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ABSTRACT

We will examine progenitors. We start with progenitors of the form m*” : N where

m*TL

is a free group and N is a permutation group of degree n. But, m*™ : N is
a group of infinite order so we will factor by the necessary relations to get finite
homomorphic images. These groups are constructed through the manual double
coset enumeration method. We will examine how to construct progenitors for

wreath products.
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Introduction

In group theory we look closely at the construction and symmetry of finite
simple groups. In order to find these finite homomorphic images, we must start
with progenitors such as m*™ : N where N is transitive on n letters. Our groups are
infinite therefore, to obtain finite images we must factor our progenitor by relations.
Then we wish to obtain an isomorphism between our finite homomorphic image
and our control group G. We use MAGMA extensively in order to accomplish
this. In Chapter 1, we list our preliminaries. In Chapter 2, we show how to build
a progenitor and find its first order relations. In Chapter 3, We build monmomial
progenitors with its first order relations. In Chapter 4, we inspect constructions
of several groups and their finite homomorphic images by doing manual double
coset enumeration for example, A7 over PSL(2,7). In Chapter 5, we examine the
construction of a maximal subgroup Mo : 22 over PGL(2,9) : 2 and PGL(2,9).
In Chapter 6, we obtain the wreath product and find its symmetric presentation
along with building a progenitor and first order relations as shown in Chapter 2.
Lastly, in Chapter 7 we find the isomorphism types of several groups. These can
be either direct product, split, non-split extension, mixed or central extensions.

For example, we will show the mixed extension of (23 :* ).



Chapter 1

Preliminaries

1.1 Definitions and Theorems

Definition 1.1.1. (Permutation) If X is a nonempty set, a permutation is

the bijective mapping o : X — X. [Rot95]

Definition 1.1.2. (Disjoint) Two permutations «, f € Sx are disjoint if every
x moved by one is fixed by the other. In symbols, if a(a) # a, then 5(a) = a, and
if a(b) = b, then 5(b) # b. [Rot95]

Theorem 1.1.3. FEwvery permutation o € Sy, is either a cycle or a product of

disjoint cycles. [Rot95]

Definition 1.1.4. (Semigroup) A semigroup (G,*) is a nonempty set G

equipped with an associative operation *. [Rot95]



Definition 1.1.5. (Symmetric Group) The symmetric group, denoted S,, is
the set of all permutations of the nonempty set X = {1,2,...,n}. S, is a group of

order n! on n letters. [Rot95]

Definition 1.1.6. (Group). A group is a semigroup G containing an element e
such that
(i)exa=a=axe foralla e G

(ii) for every a € G, there is an element b € G with axb=e =0bxa. [Rot95]

Definition 1.1.7. (Order) If G is a group, then the order of G, dentoted |G|, is

the number of elements in G. [Rot95]

Definition 1.1.8. (Free Group) If X is a subset of a group F, then F is a free
group with basis X if, for every group G and every function f : X — G, there

exists a unique homomorphism ¢ : F' — G extending f. [Rot95]

Definition 1.1.9. (Presentation) Let X be a set and let A be a family of words
on X. A group G has generators X and relations A if G = F/R, where F is the
free group with basis X and R is the normal subgroup of F generated by A. The

ordered pair (X|A) is called a presentation of G. [Rot95]

Definition 1.1.10. (Progenitor) A progenitor is a semi-direct product of the

following form: P= 2":N = {rw | m € N, and w is a word in the t;}, where 2*"



denotes a free product of n copies of a cyclic group of order 2 generated by invo-
lutions t; for i=1,...,n; and N is a transitive permutation group of degree n which

acts on the free product by permuting the involutory generators.[Curt96]

Lemma 1.1.11. (Factoring Lemma) (Known as the Grindstaff Lemma) Factor-

ing the progenitor m*™:N by (t;,t;) for 1 < i< j < n gives the group m™:N.[Grind15]

Definition 1.1.12. (Character) Let A(x) = (a;j(x)) be a matriz representation

of G of degree m. We consider the characteristic polynomial of A(x), namely

_)\—an(x) A—ap(z) ... A—ain(z) ]
det(\] — Az)) = A—azi(z) A—axn(z) ... A—anm(x)
A—ami(z)  A—ama(z) . A= amm(2) |

This is a polynomial of degree m in X, with the coefficient of —\™"! is
e(x) = a11(x) + az2(x) + .. + amm().

It is customary to call the right-hand side of this equation the trace of
A(x), abbreviated to trA(x), so that ¢(x) = trA(x).

We regard ¢(x) as a function on G with values in field K, and we call it
the character of A(z).[Led77]

Theorem 1.1.13. The number of irreducible characters of G is equal to the num-

ber of conjugacy classes of G.[Led77]



Definition 1.1.14. (Degree of a Character) The sum of squares of the de-
grees of the distinct irreducible characters of G is equal to |G|. The degree of a

character x is x(1). Note that a character whose degree is 1 is called a linear

character.[Led77]

Definition 1.1.15. (Lifting Process) Let N be a normal subgroup of G and
suppose that Ag(Nx) is a representation of degree m of the group G/N. Then
A(z) = Ag(Nz) defines a representation of G/N lifted from G/N. If oo(Nzx) is a
character of Ag(Nx), then p(x) = po(Nx) is the lifted character of A(x). Also,
if u € N, then A(u) = Im,p(u) = m = ¢(1). The lifting process preserves irre-
ducibility. [Led77]

Definition 1.1.16. (Induced Character) The character of A(x), which is called
the induced character of ¢, will be dentoted by ¢©. Thus, ¢© = trA(z) = Yoy

(b(til‘ti_l) ./L€d77/

Definition 1.1.17. (Formula for Induced Character)

n
W)= D =ewa=123..m
o weCqNH

Definition 1.1.18. (abelian) A pair of elements a and b in a group commutes

if a*b=b*a. A group is abelian if every pair of its elements commutes. [Rot95]

Definition 1.1.19. (homomorphism) Let (G,*) and (H,0) be groups. A func-

tion f:G<»H is a homomorphism if, for all a, b € G, f(a*b) = f(a) o f(b). [Rot95]



Definition 1.1.20. (isomorphism) An isomorphism is a homomorphism that
is also a bijection. We say that G is isomorphic to H, denoted G=H, if there

exists an isomorphism f:G <> H. [Rot95]

Theorem 1.1.21. Let p be a prime. A group G of order p™ is cyclic if and only

if it is an abelian group having a unique subgroup of order p. [Rot95]

Definition 1.1.22. (normal subgroup) A subgroup K<G is a normal sub-

group, denoted by K<G, if gKg~'=K for every g G. [Rot95]

Theorem 1.1.23. (First Isomorphism Theorem) Let f: G—H be a homo-
morphism with kernal K. Then K is a normal subgroup of G and G/K=im(f).
[Rot95]

Theorem 1.1.24. (Second Isomorphism Theorem) Let N and T be subgroups
of G with N normal. Then NNT is normal in T and T/(NNT)=NT/N. [Rot95]

Theorem 1.1.25. (Third Isomorphism Theorem) Let K<H<G, where both
K and H are normal subgroups of G. Then H/K is a normal subgroup of G/K and
(G/K)(H/K)~G/H. [Rot95]

Theorem 1.1.26. (Correspondence Theorem) Let KJG and let :G— G/K

be the natural map. Then S — (S)=S/K is a bi-jection from the family of all



those subgroups S of G which contain K to the family of all the subgroups of G/K.
Moreover, if we denote S/K by S*, then: (i) T<S if and only if T* < S*, and
then [S:T]=[S*T*]; and (ii) T<S if and only if T* < S*, and then S/T = S* /T*.
[Rot95]

Definition 1.1.27. (maximal normal subgroup) A subgroup H<G is a maxi-
mal normal subgroup of G if there is no normal subgroup N of G with H<N<G.

[Rot95]

Definition 1.1.28. (simple) A group G#1 is simple if it has no normal sub-

groups other than G and itself. [Rot95]

Definition 1.1.29. (direct product) If H and K are groups, then their direct
product, denoted by Hx K, is the group with elements all ordered pairs (h,k), where
heH and k€K, and with the operation (h,k)(h’,k’)=(hh’kk’). [Rot95]

Theorem 1.1.30. (Jordan-Holder Theorem) Every two composition series of
a group G are equivalent.

Suppose that the finite group G has two composition series

G=DBy>B >...>B,={1}y andG =Cy >C; > ... >C, = {1}.
Then n = m and the lists of composition factors for the two series are identi-
cal in the sense that if |H| < |G| and ®(H) = {i > 1 : B;_1/B; = H} and
UV(H)={i>1:C;_1/C; 2 H} then ®(H) = Y(H). [Rot95]



Definition 1.1.31. (semi-direct product) A group G is a semi-direct prod-
uct of K by Q, denoted by G=KxQ, if KQG and K has a complement (1=20Q). One

also says that G splits over K. [Rot95]

Definition 1.1.32. (mixed-extension) If G is an extension of an abelian group

not equal to the center of G, then this is called a mized extension. [Rot95]

Definition 1.1.33.(normal subgroup in composition series) A normal sub-
group N of a group G is called a mazimal normal subgroup of G if

(a) N # G

(b) whenever N < M <1 G then either M = N or M + G.

By the Correspondence Theorem, if N <G and N # G then every normal subgroup
of G/N corresponds to a normal subgroup of G containing N. So a normal subgroup

N is mazximal if and only if G/N is simple.

Definition 1.1.34. (Composition series)Given a group G, a composition se-
ries for G of length n is a sequence of subgroups G=Bg > By > ---> B, =l¢g such
that

(i) Bi < Bi_ fori=1,... ,n.

(ii) Bi—1/B; is simple for i=1,...,n. In particular, B; is a maximal normal sub-
group of G and B;_y is simple. The (isomorphism classes of the) quotient groups

B;/B;_1 are called composition factors of G.

Example 1.1.35.



S4 has the following composition series of length 4, where K is the Klein group
{(1), (12)(34), (13)(24), (14)(23)}.

Sy > Ay > K> {(12)(34)} > {1}

We know that Ay < Sy; the composition factor Sy/A4 = Cs.

We have seen that K <1 Ay; and Ay/K = Cy

All subgroups of K are normal in K, because K is abelian.

Both K/{(12)(34)} and {(12)(34)}/{1} are isomorphic to Cs.

So the composition factors of Sy are Cy (three times) and Cs3 (once).

Example 1.1.36.

If G is simple then its only composition series is G > {1}, of length 1.

Example 1.1.37.

(Z,+) has no composition series. If H < 7Z then H is cyclic of infinite order.
If H =< z > then < 2x > is a subgroup of H with {0} # < 2x > # H, and
< 2x > < H because H is abelian. So H is not simple. If By > By > ... > B, is

a composition series then B,_1 is simple, so there can be no composition series.

Theorem 1.1.38: FEvery finite group G has a composition series.

Example 1.1.39. (Composition Series for Q)s and Dg)
Qs:

All three possible compositions series for Qg are valid and are the following:

1 << -1 ><<1>< Qs
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1 << -1><<j>< Qs

1 << =1 ><<k>< Qs

The respective composition factors being Z1,Za, Zo.
Dsg:

There are 7 composition series for Dg listed below:
1 << s><<s,72>< Dy

1 << 7r?s ><< 5,7‘2 >< Dg

1 <<r?><<s,r?><Dg

1<<r? ><<r><Dg

1 <<r?><<rs,r?>< Dy

1 << rs><<K ’I“S,T2 >< Dg

1 << r3s ><< rs,r2 >< Dg

Although Dg % Qs, they have the same composition factors.

Definition 1.1.40. (right coset) If S is a subgroup of G and if t € G, then a
right coset of S € G is the subset of G: St = {st:s € S} (a left coset is 1S =

{ts:s€S}). One calls t a representative of St (and also tS). [Rot95]

Theorem 1.1.41. If S<G, then any two right (or any two left)cosets of S in G

are either identical or disjoint. [Rot95]

Theorem 1.1.41. If S<G, then the number right cosets of S in G is equal to the

number of left cosets of S in G. [Rot95]
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Definition 1.1.42. (index) If S<G, then the index of S in G, denoted [G:S], is
the number of right cosets of S in G. [Rot95]

Definition 1.1.43. (conjugate) If x € G, then a conjugate of x in G is an

element of the form axa™! for some a € G. [Rot95]

Definition 1.1.44. (double coset) If S and T are subgroups of G, then a double

coset is a subset of G of the form SqT, where g € G. [Rot95]

Definition 1.1.45. (G-set) If X is a set and G is a group, then X is a G-set if
there is a function a: Gx X — X (called an action), denoted by a: (g, x) —
gz, such that:

(i) 1z = z for all x € X; and

(ii) g(hz) = (gh)z for all g, h € G and x € X. [Rot95]

Definition 1.1.46. (acts) G acts on X, if | X| = n, then n is called the degree
of the G-set X. [Rot95]

Definition 1.1.47. (G-orbit) If X is a G-set anf x € X, then the G-orbit of x
isV(zx) ={g9z: g€ G} C X, (V(z) denoted Gz). [Rot95]

Definition 1.1.48. (stabilizer) If X is a G-set and x € X, then the stabilizer

of x, denoted by Gy, is the subgroup G, = g € G : gr = x < G. [Rot95]
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Theorem 1.1.49. If X is a G-set and x € X, then |9(x)| = [G : G4|. [Rot95]

Corollary 1.1.50. If a finite group G acts on a set X, then the number of ele-

ments in any orbit is a divisor of |G|. [Rot95]

Corollary 1.1.51. (i) If G is a finite group and x € G, then the number of
conjugates of © € G is |G : Cg(x)] (Cq, is centralizer). (ii) If G is a finite
group and H < G, then the number of conjugates of H € G is |G : No(H)| (Na,

is normalizer). [Rot95]

Definition 1.1.52. (transitive) A G-set X is transitive if it has only one orbit;

that is for every x, y € X, there exists 0 € G with y = ox. [Rot95]

Definition 1.1.53. (Double Coset Algorithm) Perform the double coset enu-
meration of group G over transitive group N, where double cosets take the form
NwN = {Nuwn | n € N} = {Nw" | n € N}.

(i) Compute the point-stabilizer N and coset stabilizer of each double coset.

(ii) Compute the number of right cosets by using the formula %, where N®)
={n € N| Nu™ = Nuw} is the coset stabilizer of the right coset.

(iii) For each double coset NwN, compute the orbits of N It suffices to deter-
mine the double coset of Nuwt; for a single representative of each orbit. Note, N®)
> NV is always true.

(iv) Determine which double coset each coset representative Nwt; belongs to, (re-

peat the process until closed by coset multiplication ) .
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Definition 1.1.54. (Wreath Product) Let X and Y be non-empty sets. Let
H be a permutation group on X and K on Y. Let Z = X x Y, then the wreath
product is a semi-direct product of X and Y. We define a permutation group on

Z such that we let v € H, and define a permutation of v (y) of Z by

1(y) = @y)= (@vy), ifn =y

() = (zn),  y# n
Also, for k € K, define k*(z,y) = (x, (y)k); such that B = X,€Y H(y) is a di-
rect product of of the group generated by the y’s. Thus, G = B:k*(x,y) is called a

wreath product of H and K, where H is normal subgroup, denoted by H! K. [Rot95]
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Chapter 2

Writing Progenitors

2.1 Permutation Progenitor of 2*%: (22 : (3x2))

First we will write a symmetric presentation for G = 2*6 : (22 : (3x2)).
We begin with a transitive group on 6 letters and examine its composition factors

to find the isomorphism type of our control group N.

