Stabiliser(N, {1,4}) =< (2, 3)(5,6),(2,6)(3,5), (1,4)(2,5) >.
Therefore, t commutes with < (2,3)(5,6),(2,6)(3,5),(1,4)(2,5) >.
We can use the Schreier system to get the rest of our permutations:

word:=function(A);
Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);
for i in [2..#G] do
P:=[Id(N): 1 in [1..#Sch[ill];
for j in [1..#Sch[i]] do
if Eltseq(Sch([i]) [j] eq 1 then P[j]:=(xx); end if;
if Eltseq(Schl[il) [j] eq -1 then P[j]l:=(xx)"-1; end if;
if Eltseq(Sch[il)[j] eq 2 then P[jl:=(yy); end if;
if Eltseq(Sch[il) [j] eq -2 then P[jl:=(yy~-1); end if;
end for;
PP:=Id(N);
for k in [1..#P] do
PP:=PP*P[k]; end for;
if A eq PP then B:=Sch[i]; end if;
end for;
return B;
end function;
A:=N!1(2, 3)(5, 6); (t,A)
B:=N!(2, 6)(3, 5); (t,B)
C:=N!'(1, 4)(2, 5);
word(A) ;
/* b x/
word(B) ;
/* a2 * b x a”2 */
word(C) ;
/* a”2 x/

2

Thus, our presentation is < z,y, t|z*, y?, (yz=1)3,3,t¥ = t,tIQ*y*x = 25,15"32 =12 >,

G<x,y,t>:=Group<x,y,t| x74,y°2,(y*x~(-1))"3,t"3, t y=t,
t7(x72xy*x72) = t, t7(x72) = t72>;

#G;

648
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> 3°3%24;
648

Example 3.6

Consider G = Sy5, xz and yy, where zx = (1,10,9,13,3,6,15,2,14,7,8,5,4,12,11), and
yy = (1,5,3,2,12,6,10,7,4,13,8,15,11,9,14). We want to find a faithful, irreducible,
monomial representation of degree 5. Thus we need to find a subgroup of index 5 in G
and induce a linear character of H up to the character ¢ of G.

The conjugacy classes of group G are

C1 = I1d(G),

C2=(1,2)(3,4),

C3=(1,3)(2,4),

C4 = (1,4)(2,3).

Consider the subgroup H of G given below.

H = 1d(G),(1,2),(1,3,2,4),(3,4),(1,2)(3,4),(1,3)(2,4), (1,4,2,3), (1,4)(2, 3).

The conjugacy classes of H are

D1 = 1d(G),

D2 = (1,2)(3,4),

D3 = (1,3)(2,4),
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D4 = (1,4)(2,3).

Consider the irreducible characters ¢ (of H) and ¢© (of G given below.

Class D1 D2 D3 D4
Size 1 3 1 1
Representative | Id(H) (1, 4)(2, 8)(3, 12)(6, 9)(7, 13)(11, 14) (1, 8, 6)(2, 9, 4)(3, 11, 7)(5, 15, 10)(12, 14, 13) (1, 6, 8)(2, 4, 9)(3, 7, 11)(5, 10, 15)(12, 13, 14)
6 1 1 9 -9-1
Class D5 D6 D7 D8
Size 4 4 4 4

Representative | (1, 13, 3)(2, 9, 4)(5, 10, 15)(6, 14, 7)(8, 12,

1) (1,3, 13)(2, 4, 9)(5, 15, 10)(6, 7, 14)(8, 11, 12) (1, 12, 7)(2, 4, 9)(3, 8, 14)(6, 13, 11) (1, 7, 12)(2, 9, 4)(3, 14, 8)(6, 11, 13)

¢ 9 9-1 -9-1 9
Class D9 D10 D11 D12
Size 4 4 3 3

Representative | (2, 7, 13)(3, 12, 9)(4, 11, 14)(5, 15, 10) (2, 13, 7)(3, 9, 12)(4, 14, 11)(5, 10, 15) (1, 3, 8, 11, 6, 7)(2, 14, 9, 13, 4, 12)(5, 10, 15) (1, 7, 6, 11, 8, 3)(2, 12, 4, 13, 9, 14)(5, 15, 10)

@ 1 1 9-1 9
Class c1 c2 c3 C4
Size 1 15 1 20
Representative | Td(H) (1, 4)(2, 8)(3, 12)(6, 9)(7, 13)(11, 14) (1, 8, 6)(2, 9, 4)(3, 11, 7)(5, 15, 10)(12, 14, 13) (1, 6, 8)(2, 4, 9)(3, 7, 11)(5, 10, 15)(12, 13, 14)
) 1 1 9 -9-1
Class 5 C6 c7 8
Size 20 20 20 12

Representative | (1, 13, 3)(2, 9, 4)(5, 10, 15)(6, 14, 7)(8, 12, 11) (1, 3, 13)(2, 4, 9)(5, 15, 10)(6, 7, 14)(8, 11, 12) (1, 12, 7)(2, 4, 9)(3, 8, 14)(6, 13, 11) (1, 7, 12)(2, 9, 4)(3, 14, 8)(6, 11, 13)

¢ 9 9-1 -9-1 9
Class c9 C10 C11 C12
Size 12 15 15 12

Representative | (2

L7, 13)(3, 12, 9)(4, 11, 14)(5, 15, 10) (2, 13, 7)(3, 9, 12)(4, 14, 11)(5, 10, 15) (1, 3,8, 11, 6, 7)(2, 14, 9, 13, 4, 12)(5, 10, 15) (1, 7, 6, 11, 8, 3)(2, 12, 4, 13, 9, 14)(5, 15, 10)

1 1 -9-1 9

Do the following.
(a) Induce the character ¢ of H up to G to obtain the character ¢“ of G.
0 1%

G| _ 180 _ &

G _ — —
ba = 75 2 wennc, P(w), where n = 7= 36 —

¢? = % ZwEHﬂC1 QS(U))
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So, ¢ = 5(6(1)) = 5(1) = 5.
¢2G = % ZwEHﬂCz ¢(w>

So, ¢5 = 2(((1,4)(2,8)(3,12)(6,9)(7, 13)(11, 14)+¢((1,14)(2,7)(3,9) (4, 11)(6, 12)(8, 13))+
o((1,11)(2,13)(3,6)(4,14)(7,8)(9,12))) = (1 +1+ 1) = 1.

¢3Cf = % ZwGHﬂC3 P(w)

So, 6§ = 5(e((1,6,8)(2,4,9)(3,7,11)(5, 10, 15) (12,13, 14)) = 5(zeta(3)) = 5
zeta(3).

If we continue this process we will arrive at the following:

¢ 1%=3 1 5xzeta(3); —5*zeta(3)3—5 —1 zeta(3)s+1 —zeta(3); 0 0 zeta(3)s -
zeta(3)s—1 0 0 0 0.

(b) Show the monomial representation has the generators

d(tizat] ) o(tizaty”) o(tizaty ™) o(tizaty ") o(tizats )
P(tawwt V) (tazaty) Staxats') ¢(towwty!) ¢(tizaty")
Alzz) = | ¢(tzzaty?) d(taratyl) ¢ltszatzt) o(tzzaty') o(taraty!)
o(tawwt] ) (tazaty') S(taxaty') o(tawxty') ¢(tazaty’)
d(tsxat; ™) o(tszaty) o(tszaty™) o(tsxaty ) o(tsxaty )
o(tiyyty") dtiyyts') oltiyts') o(tiyyty') o(tiyyts")
Sltayyt) Sltayyty ') dltayyts') dltayyty') dltayyty")
Alyy) = | oltayyts!) oltayyty') Sltayyts) dltayyts') dltayyts")
O(tayyty")  Sltayyts') oltayyts’) o(tayyty') o(tayyts™")
d(tsyyti ') Stsyyts ') Sltsyyts') Sltsyyty') dltsyyts )




0
0
A(zz) = |0
0
1
[0
0
Alyy) = |0
0
1

1
0
0
0
0
1
0
0
0
0

oSO B O O O o = o o o

0
1
0
0
0
0
1
0
0
0
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0

0

4| and
0

0_

0
0
4
0
0

Let t1 = e, ta = (1,2,3,4), and t3 = (2,3,4).

Then

o(tiytyh) d(tiyty') oltiytsh)
Alyy) = | o(tayty") dltayty")  o(tayts")
oltsyty") d(tsyty') o(tsyts?')

(c) Give a permutation representation of A(xx) and A(yy) of the monomial rep-

resentation of part (b).

Formula: a;; =q = t; = t?

010
0 00
A(zz)=10 0 0
0 01
_1 0 0
where ajos =1, agg = 1, ags =
Therefore,
t — 3,

ty — ti,

o o o = O

. S O = O O

4, a4g3 = 1, a5] — 1.



t3 — ta.

ty — ti.

ts — ti.
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
t1 to t3 ty ts 2t ot 1 Y 2 3 3 5 S
R N 2 T e S A
ta ty t2 oty t1 3 t3 3 5 5 3 ot 7 ]
2 4 28 3 1 11 12 13 14 15 21 22 23 24 25
16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
t5 13 oty 3 1§ 7 ¢ ep oty ¢ 3 2 3 8 4l
N 2 T S S R A N S A
ts t3 2 2 2 B 8 o 5 8B o 7 ) A
5 29 26 30 27 16 17 18 19 20 6 7 8 9 10

Therefore, A(zx) = (1,2,4,3,28,8,13,23,18,26,6,11,21,16,5)

B(yy) =

o O O O

4

oS O v O O

o O o =

0

o O O N O

N O O O

0

where a3 — 1, as4 = 2, azo — 2, ags = 2, as5] — 4.

Therefore,

t =t

(7,12,22,17,29,9, 14, 24, 19, 30, 10, 15, 25, 20, 27)
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ty — 12,
t3 — 3,
ty — 12,

ts — 11,

o te t3 ty ts 28 1 7 9 B B 3 5 S

ts 12 2 2 ot 2 ot 3 5 1 8t 8 4

Therefore, B(yy) = (1,3,11,23,5,8,18,2,21, 28,6, 16, 13, 4, 26)
(7,17,15,24,27,9,19, 12, 25, 29, 10, 20, 14, 22, 30)

(d) Give a presentation of the monomial progenitor 3:35.

We can find a presentation for S; by using the followin magma code:

S:=Sym(30) ;
xx:=S51(1,2,4,3,28,8,13,23,18,26,6,11,21,16,5)(7,12,22,17,29
,9,14,24,19,30,10,15,25,20,27) ;
yy:=5!(1,3,11,23,5,8,18,2,21,28,6,16,13,4,26) (7,17,15,24,27
,9,19,12,25,29,10,20,14,22,30) ;

N:=sub<S|xx,yy>;
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#N;

/* 180 */

IsIsomorphic(N,G);

/*true Mapping from: GrpPerm: N to GrpPerm: G
Composition of Mapping from: GrpPerm: N to GrpPC and
Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: G

FPGroup (N) ;

Finitely presented group on 2 generators

Relations
($.27-1 % $.1)73 = Id($) --> (y™-1 *x)"3
$.27-1 % $.17-3 x $.27-1 * $.172 = Id($) -—> y -1*x"-3*y"-1*x"2
$.27-3 * $.17-1 *x $.2°2 *x $.17°-1 = Id($) -—> y -3*x"-1*xy 2*x"-1

-1 -3 -1

A presentation for Si5is < z,y|(y "l x2)3,y Lk B wy w2 y 3 x !

* T *yQ*x_1>.

Stabiliser(N, {1,4}) = (2,3)(5,6)(2,6)(3,5)(1,4)(2,5).

Therefore, t commutes with (2, 3)(5, 6) (2, 6)(3, 5) (1, 4)(2, 5).

We can use the Schreier system to get the rest of our permutations:

word:=function(A);
Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);

for i in [2..#G] do

P:=[Id(N): 1 in [1..#Sch[i]]];

for j in [1..#Sch[i]] do

if Eltseq(Sch([i]) [j] eq 1 then P[j]:=(xx); end if;

if Eltseq(Schl[il) [j] eq -1 then P[j]l:=(xx)"-1; end if;
if Eltseq(Sch([il)[j] eq 2 then P[jl:=(yy); end if;

if Eltseq(Sch[i]) [j] eq -2 then P[j]l:=(yy~-1); end if;
end for;
PP:=Id(N);

for k in [1..#P] do

PP:=PPx*P[k]; end for;

if A eq PP then B:=Sch[i]; end if;

end for;

return B;

end function;
A:=N!'(2, 3)(5, 6);
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B:=N!(2, 6)(3, 5);
C:=N!(1, 4)(2, 5);
word (4A) ;

/* b *x/

word(B) ;

/* a”2 x b * a”2 */
word(C) ;

/* a~2 x/

Thus, our presentation is < x,y, t|z*, 42, (yx*1)3,t3,ty,tx2*y*x2 = t,t“2 =12 >,

G<x,y,t>:=Group<x,y,t| x°4,y"2,(y*x~(-1))"3,t"3, t"y,
t7(x"2%y*x72) = t, t7(x72) = t72>;

#G;

/* 24 x/

f,G1,k:=CosetAction(G,sub<G|Id(G)>);
s:=IsIsomorphic(N,G1);

S;

/* True */

3.4 Monomial Representation

In this section we are going to focus on finding a monomial representation. This
monomial representation can then be used to write our monomial progenitor. The process
of finding a monomial presentation is to find a subgroup H of a group G whose index
is equal to the degree of a faithful and irreducible character of G. The next step is to
induce a linear character of H up to G. The final step will be to use the formula for
finite monomial representation to represent our G. This process will be shown below for

G:3XA5.

We are given that 3 x A5 has a monomial irreducible representation of degree 5.
Knowing that the order of 3 x A5 is 180, the order of our subgroup H must be 36, since
'3535' — 180 _ 5 |H| = 36. Let H =< z,y >< G, where z ~ (1,7,12)(2,9,4)(3,14,8)(6, 11, 13),
and y ~ (1,5)(2,14)(4,12)(6,10)(8,15)(9,13). The character table of H and G are given

below:
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We have G =< xz,yy > where, x = (1, 7, 12)(2, 9, 4)(3, 14, 8)(6, 11, 13),
y = (1, 5)(2, 14)(4, 12)(6, 10)(8, 15)(9, 13) and H =< z,y > .

Character Table of Group H

Class | C1 C2 (3 c4e C5 C6 CT C8 (C9 Cl10 Cl1 C12

Order | 1 2 3 3 3 3 3 3 3 3 6 6
b1 11 1 1 11 1 1 1 1 1 1
b2 11 J 1-J1 -3 J1 -3 J 1 11 -3 )
b3 11 1 1 J1 -J1 -3 J J1 - 1 1
b4 11 -1 Jir0J 3 1 1 J1 -3 J1 -]
b5 11 -1 J J1 -3 J1 -3 1 1 J1 -]
b6 11 1 -1 -3 7 J1 -3 -1 ] 1 1
b7 11 -1J J 1 11 -3 J1r -3 7 J1-)
b 11 J -y 11 J1 -3 J1 o)1 -3 )
b9 11 J -y J1 -3 1 11 -3 J1 -3 )
b10 3 -1 3 3 0 0 0 0 0 0 -1 -1
¢p11 | 3 -1 3] 33*J 0 0 0 0 0 0 1+J -J
12 | 3 -1 -33*J 3 0 0 0 0 0 0 -J 14+
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105

Class | C1 C2 (3 C4 cs C6 C7 C8 (C9 Cl10 Cl11 Cl12 C13 Cl4 Ci15

Order | 1 2 3 3 3 3 3 5 5 6 6 15 15 15 15
b1 11 1 1 1 1 1 1 1 1 1 1 1 1 1
¢2 1 1 J 0 R | J 1 1 11 -] S T S 5 |
#3 11 -1 J J1 -3 1 1 1 J1 -] J 13T -1
b4 3 - 3 3 0 0 0 Z1 Z7Z12 -1 -1 712 71 Z1 712
&5 3 -1 3 3 0 0 0 Zl2 Z1 -1 -1 Z1 712 712 71
b6 3 -1 3%] -3-3%] 0 0 0 Z12 71 1+J -J 72 722 727 7211
b7 3 -1 3%]  -3-3%] 0 0 0 Z1 Z12 1+J -3 727 7211 72 722
o 3 -1 -3-3x] 3%)] 0 0 0 Z1 z12 -J 14+J 722 72 7211 727
b9 3 -1 -3-3*] 3%)] 0 0 0 Z12 Z1 -3 1+J 7211 727 722 72
$10 4 0 4 4 1 1 1 -1 -1 0 0 -1 -1 -1 -1
é11 4 0 4% -4-4%J1 -] J 1 -1 4 0 0 1+J -3 14+ -
b2 | 4 0 -44¥]  4%] J1 -3 1 -1 -1 0 0 S e R B |
®13 5 1 5 5 -1 -1 -1 0 0 1 1 0 0 0
b14 5 1 5% -55%] 14J -] -1 0 0o -1-J J 0 0 0
b15 5 1 -5-5%]  5%] Joo1+H) -1 0 0o J1 -J 0 0 0

We show below that G is isomorphic to 3 x A5. We are given G, a transitive group on 15

letters, where G is generated by

xx=(1, 7, 12)(2, 9, 4)(3, 14, 8)(6, 11, 13)

and

yy=(1, 5)(2, 14)(4, 12)(6, 10)(8, 15)(9, 13)

The Composition Factors and Normal Lattice of G are below:

CompositionFactors(G);

Alternating(5)

Cyclic(3)

From the composition factors above we see that G is the direct product of (3 x

As). We can further verify this using the following code:

IsIsomorphic(G, DirectProduct(CyclicGroup(3), Alt(5)));
True
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Therefore, G is a direct product (3 x As) and we can find a representation of G.

Faithful Irreducible Monomial Representation of (3 x A;)

Using the code below we can show that G has an irreducible monomial repre-

sentation of degree 5.

H:=sub<G| (1, 6, 8)(2, 15, 13)(3, 11, 7)(4, 5, 14)(9, 10, 12),
(2, 12)(3, 10)(4, 13)(5, 11)(7, 15)(9, 14),

(2, 11)(@, 4)(5, 12)(7, 9) (10, 13)(14, 15),

(1, 8, 6)(2, 9, 4)(3, 11, 7)(5, 15, 10)(12, 14, 13)>;

#H;

/* 36 x/

CH:=CharacterTable(H) ;

CG:=CharacterTable(G);

for 1 in [1..#CH] do if

Induction(CH[4],G) eq CG[15];

/* true */

#G/#H --> 180/36 = 5 (Note this is also the number of transversals)

Note: The above tells us we are going to have a 5 x 5 matrices because we

have 5 t’s. Therefore, our progenitor is 7*° : (3zA5).

o(tixaty ) o(tizaty”) o(tizaty) o(tixaty ) o(tixats )

P(tazztyt) o(tazaty) o(taxaty?) o(taxaty') o(tiaaty")

Alzz) = | o(tszaty') d(tsaaty) o(tswaty') o(tszaty') o(tswvaty’)
P(taaty!) G(taaaty') (taaaty') oltaaaty’) @(tavats’)

| o(tsaaty ) (tsaaty’) o(tsvaty’) o(tszaty”) Stszaty”)
[ o(tuyti) otyyts!) o(twyts?) oltiyts") o(tyts?) |

Pltayyt') d(tayyts) dltayyts') oltayyts) dltayyts”)

Wehave, A(yy) = | o(tsyyti') oltsyyty') oltsyyts') oltsyyts') oltsyyts')
O(tayyty ') d(tayyts') oltayyts') o(tayyts') dltayyts’)

| B(tsyyts')  oltsyyty ) oltsyyts™) oltsyyts') o(tsyyts')
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(01 00 0
00010
A(zz)=10 0 1 0 0f and
10000
00 0 0 4]

(0 0 2 0 0
01000
Alyy)=14 0 0 0 0
0000 1
000 1 0

Now we want to see if it is a faithful representation and we use Cyclotomic

Field 3 since we have a cube root of unity.

C:=CyclotomicField(3);
A:=[[C.1,0,0,0,0] : i in [1..5]];
B:=[[C.1,0,0,0,0] : i in [1..5]];
GG:=GL(5,C);
IsIsomorphic(G,sub<GG|GG!A,GG!B>);
/* True */

Hence < A(xzx), A(yy) > is a faithful monomial representation of G.

Permutation Representation of the Monomial Representation of (3 x

As)
Formula: a;; = ¢ = t; = 1]
(01 0 0 0]
0 0010
A(zz) =10 0 1 0 0
1 00 00
0 000 4

where 19 = ]_, Aoy = ]., asz — 1, 41 = 17 sy = 4.
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Therefore,
ty — t,
ty — ti,
t3 — 3.
ty — t.
ts — ts.
We label t,tq, 3,1y, t5,12, .., 12, ..., 5, ..., and ¢ by 1,2,3,4,5,6,..,10, 26, re-

spectively, and compute the permutation representations of the matrices A(xx),

and A(yy) through the following tables.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
ty ty tz ty ty 13 t3 12 43 2 3 3 B 2
N A A
ty ty t3 t; ti t3 13 2 3 ts t3 t3 &3 7 &

2 4 3 1 20 7 9 8 6 5 12 14 13 11 25

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

R 2 - N N & T & 2B & BE 7= S S 7S - S 7
N N 2 N S O A
S S S S S - > B 2 S A 7= 7SS 5 SRS - 2 SRS 7

17 19 18 16 10 22 24 23 21 30 27 29 28 26 15

Therefore, A(zz) = (1,2,4)(5,20,10)(6,7,9)(11, 12, 14)(15, 25,30)(16, 17, 19)
(21,22,24)(26, 27, 29)

Now



Alyy)

00200
01000

40000

00001

00 0 1 0]

Therefore,

ty — 12,

ty — 3,

ts — t7,

ty — ti,

t5%t}l

We have

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
ty ty tz tg ts 2 t3 2 3 2 8 £ 3 3
N N A e N T 2 A A
A 7 S S > T 7 S 7S SRS S - ST 2SS - A A
8§ 2 16 5 4 18 7 1 10 9 28 12 21 15 14
16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
thoty ts th ot 8 5 oty o 2 18§ 5 18 48
N N e
ty ty 2 2oty 3 t5 8 2 ) 3 5 3 45 48
3 17 6 20 19 13 22 26 25 24 23 27 11 30 29
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Therefore, A(yy) = (1,8)(3,16)(4,5)(6,18)(9,10)(11,28)(13,21)(14, 15)
(19, 20)(23, 26)(24, 25)(29, 30)
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Symmetric Presentation of the Monomial Progenitor of 7*° : m(3 x A;)

First we need to check that the permutation representation < A(xx), A(yy) is

isomorphic to G and we can do that by using the following magma code.

S:=Sym(30);
xx:=51(1,2,4)(5,20,10)(6,7,9) (11,12,14) (15,25,30) (16,17,19) (
21,22,24)(26,27,29);
yy:=51(1,8)(3,16)(4,5)(6,18)(9,10) (11,28) (13,21) (14,15) (19,20
) (23,26) (24,25) (29,30) ;

N:=sub<S|xx,yy>;

#N;

/*180%/

IsIsomorphic(sub<GG|GG!A,GG!B>,N);

/* true x/

We now give symmetric presentations of the progenitor 7*° : (3xA5). We first find

a presentation of N.

Thus, a presentation of N is

N <xy>=<mzytlad y?, (yxao 1xysaxyxa 1) 0 lxyxa Ixyxa 1ryx
TTlxy*xx 1k ysx T kY THY*THRYXTRYXT*Y >.

Now we need to find the normalizer of < t >=< t; >= {t1,13,¢3,11,3,1%}. We
can then translate {ty, 42, 3 1,40, 15} to t; = 1, 2 = 6, t3 = 11, t{ = 16, t] = 21,
t% = 26. Now we can find the stabilizer of {1,6, 11,16, 21,26} by using the function
below:

Nt:=Stabiliser(N,{1,6,11,16,21,263});

Next step is to find where 1 is sent in all the stabilizer elements. We have

11_1 KYRTHRY 1 KLKYKRL l*y*mg*y_l *272 KYXTHRY*THY 1 ,

1 1

*x*y*xil*y*xQ*y* *x2*y*x*y*x*y _ t
]

S 1x’1*y*x*y*
-1 -1
1HYFTT O RYRTRY — ] : 1 THRYFTT O RYRTRY t,

1

1y*m_1*y*:p*y_ RTHRYFTHRYFTHRYFTHY 17

Ly sysasyrasysrry — t4

: 1y*x* 1 KYKRTHRY
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We will ensure that Q is a monomial progenitor by testing it with the sta-
biliser of Stabiliser(N,1)
Now we need to find the permutations in N that take 1 to 6,11,16,21,26,2,12 (these
are the orbits of our stabiliser).
Therefore our presentation will include the following:
t, tmfl*y*mfl*y*m)’
t,t°),
t, t:cfl*y*x*y*x%
t, tm_l*y*m*y*z>7

-1 -1
t’tx *Y*T *y*z))

(
(
(
(
(
(t,£%),

(t%,¢7),

Q < z,y,t >=<x,y, t|x3, 9y, (yxax~ Ixyxrryxr1)3, o7 Ixyxx™ Ixysxx~ Lxyxz~ 1%
YRT T LRy R THRYRTHRYFTHRY*THY*RTHY, o~ Lrysxxy~ Lxaxysr™ Lxyxax?xy~ Txx?sxyxax
yxxxy) =t tloryxa” xysrxy) = t, tyrr™ Lryxaory™ Lrssyroryrrryxory) = t,

(t, t:c*l*y*zfl*y*x% (t, te)7 (t, ta:*l*y*z*y*xL (t, 7531:*1>«<y*gv*y>kgc)7 (t, tx*l*y*xfl*y*a:)’ (t, tm>’ (tS, tz) >

The index of Q should be 7° and the order of Q will be 7° x 180 = 3025260. We then
use the Grindstaff’s Lemma to confirm this. Therefore the monomial progenitor of
75 m(3 x As) is

Q< z,yt>=<zyt|(y 1xx) vy 1xx 3%y 1z y 3z Ixy?xa 1,7 (t, 2%

y2), (2 x 2 x 2 xy D) Pk y 12 k2 x 22 w2 x o 1w y) = ¢
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Appendix Magma Code Monomial Representation of 7*5 : m(3 x

A5)

T:=TransitiveGroups(15);

G:=T[15]; CG:=CharacterTable(G); S:=Subgroups(G); H:=S[19] ‘subgroup;
CH:=CharacterTable(H); Induction(CH[2],G) eq CG[15];

/* True */

/*

for g,h in G do if sub<Glg,h> eq G then A:=g; B:=h; end if; end for;
*/

/* interrupt it */

A,B; /* These values change */

/*

1, 7, 12)(2, 9, 4)(3, 14, 8)(6, 11, 13)

(1, 5)(2, 14)(4, 12)(6, 10)(8, 15)(9, 13) */

S:=Sym(15);

xx:=8!(1, 7, 12)(2, 9, 4)(3, 14, 8)(6, 11, 13);

yy:=S!(1, 5)(2, 14)(4, 12)(6, 10)(8, 15)(9, 13);

G:=sub<S|xx,yy>;

/* Fixing value from H
Permutation group H acting on a set of cardinality 15
Order = 36 = 272 * 372
1, 6, 8(2, 15, 13)(3, 11, 7)(4, 5, 14)(9, 10, 12)
(2, 12)(8, 10)(4, 13)(5, 11)(7, 15)(9, 14)
(2, 1)@, 46, 12)(7, 9) (10, 13)(14, 15)
(1, 8, 6)(2, 9, 4)(3, 11, 7)(5, 15, 10) (12, 14, 13)

*/

H:=sub<G| (1, 6, 8)(2, 15, 13)(3, 11, 7)(4, 5, 14)(9, 10, 12),
(2, 12)(@3, 10) (4, 13)(5, 11)(7, 15)(9, 14),

(2, 11)(@3, 4) (5, 12)(7, 9)(10, 13)(14, 15),

(1, 8, 6)(2, 9, 4)(3, 11, 7)(5, 15, 10) (12, 14, 13)>;
CH:=CharacterTable(H) ;

CG:=CharacterTable(G);

for 1 in [1..#CH] do if

Induction(CH[1],G) eq CG[15] then 1; end if; end for;
/*

4

5

*/

Induction(CH[4],G) eq CG[15];

/* true x/
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Index(G,H);

/* 5 x/

#H;

/* 36 */

5%36;

Factorization(180);

/x [ <2, 2>, <3, 2>, <5, 1> ] 272x3°2%5~1 %/

CH:=CharacterTable(H);

/* How many linear does it have?

How many linear chars does it have?

*/

for i in [1..#CH] do if CH[i]J(Id(H)) eq 1 then i; end if; end for;
/*

© 0 N O O WN =

*
~

CH;
/*
Character Table of Group H

Class | 1 2 5 6 7 8 9 10 11 12
Size | 1 3 1 i 4 4 4 4 4 4 3 3
Order | 1 2 3 3 3 3 3 3 6 6
p = 2 1 1 5 8 7 10 3 4
p = 3 1 2 1 1 1 1 1 2 2
X.1 + 1 1 1 1 1 1 1 1 1 1 1 1
X.2 0 1 1 J -1-J-1-J J-1-J J 1 1-1-J J
X.3 0 1 1 1 1 J-1-J-1-7J J J-1-7J 1 1
X.4 0 1 1 -1-J J-1-7J J 1 1 J-1-J J-1-J
X.5 0 1 1 -1-7J J J-1-J J-1-J 1 1 J-1-J
X.6 0 1 1 1 1-1-7J J J-1-J-1-J J 1 1



X.7 O 1 1 -1-J J 1 1-1-7J
X.8 0 1 1 J  -1-J 1 1 J
X.9 0 1 1 J -1-J J-1-J 1
X.10 + 3 -1 3 3 0 0 O
X.11 0 3 -1 3¥xJ -3-3xJ 0 0 O
X.12 0 3 -1 -3-3%J 3xJ 0 O O

Explanation of Character Value Symbols

J = Root0fUnity(3)
*/
T:=Transversal(G,H);
#T;
/* 5 x/
for i in[1..#T] do i,T[i]; end for;
/*
1 Id(G®)
1, 7, 12)(2, 9, 4)(3, 14, 8)(6, 11, 13)

J-1-J J J-1-J
J J-1-J-1-7J J
1-1-7J J-1-J J
o o o0 -1 -1
0 0 01+ -J
0O 0 0 -J1+J

(1, 5, 2, 13, 11, 8, 15, 9, 12, 7, 6, 10, 4, 14, 3)

2
3
4 (1, 12, (2, 4, 93, 8, 14)(6, 13, 11)
5

(1, 4, 13, 11, 10, 6, 9, 14, 3, 15, 8, 2, 12, 7, 5)

x/
CH[5];
/*
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(1, 1, -zeta(3)_3 - 1, zeta(3)_3, zeta(3)_3, -zeta(3)_3 - 1, zeta(3)_3,
-zeta(3)_3- 1, 1, 1, zeta(3)_3, -zeta(3)_3 - 1)

*/

C:=CyclotomicField(3);

A:=[[C.1,0,0,0,0] : i in [1..5]];

for i,j in [1..5] do A[i,j]l:=0; end for;
/* A consists of 0’s */

for i,j in [1..5] do if T[il*xx*T[j]"-1 in H then
Ali,j]:=CH[5] (T[il*xx*T[j]l"-1);end if; end for;

GG:=GL(5,C);

GG!A;

/*

[ 0 1 0
[ 0 0 0
[ 0 0 1
[ 1 0 0
[ 0 0 0

0 0]
1 0]
0 0]
0 0]

0 -zeta_3 - 1]



*/

Order (xx) ;
/* 3 */
Order (GG!'A);
/* 3 %/

B:=[[C.1,0,0,0,0] : i in [1..5]];
for i,j in [1..5] do B[i,j]l:=0; end for;
/* A consists of 0’s *x/

for i,j in [1..5] do if T[il*yy*T[jl"-1 in H then

B[i,j]:=CH[5](T[i]l*yy*T[j]l~-1);end if; end for;

GG:=GL(5,C);

GG!B;

/* ASK about Matrix changing

[ 0 0 zeta_3
[ 0 1 0
[-zeta_3 - 1 0 0
[ 0 0 0
[ 0 0 0
*/

Order (yy) ;

/* 2 */

Order (GG!B);

/¥ 2 */

IsIsomorphic(G,sub<GG|GG!A,GG!B>);
/* true */

/* Note that zeta_3 = 9 Ask Hasan how this happens one more timex*/

CH[5];
/*Replace zeta_3 with 9

(1, 1, -zeta(3)_3 - 1, zeta(3)_3,
zeta(3)_3, -zeta(3)_3 - 1,
zeta(3)_3,-zeta(3)_3 - 1, 1, 1,
zeta(3)_3, -zeta(3)_3 - 1)

*/
PrimitiveRoot(7);

/* 3 x/

CHbseq:= [ 1, 1, -9-1, 9,9, -9-1,9,-9-1,1,1,9, -9-1

A:=[[0,0,0,0,0] : i in [1..5]1];
for i,j in [1..5] do if T[il*xx*T[j] -1
in H then for k in [1..#CH[5]] do if

= O O O O

0]
0]
0]
1]
0]

1;
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CH[6] (T[il*xx*T[jl1°-1) eq CH[5][k] then
A[i,j]:=CHbseqlk] mod 7 ;end if; end for; end if; end for;

GG:=GL(5,7);
GG'A;

/*

(0100 0]
[000 1 0]
(0010 0]
[1 00 0 0]
[0 000 4]
*/

B:=[[0,0,0,0,0] : i in [1..5]];

for i,j in [1..5] do if T[ilxyy*T[jl~-1

in H then for k in [1..#CH[5]] do if

CH[5] (T[il*yy*T[jl1°-1) eq CH[5][k] then

B[i,j]:=CH5seq[k] mod 7 ;end if; end for; end if; end for;

GG:=GL(5,7);
GG!B;

/*

[0 020 0]
[0100 0]
[4 000 0]
(0000 1]
[00010]
*/

IsIsomorphic(G,sub<GG|GG!A,GG!B>);
/* true */
S:=Sym(30);

xx:=81(1,2,4)(5,20,10)(6,7,9) (11,12,14)
(15,25,30) (16,17,19) (21,22,24) (26,27,29) ;
yy:=S1(1,8) (3,16) (4,5) (6,18) (9,10) (11,28)
(13,21)(14,15) (19,20) (23,26) (24,25) (29,30) ;
N:=sub<S|xx,yy>;

#N;

/*180%/

IsIsomorphic(sub<GG|GG!A,GG!B>,N);

/* true */

FPGroup (N) ;

/*

$.1°3 = Id($) --> x°3
$.2°2 = 1d($)
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(3.2 %« $.17-1 x $.2 x $.1 x $.2 x $.1°-1)"3 = Id($)
$.17-1 * $.2 *x $.17-1 * $.2 * $.1°-1
* $.2 x $.17-1 * $.2 x $.1°-1 x $.2
* $.1 % $.2 %« $.1 % $.2 % $.1 x $.2
* $.2

* $.1 x $.2 x $.1 = Id($)
x"3 = I1d($)
y 2 = 1d($)

(y *x"-1 *y *x *y *x"-1)"3 = Id($)
x7-1 *xy *x7-1 xy *x"-1 *y *x"-1 *y
*x"=1 *y * X ¥y *X *y *X ¥y *X *y *X *y = Id($)

G<x,y,t>:=Group<x,y,t|x"3, y°2,(y *x"-1
xy *x *y *x"-1)73,x7-1 *y *x"-1 *y *x"-1
*y *x7-1 xy *x7-1 %y * X *y *x Xy *xX *y
*X Xy *X *y,t“?,

*/

Nt:=Stabiliser(N,{1,6,11,16,21,26}); /* Get the #’s
from the perm building chart */
/* These perms are in the stabiliser */
for n in N do if {1,6,7,8,9,10}"n eq {1,6,7,8,9,10}
then n; end if; end for;
Nt;
/*
Permutation group Nt acting on a set of cardinality 30
Order = 36 = 272 * 372
(2, 3)(4, 20)(5, 9)(7, 8)(10, 19)(12, 13)(14, 25)(15,
29) (17, 18) (22,
23) (24, 30)(27, 28)
(2, 18, 4)(@3, 9, 7T (5, 20, 10)(8, 19, 17)(12, 23,
14) (13, 29, 27)(15, 25,
30) (22, 28, 24)
(1, 16, 6)(2, 3, 10)(5, 17, 18)(7, 8, 20)(11, 21,
26) (12, 13, 30) (15, 22,
23) (25, 27, 28)
*/
Set (Nt) ;
w:=WordGroup (N) ;
rho:=InverseWordMap(N) ;
A:=N!(2, 3)(4, 200(5, 9)(7, 8)(10,
19) (12, 13)(14, 25) (15, 29) (17, 18) (22,
23) (24, 30)(27, 28);/* t~ 0=t (t,_) */
B:=N!(2, 18, 4)(3, 9, 7)(5, 20, 10) (8,
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19, 17) (12, 23, 14) (13, 29, 27)(15, 25,

30)(22, 28, 24); /* t0O=t (t,_) */

C:=N!'(1, 16, 6)(2, 3, 10)(5, 17, 18)(7,

8, 20) (11, 21, 26)(12, 13, 30) (15, 22,

23) (25, 27, 28);

AQ@rho;

AA:=function(w)
wl :=w.17-1; w3 := wl * w.2; w2 := w.2"-1; w4 := w2 * w.1l; wb := w.1l * w4;
w6 = w3 * wh; w8 := w6 *x w.2; w9 := w8 x w6; wlO := w9 *x w6; wll := wlO x*
w.l; wi2 := will * w.2; wi3 := wl12 *x w.1; wld := wi3 *x w.2; wilb := wid *x w.1;
wl6e := wlb * w.2; return wil6;

end function;

AA (FPGroup(N)) ;

/*

$.17-1 * $.2 x $.1 *x $.27-1 * $.1 x $.2 x $.1°-1 * $.2 x $.1"2 x $.2°-1 * $.1°2

* $.2 x $.1 x $.2 x $.1 * $.2

x"-1 xy *x *y~-1 *x *y *x"-1 *y *x72 *xy~-1 *x"2
*y *xX *y *kxX *y
*/
B@rho;
BB:= function(w)
wl7 (= w.1l * w.2; wl := w.17-1; w18 := wl7 * wl; wl9 := wl8 * w.2; w20 :=
wl9 *x w.1; w21 := w20 * w.2; return w2il;
end function;
BB (FPGroup(N)) ;
/*
$.1 x$.2 %x3$.17-1 x $.2 x $.1 * $.2

X *x y *k x"-1 * y * X *y

*/

C@rho;

CC:=function(w)
wl = w.17-1; w3 = wl * w.2; w2 := w.2"-1; w4 := w2 * w.1l; wb := w.1 *x w4;
w6 := w3 ¥ w5; w8 := w.2 *x w6; w9 := w8 * w.2; wiO := w9 *x w.1; wil := wi0 *
w.2; wi2 = will *x w.1; wi3d := wl2 *x w.2; wild := wil3 * w.1; wlb := wid * w.2;
return wib;

end function;

CC(FPGroup(N)) ;

/*

$.2 x $.17-1 x $.2 * $.1 * $.2°-1 *x $.1 *x $.2 x $.1 x $.2 x $.1 * $.2 * $.1 =

$.2

y ok x~-1 * y * x % yA—l ¥ X ¥ ¥ k¥ X kY kX ky kX ky
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*/
Orbits(Stabiliser(N,1));
/*
GSet{@ 1 @},
GSet{@ 6 @},
GSet{@ 11 @F,
GSet{@ 16 @},
GSet{@ 21 @F,
GSet{@ 26 @},
GSet{@ 2, 10, 4, 20, 8, 18, 7, 5, 17, 9, 19, 3 @},
GSet{@ 12, 30, 14, 25, 28, 23, 27, 15, 22, 29, 24, 13 @}
*/

/* Work with this one */
G<x,y,t>:=Group<x,y,t1x"3, y°2,(y *x"-1
xy *x *y *x"-1)73,x7-1 *y *x"-1 *y *x"-1
¥y *x7-1 xy *x7-1 %y * X *y *x ¥y *xX *y
*X Ky *X *y,t‘?,t”(x“—l Xy kX *y~-1 *x
*y *x~ -1 *y *x"2 *y“—l *xX~2 *y kX ky *X
*y)=t,t (x * y * x"-1 * y * x *
yI)=t,t"(y * x"-1 *x y * x *x y°-1 x x *x y
* X kY ok X ky ok x ok y)=t~4,(t,t7x)/*
Need to remove after test*/>;

/* #G Should get 7°5%180 */
Index(G,sub<G|x,y>); /* should be 775 */
/* 16807 x/

#sub<G|x,y>;

Example 3.9

Monomial Representation of 7°:, (31xA45)

Isomorphism Type of G

We are given G, a transitive group on 15 letters, where G is generated by

xx=(1, 10, 9, 13, 3, 6, 15, 2, 14, 7, 8, 5, 4, 12, 11)

and

yy=(1, 5, 3, 2, 12, 6, 10, 7, 4, 13, 8, 15, 11, 9, 14)

We will now evaluate the Composition Factors and Normal Lattice of G using the

Magma codes below:
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S:=Sym(15);

xx:=S!(1, 10, 9, 13, 3, 6, 15, 2, 14, 7, 8, 5, 4, 12, 11);
yy:=st(1, 5, 3, 2, 12, 6, 10, 7, 4, 13, 8, 15, 11, 9, 14);
G:=sub<S|xx,yy>;

#G;

/* 180 */

CompositionFactors(G) ;

/*
Alternating(5)

Cyclic(3)

= — % —Q

From the composition factor results we believe that we will get a direct

product of (3 x As). We can further verify this using the following code:

IsIsomorphic(G, DirectProduct(CyclicGroup(3), Alt(5)));
True

Therefore, G is a direct product (3 x As) and we can find a representation of G.

Faithful Irreducible Monomial Representation of (3 x Aj;)

Using the code below we can show that G has an irreducible monomial repre-

sentation of degree 5.

H:=sub<G| (1, 13, 3)(2, 9, 4)(5, 10, 15)(6, 14, 7)(8, 12, 11),
(1, 42, 8)(@3, 12)(6, (7, 13)(11, 14),
(1, 142, 73, 94, 11)(6, 12)(8, 13),
(1, 8, 6)(2, 9, 4)(3, 11, 7)(5, 15, 10)(12, 14, 13)>;

#H;

/* 36 */

CH:=CharacterTable(H);

CG:=CharacterTable(G);

for 1 in [1..#CH] do if

Induction(CH[5],G) eq CG[14];

/* true x/

#G/#H --> 180/36 = 5 (Note this is also the number of transversals)
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Note: The above tells us we are going to have a 5 x 5 matrices because we

have 5 t’s.
[ p(taaty!) d(tizaty!) d(taaty)) oltasty)) o
Otaratit) Gltaxaty!) oltaraty") dtazaty") o
Alxx) = | ¢(tszat]) o(tsvaty’) o(tsaaty') o(tswaty') o
o(tyzwt') o(tyzaty') o(taxats) o(taxaty’) o
| Gtsxatyl) G(tsxaty') tswats') tszaty') o
[ o(tyts") oltiyyty!) oltyts") o(tuyts') ot
P(tayyty') oltayyts"') otayyts') oltayyty') o(t
Alyy) = | oltsyyt") oltsyyty') oltsyyts') oltsyyty') ot
Oltayyty') dltayyty') o(tayyts') o(tayyty') ot
otsyyty ) dltsyyts') oltsyyts') oltsyyts') ot
(01 00 0
00010
A(xzxz) =0 0 0 0 4| and
00100
100 0 0]
(0 0 1 0 0
00020
Alyy)=10 2 0 0 0
0000 2
4 0 0 0 0]

Now we want to see if it is a faithful representation and we use Cyclotomic

Field 3 since we have a cube root of unity.

C:=CyclotomicField(3);
A:=[[C.1,0,0,0,0] : i in [1..5]];
B:=[[C.1,0,0,0,0] : i in [1..5]];



GG:=GL(5,C);

IsIsomorphic(G,sub<GG|GG!A,GG!B>);

/* True */

Hence < A(xzz), A(yy) > is a faithful monomial representation of G.
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Permutation Representation of the Monomial Representation of (3 x

As)

Formula: a;; =q = 1;

Azx) =

where 12 = ]_, oy = 1, agr = 4, 43 = 17 a1 = 1.

Therefore,

ty — 3,

ty — ti,

ts — té

5 —>t%

o O o O

1

o O O

0

_ o O O

0

o o O = O

S O b~ O O
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12 3 4 5 6 7 8 9 10 11 12 13 14 15

ty to ty tg ts 26 1 3 Y 3 5 3 5 S
N A S e A R A
ty tg t2 otz oty 23 3 5 S 3 3 t; ot S

2 4 28 3 1 11 12 13 14 15 21 22 23 24 25

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

VR A > S & S & S & S 5 S % SE & SRS - =S S . 7
R N T 2 S A A A A
ts t2 2 8 B 2 6 o oty 5 2 3 4 8 8

5 29 26 30 27 16 17 18 19 20 6 7 8 9 10

Therefore, A(zz) = (1,2,4,3,28,8,13,23,18,26,6,11,21,16,5)
(7,12,22,17,29,9, 14, 24, 19, 30, 10

15,25, 20, 27)
(00 1 0 0]
00020
Blyy)=10 2 0 0 0
0000 2
40000

where a3 = 1, a24_: 2, azp = 2, &45 =2, a5 = 4.
Therefore,
ty — t3,
ty — t2,
ts — t2,

t4 — t%,
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ts — t7,

12 3 4 5 6 7 8 9 10 11 12 13 14 15

th ty otz oty ty 3 t3 ot 5 48 2 43 1) 5 1S

ty t3 t3 2 ot 2 43 o5 1S o S ot 88

3 21 11 26 8 16 17 18 19 20 23 25 4 22 24

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

t5 13 13ty S 13 ot} oty oty o 2 3 tf 2 18
N T T S N N A e
ty 1S oty 3ty td S oty 2 2 ot ) 2 8 83

13 15 2 12 14 28 30 5 27 29 1 9 6 10 7

Therefore, B(yy) = (1,3,11,23,5,8,18,2,21, 28,6, 16, 13, 4, 26)
(7,17,15,24,27,9,19, 12, 25,29, 10, 20, 14, 22, 30)

Symmetric Presentation of the Monomial Progenitor of 7*° : m(3 x Aj)

First we need to check that the permutation representation is isomorphic

to G and we can do that will the following magma code.

S:=Sym(30) ;

xx:=8!(1,2,4,3,28,8,13,23,18,26,6,11,21,16,5) (7,12,22,17,29,9,14,24,19,
30,10,15,25,20,27);

yy:=S!(1,3,11,23,5,8,18,2,21,28,6,16,13,4,26) (7,17,15,24,27,9,19,12,25,
29,10,20,14,22,30);

N:=sub<S|xx,yy>;

#N;

/*180%/

IsIsomorphic(N,G);

/* true *x/

FPGroup(N) ;

/*
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Finitely presented group on 2 generators

Relations
($.2°-1 * $.1)°3 = Id($) --> (y°-1 *x)"3
$.27-1 % $.17-3 x $.27-1 * $.172 = Id($) -—> y -1*x"-3*y -1*x"2
$.27-3 * $.17-1 x $.27°2 * $.17°-1 = Id($) -—> y -3*xx"-1*y2*x~-1

We can now build the presentation in terms of x and y:
Q<zuyt>=<mzylly lxx)y sz 3y 1xa?y s 1xy’x271>. Now
we need to find the normalizer of < t >=< t; >= {t;,12, 3 t},4,t5}. We can then
translate {t;, 2, 65,1, 13,8 toty, =13 =6 3 =7t} =8 ¢] = 9 1§ = 10 and we
get this from our prevous labeling on page 3. Now we can find the stabilizer of
{1,6,7,8,9,10} by using the function below:

Nt:=Stabiliser(N,{1,6,7,8,9,10});

Next step is to find where 1 is sent in all the stabilizer elements. We can see that
199 =1 = 19 = ¢
1x2*y2*z3*y’1 =1 — 1x2*y2*x3*y’1 — ¢t

3 — 2222w — 3 — 2,02, 2,02 . —
12°*y Lk o*ky“*x*y” *x l*yzl S it Lk sy *xxo*xy“*x 1*y:t4

We will ensure that ) is a monomial progenitor by testing it with the
stabiliser of Stabiliser(N,1)
Now we need to find the permutations in N that take 1 to 2,6,7,8,9,10,12.
Therefore our presentation will include the following:
(t, %),
(¢,2 1),
(¢t ),
(¢t 1),
(£,272),
(t’ t:t*y*a:>’
(t, %),
Q<zyt>=<y lxx)dy lxax3xy 1z yS3xa 1xy?xa 1,17,
(t, 2?2 y?), (o2 xy?* 2P+ y 1), b gy Txa? xy? s 22 52 x 07 15 y) = t4,
(t’ t$)’ (t’ ty_l*z), (t’ tm_l)’ (t’ tm_l*y)’ (t, ty_Q)’ (t, ta?*y*.r), (t’ te) >
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The index of Q should be 7° and the order of Q will be 7° x 180 = 3025260. We then
use the Grindstaff’s Lemma to confirm this.Therefore the monomial progenitor of
75 m(3 x Aj) is

Q<zyt>=<y lxx)d y 1xax 3xy 1xa?y 3xax 1xy>xax 1,1,

(t, 2?2 y?), (L2 x 2+ 2P+ y 1)t gy Txa? v 2 x 22+ 2 v 0 1xy) =t >



Appendix Magma Code Monomial Representation of 7*5 : m(3 x
As)

:=TransitiveGroups(15);

:=T[15];

:=TransitiveGroups(15);

:=T[15]; CG:=CharacterTable(G); S:=Subgroups(G);

:=5[19] ‘subgroup; CH:=CharacterTable(H);

for g,h in G do if sub<Gl|g,h> eq G then A:=g;

B:=h; end if; end for;

*/

/* interrupt it */

A,B; /* These values change and give us our x and y */
S:=Sym(15);

xx:=S!(1, 10, 9, 13, 3, 6, 15, 2, 14, 7, 8, 5, 4, 12, 11);
yy:=St(1, 5, 3, 2, 12, 6, 10, 7, 4, 13, 8, 15, 11, 9, 14);
G:=sub<S|xx,yy>;

CompositionFactors(G);

== I B P I |

/*
G
| Alternating(5)
*
| Cyclic(3)
1

*/

G eq T[15];

/* true */

#G;

/* 180 */

/*

Permutation group H acting on a set of cardinality 15
Order = 36 = 272 * 372
(1, 13, 3)(2, 9, 4 (5, 10, 15)(6, 14, 7)(8, 12, 11)
(1, 42, 8)(@3, 12)(6, 9(7, 13)(11, 14)
1, 142, @G, 94, 11)(6, 12)(8, 13)
(1, 8, 6)(2, 9, 4)(3, 11, 7)(5, 15, 10)(12, 14, 13)
*/
H:=sub<G| (1, 13, 3)(2, 9, 4)(5, 10, 15)(6, 14, 7)(8, 12, 11),
(1, (2, 8)(3, 12)(6, 9 (7, 13)(11, 14),
(1, 14)(2, (@3, 94, 11)(6, 12)(8, 13),
(1, 8, 6)(2, 9, 4)(@3, 11, 7)(5, 15, 10) (12, 14, 13)>;
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#H;
/* 36 *x/
CH:=CharacterTable(H) ;
CG:=CharacterTable(G) ;
for 1 in [1..#CH] do if
Induction(CH[1],G) eq CG[14] then 1; end if; end for;
/*
5
6
*/
Induction(CH[5],G) eq CG[14];
/* true */
Index(G,H);
/* 5 x/
#H;
/* 36 */
36%5;
Factorization(180);
J* [ <2, 2>, <3, 2>, <5, 1> ] 2°2%3"°2%5°1 %/
H;
/*
Permutation group H acting on a set of cardinality 15
Order = 36 = 272 * 372
(1, 13, 3)(2, 9, 4)(5, 10, 15)(6, 14, 7)(8, 12, 11)
(1, 4)(2, 8)(38, 12)(6, 9 (7, 13)(11, 14)
(1, 14) (2, 73, 94, 11)(6, 12)(8, 13)
(1, 8, 6)(2, 9, 4)(3, 11, 7)(5, 15, 10)(12, 14, 13)
*/
H eq sub<G| (1, 13, 3)(2, 9, 4)(5, 10, 15)(6, 14,
7)(8, 12, 11),(1, 4)(2, 8)(3, 12)(6, 9)(7,
13) (11, 14),(1, 14)(2, 7)(3, 9) (4, 11)(6, 12)(8,
13),(1, 8, 6)(2, 9, 4)(3, 11, 7)(5, 15, 10)(12,
14, 13)>;

H:=sub<G| (1, 13, 3)(2, 9, 4)(5, 10, 15)(6, 14,
7@, 12, 11,1, 4)(2, 8)(3, 12)(6, 9)(7,
13)(11, 14),(1, 149) (2, 7)(3E, 94, 11)(6, 12)(8,
13),(1, 8, 6)(2, 9, (3, 11, 7)(5, 15, 10) (12,
14, 13)>;

CH:=CharacterTable(H);

/* How many linear does it have?

How many linear chars does it have?

*/
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.#CH] do if CH[i](Id(H)) eq 1 then i; end if; end for;

for i in [1.

*
~

— N M WO N~

~
*

CH;

/*
Character Table of Group H

9 10 11 12

8

1

Class
Order |

Size

1

1
X.2

J-1-J
J-1-J

J-1-J J-1-J

-1-J
-1-J

1-1-7J
J-1-J

J
1

J-1-J
1-1-J

-1-J

X.3

J-1-J

X.4

X.5
X

1-1-J
J-1-J-1-7J
J-1-J

J-1-J-1-7J

J

1

-1-J-1-7J J

J

J-1-J

J-1-J

X.7

J-1-J

J-1-J-1-7J
J-1-J

1

-1-J

X.8

J-1-J

1-1-J

-1-7J

X.9

+ 3-1

X.10

-J
-J 1+J

0 1+J
0

0
0

0

3*%J -3-3%J

3 -1

X.11 0

3*J

3 -1 -3-3%J

X.12 0

Explanation of Character Value Symbols

J = Root0fUnity(3)
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*/

T:=Transversal(G,H);

#T;

/* 5 x/

for i in[1..#T] do i,T[i]; end for;
/*

1 Id(G)
2 (1, 10, 9, 13, 3, 6, 15, 2, 14, 7, 8, 5, 4, 12, 11)
31,5, 3,2, 12, 6, 10, 7, 4, 13, 8, 15, 11, 9, 14)
4 (1, 9, 3, 15, 14, 8, 4, 11, 10, 13, 6, 2, 7, 5, 12)
5 (@, 11, 12, 4, 5, 8, 7, 14, 2, 15, 6, 3, 13, 9, 10)
*/
T[1]*xx*T[1]"-1 in H;
/* False x/
T[1]*xx*T[2]"-1 in H;
/* True x/
CH[5];
/*
(1, 1, zeta(3)_3, -zeta(3)_3 - 1, zeta(3)_3, -zeta(3)_3 - 1,
-zeta(3)_3 - 1, zeta(3)_3, 1, 1, -zeta(3)_3 - 1, zeta(3)_3 )
*/
T[11]*xx*T[11] -1 in H;
/* true x/
T[11]*xx*T[11]"-1;

C:=CyclotomicField(3);

A:=[[C.1,0,0,0,0] : i in [1..5]];

for i,j in [1..5] do A[i,j]:=0; end for;

/* A consists of 0’s */

for i,j in [1..5] do if T[il*xx*T[j]"-1 in H then
Ali,j]:=CH[B] (T[i]*xx*T[j]"-1);end if; end for;

GG:=GL(5,C);

GG!'A;

/*

[ 0 1 0 0 0]
[ 0 0 0 1 0]
[ 0 0 0 0 -zeta_3 - 1]
[ 0 0 1 0 0]
[ 1 0 0 0 0]
*/

Order (xx) ;

/* 15 %/

Order (GG'A) ;
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/%15 */

B:=[[C.1,0,0,0,0] : i in [1..5]];
for i,j in [1..5] do B[i,j]:=0; end for;

/* A consists of 0’s %/

for i,j in [1..5] do if T[il*yy*T[jl~"-1 in H then
B[i,j]:=CH[5] (T[il*yy*T[j]l~-1);end if; end for;
GG:=GL(5,C);

GG!B;

/*

L 0
[ 0

0 0 0]
0
[ 0 zeta_3
0
1

zeta_3 0]
0]
0 zeta_3]
0 0]

[ 0

[-zeta_3 - 0

*/

Order (yy) ;

/*16%x/

Order (GG!B);

/* 15 %/
IsIsomorphic(G,sub<GG|GG!A,GG!B>);
/* true */

/* Note that zeta_3 = 9 Ask Hasan how this happens one more timex/
CH[5];

/*Replace zeta_3 with 9

O O O O+
o

(1, 1, zeta(3)_3, -zeta(3)_3 - 1, zeta(3)_3, -zeta(3)_3 - 1, -zeta(3)_3 - 1,
zeta(3)_3, 1, 1, -zeta(3)_3 - 1, zeta(3)_3 )
*/
PrimitiveRoot(7);
/* 3 %/
CH5seq:= [1, 1, (9), -(9) -1, (9, -(9) -1, -(9) -1,
@, 1,1, -9 -1, (9 1;

T:=Transversal(G,H);

A:=[[0,0,0,0,0] : i in [1..5]];

for i,j in [1..5] do if T[il#*xx*T[j]"-1 in H then

for k in [1..#CH[5]] do if CH[5]

(T[il*xx*T[jl"-1) eq CH[5] [k] then

A[i,j]:=CH5seqlk] mod 7 ;end if; end for; end if; end for;
GG:=GL(5,7);

GG!'A;

/*

(0100 0]



[00010]
[0 00 0 4]
[0010 0]
[1 000 0]
*/

T:=Transversal(G,H);
BZ=[[0,0,0,0,0]

: i in [1..5]1];

for i,j in [1..5] do if T[il*yy*T[j]1°-1 in H then

for k in [1..#CH[5]] do if CH[5]
(TLil*yy*T[j]1"-1) eq CH[5][k] then

B[i,j]:=CHbseqlk] mod 7 ;end if; end for; end if; end for;

GG:=GL(5,7);
GG!B;

/*

[0 010 0]

[0 00 2 0]

[0 2 00 0]

[0 000 2]

[4 000 0]

*/

S:=Sym(30);

xx:=81(1,2,4,3,28,8,13,23,18,26,6,11,21,16,5) (7,1
2,22,17,29,9,14,24,19,30,10,15,25,20,27) ;
yy:=S1(1,3,11,23,5,8,18,2,21,28,6,16,13,4,26) (7,1
7,15,24,27,9,19,12,25,29,10,20,14,22,30) ;

N:=sub<S|xx,yy>;

#N;
/*180%/

IsIsomorphic(sub<GG|GG!A,GG!B>,N);

/* true */
FPGroup(N) ;
/%

Finitely presented group on 2 generators

Relations

(3.27-1 x $.1)°3 = Id($)
$.27-1 % $.17-3 x $.2°-1 * $.172
$.27-3 x $.1°-1 *x $.272 * $.1°-1

-=> (y~°-1 *x)~3

Id($) ——> y -1*x"-3*y " -1%x"2
Id($) -—> y -3*x"-1*y2*x~-1

132

G<x,y,t>:=Group<x,y,t| (y™-1 *x)73, y -1*x"-3*%y -1%x"2,y " -3*x"-1*y2*x~-1,

t77,
*/

Nt:=Stabiliser(N,{1,6,7,8,9,10});

/* These perms are in the stabiliser */
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for n in N do if {1,6,7,8,9,10}"n eq {1,6,7,8,9,10}
then n; end if; end for;
Set (Nt) ;
w:=WordGroup (N) ;
rho:=InverseWordMap(N) ;
A:=N!(2, 23, 3)(4, 16, 11)(5, 28, 26) (12, 24,
17) (13, 21, 18) (14, 25, 19) (15, 22,20) (27, 29,
30);
B:=N!(2, 28)(3, 21)(4, 18)(5, 11)(12, 29) (13,
26) (14, 30) (15, 27) (16, 23)(17,25) (19, 22) (20,
24);
C:=N!(1, 8, 6)(2, 18, 4)(3, 21, 11)(7, 9, 10) (12,
19, 22)(13, 16, 23) (14, 20,24) (15, 17, 25);
AQ@rho;
AA:=function(w)
w6 = w.172; w7 :
end function;
AA(FPGroup (N));

w.272; w8 :

w6 * w7; return w8;

B@rho;

BB:= function(w)
w6 = w.172; w7 = w.272; w8 := w6 * w7; w3 := w.17°3; w2 := w.2"-1; w4 := w3
* w2; wlO0 := w8 * w4; return wil0;

end function;

BB(FPGroup(N)) ;

C@rho;

CC:=function(w)
w3 = w.173; w2 := w.2"-1; w4 := w3 * w2; w6 := w.172; w7 := w.272; w8 := w6
* wr; wil := w4 *x w8; wl2 := wil * w8; wl := w.17-1; wi13 := wil2 * wl; wl4d :=
wl3 * w.2; return wil4;

end function;

CC(FPGroup(N)) ;

/* Work with this one */
G<x,y,t>:=Group<x,y,t| (y7-1 *x)73, y -1*x"-3*%y -1%x"2,y" -3*x"-1*y~2%xx"-1,
77, (£,x72xy"2), (t,x"2%y " 2%x" 3%y ~-1),t" (X7 3%y —1*kx" 2%y 2kx 2%y 2%x"-1%y) = t74>;
Orbits(Stabiliser(N,1));
/*
[
GSet{@ 1 @},
GSet{@ 6 @},
GSet{@ 7 @},
GSet{@ 8 @},
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GSet{@ 9 @},

GSet{@ 10 @},

Gset{@ 2, 21, 23, 26, 18, 28, 3, 5, 13, 11, 16, 4 @},
GSet{@ 12, 25, 24, 30, 19, 29, 17, 27, 14, 15, 20, 22 @}

*/

/* Do not use this one it was only to test it
(t"x), Has an extra relation at the end */
G<x,y,t>:=Group<x,y,t| (y~-1 *x)°3,

yoo1kxT -3y T -1#x72,y T -3*xT-1xy T 2xx7 -1,

t°7, (t,x72%y"2),

(t,x7 2%y~ 2%xx" 3%y~ —1) , £t~ (X7 3%y~ —1*x " 2%y~ 2%x " 2%y~ 2%
x"-1*y) = t74, (t,t7x)>;

#G;

/* Should get 7°5%180 */

Index (G,sub<G|x,y>);/* should be 7°5 */

/* 16807 */
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3.5 Wreath Product of 731 S;

Let H =< (1,2,3,4) >~ Z4 andK =< (5,6,7,8) >= Z, be permutation groups on
X ={1,2,3,4} and Y = {5,6,7,8}, respectively.

Let Z=XxY
Z = {(1,5)(1,6)(1,7)(1,8)(2,5)(2,6)(2,7)(2,8)(3,5)(3,6)(3,7)(3,8)(4,5) (4,6)(4,7)(4,8) }

We can now label each 2 cycle permutation to help us find our generators of H
and K.

Table 3.7: Permutation cycle of Z3 1S3

Let v = (1,2,3,4)

v(5) :

9(1 5) — (2,5)13
13(2,5) — (3,5)17

17(3,5) — (4,5)21

21(4,5) — (1,5)9

7(6) :

10(1,6) — (2,6)14
14(2,6) — (3,6)18
18(3,6) — (4,6)22
22(4,6) — (1,6)14
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v(6) = (10,14, 18, 22)

~(7) = (11,15, 19, 23)

v(8) = (12,16, 20, 24)

7(5) x v(6) x ¥(7) x ¥(8)
< (9,13,17,21), (10, 14, 18, 22), (11, 15, 19, 23), (12, 16, 20, 24) >

Let B
B

< (5,6,7,8) >

Let k

k* -

9(1,5) — (1,6)10

10(1,6) — (1,7)11

11(1,7) — (1,8)12
12(1,8) — (1,5)9

13(2,5) — (2,6)14
14(2,6) — (2,7)15

15(2,7) — (2,8)16
16(2,8) — (2,5)13
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17(3,5) — (3,6)18
18(3,6) — (3,7)19
19(3,7) — (3,8)20
20(3,8) — (3,5)17
21(4,5) — (4,6)22
22(4,6) — (4,7)23
23(4,7) — (4,8)24
24(4,8) — (4,5)21

e=k*=<(9,10,11,12)(13, 14, 15,16)(17, 18, 19, 20)(21, 22, 23, 24) >
Label the B permutations a,b,c and d
B =

a b C d
(9,13,17,21) (10,14,18,22) (11,15,19,23) (12,16,20,24)

Table 3.8: Labeling B permutations
Presentation of H ! K

< a,b,c,d ela*, vt d*, (a,b), (a,c), (a,d), (b,c),(b,d),(c,d), et a® = b,b® = ¢, =
d,d*=a>.

Note from using B and £*:
a® = (10,14, 18,22) = b,
b¢ = (11,15,19,23) = ¢,
= (12,16,20,24) = d,
d°=(9,13,17,21) = a.

Verifying answer permutation generator and presentation by using magma code

below:
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z_$
S:= Sym(24);
B:= sub<S| (9,13,17,21), (10,14,18,22),(11,15,19,23),(12,16,20,24)>;

Reath := sub$<S|B,(9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24)$>;
#Reath;
/%1024 */

G <a,b,c,d,e> := Group <a,b,c,d,e | a4, b"4, c4, 474, (a,b),(a,c),(a,d),(b,c),
(b,d), (c,d), e"4, a~e=b,b"e=c,c”e=d,d"e=a>;

#G;

/%1024 */

Using Magma we can compute the minimal faithful permutation representation of

G.

/* Below is Z_3 wr S_3 */

G <a,b,c,d,e> := Group <a,b,c,d,e|l a~3,b"3,c"3,473,e"2, (d*e) "2,
(a,b),(a,c),(b,c), a~d=b,b"d=c,c"d=a,a"e=b,b"e=a,c e=c>;

#G;

/* 162 x/

W:= WreathProduct (A1t (3),Sym(3));

#W;

/x 162 x/

f,G1,k:=CosetAction(G,sub<G|Id(G)>);

IsIsomorphic(G1,W);

/* true *x/

G1;

/* 162 x/

/* Gives you that the group is on carditionality 9 (meaning 9 letters) */
W;

/*

Permutation group W acting on a set of cardinality 9
Order = 162 = 2 * 374

(1, 4, (2, 5, 8)(3, 6, 9)

(1, (2, 5)(, 6)

(1, 2, 3)

*/

/*

Loop below finds the minimal faithful permutation representation ( i.e 648 --> 9



Looking at kernels that have one and storing those
(Core means kernel)

*/

SL:=Subgroups (G1) ;

T := {X‘subgroup: X in SL};

#T;

TrivCore := {H:H in T| #Core(G1l,H) eq 1};

mdeg := Min({Index(G1,H):H in TrivCorel});
Good := {H: H in TrivCore| Index(Gl,H) eq mdeg};
#Good;

H := Rep(Good);

#H;

£,G1,K := CosetAction(G1,H);
G1;

139
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Chapter 4

Isomorphism Types

In this chapter we demonstrate how to determine the isomorphism type of

a group.