>N:=TransitiveGroup(6,7);

>N;

Permutation group N acting on a set of cardinality 6
Order = 24 = 273 * 3

(1, 4)(2, 5)

1, 3, 52, 4, 6

(1, 52, 4)

> CompositionFactors(N);



|  Cyclic(2)

| Cyclic(3)

|  Cyclic(2)

|  Cyclic(2)

A presentation for N is 22 : (322)

>S:=Sym(6) ;

>xx:=81(1, 4)(2, 5);
>yy:=S!1(1, 3, 5)(2, 4, 6);
>zz:=S!(1, 5)(2, 4);
>N:=sub<S|xx,yy,zz>;

>H#N;

24

>FPGroup (N) ;

Finitely presented group on 3 generators

Relations

$.1°2 = Id($)
$.2°3 = 1d($)
$.3°2 = Id($)

($.27-1 % $.3)72 = Id($)

15
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($.1 * $.3)"2 = 1d($)
($.1 % $.2°-1)"3 = 1d($)

>NN<a,b,c>:=Group<a,b,cla”2,b~3,c"2, (b"-1%c) "2, (a*c) "2, (axb~-1) "3>;
>H#NN;

24

>f, G1, k :=CosetAction(NN, sub<NN|Id(NN)>);
>IsIsomorphic(N, G1);

true Mapping from: GrpPerm: N to GrpPerm: G1
Composition of Mapping from: GrpPerm: N to GrpPC and
Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: G1

We see here that the presentation is isomorphic to N which is generated
by z ~ (1,4)(2,5), y ~ (1,3,5)(2,4,6), and 2z ~ (1,5)(2,4). Next, we add ¢* to
the presentation since |t;| = 2, which gives the free product 2*6. Therefore our

progenitor becomes

where t ~ t; and N! is the point stabilizer defined by N' = {n € N|1" =
1}, where n are elements of N that fix 1. Now the point stabilizers are <
(2,3)(5,6),(2,6)(3,5) >, which we convert to words using a program that uses

the Schreier System of G.

> Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);



> ArrayP:=[Id(N): i in [1..#N]];

> for i in [2..#N] do

for> P:=[Id(N): I in [1..#Sch[ill];

for> for j in [1..#Sch[il] do

for|for> if Eltseq(Sch[i])[j] eq 1 then P[j]:=xx; end if;
for|for> if Eltseq(Sch[i])[j] eq -1 then P[jl:=xx"-1; end if;
for|for> if Eltseq(Sch[i]) [j] eq 2 then P[jl:=yy~1; end if;
for|for> if Eltseq(Sch[i]l)[j] eq -2 then P[jl:=yy~-1; end if;
for|for> if Eltseq(Sch[i]) [j] eq 3 then P[jl:=zz"1; end if;
for|for> if Eltseq(Sch[il) [j] eq -3 then P[jl:=zz"-1; end if;
for|for> end for;

for> PP:=Id(N);

for> for k in [1..#P] do

for|for> PP:=PPxP[k]; end for;

for> ArrayP[i]:=PP;

for> end for;

>

> for i in [1..#Sch] do if ArrayP[i] eq N!(2,3)(5,6)

then print Sch[i]; end if; end for;

a*xc*xb *x a

>for i in [1..#Sch] do if ArrayP[i] eq N!(2, 6)(3, 5) then Schli];
end if; end for;

c*b

17
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So now, we can re-write acba as ryzx. Hence, the progenitor becomes
Recall, this progenitor is infinite, therefore, we must factor by first order relations

in order to see the finite homomorphic images of 2*¢ : (22 : (3x2)).

2.1.1 First Order Relations of 2*¢: (22 : (3x2))

The first order relations we will examine are of the form (7t¢)?, where
m is a permutation in N. In order to find first order relations, we examine the

conjugacy classes of N given in the table below.

Table 2.1: Conjugacy Classes of N

H Class Number Order Class Representative Length H

1 1 1d(N) 1
2 2 (2,5)(3, 6) 3
3 2 (1,5)(2, 4) 6
4 3 (1,3, 5)(2, 4, 6) 8
5 4 (1, 4)(2, 6, 5, 3) 6

From above, we find the centralizers of each class representative and the
corresponding orbits on {1,2,3,4,5,6}.
Class 2 has centralizer

<(2,5)(3,6) >,

with orbits {1,4}, and {2, 3,5,6}.
Class 3 has centralizer

< (1,5)(2,4) >,

with orbits {1,2,4,5}, {3}, and {6}.
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Class 4 has centralizer

< (1,3,5)(2,4,6) >,

with orbits {1, 3,5}, and {2,4,6}.
Class 5 has centralizer

< (1,4)(2,6,5,3) >,

with orbits {1,4}, and {2,3,5,6}.

With this we are given the first order relations of N which we convert to words.

(2,5)(3,6)t = (ywy ™)t
(2,5)(3,6)t = (yary~")t™*
(1,5)(2,4)t = (2)t
(1,5)(2, 4)t = (2)¥
(1,5)(2,4)t = (2)t*
(1,3,5)(2,4,6)t = (y)t
(1,3,5)(2,4, 6)t = (y)t*
(1,4)(2,6,5,3)t = (zya)t
(1,4)(2,6,5,3)t = (zyz)t™*

Adding these relations gives us our final representation of G' = 2*0 : (22 : (3 x 2)),
Group < m,y, z,tla*,y*, 2%, (y~'2), (x2)?, (zy~1)*, 12,
(t, w2yz), (8, 2y), (yay~ '), (yay =1 52)°, (20)°, (1)), (247)°, (yt), (ytlw2))9, (zyact)",

(zyxt™)* >;
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The following table gives the finite images of this progenitor 2*6 : (22 :

(3x2)) when these first order relations are added.

Table 2.2: Some Finite Images of the Progenitor 2*6 : (22 : (3 x 2))

’a‘b‘c‘d‘e‘f‘g‘h‘i‘j‘IndexofG‘
0/0j0]0JO|]OL O] 2|5 10 20
0/0j0]0]O|O| O] 4| 4]0 64
0/0j0]0jO|O| O] 8| 410 512
0/0|0]0j0O|0O| 4] 6 | 010 216
0/0j0]0]0O|0O| 4 ]10| 0 |O 1000
0/]0j0]0]0O|O| 5|45 0 160
0/]0j0]0j0O|O| 5| 8|5 10 10240
0j]0j0j]0]0O|]O| 6|2 |80 32
0/0j0]0]0O|0O| 6] 2 |10]0 50
0/0j0]0]0O|0O| 6|4 |6 |0 73728
0jojojojojo| 712|810 56
0jo0ojojojojO0|l 7|2 |910 84
0/0j0j]0j0O|O| 8] 2| 810 112
0/0j0]0]0O|]0O| 8] 2 |10]|0 720
0/0j0]0]0|0O| 9|2 |90 570
0/]0|]0]0]0|0O| 9|2 |10]|0 3420
0/]0j0]0]0O|4| 6| 0|60 54
0j]0j0]0]0O|4| 8] 0| 01O 128
0/]0|0]0]0O|4|110] O | OO 250
0/0j0]0|O|5| 6|0/ 01]0 650
0/0|j0j]0j0O|6| 6 | 4|6 |0 1152
0j0j0j]0j]0O|6| 8 | 6 |6 |0 3456

2.2 M3 Permutation Progenitor of 2*% : (23 :- §))

A symmetric presentation for G = (23 - Sy). We start with a group on

96 letters and examine the FPGroup to find a presentation of our group N.
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>S:=Sym(96) ;

>xx:=8!(1, 86, 25, 96)(2, 51, 40, 54)(3, 73, 60, 77)(4, 78, 67, 70)
(5, 85, 7, 88)(6,87, 28, 64)(8, 17, 72, 58)(9, 90, 82, 55) (10, 14,
12, 92)(11, 89, 39, 71)(13, 22, 76, 69)(15, 75, 65, 80) (16, 41, 19,
79) (18, 74, 68, 35)(20, 33, 57, 84)(21, 48, 23, 47)(24, 95, 29, 45)
(26, 31, 62, 34)(27, 46, 66, 49) (30, 59, 32, 56)(36, 53, 38, 50) (37,
91, 81, 52)(42, 61, 44, 94) (43, 93, 83, 63);

>yy:=S!(1, 3, 14)(2, 8, 13)(4, 20, 51)(5, 15, 55)(6, 26, 71)(7, 19,
54) (9, 35, 46)(10,30, 64) (11, 41, 70) (12, 34, 49) (16, 50, 21) (17,
61, 29)(18, 63, 24)(22, 68, 89)(23, 65, 92)(25, 57, 53) (27, 59, 94)
(28, 56, 52) (31, 45, 36)(32, 76, 38)(33, 78, 43)(37, 80, 47)(39, 75,
96) (40, 74, 95) (42, 84, 85)(44, 77, 48) (58, 91, 69) (60, 90, 67) (62,
93, 66) (72, 87, 82)(73, 86, 83)(79, 88, 81);

>N:=sub<S|xx,yy>;

>#N;
192

To find the presentation of N:
>FPGroup (N) ;

Finitely presented group on 2 generators

Relations
$.1°4 = 1d($)
$.2°3 = 1d($)

($.1 * $.2°-1 * $.17-1 * $.2°-1)"2 = Id($)

$.17-1 * $.2 x $.17-2 * $.27-1 * $.1°-1 * $.2 * $.1°2 *x $.2°-1 =

Id($)
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Then, we convert this into elements of @ and b to ensure we have the same group.

>NN<a,b>:=Group<a,b]|

a~4

b"3 ,

(a * b™1 *x a™-1 *x b™-1)"2,

a™-1 x b *x a”-2 * b™-1 x a”™-1 * b x a2 x b™-1 >;
>H#NN;
192
>f, G1, k :=CosetAction(NN, sub<NN|Id(NN)>);
>w:=IsIsomorphic(N, G1);
>W;

true

We see here that the presentation is isomorphic to N. Next, we add ¢?
to the presentation since |t;| = 2, which gives the free product 2*6. Therefore our

progenitor becomes
G <y, tla’, g% (wy oty ™) 2y Py e ey 2 (1 NT) >

where t ~ t; and N' is the point stabilizer defined by N! = {n € N|1" = 1}. Now,
the point stabilizer is < (2,42)(3,62)(5,25)(6,29)(8, 74)(9, 83)(10, 44)(11, 40)(12,
39)(13,70)(14, 93)(15, 68) (16, 26) (17, 60)(18, 20)(19, 58)(21, 67) (22, 27)(30, 34)
(31,35)(32, 72) (33, 73) (36, 43) (37, 82) (38, 81)(41, 84) (45, 86) (46, 78) (47, 76) (48,
49)(50, 61)(51, 63)(52, 92) (53, 89) (54, 91) (55, 94) (56, 65) (57, 59) (64, 96) (71, 90)
(75,77)(79,80)(85,95)(87,88) >, which we convert to words using a program that

uses the Schreier System.



>word:=function(A)

>Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);

>for i in [2..#NN] do

>P:=[Id(N): 1 in [1..#Sch[i]]];

>for j in [1..#Sch[i]] do

>if Eltseq(Sch[il) [j]
>if Eltseq(Schl[il) [j]
>if Eltseq(Sch[il) [j]

>if Eltseq(Schlil) [j]

>end for;

>PP:=Id(N);

>for k in [1..#P] do

eq 1 then P[j]

:=xx; end if;

eq -1 then P[j]:=xx"-1; end if;

eq 2 then P[j]

:=yy; end if;

eq -2 then P[jl:=yy~-1; end if;

>PP:=PP*P[k]; end for;

>if A eq PP then B:=Sch[i]; end if;

>end for;

>return B;

>end function;

>A:=N!(2, 42)(3, 62)(5, 25)(6, 29)(8, 74)(9, 83)(10, 44)(11, 40)

(12,
(21,
(38,
(52,

(75,

39) (13,
67) (22,
81) (41,
92) (53,

77) (79,

70) (14,
27) (30,
84) (45,
89) (54,

80) (85,

93) (15, 68) (16,
34) (31, 35)(32,
86) (46, 78) (47,
91) (65, 94) (56,

95) (87, 88);

26) (17, 60) (18, 20) (19, 58)
72) (33, 73)(36, 43)(37, 82)
76) (48, 49) (50, 61)(51, 63)

65) (57,59) (64, 96) (71, 90)

23
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>word(A) ;

a*xb"-1*%a"-1*xb~-1

So now, we can re-write (axb~'xa"'xb~!) as (zy~'z~'y~!). Hence, the progenitor

becomes

G < z,y, tlat, 2, (ey ety )2, o tye 2y e tyay =L 2, ( oy ey ) >y
Recall, this progenitor is infinite, therefore, we must factor by first order

relations in order to see the finite homomorphic images of 2% : (23 :- Sy).

2.2.1 First Order Relations of 2*% : (23 - ;)

The first order relations we will examine are of the form (7t¢)?, where 7
is a permutation in N. In order to find first order relations, we examine the con-
jugacy classes of N =2 23 - S;. We find the centralizers of each class representative

and the corresponding orbits on 96 letters.

Class 2 has centralizer < (1,7)(2,12)(3,19)(4, 23)(5,25)(6,29)(8,34)(9,38)(10

(
40)(11,44)(13,49)(14, 54)(15, 57)(16, 60)(17, 26) (18, 56)(20, 65)(21, 67)(22, 27)(24, 28)(30
74)(31,72)(32, 35)(33,80)(36, 82) (37, 43)(39, 42) (41, 77) (45, 87) (46, 76) (47, 78) (48, 70) (50
90)(51,92)(52, 63)(53, 55)(58, 62) (59, 68) (61, 71)(64, 95) (66, 69) (73, 79) (75, 84) (81, 83) (85
96) (86, 88)(89, 94)(91, 93) >

Class 3 has centralizer < (1,25)(2,40)(3,60)(4, 67)(5,7)(6,28)(8,72)(9,82)(10

12)(11, 39 14,92)(15,65)(16, 19

62)(27,66)(30, 32

49

(
(17,58)(18, 68)(20, 57)(21, 23)(22, 69)(24, 29) (26
(

50,53 (

) (
) )
,34)(33,84)(35,74) )
) )

) )
36,38)(37,81)(41, 79)(42, 44)(43, 83) (45, 95) (46
) )

)(11,39)(13,76)(14, 92)(
)(27,66)(30, 32)(31, 34)
)(47,48)(50, 53) (51, 54) (52, 91) (55, 90) (56, 59) (61, 94) (63, 93) (64, 87) (70, 78)(71, 89)(73
)(75,80)(85,88)(86, 96) >

77)(75,80)(85,88)(86,96
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Class 4 has centralizer < (1,66)(2, 11)(4, 24)(5, 27)(6, 67)(7, 69)(8, 84)(9, 43)(10,
39)(12,44)(13,95)(14,93)(15, 57)(16,60)(17, 26)(21, 29)(22, 25)(23, 28)(30, 77)(31, 33)(32
79)(34, 75)(35, 73)(36, 83) (37, 38) (40, 42) (41, 74) (45, 46) (47, 88) (48, 96) (49, 64) (50, 71) (51
)

)
61,90)(70,85)(72,80)(76,87)(78,86)(81,82) >.
?5 )(97
(25

(

Class b has centralizer < (1,42)(2,22)(3,87)(4,44)(5,81)(6,10)(7,39)
(24,82)

41,55)(43
)

(8,52
69)(11,23)(12,27)(13,16)(14,80)(15,64)(17, 88)(18,96) (19, 45)(20, 76)(21, 37)(24, 82

83

)

)

)
63)(52,92)(53,94)(54, 91)(55, 89)(59, 68)
)

)

26, 86 )
)

(
(
(
(
(
(12,27) (17,88) )
(28,36)(29,40)(30,91)(31, 94) (32, 71) (33, 54) (34, 63)(35, 61)(38, 66)
(47,59) (51,79) )

(
47,59 (68, 78)(72

) ) ( )
) ) ( )
67)(46, 65) (48, 58)(49, 60) (50, 75) (51, 79) (53, 77)(56, 85) (57, 95) (62, 70
89)(73,92)(74, 93)(84, 90) >
Class 6 has centralizer < (1, 3,14)(2, 8,13)(4, 20, 51)(5, 15, 55)(6, 26, 71)(7, 19,
54)(9, 35, 46)(10, 30, 64) (11, 41, 70)(12, 34, 49)(16, 50, 21)(17, 61, 29) (18, 63, 24) (22, 68, 89)
(23,65,92)(25, 57, 53)(27, 59, 94)(28, 56, 52) (31, 45, 36) (32, 76, 38) (33, 78, 43) (37, 80,
47)(39, 75, 96) (40, T4, 95)(42, 84, 85) (44, 77, 48) (58,91, 69) (60, 90, 67) (62, 93, 66) (72, 87,
82)(73, 86, 83)(79, 88, 81) >
Class 7 has centralizer < (1,24,7,28)(2,43,12,37)(3,57,19,15)(4, 66, 23, 69)
(5,29,25,6)(8, 77,34, 41)(9, 11, 38, 44) (10, 83, 40, 81) (13, 46, 49, 76) (14, 71, 54, 61) (16,
20,60, 65)(17, 56, 26, 18) (21, 27, 67, 22) (30, 84, 74, 75)(31, 73, 72, 79) (32, 80, 35, 33) (36,
30,82, 42)(45, 95, 87, 64) (47, 70, 78, 48) (50, 93, 90, 91)(51, 89, 92, 94) (52, 55, 63, 53) (58,
68,62, 59)(85, 88, 96, 86) >
Class 8 has centralizer < (1,67,7,21)(2,43,12,37)(3,18,19,56)(4, 25,
23,5)(6,69,29,66)(8,31,34,72)(9,44,38,11)(10, 83, 40, 81)(13, 96, 49, 85)(14, 94, 54,

)

89)(15,26,57,17)(16, 63, 60, 59) (20, 62, 65, 58)(22, 28, 27, 24)(30, 35, 74, 32) (33, 75, 80,

84)(36, 42, 82, 39) (41,79, 77, 73)(45, 78, 87, 47) (46, 86, 76, 88) (48, 64, 70, 95) (50, 63, 90,
) >

)
(
(
(

52)(51,61,92,71)(53,91,55,93
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Class 9 has centralizer < (1, 86, 25,96)(2, 51, 40, 54)(3, 73,60, 77)(4, 78, 67,
70)(5, 85,7, 88)(6, 87, 28, 64)(8, 17, 72, 58) (9, 90, 82, 55)(10, 14, 12, 92) (11, 89, 39, 71)
(13,22, 76,69)(15, 75, 65,80)(16, 41, 19, 79)(18, 74, 68, 35) (20, 33, 57, 84) (21, 48, 23,
47)(24,95, 29, 45)(26, 31, 62, 34) (27, 46, 66, 49) (30, 59, 32, 56) (36, 53, 38, 50) (37, 91,
81,52)(42, 61,44, 94)(43,93, 83, 63) >.