4.1 Semi-Direct Product

We determine the isomorphism type of the group N =< zz,yy,zz >,
where
xx = (1, 20, 37, 9, 28, 5, 18, 35, 13, 26, 4, 21, 34, 12, 30)(2, 19, 38, 10, 27, 6, 17,
36, 14, 25, 3, 22, 33, 11, 29)(7, 23, 40, 16, 31)(8, 24, 39, 15, 32),

vy = (1, 32, 13, 34, 24, 5, 26, 15, 37, 18, 8, 30, 9, 39, 21)(2, 31, 14, 33, 23, 6,
25, 16, 38, 17, 7, 29, 10, 40, 22)(3, 27, 11, 36, 19)(4, 28, 12, 35, 20),

zz = (1, 19, 38, 10, 28, 5, 18, 36, 14, 25, 4, 21, 34, 11, 29, 2, 20, 37, 9, 27, 6,
17, 35, 13, 26, 3, 22, 33, 12, 30)(7, 24, 40, 15, 31, 8, 23, 39, 16, 32).

We note that |N| = 480 and we use the magma code below to find the normal

lattice of N:

S:=Sym(40) ;
xx:=S!(1, 20, 37, 9, 28, 5, 18, 35, 13, 26, 4,
21, 34, 12, 30)(2, 19, 38, 10, 27, 6, 17,
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36, 14, 25, 3, 22, 33, 11, 29)(7, 23, 40, 16,
31)(8, 24, 39, 15, 32);

yy:=S!(1, 32, 13, 34, 24, 5, 26, 15, 37, 18, 8,
30, 9, 39, 21)(2, 31, 14, 33, 23, 6, 25,

16, 38, 17, 7, 29, 10, 40, 22)(3, 27, 11, 36,
19) (4, 28, 12, 35, 20);

zz:=S!(1, 19, 38, 10, 28, 5, 18, 36, 14, 25, 4,
21, 34, 11, 29, 2, 20, 37, 9, 27, 6, 17,

35, 13, 26, 3, 22, 33, 12, 30)(7, 24, 40, 15, 31,
8, 23, 39, 16, 32);

N:=sub<S|xx,yy,zz>;

#N;

/* 480 */

NL:= NormalLattice(N);
NL;

NL[18]
Order 480
NL[17] NL[16]
Order 160 Order 96
NL[10] NL[11] NL[12] NL[13] NL[14] NL[15]
Order 40 Order 40 Order 40 Order 40 Order 40 Order 32
NL[4] NL[5] NL[6] NL[7] NL[8] NL[9]

Order 10 Order 8 Order 8 Order 8 Order 8 Order 8

=\

NL[3] NL[2]
Order 5 Order 2

NL[1]
Order 1

Figure 4.1: Normal Lattice of Semi Direct Product

The largest normal abelian subgroup of N can be found using the following magma
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code:

for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;

The largest number it outputs will be the largest normal Abelian
subgroup of N. In this
case it is 13

= 00 O O WN -

From the info above we can see that NL[13] is the largest normal abelian subgroup
and the order of NL[13] to be 40.

N has 3 Normal subgroups of order 2 and one of order 5 so they are all
contained in NL[13]. This means that N is not a direct product and can be a mixed

extension or a semi-direct product. We now determine the isomorphism type of

NL[13].

Now NL[13] = < A, B,C, D >, where

A~ (1,2)(3,4)(5,6)(7,8)(9,10)(11, 12) (13, 14)(15, 16)(17, 18)(19, 20) (21, 22)(23, 24) (25, 26)
(27,28)(29, 30)(31, 32) (33, 34)(35, 36)(37, 38)(39, 40)

B~ (1,9,18,26,34)(2, 10,17, 25,33)(3, 11, 19, 27, 36) (4, 12, 20, 28, 35)(5, 13, 21, 30, 37) (6, 14,
92,29, 38)(7, 16, 23, 31, 40)(8, 15, 24, 32, 30)

C ~ (1,7)(2,8)(3,5)(4,6)(9, 16)(10, 15) (11, 13)(12, 14)(17, 24)(18, 23)(19, 21)(20, 22)(25, 32)
(26,31)(27, 30)(28, 29) (33, 39) (34, 40)(35, 38) (36, 37)

D ~ (1,4)(2,3)(5,8)(6,7)(9,12)(10, 11)(13, 15)(14, 16) (17, 19)(18, 20) (21, 24)(22, 23)(25, 27)
(26, 28)(29, 31)(30, 32) (33, 36) (34, 35) (37, 39) (38, 40).
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At this point we see that N is isomorphic to NL[13] by N/NL[13]. We can
see that ¢ = N/NL[13] is generated by C and D. Using magma we can find the
presentation of q.
q,ff:=quo< N|NL13 >;

T:=Transversal(N,NL13);
ik

12

q;

(T[3)) eq q.2// £(T[2]) eq q.1;// £(T[4]) eq .3 // Note H(T[1)) is 1d(q)
FPGroup(q);

Finitely presented group on 3 generators Relations

13 =1d() — €3

25 =1d() — f3

BB =1d() — ¢*

2% 1 %3P =1d() — fretxg!

A1 %27 % 1% 3P =1d() — e lx flrexg?

The presentation of q is< e, f,gle3, f3, 9%, fxe L xg el x flaexg™t >.

Semi-Direct Product of NL[13] by N/NL|[13]

We determine the action of ¢ =< E, F,G > on NL[13] =< A, B,C,D >.
Thus we must conjugate A, B, C, and D by NL[13] =< A, B,C,D >. We find
that a® = a * b%,a% = a * b?,b¢ = a® * b,b% = a® x b. We will include these in our

presentation of G and verify that it is isomorphic to N to find the presentation of N.

G< a,b,c,d >:=Group< a,b,c,d|a b, (a,b),c? d? (c x d)* a® = a* b* a? = a *

b2, b° = a? * b,b% = a® x b3 >;

f,G1,k:=CosetAction(G,sub< G|Id(G) >);
s:=IsIsomorphic(N,G1);
5;

TRUE
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Thus N is a semi-direct product of (4z2) : 2% and the presentation of N is:

<a,b,c,d|a®, b, (a,b), 2, d2, (cxd)? a® = axb? a? = axb? b° = a®*b, b = a?*b> >

The following normal lattice shows the path we followed for this proof.

NL[12]
Order 40

NL[11]
Order 20

NL[7]
Order 10

Ord

NL[3]

erb

Ord

NL[1]

er

Figure 4.2: Normal Lattice of a Semi-Direct Product of (4z2) : 22
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4.2 Mixed Extension Example

We determine the isomorphism type of the group N =< zz,yy,zz >,
where
(1,2,3,4,5,6,7,8),
yy = (1, 5)(3, 7),
zz = (1, 6)(2, 5)(3, 4)(7, 8).
We note that |N| = 32 and use the magma code below to find the normal lattice
of N:
S:=Sym(8);
xx:=S!(1, 2, 3,4, 5,6, 7, 8);
yy:=SI(1, 5)(3, 7);
zz:=S!(1, 6)(2, 5)(3, 4)(7, 8);
N:=sub< S|zz,yy, zz >;
N;
32
NL:= NormalLattice(N);
NL;

Y

XX
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NL[20]
Order 32
NL[13] NL[14] NL[15] NL[16] NL[17] NL[18] NL[19]
Order 16 Order 16 Order 16 Order 16 Order 16 Order 16 Order 16

NL6] NL[7] NL[B] | NL[] NL[10] | NL[11] || NL[12]
Order 8 Order 8 Order 8 | Order 8 Order 8 | Order 8 Order 8

Figure 4.3: Normal Lattice of a Mixed Extension

The largest normal abelian subgroup of N can be found using the following

magma code:

for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;\\
The largest number it outputs will be the largest normal Abelian subgroup of N.

© o W

10
11
(In this case it is 11)

From the info above we can see that NL[11] is the largest normal abelian subgroup
and the order of NL[11] is 8 or 23.
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N has 3 Normal subgroups of order 4 and order 2 so they are all contained in
NL[11]. This means that N is not a direct product and can be a mixed extension
or a semi-direct product. Now NL[11] =< A, B >, where

A= (1, 5)(3, 7).

B=((1, 7, 5, 3)(2, 8, 6, 4)).

A presentation of NL[11] is < a, bla?, b?, (a,b) >.

Now q = N/NL[11] is generated by C and D. Using magma we can find the presen-
tation of q.

q,ff:=quo< N|NLI11 >.

T:=Transversal(N,NL11);

Let C = T[2] and D = T[3]. A presentation of q is < ¢, d|c?, d?, (¢ X d)? >.

We determine the action of ¢ =< C, D > on NL[11] =< A, B >. Thus we must
conjugate A and B by C and D . We find that a® = a*b?, a? = a*b?, b¢ = a®xb,b% =
a? * b®. We will include these in our presentation of G and verify that it is isomor-

phic to N.

G< a,b,c,d >:=Group< a,b,c,d|a® b*, (a,b),c? d% (c x d)? a° = a* b a? = a *

b2 b =a?xb,b% = a® x b® >;

f,G1,k:=CosetAction(G,sub< G|Id(G) >);
s:=IsIsomorphic(N,G1);
s;

TRUE

Thus N is a semi direct product of (4 x 2)n : 22 and the presentation of N
is:
< a,b,c,dla? b, (a,b),c2 d? (cxd)? a¢ = axb? a = axb? b° = a®xb,b? = a® 1> >

The following normal lattice shows the path we followed for this proof.



NL[20]
Order 32

NL[13]
Order 16
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NL[14]
Order 16

NL[15]
Order 16

NL[11]
Order 8

NL[3]
Order 4

NL[4]
Order 4

NL[5]
Order 4

NL[2]
Order 2

NL[1]
Order 1

Figure 4.4: Shortened Normal Lattice of Mixed Extension
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4.3 Semi-Direct Product N ~ 2°: S:

We determine the isomorphism type of the group N =< zz,yy >, where
xx = (1,4,2,10,8,6,9,7, 5, 3)

Yy = (17 6)(27 9,9, 3)(4a 8, 77 10)

We note that |N| = 3840 and we will use the magma code below to find the

normal lattice of N:

S:=Sym(10);

xx:=8!(1, 4, 2, 10, 8, 6, 9, 7, 5, 3);
yy:=S!(1, 6)(2, 5, 9, 3)(4, 8, 7, 10);
N:=sub<S|xx,yy>;

#N;

/* 3840 */

NL:= NormalLattice(N);

NL;
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NL[9]
Order 3840
NL[6] NL[7] NL[8]
Order 1920 Order 1920 Order 1920
NL[4] NL[5]
Order 32 Order 960
NL[2] NL[3]
Order 2 Order 16
NL[1]
Order 1

Figure 4.5: Semi-Direct Product N ~ 25 : S

The largest normal abelian subgroup of N can be found using the following magma

code:

for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;
The largest number it outputs will be the largest normal abelian
subgroup of N. In this case it is 4

1

2
3
4
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From the info above we can see that NL[4] is the largest normal abelian subgroup
and the order of NL[4] is 32.

N has 1 normal subgroup of order 2 and it is contained in NL[4]. This
means that N is not a direct product and can be a mixed extension or a semi-direct
product. We now determine the isomorphism type of NL[4].

Now NL[4] = < A, B,C, D, E >, where
A~ (1,6)(2,7)(3,8)(4,9)(5, 10),

B ~ (4,9)(5, 10),
C~(2,7)3,8),
D ~ (3,8)(5,10),
E ~ (3,8).

At this point we see that N is isomorphic to NL[4] by N/NL[4]. We can
see that ¢ = N/NL[4]. Using magma we can find the presentation of q.
q,ff:=quo< N|NL4 >;
T:=Transversal(N,NL4);
q;

FPGroup(q);

Finitely presented group on 3 generators Relations

1° =1d() — f5,

24 =1d() — g%,

(1x2* 1)2 =1d() — (f*g=* f)?

27 1272 1 225 17 27 = Td() —— g 1k fl g 2w f Tl g? % flngTh
The presentation of q:< f, g, g% (fxg* f)2 g7 1 f 1 xg2x flag?* flug?

>
Semi-Direct Product of NL[4] by N/NL[4]
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We determine the action of ¢ =< F,G > on NL[4] =< A,B,C,D,E >. Thus
we must conjugate A, B, C, and D by NL[4] =< A,B,C,D,E >. We find that
af =a,09 =a,bf =c, b9 =bxd,cf =axbxcxdxe,c? =cxd,df =axbxcxe,dd =
bxcxd, el =a*xbxc,ed = cxe. We will include these in our presentation of G and

verify that it is isomorphic to N to find the presentation of N.

H< a,b,c,d,e, f,g >:=Group< a,b,c,d,e, f,gla® b* c2, d?, €2, (a * b)?, (a* c)?, (b *
), (axd)?, (bxd)? (cxd)? (axe)? (bxe)? (c*xe)?, (d*e)?

P00 (frg*f)? g 1 flagx flag?s fhag™

al =a,09 =a, bl =c,b9 =bxd,cf =axbsxcxdxe,cd =cxd d =

axbxcxe,dd =bxcxdel =axbxc,ed =cxe>;

f, H1,k:=CosetAction(H,sub< G|Id(H) >);
s:=IsIsomorphic(N,H1);
5

TRUE

Thus N is a semi-direct product 2° : S5 and the presentation of N is:
<a,b,c,de, f,gla® b2, d% €2, (axb)?, (axc)? (bxc)? (axd)?, (bxd)?, (cxd)?, (ax*
€)%, (bxe)? (cxe)? (dx*e)?

P98 (frg* )2 g 1xflag 2 flag?s flag™!

al =a,a9 =a, b/ =c,b9 =bxd,c/f =axbxcxdxe,cd =cxd d =

axbxcxe,d =bxcxd, el =axbxc,ed =cxe>



153

4.4 Semi-Direct Product N ~ 2%: S;

We determine the isomorphism type of the group N =< zz,yy >, where
xx = (1, 10, 5)(2, 9, 6)(3, 23, 8)(4, 24, 7)(11, 20, 17)(12, 19, 18)(13, 21, 16)(14, 22,
15)

yy = (1, 19, 23, 22)(2, 20, 24, 21)(3, 6)(4, 5)(7, 11, 9, 13)(8, 12, 10, 14)(15,
16)(17, 18)

We note that |N| = 96 and will use the magma code below to find the normal
lattice of N:

S:=Sym(24) ;

xx:=8!(1, 10, 5)(2, 9, 6)(3, 23, 8)(4, 24, 7)(11, 20,
17) (12, 19, 18) (13, 21, 16) (14, 22, 15);

yy:=S!(1, 19, 23, 22)(2, 20, 24, 21)(3, 6)(4, 5 (7, 11,
9, 13)(8, 12, 10, 14) (15, 16) (17, 18);

N:=sub<S|xx,yy>;

#N;

/* 96 */

NL:= NormalLattice(N);

NL;
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NL[5]
Order 96

NL[4]
Order 48

NL[3]
Order 16

NL[2]
Order 4

NL[1]
Order 1

Figure 4.6: Semi-Direct Product N ~ 2% : S3

The largest normal abelian subgroup of N can be found using the following

magma code:

for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;

The largest number it outputs will be the largest normal abelian
subgroup of N. In this case it is 3

1

2

3
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From the info above we can see that NL[3] is the largest normal abelian subgroup
and the order of NL[3] is 16.

N has 1 normal subgroup of order 2 and it is contained in NL[3]. This
means that N is not a direct product and can be a mixed extension or a semi-direct
product. We now determine the isomorphism type of NL[3].

Now NL[3] =< A, B,C, D >, where

A~ (3,16,5,17)(4,15,6,18)(7,19,9,22)(8, 20, 10, 21)

B~ (1,11,23,13)(2, 12,24, 14)(3, 16,5, 17) (4, 15, 6, 18)(7, 9)(8, 10)(19, 22)(20, 21)
C ~ (1,23)(2,24)(3,5)(4,6)(11,13)(12, 14)(15, 18)(16, 17)

D ~ (3,5)(4,6)(7,9)(8,10)(15,18)(16, 17)(19, 22)(20, 21).

~Y

~

At this point we see that N is isomorphic to NL[3] by N/NL[3]. We can
see that ¢ = N/NL[3]. Using magma we can find the presentation of q.
q,ff:=quo< N|NL3 >;
T:=Transversal(N,NL3);
q;

FPGroup(q);
Finitely presented group on 3 generators Relations
22 =1d() — f2,
B3 =1d() — 73,
(17'% .22 =1d() — (e ' * [)?%
The presentation of q:< e, f|f2,e73, (e7! x f)? >

Semi-Direct Product of NL[S] by N/NLJ[3]

We determine the action of ¢ =< E,F > on NL[3] =< A, B,C,D >.
Thus we must conjugate A, B, C, and D by NL[3] =< A, B,C, D >. We find that
a¢=bxd,al =bxd, b =axbb =axc,c®=cxd,c/ =d, d =c,df =c. We will

include these in our presentation of G and verify that it is isomorphic to N to find
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the presentation of N.

H< a,b,c,d, e, f >:=Group< a,b,c,d, e, fla*, b, c? d* a2 * d, (a,b),b~? * c,
f276_37 (6_1 *f)27
a® =bxd,a’ =bxd, b =axb, bl =axc,c® =cxd, ¢/ =d,d°* =c,d =c>;

f,H1,k:=CosetAction(H,sub< G|Id(H) >);
s:=IsIsomorphic(N,H1);
s;

TRUE

Thus N is a semi-direct product 2* : S5 and the presentation of N is:
<a,b,c.de, flat,b*, 2 d* a7 x d, (a,b), b2 * c,

2 e73 (e7! x f)?,

a’ =bxd,af =bxd, b° =axb,bl =axc,c =cxd,cf =d,d* =c,df =c>
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4.5 Central Extension

We determine the isomorphism type of the group N =< zz,yy >, where
xx = (1, 6, 2)(3, 12, 7)(4, 9, 11)(5, 8, 10),

vy = (1, 12)(4, 8, 10, 6)(5, 9, 11, 7).

Next we will use the magma code below to find the size and normal lattice of

N:

S:=Sym(12);

xx:=8!(1, 6, 2)(3, 12, 7)(4, 9, 11)(5, 8, 10);
yy:=S!(1, 12)(4, 8, 10, 6)(5, 9, 11, 7);
N:=sub<S|xx,yy>;

#N;

NL:=NormalLattice(N);

NL;
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NL[5]
Order 240

NL[4]
Order 120

NL[3] NL[2]
Order 60 Order 2

NL[1]
Order 1

Figure 4.7: Normal Lattice of a Central Extension

The largest normal abelian subgroup of N can be found using the following magma

code:

for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;

The largest number it outputs will be the largest normal abelian
subgroup of N. In this case it is 2.

1

2
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From the info above we can see that NL[2] is the largest normal abelian subgroup
and the order of NL[2] is 2. However, NL[2] is the center of N. Thus we have a
central extension of NL[2] by N/NL[2].

Now NL[2] = < A >, where

A~ (1,12)(2,3)(4,5)(6,7)(8,9)(10,11).

Let ¢ = N/NL[2]. Using magma we can find the presentation of g.
q,ff:=quo< N|NL2 >;

T:=Transversal(N,NL2);

q;

FPGroup(q);

Finitely presented group on 4 generators Relations

13 =1d() — v?,

20 =1d() — ¢,

(17h 272 =1d() — (b7, 712,

A7 27 2% 17 5 27 1715 225 171 % 27 = Td() — bl s 2xb txe b
b lxeh

The presentation of q is

<bclb® (b7 e 2 b b ke s b b ke bk b i k2 kb e >

Next we must conjugate A by B, C. We find that a® = a,a° = a and
b~ xc2xb b txb k2 xb ket = a. We will include these in our presentation

of H. In our presentation of H given below.

H< a,b,c >:=Group< a, b, c|a, b, c|a?,
b3, et (b7 e )2 b ke kbl ke kb k2 x b ke = a,

a® =a,a° =a >.

We verify that H is isomorphic to N in Magma.
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f,H1 k:=CosetAction(H,sub< G|Id(H) >);
s:=IsIsomorphic(N,H1);
5;

TRUE.

Thus N is a central extension of 2 : S5 and the presentation of N is:
< a,b,c >:=Group< a, b, c|a?,
b3t (b7 e )2 b ke kb e kb kP kb ke = q

a’ =a,a° = a >;
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Chapter 5

Homomorphic Images of

Progenitors

5.1 Unsuccessful Homorphic Images and Progenitors

5.01

m n o p q [GN]

2 0 3 0 0 3

S:=Sym(24);

xx:=S! (1, 10, 5)(2, 9, 6)(3, 23, 8)(4, 24, 7) (11,
20, 17)(12, 19, 18)(13, 21, 16) (14, 22, 15);
yy:=S!(1, 19, 23, 22)(2, 20, 24, 21)(3, 6)(4, 5)(7,
11, 9, 13)(8, 12, 10, 14)(15,16) (17, 18);
N:=sub<S|xx,yy>;

#N;

G<x,y,t>:=Group<x,y,t|x"3,y"4,y -1 * x"-1 % y~-2 %
x7-1 % y72 % x7-1 % y*-1,x"-1 % y*-1 * x7-1 *x y~-1
*

x"-1 *x y *x x7-1 % y,t72, (t,(x * y)~2)/* Stab %/,
((y~2*t))"a, ((y"2*xt~(y * x * y * x"-1 *

vy -1)))"b, ((y™2*xt~(y"2 * x°-1)))"c, (((x * y~-1 *

x -1

* yo2)xt7(x7-1 * y *x x7-1)))7d, (((x * y™-1 % x"-1 *
y2)*kt"(y * x x y *x x * y)))7e,(((x * y*-1 % x™-1 %
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vy 2*xt7(y)))"f, (((x * y™-1 * x7-1 * y"2)*t~(y * x *
y

* x7-1)))7g, (((x * y™-1 * x"-1 * y~2)*t))"h, (((x *
yo-1 % x7-1 % y"2)*t"(y * x * y * x"-1 %

y -1, ((R)*t), (()*t~(y *x x *x y * x"-1 *
y=1)) 7, () *t~(y~2 * x~-1)), ((x)*t~(x"-1 *
¥))) "k, (C(x)*t~((y * x)72)), ((x)*t"(x *

vy - L, ((R)*t~(x7-1 * y * x7-1 %

vy -1 "m, (()*t~(x * y)),(((x * y)~2)*t)) n,
(y72 * x7-1 * y~-1 * xx*t) o,

(y~2 * x7-1 *y~-1 * x*xt)"p,

(t*t~(y * x * y * x"-1 * y°-1))"q = (x"-1 * y *
x)"2>;

G<X,y,t>:=Group<x,y,t|x"3,y 4,y -1 * x"-1 * y~-2 %
x7-1 % y72 x x7-1 % y™-1,x"-1 % y™-1 % x7-1 % y~-1

*

x"-1 %y * x"-1 * y,t72, (t,(x * y)°2), (((x)*t"(x"-1 * y * x"-1 *
y -1)))"2,

(y72 * x7-1 % y™=1 * x*xt)"3>;

#G;
/* 288 x/
f,G1,k:=CosetAction(G,sub<Glx,y>);

NL:=NormalLattice(G1);

NL;
/*
Normal subgroup lattice

[3] Order 6 Length 1 Maximal Subgroups: 2
[2] Order 3 Length 1 Maximal Subgroups: 1
[1] Order 1 Length 1 Maximal Subgroups:

*/
CompositionFactors(G1);
/*
G

| Cyclic(2)



*
| Cyclic(3)
1

*/

for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;

/*
1

2
x/
X:=[3];

IsIsomorphic(NL[2],AbelianGroup(GrpPerm,X)) ;
/*
true Isomorphism of GrpPerm: $, Degree 3, Order 3
into GrpPerm: $, Degree 3, Order 3 induced
by
(1, 3, 2) I--> (1, 3, 2)

5.02

m n o p q [GN]

2 0 5 5 0 >

S:=Sym(24);

xx:=S!(1, 10, 5)(2, 9, 6)(3, 23, 8)(4, 24, 7) (i1,
20, 17)(12, 19, 18)(13, 21, 16) (14, 22, 15);
yy:=S1(1, 19, 23, 22)(2, 20, 24, 21)(3, 6)(4, 5)(7,
11, 9, 13)(8, 12, 10, 14)(15,16) (17, 18);
N:=sub<S|xx,yy>;

#N;

G<x,y,t>:=Group<x,y,t|x"3,y"4,y -1 * x"-1 % y~ -2 %
x7=1 % y72 % x7-1 % y*-1,x"-1 % y™-1 * x7-1 x y~-1
*

x"-1 *x y *x x7-1 % y,t72, (t,(x * y)~2)/* Stab */,
((y~2*t))"a, ((y"2*xt~(y * x * y * x"-1 *

vy -1)))"b, ((y 2*xt~(y°2 * x°-1)))"c, (((x * y~-1 *
x"-1

* yo2)xt7(x7-1 * y *x x7-1)))7d, (((x * y™-1 * x"-1 *
y2)*t7(y * x * y *x x *x y)))"e,(((x * y™-1 * x~-1 *
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vy 2*xt7(y)))"f, (((x * y™-1 * x7-1 * y"2)*t~(y * x *
y

* x7-1)))7g, (((x * y™-1 * x"-1 * y~2)*t))"h, (((x *
yo-1 % x7-1 % y"2)*t"(y * x * y * x"-1 %

y -1, ((R)*t), (()*t~(y *x x *x y * x"-1 *
y=1)) 7, () *t~(y~2 * x~-1)), ((x)*t~(x"-1 *
¥))) "k, (C(x)*t~((y * x)72)), ((x)*t"(x *

vy - L, ((R)*t~(x7-1 * y * x7-1 %

vy -1 "m, (()*t~(x * y)),(((x * y)~2)*t)) n,
(y72 * x7-1 * y~-1 * xx*t) o,

(y~2 * x7-1 *y~-1 * x*xt)"p,

(t*t~(y * x * y * x"-1 * y°-1))"q = (x"-1 * y *
x)"2>;

G<x,y,t>:=Group<x,y,t|x"3,y"4,y -1 * x"-1 % y~-2 %

x7-1 % y72 x x7-1 % y*-1,x"-1 % y™-1 * x7-1 *x y~-1 *

X"-1 %y *x x7-1 % y,t72, (t,(x * y)72), (((X)*t"(x"-1 * y * x"-1 %
y -1)))"2,

(y72 * x7-1 * y~-1 * x*t)"5,

(y72 * x7-1 *y~-1 * x*xt)"5>;

#G;
/* 480 *x/
f,G1,k:=CosetAction(G,sub<Glx,y>);

NL:=NormalLattice(G1);

NL;
/*
Normal subgroup lattice

[3] Order 10 Length 1 Maximal Subgroups: 2

[2] Order 5 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:
*/
CompositionFactors(G1l);
/*
G
| Cyclic(2)
*
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|  Cyclic(b)
1
*/
for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;
/*
1

2
*/
X:=[5];

IsIsomorphic(NL[2],AbelianGroup(GrpPerm,X)) ;

/*

true Mapping from: GrpPerm: $, Degree 5, Order 5 to GrpPerm: $, Degree 5, Order 5
Composition of Mapping from: GrpPerm: $, Degree 5, Order 5 to GrpPC and

Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: $, Degree 5, Order 5

*/
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5.03

2 0 7 7 0 7

S:=Sym(24) ;

xx:=81(1, 10, 5)(2, 9, 6)(3, 23, 8)(4, 24, 7) (11,
20, 17)(12, 19, 18)(13, 21, 16) (14, 22, 15);
yy:=S!(1, 19, 23, 22)(2, 20, 24, 21)(3, 6) (4, 5)(7,
11, 9, 13)(8, 12, 10, 14)(15,16) (17, 18);
N:=sub<S|xx,yy>;

#N;

G<x,y,t>:=Group<x,y,t|x"3,y 4,y -1 * x"-1 % y~-2 %
x7-1 % y72 x x7-1 % y"-1,x"-1 % y"-1 % x7-1 % y~-1
*

x"-1 %y x x7-1 * y,t72, (t,(x * y)~2)/* Stab */,
((y~2*t))"a, ((y72*xt~(y * x * y * x"-1 *

vy -1)))7b, ((y™2*%t~(y~2 * x7-1)))"c,(((x * y~-1 *
x"-1

* yo2)*#t7(x7-1 x y x x7-1)))7°d, (((x * y™-1 * x"-1 *
2kt (y * x x y *x x * y)))7e,(((x * y™-1 % x™-1 %
y 2t~ (y)))"f, (((x * y™-1 * x7-1 * y"2)*t~(y * x *
y

* x°-1)))"g, (((x * y™-1 * x™=-1 * y~2)*t))"h, (((x *
yo-1 % x7-1 * y"2)*t"(y * x *x y *x x"-1 %

y -1, (()*t), () *t~(y * x * y * x7-1 *

y -7, (()*t~(y72 * x7-1)), ((x)*t~ (x"-1 *

¥ 7k, ((()*t~ ((y * x)72)), ((x)*t™ (x *

y =)7L, ((G)*t~ (x7-1 * y * x™-1 *

y -0 m, ((R)*t~(x * y)),(((x * y)"2)*t)) n,

(y°2 * x7-1 * y~=1 * x*t) "o,

(y~2 * x7-1 *xy~-1 * x¥t) p,

(t*t"(y * x * y * x"-1 * y°-1))"q = (x"-1 * y *
x)"2>;

G<x,y,t>:=Group<x,y,t|x"3,y 4,y -1 * x"-1 * y~-2 %
x7-1 % y72 x x7-1 % y"-1,x"-1 % y™-1 * x7-1 x y~™-1 *
x"-1 *x y *x x7-1 * y,t72, (t,(x * y)~2),
((x)*t~(x"-1 * y * x"-1 *

y -1)))"2,

(y72 * x7-1 * y~-1 * x*t)"7,
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(y72 * x7-1 *y~ -1 * x*xt)"7>;

#G;
/* 672 x/
f,G1,k:=CosetAction(G,sub<Glx,y>);

NL:=NormalLattice(G1l);

NL;
/*
Normal subgroup lattice

[3] Order 14 Length 1 Maximal Subgroups: 2
[2] Order 7 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:

CompositionFactors(G1);
/*
G
Cyclic(2)

|
*
| Cyclic(7)
1

x/
for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;
/*
1

2
*/
X:=[7];

IsIsomorphic(NL[2],AbelianGroup (GrpPerm,X)) ;

/*

true Mapping from: GrpPerm: $, Degree 7, Order 7 to GrpPerm: $, Degree 7, Order 7
Composition of Mapping from: GrpPerm: $, Degree 7, Order 7 to GrpPC and

Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: $, Degree 7, Order 7

*/
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5.04

2 0 9 0 0 9

S:=Sym(24) ;

xx:=81(1, 10, 5)(2, 9, 6)(3, 23, 8)(4, 24, 7) (11,
20, 17)(12, 19, 18)(13, 21, 16) (14, 22, 15);
yy:=S!(1, 19, 23, 22)(2, 20, 24, 21)(3, 6) (4, 5)(7,
11, 9, 13)(8, 12, 10, 14)(15,16) (17, 18);
N:=sub<S|xx,yy>;

#N;

G<x,y,t>:=Group<x,y,t|x"3,y 4,y -1 * x"-1 % y~-2 %
x7-1 % y72 x x7-1 % y"-1,x"-1 % y"-1 % x7-1 % y~-1
*

x"-1 %y x x7-1 * y,t72, (t,(x * y)~2)/* Stab */,
((y~2*t))"a, ((y72*xt~(y * x * y * x"-1 *

vy -1)))7b, ((y™2*%t~(y~2 * x7-1)))"c,(((x * y~-1 *
x"-1

* yo2)*#t7(x7-1 x y x x7-1)))7°d, (((x * y™-1 * x"-1 *
2kt (y * x x y *x x * y)))7e,(((x * y™-1 % x™-1 %
y 2t~ (y)))"f, (((x * y™-1 * x7-1 * y"2)*t~(y * x *
y

* x°-1)))"g, (((x * y™-1 * x™=-1 * y~2)*t))"h, (((x *
yo-1 % x7-1 * y"2)*t"(y * x *x y *x x"-1 %

y -1, (()*t), () *t~(y * x * y * x7-1 *

y -7, (()*t~(y72 * x7-1)), ((x)*t~ (x"-1 *

¥ 7k, ((()*t~ ((y * x)72)), ((x)*t™ (x *

y =)7L, ((G)*t~ (x7-1 * y * x™-1 *

y -0 m, ((R)*t~(x * y)),(((x * y)"2)*t)) n,

(y°2 * x7-1 * y~=1 * x*t) "o,

(y~2 * x7-1 *xy~-1 * x¥t) p,

(t*t"(y * x * y * x"-1 * y°-1))"q = (x"-1 * y *
x)"2>;

G<x,y,t>:=Group<x,y,t|x"3,y 4,y -1 * x"-1 * y~-2 %
x7-1 % y72 x x7-1 % y"-1,x"-1 % y™-1 * x7-1 x y~™-1 *
x"-1 *x y *x x7-1 * y,t72, (t,(x * y)~2),
((x)*t~(x"-1 * y * x"-1 *

y -1)))"2,

(y72 * x7-1 % y~=1 * x*t)"9>;
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#G;

/* 864 x/
f,G1l,k:=CosetAction(G,sub<Glx,y>);
NL:=NormalLattice(G1);

NL;

/*

Normal subgroup lattice

[4] Order 18 Length 1 Maximal Subgroups: 3
[3] Order 9 Length 1 Maximal Subgroups: 2
[2] Order 3 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:

*/
CompositionFactors(G1l);
/*
G

|  Cyclic(2)

*

|  Cyclic(3)

*

| Cyclic(3)

1
*/
for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;
/%
1
2
3
*/
X:=[9];

IsIsomorphic(NL[3],AbelianGroup(GrpPerm,X)) ;

/*

true Mapping from: GrpPerm: $, Degree 9, Order 372
to GrpPerm: $, Degree 9, Order 372

Composition of Mapping from: GrpPerm: $, Degree 9,
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Order 372 to GrpPC and

Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: $, Degree 9, Order
372

*/
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5.05

m n o p q [GN]

2 0 10 10 O 10

S:=Sym(24) ;

xx:=81(1, 10, 5)(2, 9, 6)(3, 23, 8)(4, 24, 7) (11,
20, 17)(12, 19, 18)(13, 21, 16)(14, 22, 15);
yy:=S!(1, 19, 23, 22)(2, 20, 24, 21)(3, 6) (4, 5)(7,
11, 9, 13)(8, 12, 10, 14)(15,16) (17, 18);
N:=sub<S|xx,yy>;

#N;

G<x,y,t>:=Group<x,y,t|x"3,y 4,y -1 * x"-1 % y~-2 %
x7-1 % y72 x x7-1 % y"-1,x"-1 % y"-1 % x7-1 % y~-1
*

x"-1 %y *x x°-1 * y,t72, (t,(x * y)~2)/* Stab */,
((y~2*t))"a, ((y72*xt~(y * x * y * x"-1 *

vy -1)))7b, ((y™2*%t~(y~2 * x7-1)))"c,(((x * y~-1 *
x"-1

* yo2)*#t7(x7-1 x y x x7-1)))7°d, (((x * y™-1 * x"-1 *
2kt (y * x x y *x x * y)))7e,(((x * y™-1 * x™-1 %
y 2t~ (y)))"f, (((x * y™-1 * x7-1 * y"2)*t~(y * x *
y

* x°-1)))"g, (((x * y™-1 * x™=1 * y~2)*t))"h, (((x *
yo-1 % x7-1 * y"2)*t"(y * x *x y *x x"-1 %

y -0 71, (()*t), () *t~(y * x * y * x7-1 *

y -7, ((x)*t~(y72 * x7-1)), ((x)*t~ (x"-1 *

¥ 7k, ((()*t~ ((y * x)72)), ((x)*t™(x *

y -1 7L, (()*t~ (x7-1 * y * x™-1 *

y -0 m, ((R)*t~(x * y)),(((x * y)"2)*t)) n,

(y°2 * x™-1 * y~=1 * x*t) "o,

(y~2 * x7-1 *xy~-1 * x¥t)"p,

(t*t"(y * x * y * x"-1 * y°-1))"q = (x"-1 * y *
x)"2>;

G<x,y,t>:=Group<x,y,t|x"3,y 4,y -1 * x"-1 * y~-2 %
x7-1 % y72 x x7-1 % y*-1,x"-1 % y™-1 * x7-1 *x y~-1 *
x"-1 *x y *x x7-1 * y,t72, (t,(x * y)~2),
((x)*t~(x"-1 * y * x"-1 *

y -1)))"2,

(y~2 * x7-1 * y~=1 * xxt)~10,



(y72 * x7-1 *y~-1 * x*xt)"10>;

#G;
/* 960 x/
f,G1,k:=CosetAction(G,sub<Glx,y>);

NL:=NormalLattice(G1l);

NL;
/*
Normal subgroup lattice

[7] Order 20 Length 1 Maximal Subgroups: 4 5 6
[6] Order 10 Length 1 Maximal Subgroups: 2
[5] Order 10 Length 1 Maximal Subgroups: 3
[4] Order 10 Length 1 Maximal Subgroups: 3

[3] Order 5 Length 1 Maximal Subgroups: 1
[2] Order 2 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:

*/
CompositionFactors(G1);
/*
G
| Cyclic(2)
*
|  Cyclic(5)
*
|  Cyclic(2)
1
*/
for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;
/*
1
2
3
6
*/

X:=[2,5];
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IsIsomorphic(NL[6],AbelianGroup (GrpPerm,X)) ;

/*

true Mapping from: GrpPerm: $, Degree 10, Order 2 *
5 to GrpPerm: $, Degree 7, Order 2 * 5

Composition of Mapping from: GrpPerm: $, Degree 10,
Order 2 * 5 to GrpPC and

Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: $, Degree 7, Order
2 x5

*/
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5.2 2 by 510

0 0 0 2 2

S:=Sym(10);

xx:=S!'(1, 4, 2, 10, 8, 6, 9, 7, 5, 3);
yy:=S!(1, 6)(2, 5, 9, 3)(4, 8, 7, 10);
N:=sub<S|xx,yy>;

#N;

G<x,y,t>:=Group<x,y,t|x"10,y74,y -1 * x"-1 * y * x"3 *x y * x * y *
X,X ¥ y7-2 % x7-1 % y *x x72 % y"2 * x"-1 x y *x x ,x *x y *x x"-1 %
yT-2 x x72 x y x x7-1 % y°2 % x,

t72,(t,x"-1 * y * x72 *x y * x7-1 *x y * x),(t,x * y°-1 *x x7-2 x y %
X"-2 * y°-1 * x ),

(((x"B)*t))"a, ((((x * y™-1)"4)*t~(x72))) b, ((((x *
yo-1)"4)*t)) "c, ((((x * y~2)~3)*t~(x)))"d, ((((x *
y72)73)*%t)) e, ((((x * y * x)"2)*t"(x"-1)))"f, ((((x * y *
x)"2)*t)) g, (((x"3 * y™-1 * x"-2 * y~-1)*t))"h,

X733 % yo-1 % x7-2 % y™-1 =(t*t"(x72))72,(y * x"-1 *x y * x"2 x y
*t)71,(x72 *x y *x X72 * y©2 * x72%t)"j>;
G<x,y,t>:=Group<x,y,t|x"10,y74,y"-1 * x"-1 * y * x"3 * y * x * y *
X,Xx ¥ y7-2 % x7-1 % y * x72 % y72 * x7-1 x y * x ,Xx *x y *x x"-1 *

yT-2 % X72 x y x x7-1 % y©2 * x,

t72,(t,x"-1 * y * x72 *x y * x°-1 xy x x),(t,x ¥ y°-1 * x7-2 *x y *
X"-2 x y°-1 % x ),

(X72 * y * X72 % y72 * x"2%t)"2>;
#G;
/* 7680 */

f,G1l,k:=CosetAction(G,sub<Glx,y>);

NL:=NormalLattice(G1l);
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NL;
/*

Normal subgroup lattice

[2] Order 2 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:
*/
CompositionFactors(Gl);
/*
G
| Cyclic(2)
1
*/
for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;
/*
1

2
*/
X:=[2];
IsIsomorphic(NL[2],AbelianGroup(GrpPerm,X)) ;
/*
true Isomorphism of GrpPerm: $, Degree 2, Order 2
into GrpPerm: $, Degree 2, Order 2 induced
by
1, 2) I-—> (1, 2)

*/
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5.3 21.(23: PSL(2,7))

n o p q [GN]

0 0 3 0 128

S:=Sym(28);

xx:=S!1(1, 2)(3, 5)(4, 6)(8, 11)(9, 13)(10, 15) (14,
19) (16, 22) (17, 20) (18, 21)(23,25) (26, 27);
yy:=S!(1, 3)(2, 4, 7, 10)(5, 8, 12, 17)(6, 9, 14,
20) (11, 16, 13, 18)(15, 21, 19,23)(22, 24, 25,

26) (27, 28);

N:=sub<S|xx,yy>;
#N;

G<x,y,t>:=Group<x,y,t1x"2,y74,y"-2 * x * y72 * x * y°2 * x,(x * y*-1)77,

t72, (t,x * y*x x *x y -1l xxxyxxx*xy), (t,x x yo-1 * x *
yoxxoxyokxokyioloxx xyt-l),

((y * X % y”—l * X k y ok X % y”—l)*t)‘r,

(y72 *t)"a, (y72 *t~(x))"b,(y"2 *t~(y * x))7c,(y"2 *t~((y *
x)72))7d,(y72 *t7(x * y°-1 * x))7e,(y"2 *t"(x x y * x))"f,(y
* X xy *t~(x * yo-1 % x x y7-1 % x x y % x))“g,(y ¥ X xy
*t)"h,(y * x * y *t7(x))"L,(y * x *x y *t~(y))"m,(y * x * y
*t"(y * x))n,(y * x *x y xt"(x * y * x))70,(y * x *x y *xt"(x
* y72))7p,(y * x * y *t~((y * x)72))"q>;

G<x,y,t>:=Group<x,y,t|x"2,y74,y"-2 * x * y~2 * x * y~2 %
x,(x * y"-1)77,

t72, (t,x xy*xx *xy -1 xx *xy*x*y), (t,x *
-1l * x *xyxx xy*xx*xy-1x*xxx*xy-1), (y *x
* y okt (x * y72))73>;

#G;

/* 21504 */

f,G1l,k:=CosetAction(G,sub<Glx,y>);
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NL:=NormalLattice(G1);
NL;
/*

Normal subgroup lattice

[5] Order 21504 Length 1 Maximal Subgroups: 4

[4] Order 128 Length 1 Maximal Subgroups: 3

[3] Order 16 Length 1 Maximal Subgroups: 2
[2] Order 2 Length 1 Maximal Subgroups: 1
[1] Order 1 Length 1 Maximal Subgroups:
*/
CompositionFactors(G1);
/*

G

| ACL, 7) =L(2, 7)

*

|  Cyclic(2)

*

| Cyclic(2)

*

| Cyclic(2)

*

| Cyclic(2)

*

| Cyclic(2)

*

| Cyclic(2)

*

| Cyclic(2)

1
*/
for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;
/*
1
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x/
X:=[2,2,2,2];

IsIsomorphic(NL[3],AbelianGroup(GrpPerm,X)) ;
/*
true Mapping from: GrpPerm: $, Degree 128, Order 274 to GrpPerm: $, Degree 8,
Order 274
Composition of Mapping from: GrpPerm: $, Degree 128, Order 274 to GrpPC and
Mapping from: GrpPC to GrpPC and
Mapping from: GrpPC to GrpPerm: $, Degree 8, Order 274
*/
q,ff:=quo<G1|NL[3]>;
q;
/*
Permutation group q acting on a set of cardinality 8
Order = 1344 = 276 * 3 * 7
(2, 3)(6, 8)
(2, £)(38, 5, 7, 8
(1, 2@, 5) 4, 6)(7, 8
*/
CompositionFactors(q);
/*
G

| AL, 7) = L(2, 7)

|  Cyclic(2)

| Cyclic(2)
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|  Cyclic(2)

1
*/
nl:=NormalLattice(q);
nl;
/*

Normal subgroup lattice

[3] Order 1344 Length 1 Maximal Subgroups: 2

[2] Order 8 Length 1 Maximal Subgroups: 1
[1] Order 1 Length 1 Maximal Subgroups:
*/

X:=[2,2,2];

IsIsomorphic(nl[2],AbelianGroup(GrpPerm,X));

/*

true Mapping from: GrpPerm: $, Degree 8, Order 273 to GrpPerm: $, Degree 6,
Order 273

Composition of Mapping from: GrpPerm: $, Degree 8, Order 273 to GrpPC and

Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: $,
*/
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Chapter 6
Appendix

Double Coset Enumeration Codes

6.1 Double Coset Enumeration of PSL (2,11) x 2 over The
Maximal Subgroup Dg : 2 and Dy

S:=Sym(6) ;

xx:=S1(1,2,3,4,5,6);

yy:=S!(1,5)(2,4);

N:=sub<S|xx,yy>;

ik

[*x 12 %/

sub<N|yy> eq Stabiliser (N,6);
Sch:=SchreierSystem (G, sub<G|I1d (G) >);
NN<x , y>:=Group<x,y|x 6, y 2, ,(xxy) 2>;
Schl:=SchreierSystem (NN, sub<NN|Id (NN)>);
Set (Schl);

G<x,y,t>:=Group<x,y,t|x 6, y 2, ,(x*xy) 2, t°2,(t,y),
(xxtxt x) "3, (txtskxxt) 5H>;

#G;

/* 1320 x/
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A={ 1d(G), vy * x, x"3, x"2 xy, x =2, x"—1, vy x x"2, x, y,
x"2, x"3 xy, x xy };

Sch:=SchreierSystem (G,sub<G|I1d (G)>);

Hi=sub<G|x,y,x"3 % y * t % x"3 % t % x"3 * t>;

f ,Gl,k:=CosetAction (G,H) ;

#DoubleCosets (G,H, sub<G|x,y>);

[x 9 x/

IN:=sub<Gl1| f(x),f(y)>;

[H:=sub<G1|f(x),f(y), f(x"3 x y * t x x"3 x t * x"3 * t)>;

CompositionFactors (IH) ;

/*

G

Cyclic(2)

Cyclic (3)
Cyclic (2)

Cyclic(2)

_— % — % — % —

*/

Index (G,H) ;

/* b5 x/

DC:=[ Id(G1l), f(t), f( t * x x t), f( t * x"2 % t), f(t % x
20k btk x % t), f(t x x xt x x"—2 %t ), f(t xx *xt x
X"2 % t), f(t x x"2 % t x x"—1 % t),f(t * x * t x x"—1 %

ts ;= [Id(Gl): i in [1 6] |;
ts[6]:=f(t); ts[2]:=f(t"(x"2)); ts[3]:=f(t"(x "3));
ts[4]:=1f(t"(x"4)); ts[b]:=1f(t"(x"5)); ts[l]:=1f(t"(x));



cst:=[null : 1 in [1 .. 110]] where null is

I;

prodim:=function (pt, Q, 1)

v = pt;
for i in I do
vi=v(Qli]);
end for;
return v;

end function;

for i := 1 to 6 do

cst [prodim (1, ts, [i])] = [i];
end for;

m:=0;

for i in [1..110] do if cst[i] ne []

end if; end for; m;

f 6 4/
Nl:=Stabiliser (N,1) ;
Nl1s:=N1;
Orbits (Nl1s);
/*
[
GSet{@ 1 @},
GSet{@ 4 @},

GSet{@ 2, 6 @},
GSet{@ 3, 5 @}

[Integers ()

then m:=m-+1;

182
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for i in [1..9] do

for g in IH do for h in IN do

if ts[1]xts[1] eq gx(DC[i]) h then 1ij;

break i; break g; break h; end if; end for;end for;end for;
[*x1%/

for i in [1..9] do

for g in IH do for h in IN do

if ts[1]xts[4] eq gx(DC[i]) "h then ij;

break i; break g; break h; end if; end for;end for;end for

[*%2%/

for m in IH do for n in A do

if ts[l]xts[4] eq mx(ts[1l]) f(n) then

for i in [1..#Sch] do if m eq f(Sch[i]) then Sch[i]; break
i; end if; end for;

n;break m; break n;

end if; end for; end for;

[* X %y

Id(G)

This is telling me the following:

t_1t_.4 = xyt_1"e

The bottom code is checking if this is true

*/

ts[1]xts[4] eq f(xxy)xts[1];
/% true x/

/%
So we can say the following:
Ht 1t 4 \in [1]: We have t_1t_4 = xyt_1(need a proof)
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So Ht_1t.4 = Ht_1 \in [1]
*/

for i in [1..9] do

for g in IH do for h in IN do

if ts[1]xts[2] eq gx(DC[i]) "h then ij;

break i; break g; break h; end if; end for;end for;end for;
/3% /

for i in [1..9] do
for g in IH do for h in IN do
if ts[l]*xts[3] eq gx(DC[i]) h then i;
break i; break g; break h; end if; end for;end for;end for;
/x4
for m in IH do for n in A do
if ts[l]*xts[3] eq mx(ts[1l]*ts[2]) f(n) then
for i in [1..#Sch] do if m eq f(Sch[i]) then Sch[i]; break
i; end if; end for;
n;break m; break n;
end if; end for; end for;
/* 3rd DCE x/
S:—{[1,2]};
SS:=S"N;SS;
SSS:=Setseq (SS);
for 1 in [1..#SSS] do
for g in IH do if ts[1]xts[2]
eq gxts[Rep(SSS[i]) [1]]=*ts[Rep(SSS[i]) [2]]
then print SSS[i];
end if; end for; end for;

/*
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N12:=Stabiliser (N,[1,2]);
#N12;
[x 2 x/
N12s:=N12;
Orbits (N12s);
/*
GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4 @},
GSet{@ 5 @},
GSet{@ 6 @}
/
for i in [1..9] do
for g in IH do for h in IN do
if ts[l]*xts[2]xts[1l] eq g+(DC[i]) "h then ij;
break i; break g; break h; end if; end for;end for;end for;
/*9% /
for i in [1..9] do
for g in IH do for h in IN do
if ts[l]xts[2]*ts[2] eq gx(DC[i]) h then i;
break i; break g; break h; end if; end for;end for;end for;
[*%2% [
for i in [1..9] do
for g in IH do for h in IN do
if ts[l]*xts[2]xts[3] eq g+(DC[i]) "h then ij;
break i; break g; break h; end if; end for;end for;end for;
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/*3%/

for m in IH do for n in A do

if ts[l]*xts[2]xts[3] eq mx(ts[1]xts[2]) f(n) then

for 1 in [1..#Sch] do if m eq f(Sch[i]) then Sch[i]; break
i; end if; end for;

n;break m; break n;

end if; end for; end for;

/*

x " —1

> [1,2] yy;

[ 5, 4]

> ts[1]*xts[2]*ts[3] eq f(x"—1)x(ts[b]xts[4]);

true

*/

for i in [1..9] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[4] eq g+x(DC[i]) "h then ij;

break i; break g; break h; end if; end for;end for;end for;

[*T*/

for i in [1..9] do

for g in IH do for h in IN do

if ts[1]xts[2]*ts[5] eq gx(DC[i]) h then i;

break i; break g; break h; end if; end for;end for;end for;

/4% /

for m in IH do for n in A do

if ts[1]xts[2]*ts[H] eq mx(ts[1]*xts[3]) f(n) then

for i in [1..#Sch] do if m eq f(Sch[i]) then Sch[i]; break
i; end if; end for;

n;break m; break n;

end if; end for; end for;
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/%

y * X

x"—1

«/

[1,3] " (xx"—1);

fx [ 6, 2] «/

> ts[l]*ts[2]xts[B] eq f(y*x)*xts[6]xts[2];

true

for n in N do if [1,3]"n eq [6,2] then n; break n; end if;
end for;

(1, 6, 5, 4, 3, 2)

> X;

X

> XX

(1, 2, 3, 4, 5, 6)

> [1,3] " (xx"—1);

[ 6, 2 ]

for i in [1..9] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[6] eq g+(DC[i]) h then ij;

break i; break g; break h; end if; end for;end for;end for;
/6% /

/%

for m in IH do

for> if ts[1]xts[2]*ts[6] eq mx(ts[4]*ts[B]*ts[3]) then

for|if> for i in [1..#Sch] do if m eq f(Sch[i]) then Sch[i
|; break i; end if; end \

for;
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for|if> break m;

for|if> end if; end for;

x"2 %y

> ts[1]xts[2]*ts[6] eq f(x"2xy)*xts[4]xts[b]xts[3];
true

«f

Generators (N12s);
/*
{

*/
[1,2]" N12s;

/*

*/

trl:=Transversal (N,N12s);

for i:=1 to #trl do

ss:=[1,2]"trl[i];

cst [prodim (1,ts,ss)]:=ss;

end for;

m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1;

end if; end for ;m;

/* 18 x/

#sub<G|x,y>/#N12s+6;
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/* 4th DCE x/

S:={[1,3]};

SS:=S"N;SS;

SSS:=Setseq (SS) ;

for 1 in [1..#SSS] do

for g in TH do if ts[1]*ts[3]

eq gxts[Rep(SSS[i]) [1]]=*ts[Rep(SSS[i]) [2]]
then print SSS[i];

end if; end for; end for;

/%

[1,3]

*/

N13:=Stabiliser (N,[1,3]);
4N13;

[x 2 x/

N13s:=N13;

Orbits (N13s) ;

/*

GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4 @},
GSet{@ 5 @},
GSet{@ 6 @}
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for g in IH do for h in IN do

if ts[1]*ts[3]*ts[1] eq gx(DC[i]) h then ij;

break i; break g; break h; end if; end for;end for;end for;
/4% /

for m in IH do for n in A do

if ts[1]xts[3]*ts[l] eq mx(ts[1l]*xts[3]) f(n) then

for 1 in [1..#Sch] do if m eq f(Sch[i]) then Sch[i]; break
i; end if; end for;

n;break m; break n;

end if; end for; end for;

/%

Xx"2 %y

Id (G)

*/

ts[1]xts[3]*ts[1] eq f(x"2xy)*xts[l]xts[3];
/* true x/

for i in [1..9] do

for g in IH do for h in IN do

if ts[l]*xts[3]xts[2] eq g+(DC[i]) "h then ij;

break i; break g; break h; end if; end for;end for;end for;
/%8 /

for i in [1..9] do

for g in IH do for h in IN do

if ts[l]*xts[3]xts[3] eq g+x(DC[i]) "h then ij;

break i; break g; break h; end if; end for;end for;end for;
/%2 /

for i in [1..9] do

for g in IH do for h in IN do



if ts[l]xts[3]*ts[4] eq
break 1i; break
/5% /

for 1

break g;
in [1..9] do

for g in IH do for h in
if ts[1]xts[3]*ts[5] eq

break i; break g; break
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gx(DC[1]) "h then i;

h; end if; end for;end for;end for;
IN do

gx(DC[1]) "h then i;

h; end if; end for;end for;end for;

[ x4/

for m in IH do for n in A do
if ts[l]*xts[3]xts[5] eq mx(ts[1]xts[3]) f(n) then
for i in [1..#Sch] do if m eq f(Sch[i]) then Sch[i]; break

i; end if; end for;
n;break m; break n;
end if; end for; end for;
/*
x =2
x"2 %y
*/

[1,3] " (xx"2xyy) ;

ts[1]*ts[3]*xts[b] eq f(x"(—2))xts[3]xts[1];
/* true x/

in [1..9] do

for g in IH do for h in IN do

if ts[l]*xts[3]xts[6] eq g+(DC[i]) "h then ij;
break i; break h; if;
/3% /

for m in IH do for n in A do

if ts[l]*xts[3]xts[6] eq mx(ts[1]xts[2]) f(n) then

for 1

break g; end end for;end for;end for;
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for 1 in [1..#Sch] do if m eq f(Sch[i]) then Sch[i]; break

i; end if; end for;
n;break m; break n;

end if; end for; end for;

/*

x"3 %y

*/

[1,2]7 (xx) ;
/x [2,3] +/

ts[1]xts[3]*xts[6] eq f(x"(3)*y)*xts[2]xts[3];

/% true x/

Generators (N13s);
/*
{

*/
[1,3]" N13s;

/*

*/

trl:=Transversal (N,N13s);
for i:=1 to #trl do
ss:=[1,3]"trl1[i];

cst [prodim (1,ts ,ss)]:=ss;

end for;
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m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1;

end if; end for ;m;

/* 30 x/

#sub<G|x,y>/#N13s+18;

/* 5th DCE x/

S:i={[1,3.,4]};

SS:=S"N;

SSS:=Setseq (SS);

for i in [1..#SS] do

for g in TH do if ts[1]xts[3]*ts[4]

eq gxts[Rep(SSS[i]) [1]]*ts[Rep(SSS[i]) [2]]*ts[Rep(SSS[i])
[3]] then print SSS[i];

end if; end for; end for;

Proof of Ht_1t_3t.4 = Ht_4t_2t_1
for m in IH do

if ts[1]xts[3]*ts[4] eq mx(ts[4]*ts[2]*xts[1]) then
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for i in [1..#Sch] do if f(Sch[i]) eq m then Sch[i]; break
i; end if; end for;

end if; end for;

/*

X

> ts[1]*ts[3]xts[4] eq f(x)*(ts[4]xts[2]xts[1]);

true

Proof of Ht_1t_3t_.4 = Ht_4t_2t_1
We have t_1t_3t.4 = xt_4t_2t_1 ( need proof)
Then Ht_1t_3t_4 = NEED SOME CODE HERE

o

N134:=Stabiliser (N,[1,3,4]);

#N134;

[x 1 x/

N134s:=N134;

for n in N do if [1,3,4]"n eq [4,2,1] then N134s:=sub<N|
N134s ,n>; end if; end for;

#N134s;

[* 2 x/

[1,3,4] " N134s;

Orbits (N134s);
/*
GSet{@ 1, 4 @},
GSet{@ 2, 3 @},
GSet{@ 5, 6 @}
«/
for i in [1..9] do
for g in IH do for h in IN do



if ts[l]*xts[3]xts[4]xts[4] eq gx(DC[i]) h then

break 1i;
[x4x/
for 1 in

for g in

break g; break h; end if; end for;end

[1..9] do
IH do for h in IN do

if ts[l]*xts[3]xts[4]xts[2] eq gx(DC[i]) "h then

break 1i;
/5% /
for 1 in

for g in

break g; break h; end if; end for;end

[1..9] do
IH do for h in IN do

if ts[1]xts[3]*ts[4]xts[5] eq g*(DC[i]) "h then

break i;

/%9 /

for m in

break g; break h; end if; end for;end

IH do for n in A do
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1;

for;end for;

i .

I

for ;end for;

1;

for;end for;

if ts[1]xts[3]*ts[4]*ts[5] eq mx(ts[l]*ts[2]xts[1l]) f(n)

then

for i in [1..#Sch] do if m eq f(Sch[i]) then Sch[i]; break

i; end if; end for;

n;break m; break n;

end if; end for; end for;

/*

x —1

x " —1

This is telling me the following:
t_1t.3t_4t.5 = x"—1(t_1t_2t_1) " (x"—1)
[1,2,1] (xx"—1);

/%

[ 6, 1, 6 ]

*/

The bottom code is checking if this is true
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t_1t.3t_4t.5 = x"—1t_6t_1t_6

ts[1]xts[3]*ts[4]xts[b] eq f(x"—1)*ts[6]xts[l]xts[6];

/% true x/

We now proof that Ht_1t_3t_4t_5 belongs to [1,2,1] =
Ht_1t_2t_1IN

We have t_1t_3t_4t_.5 = x"—1(t_6t_1t_6) (need to proof)

Then Ht_ 1t 3t 4t.5 = H x"—1(t6_t_1t_6) = Ht_6t_1t_6 (x —1
in H)

Now Ht_1t_2t_IN = { H(t_-1t_-2t_-1)"n | n in N}

*/

for n in N do if [6,1,6]"n eq [1,2,1] then n; break n; end
if ; end for;

/* (1, 2, 3, 4, 5, 6)

Now Ht_1t_2t_IN = { H(t_1t-2t_1)"n | n in N}

Then Ht_ 1t 3t 4t.5 = H x" 1(t6.t_1t 6) = Ht_6t.1t.6 (x 1
in H) = H(t_1t_-2t_1)°{(1, 2, 3, 4, 5, 6)} in Ht_1t_2¢_IN
= [1,2,1]

*/

Generators (N134s) ;
/*
(1, 4)(2, 3)(5, 6)
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*/

trl:=Transversal (N, N134s);

for i:=1 to #trl do

ss:=[1,3,4]"trl1[i];

cst [prodim (1,ts ,ss)]:=ss;

end for;

m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1;

end if; end for ;m;

/% 36 x/

#sub<G|x,y>/#N134s+30;

/* 6th DCE x/

S:={[1,2,6]};

SS:=S"N;

SSS:=Setseq (SS) ;

for i in [1..#SS] do

for g in IH do if ts[1l]xts[2]*ts[6]

eq gxts[Rep(SSS[i]) [1]]*ts[Rep(SSS[i]) [2]]=*ts[Rep(SSS[i])
[3]] then print SSS[i];

end if; end for; end for;

/*
{
[1,2,6]
}
{
[ 6, 5, 1 |
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N126:=Stabiliser (N,[1,2,6]);

#N126;

[x 1 %/

N126s:=N126:

for n in N do if [1,2,6]"n eq [6,5,1] then N126s:=sub<N|
N126s,n>; end if; end for;

#N126s;

[* 2 x/

for n in N do if [1,2,6]"n eq [4,5,3] then N126s:=sub<N|
N126s,n>; end if; end for;

#N126s;

[1,2,6]" N126s;

/*

for m in IH do

if ts[1]xts[2]*ts[6] eq mx(ts[4]*ts[5]*ts[3]) then

for 1 in [1..#Sch] do if m eq f(Sch[i]) then Sch[i]; break
i; end if; end for;

break m;

end if; end for;

ts[1]xts[2]*ts[6] eq f(x"2xy)*ts[4]*ts[b]xts[3];



Orbits (N126s) ;
/*
GSet{@ 2, 5 @},
GSet{@ 1, 6, 4, 3 @}

*/

for i in [1.

9] do

for g in IH do for h in IN
if ts[1]xts[2]*ts[6]xts][2]

break i; break g; break h;
/6% /
for i in [1..9] do

for g in IH do for h in IN
if ts[1]xts[2]*ts[6]*ts][6]
break h;

break 1i;
/3% /

break g;

Generators (N126s) ;

/*

trl:=Transversal (N,N126s) ;

for i:=1 to #trl do
ss:=[1,2,6]"trl[i];

do
eq gx(DC[i]) "h then
end if; end for;end
do
eq gx(DC[i]) "h then
end if; end for;end

199

1;

for;end for;

1;

for;end for;
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cst [prodim (1,ts ,ss)]:=ss;

end for;

m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1;

end if; end for ;m;

/* 39 x/

#sub<G|x,y>/#N126s+36;

/+ Tth DCE */

S:={[1,2,4]};

SS:=S8"N;

SSS:=Setseq (SS);

for i in [1..#SS] do

for g in IH do if ts[1l]xts[2]*ts[4]

eq gxts [Rep(SSS[i]) [1]]*ts[Rep(SSS[i]) [2]]=*ts[Rep(SSS[i])
[3]] then print SSS[i];

end if; end for; end for;

/*
[ 1, 2, 4 ]
}
{
[ 5, 4, 2 ]
*/
N124:=Stabiliser (N,[1,2,4]) ;
#N124 ;
[* 1 x/

N124s:=N124;



for n in N do if [1,2,4] " n eq

N124s,n>; end if;
#N124s;

/* 2 x/
[1,2,4] " N124s;

Orbits (N124s);

/*

GSet{@ 3 @},
GSet{@ 6 @},
GSet{@ 1, 5 @},
GSet{@ 2, 4 @}

y

for i in [1..9] do

for g in IH do for h in IN
if ts[1]xts[2]*ts[4]x*ts][3]
break i; break g; break h;

/%8 /
for i in [1..9] do

for g in IH do for h in IN
if ts[l]xts[2]xts[4]*ts[6]
break i; break g; break h;

/*Tx/
for i in [1..9] do

for g in IH do for h in IN
if ts[l]xts[2]*ts[4]*ts[1]
break i; break g; break h;

/*9%/
for i in [1..9] do

for g in IH do for h in IN

end for;

do
eq gx(DC[i]) "h then

end if; end for;end

do
eq gx(DC[i]) h then

end if; end for;end

do
eq gx(DC[i]) "h then

end if; end for;end

do

201

[5,4,2] then N124s:=sub<N|

1;

for;end for;

1;

for;end for;

i .