Class 10 has centralizer < (1,72, 4,32)(2,60,9,65)(3,40, 15,82)(5,74, 21, 34)
(6,79,27,33)(7, 31,23, 35)(8, 25, 30, 67) (10, 57, 36, 19)(11, 62, 37, 68) (12, 16, 38, 20)(13,
92,45, 53)(14, 76, 50, 95) (17, 42, 56, 83) (18, 81, 26, 39) (22, 80, 29, 73) (24, 75, 69, 77) (28,
84,66, 41)(43, 59, 44, 58) (46, 90, 64, 54) (47, 93, 85, 61)(48, 94, 88, 63)(49, 51, 87, 55)(52,
70,89, 86)(71, 78,91, 96) >.

Class 11 has centralizer < (1,57,51,7,15,92)(2, 74,46, 12, 30, 76)(3, 90, 5, 19,
50, 25)(4, 60, 14, 23, 16, 54) (6, 56, 94, 29, 18, 89)(8, 87, 10, 34, 45, 40)(9, 72, 13, 38, 31, 49)
(11,75, 47, 44, 84, 78) (17,91, 28, 26, 93, 24) (20, 53, 21, 65, 55, 67) (22, 58, 61, 27, 62, 71)
(32,64, 82, 35, 95, 36) (33, 85, 81, 80, 96, 83) (37, 79, 70, 43, 73, 48) (39, 41, 88, 42, 77, 86)
(52,69, 68, 63, 66, 59) >.

Class 12 has centralizer < (1,83, 24,40, 7,81,28,10)(2, 4,43, 66, 12,23, 37,
69)(3, 86,57, 85,19, 88,15,96)(5,42, 29, 36, 25, 39, 6,82)(8,61,77,14,34,71,41,54)
(9,67, 11, 22,38, 21, 44, 27)(13, 68, 46, 62, 49, 59, 76, 58) (16, 70, 20, 78, 60, 48, 65, 47)
(17,87, 56, 64, 26, 45, 18, 95)(30, 94, 84, 51, 74,89, 75, 92)(31, 93, 73, 90, 72, 91, 79, 50)
(32,52,80,55,35,63,33,53) >.

Class 13 has centralizer < (1,73,67,41,7,79,21,77)(2, 20,43, 62,12, 65, 37,
58)(3,83, 18, 40, 19, 81, 56, 10)(4, 33, 25, 75, 23, 80, 5, 84)(6, 72, 69, 8, 29, 31, 66, 34) (9,
60,44, 59, 38, 16, 11, 68) (13, 89, 96, 14, 49, 94, 85, 54) (15, 39, 26, 36, 57, 42, 17, 82) (22,
32,28,30,27,35,24,74)(45, 63, 78,90, 87, 52,47, 50)(46, 93, 86, 53, 76, 91, 88, 55) (48,



27

92,64,71,70,51,95,61) >.

With this we are given the first order relations of N which we convert to
words. (1,7)(2,12)(3,19)(4, 23)(5, 25)(6,29)(8, 34)(9, 38)(10, 40)(11, 44) (13, 49)(14,
54)(15, 57)(16, 60)(17, 26)(18, 56)(20, 65)(21, 67) (22, 27) (24, 28)(30, 74) (31, 72)(32, 35)
(33,80)(36,82)(37,43)(39, 42) (41, 77) (45, 87) (46, 76) (47, 78)(48, 70) (50, 90) (51, 92) (52,
63)(53,55)(58, 62)(59, 68) (61, 71)(64, 95)(66, 69) (73, 79)(75, 84) (81, 83)(85, 96) (86, 88)
(89,94)(91,93)t = ((zy)H)t.
(1,25)(2,40)(3,60)(4, 67) (5, 7)(6, 28)(8, 72)(9, 82)(10, 12)(11, 39) (13, 76) (14, 92) (15, 65) (16
19)(17, 58)(18, 68)(20,

)(21,23)(22, 69)(24, 29)(26, 62)(27, 66)(30, 32)(31, 34)(33, 84)(35

)(20,57)( ( ( ( (
74)(36,38)(37,81)(41, 79) (42, 44) (43, 83)(45, 95)(46, 49) (47, 48) (50, 53) (51, 54) (52, 91) (55
90)(56,59) (61, 94)(63,93) (64, 87)(70, 78)(71,89)(73, 77)(75, 80) (85, 88)(86, 96)t = x>t
(1,66)(2, 11)(4,24)(5,27)(6,67)(7,69)(8,84)(9, 43)(10, 39)(12, 44)(13, 95) (14, 93) (15, 57)(16,
60)(17,26)(21, 29) (
42)(41,74)(45, 46) (47, 88) (48, 96) (49, 64) (50, 71) (51, 63) (52, 92) (53, 94) (54, 91) (55, 89) (59,
68)(61,90)(70, 85)(72,80) (76, 87)(78,86)(81,82)t = (zyz~'y)t.

(1,42)(2,22)(3,87)(4, 44)(5,81)(6, 10)(7, 39)(8, 52)(9, 69) (11, 23)(12, 27)(13, 16)(14, 80) (15,
64)(17,88)(18,96)(19, 45)(20, 76)(21, 37)(24, 82) (25, 83) (26, 86) (28, 36) (29, 40)(30, 91) (31,
( (

)

(

(

(

)

(22,25)(23,28)(30, 77)(31, 33) (32, 79) (34, 75) (35, 73)(36, 83)(37, 38) (40,
(

(

87)

( ( )

(34,63)(35, 61)(38, 66) (41, 55) (43, 67) (46, 65) (47, 59) (48, 58) (49, 60) (50,
( ( )

)

)
94)(32,71)(33, 54)
75)(51,79)(53, 77)(56, 85) (57, 95) (62, 70)(68, 78)(72, 89) (73, 92) (74, 93) (84, 90)t = (a2yxy )t
(1,3,14)(2,8, 13)(4, 20, 51)(5, 15, 55)(6, 26, 71)(7, 19, 54)(9, 35, 46) (10, 30, 64) (11, 41, 70) (12, 34,

36)(32, 76, 38)(33, 78, 43

)
49)(16, 50, 21)(17, 61, 29)(18, 63, 24)(22, 68, 89) (23, 65, 92)(25, 57, 53) (27, 59, 94)(28, 56, 52) (31, 45,
37,80, 47)(39, 75,96) (40, 74, 95) (42, 84, 85)(44, 77, 48)(58, 91, 69) (60, 90,
(

)
)
67)(62,93,66)(72,87,82)(73,86,83)(79, 88, 81)t = yt.
(1,24,7,28)(2,43,12,37)(3,57, 19, 15)(4, 66, 23, 69)(5, 29, 25, 6)(8, 77, 34,41)(9, 11, 38, 44) (10, 83,
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40,81)(13,46,49, 76)(14, 71,54, 61)(16, 20, 60, 65)(17, 56, 26, 18) (21, 27, 67, 22)(30, 84, 74, 75) (31,
73,72,79)(32, 80, 35, 33)(36, 39, 82, 42) (45, 95, 87, 64) (47, 70, 78, 48)(50, 93,90, 91) (51, 89, 92, 94)
(52,55, 63,53)(58, 68, 62, 59)(85, 88, 96, 86)t = (xy)>t.
(1,67,7,21)(2,43,12,37)(3,18, 19, 56)(4, 25, 23, 5)(6, 69, 29, 66) (8, 31, 34, 72)(9, 44, 38, 11)(10, 83,
40,81)(13, 96,49, 85)(14, 94, 54, 89)(15, 26,57, 17)(16, 63, 60, 59) (20, 62, 65, 58) (22, 28, 27, 24) (30,
35,74,32)(33, 75,80, 84) (36, 42, 82, 39) (41, 79, 77, 73) (45, 78, 87, 47)(46, 86, 76, 83) (48, 64, 70, 95)
(50,63,90,52)(51, 61,92, 71)(53,91,55,93)t = (xy~1)>%t.

(1,86, 25,96)(2, 51,40, 54)(3, 73, 60, 77) (4, 78, 67, 70)(5, 85, 7, 88) (6, 87, 28, 64)(8, 17, 72, 58)(9, 90,
82,55)(10, 14,12, 92)(11,89, 39, 71)(13, 22, 76,69)(15, 75, 65, 80) (16, 41, 19, 79) (18, 74, 68, 35) (20,
33,57,84)(21,48, 23,47)(24, 95,29, 45)(26, 31, 62, 34) (27, 46, 66, 49)(30, 59, 32, 56) (36, 53, 38, 50)
(37,91,81,52)(42, 61,44, 94)(43, 93, 83, 63)t = L.
(1,72,4,32)(2,60,9,65)(3,40, 15,82)(5, 74, 21, 34)(6, 79, 27, 33)(7, 31, 23, 35)(8, 25, 30, 67) (10, 57,
36,19)(11,62, 37, 68)(12, 16, 38, 20)(13, 92, 45, 53)(14, 76, 50, 95) (17, 42, 56, 83) (18, 81, 26, 39) (22,
80,29,73)(24, 75,69, 77)(28, 84, 66, 41)(43, 59, 44, 58) (46, 90, 64, 54)(47, 93, 85, 61) (48, 94, 88, 63)
(49,51,87,55)(52, 70,89, 86)(71, 78,91, 96)t = (zyLayay)t.

(1,57,51,7,15,92)(2, 74, 46, 12, 30, 76)(3,90, 5, 19, 50, 25) (4, 60, 14, 23, 16, 54) (6, 56, 94, 29, 18, 89)
(8,87,10,34, 45, 40)(9, 72,13, 38, 31,49)(11, 75, 47, 44, 84, 78)(17, 91, 28, 26, 93, 24)(20, 53, 21, 65, 55,
67)(22, 58, 61,27, 62, 71)(32, 64, 82, 35, 95, 36)(33, 85, 81, 80, 96, 83)(37, 79, 70, 43, 73, 48) (39, 41, 88,
42,77,86)(52, 69, 68, 63,66, 59)t = (x2y)t.
(1,83,24,40,7,81,28,10)(2, 4,43, 66, 12, 23, 37, 69) (3, 86, 57, 85, 19, 88, 15, 96) (5, 42, 29, 36,
25,39, 6,82)(8, 61,77, 14,34, 71,41, 54)(9, 67, 11, 22, 38, 21, 44, 27) (13, 68, 46, 62, 49, 59, 76,
58)(16, 70, 20, 78, 60, 48, 65, 47) (17, 87, 56, 64, 26, 45, 18, 95)(30, 94, 84, 51, 74, 89, 75, 92) (31,
93,73,90,72,91,79,50)(32, 52, 80, 55, 35, 63, 33, 53)t = (xy)t.
(1,73,67,41,7,79,21,77)(2, 20,43, 62,12, 65, 37, 58)(3, 83, 18, 40, 19, 81, 56, 10)(4, 33, 25, 75,
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23,80, 5,84)(6,72,69,8,29,31, 66, 34)(9, 60, 44, 59, 38, 16, 11, 68) (13, 89, 96, 14, 49, 94, 85, 54)
(15,39,26,36,57,42,17,82)(22, 32, 28, 30, 27, 35, 24, 74) (45, 63, 78, 90, 87, 52, 47, 50) (46, 93,
86,53, 76,91, 88, 55)(48, 92, 64, 71,70, 51,95, 61)t = (zy~L)t.

Adding these relations gives us our final representation of G = 2*% . (23 .- ),

2 1 1

G < z,y tlat P, (zy ety o ety ey R (tay ey,

1,.—-1 -1

T [y

((wy)0)", (o)t P, (o) 0 vl (g2

1 1

R e L (T o N T R

O () [t e,

A S L

The following table gives the finite images of the progenitor 2*%6 : (23 :-

S4) when these first order relations are added.

2.3 Permutation Progenitor of 2™ : (32 : (2: 5),))

Now, we have a symmetric presentation for G' = 2*7 : (32 : (2: S;)). We
start with a group on 72 letters and examine the F' PGroup to find a presentation

of our group N as previously seen.

>S:=Sym(72);

>xx:=8!(1, 23, 49, 32, 12, 60)(2, 44, 16, 45, 17, 62)(3, 41, 6, 55,
50, 33)(4, 63, 14, 46, 8, 43)(5, 66, 26, 58, 31, 72)(7, 61, 19, 28,
42, 10)(9,20, 24, 54, 29, 38)(11, 69, 35, 70, 37, 18)(13, 21)(15,
36, 59, 53, 47, 48) (22, 67) (25, 40, 71, 27, 68, 52)(30, 64, 39, 57,
34, 56) (51, 65);

>yy:=S!(1, 35, 58, 2, 6, 54, 25, 4)(3, 40, 46, 64, 14, 21, 19, 69)



Table 2.3: Some Finite Images of the Progenitor 2% : (23 :- Sy)

la|bfc|d]e|[f|g|h]i] j [k] 1 |Order of G|
olo[oJolofloJo]ofo] 022 384
olo[oJololo]lo]o]lo] O |2] 3 192
olo[o]ololo]lo]o]lo] 2 0] 3 1536
olo[o]ololo]lo]o|lo] 2 [|3] 3 768
olo[o]ololo]lo]o]lOo] 3 [|3] 3 216
olo[ofololofo]o]lo] 3|3 4 24576
olololoflofo[o]lo]lO| 3[3]5 150
olo[o]ofojlo]o][o|O] 4 |2] 4 3072
olo[oJololoflo]Oo|lO] 4 2] 6 10368
olo[ofololo]lo][o|lO] 4 |2]10 48000
olo[o]olololo]o|lO] B [2]5 3840
olo[o]olololo]o|lo] B 2] 6 1560
olo[o]ololo]lo]o|lo] 5 3] 3 600
olo[o]o]olo]o]o|lo]10|2] 4 2400
olo[ofololoflo]o|2]6 4]0 5184
olo[oJololoflo]O0|3] 7 [|3]oO 1176
olo[oJololo]lo][0|3]9 3]0 1944
olo[oJololo]lo[2]|0] 3 4] 3 6144
olo[oJololo]o[2]|0] 3 |4] 4 2688
olo[o]ololo]lo[2]|0] 3 |6] 3 864
olo[o]ololo]lo[2]|0] 5 |4] 3 2211840
olo[o]olololo[3]0] 5 [0] 2 7800

(5, 36, 38,15, 22, 60, 17, 55)(7, 43, 66, 29, 32, 53, 71, 30)(8,
23, 27, 57, 37, 39, 67, 41)(9, 13, 50, 59, 42, 26, 20, 44) (10, 24,
12, 31, 45, 48, 16, 65) (11, 63, 18, 51, 49, 34, 61, 52)(28, 62,
68, 70, 33, 56, 72, 47);

>N:=sub<S|xx,yy>;

>HN;

432
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To find the presentation of N we find the FPGroup first:

>FPGroup (N) ;

Finitely presented group on 2 generators

Relations
$.1°6 = 1d($)
$.2°8 = 1d($)

$.2°2 * $.17-2 x $.2°-1 * $.1 * $.2 = Id($)

$.17-1 % $.27-1 *x $.1 * $.2°-1 * $.1°-1 * $.2°-1 % $.1°3 * $.2 = Id($)

Next, we add t? to the presentation since |t;| = 2, which gives the free product

2*72 Therefore our progenitor becomes

1 1 1

G <z,y,t >=Group < x,y,t|$6,y8,y2x_2y_ xy,:n_ly_lxy_ $_1y_ xSy,t2,

(t,zyzyz 'y ™Y, (¢ 2y 2ty) >

where t ~ t; and N'! is the point stabilizer defined by N' = {n € N|1" = 1}.
Now, the point stabilizers are

(2,58)(3,55)(4,25)(5,45)(8,44)(9,18)(10,22)(11,40)(12,23)(13,60)(14,
15)(16,39)(17,63)(19,67)(20,31)(21,49)(24, 64)(26, 36)(27, 46)(29, 66)(30, 71)(34,
38)(35,54)(37,59)(41,51)(42,61)(43, 53)(47,72)(48,69)(50, 65)(52, 57)(56, 62) (68, 70),
and

(2,25,54)(3,41,65)(4,58,35)(5,18,46)(8,69,34)(9,45,27)(10,67,42)(11,
26,39)(12,60,21)(13,23,49)(14,57,31)(15, 20,52)(16, 36,40)(17,24,59)(19, 22,61)
(29,71, 53)(30,66,43)(37,64,63)(38,48,44)(47, 68, 62)(50, 51, 55)(56, 70, 72), which
we convert to words using the Schreier System, as previously seen. So, we can

1

re-write (ababa~'b~!) as (zyxyzr~ly~!) and (ab~'a®b) as (xy~'a%y). Hence, the
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progenitor becomes

1 1 1

G < z,y,t2% 8, 22y tay, 2y ey ey Py, 2,

(t, wyzyz~ty™h), (¢, 2y~ aty) > .