I

for;end for;
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if ts[l]xts[2]*ts[4]xts[4] eq g+(DC[i]) "h then ij;
break i; break g; break h; end if; end for;end for;end for;
/3% /

Generators (N124s);
/*

(1, 5)(2, 4)
*/

trl:=Transversal (N, N124s) ;

for i:=1 to #trl do

ss:=[1,2,4]"trl1[i];

cst [prodim (1 ,ts ,ss)]:=ss;

end for;

m:=0; for i in [1..110] do if cst[i] ne []
then m:=m-+1;

end if; end for ;m;

[*x 45 x/

#sub<G|x,y>/#N124s+42;

/* 8th DCE x/

S:={[1,3,2]};

SS:=S"N;

SSS:=Setseq (SS);

for i in [1..#SS] do

for g in IH do if ts[1l]*xts[3]=*ts[2]

eq gxts[Rep(SSS[i]) [1]]*ts[Rep(SSS[i]) [2]]*ts[Rep(SSS[i])
[3]] then print SSS[i];

end if; end for; end for;

/*



*/

N132:=Stabiliser (N,[1,3,2]);

#N132;

[*x 1 x/

N132s:=N132;

for n in N do if
N132s,n>; end

#N132s;

[* 2 x/

for n in N do if
N132s,n>; end

#N132s;

[1,3,2] " N132s;

Orbits (N132s);
/*

[1,3,2]"n eq

if;

[1.,3.2]"n eq

if;

end for;

end for;

[5,3,4] then N132s:=sub<N|

[4,6,5] then N132s:=sub<N]|

203



GSet{@ 3, 6 @},
GSet{@ 1, 5, 4, 2 @}

*/

for i in [1..9] do

for g in IH do for h in IN
if ts[1]xts[3]*ts[2]x*ts[3]
break i; break g; break h;
[*T*/

for i in [1..9] do

for g in IH do for h in IN
if ts[l]*xts[3]xts[2]*ts[2]
break i; break g; break h;
/x4

Generators (N132s);

trl:=Transversal (N,N132s);
for i:=1 to #trl do
ss:=[1,3,2]"trl[i];
cst [prodim (1,ts ,ss)]:=ss;

end for;

do
eq gx(DC[i]) "h then

end if; end for;end

do
eq gx(DC[i]) "h then

end if; end for;end

m:=0; for i in [1..110] do if cst[i] ne []
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1;

for;end for;

1;

for;end for;
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then m:=m+1;

end if; end for ;m;

[* 48 x/
#sub<G|x,y>/#N132s+48;

/* 9th DCE x/

S:={[1,2,1]};

SS:=S"N;

SSS:=Setseq(SS) ;

for i in [1..#SS] do

for g in IH do if ts[l]*xts[2]*ts[1]

eq gxts [Rep(SSS[i]) [1]]*ts[Rep(SSS[i]) [2]]=*ts[Rep(SSS[i])
[3]] then print SSS[i];

end if; end for; end for;

N121:=Stabiliser (N,[1,2,1]);

#N121;

[* 1 x/

N121s:=N121;

for n in N do if [1,2,1]"n eq [2,1,2] then NI12ls:=sub<N|
N121s,n>; end if; end for;

#N121s;

[* 2 x/

[1,2,1]" N121s;



Orbits (N121s);
/*

GSet{@ 1, 2 @},
GSet{@ 3, 6 @},
GSet{@ 4, 5 @}

*/
for i in [1..9] do

for g in IH do for h in IN
if ts[1]xts[2]*xts[1]*ts[1]
break i; break g; break h;

/*3%/
for i in [1..9] do

for g in IH do for h in IN
if ts[1]xts[2]*«ts[1]x*ts[3]
break i; break g; break h;

/*5%/
for i in [1..9] do

for g in IH do for h in IN
if ts[l]xts[2]*ts[1]x*ts[4]
break i; break g; break h;

[*xTx/

Generators (N121s) ;
/*

(1, 2)(3, 6)(4, 5)
*/

trl:=Transversal (N, N121s) ;

do
eq gx(DC[i]) "h then

end if; end for;end

do
eq gx(DC[i]) "h then

end if; end for;end

do
eq g*x(DC[i]) h then

end if; end for;end
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1;

for;end for;

1;

for;end for;

1;

for;end for;



207

for i:=1 to #trl do

ss:=[1,2,1] " tr1[i];

cst [prodim (1,ts,ss)]:=ss;

end for;

m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1;

end if; end for ;m;

/% 54 x/

#sub<G|x,y>/#N121s+54;

N ™ D=6

> NL:=NormalLattice (IH);
IsIsomorphic (NL[20], DihedralGroup(6));

IH ™ D6 : 2

Relations:
There are two relations in this group:
> ts = [Id(Gl): i in [1 .. 6] |;

> ts[1]:=1(t); ts[2]:=1(t"x);
> ts[4]:=1(t"(x"3)); ts[5]:=1(

> /% (xxtxt"x)"3 where t'x = t.2, t=t_6x%/

/x x"3 (txt"x) " (x"2) (t*xt"x)"x (txt"x) x/

> /#%x73 (t6 t1)"(x72) (t6 t1)"x (t6t1)x/

> /*x"3 (t2t3) (t1t2)(t6t1)=/

> f(x"3)xts[2]xts[3]xts[1]*ts[2]xts[6]xts[1];
1d(G1)
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> /%« x"3 xy x t * x"3 x t x x"3 % t in Hx/

> /% x"3 xy x t % xX'3 %t x x"3 x t=x"3 %y x t x x 6x
=3 % t x x73 *t

> x"3 % y txext (x"3) t= x"3xyxtxt " (x"3) *xt=x"3t6t3t6
«/

> f(x"3%y)*ts[6]xts[3]xts[6] in IH;

true

So Ht6t3=Ht6

/* NEW GROUP BELOW x/

S:=Sym(15);

xx:=S1(1, 15, 12, 8, 3, 9, 14, 13, 7, 4)(2, 11, 5, 6, 10);

yy:=S!1(1, 11, 14, 6, 12, 2, 7, 5, 3, 10)(4, 8, 13, 15, 9);

N:=sub<S|xx,yy>;

#N;

/%150 /

G<x,y,t>=Group<x,y,t| (y'—1 % x"—1)"3 , (y"—1 * x) 3, x
Ik y -1 %+ x73 x y 1 x x'—1 xy x"2 xy x x 2 xy 3.t
9

(t,y =1 % x"2 x y"—1), (t,x"3 % y"—1 % x),(x"(—1)*y*t) "5,(x
(—2)xt " (yax (1)) 3>

#G;

/%124800%/

/* N7 572:83 x/

/* GTU(3,4):2%/



#DoubleCosets (G, sub<G|x,y>,sub<G|x,y>);

[x12x/

H:=sub<G|x,y,x * y % t * X" =2 % t % x"2 * t % y —1>;
AL

/%300 /

Index (G,H) ;

[*%416x%/

f ,G1,k:=CosetAction (G,H);

IN:=sub<G1| f(x),f(y)>;

IH:=sub<G1|f(x),f(y),f(x *x y %« t * x"=2 % t x x"2 % t * y
T 1) >

#DoubleCosets (G,H, sub<G|x,y>);

[xTx/

/* Do DCE of G over H and Nx/

ts ;= [ Id(Gl): i in [1 .. 15] |;

ts[2]:=f(t " (y * x"—1)); ts[3]:=f(t"(y"—2)); ts[4]:=f(t"(x
D)) ts[Bl=1(t (y o+ x));

ts[6]:=f(t " (y =1 x x"—1)); ts[7]:=f(t"(x"—2));

ts [8]:=f(t " (x"—1 % y)); ts[9]:=f1

209

C(xxy) )i ts [10]:=1(t" (y 1

(t
)); ts[11l]:=1f(t"y); ts[l2]:=f(t"(x"2 )); ts[13]:=1(t" (x=

y —1));
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ts[14]:=f(t"(y"2)); ts[l5]:=f(t"x);

DC:=[Id(G1) ,f(t),f(t * x % t),f(t * x"—1 %« t « y x t),{(t =
X x btk x ok t),f( 6t xxxt xy —1xt), f(t*yxt *
y * t) ]

L<u,v>:=Group<u,v|(v' =1 * u"—1)"3 |, (v'—1 % u)"3 ,

u—1 % v —1 xu3 x v —-1x%xu—-1=xv ,u2=xvzxxu?2sx*xv 3
>

Sch:=SchreierSystem (L, sub<L|Id (L)>);

h:=hom<L>N|u-—>xx , v-—>yy >;

g:=hom<IN->N| f (x)-—>xx, f (y)>yy>;

Schl:=SchreierSystem (G,sub<G|Id (G)>);

cst := [null : i in [1 .. 416]] where null is [Integers() |
J;

prodim := function(pt, Q, 1)

v = pt;

for i in I do

vo= v (Q[i]);

end for;

return v;

end function;

Nl:=Stabiliser (N,1);

for g in IH do for i in [1..15] do if ts[1l] eq g*ts[i]| then

i; end if; end for; end for;
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SSS:=Setseq (SS);

for 1 in [1..#8SSS] do

for g in IH do if ts[1]

eq gxts|[Rep(SSS[i]) [1]]

then print SSS[i];

end if; end for; end for;

*/

Nl:=Stabiliser (N,1);

N1s:=N1;

#Nls;

/*10%/



212

trl:=Transversal (N,Nl1s) ;

for i:=1 to #trl do

ss:=[1]"tr1[i];

cst [prodim (1 ,ts ,ss)]:=ss;

end for;

/*x15%/

m:=0; for i in [1..416] do if cst[i] ne []
then m:=m+1;

end if; end for ;m;

Orbits (N1s);

/*

GSet{@ 1 @},

GSet{@ 3 @},
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GSet{@ 7 @},

GSet{@ 12 @},

GSet{@ 14 @},

GSet{@ 2, 5, 13, 10, 8, 15, 11, 4, 9, 6 @}

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[1] eq gx(DC[i]) h then i;

break i; break g; break h; end if; end for;end for;end for;

[*x1%/

for i in [1..7] do
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for g in IH do for h in IN do

if ts[l]*xts[3] eq gx(DC[i]) h then i;

break i; break g; break h; end if; end for;end for;end for;

/%2 /

for m in IH do for n in IN do

if ts[1]xts[3] eq mx(ts[1l]) n

then

for i in [1..#Sch] do if g(n) eq h(Sch[i]) then Sch[i];
break i;end if; end for;

for j in [1..#Schl] do if m eq f(Schl[j]) then Schl[j];
break j;end if; end for;

break m; break n; end if; end for; end for;

/*

u —2

(x « y"—1 % x"—1)"2

17 (xx"—2);

7

> ts[1]xts[3] eq f((x *x y =1 % x"—1)"2)xts [7];

true

for g in IH do for h in IN do

if ts[l]xts[7] eq gx(DC[i]) h then 1i;
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break i; break g; break h; end if; end for;end for;end for;

[*%2% ]

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[12] eq gx(DC[i]) h then i;

break i; break g; break h; end if; end for;end for;end for;

[*%2x /

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[14] eq gx(DC[i]) h then i;

break i; break g; break h; end if; end for;end for;end for;

[*%2% |

for i in [1..7] do
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for g in IH do for h in IN do

if ts[1]xts[2] eq gx(DC[i]) h then ij;

break i; break g; break h; end if; end for;end for;end for;

/3% /

S:={[1,2]};

SS:=S"N;

SSS:=Setseq (SS);

for i in [1..#SSS] do

for g in IH do if ts[l]*ts[2]

eq gxts[Rep(SSS[i]) [1]]=*ts[Rep(SSS[i]) [2]]

then print SSS[i];

end if; end for; end for;

/%
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*/

N12:=Stabiliser (N,[1,2]);
N12s:=N12;

#N12s;

[x1x/

trl:=Transversal (N,N12s);
for i:=1 to #trl do
ss:=[1,2]"trl[i];

cst [prodim (1 ,ts ,ss)]:=ss;
end for;

m:=0; for i in [1..416] do if cst[i] ne []
then m:=m-+1;

end if; end for ;m;



/*%165x%/

Orbits (N12s) ;

/*

GSet{@ 1

GSet{@ 2

GSet{@ 3

GSet{@ 4

GSet{@ 5

GSet{@ 6

GSet{@ 7

GSet{@ 8

GSet{@ 9

GSet{@ 10 @},

GSet{@ 11 @},

a},

a},

a},

a},

a},

a},

a},

a},

218
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GSet{@ 12 @},

GSet{@ 13 @},

GSet{@ 14 @},

GSet{@ 15 @}

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[1l] eq g+(DC[i]) "h then ij;

break i; break g; break h; end if; end for;end for;end for;

/*3%/

for m in IH do for n in IN do

if ts[l]*xts[2]xts[1l] eq mx(ts[1l]xts[2]) n

then

for i in [1..#Sch] do if g(n) eq h(Sch[i]) then Sch[i];
break i;end if; end for;

for j in [1..#8Schl] do if m eq f(Schl[j]) then Schl[j];
break j;end if; end for;

break m; break n; end if; end for; end for;



/%
Id (L)
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X %« t *x X2 x t x x —2 x t *x x"—1

> ts[1]xts[2]*ts[1] eq f(x *x t % x"2 % t % x" =2 % t % x"—1)

xts [1]xts[2];
true

>

*/

for i in [1..7] do

for g in IH do for h in

if ts[l]*xts[2]xts[2] eq

break i; break g; break

[*%2% [

for i in [1..7] do

for g in IH do for h in

if ts[l]xts[2]*ts[3] eq

break i; break g; break

[T/

IN do

gx(DC[i]) "h then i;

h; end if; end for;end for;end for;

IN do
g*(DC[1]) "h then i;
h .

’

end if; end for;end for;end for;
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for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[4] eq g+(DC[i]) "h then ij;

break i; break g; break h; end if; end for;end for;end for;

/%6 /

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[5] eq g+x(DC[i]) "h then ij;

break i; break g; break h; end if; end for;end for;end for;

/*3%/

for i in [1..7] do

for g in IH do for h in IN do

if ts[1]*xts[2]*ts[6] eq g+(DC[i]) h then i;
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break i; break g; break h; end if; end for;end for;end for;

/3% /

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[7] eq g+(DC[i]) "h then ij;

break i; break g; break h; end if; end for;end for;end for;

/%5

*/

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[8] eq g+(DC[i]) "h then ij;

break i; break g; break h; end if; end for;end for;end for;

/*3%/

for i in [1..7] do
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for g in IH do for h in IN do

if ts[1]xts[2]xts[9] eq g+x(DC[i]) "h then i;

break i; break g; break h; end if; end for;end for;end for;

[ x4/

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[10] eq g«(DC[i]) "h then i;

break i; break g; break h; end if; end for;end for;end for;

/*3%/

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[11] eq g*(DC[i]) "h then i;

break i; break g; break h; end if; end for;end for;end for;
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/*3%/

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[12] eq g+(DC[i]) "h then i;

break i; break g; break h; end if; end for;end for;end for;

/5% /

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[13] eq g«(DC[i]) "h then i;

break i; break g; break h; end if; end for;end for;end for;

/6% /

for i in [1..7] do

for g in IH do for h in IN do
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if ts[1]*ts[2]*ts[14] eq g«x(DC[i]) h then i;
break i; break g; break h; end if; end for;end for;end for;

[*Tx/

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[15] eq g+(DC[i]) "h then i;

break i; break g; break h; end if; end for;end for;end for;

[ x4/
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for m in TH do if ts[1]*ts[2]*ts[9] eq mxts[13]xts[2]xts[7]
then

for j in [1..#Schl] do if m eq f(Schl[j]) then Schl[j];
break j;end if; end for;

break m; end if; end for;

X % t % x"2 %t x x %y —1 % x %t

> ts[1]*ts[2]xts[9] eq f(x * t x x"2 % t % x * y —1 % x % t
Jxts [13]xts[2]xts [T\

I

true

*/

N129:=Stabiliser (N,[1,2,9]);

N129s:=N129;

for g in N do if [1,2,9]"g eq [13,2,7] then N129s:=sub<N|
N129s,g>; end if ; end for;

[1,2,9]" N129s;

/*
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HN/#N120s ;

/*T5%/

trl:=Transversal (N,N129s);

for i:=1 to #trl do

ss:=[1,2,9]"trl[i];

cst [prodim (1 ,ts ,ss)]:=ss;

end for;

m:=0; for i in [1..416] do if cst[i] ne []
then m:=m-+1;

end if; end for ;m;



228

/*%240%/

S:={[1,2,7]};

SS:=S"N;

SSS:=Setseq(SS) ;

for i in [1..#SSS] do

for g in IH do if ts[1]xts[2]*ts[T7]

eq gxts[Rep(SSS[i]) [1]]*ts[Rep(SSS[i]) [2]]*ts[Rep(SSS[i])
[3]]

then print SSS[i];

end if; end for; end for;
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[ 2, 15, 11 ]
}
{

[ 15, 1, 4 ]
}
*/

N127:=Stabiliser (N,[1,2,7]);

N127s:=N127;

for g in N do if [1,2,7]"g eq [2,15,11] then N127s:=sub<N|
N127s,g>; end if ; end for;

[1,2,7] N127s;

#N/#N127s;;

/*%50%/

trl:=Transversal (N,N127s);

for i:=1 to #trl do
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ss:=[1,2,7]"trl[i];

cst [prodim (1,ts,ss)]:=ss;

end for;

m:=0; for i in [1..416] do if cst[i] ne []
then m:=m+1;

end if; end for ;m;

/%290 /

S:={[1,2,4]};

SS:=S"N;

SSS:=Setseq (SS);

for 1 in [1..#8SSS] do

for g in IH do if ts[1]*ts[2]*ts[4]

eq gxts[Rep(SSS[i]) [1]]*ts[Rep(SSS[i]) [2]]*ts[Rep(SSS[i])
[31]

then print SSS[i];
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end if; end for; end for;

N124:=Stabiliser (N,[1,2,4]);



N124s:=N124;

for g in N do if [1,2,4]"¢g eq [6,13,7] then N124s:=sub<N|

N124s,g>; end if ; end for;

[1,2,4] N124s;

HN/#N124s ;

/%50 /

trl:=Transversal (N,N124s) ;

for i:=1 to #trl do

232
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ss:=[1,2,4]"trl[i];

cst [prodim (1,ts,ss)]:=ss;

end for;

m:=0; for i in [1..416] do if cst[i] ne []

then m:=m+1;

end if; end for ;m;

/%340 /

S:={[1,2,3]};

SS:=S"N;

SSS:=Setseq (SS);

for i in [1..#8SS] do

for g in IH do if ts[1]#ts[2]*ts[3]

eq gxts[Rep(SSS[i]) [1]]*ts[Rep(SSS[i]) [2]]*ts[Rep(SSS[i])
[31]

then print SSS[i];



end if; end for; end for;

N123:=Stabiliser (N,[1,2,3]);

N123s:=N123;

for g in N do if [1,2,3]"g eq [5,3,2] then NI123s:=sub<N|
N123s,g>; end if ; end for;

[1,2,3]" N123s;

/*

234
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a}

*/

4N/#N123s ;

[*Thx/

Orbits (N123s) ;

/]

GSet{@ 4 @},

GSet{@ 8 @},

GSet{@ 9 @},

GSet{@ 13 @},

GSet{@ 15 @},

GSet{@

—_

, b @},
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GSet{@ 2, 3 @},

GSet{@ 6, 7 @},

GSet{@ 10, 14 @},

GSet{@ 11, 12 @}

trl:=Transversal (N,N123s);

for i:=1 to #trl do

ss:=[1,2,3]"trl[i];

cst [prodim (1,ts ,ss)]:=ss;

end for;

m:=0; for i in [1..416] do if cst[i] ne []

then m:=m+1;
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end if; end for ;m;

/*415%/

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[3]xts[4] eq gx(DC[i]) h then i;

break i; break g; break h; end if; end for;end for;end for;

[xTx/

for i in [1..7] do

for g in IH do for h in IN do

if ts[1]xts[2]*ts[3]xts[8] eq g+(DC[i]) "h then ij;

break i; break g; break h; end if; end for;end for;end for;

/x4

for i in [1..7] do
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for g in IH do for h in IN do

if ts[l]*xts[2]xts[3]xts[9] eq gx(DC[i]) h then i;

break i; break g; break h; end if; end for;end for;end for;

/x4 /

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]xts[2]*ts[3]*xts[13] eq g*(DC[i]) "h then ij;

break i; break g; break h; end if; end for;end for;end for;

[*x4x/

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[3]xts[15] eq gx(DC[i]) "h then ij;

break i; break g; break h; end if; end for;end for;end for;
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[T/

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[3]xts[1l] eq gx(DC[i]) "h then i;

break i; break g; break h; end if; end for;end for;end for;

/5% /

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[3]xts[2] eq gx(DC[i]) "h then i;

break i; break g; break h; end if; end for;end for;end for;

/*3%/

for i in [1..7] do

for g in IH do for h in IN do



240

if ts[l]*xts[2]xts[3]xts[6] eq gx(DC[i]) h then ij;
break i; break g; break h; end if; end for;end for;end for;

/*3%/

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[3]*xts[10] eq gx(DC[i]) "h then ij;

break i; break g; break h; end if; end for;end for;end for;

[T/

for i in [1..7] do

for g in IH do for h in IN do

if ts[l]*xts[2]xts[3]xts[11] eq gx(DC[i]) "h then ij;

break i; break g; break h; end if; end for;end for;end for;

/5% /
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6.2 Double Coset Enumeration of 23:PSL (2,7) over PSL
(2,7)

S:=Sym(10) ;

xx:=S!(1, 2)(3, 5)(7, 9)(8, 10);

yy:=SI(1, 3, 6)(2, 4, 7)(5, 8, 9);

N:=sub<S|xx,yy>;

#AN;
/*x 60 x/

G<x,y,t>=Group<x,y,t|x "2,y "3,(x x y"—1)"5,
t72, (t,y * x x y -1 % x xy x x), (t,x"y),

(x * y *+ x xy —1 % x %y * x %y —1%x % yxt) 3>;

#G;

for i in [0..9] do for j in [0..1] do printf "%o0” , i;j;xx"
ixyy~j; end for;end for;

/%

Id(S)

01

(1, 3, 6)(2, 4, 7)(5, 8, 9)

10

(1, 2)(3, 5)(7, 9)(8, 10)

11

(1, 4, 7, 5, 6)(2, 3, 8, 10, 9)

20

Id(S)

21

(1, 3, 6)(2, 4, 7)(5, 8, 9)
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30
(1, 2)(3, 5)(7, 9)(8, 10)

31

(1, 4, 7, 5, 6)(2, 3, 8, 10, 9)
40

1d(S)

41

(1, 3, 6)(2, 4, 7)(5, 8, 9)

50

(1, 2)(3, 5)(7, 9)(8, 10)

51

(1, 4, 7, 5, 6)(2, 3, 8, 10, 9)
60

1d(S)

61

(1, 3, 6)(2, 4, 7)(5, 8, 9)

70

(1, 2)(3, 5)(7, 9)(8, 10)

71

(1, 4, 7, 5, 6)(2, 3, 8, 10, 9)
80

1d(S)

81

(1, 3, 6)(2, 4, 7)(5, 8, 9)

90

(1, 2)(3, 5)(7, 9)(8, 10)

91

f ,Gl,k:=CosetAction (G, sub<G|x,y>);
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7k

[x 1 %/

#sub<G|x,y>;

/* 60 x/
CompositionFactors (Gl);

| A(1, 11) = L(2, 11)

#DoubleCosets (G, sub<G|x,y>,sub<G|x,y>);
[*x 2 x/

NN<a ,b>:=Group<a,b|a"2,b"3,(a * b —1)"5>;
Sch:=SchreierSystem (NN, sub<NN|Id (NN)>);

Sch;

A =XX |

b:=yy;

/*

(1, 2)(3, 5)(7, 9)(8, 10)

(1, 3, 6)(2, 4, 7)(5, 8, 9)

(1, 6, 3)(2, 7, 4)(5, 9, 8)

(1, 4, 7, 5, 6)(2, 3, 8, 10, 9)
(1, 7, 8, 10, 5)(2, 6, 3, 9, 4)
(1, 5, 10, 8, 7)(2, 4, 9, 3, 6)
(1, 6, 5, 7, 4)(2, 9, 10, 8, 3)
(1, 4, 9)(2, 5, 6)(3, 10, 7)
(1, 9, 4)(2, 6, 5)(3, 7, 10)
(1, 8, 2, 7, 3)(4, 5, 10, 9, 6)
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(1, 9)(4, 8)(5, 10)(6, 7)
(2, 5)(3, 4)(6, 8)(9, 10)

(1, 3, 7, 2, 8)(4, 6, 9, 10, 5)
(1, 7, 6, 4, 5)(2, 8, 9, 3, 10)

(1, 5, 4, 3, 2)(6, 8, 9, 7, 10)
(1, 8, 5, 7, 10)(2, 3, 4, 6, 9)

(1, 10, 7, 5, 8)(2, 9, 6, 4, 3)

(1, 7, 6, 9, 2)(3, 5, 8, 4, 10)

(1, 9, 5, 2, 10)(3, 8, 7, 6, 4)

(2, 7)(3, 8)(4, 10)(6, 9)
(1, 3)(4, 5)(6, 10)(7, 8)

(1, 10, 4)(2, 8, 6)(3, 7, 9)

(1, 4, 10)(2, 6, 8)(3, 9, 7)
(1, 4, 8)(2, 6, 10)(3, 7, 5)

(1, 7, 8, 3, 2)(4, 9, 5, 6, 10)

(1, 6, 8)(2, 4, 10)(3, 5, 9)

(1, 6, 10)(2, 4, 8)(5, 7, 9)
(2, 7, 5)(3, 6, 10)(4, 9, 8)

(1, 9, 3)(4, 7, 10)(5, 6, 8)

(1, 2,9, 10, 5)(3, 6, 8, 4, 7)



(1, 9, 8)(2, 10, 7)(3, 5, 6)
(1, 5)(2, 10)(3, 8)(4, 7)

(1, 3, 10)(2, 8, 5)(4, 9, 7)
(1, 6)(2, 9)(3, 10)(4, 5)

(1, 5)(2, 4)(6, 9)(7, 10)

(1, 8, 9)(2, 7, 10)(3, 6, 5)
(1, 10)(2, 9)(3, 6)(7, 8)

(1, 10, 3)(2, 5, 8)(4, 7, 9)
(1, 8)(2, 3)(4, 9)(5, 10)

(1, 9, 7, 2, 6)(3, 4, 5, 10, 8)
(1, 4, 2, 5, 3)(6, 9, 10, 8, 7)
(1, 7)(2, 8)(5, 6)(9, 10)

(1, 6, 2, 7, 9)(3, 8, 10, 5, 4)
(1, 3,5, 2, 4)(6, 7, 8, 10, 9)
(1, 7)(2, 6)(3, 4)(5, 8)

(1, 4)(2, 3)(6, 7)(8, 9)

(3, 9)(4, 6)(5, 7)(8, 10)

(1, 2)(3, 7)(4, 6)(5, 9)

x/

G<x,y,t>=Group<x,y,t|a"2,b "3 ,(a * b "—1)"5>;
G1:=N; G:=NN;

Sch:=SchreierSystem (G,sub<G|1d (G)>);
ArrayP:=[Id(Gl): i in [1..#G1]];

for i in [2..#Gl] do

P:=[1d (Gl 1. #Sch[i]]];

] d

): 1 in
for j in [1..#Sch
if Eltseq(Sch[i])
if Eltseq(Sch[i])
if Eltseq(Sch[i])

eq 1 then P[j]:=xx; end
eq —1 then P[jl:=xx"—1;

[
[1]
[J]
[J]
[j] eq 2 then P[jl:=yy; end

if;
end
if;

if;

245
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if Eltseq(Sch[i])[j] eq —2 then P[j]:=yy —1; end if;
end for;

PP:=1d (G1) ;

for k in [1..#P] do

PP:=PP«P[k]; end for;

ArrayP [i]:=PP;

end for;
Nl:=Stabiliser (N,1) ;
N1;

/*

Do the DCE of G over N

These are the t's

Y

for i in [1..#N] do for j in [2..10] do if 1" ArrayP[i] eq ]
then j, Sch[i]; break; end if; end for; end for;

/*

2 x

3y

6 vy —1

4 X %y

2 x x t

7T x x y —1
Dy * X
3y x ¢t
2t x x
3t x vy
6 t x y —1
6 y—1 % x
6 y'—1 x ¢

4 X x y % X
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Permutation group N acting on a set of cardinality 10
Order = 60 = 272 % 3 % 5
(1, 2)(3, 5)(7, 9)(8, 10)
(1, 3, 6)(2, 4, 7)(5, 8, 9)
Y
S:=Sym(10) ;
xx:=S!(1, 2)(3, 5)(7, 9)(8, 10);
yy:=S!(1, 3, 6)(2, 4, 7)(5, 8, 9);
N:=sub<S|xx,yy>;
G<x,y,t>:=Group<x,y,t|x 2,y "3 ,(x *x y —1)"5,
t72, (t,y * x x y -1 % x xy x x), (t,x"y),
(x « y * x %y —1 %x x xy xx %y —1 % x % yxt) 3>;
#G;
f,G1,k:=CosetAction (G,sub<G|x,y>);
#G1;
IN:=sub<G1| f(x),f(y
ts = [ Id(Gl): i in

Y

[
ts[1]:=1(t); ts[2]:=f(t"(x)); ts[3]:=F(t"(y)); ts[4]:=f(t"(
xxy)); ts[5]:=1(t " (y*x));
ts [6]:=f(t"(y"2));ts[T]:=1(t (xxy —1));ts[8]:=f(t (y*x*y))
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ts[9]:=f(t " (x * y"—1 % x));ts[10]:=1(t" (x*x(xxy) 3));

#DoubleCosets (G, sub<G|x,y>, sub<G|x,y>);

[*x 2 x/

DoubleCosets (G, sub<G|x,y>, sub<G|x,y>);

/* { <GrpFP, 1d(G), GrpFP>, <GrpFP, t, GrpFP> } «/

DC:=[ f( Id(G)), f( t)];

Index (G1,IN) ;

[ 11 %/

cst := [null : i in [1 .. Index(GLl,IN)]] where null is |
Integers () | |;

prodim := function(pt, Q, 1)

v = pt;

for i in I do

v = v(Qli)

end for;

return v;

end function:;

for i := 1 to 10 do
cst [prodim (1, ts, [i])] = [i];
end for;

m:=0; for i in [1..11] do if est[i] ne [] then m:=m+1; end
if; end for ;m;

/*x 10 x/

/*
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> ts
[1:=1(t); ts[2l:=1(t"(x)); ts[3]:=1(t"(y)); ts[4]:=F(t"(
x*xy)); ts[B]:=f(t\
“(y#x));

[6]:=1(t"(y"2))sts[T]:=1(t"(xxy 1)) ts[8]:=1(t " (y*xxy));
ts[9]:=f(t " (x * y\

=1 % x));ts[10]:=1(t " (xx(xxy)"3));

> c¢st := [null : i in [1 .. Index(GL,IN)]] where null is |
Integers () | |;

> prodim := function(pt, Q, I)

function> v := pt;

function> for i in I do

function |for> v = v (Q[i]);

function | for> end for;

function> return v;

function> end function;

> for i := 1 to 10 do

for> cst[prodim (1, ts, [i])] = [i];

for> end for;

> m:=0; for i in [1..11] do if cst[i] ne [] then m:=m+1;
end if; end for;m> m:=0; for i in [1..11] do if cst[i] ne

[] then m:=m+1; end if; end for ;m;
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>
> for i in [1..10] do ts[3]*ts[1l] eq nxts[i] end for;

>> for i in [1..10] do ts[3]xts[l] eq nxts[i] end for;
User error: bad syntax
> for i in [1..10] do ts[3]xts[l] eq nxts[i]; end for;

>> for i in [1..10] do ts[3]xts[1l] eq nxts[i]; end for;

~

Y

User error: Identifier ’n’ has not been declared or
assigned
> for i in [1..10] do ts[3]*ts[1] eq nxts[i] end for;

>> for 1 in [1..10] do ts[3]xts[1l] eq nxts[i] end for;

User error: bad syntax

> for n in IN for i in [1..10] do if ts[3]xts[l] eq nxts|[i]
end if;

>> for n in IN for i in [1..10] do if ts[3]xts[1l] eq nxts][i
| end if;

User error: bad syntax

> for n in IN do for i in [1..10] do if ts[3]*xts[1l] eq nx*ts
[i] end if;

>> for n in IN do for i in [1..10] do if ts[3]xts[l] eq nx
ts[i] end if;



User error: bad syntax

> for n in IN do for i in [1..

[i] then 1i;
for |for|if> end if; end for;

8

> for n in IN do for i in [1..

[i] then i;
for|for|if> end if; end for;
2

> for n in IN do for i in [1..

[i] then 1i;
for|for|if> end if; end for;
6

> for n in IN do for i in [1..

[i] then 1i;
for|for|if> end if; end for;
D

> for n in IN do for i in [1..

[i] then i;
for|for|if> end if; end for;
4

> for n in IN do for i in [1..

[i] then 1i;
for|for|if> end if; end for;
7

> for n in IN do for i in [1..

[i] then i;
for |for|if> end if; end for;
3

> for n in IN do for i in [1..