Recall, this progenitor is infinite, therefore, we must factor by first order

relations in order to see the finite homomorphic images of 2*72 : (32 : (2 : S4)).

2.3.1 First Order Relations of 2™ : (3% : (2: Sy))

The first order relations we will examine are of the form (7¢¢)®, where 7 is
a permutation in V. In order to find first order relations, we examine the conjugacy
classes of N 22 (3% :(2: Sy)). As previously seen, we find the centralizers of each
class representative and the corresponding orbits on 72 letters. Thus,we are given

the first order relations of N which we convert to words.

(1,32)(2,45)(3,55)(4,46)(5,58)(6,33)(7, 28)(8, 63)(9, 54) (10, 19) (11, 70) (12, 23)(13, 21)
(14, 43)(15, 53)(16, 62)(17, 44)(18, 35)(20, 29)(22, 67)(24, 38)(25, 27)(26, 72)(30,
57)(31, 66)(34, 64)(36, 47)(37, 69)(39, 56)(40, 68)(41, 50)(42, 61)(48, 59)(49,
60)(51, 65)(52, 71)t = xt..
(1,34)(2,30)(3,5)(4,47)(6,59)(7,69)(8, 33)(9, 68)(10,41) (11, 45) (12, 27)(13, 53) (14, 72)
(15, 25)(16, 71)(17, 32)(18, 66)(19, 60)(20, 46)(21, 35)(22, 62)(23, 31)(24, 28)(26,
61)(29, 70)(36, 57)(39, 58)(40, 55)(42, 52)(43, 67)(49, 50)(51, 56)(54, 65)t =
(xy 1)’

(1,7,33)(2,10,46)(3, 15, 43)(4, 19, 45) (5, 25, 67)(6, 28, 32) (8, 34, 69)(9, 35, 61)(11, 47, 60)
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(12, 39, 62)(13, 40, 72)(14, 53, 55)(16, 56, 23)(17, 59, 24)(18, 54, 42)(20, 30,
41)(21, 26, 68)(22, 27, 58)(29, 50, 57)(31, 71, 51)(36, 70, 49)(37, 64, 63)(38, 48,
44)(52, 66, 65)t = (xy )%t
(1,49,12)(2,16,17)(3,6,50)(4, 14, 8)(5, 26, 31)(7, 19, 42)(9, 24, 29)(10, 61, 28)(11, 35, 37)
(15, 59, 47)(18, 69, 70)(20, 54, 38)(23, 32, 60)(25, 71, 68)(27, 52, 40)(30, 39,
34)(33, 41, 55)(36, 53, 48)(43, 63, 46)(44, 45, 62)(56, 64, 57)(58, 72, 66)t = x>t.
(1,61,68)(2,10,11)(3,25,7)(4,19,20) (5,44, 16)(6, 42, 66)(8, 35, 67)(9, 31, 38)(12, 58, 28)
(13, 59, 62)(14, 27, 63)(15, 26, 48)(17, 54, 22)(18, 40, 37)(21, 69, 56)(23, 71,
33)(24, 53, 65)(29, 50, 46)(30, 41, 36)(32, 55, 72)(34, 43, 51)(39, 52, 64)(45, 70,
49)(47, 60, 57)t = (xy?)t.
(1,58,6,25)(2, 54,4, 35)(3, 46, 14, 19)(5, 38,22, 17)(7, 66, 32, 71)(8, 27, 37, 67) (9, 50, 42, 20)
(10, 12, 45, 16)(11, 18, 49, 61)(13, 59, 26, 44)(15, 60, 55, 36)(21, 69, 40, 64)(23,
57, 39, 41)(24, 31, 48, 65)(28, 68, 33, 72)(29, 53, 30, 43)(34, 52, 63, 51)(47, 62,
70, 56)t = y?t.
(1,23,49,32,12,60)(2, 44, 16,45,17,62)(3, 41, 6, 55, 50, 33) (4, 63, 14, 46, 8, 43)(5, 66, 26, 58,
31, 72)(7, 61, 19, 28, 42, 10)(9, 20, 24, 54, 29, 38)(11, 69, 35, 70, 37, 18)(13,
21)(15, 36, 59, 53, 47, 48)(22, 67)(25, 40, 71, 27, 68, 52)(30, 64, 39, 57, 34,
56)(51, 65)t = xt.
(1,8,7,34,33,69)(2,20, 10, 30,46, 41)(3, 67, 15, 5,43, 25)(4, 11, 19, 47,45, 60)(6, 17, 28, 59, 32,
24)(9, 26, 35, 68, 61, 21)(12, 22, 39, 27, 62, 58)(13, 14, 40, 53, 72, 55)(16, 31, 56,
71, 23, 51)(18, 52, 54, 66, 42, 65)(29, 36, 50, 70, 57, 49)(37, 63, 64)(38, 44, 48)t =
(xy~H)t.
(1,35,58,2,6,54,25,4)(3,40, 46, 64, 14, 21,19, 69)(5, 36, 38, 15, 22, 60, 17, 55)(7, 43, 66, 29, 32,
53, 71, 30)(8, 23, 27, 57, 37, 39, 67, 41)(9, 13, 50, 59, 42, 26, 20, 44)(10, 24, 12, 31,
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45, 48, 16, 65)(11, 63, 18, 51, 49, 34, 61, 52)(28, 62, 68, 70, 33, 56, 72, 47)t = yt.
(1,54,58,4,6,35,25,2)(3,21, 46,69, 14, 40, 19, 64)(5, 60, 38, 55, 22, 36, 17, 15)(7, 53, 66, 30, 32, 43,
71, 29)(8, 39, 27, 41, 37, 23, 67, 57)(9, 26, 50, 44, 42, 13, 20, 59)(10, 48, 12, 65, 45,

24, 16, 31)(11, 34, 18, 52, 49, 63, 61, 51)(28, 56, 68, 47, 33, 62, 72, 70)t = y~3t.

Adding these relations gives us our final representation of G’ = 2*72 : (32 : (2: Sy)),

G < 2,y,t)2% y%, y?e 2y ey, a7y T ey ey T ey, 2,

1,—1.-2

(t,zyaya 'y ™), (b oy a%y), (@B (@B (ey P

)
)g7

_1$2y_1)l >

—2,.2 —-1,-2 -1 _21_1

T L (T e (e K S LN (CTT KA

-1 —2$—1

((l_yfl)2txy:py_1xy)h’ ((xy71)2t:vyzy_lx)i7 (1,2txy_1xy:r_l)j’ (thy:v Y )k7 (thxy

The following table gives the finite images of the progenitor 2*7 : (32 :

(2:54)). Now, we look at finite images of the progenitor 2*7 : (32 : (2 : S;)) with

Table 2.4: Some Finite Images of the Progenitor 272 : (32 : (2: 5,))

’a‘b‘c‘d‘e‘f‘g‘h‘i‘j‘k‘I‘Order of G‘Shape of G‘
ojojojofofofojoj0fo010|3 120
0jojojojofofojoj0fo0|2|2 864
0jojojofofofojojofo|l2|4 221184

different First Order Relations (FOR).

G < z,y,t2% y®, y’2 2y Ty, oy T tay e Ty Py, 2,

1 1,.—2

(t, xyxyx—ly—l)7 (t, xy—lx2y>7 (;L'Btwf Yy~ tx )a’ ((xy—l)Styx*Qy:cfl)b’ ((xy—l)thy:cyfla:y)c,

1 1 2

(@267 e (222N, (P ) T (et YT (g ),

(yty_me_l)i’ (y—3t(y_1r_1)2)j’ (x2tmy_1z2y_l)k’ (l,tryz_ly)l > .
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Table 2.5: Some Finite Images of the Progenitor 2*72 : (3% : (2 : Sy)) with different

FOR

’a ‘c‘ ‘g‘h‘i‘j‘k‘l‘OrderofG‘ShapeofG‘
0 0 0]0 0]0|3 11664

0 0 0]2 0]0|3 432
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Chapter 3

Monomial Progenitors

3.1 Monomial Progenitor 3*7 :,, PSL(2,7)

We begin with a group G generated by zz and yy, where zz = (1,2,3,4,5,6,7),
and yy = (1,2)(3,6). The conjugacy classes of group G are listed below.
Conjugacy Classes of G-

C1 = {e},

C2 = {(1, 2)(3, 6),(2, 5)(4, 6),(1, 6)(2, 3),(2, 3)(4, 7),(2, 6)(4, 5),(3, 6)(5, 7),(3,
5)(6, 7),(2, 4)(5, 6),(1, 5)(2, 7),(1, 3)(4, 5),(1, 7)(2, 5),(1, 6)(4, 7),(1, 2)(5, 7),(1,
4)(3, 5),(1, 3)(2, 6),(3, 7)(5, 6),(1, 7)(4, 6), (2, 4)(3, 7),(1, 4)(6, 7),(1, 5)(3, 4),(2,
7)(3,4)},

C3=1{(1,5,6)(3,7,4), (1,4, 7)(2, 5, 3), (2,6, 3)(4, 5, 7), (1, 2, 5)(3, 6, 4), (1, 4,
2)(3, 6, 7), (1, 2, 7)(3, 4, 6), (1, 4, 6)(2, 3, 5), (1, 7, 3)(4, 6, 5), (1, 2, 4)(3, 7, 6),
(1,6, 7)(2,3,5), (1, 6,5)(2, 4, 3), (1,2, 4)(5, 6, 7), (2, 7, 5)(3, 6, 4), (1, 5, 6)(2,
4,7), (1,6, 5)(2, 7, 4), (1, 6, 4)(2, 5, 3), (1, 6, 5)(3, 4, 7), (1, 2, 6)(4, 7, 5), (1, 3,
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5)(2, 6, 7), (1, 4, 2)(3, 7, 5), (1, 4, 2)(5, 7, 6), (2, 5, 3)(4, 6, 7), (2, 3, 5)(4, 7, 6)
(1,7,3)(2,5,6), (1, 5,4)(2,6,7), (2,6, 7)(3, 4, 5), (1, 2, 3)(4, 5, 7), (1, 3, 7)(2,
4,6), (1,3,2)(4,7,5), (1,2, 43,5, 7), (1,4, 5)(2, 7, 6), (1, 6, 3)(4, 7, 5), (1, 7,
3)(2, 6, 4), (1, 3, 6)(4, 5, 7), (1, 6, 5)(2, 3, 7), (2,3, 6)(4, 7, 5), (1, 5, 3)(2, 7, 6),
(1,5, 7)(3, 6, 4), (1,3, 7)(2, 5, 4), (1, 7, 2)(3, 6, 4), (1, 5, 2)(3, 4, 6), (1, 7, 4)(2,
3,5), (1,7, 6)(2,5,3), (1, 3, 4)(2, 7, 6), (1, 3, 7)(2, 6, 5), (1, 3, 7)(4, 5, 6), (1, 5,
6)(2, 7, 3), (2,5, 7)(3, 4, 6), (1, 7, 3)(2, 4, 5), (1, 7, 5)(3, 4, 6), (1, 4, 2)(3, 5, 6),
(1,2, 4)(3, 6, 5), (2,7, 6)(3, 5, 4), (1, 4, 3)(2, 6, 7), (1, 6, 2)(4, 5, 7), (1, 5, 6)(2,
3,4)},

C4={(1,5)(2,3,7,4), (1,6)(2, 4,3, 7), (1, 4, 3, 5)(2, 6), (1, 4, 6, 7)(2, 3), (1, 6,
3,2)(4, 5), (1, 5,4, 3)(6, 7), (1, 2, 6, 3)(4, 7), (1, 2)(3, 5, 6, 7), (2, 3, 4, 7)(5, 6),
(1,6,2,3)(5,7), (1,7, 6,4)(2,3), (1, 2, 7, 5)(4, 6), (1, 2)(3, 7, 6, 5), (1, 7, 5, 2)(3,
4), (1, 7)(2, 4, 5, 6), (1, 4)(3, 7,5, 6), (2, 6,4, 5)(3,7), (1, 6, 4, 7)(3, 5), (1, 3)(2,
4,6,5), (1,2,5 7)(3,4), (1, 5,2, 7)(3, 6), (1, 4)(3, 6, 5, 7), (1, 3, 6, 2)(4, 7), (1,
6)(2, 7,3, 4), (1, 3)(2, 5, 6, 4), (2, 4)(3, 5,7, 6), (1, 5, 3, 4)(2, 6), (1, 6, 7, 4)(2, 5),
(1,3,5,4)(2,7), (1,4,5,3)(2,7), (2, 7, 4, 3)(5, 6), (1, 3, 4, 5)(6, 7), (1, 7, 2, 5)(3,
6), (1,4, 7,6)(2,5), (1,5)(2,4,7,3), (1,2, 3, 6)(4, 5), (1, 7, 4, 6)(3, 5), (2, 4)(3,
6,7,5), (1,5, 7,2)4, 6), (1, 7)(2, 6, 5,4), (2,5, 4, 6)(3,7), (1, 3,2, 6)(5, 7)},
C5={(1,5,3,6,2,4,7),(1,6,4,53,7,2), (1,4,3,2,6,5,7), (1,6,3,5, 4, 2,
7),(1,7,4,3,5,6,2), (1,6,7,5,2,4,3), (1,5,4,6,7,3,2), (1,7, 2,3,6,5, 4),
(1,3,5,7,2,4,6), (1,4,6,2,3,7,5), (1,7, 5,3,4,2,6), (1, 3,6, 7, 4, 2, 5), (1,
2,3,4,5,6,7),(1,2,6,4,7,3,5), (1,4,7,2,5,6,3), (1,5,7,6, 4, 2, 3), (1, 5,
2,6,3,7,4), (1,2,7,4,6,5,3), (1,6,2,5,7,3,4), (1,7, 6,3,2,4,5), (1, 2, 5,
4,3,7,6), (1,4,5,2,7,3,6), (1,3,4,7,6,5,2), (1,3,2,7,5,6,4)}, and



38

06: {(17 47 77 37 67 27 5)7 (17 5’ 47 27 37 67 7 9 17 57 37 77 47 67 2)7 57 67 27

)5 ( (1,

3,4),(1,52,4,7,6,3), (1,4,5,6,3,2,7), (1,6, 7, 3,4,5,2), (1, 3, 4, 2, 5,
7,6), (1,7, 6,5 4,3,2),(1,23,7,6,4,5), (1,4,6,5,7, 2, 3), (
4,7), (1,6, 4,2,7,5,3), ( ), (1,4,3,7,5,26), (1,3, 24, 6,
7,5), (1, )5 ( ) (1, ), (1, 7,2, 4,5,
3 (1, 6,3

)

1,2, 6,5, 3,
1,3,5,6,4,7,2

)

,5), (1,2, 7,3,54,6), (1,5,7,3,2,6,4), (1,2,5,6, 7, 4, 3),

,6),(1,6,2,4,3,5,7), (1,7,4,2,6,3,5), (1,3, 6,5,2,7, 4), (1,6, 3,7, 2, 5, 4).}
Similarly, consider the subgroup H of G generated by <(1, 5)(2, 7),(1, 2, 4)(5, 6,

7)>, has the following conjugacy classes.