[i] then 1i;

10] do

end for;

10] do

end for;

10] do

end for;

10] do

end for;

10] do

end for;

10] do

end for;

10] do

end for;

10] do

ts[3]*ts[1]

ts[2]xts [1]

ts[4]xts[1]

ts[b]xts[1]

ts [6]xts[1]

ts[T]xts[1]

ts [8]xts[1]

ts[9]*ts [1]

eq

eq

eq

eq

eq

eq

€eq

eq
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nxts

nxts

nxts

n*xts

nxts

n*xts

nxts

nxts
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for |for|if> end if; end for; end for;

10

> for n in IN do for i in [1..10] do if ts[10]xts[1] eq nx
ts[i] then 1i;

for |for|if> end if; end for; end for;

9

> S:Sym(11);

>> S:Sym(11);

~

User error: bad syntax
>
> fx:=S1(2,3)(4,6)(8,10)(9,11);

>> fx:=S1(2,3)(4,6)(8,10)(9,11);

~

Runtime error in elt< ... >: Bad arguments to cycle or

commutator construction

> fy:=S1(2,4,7)(3,5,8)(6,9,10);
> ft:=S1(1,2)(4,9)(5,7)(10,11);

>> ft:=S1(1,2)(4,9)(5,7)(10,11);

~

Runtime error in elt< ... >: Bad arguments to cycle or

commutator construction

S:=Sym(11);

fx:=S1(2,3) (4,6)(8,10)(9,11);
fy:=S1(2,4,7)(3,5,8)(6,9,10);



> ft:=S1(1,2)(4,9)(5,7)(10,11);

> #sub<S|xx,yy>:
> #sub<S|xx,yy>;

>> #sub<S|xx,yy>;
User error: bad syntax

> #sub<S|xx,yy>;

>> #sub<S|xx,yy>;
Runtime error in sub<

the arguments given

> #sub<S|xx,yy>;

>> #sub<S|xx,yy>;
Runtime error in sub<

the arguments given

> #sub<S| fx , fy >;

60

> GGl:=sub<S|fx , fy , ft >;
> #GGI;

660

>: Can

>: Can
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not build a generator from

not build a generator from

> s, t:=IsIsomorphic (GG1,PSL(2,11));

> t(fx);

(1, 3)(2, 8)(4, 9)(5, 6)(7, 12)(10, 11)

> S:=Sym(12);
> F7:=GF(7);
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> {a"2a in FT7};

>> {a"2a in F7};

~

User error: bad syntax
> {a"2: in FT7};

>> {a"2: in F7};

User error: bad syntax

> {a"2:a in FT7};

{0, 1, 2,4}

> /% All non zero squares are 1,2.,4 and powers of 2 give
1,2,4 x/

> /% x—>2x */

> S:=Sym(11);

> S:=Sym(12);

> a:=S!(11,1,2,3,4,5,6,7,8,9,10);

> b:=S!(1,2,4,8,5,10,9,7);

> b:=S!(1,2,4,8,5,10,9,7,3,6);

> g:=S1(11,12)(1,10)(2,5)(3,7)(4,8)(6,9);

> #sub<S|a,b,g>;

1320

> b;

(1, 2, 4, 8, 5, 10, 9, 7, 3, 6)

> F11:=GF(11);

> {a"2:a in F11};

{0, 1, 3, 4, 5,9}

> /% x —> 3x %/

> b:=S!(1,3,9,5,4)(2,6,7,10,8);

> #sub<S|a,b,g>;
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660

> psl211:=sub<S|a,b,g>;

> IsIsomorphic(psl211 ,PSL(2,11));

true Homomorphism of GrpPerm: psl211, Degree 12, Order 272

* 3 « 5 x 11 into

GrpPerm: $, Degree 12, Order 2°2 % 3 % 5 % 11 induced by

(1, 2, 3, 4, 5,6, 7,8, 9, 10, 11) |-—> (2, 9, 10, 7,
4, 5, 12, 8, 11, 3,

6)

(1, 3,9, 5, 4)(2, 6, 7, 10, 8) |-—> (2, 6, 8, 3, 4)(5,
7, 11, 9, 10)

(1, 10)(2, 5)(3, 7)(4, 8)(6, 9)(11, 12) |——> (1, 12)(2,

)
11)(3, 10)(4, 9)
8)(6, 7)
> Islsomorphic (GGI, psl211);
true Homomorphism of GrpPerm: GGI1, Degree 11, Order 272 x 3
* b x 11 into
GrpPerm: psl211, Degree 12, Order 272 % 3 % 5 % 11 induced

(4, 6)(8, 10)(9, 11) [—> (1, 12)(2, 3)(4, 9)(5,

7)(6, 8)(10, 11)

(2, 4, 7)(3, 5, 8)(6, 9, 10) |-—> (1, 6, 12)(2, 10, 3)
(4, 8, 5)(7, 9, 11)

(1, 2)(4, 9)(5, 7)(10, 11) > (1, 7)(2, 9)(3, 6)(4,
10) (5, 8)(11, 12)
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Monomial Progenitors and Finding Rela-
tions Codes

6.3 Monomial Progenitors Examples 3.4, 3.5 and First Or-

der Relation

T:=TransitiveGroups (15);

G:=T[15]; CG:=CharacterTable(G); S:=Subgroups(G); H:=S[19]°
subgroup;

CH:=CharacterTable (H); Induction(CH[3],G) eq CG[14];

T:=TransitiveGroups (15) ;

G:=T[15]; CG:=CharacterTable(G); S:=Subgroups(G); H:=S[19]°
subgroup;

CH:=CharacterTable (H); Induction(CH[2],G) eq CG[15];

*/

/* Problem #1 x/

T:=TransitiveGroups (15) ;

G:=T[15];

T:=TransitiveGroups (15) ;

G:=T[15]; CG:=CharacterTable(G); S:=Subgroups(G); H:=S[19]°
subgroup; CH:=CharacterTable (H) ;

for g,h in G do if sub<G|g,h> eq G then A:=g; B:=h; end if;
end for;

Y

/* interrupt it x/



A B; /+ These values change and give us our x and y x/

S:=Sym(15) ;
xx:=S!(1, 10, 9, 13, 3, 6, 15, 2, 14, 7, 8, 5, 4, 12, 11);
vy:=S!1(1, 5, 3, 2, 12, 6, 10, 7, 4, 13, 8, 15, 11, 9, 14);
G:=sub<S|xx,yy>;
CompositionFactors (G) ;
/%
G
|  Alternating (5)
S
| Cyclic(3)
1
«/
G eq T[15];
/* true x/
#G;
/* 180 x/
/%
Permutation group H acting on a set of cardinality 15
Order = 36 = 272 % 372
(1, 13, 3)(2, 9, 4)(5, 10, 15)(6, 14, 7)(8, 12, 11)
(1, 4)(2, 8)(3, 12><6, 9) (7, 13)(11, 14)
(1, 14)(2, 7)(3, 9)(4, 11)(6, 12)( , 13)
(1, 8, 6)(2, 9, 4)(3, 11, 7)(5, 15, 10)(12, 14, 13)
/
H:=sub<G| (1, 13, 3)(2, 9, 4)(5, 10, 15)(6, 14, 7)(8, 12,
1),
(1, 4)(2, 8)(3, 12)(6, 9)(7, 13)(11, 14),
(1, 14)(2, 7)(3, 9)(4, 11)(6, 12)(8, 13),
(1, 8, 6)(2, 9, 4)(3, 11, 7)(5, 15, 10)(12, 14, 13)>;



1

/* 36 x/

CH:=CharacterTable (H) ;

CG:=CharacterTable (G) ;

for 1 in [1..#CH] do if

Induction (CH[1],G) eq CG[14] then 1; end if; end for;
/*

>

6

/

Induction (CH[5] ,G) eq CG[14];
/% true x/

Index (G,H) ;

/% 5 x/

sk

[*x 36 x/

36%5;

Factorization (180);

[x [ <2, 2>, <3, 2>, <5, 1> | 2°2x372%x5"1 «x/
H;
/*

Permutation group H acting on a set of cardinality 15
Order = 36 = 272 % 372

(1, 13, 3)(2, 4) (5, 1 15)(6, 14, 7)(8, 12, 11)
(1, 4)(2, 8)(3, 12)(6, )( , 13)(11, 14)
(1, 14)(2, 7)(3, 9)(4, 11)(6, 12)(8, 13)
(1, 8, 6)(2, 9, 4)(3, 11, 7)(5, 15, 10)(12, 14, 13)

*/
H eq sub<G|(1, 13, 3)(2, 9, 4)(5, 10, 15)(6, 14, 7)(8, 12,

259
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11) ,(1, 4)(2, 8)(3, 12)(6, 9)(7, 13)(11, 14) (1, 14)(2,
7)(3, 9)(4, 11)(6, 12)(8, 13),(1, 8, 6)(2, 9, 4)(3, 11,
7)(5, 15, 10)(12, 14, 13)>;

H:=sub<G|(1, 13, 3)(2, 4)(5, 10, 15)(6, 14, 7)(8, 12,
11) (1, )( 8) (3, )( , 9) (7, 13)(11, 14) (1, 14)(2,
7)(3, 9)(4, 11)(6, 12)(8 13)7(1, 8, 6)(2, 9, 4)(3, 11,
7)(5, 15, 10)(12, 14, 13)

CH:=CharacterTable (H) ;

/* How many linear does it have?

How many linear chars does it have?

Y
for i in [1..#CH] do if CH[i](Id(H)) eq 1 then i; end if;
end for;

/*

1

2

3

4

5

6

7

8

9

Y

CH;

/*

Character Table of Group H
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Class | 1 2 3 4 5 6 7 8 9 10 11
12

Size | 1 3 1 1 4 4 4 4 4 4 3
3

Order | 1 2 3 3 3 3 3 3 3 3 6
6

p = 2 1 1 4 3 6 ) 8 7 10 9 3
4

p = 3 1 2 1 1 1 1 1 1 1 1 2
2

X.1 + 1 1 1 1 1 1 1 1 1 1 1
1

X.2 0 1 1 —1-J J—1-J J J—1-J 1 1 J—1—
J

X.3 0 1 1 —1-J J J—1-J 1 1-1-J J J—1—
J

X.4 0 1 1 1 1-1-J J—1-J J—1-J J 1
1

X.5 0 1 1 J —1-J J—1-J—-1-J J 1 1-1-J
J

X.6 0 1 1 J —1-J—-1-J J 1 1 J—1-J—-1-J
J

X. 7 0 1 1 1 1 J—1-J J—1-J J—1-J 1

X.8 0 1 1 J —1-J 1 1 J—1-J-1-J J—1-J
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J

X.9 0 1 1 —1-J J 1 1-1-J J J—1-J J—1—
J

X.10 + 3 -1 3 3 0 0 0 0 0 0 —1

X.11 0 3 —1 3xJ —3-3+J 0 0 0 0 0 0 1+J —

X.12 0 3 —1 —3-3xJ 3xJ 0 0 0 0 0 0 —J 1+

Explanation of Character Value Symbols

J = RootOfUnity (3)

*/

T:=Transversal (G,H) ;

#1';

/* 5 x/

for i in[l..#T] do i,T[i]; end for;

/*

1 Id(G)

2 (1, 10, 9, 13, 3, 6, 15, 2, 14, 7, 8, 5, 4, 12, 11)
3 (1, 5, 3,2, 12, 6, 10, 7, 4, 13, 8, 15, 11, 9, 14)
4 (1, 9,3, 15, 14, 8, 4, 11, 10, 13, 6, 2, 7, 5, 12)
5 (1, 11, 12, 4, 5, 8, 7, 14, 2, 15, 6, 3, 13, 9, 10)
Y

T[1]*xx*T[1]"—1 in H;

/* False x/

T[1]*xx+T[2]"—1 in H;
/* True x/
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CH[5];

/%

(1, 1, zeta(3)-3, —zeta(3)-3 — 1, zeta(3)-3, —zeta(3)-3 —
1, —zeta(3).3 — 1, zeta(3)3, 1, 1, —zeta(3)_-3 — 1, zeta
(3)-3 )

*/

T[11]*xx*T[11]"—1 in H;

/* true x/

T[11]*xx*T[11]" —1;

C:=Classes (G) ;
C;

D:=Classes (H);
D;

Set (H) meet Class(G,C[2][3]);

C:=CyclotomicField (3);

A:=[[C.1,0,0,0,0] : i in [1..5]];

for i,j in [1..5] do A[i,j]:=0; end for;

/* A consists of 0’s %/

for i,j in [1..5] do if T[i]*xxx*T[j]"—1 in H then
A[i,j]:=CH[5](T[i]*xx+T[j]"—1);end if; end for;

GG:=GL(5,C) ;
GG!A;
/*
[ 0 1 0 0
0]
[ 0 0 0 1
0]
[ 0 0 0 0 —zeta_3 —



Order (xx) ;
/*x 15 %/
Order (GG!A) ;
/*15 x/

B:=[[C.1,0,0,0,0] : i in [1..5]];
for i,j in [1..5] do B[i,j]:=0; end for;
/* A consists of 0’s %/

for i,j in [1..5] do if T[i]xyy*T[j]"—1 in H then

Bli,j]:=CH[5](T[i]*yy*T[j]"—1);end if; end for;

GG:=GL(5,C) ;

GG!B;

/*

[ 0 0 1
0]

[ 0 0 0
0]

[ 0 zeta_3 0
0]

[ 0 0 0
zeta_3 |

[~zeta 3 — 1 0 0
0]

*/

Order (yy) ;

/*x15%/

zeta_3

264
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Order (GG!B) ;

/*x 15 x/

IsIsomorphic (G, sub<GG|GG!A,GG!B>);

/% true x/

/* Note that zeta_3 = 9 Ask Hasan how this happens one more
time x /

CH[5];

/+*Replace zeta_3 with 9

(1, 1, zeta(3).3, —zeta(3)_-3 — 1, zeta(3)_3, —zeta(3)_3 —
1, —zeta(3).3 — 1,

zeta(3).3, 1, 1, —zeta(3)_-3 — 1, zeta(3)_-3 )

o/

PrimitiveRoot (7) ;

[x 3 x/

CHbseq:= [1, 1, (9), —(9) — 1, (9), —(9) — 1, —(9) — 1,
(9)7 L, 1, *<9)7 L, (9) ];

T:=Transversal (G,H) ;

A:=[[0,0,0,0,0] : i in [1..5]];

for i,j in [1..5] do if T[l]*XX T[j]"—1 in H then for k in
[1..#CH[5]] do if CH[5] (T[i]*xxx«T[j]"—1) eq CH[5][k]
then

A[i,j]:=CHb5seq[k] mod 7 ;end if; end for; end if; end for;

GG:=GL(5,7);

GGlA;

/*

(01 0 0 0]

(00 0 1 0]

[0 0 0 0 4]

(00 1 0 0]
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(1000 0]

*/

T:=Transversal (G,H) ;

B:=[[0,0,0,0,0] : i in [1..5]];

for i,j in [1..5] do if T[l]*yy T[j]"—1 in H then for k in
[1..#CH[5]] do if CH[5] (T[i]+yy*T[j]" 1) eq CH[5][k]
then

B[i,j]:=CHbseq[k] mod 7 ;end if; end for; end if; end for;

GG:=GL(5,7) ;
GG!B;

/*

0010 0]
000 2 0]
0200 0]
0000 2]
4000 0]
o
S:=Sym(30) ;

xx:=S1(1,2,4,3,28.,8,13,23,18,26,6,11,21,16,5)
(7,12,22,17,29,9,14,24,19,30,10,15,25,20,27) ;

yy:=S1(1,3,11,23,5,8,18,2,21,28,6,16,13.,4,26)
(7,17,15,24,27,9,19,12,25,29,10,20,14,22,30) ;

N:=sub<S|xx,yy>;

AN

/%180 /

IsIsomorphic (sub<GG|GG!A,GG!B> N) ;

/* true x/

FPGroup (N) ;

/*

Finitely presented group on 2 generators
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Relations
($.2°—1 * $.1)"3 = Id($) —> (y"—1 *x)"3
$.27—1 % $.17—3 % $.2°—1 % $§.1"2 = Id(3) —> y —1lxx"—3x
y o —1xx"2
$.27-3 % $§.17-1 % $.272 % $§.1" -1 = Id($) —> y " —3xx"—1x
y2xx"—1

G<x,y,t>:=Group<x,y,t| (y =1 *x) 3, y —1sx"—3xy —1xx" 2.y
T 3kx T —1xy2xx T —1,

t°7,

Y

Nt:=Stabiliser (N,{1,6,7,8,9,10});

/* These perms are in the stabiliser x/

for n in N do if {1,6,7,8,9,10}"n eq {1,6,7,8,9,10}

then n; end if; end for;

Set (Nt) ;

w:=WordGroup (N) ;

rho:=InverseWordMap (N) ;

A:=NI(2, 23, 3)(4, 16, 11)(5, 28, 26)(12, 24, 17)(13, 21,

18) (14, 25, 19)(15, 22,20)(27, 29, 30):
B:=N!(2, 28)(3, 21)(4, 18)(5, 11)(12, 29)(13, 26) (14, 30)
(15, 27)(16, 23)(17,
25) (19, 22)(20, 24);
C:=NI(1, 8, 6)(2, 18, 4)(3, 21, 11)(7, 9, 10)(12, 19, 22)

(13, 16, 23)(14, 20,
24) (15, 17, 25);

AQrho;
AA:=function (w)
wb = w.1"2; wi = w.2"2; w8 := wb x w7; return wS;

end function:;

AA(FPGroup(N) ) ;
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B@rho;
BB:= function (w)
wb = w.1"2; w7 = w.272; w8 := wb x wi; w3 = w.1"3;
w2 = w.2" —1; w4 := w3
* w2; wl0 := w8 % w4; return wl0;

end function:;

BB(FPGroup(N) ) ;

C@rho;
CC:=function (w)
w3 = w.1"3; w2 := w.2" —1; wd := w3 x w2; w6 = w.1"2;
w7 = w.272; w8 = wb
x* wi; wll = wd x w8; wl2 = wll *x w8; wl = w.1" —1;
wl3 = wl2 % wl; wld :=
wl3 x w.2; return wl4;

end function:;

CC(FPGroup(N) ) ;

/* Work with this one %/
G<x,y,t>:=Group<x,y,t| (y =1 *x) 3, y —1sx"—3xy —1xx" 2.y
"3sx T —1xy " 2xx " —1,
t°7, (t,x" 2%y 2), (t,x 2%y " 2%xx" 3%y " —1),t " (x " 3xy —1xx"2xy 2x
X 2%y 2xx"—1xy) = t"4>;
Orbits(Stabiliser (N,1));
/*
[
GSet{@ 1 @},
GSet{@ 6 @},
GSet{@ 7 @},
GSet{@ 8 @},
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GSet{@ 9 @},

GSet{@ 10 @},

GSet{@ 2, 21, 23, 26, 18, 28, 3, 5, 13, 11, 16, 4 @},

GSet{@ 12, 25, 24, 30, 19, 29, 17, 27, 14, 15, 20, 22 @
}

*/

/* Do not use this one it was only to test it (t"x), Has an
extra relation at the end x/

G<x,y,t>:=Group<x,y,t| (y =1 *x)"3, y —1sx"—3xy —1xx "2y
" o3xx T —1xy " 2xx"—1,

t°7, (t,x"2%xy"2) ) (t,x 2%y " 2%xx"3xy " —1),t " (x " 3ky —1kx" 2%y 2x
X 2%y 2xx"—1xy) = t "4, (t,t"x)>;

#G;

/* Should get 7°5%180 x/

Index (G, sub<G|x,y>);/* should be 7°5 x/

/* 16807 x/

/* FOR %/

S:=Sym (30) ;

xx:=S1(1,2,4,3,28,8,13,23,18,26,6,11,21,16,5)
(7,12,22,17,29,9,14,24,19,30,10,15,25,20,27) ;

yy:=S1(1,3,11,23,5,8,18,2,21,28,6,16,13.,4,26)
(7,17,15,24,27,9,19,12,25,29,10,20,14,22,30) ;

N:=sub<S|xx,yy>;

N

/%180 /
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C:=Classes (N);
#C;
/*x15%/
FPGroup(N) ;
/*
Finitely presented group on 2 generators
Relations
($.2°—1 % $.1)"3 = Id($) —> (y"—1 *x)°3
$.27—-1 % $§.17—3 % $.2°—1 % $§.1"2 = Id(3) —> y —1lxx"—3x
y o —1xx"2
$.27-3 % $§.17—-1 % $.272 % $§.1"—1 = Id($) —> y —3*x"—1x
y 2xx"—1
o/
NN<x , y>:=Group<x,y| (y —1 *x) 3, y —1sx 3%y —1xx "2,y —3x*x
T lky T 2kx T 1>
/% 180 %/
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>);
ArrayP:=[Id(N): i in [1.. #N]];
for i in [2.. #N] do P:=[Id(N): 1 in [1.. #Sch[i]]];
for j in [1..# Sch[i]] do
if Eltseq(Sch[i])[j] eq 1 then P[jl:=xx; end if;
if Eltseq(Sch[i ] eq —1 then P

[
1) [] [j]:=xx"—1; end if;
i])[j] eq 2 then P[j]:
1)1 [

if Eltseq(Sch] ] =yy; end if;

if Eltseq(Sch[i j] eq —2 then P[j]:=yy —1; end if;
end for;

PP:=1d (N) ;

for k in [1.. #P] do
PP:=PPx«P[k]; end for;
ArrayP [1]:=PP;

end for;

for i in [1..#N] do if 1" ArrayP[i] eq 2 then Sch[i]; break;
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end if; end for;
[*x x x/
for i in [1..#N] do if 1" ArrayP[i] eq 3 then Sch[i]; break
;end if; end for;
[x ¥ */
for i in [1..#N] do if 1" ArrayP[i] eq 4 then Sch[i]; break
;end if; end for;
[* x"2 %/
for 1 in [1..#N] do if 1" ArrayP[i] eq 5 then Sch[i]; break;
end if; end for;
[* x"—1 %/
for i in [1..#N] do if 1" ArrayP[i] eq 6 then Sch[i]; break
;end if; end for;
/% vy —1 % xx/
for i in [1..#N] do if 12" ArrayP[i] eq 7 then Sch[i]; break

;end if; end for;

/* x"—1 %/
Orbits (N);
/*

[
GSet{@ 1, 2, 3, 4, 21, 28, 11, 26, 16, 8, 6, 23, 5, 13,
18 @},
GSet{@ 7, 12, 17, 22, 25, 29, 15, 30, 20, 9, 10, 24,
27, 14, 19 @}
«/
for i in [2..#C] do i, C[i][3]; for j in [1..#N] do
if ArrayP[j] eq C[i][3]
then Sch[j]; end if; end for;
Orbits(Centraliser (N,C[i][3])); end for;
/*
2 (1, 11)(2, 8)(3, 28)(5, 16)(6, 13)(7, 15)(9, 12)(10, 14)
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(17, 29)(18, 26)(19, 30)(20, 27)
X *xy % X xy —1 % X
[
GSet{@ 4, 21, 23 @},
GSet{@ 22, 25, 24 @},
GSet{@ 1, 11, 26, 6, 18, 13, 28, 8, 3, 2, 5, 16 @},
GSet{@ 7, 15, 30, 10, 19, 14, 29, 9, 17, 12, 27, 20 @}
((x * y *x x %y —1 % x)xt " (x"2)), ((x *y * x *x y —1 % x)x*(
t°x72)73) ,((x x y x x % y =1 % x)xt) ,((x * y % x x y —1 x
x)*t"3),

]
3 (1, 8, 6)(2, 13, 11)(3, 18, 16)(4, 23, 21)(5, 28, 26)(7,

9, 10)(12, 14, 15)(17, 19,
20) (22, 24, 25)(27, 29, 30)
x5
[
GSet{@ 1, 2, 3, 4, 21, 28, 11, 26, 16, 8, 6, 23, 5, 13,
18 @y,
GSet{@ 7, 12, 17, 22, 25, 29, 15, 30, 20, 9, 10, 24,
27, 14, 19 @
((x75)xt) ,((x75)xt"3),

]
4 (1, 6, 8)(2, 11, 13)(3, 16, 18)(4, 21, 23)(5, 26, 28)(7,

10, 9)(12, 15, 14)(17, 20,
19) (22, 25, 24)(27, 30, 29)
x =5
[
GSet{@ 1, 2, 3, 4, 21, 28, 11, 26, 16, 8, 6, 23, 5, 13,
18 @},
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GSet{@ 7, 12, 17, 22, 25, 29, 15, 30, 20, 9, 10, 24,
27, 14, 19 @}
((XA_E))*t) 7(<XA_5>*tA3) )

]
5 (1, 18, 4)(2, 13, 11)(3, 21, 6)(5, 26, 28)(7, 19, 22)(8,
16, 23)(9, 20, 24)(10, 17,
25)(12, 14, 15)(27, 30, 29)
x x y —1
[
GSet{@ 2, 13, 11 @},
GSet{@ 5, 26, 28 @},
GSet{@ 12, 14, 15 @},
GSet{@ 27, 30, 29 @},
GSet{@ 1, 18, 23, 4, 8, 3, 16, 21, 6 @},
GSet{@ 7, 19, 24, 22, 9, 17, 20, 25, 10 @}
((x * y —1)*xt"x) ,((x * y =1t "(x"—1)) ,((x * y"—1)*(t"x)"3)
A(x o+ y =D x(t"x"—=1)"3) ,((x * y —1)xt) ,((x * y"—1)xt"3),

]
6 (2, 21, 26)(3, 16, 18)(4, 5, 13)(11, 23, 28)(12, 25, 30)
(14, 22, 27)(15, 24, 29)(17, 20,
19)
X3 % y 1
[
GSet{@ 1, 8, 6 @},
GSet{@ 3, 16, 18 @},
GSet{@ 7, 9, 10 @},
GSet{@ 17, 20, 19 @},
GSet{@ 2, 21, 4, 26, 5, 28, 13, 11, 23 @},
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GSet{@ 12, 25, 22, 30, 27, 29, 14, 15, 24 @}
((x"3 % y —1)*t) ,((x"3 x y —1)xt"y) ,((x"3 x y —1)xt"3) ,((x
3ok y D) x(t7y)"3) ,((x73 x y -1)xt"x) ,((x"3 x y —1)x(t"x
)"3),

]
7 (2, 26, 21)(3, 18, 16)(4, 13, 5)(11, 28, 23)(12, 30, 25)
(14, 27, 22)(15, 29, 24)(17, 19,
20)
y x X —3
[
GSet{@ 1, 6, 8 @},
GSet{@ 3, 18, 16 @},
GSet{@ 7, 10, 9 @},
GSet{@ 17, 19, 20 @},
GSet{@ 2, 26, 23, 21, 11, 5, 28, 4, 13 @},
GSet{@ 12, 30, 24, 25, 15, 27, 29, 22, 14 @}
((y * x"=3)xt) ,((y * x"=3)xt"y) ,((y * x"=3)xt"3) ,((y * x
T3 (t7y) "3) L ((y % xT=3)xt7x) ,((y * x"—=3)*x(t"x)"3),

]
8 (1, 3, 13, 26, 21)(2, 28, 23, 6, 16)(4, 8, 18, 11, 5)(7,
17, 14, 30, 25)(9, 19, 15, 27,
22)(10, 20, 12, 29, 24)
x"3
[
GSet{@ 1, 3, 28, 13, 23, 18, 26, 6, 11, 21, 16, 5, 2,

4, 8 @},
GSet{@ 7, 17, 29, 14, 24, 19, 30, 10, 15, 25, 20, 27,
12, 22, 9 @}

((x"3)*t) ,((x"3)xt"3),
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]
9 (1, 13, 21, 3, 26)(2, 23, 16, 28, 6)(4, 18, 5, 8, 11)(7,
14, 25, 17, 30)(9, 15, 22, 19,
27)(10, 12, 24, 20, 29)
y x X ¥y —1 % x %y
[
GSet{@ 1, 13, 28, 21, 6, 18, 3, 2, 5, 26, 23, 8, 16,
11, 4 @,
GSet{@ 7, 14, 29, 25, 10, 19, 17, 12, 27, 30, 24, 9,
20, 15, 22 @)
((y *+ x « y—1 % x = y)*t),((y * x * y"—1 % x % y)xt"3),

]

10 (1, 13, 8, 11, 6, 2)(3, 5, 18, 28, 16, 26)(4, 21, 23)(7,
14, 9, 15, 10, 12)(17, 27, 19,
29, 20, 30)(22, 25, 24)

x"2 x y —1

GSet{@ 4, 21, 23 @},
GSet{@ 22, 25, 24 @},
GSet{@ 1, 11, 26, 13, 18, 6, 3, 8, 28, 2, 5, 16 @},
GSet{@ 7, 15, 30, 14, 19, 10, 17, 9, 29, 12, 27, 20 @}
((x"2 %« y —1)xt"(x72)) ,((x"2 x y —1)x(t"x"2)"3) ,((x"2 % y
Te)xt) L ((x72 % yT-1)xt73),

)

11 (1, 2, 6, 11, 8, 13)(3, 26, 16, 28, 18, 5)(4, 23, 21)(7,
12, 10, 15, 9, 14)(17, 30, 20,
29, 19, 27)(22, 24, 25)

y ox X —2
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GSet{@ 4, 23, 21 @},

GSet{@ 22, 24, 25 @},

GSet{@ 1, 11, 26, 2, 18, 8, 16, 6, 5, 13, 28, 3 @},

GSet{@ 7, 15, 30, 12, 19, 9, 20, 10, 27, 14, 29, 17 @
((y * x"=2)xt " (x72)) ,((y * x"=2)%(t"x"2)"3) ,((y * x"—2)x*t)

J((y * x7=2)xt73),

]

12 (1, 2, 4, 3, 28, 8, 13, 23, 18, 26, 6, 11, 21, 16, 5)(7,
12, 22, 17, 29, 9, 14, 24, 19,
30, 10, 15, 25, 20, 27)

GSet{@ 1, 2, 4, 3, 28, 8, 13, 23, 18, 26, 6, 11, 21,
16, 5 @},
GSet{@ 7, 12, 22, 17, 29, 9, 14, 24, 19, 30, 10, 15,
25, 20, 27 @}
((x)*t) ,((x)*t"3),

]
13 (1, 4, 28, 13, 18, 6, 21, 5, 2, 3, 8, 23, 26, 11, 16)(7,
22, 29, 14, 19, 10, 25, 27, 12,
17, 9, 24, 30, 15, 20)
x"2
[
GSet{@ 1, 4, 28, 13, 18, 6, 21, 5, 2, 3, 8, 23, 26, 11,
16 @},
GSet{@ 7, 22, 29, 14, 19, 10, 25, 27, 12, 17, 9, 24,
30, 15, 20 @}
(x"2)t) ,((x"2)#t°3),
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]
14 (1, 23, 5, 13, 16, 8, 21, 28, 11, 3, 6, 4, 26, 2, 18)(7,

24, 27, 14, 20, 9, 25, 29, 15,

17, 10, 22, 30, 12, 19)
y —1 % x xy x x x y —1
[

GSet{@ 1, 23, 5, 13, 16, 8, 21, 28, 11, 3, 6, 4, 26, 2,

18 @},
GSet{@ 7, 24, 27, 14, 20, 9, 25, 29, 15, 17, 10, 22,
30, 12, 19 @)

((y7—1 *« x xy x x %y —Dx*t) ((y—1 % x *y % x % y —1)xt

"3),

]
15 (1, 11, 23, 3, 5, 6, 13, 4, 16, 26, 8, 2, 21, 18, 28)(7,
15, 24, 17, 27, 10, 14, 22, 20,
30, 9, 12, 25, 19, 29)
x " —4
[
GSet{@ 1, 11, 23, 3, 5, 6, 13, 4, 16, 26, 8, 2, 21, 18,
28 @},
GSet{@ 7, 15, 24, 17, 27, 10, 14, 22, 20, 30, 9, 12,
25, 19, 29 @}
(x"—4)%t) ,((x"—4)xt"3) |
]
*/

/+#FOR: Started 4/23 (7star5.180.out)x/
for a,b,c,d,e,f,g,h in [0..10] do
G<x,y,t>=Group<x,y,t|(y —1 *x) "3, y —1lsx 3%y —1xx"2,y " —3x
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X" —1xy " 2%xx"—1,
t°7, (t,x" 2%y 2), (t,x 2%y " 2%xx " 3xy " —1),t " (x " 3ky —1xx"2xy 2x
X 2xy " 2xx"—1xy) = t 74, ((x * y x x x y —1 % x)*xt"(x°2)) a
;o ((x o+ y x x %« y' =1 % x)%(t"°x"2)"3)"b,((x * y x x x y —1
x x)xt) e, ((x *y *x x x y —1 % x)*xt"3)°d,((x"5)xt) e, ((x
“5)xt73) f L ((x"—5)*xt) g, ((x"—5)*xt"3) h>;
a,b,c,d,e,f g, h, Index(G,sub<G|x,y>); end for;

/*FOR: Started 4/28 (7star5.180_1.out)x*/

for a,b,c,d,e,f,g,h in [0..10] do

G<x,y,t>:=Group<x,y,t|(y —1 *x) 3, y —1lsx"—3*xy —1xx "2,y —3%
x"—1xy " 2%x"—1,

t°7, (t,x"2%xy"2), (t,x 2%y " 2%xx"3xy " —1),t " (x " 3ky —1kx" 2%y 2x
X 2%y 2xx"—1xy) = t "4, (((x x y —=1)*t"x))"a, (((x x y —1)
#t 7 (x7=1))) b, (((x * y =1)*(t"x)"3)) "¢, (((x * y —1)*(t"x
1)3)) 0, ((x + v —1)xt)) e, (((x % y"—1)xt73)) £, (((x°3

£y 1)x6)) g, (03 5y —1)st°y)) h>s
a,b,c,d,e,f g, h, Index(G,sub<G|x,y>); end for;

/*FOR: Started 4/28 (7star5.180_2.out)x*/

for a,b,c,d,e,f,g,h in [0..10] do

G<x,y,t>:=Group<x,y,t|(y —1 *x) 3, y —1sx"—3xy —1xx "2,y —3%
x —1xy 2xx"—1,

77, (t,x"2%xy"2), (t,x 2%y 2xx"3ky —1),t " (x 3%y —1sx 2%y 2x
X 2%y 2xx"—1xy) = t "4, (((x"3 x y " —1)xt"3))"a, (((x"3 %y
C1)e(8°%)73)) b (73 v et x)) e, (((x°8 % y° 1)st”
x))d, (((x73 %y =1)x(t7x) "3)) "e, (((x73)xt) ,((x"3)*t"3))"
E(((y # % %y 1 % % y)#6)) g, (((y

*t°3)) "h>;

x X k y' —1 % x % y)
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a,b,c,d,e,f g, h, Index(G,sub<G|x,y>); end for;

/*FOR: Started 4/28 (7star5.180_3.out)x*/

for a,b,c,d,e,f,g,h in [0..10] do

G<x,y,t>:=Group<x,y,t|(y —1 *x) 3, y —1sx"—3xy —1xx "2,y —3%
x —1xy 2xx" —1,

77, (6,x 2%y 2) ) (t,x 2%y " 2xx"3xy " —1),t " (x"3ky —1kx"2xy 2
X 2%y 2xx"—1xy) = t "4, (((x"2 x y " —1)*xt"(x"2)))"a, (((x"2
« vy -D)*(t"x72)73)) " b, (((x"2 % y"—1)xt)) "c,(((x"2 %y
T=)xt73)) 7L (((y o+ x7=2)xt67(x72))) "e, (((y * x7=2)x(t"
72)73)) 7, (((y x x"=2)xt)) g, (((y * x"=2)xt"3) ,((x )*t))Ah

>
a,b,c,d,e,f g, h, Index(G,sub<G|x,y>); end for;

/+FOR: Started 4/28 (7star5.180_4.out)x/

for a,b,c,d,e,f,g in [0..10] do

G<x,y,t>=Group<x,y,t|(y —1 *x) "3, y —1lsx 3%y —1xx" 2,y " —3x
X —1xy " 2xx"—1,

t°7, (t,x"2%xy"2), (t,x 2%y " 2%x " 3%y —1),t " (x~ 3*y —1*x"2xy " 2%
X 2y 26x"1xy) = t74, (((x)*t73)) a, (((x72)*t)) b, (((x
“2)xt73)) e, (((y7—1 % x *y x x x y —1)xt))"d (((y —1 * x

oy ok x oy —1)xt73)) e, (((x7—4)xt)) " f,(((x"—4)xt"3)) g

>3
a,b,c,d,e,f g, Index(G,sub<G|x,y>); end for;

/* Saved for Later Split this into two parts.