The conjugacy classes of H are:
D1 = {e},

D2 = {(1, 7)(4, 6),(1, 7)(2, 5),(2, 5)(4, 6)},

D3 = {(2, 6)(4, 5),(1, 5)(2, 7),(L, 4)(6, 7),(1, 6)(4, 7),(2, 4)(5, 6), (1, 2)(5, T)},
D4 = {(1, 6, 5)(2, 7, 4),(1, 2, 6)(4, 7, 5),(1, 4, 5)(2, 7, 6),(1, 6, 2)(4, 5, 7),(1, 5,
6)(2, 4, 7),(1, 4, 2)(5, 7, 6),(1, 5, 4)(2, 6, 7),(1, 2, 4)(5, 6, 7)}, and

D5 = {(1,4,7,6)(2,5),(1,2,7,5)(4, 6),(1, 7)(2, 4, 5, 6),(1, 5, 7, 2)(4, 6),(1, 7)(2,

6, 5,4),(1,6,7,4)(2,5)}.

We also consider the irreducible characters ¢ (of H)and ¢ (of G) given below.



Table 3.1: Irreducible Characters ¢
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Class D1 D2 D3 D4 D5
Size 1 3 6 8 6
Representative | e | (2,5)(4,6) | (1,5)(2,7) | (1,2,4)(5,6,7) | (1,7)(2,4,5,6)
10} 1 1 -1 1 -1
Table 3.2: Induced Characters ¢@
Class 1 Oy Cs Cy Cs Cs
Size 1 21 56 42 24 24
Representative (& (1,2)(3,6) (1737 7)(47 5, 6) (1,5)(2, 4, 7, 3) (1,2,3,4,57677) (1,4, 7, 3,6,2,5)
o 7 -1 1 -1 0 0

We induce the character ¢ of H up to G to obtain the character ¢ of G ( ¢ Tg)

as follows.

So, ¢f = 7(4(1))

7(1) = 7.

$C=""3 ¢w)
Y weHNCy
=T
7
=1 D o
weHNCY
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=0 Y o)

weHNCy

So, ¢§ = 2(o[(1,7)(4,6) + (1,7)(2,5) + (2,5)(4,6) + (2,6)(4,5) + (1,5)(2,7) +
(1,4)(6,7) + (1,6)(4,7) +(2,4)(5,6) + (1,2)(5,7)]) = SA+ 1+ 1+ -1+ -1+ -1+
—14+-14+-1)=23(-3) = -1

weHNC3

So, ¢5 = #=(¢[(1,6,5)(2,7,4)+(1,2,6)(4,7,5)+(1,4,5)(2,7,6) +(1,6,2)(4,5,7) +
(1,5,6)(2,4,7) + (1,4,2)(5,7,6) + (1,5,4)(2,6,7) + (1,2,4)(5,6,7)]) = (1 + 1+
1+141+141+1)=3(8) =1

weHNCy
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(1,5,7,2)(4,6)+ (1, 7)(2,6,5,4)]) = b(— 14 ~1+ 1+~ T —14+—1) = }(~6) = 1.

Thus, $14=7 —1 1 —1 0 0.

Now, we find the right coset representation of G over H (transversal of H
in G), such that, G = HeUH (1,2,3,4,5,6,7)UH(1,4,7,3,6,2,5)UH(1,3,5,7,2,4,6)U
H(1,3,7)(2,4,6) U H(1,3)(2,4,6,5) U H(1,7,6,3,2,4,5) and let t; = e, to =
(1,2,3,4,5,6,7), ts = (1,4,7,3,6,2,5), t4 = (1,3,5,7,2,4,6), t5 = (1,3,7)(2,4,6),



ts = (1,3)(2,4,6,5), and t7 = (1,7,6,3,2,4,5).

The monomial representation has generators

Azz) =
-d)(tlm:ﬂtfl) o(twwtyt)  G(tizaty’)
P(taxxtyh)  @(taxaty') d(taxats!)
o(tswwty ) @tszaty') Stzraty!)
P(taxwtyt)  p(tazaty')  d(taxatyt)
o(tswwty )  @(tszaty') S(tsraty!)
¢(t6$$1_1) <Z>(t6mct21) ¢(t6xxt31)
| Gtraaty ') Gltranty')  p(trawty?)

(0 100 0

0 00 10

0 00 01

=10 0100

0 0 00

0 0000

| -1.0 00 0

and
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é(tiyyty ) d(tryyts ')
G(tayyty ') Bltayyt; ')
o(tsyyty ) d(tsyyty ")
O(tayyty')  oltayyty ")
d(tsyyti ") dtsyytsy ")
O(teyyr ') dlteyyts ')
| Sltryyti ) Bltryyts )

o o o o

0
0
0
0
0

Since G has square root of unity we find that Zs is the smallest finite

field of square root unity. Thus, the primitive root of Zs is -1, and the entries of

the matrix A(xx) and A(yy) are powers of 3, namely, —1 =3 2.

The permutation representation of A(zz) and A(yy) of the monomial representa-

tion is




where a1o =1, a04 =1, a35 =1, ag3 =1, asg = 1, agr = 2, a71 = 2.

Therefore,

o o o o o o

o o o o o o

o o o o o o

- o o o o o o o o
O o o o o = o o o o o
= o O o o O =

o o o
o o o O

t — to,
to — ta,
t3 — ts,
ty — t3,
ts — tg,
te — 12,

ty — 2.

@)

o o o o

o o o O

o o o o O
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Since, we have 7 ;s of order 2 we label them accordingly:

Table 3.3: Labeling for A(xx)
1|2 3456 |78 |9 ]10][11]12]13]14
ty |t [t [ta [ts|te |tr |8 |83 |83 | |2 | 3| &2
b pd e e d s
to | ta | ts | t3 [te| 2 |2 B |22 |||t |t
245361489 [11]12]/10[13]7]1

Therefore, A(zz) = (1,2,4,3,5,6,14)(7,8,9,11,10,12, 13). Similarly,

(000 -1 0 0 0 0]
01 0 0 0 0 0
-1 0 0 0 0 0 0
Alyy)=| 0 0 0 -1 0 0 0
00 0 0 -1 0 0
00 0 0 0 -1
000 0 0 0 -1 0
(002000 0]
0100000
2000000
=l000200 0|,
0000200
0 000 2
|0 0020 |

where a13 = 2, asgs = 1, ag1 = 2, agq = 2, ass = 2, agr = 2, arg = 2. Therefore,

45
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Table 3.4: Labeling for A(yy)
123456 7[8]9f]10]11]12]13] 14
ty |t [ t3 | ta | t5 | te | tr |85 | t5 | t5 | tg | t2 | t | t3
N R A I T B e A I e O I A U I
B\t [ 3|13 [ 2|2 |2 | ts| 3|t |tal|ts | tr]|ts
0281112141339 1]4]|5]7]6

t — t3,
to — to,
ty — 3,
ty — 2,
ts — t2,
te — 12,

ty — t2.

Therefore, A(yy) = (1,10)(3,8)(4,11)(5,12)(6,14)(7,13). In MAGMA

we confirm if A(xx) and A(yy) generate a group isomorphic to the group G.

>S:=Sym(14);

>Aper:=s!(1, 2, 4, 3, 5, 6, 14)(7, 8, 9, 11, 10, 12, 13);
>Bper:=5!(1,10)(3,8)(4,11)(5,12) (6,14) (7,13);
>HH:=sub<S|Aper,Bper>;

>IsIsomorphic(HH,G);

true Mapping from: GrpPerm: HH to GrpPerm: G

Composition of Mapping from: GrpPerm: HH to GrpPC and
Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: G
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>FPGroup (G) ;

Finitely presented group on 2 generators

Relations
$.1°7 = 14($)
$.2°2 = 1d($)

($.2 *x $.17-1)"3 = 1d($)

($.1 * $.2 * $.1°2)"4 = Id($)

>NN<a,b>:=Group<a,b | a"7, b2, (b*a)~3, (axb*a~2)"4 >;
>H#NN;

168

Hence, our work is correct.

Let G = < x,y > such that x = A(zz) and y = A(yy) (as above) then the
presentation for the monomial matrix is given by G=< x,y|27,v?, (yz)?, (zyz?)* >
with order 168. In order to build a monomial progenitor from this presentation

we proceed as shown in the following steps.

Step 1: Find the Normalizer in G
We find < t; > = {t1,t}, e}. The normalizer of this group in G is {n € G|{t1,t},e}"} =

{t1,t2,e}. We compute the generators of the normalizer of < t; > in G.

>Nt:=Stabiliser(G,{1,8}); Nt;

Permutation group Nt acting on a set of cardinality 14
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Order = 24 = 273 * 3

(2, 7, 12)(3, 11, 13)(4, 6, 10)(5, 9, 14)

(2, 10)(3, 9)(4, 14)(5, 12)(6, 13)(7, 11)

(1, 8)(2, 6, 3, 12)(4, 7, 11, 14)(5, 9, 13, 10)
>Syy*xx~-3;

(1, 82, 6, 3, 12)4, 7, 11, 14)(5, 9, 13, 10)

We find the single permutation, (1, 8)(2, 6, 3, 12)(4, 7, 11, 14)(5, 9, 13, 10), gener-
ates the normalizer of G in < ¢; > and notice that the permutation is represented
as yy * x>, This permutation takes 1 to 8. So, by the labeling of the automor-

-3
phisms, we have tJ* = =t} (note yy ~ y).

Step 2: Find the point stabilizer of 1 in G, along with its orbits.

>Stabilizer(G,1);
Permutation group acting on a set of cardinality 14
Order = 12 = 272 * 3

(2, 13, 14)(3, 12, 4)(5, 11, 10)(6, 7, 9)

(2, 5, 4)(3, 6, 14)(7, 10, 13)(9, 12, 11)

>0rbits(Stabilizer(G,1));
[

GSet{@ 1 @},

GSet{@ 8 @},

GSet{e 2, 13, 11, 14, 9, 10, 6, 12, 4, 5, 7, 3 @}
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Thus, there are 2 generators and 3 orbits. The permutations in G which take 1 to

1,1 to 8, and 1 to 2 are given in words in the following code.

>17xx;
2
>17(xx"-3 * yy * xx"3);

8

Therefore, the permutation represented by xx is a permutation which takes ¢ to ts.

Step 3: Build Progenitor & Test by Grindstaff Lemma((Section 1.1)

>FPGroup (G) ;

Finitely presented group on 2 generators

Relations
$.1°7 = 1d($)
$.272 = 1d($)

($.2 * $.1°-1)"3 = Id($)

(3.1 x $.2 x $.1°2)°4 = Id($)

>G<x,y,t>:=Group<x,y ,t| x°7, y~2, (y*x~-1)"3, (x*y*x~2)7°4,

t73, (t,x * y *x x°-3 xy *xx), (t,y * x"-2 xy *x x°2 xy), t°(y * x”°-3)=t"2,
(t, t7x), (£, t7(x"-3 *x y * x73)) >;

> #G;

367416
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>377*x168;

367416

Hence, a symmetric presentation for the progenitor 3*7 :,, PSL(2,7) is
< z,y,t2",y?, (yz)?, (zyx®)*, 63, (t, zyz~3yz), (t,ya:_Qymgy),tny =2 >. We ob-
tain our first order relations as previously done in Section 2.1. So, the first order
relations are (zyz—1t)e, (zyt™e vy (ya3vr Ve (pt)d, (x3txyx22)e, (zyz— 1= ve*ve ) f
(zyt® "vr)9, (yadee vty yh, (xtxyIQQ)i, (zytv® *v=*¥)i We factor the progenitor
G by these relations to obtain finite images (see Chapter 4). Thus, the final
symmetric presentation is given by

_ _ _ -3
G <y, tlz", y% (ya )3, (zyz?)?, 13, (t, zyz~3yx), (¢, yx2yay), 9 =12,

3

(t,tx)7 (t’tm_?’y:rs)7 (a;ya:_lt)“, (xytxyx_gymy)b, (ym3tyx_ y)c, ($t)d, (:1}3txyx22)e,

L U e L L O S e LN G L LN CoV A S DI

3.2 Monomial Progenitor 3* :,, (2% : 4)

We begin with a group G generated by xx and yy, where zz ~ (4,8),
and yy ~ (1,2,3,8)(4,5,6,7). The conjugacy classes of group G are listed below.

Conjugacy Classes of G-



o1

C7={(1,5)(3, 7)(4, 8)},
C8 = {(1, 7,5, 3)(2, 4, 6, 8)},
C9 = {(1,2,3,8)(4, 5,6, 7)},
C10 = {(1, 8, 3, 2)(4, 7, 6, 5)},
C11 = {(1, 7, 5, 3)(2, 8)(4, 6)},
C12 = {(1,4,7,6,5,8,3,2)}, and

C13=1{1,6,3,4,5,2,7,8)}.

Similarly, consider the subgroup H of G generated by <(2, 6), (1, 3)(2, 8)(4, 6)(5,
7), (1, 5)(2, 6)(3, 7)(4, 8), (2, 6)(4, 8)>, has the following conjugacy classes.

The conjugacy classes of H are:

D1 = {e},

D2 = {(1, 5)(2, 6)(3, T)(4, 8)},
D3 ={(2,6)(4, 8)},

D4 = {(1, 5)(3, 7)},

D5 = {(1, 3)(2, 8)(4, 6)(5, 7)}
D6 = {(1, 7)(2, 4)(3, 5)(6, 8)},
D7 ={(2,6)},

D8 = {(1, 5)(3, 7)(4, 8)},
D9 = {(1, 3)(2, 4, 6, 8)(5, )}

D10 = {(1, 7)(2, 8, 6, 4)(3, 5)}.
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We also consider the irreducible characters ¢ (of H)and ¢ (of G) given below.

Table 3.5: Irreducible Characters ¢

Class D1 D2 D3 D4 D5 1
Size 1 1 1 1 2

Representative | € | (1,5)(2,6)(3,7)(4,8) | (2,6)(4,8) | (1,5)(3,7) | (1,3)(2,8)(4,6)(5,7) | (1,7)(2,4
b 1 1 1 1 1

We induce the character ¢ of H up to G to obtain the character ¢ of G ( ¢ T%)

as example 3.2.

n
da=7— D o)
« weHNCy
,wheren:ﬁ:%—él
=13 ow)
1
weHNCy
Table 3.6: Induced Characters ¢¢
Class Cl 02 03 04 05 Cﬁ
Size 1 1 2 4 4 4
Representative | e | (1,5)(2,6)(3,7)(4,8) | (1,5)(3,7) | (1,3)(2,8)(4,6)(5,7) | (1,5) | (1,5)(4,8)
&% 4 -4 0 0 -2 0
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So, 66 = 4(¢(e)) = 4(1) = 4.

So, qbf = 1(¢((1,3)(2,8)(4,6)(5,7)+(1,7)(2,4)(3,5)(6,8) +(1,7)(2,8)(3,5)(4,6) +
(1,3)(2,4)(5,7)(6,8))) = 1(~1+ 1+ 1+ —1) = 0.



W=7 Y ow

weHNCs

So, ¢§ = 1(4((2,6) + (4,8))) = 1(=1+ —1) = 1(-2) = —2.

=25 sw)
weHNCg
So, ¢§ = 1(¢(0)) = 1(0) =0
a 4
o7 =7 Z p(w)
weHNCr

weHNCyg

So, ¢§ = 1(¢(0)) = 1(0) = 0.
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So, ¢§ = 5(6(0)) = £(0) = 0.

So, ¢$) = 3(¢(0)) = 5(0) =0.

=g O ow)

weHNC11

So, % = 2(((1,3)(2,8,6,4)(5,7) + (1,3)(2,4,6,8)(5,7) + (1,7)(2,8,6,4)(3,5) +
(1,7)(2,4,6,8)(3,5))) = (1 + 1+ -1+ —1) = $(0) = 0.