/*

Running it in the background x/

f we want to check the input file 7star5:180 type nano 7

1. nano 7starb:180
2. Insert data
3. Ctrl + x
4. Choose yes
5. Enter to save file
I
starb5:180
nohup magma ”7star5:180"&>7starb :
After the above command has been

/*

output (or whether the program is running).

command mnano 7starb:180.out

Checking Status of Progenitor x/

nano 7starb5_180.out

/*

T.=

Problem #2 x/

TransitiveGroups (15) ;

180.out&
if we want to check

We use the

run
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G:=T[15]; CG:=CharacterTable(G); S:=Subgroups(G); H:=S[19]°

CH:=CharacterTable (H); Induction(CH[2],G) eq CG[15];

/*
/*

subgroup;

True x/
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for g,h in G do if sub<G|g,h> eq G then A:=g; B:=h; end if;
end for;

o/

/* interrupt it x/

A B; /+ These values change x/

/*

(1, 7, 12)(2 9, 4)(3 14, 8)(6, 11, 13)

( 5)(2, 14)(4, 12)(6, 10)(8, 15)(9, 13) =/
Sym (1 )

xx:=S!(1

L 12)(2, 9, 4)(3, 14, 8)(6, 11, 13);
yy:Sl( ) 5)(27 14)<47 )( ) )(87 15)(97 13)7
G:=sub<S|xx,yy>;

/+* Fixing value from H

Permutation group H acting on a set of cardinality 15
Order = 36 = 272 % 372

1, 6, 8)(2, 15, 13)(3, 11, 7)(4, 5, 14)(9, 10, 12)
2, 12)(3, 10)(4, 13)(5, 11)(7, 15)(9, 14)

2, 11)(3, 4)(5, 12)(7, 9)(10, 13)(14, 15)

1, 8, 6)(2, 9, 4)(3, 11, 7)(5, 15, 10)(12, 14, 13)

(2, 12)(3, 10)(4, 13)(5, 11)(7, 15)(9, 14),
(2, 11)(3, 4)(5, 12)(7, 9)(10, )(14 15)
(1, 8, 6)(2, 9, 4)(3, 11, 7)(5, 15, 10)(12, 14, 13)>;

(3
CH:=CharacterTable (H) ;
CG:=CharacterTable (G) ;
for 1 in [1..#CH| do if

Induction (CH[1],G) eq CG[15] then 1; end if; end for;



/%

4

d

/
Induction (CH[4] ,G) eq CG[15];
/% true x/
Index (G,H) ;
/% 5 x/
sk

[*x 36 x/
5%36;

Factorization (180);
[x [ <2, 2>, <3, 2>, <5, 1> | 27237251 «x/

CH:=CharacterTable (H) ;
/* How many linear does it have?

How many linear chars does it have?

o/
for i in [1..#CH] do if CH[i](Id(H)) eq 1 then i; end if;
end for;
/%
1
2
3
4
5
6
7
8
9

*
~—
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CH;
/%
Character Table of Group H

Class | 1 2 3 4 ) 6 7 8 9 10 11
12

Size | 1 3 1 1 4 4 4 4 4 4 3
3

Order | 1 2 3 3 3 3 3 3 3 3 6
6

p = 2 1 1 4 3 6 ) 8 7 10 9 3
4

p = 3 1 2 1 1 1 1 1 1 1 1 2
2

X.1 + 1 1 1 1 1 1 1 1 1 1 1
1

X.2 0 1 1 J  —1-J-1-J J—1-J J 1 1-1-J
J

X.3 0 1 1 1 1 J—1-J-1-J J J—1-J 1
1

X.4 0 1 1 —1-J J—1-J J 1 1 J—1-J J—1—
J

X.5 0 1 1 —1-J J J—1-J J—1-J 1 1 J—1—
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J

X.6 0 1 1 1 1-1-J J J—1-J-1-J J 1
1

X.7 0 1 1 —1-J J 1 1-1-J J—1-J J J—1—
J

X.8 0 1 1 J  —1-J 1 1 J—1-J J-1-J-1-J
J

X.9 0 1 1 J —1-J J—1-J 1 1-1-J J—1-J
J

X.10 + 3 -1 3 3 0 0 0 0 0 0 —1
—1

X.11 0 3 —1 3xJ —3-3+J 0 0 0 0 0 0 1+J —
J

X.12 0 3 —1 —3-3%J 3xJ 0 0 0 0 0 0 —J 1+

Explanation of Character Value Symbols

J = RootOfUnity (3)

”

T:=Transversal (G,H) ;

#1';

/* b x/

for i in[l1..#T] do i,T[i]; end for;

/*

1 Id(G)

2 (1, 7, 12)(2, 9, 4)(3, 14, 8)(6, 11, 13)
3 (1, 5, 2, 13, 11, 8

4 (1, 1

: , 15, 9, 12, 7, 6, 10, 4, 14, 3)
2, 7)(2, 4, 9)(3, 8, 14)(6, 13, 11)
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, 1, —zeta(3)-3 — 1, zeta(3)-3, zeta(3)-3, —zeta(3)-3 —

1, zeta(3)3, —zeta(3)3— 1, 1, 1, zeta(3)_-3, —zeta(3)_3
— 1)

*/

C:=CyclotomicField (3);

A:=[[C.1,0,0,0,0] : i in [1..5]];

for i,j in [1..5] do A[i,j]:=0; end for;

/* A consists of 0’s x/

for i,j in [1..5] do if T[i]*xx*T[j]"—1 in H then
Ali,j]:=CH[5](T[i]*xx*T[j]"—1);end if; end for;

GG:=GL(5,C);

GG!A;

/*

[ 0 1 0 0
0]

[ 0 0 0 1
0]

[ 0 0 1 0
0]

[ 1 0 0 0
0]

[ 0 0 0 0 —zeta_3 —
1]

*/

Order (xx) ;

[*x 3 x/



Order (GG!A) ;
[*x 3 x/

B:=[[C.1,0,0,0,0] : i in [1..5]];

for i,j in [1..5] do B[i,j]:=0; end for;

/* A consists of 0’s %/

for i,j in [1..5] do if T[i]xyy*T[j]"—1 in H then
B[i,j]:=CH[5](T[i]*yy«T[j] —1);end if; end for;

GG:=GL(5,C);

GG!B;

/* ASK about Matrix changing

[ 0 0 zeta_3 0
0]

[ 0 1 0 0
0]

[~zeta 3 — 1 0 0 0
0]

[ 0 0 0 0
1)

[ 0 0 0 1
0]

*/

Order (yy) ;

/* 2 x/

Order (GG!B) ;

[* 2 x/

IsIsomorphic (G, sub<GG|GG!A ,GG!B>);

/* true x/

/* Note that zeta_3 = 9 Ask Hasan how this happens one

timesx/
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more
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CH[5];
/*Replace zeta_3 with 9

(1, 1, —zeta(3)-3 — 1, zeta(3).3, zeta(3)_3, —zeta(3)_3 —
1, zeta(3).3,—zeta(3)-3 — 1, 1, 1, zeta(3)-3, —zeta(3)_-3

*/
PrimitiveRoot (7) ;
/* 3 x/
CHbseq:i= [ 1, 1, -9—-—1,9, 9, -9—1,9-9—1, 1, 1, 9,
-9 -1

A:=[[0,0,0,0,0] : i in [1..5]];

for i,j in [1..5] do if T[l] xx*T[j]"—1 in H then for k in
[1..#CH[5]] do if CH[5] (T[i]*xxx«T[j] —1) eq CH[5][k]
then

A[i,j]:=CHb5seq[k] mod 7 ;end if; end for; end if; end for;

]

GG:=GL(5,7) ;
GG!A;

/*

(01 0 0 0]
[0 0 0 1 0]
(00 1 0 0]
[1 0 0 0 0]
[0 0 0 0 4]
*/

B:=[[0,0,0,0,0] : i in [1..5]];
for i,j in [1..5] do if T[l] yy*T[j]"—1 in H then for k in
[1..#CH[5]] do if CH[5] (T[i]xyy«T[j]"—1) eq CH[5][k]

]
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then
B[i,j]:=CHbseq|k] mod 7 ;end if; end for; end if; end for;
GG:=GL(5,7) ;
GG!B;
/*
[0 0 2 0 0]
(01 0 0 0]
(4 0 0 0 0]
(00 00 1]
(00 0 1 0]
*/
IsIsomorphic (G, sub<GG|GG!A,GG!B>);
/* true x/
S:=Sym (30) ;

xx:=S1(1,2,4)(5,20,10) (6,7,9) (11,12,14)
(15,25,30) (16,17,

19) (21,22,24) (26,27,29) ;
yy:=S1(1,8)(3,16)(4,5)(6,18)(9,10)(11,28)(13,21)
(14,15)(19,20) (23,26) (24,25) (29,30) ;
N:=sub<S|xx,yy>;

N
/*180%/
IsIsomorphic (sub<GG|GG!A,GG!B> N) ;
/* true x/
FPGroup (N) ;
/*
$.1°3 = Id(3) —> x73

$.272 = 1d(9)
($.2 x $.1"—1 % $.2 x $.1 % $.2 x $.1°—1)"3 = 1d($)
$17-1 « $.2 * $.1"-1 « $.2 « $.1"—-1 x $.2 x $.1°—-1 % §
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2 %« $.17—-1 %« $.2 x$.1 x$.2 5.1 x3%5.2 x$.1 % $.2
« $.1 % $.2 « $.1 x $.2 = 1d(9)

x"3 = 1d(9$)
vy 2 = 1d($)
(y #x"—1 xy xx *xy xx"—1)"3 = Id($)

x =1 *xy *x"—1 xy *x"—1 *y *x —1 *y *xX —1 %y * X *y *X ¥y *X

xy *x *ky *x xy = Id($)

G<x,y,t>=Group<x,y,t|x 3, y 2,(y *x"—1 %y *x xy *x —1)"3,x
"1 oxy xxT 1 xy xx"—1 xy #x 1 xy *xX 1 *y * X *y *X *y x*
X kY *X ky *X *xy,t"7,

*/

Nt:=Stabiliser (N,{1,6,11,16,21,26}); /+* Get the #’s from
the perm building chart x/

/* These perms are in the stabiliser x/

for n in N do if {1,6,7,8,9,10}"n eq {1,6,7,8,9,10}

then n; end if; end for;

Nt ;

/%

Permutation group Nt acting on a set of cardinality 30

Order = 36 = 272 % 372

(2, 3)(4, 20)(5, 9)(7, 8)(10, 19)(12, 13)(14, 25)(15,
29) (17, 18)(22,
23) (24, 30)(27, )
(2, 18, 4)( 9, 7)( , 10)(8, 19, 17)(12, 23, 14)
(13, 29, 27)(15

30) (22, 28, 24)
(1, 16, 6)(2, 3, 10)(5, 17, 18)(7, 8, 20)(11, 21, 26)
(12, 13, 30)(15, 22,
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23) (25, 27, 28)
*/
Set (Nt) ;
w:=WordGroup (N) ;
rho:=InverseWordMap (N) ;

A:=NI!(2 3)(4, 20)(5 9)(7, 8)(10, 19)(12, 13)(14, 25)(15,
20) (17, 18) (22 ><24, 30)(27, 28)3/+ t° (0=t (t, ) */
B:=NI!(2, 4)( )(5, 20, 10)(8, 19, 17)(12, 23, 14)
(13, 27)( , 30)(22, 28, 24); /x t" ()=t (t,-) x/
C::N‘(l, , 6)(2 , )(5, 17, 18)(7 8, 20)(11, 21, 26)
(12, 13, 30) (15 23) (25 , 28);
AQrho;
AA:=function (w)
wl = w.1"—1; w3 := wl *x w.2; w2 := w.2" —1; wd := w2 x
w.l; wb :(= w.1 x w4;
wb = w3 x wH; W8 = wb x w.2; w9 = w8 x w6; wl0 := w9

* wb; wll = wl0 x

w.l; wi2 := wll *x w.2; wl3 = wl2 * w.1; wl4d := wl3 x w
25 wlb = wld x w.1;

wl6 (= wlb x w.2; return wl6;

end function;

AA(FPGroup(N) ) ;

/*

$17-1 x $.2 x $.1 x $.27-1 « $.1 = $.2 = $.1° -1  $.2 % §
172 %« $.27 -1 % $.17°2

x $.2 x $.1 x $.2 x §.1 x $.2

x 1 %y *x *xy —1 *x xy *x —1 %y *x 2 xy —1 %xx"2
XY X kY kX kY

*/

B@rho;
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BB:= function (w)
wl7 (= w.1 *x w.2; wl := w.1"—1; wl8 = wl7 x wl; wl9 :=
wl8 *x w.2; w20 :=
wl9 * w.1l; w2l = w20 * w.2; return w2l;

end function;

BB(FPGroup(N) ) ;

/%
$.1 « $.2 %« $.1°—-1 %« $.2 «x $.1 % $.2

X %y % X —1 %y % X %y

f
C@rho;
CC:=function (w)
wl := w.1"—1; w3 := wl *x w.2; w2 := w.2" —1; wd := w2 x
w.l; wb := w.1 x w4;
wb = w3 * wo; w8 = w.2 *x w6; w9 = w8 x w.2; wl0 :=
w9 x w.l; wll = wl0 =%

w.2; wil2 := wll *x w.1; wl3 = wl2 *x w.2; wl4d = wl3 x w
Ay wlb = wld x w.2;
return wlbd;

end function;

CC(FPGroup(N));

/*

$.2 %« $.17-1 x $.2 x §.1 x $.27-1 % $.1 x $.2 x $§.1 % $.2
$.1 x $.2 x $.1 x

$.2

y ok X =1 %y x x % y —1 % X %y % X %y % X %y *k X %y
*/

Orbits(Stabiliser (N,1));

/*
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GSet{@ 1 @},

GSet{@
GSet{@
GSet{Q
GSet{@
GSet{@
GSet{Q
GSet{@

}
*/

6 @},

11 @},

16 @},

21 @},

26 @l

2, 10, 4, 20, 8, 18, 7, 5, 17, 9, 19, 3 @},

12, 30, 14, 25, 28, 23, 27, 15, 22, 29, 24, 13 @

/* Work with this one %/
G<x,y,t>:=Group<x,y,t|x"3, y 2,(y *x"—1 xy xx xy *x —1)"3,x

"—1 xy xx"—1 xy xx —1 *xy *x —1 %y xx —1 %y % X %y %X xy x

X ky kX ky xx *xy,t 7.t 7(x =1 xy xx xy —1 *xx *xy xx"—1 xy *

X 2 xy =1 %x"2 xy *x *xy *x xy)=t,t (x x y * x"—1 x y % x

* y)=t,t " (y * x’=1 x y x x * y'—1 % X x y * X k y % X % y

x X x y)=t "4,(t,t"x)/* Need to remove after testx/>;

/* #G Should get 7°5%x180 x/
Index (G,sub<G|x,y>); /* should be 7°5 x/

/* 16807 x/

#sub<G|x,y>;



/* Find the FOR x/

S:=Sym(30) ;
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xx:=$1(1,2,4)(5,20,10) (6,7,9) (11,12,14)(15,25,30)(16,17,19)

(21,22,24)(26,27,29) ;
yy:=S1(1,8)(3,16) (4,5)(6,18)(9,10) (11,28)(13,21) (14,15)
(19,20)(23,26) (24,25) (29,30) ;
N:=sub<S|xx,yy>;
AN
/%180 /
C:=Classes (N);
#C;
/*x15%/
FPGroup (N) ;
/*
Finitely presented group on 2 generators
Relations
$.1°3 = 1d(9)
$.272 = 1d(9)
($.2 x $.1"—1 % $.2 x $.1 % $.2 x $.1°—1)"3 = 1d(9)

$17—1 % $.2 %« $.17—-1 % $.2 = $.1°—1 % $.2 % $.1°—1 % $

2 % $.17—1 %« $.2 %« $.1 x
$.2 « $.1 * $.2 x $.1 « $.2 « $.1 x $.2 x $.1 x $.2
Id($)

o

NN<x , y>:=Group<x,y|x 3, y 2,(y *x"—1 xy xx xy *x"—1)"3,x"—1

xy *x —1 #xy *x —1 xy #x " —1 %y %X —1 %y * X *y %X *y %X *

Y kX kY kX kY >,
#NN;
/* 180 %/
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Sch:=SchreierSystem (NN, sub<NN| Id (NN)>);

ArrayP:=[Id(N): i in [1.. #N]];

for i in [2.. #N] do P:=[Id(N): 1 in [1.. #Sch[i]]];

for j in [1..# Sch[i]] do

if Eltseq(Sch[i])[j] eq 1 then P[jl:=xx; end if;

if Eltseq(Sch[i])[j] eq 2 then P[jl:=yy; end if;

if Eltseq(Sch[i])[]j] eq —1 then P[j]:=xx"—1; end if;

end for;

PP:=1d (N) ;

for k in [1.. #P] do

PP:=PP«P[k]; end for;

ArrayP [1]:=PP;

end for;

for i in [1..#N] do if 1" ArrayP[i] eq 2 then Sch[i]; break;
end if; end for;

[* x x/

for i in [1..#N] do if 1" ArrayP[i] eq 3 then Sch[i]; break
;end if; end for;

[* x"—1 %y % X %y * X %y %/

for i in [1..#N] do if 1" ArrayP[i] eq 4 then Sch[i]; break
;end if; end for;

/% x"—1 %/

for i in [1..#N] do if 1" ArrayP[i] eq 5 then Sch[i]; break;
end if; end for;

/* x"—1xy %/

for i in [1..#N] do if 1" ArrayP[i] eq 6 then Sch[i]; break
;end if; end for;

[ x"—1 %y x x"—1 %« y % x %/

for i in [1..#N] do if 11" ArrayP[i] eq 12 then Schl[i];
break;end if; end for;

[* x x/
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for i in [2..#C] do i, C[i][3]; for j in [1..#N] do
if ArrayP[j] eq C[i][3]
then Sch[j]; end if; end for;
Orbits(Centraliser (N,C[i][3])); end for;
Orbits (N);
/%
2 (2, 10)(3, 19)(4, 8)(5, 17)(7, 20)(9, 18)(12, 30)(13, 24)
(14, 28)(15, 22)(23,
29) (25, 27)
X %y x x —1
[
GSet{@ 1, 6, 16 @},
GSet{@ 11, 26, 21 @},
GSet{@ 2, 10, 19, 7, 3, 20, 4, 17, 8, 5, 9, 18 @},
GSet{@ 12, 30, 24, 27, 13, 25, 14, 22, 28, 15, 29, 23 @
}
]
J/((x %y« x"—1)xt) ,((x x y * x —1)x(t"x)"2), ((x * y * x
Dt x), ((x o x oy o+ x7—1)x((t"x)"3)),

3 (1, 16, 6)(2, 17, 7)(3, 18, 8)(4, 19, 9)(5, 20, 10)(11,
21, 26)(12, 22, 27)(13,
23, 28)(14, 24, 29)(15, 25, 30)
(x * y)"b

[
GSet{@ 1, 2, 8, 4, 5, 20, 10, 19, 9, 16, 6, 17, 3, 7,
18 @},
GSet{@ 11, 12, 28, 14, 15, 25, 30, 24, 29, 21, 26, 22,
13, 27, 23 @}
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[/ % y) "% ) ((x * y) "5x(t7x)"2),

4 (1, 6, 16)(2, 7, 17)(3, 8, 18)(4, 9, 19)(5, 10, 20)(11,
26, 21)(12, 27, 22)(13,
28, 23)(14, 29, 24)(15, 30, 25)
(y » x"—=1)"5
[
GSet{@ 1, 2, 8, 4, 5, 20, 10, 19, 9, 16, 6, 17, 3, 7,
18 @},
GSet{@ 11, 12, 28, 14, 15, 25, 30, 24, 29, 21, 26, 22,
13, 27, 23 @}
]
J/((y * x"—1)"5xt) ,((y * x"—1)"5x(t"x)"2),

5 (1, 2, 4)(5, 20, 10)(6, 7, 9)(11, 12, 14)(15, 25, 30)(16,
17, 19)(21, 22, 24)(26,
27, 29)

GSet{@ 3, 18, 8 @},
GSet{@ 5, 20, 10 @},
GSet{@ 13, 23, 28 @},
GSet{@ 15, 25, 30 @},
GSet{@ 1, 2, 17, 4, 19, 9, 16, 6, 7 @},
GSet{@ 11, 12, 22, 14, 24, 29, 21, 26, 27 @}
]
/] (xxt " (x =1 %y % x xy % x % y)), (xxt"(x"—1 % y)),(xx(t
"x) ) L (xx(t7x)76) ,(xxt) ,(xx(t"x)"2),

6 (1, 4, 2)(5, 10, 20)(6, 9, 7)(11, 14, 12)(15, 30, 25)(16,
19, 17)(21, 24, 22)(26,
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GSet{@ 3, 18, 8 @},
GSet{@ 5, 10, 20 @},
GSet{@ 13, 23, 28 @},
GSet{@ 15, 30, 25 @},
GSet{@ 1, 4, 17, 2, 16, 9, 19, 7, 6 @},
GSet{@ 11, 14, 22, 12, 21, 29, 24, 27, 26 Q}
]
((x"=D)xt"(x"—1 % y * x xy x x x y)),((x"=1)xt"(x"—1 % y))
(T =) (87x) 74) (27 =1)x(t7x) 76)  ((x"—1)xt) , ((x"—1)=*(t"
x)"2),

7 (1, 3, 19)(2, 7, 17)(4, 6, 8)(5, 20, 10)(9, 16, 18)(11,

13, 24)(12, 27, 22)(14,

26, 28)(15, 25, 30)(21, 23, 29)
x"—1 %y * x xy *x x 1 xy % x 1 %y x x —1
[

GSet{@ 2, 7, 17 @},

GSet{@ 5, 20, 10 @},

GSet{@ 12, 27, 22 @},

GSet{@ 15, 25, 30 @},

GSet{@ 1, 4, 3, 18, 6, 19, 9, 8, 16 @},

GSet{@ 11, 14, 13, 23, 26, 24, 29, 28, 21 @}

]

/) ((x"=1 %y % x *xy % x =1 %y * x —1 %y x x —1)xt"x),((
x'—1 xy x x xy *x x =1 xy*x x"—1 %y *x x —1)xt"(x"—1 %
v)),((x"—1 %« y x x xy % x =1 xy x x'—1 %y % x —1)*%(t"x
) 3),((x"—1 xy x x xy * x —1 xy % x—1 %y *x x"—1)*(t"

X)"6),((x"—1 *xy % x xy *x x —1%xyx x—1 %y x x —1)xt)
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((x"=1 %y # x xy x x =1 xy *x x'—1 %y x x"—1)%(t"x)
"2),
8 (1, 19, 17, 18, 10)(2, 3, 20, 6, 4)(5, 16, 9, 7, 8)(11,
24, 22, 23, 30)(12, 13,
25, 26, 14)(15, 21, 29, 27, 28)
(x * y)"3
[
GSet{@ 1, 19, 5, 17, 16, 3, 18, 9, 20, 10, 7, 6, 8, 4,
2 @y,
GSet{@ 11, 24, 15, 22, 21, 13, 23, 29, 25, 30, 27, 26,
28, 14, 12 @)
(((x * ¥)7°3)6) (((x * v)"3)=(t7x)"2)

]
9 (1, 17, 10, 19, 18)(2, 20, 4, 3, 6)(5, 9, 8, 16, 7)(11,

22, 30, 24, 23)(12, 25,
14, 13, 26)(15, 29, 28, 21, 27)
X"—1 %y % X xy % X %y % X %k y % X
[
GSet{@ 1, 17, 5, 10, 9, 3, 19, 8, 6, 18, 16, 2, 7, 20,
4 @},
GSet{@ 11, 22, 15, 30, 29, 13, 24, 28, 26, 23, 21, 12,
27, 25, 14 @}
((x"=1 %y x x %y * X %y % x xy % x)xt) , ((x"=1 %y * x x
Yy ox X %y k X %y x X)x(t"x)"2),

]
10 (1, 3, 16, 18, 6, 8)(2
13, 21, 23, 26, 28)(12
20, 22, 14, 24) (15 . 25)

x —1 x y * X xy x X —1 xy x x —1 %y

17, 4, 7, 19)(5, 10, 20) (11,

I )

Y
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GSet{@ 5, 10, 20 @},

GSet{@ 15, 30, 25 @},

GSet{@ 1, 18, 2, 3, 4, 6, 9, 16, 7, 8, 17, 19 @},

GSet{@ 11, 23, 12, 13, 14, 26, 29, 21, 27, 28, 22, 24 @
}

((x"—1 x y x x %y * x —1 xyx x"—1 % y)xt"(x—1 % y)),((x
Tl ok y x x vy ok X 1 x y x x'—1 x y)x(t"x)76),((x"—1 x
vy ox x ky x X —1 %y x x =1 % y)xt) ,((x"=1 x y *« x % y %
X1 %y %« x"—1 % y)*(t"x)"2),

]
11 (1, 8, 6, 18, 16, 3)(2, 19, 7, 4, 17, 9)(5, 20, 10)(11,

28, 26, 23, 21, 13)(12,
24, 27, 14, 22, 29)(15, 25, 30)

Yy % X kY % X ky % X —1 %y % X

GSet{@ 5, 20, 10 @},
GSet{@ 15, 25, 30 @},
GSet{@ 1, 18, 4, 8, 2, 16, 17, 6, 19, 3, 9, 7 @},
GSet{@ 11, 23, 14, 28, 12, 21, 22, 26, 24, 13, 29, 27 @
¥
((y * x xy *xx *xy*x—1xyx*xx)xt " (x =1 xy)),((y x x x
y o X %k y ok X —1 %y % x)x(t"x)76),((y * X xy % X %y *
xX'—1 %y x x)*t) ,((y * x xy x x *y *x x =1 xy x x)x(t"
x)"2),

]
12 (1, 2, 5, 19, 3, 16, 17, 20, 9, 18, 6, 7, 10, 4, 8)(11,

12, 15, 24, 13, 21, 22,
25, 29, 23, 26, 27, 30, 14, 28)



GSet{@ 1, 2, 5, 19, 3, 16, 17, 20, 9, 18, 6, 7, 10, 4,
8 @},
GSet{@ 11, 12, 15, 24, 13, 21, 22, 25, 29, 23, 26, 27,
30, 14, 28 @}
((x x y)*t) ,((x * y)=(t"x)"2),

]
13 (1, 5, 3, 17, 9, 6, 10, 8, 2, 19, 16, 20, 18, 7, 4)(11,
15, 13, 22, 29, 26, 30,
28, 12, 24, 21, 25, 23, 27, 14)
(x * y) 2
[
GSet{@ 1, 5, 3, 17, 9, 6, 10, 8, 2, 19, 16, 20, 18, 7,
4 @}
GSet{@ 11, 15, 13, 22, 29, 26, 30, 28, 12, 24, 21, 25,
23, 27, 14 @}
((x % y) "2x8)  ((x = y) 2x(t7x)"2),

]
14 (1, 20, 8, 17, 4, 16, 10, 3, 7, 19, 6, 5, 18, 2, 9)(11,
25, 28, 22, 14, 21, 30,
13, 27, 24, 26, 15, 23, 12, 29)
X' =1 %y X %y % X%y % X%y *x X —1 %y
[
GSet{@ 1, 20, 8, 17, 4, 16, 10, 3, 7, 19, 6, 5, 18, 2,
9 @j,
GSet{@ 11, 25, 28, 22, 14, 21, 30, 13, 27, 24, 26, 15,
23, 12, 29 @}
((x"=1 %y * X xy * X xy *x X %y *x xX 1% y)xt), ((x"—1 =

300
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YV ¥ X %k y ok X %y % X %y kX 1 xy)k(t'x) 2),

]
15 (1, 7, 20, 19, 8, 6, 17, 5, 4, 18, 16, 2, 10, 9, 3)(11,
27 25, 24, 28, 26, 22,
15, 14, 23, 21, 12, 30, 29, 13)
(y * x"—1)"4
[
GSet{@ 1, 7, 20, 19, 8, 6, 17, 5, 4, 18, 16, 2, 10, 9,
3 @},
GSet{@ 11, 27, 25, 24, 28, 26, 22, 15, 14, 23, 21, 12,
30, 29, 13 @}
(((y = x"=1)"4)=t)  (((y = x"=1)74)=(t"x) "2),

*/

/+*FOR ALL Together:*/

for a,b,c,d,e,f,g,h in [0..10] do

G<x,y,t>:=Group<x,y,t|(y =1 *x) 3, y —1sx"—3xy —1xx "2,y —3%
X" —1xy " 2xx"—1,

t°7, (t,x" 2%y 2), (t,x 2%y " 2%xx " 3xy " —1),t " (x " 3xy —1xx"2xy 2x
X 2%y " 2xx"—1xy) = t 74, ((x * y x x x y —1 % x)*xt"(x°2)) a
;o ((x o+ y x x %y =1 % x)%(t"x"2)"3)"b,((x * y x x x y —1
x x)xt) e, ((x *y *x x x y —1 % x)*xt"3)°d,((x"5)*t) e, ((x
“5)xt°3) L, ((x"—5)*xt) g, ((x"—5)*t"3) h>;

a,b,c,d,e,f g, h, Index(G,sub<G|x,y>); end for;

/* Saved for Later Split this into two parts.
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/* Running it in the background
nano 7starb:180

Insert data

Ctrl + x

Choose yes

Enter to save file

Ot s W N

f we want to check the input file 7star5:180 type nano 7
starb5:180

nohup magma "7star5:180"&>7star5:180.out&
After the above command has been run if we want to check
output (or whether the program is running). We use the

command mnano 7starb:180.out

Checking Status of Progenitor

nano 7starb:180.out
*/
Wreath Products Codes

6.4 Wreath Product of 731 S;

73

S:= Sym(24) ;

B:= sub<S| (9,13,17,21), (10,14,18,22),(11,15,19,23)
(12,16,20,24) >;

/* This is where my K"« goes ( Should be 474x4)



Verify 's part a =\

Reath :=

sub<S|B,(9,10,11,12)(13,14,15,16)(17,18,19,20)
(21,22,23,24) >;

#Reath ;

/%1024 x/

/* Note that comma in paranthesis means commute

Give the presentation of K wreath K and verify

if (Should
be 1024 x/

G <a,b,c,d,e> := Group <a,b,c,d,e | a"4, b"4, ¢4, d°4, (a,

b),(a,c),(a,d),(b,c),
(b,d), (c,d), e’4, a”e=b,b e=c,c e=d,d e=a>;
#G;
/%1024 %/

/* #2 Part x/

/* Below is Z.3 wr S.3 x*/
G <a,b,c,d,e> := Group <a,b,c,d,e| a"3,b"3,¢"3,d"3,e"2,(dxe
)2,
(a,b),(a,c),(b,c), a"d=b,b"d=c,c"d=a,a"e=b,b"e=a,c” e=c>;
#G;

/% 162 %/

W:= WreathProduct ( Alt (3) ,Sym(3));

AV

/% 162 %/

f ,Gl,k:=CosetAction (G, sub<G|I1d (G)>);

IsIsomorphic (G1,W);

/% true x/

G1;

303
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/* 162 x/

/* Gives you that the group is on carditionality 9 (meaning
9 letters) x/

Wi

/*

Permutation group W acting on a set of cardinality 9
Order = 162 = 2 % 374

(1, 4, 7)(2, 5, 8)(3, 6, 9)

(1, 4)(2, 5)(3, 6)

(1, 2, 3)

*/

/*

Loop below finds the minimial faithful permutation
representation ( i.e 648 —> 9

Looking at keranls that have one and storing those

(Core means kernal)

*/

SL:=Subgroups (G1) ;

T := {X‘subgroup: X in SL};

71

TrivCore := {H:H in T| #Core(Gl,H) eq 1};

mdeg := Min({Index(G1,H):H in TrivCore});

Good := {H: H in TrivCore| Index(Gl,H) eq mdeg};
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#Good ;

H := Rep(Good) ;

#1;

f,G1,K := CosetAction(G1,H);
GI1;
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Isomorphism Types Codes

6.5 Semi-Direct Product of (7x5:6), N = Sy, T[401]

T:=TransitiveGroups (40) ;
T[401];

/*
Permutation group acting on a set of cardinality 40
Order = 480 = 2°5 % 3 % b
(1, 20, 37, 9, 28, 5, 18, 35, 13, 26, 4, 21, 34, 12,
30) (2, 19, 38, 10, 27, 6, 17, 36, 14, 25, 3, 22, 33,
11, 29)(7, 23, 40, 16, 31)(8, 24, 39, 15, 32)
(1, 32, 13, 34, 24, 5, 26, 15, 37, 18, 8, 30, 9, 39,
21)(2, 31, 14, 33, 23, 6, 25, 16, 38, 17, 7, 29, 10,
40, 22)(3, 27, 11, 36, 19)(4, 28, 12, 35, 20)
(1, 19, 38, 10, 28, 5, 18, 36, 14, 25, 4, 21, 34, 11,
29, 2, 20, 37, 9, 27, 6, 17, 35, 13, 26, 3, 22, 33,
12, 30)(7, 24, 40, 15, 31, 8, 23, 39, 16, 32)

(4
(1, 20, 37, 9, 28, 5, 18, 35, 13, 26, 4, 21, 34, 12,
30)(2, 19, 38, 10, 27, 6, 17, 36, 14, 25, 3, 22, 33, 11,
(7, 23, 40, 16, 31)(8, 24, 39, 15, 32);

vy:=S!(1, 32, 13, 34, 24, 5, 26, 15, 37, 18, 8, 30, 9, 39,
21)(2, 31, 14, 33, 23, 6, 25, 16, 38, 17, 7, 29, 10, 40,

22) (3, 27, 11, 36, 19)(4, 28, 12, 35, 20);

zz:=S!(1, 19, 38, 10, 28, 5, 18, 36, 14, 25, 4, 21, 34, 11,
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29, 2, 20, 37, 9, 27, 6, 17, 35, 13, 26, 3, 22
30) (7, 24, 40, 15, 31, 8, 23, 39, 16, 32);

. 33, 12,

N:=sub<S|xx,yy, 2z >;

N

/* 480

For finding the isomorphism type look for a minimial
faithful Perm Rep x/

SL:=Subgroups (N) ;

T:={X‘ subgroup: X in SL};
#I';

/* 92 x/

TrivCore := {H:H in T| #Core(N,H) eq 1};

mdeg := Min ({Index(N,H):H in TrivCore});

Good := {H:H in TrivCore | Index(N,H) eq mdeg};
#Good ;

/* 3 x/

H:= Rep(Good) ;
#H;
[x 12 %/

f2 'N1,K2:= CosetAction (N,H);
N1;
/*
Permutation group N1 acting on a set of cardinality 8
Order = 32 = 275
(1, 2, 5, 4, 3, 6, 8, 7)
(1, 3)(5, 8)
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Permutation group N acting on a set of cardinality 40
Order = 480 = 2"5 % 3 % 5
(1, 20, 37, 9, 28, 5, 18, 35, 13, 26, 4, 21, 34, 12,
30)(2, 19, 38, 10, 27, 6, 17, 36, 14, 25, 3, 22, 33,
11, 29)(7, 23, 40, 16, 31)(8, 24, 39, 15, 32)
(1, 32, 13, 34, 24, 5, 26, 15, 37, 18, 8, 30, 9, 39,
21)(2, 31, 14, 33, 23, 6, 25, 16, 38, 17, 7, 29, 10,
40, 22)(3, 27, 11, 36, 19)(4, 28, 12, 35, 20)
(1, 19, 38, 10, 28, 5, 18, 36, 14, 25, 4, 21, 34, 11,
29, 2, 20, 37, 9, 27, 6, 17, 35, 13, 26, 3, 22, 33,
12, 30)(7, 24, 40, 15, 31, 8, 23, 39, 16, 32)
o
Order (xx) ;
/* 15