=y O ow)

weHNC12
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So, ¢ = 3(6(0)) = 5(0) = 0.

Thus, $14=4 —4 00 —2 02000 00 0.

Now, we find the right coset representation of G over H (transversal of H in G),
such that, G = HeU(1,2,3,8)(4,5,6,7)U(1,2,3,4,5,6,7,8)U(1,3,5,7)(2,8)(4, 6)
and let t; = e, t» = (1,2,3,8)(4,5,6,7), t5 = (1,2,3,4,5,6,7,8), and t, =
(1,3,5,7)(2,8)(4,6).

The monomial representation has generators

p(tiwxtyt) ¢(tizaty') d(tiaats') ¢(tiwwtyt)
P(taxaty ") Ptaxaty, ) o(tazaty”) @(taxaty )
Azz) =
P(tswxty ) o(tszaty') S(tzaty') o(tswwtyt)
| d(tazzty”) P(tazzty ™) P(tazaty ) P(tazaty )




o7

and

o(tsyyty "

Since G has square root of unity we find that Z3 is the smallest finite field of square
root unity. Thus, the primitive root of Z3 is -1, and the entries of the matrix A (xx)

and A(yy) are powers of 3, namely, —1 =3 2.

The permutation representation of A(zz) and A(yy) of the monomial representa-

tion is



A(zz) =

0 00 -1

where all = 2, a3 = 1, a3y = 1, aqq4 = 1.

Therefore,

t — 2,
to — t3,
t3 *)752,

ty — t3.
Since, we have 4 t;s of order 3 we label them accordingly:

Table 3.7: Labeling for A(xx)

1123451678

ty |t | t3 | ta | 83| 85 | 15 | t]
N O R N A B I I

B2lty |t |3 |t | 3|83 1ty

5132|817 ]6]|4

Therefore, A(zz) = (1,5)(2,3)(4,8)(6,7). Similarly,
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0 10 0
-1 00 0
Alyy) =

0 00 1
(0 0 -1 0
[0 10 0]
2000
looo 1]
(00 0 1|

where a2 = 1, az1 = 2, asq = 1a 43 = 1.

Therefore,

t1 — tQ,
ty — 3,
t3 — t4,

ty — t3.

Table 3.8: Labeling for A(yy)

Therefore, A(yy) = (1,2,5,6)(3,4)(7,8). In MAGMA we confirm if A (xx)

and A(yy) generate a group isomorphic to the group G.

>S:=Sym(8) ;
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>Aper:=8!(1,5)(2,3)(4,8)(6,7);
>Bper:=S!(1,2,5,6) (3,4) (7,8);

>HH:=sub<S|Aper,Bper>;

>IsIsomorphic(HH,G);

true Mapping from: GrpPerm: HH to GrpPerm: G
Composition of Mapping from: GrpPerm: HH to GrpPC and
Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: G

>FPGroup(G) ;

Finitely presented group on 2 generators

Relations
$.1°2 = 14($)
$.2°4 = 1d4($)

($.2 * $.1 * $.2°-1 % $.1)"2 = Id($)

$.2°-1 % $.1 * $.2°-2 x $.1 * $.2°2 *x $.1 * $.2°2 * $.1 * $.2°-1 = Id($)

>NN<a,b>:=Group<a,bla”2,b"4, (bxa*b~-1%a) "2,
(b™-1 * a * b™-2 * a * b™2 * a * b™2 * a * b™-1)>;
>H#NN;

64

Hence, our work is correct and we have a monomial progenitor 3*4 : (2* : 4). Hence,
a symmetric presentation for the progenitor 3** :,, (24 : 4) is < z,y, t|2%, v*, (v *

oy 1xx)?, (Y lsxxxy 25y’ xoxy?xxxy 1),83, (Lo xy?), (t,zxyxz*y*
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rxyxx*xy 1),t* =t> >. We obtain our first order relations as previously done
in Section 2.1. So, the first order relations are ((zy)*)®, ((yzy)2Y ™), (atv’™v)e,
(2emy ), (ay~ay)tr" ™), ((ayPaoyay)ty )], ((yo)20)7, (yt=v =V )", ((y= ey =),
((yzy)t™¥ ' =*)i | (yx)3t)* . We factor the progenitor G by these relations to obtain

finite images (see Chapter 4). Thus, the final symmetric presentation is given by

G<aytla?,yt,(yrxoxy 1xx)?, (y lsxaxry 2xx*xy’ s xxy’ *x*
y 1), (L xy?), (hasyraxyxzrysaxy 1),6° =12 ((zy)')",
(yay)2t" =)t (atv"wv)e, (g2 )2, ((wy~tey) "), ((ey?ayzy)ty )],

((yz)2)9, (gt =)o, ((y= )=y o) (yay)t™ " =v*)T | (ya)3t)F > .
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Chapter 4

Double Coset Enumermation

4.1 Construction of 2! : (32 : 4) over (32 : 4)

Consider the progenitor 24 : (32 : 4) 2< x,y, 2, t|23, 4%, 24, (z 71 x y)?,

1 1 1 1 1 1 -1 1

clsysxz o bez v b baa bh w2, 82 (t2), (Lzx L x 25 2) >,

where N =< z,y,z >= (32 : 4) and the action on the symmetric generators
are given by with = ~ (2,4,6), y ~ (1,5)(2,4), z ~ (1,4,5,2)(3,6), and ¢, and
2*6 : (32 . 4) is factored by the relations (zzzz71t)5, (zzzz71t71)3, and (2t)%. We

begin by expanding these relations starting with (zzxz=1¢)% = 1.

(zzzz"1t)5 =1
— [(2,4,6) * (1,4,5,2)(3,6) * (2,4,6) * (1,2,5,4)(3,6)t,]°
— [(1,3,5)(2,4,6)t,]°

— (mt1)%(we let(1,3,5)(2,4,6) = 7)
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— mtimtimtimt Tt Tty

— 7r7r7r_1t17rt17rt17rt17rt17rt1

= mlpn Yty mtymty Tt

3 1

= 7morm t1”2t§rt17rt17rt17rt1

— alrr T Tt
— 7r57r7r_1t17r4t17r3t71r2t7ft17rt1
— AT T T
— elststitstst; = 1
— tstst; = tylsts (4.1)
— Ntstst; = Ntytsts.
Now we expand our second relation, (zzzz~1t* )3 =1, as follows
1zt

=1

(xzzz™

— [(2,4,6) * (1,4,5,2)(3,6) = (2,4,6) * (1,2, 5,4)(3, 6)¢, > 03
g [(1,3,5)(2,4,6)t2]3
— (7t2)3(let(1,3,5)(2,4,6) = )
—> mitomtomis
3, w2, 7
= 7 lo" to'to
= etglyto =1

— etglyto = 1 (4.2)



64

—> Nigty = Nto.
Also, (2t)® =1, (let z = (1,4,5,2)(3,6) = 7)
S (7Tt1)8
— AT T T T T
— elotstatitatstst; = 1
— elotstatitatstst; = 1 (4.3)
— Niotstat; = Niqtatsts.

Which gives the finite homomorphic image

2+6:(32:4)
tstst1=t1t3ts,tetato=1,tatstat1totstat1=1"

G

1%

Note that each of these relations, when conjugated by IV, give
more relations. Our goal will be to find the index of N in G through manual double
coset enumeration of G over N. In order to do this we express G as a union of
double cosets NgN, where g is an element of G. So G = NeNUNg NUNgaNU...
where g¢;’s are words in ¢;’s. We will find all double cosets [w] = [Nw"|n € N]
as well as the number of single cosets each of the double cosets contain. We take
one representative from each orbit of the coset stabilising group N in order to
identify which double coset Nwt; belongs and finish when the set of right cosets
obtained is closed under right multiplication by the t;’s.

We will now proceed our manual double coset enumeration of2? : (32 : 4)
over (3% :4).
First Double Coset NeN = [%]
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Let NeN be denoted by []. NeN = {N(e)"|n € N} = {Ne(®), Ne(1.0)(2:3,45),
Ne(:259@.60) - Ne135264) |1, ¢ N} = {N}. Now, N is the only single coset
contained in the double coset [%] and is transitive on X = {1,2,3,4,5,6} so it has

the single orbit:

{1,2,3,4,5,6}.

We select 1 to be the representative from the orbit, so Nt; € Nt;IN =
{Nt}|n € N} = {Nt1, Nta, Nt3, Nts, Nts5, Ntg}, forming the new double coset, [1],
which means that all 6 symmetric generators move forward to Nt; N since they

share the same orbit.

Second Double Coset Nt; N = [1]

Now, Nt1 N is a new coset and the number of single cosets is %, where

N is the coset stabilizer of the coset Nt; which is greater than or equal to the
point stabilizer of 1 in N, denoted by N'. N > N1 = {e, (3,5)(4,6), (2,4)(3,5), (2,4, 6),

(2,6,4),(2,6)(3,5)} =< (2,4,6),(2,4)(3,5) >= S3. Therefore, the number of sin-

[N

INO] ~ 36 = 6 and the orbits of N on

gle cosets in the double coset Nt N is

X are:

{1},{2,4,6},and{3,5}

Selecting 1, 2, and 3 as representatives of each orbit, respectively, form-
ing the cosets Ntit;, Ntito, and Ntit3. We must determine where each coset

representative belongs to which double coset:

Ntltl :?, Ntth :?, andNtltg =7



66

Now, Ntit; € [#], since Nt;t; = Nt? = N. Therefore, one symmetric generator goes
back to [*]. Next, Ntito € NtitoN = [12] so, two symmetric generators extend to
[12]. Also, Ntits, we must use one of our relations to gain clarity. Using the 4.2
relation listed above, 64 = 2 and conjugating the relation by one element of N,

(1,4,3,6)(2,5), we obtain

Nt6t£11436)(25) _ Nt;1436)(25)

— Ntltg = Nt; € [1]

. Hence, two symmetric generators loop to [1].

Third Double Coset NtjtoN = [12]

Now, NtitaN is a new coset. The point stabilizer N2 = {e, (35)(46)}.
But, looking at our relation, 1212=e, we can see that it gives us Ntito = Ntito,

conjugating by (1,2)(3,4,5,6):
Ntltglz)(3’4’5’6) — Nitot

— = Ntito € [12].

So, N2) > N12 — < N'2 (1,2)(3,4,5,6) >. Therefore, the number of single
cosets in the double coset NtitoN is % = % = 9 and the orbits of N2 on

X are:

{1,2},and{3,4, 5,6}

Now, selecting 2 and 3 representatives from each orbit, respectively, form-

ing the cosets Ntjtaots, and Ntitots. We must determine:

Ntltgtg :?,andNtthtg =7
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Now, Ntitoty = Ntit3 = Nt; € [1]. Therefore, two symmetric generators go back

to [1]. Now, to find Nt;tets we must start with
Ntity = Ntotq(relation above)

= Nititats = thtltg(multiply by 3)

we know
Ntyts = Nts(from relation above)
= Nitatits = Ntats(multiplying by 2 on the left)
So, Ntytats = Ntots € [1,2] (since thtgl’2’5’6)(3’4) = Ntytg). Therefore, four

symmetric generators loop to [1,2]. We have no new double cosets, hence, we can

construct the following Cayley diagram.

[] m 2
; Mo

Figure 4.1: Cayley Diagram of 24 : (3% : 4) over (32 : 4)
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4.2 Construction of A; over PSL(2,7)

Consider the progenitor Ay =< z,y,t|z%, 12, (x x y)2, 13, tlz x y) = 2 >,
where N=< z,y >~ PSL(2,7) and the action on the symmetric generators are
given by with = ~ (1,3,5)(2,4,6), y ~ (1,6)(2,5)(3,4) and t ~ t;, factored by the
relations: (zxt)%, (z*xy*t)% and (z*y*t% 12 xt¥ % (t*))3. Our expanded relations
results are:

(135)(246)t1t5tsty = 1 (4.4)

= Ntit5 = Ntits

€t4t1 =1 (4.5)

— Nty = Nty

(14)(23)(56)t3t4t6t3t2t1t5t2t3t4t6t3 =1 (4.6)
= Nistlytgtstats = Nistgtatstots.

Which gives the finite homomorphic image

2*6:.(PSL(2,7))
tre=tee Cee=,teee1teee="

G

1

We will now proceed our manual double coset enumeration of A7 over
PSL(2,7).
First Double Coset NeN = []

Let NeN be denoted by [¥]. NeN = {N(e)"|n € N} = {N}. Now,
N is the only single coset contained in the double coset [%] and is transitive on

X =1{1,2,3,4,5,6} so it has the single orbit:
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{1,2,3,4,5,6}.

We select 1 to be the representative from the orbit, so Nt; € Nt;N =
{Nt}|n € N} = {Nt1, Nta, Nt3, Nty, Nts5, Ntg}, forming the new double coset, [1],
which means that all 6 symmetric generators move forward to Nty N since they

share the same orbit.

Second Double Coset Nt; N = [1]

N|

ULT” y where

Now, Nt1 N is a new coset and the number of single cosets is
N is the coset stabilizer of the coset Nt which is greater than equal to the point

stabilizer of 1 in N, denoted by N!. In this case, NO > N1 = {e}. Therefore, the

‘]‘V]yl'” = % = 6 and the orbits

number of single cosets in the double coset Nt1 N is

of N on X are:
{1},{2}, {3}, {4}, {5}, and{6}.
Selecting 1, 2, 3, 4, 5, and 6 as representatives of each orbit, respec-

tively, forming the cosets Ntit1, Ntito, Nt1ts, Ntity, Nti1ts and Ntitg. We must

determine where each coset representative belongs to which double coset:

Ntltl :?, Ntltg :?, Ntltg :?,Nt1t4 :?, Nt1t5 :?andNt1t6 =7

Now, Ntit; € [1], since Ntt; = Nt{"¥) = N¢{!VEIEE — Ny e Nty N, There-
fore, one symmetric generator loops to [1]. Next, Ntjto € Ntita N = [12] so, one
symmetric generator extends to [12]. Similarly, Ntit3, Nt1ts5, and Ntitg one sym-

metric generator extend to [13], [15], and [16], respectively. Now, for Nt;ty we
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must use one of our relations to gain clarity to conclude that Nt;ty € [].

Third Double Coset Ntjto N = [12]

Now, NtitoN is a new coset. The point stabilizer N2 = {e}. So, N(12)
> N2 = {e}. Therefore, the number of single cosets in the double coset Ntito N

is |A‘f](\17|2)’ = % = 6 and the orbits of N2 on X are:

{1}, {2}, {3}, {4}, {5}, and{6}.

Now, selecting one representative from each orbit, respectively, forming
the cosets: Ntitoty, Ntitots, Ntytots, Nititoty, Ntitots, and Ntitotg. We must
determine where each of these go to. Now, Ntjtot; € [121]. Therefore, one sym-

metric generator extends to [121]. Now, Ntitata € [15] since Ntitots = t3 = tits

(3:4)

since by our #’s ts=t; . Next, Ntitats = t1t0"FVEY = ¢t € [15]. There-

fore, two symmetric generators extend to [15]. So, Ntitaty = Ntats € [1,6] (since

Nt4tg1’4)(2’3)(5’6) = Ntit5). Therefore, one symmetric generator goes back to [1,6].

Next, Ntitots € [1} Since Ntitots = Ntf = Nt;. Lastly, Ntytotg € [12]. since
Ntytytg=Nty 2 GO _Npop

Fourth Double Coset Nt1t3N = [13]

Now, Nt t3N is a new coset. The point stabilizer N'3 = {e}. So, N(13)

> N3 = {el.
Lemma: 13=42
Proof:

Now, N(t1t3)(LHE30G0) = N4ty = Ntqts implies (1, 4)(2, 3)(5, 6) €
NI So, NOB > < NI (1, 4)(2, 3)(5, 6)> and [1,3]N"" gives 13 ~ 42.
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|V
o]

[l[on

Therefore, the number of single cosets in the double coset Nt1t3N is = 3.

and the orbits of NU3) on X are:
{1,4},{2,3},and{5,6}.

Now, selecting one representative from each orbit, respectively, forming

the cosets: Ntitst1, Ntitsto, and Nititgts. We must determine where each of these
(1,2)(3,6)(4,5) _

go to. Now,Ntitst; = titg = tgto € [16]. Therefore, two symmetric
generators extend to [16]. Next,Ntitsto = tlté1’4)(2’3)(5’6) = tat5 € [16]. Therefore,
two symmetric generators extend to [16]. Now,Ntitsts = thl’4)(2’3)(5’6) = Nty €

[1]. Therefore, two symmetric generators go back to [1].

Fifth Double Coset Nt t5sN = [15]

Now, Ntit5N is a new coset. The point stabilizer N'° = {e}. So, N(15)

> N1 = {el.
Lemma: 15=46
Proof:

Now, N(t1t5)(LHE30G0) = Niytg = Ntqts implies (1, 4)(2, 3)(5, 6) €
N o, NI5 > < N5 (1, 4)(2, 3)(5, 6)> and [1,5/N"" gives 15 ~ 46.
Therefore, the number of single cosets in the double coset Nt1t5N is % = g = 3.

and the orbits of N(3®) on X are:

{1,4},{2,3},and{5,6}.
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Now, selecting one representative from each orbit, respectively, forming
the cosets: Ntitst1, Ntitsta, and Ntitsts. We must determine where each of these
go to. Now,Ntytsty = t1t§1’6)(2’5)(3’4) = tgts € [12]. Therefore, two symmetric
generators extend to [12]. Next, Nt t5to = tge) = t; € [1]. Therefore, two symmetric
generators extend to [1]. Now,Ntitsts = Ntltge) = Nty12 € [12]. Therefore, two

symmetric generators extend to [12].

Sixth Double Coset NtitgN = [16]

Now, NtitgN is a new coset. The point stabilizer N'6 = {e}. So, N(16)
> N6 = {e}. Therefore, the number of single cosets in the double coset Nt1tgN

is |z\‘f](\ﬁi)| = % — 6 and the orbits of N(16) on X are:

{13,{2}, {3}, {4}, {5}, and{6}.

Now, selecting one representative from each orbit, respectively, forming

the cosets: Ntitgt1, Ntitgto, Ntitgts, Ntitgts, Ntitgts and Ntitgts. We must

17573)(27674)

determine where each of these go to. Now,Ntitgt; = tltgtg = tstets

€ [121]. Therefore, one symmetric generator extends to [121]. Next,Nt;tgta =

75175((51,6)(2,5)(3,4)

= tgt; € [16]. Therefore, two symmetric generators loop to [16].
Now,Ntitets = the) = Nty € [1]. Therefore, one symmetric generator extends
to [1]. Now, Ntytgty = t1t§1’4)(2’3)(5’6) = t4t3 € [12]. Therefore, one symmetric
generator extends to [12]. Now, Nt tgts = tltgl’2)(3’6)(4’5) = totg € [13]. Therefore,
one symmetric generator extends to [13]. Lastly, Ntitsts = tlt:(f) = t1t3 € [13].
Therefore, one symmetric generator extends to [13].

Seventh Double Coset Nt1tol N = [121]

Now, Ntitot1N is a new coset. The point stabilizer N'2! = {e}. So,

N2 > N121 = fey,
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Lemma: 121=656

Proof:

Now, N (titot;)LO@DGA = Nigtsts = Ntitot; implies (1, 6)(2, 5)(3, 4)
e NI2D) go NO2D) > <« N121 (1, 6)(2, 5)(3, 4)> and [1,2, 1]V"*" gives 121 ~

656.
Therefore, the number of single cosets in the double coset Ntitot1 NV is
|N‘(]¥2|1)| = g = 3 and the orbits of N(121) on X are:

{1,6},{2,5},and{3,4}.

Now, selecting one representative from each orbit, respectively, form-
ing the cosets: Ntitot1t1, Ntitotits, and Ntitaot;3. We must determine where
each of these go to. Now,Ntqtot1t; = tlté1’4)(2’3)(5’6) = tyt5 € [16]. Therefore,
two symmetric generators extend to [16]. Next,Ntqtotits = tthtge) = t1tat1 €
[121]. Therefore, two symmetric generators extend to [121]. Now,Ntitot1s =

N tltgl’G)(2’5)(3’4) = Ntgs € [12]. Therefore, two symmetric generators extend to

[12]. A cayley diagram is shown below.



Figure 4.2: Cayley Diagram of A7 over PSL(2,7)
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4.3 Construction of L(2,11) over S,

Consider the progenitor 2*%: L(2,11) over Sy =
G < z,y, tlzt, o2, (xy)3, 12, (t, yz), 2’ tatotetyte ™ tatat >,

where N = Sy=< z,y > ~ and the action on the symmetric generators are given
by with x ~ (1,4,2,7)(3,5,8,6), y ~ (1,7)(2,6)(3,5)(4,8) and t ~ t1, factored by
the relations: (z2t)%, (yt)'°, and (yt**)2. We expand our relations as previously

shown. The expanded relations results are:
(12)(38)(47)(56)t1tat tat; =1 (4.7)

— Ntitot; = Ntyto
etrtitrtitrtitotitrt; = 1 (4.8)
= Ntstitrtit; = Ntytrtitrty
etgta =1 (4.9)
= Ntg = Nto,

which gives the finite homomorphic image

2*8:(L(2,11))
titatitot1=1 trt1trt1trtitrt1trt1=1teta=1"

12

G

We will now proceed our manual double coset enumeration of L(2,11) over Sy.

First Double Coset NeN = []

Let NeN be denoted by [«x]. NeN = {N(e)"In € N} = {N}. Now, N
is the only single coset contained in the double coset [*] and it is transitive on

X =1{1,2,3,4,5,6,7,8} so it has the single orbit:
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{1,2,3,4,5,6,7,8}.

Based on the relations (see appendix), we see that t| = t5, to = tg, t3 = t7,
t4 = tg, which means that only four symmetric generators move forward to Nt;N.
We select 1 to be the representative from the orbit, so Nt; € Nt;N = {Nt}|n €
N} = {Nt1, Nty, Nt3, Nts}, forming the new double coset, [1].

Second Double Coset Nt; N = [1]

Now, Nt1 N is a new coset and the number of single cosets is %, where
N is the coset stabilizer of the coset Nt which is greater than equal to the point

stabilizer of 1 in N, denoted by N'. In this case, N() > N1 = {e, (2,3,8)(4,6,7)}.

2474

Therefore, the number of single cosets in the double coset Nt N is % =5 =

and the orbits of N(I) on X are:

(1}, {5}, {2, 3,8}, and{4,6,7}.

Selecting 1, 5, 2, and 6 as representatives of each orbit, respectively,
forming the cosets Ntqt1, Ntits, Ntito, and Ntitg. We must determine where

each coset representative belongs to which double coset:

Ntltl :?, Nt1t5 :?,Ntth :?, andNt1t6 =7

Now, Ntit; € [1], since Ntit; = Nt2 = Ne € N. Therefore, one symmetric
generator goes back [*]. Next, Nt1t5 = Nt1t; since t; = t5 which belongs to N So,

one symmetric generator goes back to [*]. Now, Ntjty extends three symmetric



77

generators to [12]. For Ntitg = Ntite since ta = tg, hence, three symmetric
generators extend to [12].

Third Double Coset Nt;toN = [12]

Now, NtitaN is a new coset. The point stabilizer N'2 = {e}. So, N(12)
> N2 = < (1,5)(2,6)(3,4)(7,8) >. Lemma 12 ~ 56. Therefore, the number of
single cosets in the double coset NtitoN is % = % = 12 and the orbits of
NU2) on X are:

(1,5}, 12,6}, {3,4}, and{7, 8}.

Selecting 1, 2, 3 and 7 as representatives of each orbit, respectively, form-
ing the cosets Ntitat1, Ntitote, Ntitots, and Ntitaty;. We must determine where

each coset representative belongs to which double coset:

Ntltgtl :?, Nt1t2t2 :?, Ntltgtg :?, andNt1t2t7 =7

Now, Ntitaty = Ntita € [12]. Therefore, two symmetric generators loop to [12].
Next, Ntitots = Nt1t3 = Nt; € [1] So, two symmetric generators go back to [1].
Now, Ntitots extends two symmetric generators to [123]. For Ntitot; = Ntjtots
since t3 = t7, hence,two symmetric generators extend to [123].

Fourth Double Coset NtjtatsN = [123]

Now, Ntitatz3N is a new coset. The point stabilizer N'?3 = {e}. So,

N(23) > N123 — fel Therefore, the number of single cosets in the double coset

|N]

Ntltgth is m =

% — 24 and the orbits of N123) on X are:

{1}, {2}, {3}, {4}, {5}, {6}, {7}, and{8}.

Selecting 1, 2, 3, 4, 5, 6, 7 and 8 as representatives of each orbit, respec-
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tively, forming the cosets Ntitotsti, Ntitotsta, Ntitotsts, Ntitotsty, Ntitotsts,
Ntytotste, Ntitotsty and Ntitotsts. We must determine where each coset repre-
sentative belongs to which double coset:

Now, Ntjtotsty € [1231]. Therefore, one symmetric generator extends to
[1231]. Next, Ntitotsto = Ntitots € [123]. So, one symmetric generator loops to
[123]. Now, Ntitotsts = Ntitat? = Ntits € [12] so, one symmetric generator goes
back to [12] Ntytotsty € [1234], so one symmetric generator extends to [1234]. For
Ntjitotsts = Ntitotsty since t; = t5 so one symmetric generator goes to [1231].
Ntytotste = Ntitats € [123] so one generator loops. Also, Ntjtotsty = Ntjtatsts
= Ntitaot3 = Ntits € [12] and one generator goes back to [12]. Lastly, Ntitotsts
= Ntytotsty € [1234] so one generator extends to [1234].

Fifth Double Coset NtitaotstyN = [1234]

Now, NtitatstyN is a new coset. The point stabilizer N123* = {e}. So,
N(234) > N1234 — ~(1,8,2)(4,6,5) >. Therefore, the number of single cosets in
the double coset NtitotstyN is % = 23—4 = 8 and the orbits of N(1234) on X

are:

{3},{7},{1,8,2},and{4,6,5}.

Selecting 3, 7, 8, and 4 as representatives of each orbit, respectively,
forming the cosets Ntytotstats, Ntitotstaty, Ntitotstats, and Ntitotststy. We must
determine where each coset representative belongs to which double coset:

Now, Ntitaotststs € [1234], so, one symmetric generator loops to [1234].
Next, Ntytotstst; = Ntytotsats € [1234]. So, one symmetric generator loops to
[1234). Now, Ntitotststs = Ntitotststy = Niitotst? = Nitytots € [123] so, three

symmetric generator go back to [123]|. Lastly, Ntitotstaty =Ntitats € [123], so
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three symmetric generators go back to [123].

Sixth Double Coset Ntitotsti N = [1231]

Now, Ntitatst; N is a new coset. The point stabilizer N1231 = {e}. So,

N(23) > 1231 — (1,4,3,6)(2,5,8,7) >. Therefore, the number of single cosets

|V
|N(1231)|

in the double coset Ntitot3t1 N is = 24—4 = 6 and the orbits of N(1231) on
X are:

{1,4,3,6},and{2,5,8,7}.

Selecting 1, and 5 as representatives of each orbit, respectively, forming
the cosets Ntitotstit;, and Ntitaotstits. We must determine where each coset
representative belongs to which double coset:

Now, Ntitatstit; = Ntytatst? = Ntitots € [123], so, four symmetric gen-
erators go back to [123]. Next, Ntitotstits = Ntytotsity since t; = t5 . Therefore,
Ntitatst? = Ntytots € [123]. So, four symmetric generators go back to [123]. A

cayley diagram for this manual double coset enuermation is shown below.

[1234]

1234 ~ 8136 ~ 2835

Figure 4.3: Cayley Diagram of L(2,11) over N
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4.4 Construction of 2 M»,

Consider the progenitor 2" My =< z,y, t|2°%, y*, xy 222y,

x_ly_2x_ly_la:y2xy_l, x_ly_lx_?’y_ley_lx_Q, (y_lfl:_l)4(y:n)2y:c_l,

(v~ a2y tatyay ety 2, (f yatyaya T tyx), (8 2 (ya)Pya ), (t zyaPye lyay T le) >,
where N =< x,y >= A7 and the action on the symmetric generators are given by
withz ~ (1,3,7,15,29,45)(2,5,11,22,42,66)(4, 9, 18, 34, 26, 46) (6, 13, 25)(8, 16, 31, 52, 39,
61)(10, 20, 38, 58,78, 75)(12, 24, 14, 27,47,53)(17, 33, 48, 32, 54, 73) (19, 36, 30, 50, 63, 85) (21,
40, 62,83, 23, 43)(28, 41, 64,87,69,90)(35, 57, 76,97, 80, 100) (37,59, 79, 70,92, 86) (44, 67, 88,
94,91,49)(51,71,65,77,98,104)(55, 74, 56, 72,95, 84)(60, 81, 101)(68, 89, 82)(93, 103, 99, 102,
105,96) and y ~ (1,2,4,8)(3,6,12,23)(5,10,19,35)(7, 14, 26,45)(9, 17, 32,53)(11, 21, 39, 13)
(15,28,47,69)(16, 30,49, 66)(18, 27,29, 48)(20, 37,58, 77) (22,41, 63, 84)(24, 44, 54, 36) (25, 43,
62,82)(31,51,42,65)(33, 55, 34, 56)(38, 60, 80, 81)(40, 46, 68, 73) (50, 70,91, 59)(52, 72,94, 87)
(57,75)(61,76,67,78)(64,86)(71,93,79,99)(74, 96, 90, 102) (83, 88, 89, 85)(92, 100, 104, 97) (95,
98)(101, 103). and ¢1, and 2*(105) : A is factored by the relation ((yz)2yz =2y Lotovr’va™)3,
The relation is expanded as shown in Chapter 4.1:

let zyz?yx® = (1,62,92)(2,60,31)(3,41,19)(4, 46, 77)(5, 82, 72)(6, 104, 34)(7, 79,
33)(8,56,11)(9, 26, 25)(10, 96, 76)(12,89,66)(13, 18, 71)(14, 22, 74)(15, 63, 43)(16, 61, 53)(17, 54,
49)(20, 105, 36)(21, 32, 37)(23, 29, 73)(24, 52, 27)(28, 97, 57)(30, 90, 40)(35, 70, 38)(39, 81, 95) (42,
55,101)(44,50,99) (45, 83,87)(47,84,68)(48,94,67)(51, 98, 65)(58, 85,91)(59, 103, 78) (64, 100,
69)(75, 88,93)(80,102,86) = a and (yx)?yx 2y~ 'z = (1,80, 35, 74, 23)(2, 104, 56, 48, 97)(3, 93, 55,
71,8)(4,49,67,50,44)(5, 73, 33, 38,102)(6, 101, 9, 28, 30)(7, 16, 51, 84, 76)(10, 32, 22,98, 52) (11, 40,
20,39,77)(12,14,79,89,59)(13, 63, 90,91, 85)(15,17,95,99, 105)(18, 60, 25, 36,94)(19, 64, 69, 34,
87)(21,103,78,61,29)(24, 86, 68, 82,92)(26, 88, 41,46, 81)(27,53,37,47,70)(31, 58,57, 54, 45) (42,
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100, 75, 83, 43) (62, 72, 65, 66, 96) = b. Now,
((yx)2ya— 2y Latmve"ve’)3

= (bt‘f)3
— (bt62)3
— bt tex"teo

— (1,74,80,23,35)(2,48,104,97,56)(3, 71,93, 8, 55)(4, 50, 49, 44, 67) (5, 38, 73, 102, 33)
(6, 28,101, 30,9)(7,84, 16, 76, 51)(10, 98, 32, 52, 22)(11, 39, 40, 77, 20)(12, 89, 14, 59, 79)(13,
91,63,85,90)(15,99, 17,105, 95)(18, 36, 60, 94, 25)(19, 34, 64, 87, 69) (21, 61, 103, 29, 78) (24,
82,86,92, 68)(26, 46, 88,81, 41)(27,47,53,70, 37)(31, 54, 58, 45, 57)(42, 83, 100, 43, 75) (62,
66,72,96, 65)t35ts0tez = 1

— (1,74,80,23,35)(2,48, 104,97, 56)(3, 71, 93,8, 55) (4, 50, 49, 44, 67) (5, 38, 73, 102, 33)(6,
28,101,30,9)(7, 84, 16,76,51)(10, 98, 32, 52, 22)(11, 39, 40, 77, 20)(12, 89, 14, 59, 79)(13, 91, 63,
85,90)(15, 99, 17,105, 95)(18, 36, 60, 94, 25)(19, 34, 64, 87, 69)(21, 61, 103, 29, 78)(24, 82, 86, 92,
68)(26, 46, 88, 81, 41) (27,47, 53,70, 37)(31, 54, 58, 45, 57) (42, 83, 100, 43, 75) (62, 66, 72,

96, 65)t35ts0 = t62 (4.10)

—> Nisstsg = Nigo.
Which gives the finite homomorphic image

~ 2*105:A7
G = t3stso=te2
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Now we can proceed our manual double coset enumeration of 2'Mso over
Ar.
First Double Coset NeN = []

Let NeN be denoted by [¥]. NeN = {N(e)"|n € N} = {N}. Now,
N is the only single coset contained in the double coset [%] and is transitive on

X =1{1,2,3,4,5,6,...,103,104,105} so it has the single orbit:

0{1,2,3,4,5,6,...,103,104, 105}.