Algorithm for Isom Type x/
CompositionFactors (N) ;

/*

| Cyclic(3)
|  Cyclic(2)

| Cyclic(2)



| Cyclic(5)
*
| Cyclic(2)
*
| Cyclic(2)
*
|  Cyclic(2)
1
«/
NL:= NormalLattice (N);
NL;
/*
Normal subgroup lattice
[18] Order 480 Length
[17] Order 160 Length
14 15
[16] Order 96  Length
[15] Order 32  Length
14]  Order 40  Length
13] Order 40  Length
Order 40 Length
[11] Order 40  Length

Maximal

Maximal

Maximal

Maximal

Maximal

Maximal

Maximal

Maximal

Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:

Subgroups:

Subgroups:

16 17

10 11 12 13

15

56789

4 8

309
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[10] Order 40  Length
[ 9] Order 8 Length
[ 8] Order 8 Length
[ 7] Order 8 Length
[ 6] Order 8 Length
[ 5] Order 8 Length
[ 4] Order 10  Length
[ 3] Order 5 Length
[ 2] Order 2 Length
[ 1]  Order 1 Length
o
for i in [1..#NL] do if
end for;
/%
1
2
3
4
3
6
8
11
12

1 Maximal

Maximal
Maximal
Maximal

Maximal

—_ = = =

Maximal

1 Maximal

1  Maximal

1 Maximal

1 Maximal

IsAbelian (NL[i]) then i; end if;

Subgroups:

Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:

Subgroups:

Subgroups:
Subgroups:

Subgroups:

4

N NN

9

310
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*/
/* Choose the largest i in this case 13 x/

Generators (NL[13]);

/%
(1, 2)(3, 4)(5, 6)(7, 8)(9, 10)(11, 12)(13, 14)(15, 16)
(17, 18)(19, 20)(21,
22) (23, 24)(25, 26)(27, 28)(29, 30)(31, 32)(33, 34)
(35, 36)(37, 38)(39, 40),
(1, 9, 18, 26, 34)(2, 10, 17, 25, 33)(3, 11, 19, 27,
36) (4, 12, 20, 28, 35)(5,
13, 21, 30, 37)(6, 14, 22, 29, 38)(7, 16, 23, 31,
40) (8, 15, 24, 32, 39),
(1, 7)(2, 8)(3, 6)(4, 5)(9, 16)(10, 15)(11, 14)(12, 13)
(17, 24)(18, 2 )(19
22)( , 21)(25, 32)(26, 31)(27, 29)(28, 30)(33, 39)
(34, 40)(35, 37)(36, 38),
(1, 4)(2, 3)(5, )( . 8)(9, 12)(10, 11)(13, 16)(14, 15)
(17, 19)(18, 20)(21
23) (22, 24)(25, 27)(26, 28)(29, 32)(30, 31)(33, 36)
(34, 35)(37, 40)(38, 39)
o
A=NI((1, 2)(3, 4)(5, 6)(7, 8)(9, 10)(11, 12)(13, 14)(15,
16) (17, 18)(19, 20)(21,22)(23, 24)(25, 26)(27, 28)(29,
30) (31, 32)(33, 34)(35, 36)(37, 38)(39, 40));

B:=NI((1, 9, 18, 26, 34)(2 10, 17, 25, 33)(3, 11, 19, 27,
36) (4, 12, 20, 28, 35)(5,13, 21, 30, 37)(6, 14, 22, 29,



38) (7, 16, 23, 31, 40)(8, 15, 24, 32, 39));

C:=N!I((1, 7)(2, 8)(3, 6)(4, 5)(9, 16)(10, 15)(11, 14)(12,
13) (17, 24)(18, 23)(19,22)(20, 21)(25, 32) (26, 31)(27,
29) (28, 30)(33, 39)(34, 40)(35, 37)(36, 38));

D:=NI((1, 4)(2, )(5, 7)(6, 8)(9, 12)(10, 11)(13, 16)(14,
15) (17, 19)(18, 20)(21, 23)(22, 24) (25, 27)(26, 28)(29,
32) (30, 31)(33, 36)(34, 35)(37, 40)(38, 39));

/*

This means that we have a (2x5x2x2): ? (later we find that
it is A.4)
A B,C,D is the generator os the largest abelian x/

NL13:=sub<N|A,B,C,D>;

/* Check that NL[13] = NL13x/
NL[13] eq NL13;

/*

True

o

Order (NL13);

/¥ 40 = 5 %273 x/
Order (N);
/% 480 x/

Order (N)/Order(NL13);

/%
12

312
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IsIsomorphic (NL[13], AbelianGroup (GrpPerm,[5,2,2,2]));

/%

true Mapping from: GrpPerm: $, Degree 40, Order 2°3 * 5 to
GrpPerm: $, Degree 11,

Order 273 % 5

Composition of Mapping from: GrpPerm: $, Degree 40, Order
2°3 % 5 to GrpPC and

Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: $, Degree 11, Order 2°3 % 5

o

Does NL have a subgroup (normal) of order 12

[t does so it is a direct product (check normal lattice)

Now N = <xx,yy,zz> and NL13=<A B,C,D>. Then N/NL14 = <NL6xx
, NL6yy, NL6zz>

*/

q, ff:=quo<N|NL13>;

/* q is the isom type of N/NL13; that is, q N/NL13 x/
T:=Transversal (N,NL13);

/* T gives right cosets of NL6 in N

Thus, N/NL13=<NL13T[2]> x/

T[2] eq xx; T[3] eq yy;T[4] eq zz;

* true, true, true x*
/ : /

#1';
[x 12 %/

q;

/*



Permutation group q acting on a set of cardinality 4

Order = 12 = 272 % 3

(2, 4, 3)
(1, 2, 4)
(1, 3, 4)

IsIsomorphic(q,Alt(4));

/*

true Isomorphism of GrpPerm: ¢,

into GrpPerm: $

, Degree 4,

Order 272 % 3 induced by
(2, 4, 3) -—> (2, 4, 3)
(1, 2, 4) > (1, 2, 4)
(1, 3, 4) |-——> (1, 3, 4)

*/
FPGroup(q);
/*
Finitely presented
Relations
$.1°3 = 1d($)

$.2°3 = 1d(9)
$.3°3 = 1d($)
$.2 « $.1° -1 *

group on 3 generators

—> e"3
—> ["3
—> g’ 3

$.3"—1 = 1d($) —> f * e"—1 x g'—1

Degree 4, Order 272 % 3

314

$1"—1 % $.2°—1 % $.1 % $3°—1 = Id($) —> e —1 * f"—1

x e x g —1

*/

fE(T[3]) eq q.2;
/% true x/
ff(T[2]) eq q.1;
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/% true x/
fE(T[4]) eq q.3;

/* Now I can write the presenation using the above
information

we get the powers of a,b,c,d from the top A:=N! B:=N!  etc.

<a,b,c,d,e,f ;g | a’2,b"5,¢"2,d"2, (a,b),(a,c),(a,d),(b,c),(
b,d),(c,d), e 3,{°3,g73,f xe"(—1) *x g"(—1),e"(—1) x f
“(—1) x e x g°(—1),a"e,a"f,a"g,b"e,b"f b g,c’e,c’f,c"g,
d"e,d"f,d"g)

Next piece of code will help us find what a"e =, a” f= and

etc ..

*/

for i,j,k in [0..1] do for 1 in [0..4] do

if A'T[2] eq A"ixC"j*D"kx*B"1 then i,j,k,1; end if; end for;
end for;

/* 1000 —> a"e = ax/

for i,j,k in [0..1] do for 1 in [0..4] do

if A'T[3] eq A"ixC"j*D"kxB"1 then i,j,k,1; end if; end for;
end for;

/¥ 1000 —>a"f=a x/

for i,j,k in [0..1] do for 1 in [0..4] do

if A'T[4] eq A"ixC"j*D"kxB"1 then i,j,k,1; end if; end for;
end for;

/* 1000 — a"g=a x/
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for i,j,k in [0..1] do for 1 in [0..4] do

if B'T[2] eq A"ixC"j*D"kxB"1 then i,j,k,1; end if; end for;
end for;

/¥ 00 01 —>Db"e = bx/

for i,j,k in [0..1] do for 1 in [0..4] do

if B'T[3] eq A"ixC"j*D"kxB"1 then i,j,k,1; end if; end for;
end for;

/* 0001 —>Db'f=">b %/

for i,j,k in [0..1] do for 1 in [0..4] do

if B'T[4] eq A"ixC"j*D"k*B"1 then i,j,k,1; end if; end for;
end for;

/0001 —>bg="hb */

for i,j,k in [0..1] do for 1 in [0..4] do

if C'T[2] eq A7ixC"j*D"k*B"1 then i,j,k,1; end if; end for;
end for;

/¥ 01 1 0-—>c'e =cxd %/

for i,j,k in [0..1] do for 1 in [0..4] do

if C'T[3] eq A"ixC"j*D"kx*B"1 then i,j,k,1; end if; end for;
end for;

[+ 0010 >c'f=d */

for i,j,k in [0..1] do for 1 in [0..4] do

if C'T[4] eq A"ixC"j*D"kx*B"1 then i,j,k,1; end if; end for;
end for;

/* 01 10 —>c'g=cxd x/



317

for i,j,k in [0..1] do for 1 in [0..4] do

if D'T[2] eq A"ixC"j*D"k+*B"1 then i,j,k,1; end if; end for;
end for;

/¥ 01 00 —>de=c %/

for i,j,k in [0..1] do for 1 in [0..4] do

if D'T[3] eq A"i*C"j*D"kx*B"1 then i,j,k,1; end if; end for;
end for;

/* 1 1 10 —>df = axcxd */

for i,j,k in [0..1] do for 1 in [0..4] do

if D'T[4] eq A"i%C"j*D"k*B"1 then i,j,k,1; end if; end for;
end for;

/¥ 11 00 —>d'g = axc

Thus a pres of:
<a,b,c,d,e,f,g | a’2,b"5,¢"2,d"2, (a,b),(a,c),(a,d),(b,c),(
b,d),(c,d), e 3,{"3,g73,f xe”(—1) x g"(—1),e"(—1) x f
“(—1) * e *x g°(—1),a’e =a, a'f =a,a’g=a,b’e =Db,b"f =
b,b"g =b,c’e = cxd, ¢"f =d, ¢c'g =cxd,d’e = c,d"f = ax
cxd,d"g = axc>

*/

G<a,b,c,d,e,f g>=Group<a,b,c,d,e,f ;g | a"2,b"5,¢"2,d"2, (a
,b) ,(a,c),(a,d),(b,c),(b,d),(c,d), e 3,{"3,g°3,f xe"(—1)
x g (—=1),e"(—1) * f°(—=1) x e x g'(—1),a”"e = a, a"f = a,a
g =a,b’e=Db,b'f=Dbb'g=Db,c’e=cxd, ¢c'f=d, c'g=c
xd,d"e = ¢,d"f = axcxd,d"g = axc>;

#G;

/* 480

Check if G'N. We need a perm rep of G

~
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*/

f ,Gl,k:=CosetAction (G, sub<G|I1d (G)>);
#G1;

s:=Islsomorphic (N,G1);

55

/Truex/

WE PROVED THAT N~ (5x2°3):Alt(4)
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6.6 Mixed Extension Product of (4x2:2%), N = Sg, T'[15]

T:=TransitiveGroups (8) ;
N:=T[15];

N;
/*
Permutation group N acting on a set of cardinality 8

Order = 32 = 275

(1, 2, 3, 4, 5, 6, 7, 8)
(1, 5)(3, 7)
(1, 6)(2, 5)(3, 4)(7, 8)
*/
S:=Sym(8) ;

xx:=S8!(1, 2, 3, 4, 5, 6, 7, 8);

yy:=S!(1, 5)(3, 7);

zz:=S1(1, 6)(2, 5)(3, 4)(7, 8);

N:=sub<S|xx,yy,zz >;

/*

How to shorten down your generators (optional if you have 5
or more generators on top)

for g, h in N do

if sub<N|g,h> eq N then a:= g; b:= h; end if; end for;

— when you try to output a you get ident error then you

need all generators

for g, h in N do
if sub<N|g,h> eq N then g,h; end if; end for;



— If there is no output you need all generators given by

magma

*/

#N;

/%32 x/

SL:=Subgroups (N) ;

T:={X‘ subgroup: X in SL};
#1;

[*x 34 x/

TrivCore := {H:H in T| #Core(N,H) eq 1};

mdeg := Min ({Index(N,H):H in TrivCore});

Good := {H:H in TrivCore | Index(N,H) eq mdeg};
#Good ;

[* 2 x/

H:= Rep(Good) ;
1,
[x 4 x/

f2 'N1,K2:= CosetAction (N,H);

N1;

/*

Permutation group N1 acting on a set of cardinality 8
Order = 32 = 275

(1, 2, 5, 4, 3, 6, 8, 7)
(1, 3)(5, 8)
(1, 4)(2, 5)(3, 7)(6, 8)

*/

CompositionFactors (N) ;
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*/

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

NL:= NormalLattice (N);

NL;
/*

Normal subgroup lattice

Order 32

Order 16
Order 16
Order 16
Order 16
Order 16
Order 16
Order 16

Length

Length
Length
Length
Length
Length
Length
Length

S (T A G A G S

Maximal

Maximal
Maximal
Maximal
Maximal
Maximal
Maximal

Maximal

Subgroups:

Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:
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13 14 15 16 17

N © OO N 0o o

8 10
9 12
10 12
79
11 12
10 11
8 11



[12] Order 8  Length 1
[11]  Order 8  Length 1
[10] Order 8  Length 1
[ 9] Order 8  Length 1
[ 8] Order 8 Length 1
[ 7] Order 8  Length 1
[ 6] Order 8  Length 1
[ 5] Order 4  Length 1
[ 4] Order 4  Length 1
[ 3] Order 4  Length 1
[ 2] Order 2 Length 1
[ 1] Order 1 Length 1
«/
for i in [1

end for;
/%
1
2
3
4
3
9
10
11

Maximal
Maximal
Maximal
Maximal
Maximal
Maximal

Maximal

Maximal

Maximal

Maximal

Maximal

Maximal

Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:

Subgroups:
Subgroups:
Subgroups:

Subgroups:

Subgroups:

Choose the largest i in this case 11

Checking these because order of NL[11] is 8:

W W W w w w w

(\]

5

..#NL] do if IsAbelian(NL[i]) then i; end if;

322
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4%2
2%2%2

*/
IsIsomorphic (NL[11], AbelianGroup (GrpPerm,[8]) );

IsIsomorphic (NL[11],AbelianGroup (GrpPerm,[4 ,2]));

Generators (NL[11]);

/*
(L, 5)(3, 7),
(1, 7, 5, 3)(2, 8, 6, 4),
(1, 5)(2, 6)(3, 7)(4, 8)
*/

Notice that B"2 = (1, 5)(2, 6)(3, 7)(4, 8)

A,B is the generator of the largest abelian x/
NL11:=sub<N|A,B>;

/* Check that NL[11] = NL11x/

NL[11] eq NLI11;

/%

True

/

Order (NL11);
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[x 8 = 273 %/
Order (N);
/* 32 x/

Order (N)/Order(NL11);

/* 4 this is the order of q x/

q, ff:=quo<N|NLI11>;

T:=Transversal (N,NL11) ;

#1';

[* 4 x/

q;

/%

Permutation group q acting on a set of cardinality 4
Order = 4 = 272

(1, 2)(3, 4)
Id(q)
(1, 3)(2, 4)

Y

[E(T[2]) eq q.1;

/* q.2 is just the identity x/
F(T[3]) eq a.3;

FPGroup(q);
/*
Finitely presented group on 3 generators
Relations
$.1°2 = 1d(8) >
$.372 = Id($) —> d"2
($.1 * $.3)"2 = 1d($) —> (c = d)"2



$.2 = 1d($) —> ¢ ( Ident so dont use it)

Writing the presenation:

G<a,b,c,d>:=Group<a,b,c,d| a"2,b"4 (a,b),c"2, d"2, (¢ * d)
9

a’c =, a"d=,b c=,b d=>;

«f

for i in [1..2] do for j in [1..4] do
if A"T[2] eq A"ix*B"j then i,j; end if; end for; end for;
[x 1 2 %/

for i in [1..2] do for j in [1..4] do
if A"T[3] eq A"i*B"j then i,j; end if; end for; end for;
[x 1 2 %/

for i in [1..2] do for j in [1..4] do
if B'T[2] eq A"i«B"j then i,j; end if; end for; end for;
/x 2 1 %/

for i in [1..2] do for j in [1..4] do
if B'T[3] eq A"i*B"j then i,j; end if; end for; end for;
[x 2 3 x/

G<a,b,c,d>:=Group<a,b,c,d| a"2,b"4 (a,b),c"2, d"2, (¢ * d)
9

a’c = axb"2, a"d=axb”"2, b c=a"2xb, b d=a"2xb"3>;

#G;

f,Gl,k:=CosetAction (G,sub<G|Id (G)>);
s:=IsIsomorphic (N,G1);
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53
/* We got false so we need to need to check the
Order (T[2],T[3],(T[2]*T[3])) =/

for i in [1..2] do for j in [1..4] do
if T[2]"2 eq A"i*B"j then i,j; end if; end for; end for;
[*x 2 3x/

G<a,b,c,d>:=Group<a,b,c,d| a"2,b"4,(a,b),c"2=a"2%b"3, d"2,
(¢ % d)" 2,

a’c = axb"2, a"d=axb”"2,b"c=a"2xb,b "d=a"2xb"3>;

#G;

f ,G1,k:=CosetAction (G,sub<G|I1d (G)>);

s:=IsIsomorphic (N,G1);

55

/* This is a Mixed extension of (4x2):2°2 x/
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6.7 Mixed Extension Product of (4x2:2%), N = Sg, T'[15]

/* T:=TransitiveGroup (12,124); =/

T:=TransitiveGroup (12,124) ;

#1';

/% 240 =/

N:=TransitiveGroup (12,124) ;

N

/% 240 x/

N;/« Has 3 generators so use the for loop below to see if

we can shorten it x/

/*

for g,h in N do if sub<N|g,h> eq N then A:=g:;B:=h; end if;
end for;

> A;

(1, 6, 2)(3, 12, 7)(4, 9, 11)(5, 8, 10)

> B;

(1, 12)(4, 8, 10, 6)(5, 9, 11, 7)

*/

S:=Sym(12);

we=S1(1, 6, 2)(3, 12, 7)(4, 9, 11)(5, 8, 10);
yy:=S!(1, 12)(4, 8, 10, 6)(5, 9, 11, 7);

N:=sub<S|xx,yy>;

N

/* 240 %/

N12:=Stabiliser (N,[1,2]);
/*

Permutation group N12 acting on a set of cardinality 12
Order = 2
(4, 10)(5, 11)(6, 8)(7, 9)
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C:=Centraliser (N,N12);

Set (C) ;

/

*

(1, 3, 12, 2)(4, 8, 5, 9)(6, 11, 7, 10),
(1, 3, 12, 2)(4, 6, 5, 7)(8, 11, 9, 10),

(1, 12)(4, 6, 10, 8)(5, 7, 11, 9),

(1, 12)(2, 3)(4, 11)(5, 10)(6, 9)(7, 8),

(1, 12)(4, 8, 10, 6)(5, 9, 11, 7),

(1, 2)(3, 12)(4, 5)(6, 8)(7, 9)(10, 11),

1d(C) |

(1, 3)(2, 12)(6, 9)(7, 8),

(1, 12)(2, 3)(4, 5)(6, 7)(8, 9)(10, 11),

(1, 2, 12, 3)(4, 7, 5, 6)(8, 10, 9, 11),
(1, 2, 12, 3)(4, 9, 5, 8) (6, 10, 7, 11),
(1, 3)(2, 12)(4, 10)(5, 11)(6, 7)(8, 9),

(1, 2)(3, 12)(4, 11)(5, 10),
(4, 10)(5, 11)(6, 8)(7, 9)

/*

is too large,

This code is only needed when the set output

it gives you what you need only

for n in C do

if ((1'n eq 1 and 2°n eq 2) or (1'n eq 2 and 2"n eq 1)) and

Order(n) eq 2 then n;

if;

end for;

end



*/
FPGroup (N) ;
/*
Finitely presented group on 2 generators
Relations
$.1°3 = 1d($)

$.2°4 = 1d($)

329

NN<x ,y>:=Group<x,y |x 3,y 4,(x"—1, y"—1)"2,(x * y"—1)"4 >;

($.1°—-1, $.2"—-1)"2 = Id(9)
($.1 « $.27—-1)"4 = Id($)
x"3 = Id($)
y'4 = 1d($)
(x"—1, y"—1)"2 = 1d($)
(x * y'—1)"4 = 1d($)
o
#ANN;
*/
/* #N/ #N1 x/
S:=Sym(12) ;

xx:=8!(1, 6, 2)(3, 12, 7)(4, 9, 11)(5, 8, 10);
yy:=S!(1, 12)(4, 8, 10, 6)(5, 9, 11, 7);

N:=sub<S|xx,yy>;
#AN;

G:=NN; GI1:=N;
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Sch:=SchreierSystem (G, sub<G|Id (G)>);
ArrayP:=[Id(Gl): i in [1..#G1]];

for i in [2..#Gl] do

P:=[1d(G1)
for j in [1. ]
if EHtseq(Sc i] eq 1 then P[j]:=xx; end if;

if Eltseq(Sc j] eq —1 then P[j]:=xx"—1; end if;
if Eltseq(Sc j ]

if Eltseq(Sc j

eq 2 then P[j]:=yy; end if;
eq —2 then P[j]:=yy —1; end if;
end for;
PP:=1d (G1) ;
for k in [1..#P] do
PP:=PP«P [k |
ArrayP [i]:=PP;
end for;
Nl:=Stabiliser (N,1);
N1;
/*
Permutation group N1 acting on a set of cardinality 12
Order = 20 = 272 % 5
(4, 10)(5, 11)(6, 8)(7, 9)
(2, 7, 4, 11)(3, 6, 5, 10)(8, 9)

; end for;

o

for i in [1..#N] do if ArrayP[i] eq N!(4, 10)(5, 11)(6, 8)
(7, 9) then Sch[i]; end if; end for;

[* y°2 x/

for i in [1..#N] do if ArrayP[i] eq N!(2, 7, 4, 11)(3, 6,
5, 10)(8, 9) then Sch[i]; end if; end for;

[*y =1 % x"—1 % y"—1 % x % y —1 %/
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/* FPGroup and Stab included

G<x,y,t>:=Group<x,y,t|x 3,y " 4,(x"—1, y"—1)"2,(x * y —1)"4,
t72, (t,y"2),(t,y"—1 % x"—1 % y"—1 % x % y —1)>;

x/
Orbits (N1);
/*
[
GSet{@ 1 @},
GSet{@ 12 @},
GSet{@ 2,7, 9, 4, 8, 10, 11, 6, 3, 5 @}
«/

for n in C do

if ((1'n eq 1 and 2°n eq 2) or (1°n eq 2 and 2"n eq 1)) and
Order(n) eq 2 then n;

end if; end for;

/%

(4, 10)(b, 11)(6, 8)(7, 9) —> y "2 = (txt"(x"2)) "k

(1, 2)(3, 12)(4, 11)(5, 10) —> (x * y =1 % x"—1 % y"2 % x
* ykt) i

(1, 2)(3, 12)(4, 5)(6, 8)(7, 9)(10, 11) —> (x % y 1 % x
1ok yT2 % x ok y —1xt) "]

"

for i in [1..#N] do if ArrayP[i] eq N!(4, 10)(5, 11)(6, 8)
(7, 9) then Sch[i]; end if; end for;

for 1 in [1..#N] do if ArrayP[i] eq NI(1, 2)(3, 12)(4, 11)
(5, 10) then Sch[i]; end if; end for;
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for i in [1..#N] do if ArrayP[i] eq NI(1, 2)(3, 12)(4, 5)
(6, 8)(7, 9)(10, 11) then Sch[i]; end if; end for;

for k in [2..10 by 2] do

G<x,y,t>:=Group<x,y,t|x 3,y "4 ,(x"—1, y"—1)"2,(x * y —1)"4,
t72, (t,y°2),(t,y 1 % x"~1 % y 1 % x x y —1),y"2 = (txt
“(x°2))"k>; k, #G; end for;

/* Results

> for k in [2..10 by 2] do

for>

for> G<x,y,t>=Group<x,y,t|x 3,y " 4,(x"—1, y"—1)"2,(x * y
1), 72, (6,y72) L, (t,y TN

1 % x"—1 % y'—1 % x x y —1),y°2 = (txt"(x72)) k>; k, #G;
end for;

2 4320

4 0

6 0

8 0

10 0

o/

G<x,y,t>=Group<x,y,t|x "3,y 4,(x"—1, y"—1)"2,(x *x y —1)"4,
t72, (t,y"2),(t,y" =1 %« x"—1 % y"—1 % x « y"—1),y"2 = (txt
T(x72))72>; #G;



/* FOR %/
S:=Sym(12);

xx:=S1(1, 6, 2)(3, 12, 7)(4, 9, 11)(5, 8, 10);

yy:=S!(1, 12)(4, 8, 10, 6)(5, 9, 11, 7);
N:=sub<S|xx,yy>;

7N

C:=Classes (N);

#C;

FPGroup(N);
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NN<x ,y>:=Group<x,y |[x"3,y"4,(x =1, y"—1)"2,(x x y"—1)"4 >;

#NN;

Sch:=SchreierSystem (NN, sub<NN| Id(NN)>);
ArrayP:=[Id(N): i in [1.. #N]];

for i in [2.. #] do P:=[Id(N): 1 in [1.. #Sch[i]]];

for j in [1..# Sch[i]] do

if Eltseq(Sch[i])[]j] eq 1 then P[j

if Eltseq(Sch[i])[]j] eq —1 then P[j

if Eltseq(Sch[i])[j] eq 2 then P[j]:=yy;
]) 1 [

[ ]
if Eltseq(Sch[i j ]
PP:=1d (N) ;
for k in [1.. #P] do
PP:=PP«P[k]; end for;
ArrayP [1]:=PP;

end for; end for;

Orbits (N);
/*

end

|:=xx; end if;

|]:=xx"—1; end

if;

if;

eq —2 then P[j]:=yy " —1; end if;
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GSet{@ 1, 6, 12, 2, 4, 7, 9, 8, 3, 5, 11, 10 @}

for i in [1..#N] do if 1" ArrayP[i] eq 2 then Sch[i]; break;
end if; end for;

[x x"—1 %/

for i in [1..#N] do if 1" ArrayP[i] eq 3 then Sch[i]; break
;end if; end for;

[x yx x"—1 %/

for i in [1..#N] do if 1" ArrayP[i] eq 4 then Sch[i]; break
;end if; end for;

[* x %y %/

for 1 in [1..#N] do if 1" ArrayP[i] eq 5 then Sch[i]; break;
end if; end for;

[* x x y —1 % x %/

for i in [1..#N] do if 1" ArrayP[i] eq 6 then Sch[i]; break
;end if; end for;

/* x x/

for 1 in [1..#N] do if 1" ArrayP[i] eq 7 then Sch[i]; break;
end if; end for;

/%y x x %/

for i in [1..#N] do if 1" ArrayP[i] eq 8 then Sch[i]; break;

end if; end for;

*/

for 1 in [2..#C] do i, C[i][3]; for j in [1..#N] do
if ArrayP[j] eq C[i][3]

then Sch[j]; end if; end for;

Orbits(Centraliser (N,C[i][3])); end for;

/*
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2 (1, 12)(2, 3)(4, 5)(6, 7)(8, 9)(10, 11)
(x * y x« x % y 2)°2
[

GSet{@ 1, 6, 12, 2, 4, 7, 9, 8, 3, 5, 11, 10 @
]

(((x %y % x % y 2)"2)*t),

3 (1, 4)(2, 7)(3, 6)(5, 12)
(x"—1 % y) 2
[

GSet{@ 8, 11, 10, 9 @},
GSet{@ 1, 5, 4, 3, 12, 7, 6, 2 @}

—~

((x"=1 % y)"2)xt 7 (x * y72)) , (((x"—1 % y) "2)xt),

GSet{@ 1, 8, 12, 9 @},

GSet{@ 2, 5, 4, 10, 3, 7, 6, 11 @}
]
(((y" =1, x))*t) ,(((y"—1, x))*t"(x"—1)),

5 (1, 6, 2)(3, 12, 7)(4, 9, 11)(5, 8, 10)
X
[
GSet{@ 1, 6, 7, 4, 2, 3, 9, 8, 12, 11, 10, 5 @
]
((x)*t),

6 (1, 8, 12, 9)(2, 10, 3, 11)(4, 6, 5, 7)
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(x * y) 3
[
GSet{@ 1, 6, 8, 3, 5, 12, 11, 7, 9, 2, 4, 10 @}
]
(((x = y)"3)xt),

7 (1, 9, 12, 8)(2, 11, 3, 10)(4, 7, 5, 6)
x x vy —1 % x"—1 %x y—1 % x—1 % y" —1
[
GSet{@ 1, 6, 9, 3, 4, 5, 12, 10, 7, 8, 2, 11 @}
)

((x * y"=1 % x"—1 % y"—1 % x"—1 % y " —1)*t)

8 (1, 2, 4, 7)(3, 5, 6, 12)(8, 9)
x"—1 % y
[
GSet{@ 8, 9 @},
GSet{@ 10, 11 @},
GSet{@ 1, 2, 6, 4, 12, 7, 3, 5 @}
]
((x"—1 % y)*t"(x * y 2)),((x"—1 % y)*t " (x * y"—1)) ,((x"—1 x
y)*t),

9 (1, 7, 4, 2)(3, 12, 6, 5)(8, 9)
y —1 % x
[
GSet{@ 8, 9 @},
GSet{@ 10, 11 @},
GSet{@ 1, 7, 6, 4, 5, 2, 3, 12 @}
]

(v 1+ %)t (x o ¥72)) (v 1 % x)xt (x + ¥ 1) (v 1+
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X)*t),

10 (1, 8, 7, 3, 10)(2, 11, 12, 9, 6)
(x"—1 % y°2)°2
[
GSet{@ 4, 5 @},
GSet{@ 1, 8, 9, 7, 6, 3, 2, 10, 11, 12 @}
]
(((x"—1 % y72)"2)xt " (x * y)) ,(((x"—1 % y"2)"2)*t),

11 (1, 11, 6, 12, 10, 7)(2, 5, 9, 3, 4, 8)
(x % y) 2
[
GSet{@ 1, 11, 4, 6, 8, 12, 2, 10, 5, 7, 9, 3 @}
]
12 (1, 2, 8, 11, 7, 12, 3, 9, 10, 6)(4, 5)
x"—1 % y 2
[
GSet{@ 4, 5 @},
GSet{@ 1, 2, 8, 11, 7, 12, 3, 9, 10, 6 @}

13 (1, 4, 11, 8, 6, 2, 12, 5, 10, 9, 7, 3)
X ok y

[
GSet{@ 1, 4, 11, 8, 6, 2, 12, 5, 10, 9, 7, 3 @

)
14 (1, 5, 11, 9, 6, 3, 12, 4, 10, 8, 7, 2)
y x* X xy x X —1 % y'2 %x x x y —1
[
GSet{@ 1, 5, 11, 9, 6, 3, 12, 4, 10, 8, 7, 2 @}
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*/

/* FOR until 10

(((x x y % x * y 2)"2)xt),

(((x"=1 % y)"2)xt"(x * y"2)),

(((x"=1 % y)"2)xt),

(((y"—1, x))=t),

(((y" =1, x))*t"(x"—1))

((x)*t),

(((x = y) 3)=t)

((x * y°—1 % x"—1 % y =1 %« x"—1 % y —1)*t),

((x"=1 * y)*t " (x x y°2)),((x"—1 % y)*t"(x x y —1)) ,((x"—1 x

y)xt) ((y" =1 = x)*t"(x * y°2)) ,((y 1 x x)*t"(x » y —1))
Sy =1 x) ) (((x7=1 % y72) "2)xt " (x * y)) ,(((x"—1 ¥
"2)"2)xt)

*/
for a,b,c,d,e,f,g,h,i,j in [0..10] do
G<x,y,t>=Group<x,y,t|x "3,y 4,(x"—1, y"—1)"2,(x *x y —1)"4,

t°2, (t,y"2),(t,y"—1 %« x"—1 % y"—1 % x %« y —1),

((((x =y = x x y 2)72)xt)) a,
)b, ((((x7=1 = y)"2)xt)) "¢,
((y" =1, x)*t7(x"=1)) e, (((x)*t))"
« y -1 % x"—1 « y"—1 % x"—1 % y"—1)%t)) "h,y"

(

A .

"2)) " 2(x %y -1 % xT—1 % y©°2 % x *x yxt) i,



Tl ok yT2 ok ox ok y T —1xt) ") >
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a,b,c,d,e,f g . h,i,j, Index(G,sub<G|x,y>); end for;

/* Running it in the background x/

nano Proj_240
Insert data
Ctrl + x
Choose yes

Enter to save file

Ot s W N

starb:180

nohup magma " Proj_240"&>Proj_240
After the above command has been
output (or whether the program

command nano Proj_192.out

/* Checking Status of Progenitor

nano Proj_192.out

f we want to check the input file 7star5:180 type nano 7

.outé

run if we want to check

is running). We use the
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