We select 1 to be the representative from the orbit, so Nt; € Nt;IN =
{Nt'n € N} = {Nty, Nta, Nt3, Nts, Nt5s, Ntg, ..., Nt105}, forming the new dou-
ble coset, [1], which means that all 105 symmetric generators move forward to

Nty N since they share the same orbit.

Second Double Coset Nt;N = [1]

||

Now, Nt N is a new coset and the number of single cosets is V- The
number of single cosets in the double coset Nt; NV is ]1‘\/]?71|>| = % = 105 and the

orbits of NU) on X are:

O{1},0{21, 33}, 0{5, 20, 63,59, 55, 26}, O{2, 74, 93,97, 87, 86, 39, 70, 49, 25,
9,61}, 0{3,67,31,95,45,19, 48,43, 42,17, 40,90}, O{4, 103, 73, 85, 98, 28, 52, 89, 32, 75,
72,37}, 0{6,83,96,41,99,91, 60, 14, 35, 68,8, 77}, O{7, 105, 80, 38, 16, 79, 88, 65, 69, 23,
51,44,29, 36,92, 47, 66,24, 13,22, 84, 57, 34, 62}, and0{10, 46, 81, 53, 54, 76, 30, 12, 18,
104, 50, 56, 27, 58, 64, 101, 82, 78,100, 102, 15,94, 11, 71}
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Selecting 1, 21, 5, 2, 3, 4, 6, 7, and 10 as representatives of each orbit, respectively,
forming the cosets Ntit1, Ntitoy, Ntits, Ntito, Ntits, Ntity, Ntitg, Ntit7, and
Ntit1p. We must determine where each coset representative belongs to which
double coset:

Now, Ntit; = N € [x]. Therefore, one symmetric generator goes back
to [*]. Next, Ntito; and Ntity € Nty N = [1] so, two and twelve symmetric gen-
erators loop to [1], respectively. Also, Ntit5 and Ntit; € Nt1ts N = [15] so, six
and twenty-four symmetric generators extend to [15], respectively. Also, Nt;to,

Ntits, and Ntytg € [12] so twelve symmetric generators extend to [12], respectively.

Third Double Coset Ntjto N = [12]

Now, Nt1toN is a new coset. The number of single cosets in the double

coset Nt taN is ‘J\L](YL” = % = 140 and the orbits of N2 on X are:

0{19,67,90}, 0{37,92,79}, O{1, 24, 47,89, 105, 21, 75, 57, 33}, O{2, 36, 85,

34,38,15,84,72, 11}, 0{3, 42,50, 46,9, 10, 78, 74,45}, O{4, 52, 22, 54, 56, 80, 39, 69, 88},
O{7,51,70,53,12,97, 58,71, 73}, O{8,83, 13,44, 28,66, 16, 103, 55}, O{30, 81, 60, 49,
101,41, 63,87,94}, O{5,26, 17,61, 76,31, 40, 102, 43, 25,6, 18, 64, 91, 96, 95, 48, 35}, and
0{14,99, 93, 32, 23,100, 104, 65, 86, 98, 77, 62, 29, 20, 59, 27, 82, 68}

Selecting 19, 37, 1, 2, 3, 4, 7, 8, 30, 5, and 14 as representatives of each or-
bit, respectively, forming the cosets Ntitot1g, Ntitatsy, Ntitot1, Ntitote, Ntitots,
Ntitots, Ntitots, Ntitots, Ntitatso, Ntitats, and Ntitot;s. We must determine
where each coset representative belongs to which double coset:

NOW, Ntltgtlg and Nt1t2t37; Nt1t2t3 and Ntltgtg; Ntltgtg, and Nt1t2t14
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€ [12]. Therefore, three, nine, and eight-teen symmetric generators loop to [12],
respectively. Next, Ntitot; and Ntitoty € NtitsN so, nine symmetric generators
extend to [15], respectively. Also, Ntitate, Ntitot7, and Ntitotsg € Nt1 N so, nine

symmetric generators go back to [1], respectively.

Fourth Double Coset Ntit5 N = [15]

Now, Ntit5N is a new coset. The number of single cosets in the double

coset NtitsN is |]\|]i\1[|5)| = % = 105 and the orbits of N(*®) on X are:

O{59}, 0{70,86}, 0{1, 26, 20,55,63,5}, 0{2,25,93,39,61,21,74,87,49, 9,
97,33}, 0{3,17,47,27,10,80, 51,92, 77,102, 82,83}, O{4, 75,29, 58, 18, 7, 22, 66, 19, 30,
95,56, 0{28, 85, 64, 44, 88, 50, 81,101, 60, 69, 36,91}, ©{6, 8,41, 62, 72,105, 42,13, 23,52,
67,99,84,16,94,90, 11,31, 73, 32,46, 34,100, 57}, andO{12, 78, 53, 45, 54, 38, 35, 24,

48, 15,14, 76, 43, 40, 89, 68, 103,96, 104, 71, 37,79, 98,65} .

Selecting 59, 70, 5, 2, 3, 4, 28, 6, and 12 as representatives of each orbit, respec-
tively, forming the cosets Ntitstsg, Ntitstro, Ntitsts, Ntitsto, Ntitsts, Nititsty,
Ntitstog, Ntitstg, and Ntitst1o. We must determine where each coset representa-
tive belongs to which double coset:

Now, Ntitstsg € [1 5 59], so one symmetric generator extends to [1 5
59], respectively. Next, Ntitstyo, Ntitsts and Nt1tsteN € Ntits, so two, twelve,
and twenty-four symmetric generators loop to [15], respectively. Also, Ntitsts and
Ntitstia € Nt1N so, six and twenty-four symmetric generators go back to [1],
respectively. Also, Ntitsto,Ntitsty and Ntitstog € NtitoN so, twelve symmetric

generators extend to [12], respectively.
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Fifth Double Coset Ntit5t50N = [1 5 59|

Now, NtitstsgN is a new coset. The number of single cosets in the double

coset NtitstsoN is INI__ 2520 _ 1 and the orbits of N(1559) on X are:
[N(559)] — 2520

O{1},0{5}, 0{59}, 03,17}, O{4, 75}, ©{19, 95}, ©{21, 33}, O{28, 85},

0{60,91}, O{61, 74}, O{70,86}, O{77,83}, 0{2, 25,93, 49}, 0{6,8,41,99}, O{7,
66,22,29}, 049, 39, 87,97}, ©{10, 82,102, 27}, O{11, 46,100, 94}, ©O{12, 78,53, 76},
O{13,57,34,105}, 0{14, 96, 68, 35}, O{15, 71,104, 54}, O{16, 23, 62, 84}, O{18, 56,
30,58}, 0{20,63, 55,26}, 0{24, 65,79, 38}, O{31, 67, 42,90}, 0{32, 52, 72, 73},
0{36, 88,44, 69}, 0{37,103, 89,98}, ©0{40, 48, 45, 43}, ©{47, 51,92, 80}, and
O{50,101, 81, 64}.

Selecting 1, 5, 59, 3, 4, 19, 21, 28, 60, 61, 70, 77, 2, 6, 7, 9, 10, 11, 12, 13,
14, 15, 16, 18, 20, 24, 31, 32, 36, 37, 40, 47, and 50 as representatives of each or-
bit, respectively, forming the cosets Nt1t5ts9t1, Nti1tstsots, Nti1tstsotsg, Ntitstsots,
Ntitstsots, Ntitstsotrg, Niatstsotor, Ntitstsotes, Ntitstsoteo, Nt1tstsoter, Ntitstsgtqo,
Ntitstsotrr, Ntatstsota, Niatstsote, Nt1tstsotr, Ntitstsote, Nt1tstsotio, Ntitstsotin,
Ntitstsotiz, Ntatstsotis, Ntitstsotia, Ntitstsotis, Ntitstsotie, Ntitstsotis, Niatstsoto,
Ntitstsotos, Ntrtstsotsr, Nt1tstsotsa, Ntitstsotse, Ni1tstsotsr, Ntitstsotso, Nt1tstsotar
and Ntitstsetso. We must determine where each coset representative belongs to
which double coset:

Now, Nt1tstsgt1, Ntitstsots, Nt1tstsotse; Niitstsols, Ntatstsots, Ntitstsotio,
Ntitstsotor, Niatstsotas, Ntitstsoteo, Ntitstsoter, Nt1tstsotzo, Ntitstsotrr; Niitstsots,

Ntitstsote, Ntitstselr, Ntitstsoto, Ntitstsotio, Nt1tstsot11, Ntitstsetia, Nt1tstsotys,
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Ntitstsotia, Ntitstsotis, Ntitstsotie, Nt1tstsotis, Ntitstsotoo, Ntitstsotos, Ntitstsots,

Ntitstsgtsa, Ntitstsgtss, Ntitstsotsr, Ntitstsotao, Nt1tstsotar, Ntitstsetso € [1 5],

so one, two, and four symmetric generators go back to [1 5], respectively. A Cayley

Diagram for this manual double coset enuermation is shown below.

105

2412
3+3+9+9+18+18

1 105 12+12+12 9+9+9

24+12+2

[15] [1559]

Figure 4.4: Cayley Diagram of 2" My over Ay
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4.5 Construction of My, over A-

Consider the progenitor My =< z,y, t|2%, y*, zy 222y,

x_ly_2x_ly_lxy2xy_l, :L‘_ly_lx_3y_1:v3y_1x_2, (y‘lx_1)4(y:v)2yx_l,

(y~'a 22y~ aetyay~ adya ™ 82, (8 yatyaya ya), (8 2 (ya) Pya?), (¢ wya?ye ™~ lyayle) >,
where N =< x,y >= A7 and the action on the symmetric generators are given by
withz ~ (1,3,7,15,29,45)(2,5,11,22,42,66)(4, 9, 18, 34, 26, 46) (6, 13, 25)(8, 16, 31, 52, 39,
61)(10,20,38,58,78,75)(12,24,14,27,47,53)(17, 33,48, 32, 54, 73)(19, 36, 30, 50, 63, 85) (21,
40, 62,83, 23, 43)(28, 41, 64,87,69,90)(35, 57, 76,97, 80, 100)(37, 59,79, 70,92, 86) (44, 67, 88,
94,91,49)(51,71,65,77,98,104)(55, 74, 56, 72, 95, 84) (60, 81, 101) (68, 89, 82)(93, 103, 99, 102,
105,96) and y ~ (1,2,4,8)(3,6,12,23)(5,10,19,35)(7, 14, 26,45)(9, 17,32, 53)(11, 21, 39, 13)
(15,28,47,69)(16, 30,49, 66)(18, 27, 29, 48)(20, 37,58, 77)(22,41, 63, 84)(24, 44, 54, 36) (25, 43,
62,82)(31,51,42,65)(33, 55, 34, 56)(38, 60, 80, 81)(40, 46, 68, 73) (50, 70,91, 59) (52, 72, 94, 87)
(57,75)(61,76,67,78)(64,86)(71,93,79,99)(74, 96, 90, 102)(83, 88, 89, 85)(92, 100, 104, 97) (95,
98)(101,103). and 1, and 2*(195) : A is factored by the relations ((yz)2yz 2y~ lwtov=’va")3
and z'yzlyryaryry lotaete 1y tyt. For the calculation of the former relation
please refer to Chapter 4 (4.10). The explanation for the latter relation can be be
accomplished by similar fashion.

Now we can proceed our manual double coset enumeration of My over
Ar.

First Double Coset NeN = [x]

Let NeN be denoted by [¥]. NeN = {N(e)"|n € N} = {N}. Now,
N is the only single coset contained in the double coset [%] and is transitive on

X =1{1,2,3,4,5,6,...,103,104,105} so it has the single orbit:
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0{1,2,3,4,5,6,...,103,104, 105}.

We select 1 to be the representative from the orbit, so Nt; € Nt;IN =
{Nt}|n € N} = {Nty, Nta, Nt3, Nt4, Nts, Ntg, ..., Nt105}, forming the new dou-
ble coset, [1], which means that all 105 symmetric generators extend to Nt; N

since they share the same orbit.

Second Double Coset Nt; N = [1]

|N]

Now, Nt1N is a new coset and the number of single cosets is V- The
number of single cosets in the double coset Nt N is ]1‘\/]2]1|>| = % = 105 and the

orbits of NU) on X are:

O{1},0{21, 33}, 0{5, 20, 55,59, 63,26}, 0{2,49, 39, 25,97,87,9, 74, 70, 61,
86,93}, 03, 67,40, 90, 95,17, 19, 31, 45, 42, 43, 48}, O{4, 72,103, 32, 28, 75, 85, 37, 89,
52,98,73}, 06,14, 35, 68,99, 41,8, 77,91,83,96, 60}, O{7,92, 62, 47, 65, 29, 38, 79, 24,
34,44,13,23, 51,84, 16, 69, 88, 80, 22, 66, 57, 105, 36}, and0{10, 64, 71,101, 12, 27, 53,
76,78,11, 56,100,104, 50, 15, 54, 18, 30, 81, 102, 82, 94, 46, 58}.

Selecting 1, 21, 5, 2, 3, 4, 6, 7, and 10 as representatives of each orbit, respectively,
forming the cosets Ntit1, Ntitoy, Ntits, Ntito, Ntitg, Ntity, Ntitg, Ntit7, and
Ntit1p. We must determine where each coset representative belongs to which
double coset:

Now, Ntit; = N € [x]. Therefore, one symmetric generator goes back

to [*] Next, Ntito1, Ntits, Ntity, Ntit7, and Ntit19 € Nt1N = [1] so, two, six,
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twelve, twenty-four, and twenty-four symmetric generators loop to [1], respectively.
Also, Ntite, Ntits, and Ntjtg € NtjtoN = [12] so, twelve symmetric generators

extend to [12], respectively.

Third Double Coset Nt;to N = [12]

Now, NtitaN is a new coset. The number of single cosets in the double

coset NtitoN is ‘AL](YL” = % = 70 and the orbits of N(12) on X are:

0{19,67,92,37,79,90}, O{8, 83,13, 44, 28, 66, 16, 55, 103}, O{1, 24, 41, 87,

105,101, 60, 81, 75, 57, 49, 30, 21, 89, 94, 63, 47, 33}, 042, 36, 56, 69, 38, 80, 54, 4, 84,
72,22, 52,15, 34,88, 39,85, 11}, 0{3,42, 50,46, 12,97, 58,73, 10, 78,70, 51, 71, 74, 53,
7,45,9},0{5,26,17,61, 77,14, 32,104, 43, 25, 62, 82, 68, 23, 18, 48,99, 93, 95, 64, 98,
86,96,102,27,29, 6, 40, 65,59, 76, 35, 100, 20, 31,91}

Selecting 19, 8, 1, 2, 3,and 5 as representatives of each orbit, respectively, forming
the cosets Ntitot1g, Ntitats, Ntitot1, Ntitote, Nititots, and Ntitats. We must
determine where each coset representative belongs to which double coset:

Now, Ntytot1g, Ntitots, Ntitets and Ntitots € [12]. Therefore, six, nine,
and thirty-six symmetric generators loop to [12], respectively. Next, Ntjtotq,
Ntytots, and Ntjtots € Nt N so, eight-teen symmetric generators go back to
[1], respectively. A cayley diagram for this manual double coset enuermation is

shown below.



2+6+12+24+24

105 1 105 |12+12412

90

6+9+36

70

[+] [1]

Figure 4.5: Cayley Diagram of Mo over Az

18+18+18

[12]



91

Chapter 5

Double Coset Enumeration

over a Maximal Subgroup

5.1 Construction of My : 2% over PGL(2,9) : 2 and
PGL(2,9)

2*10. PG L(2,9)
zzyt)®,(2t)8,(tt7) 2 =ytz "

Begin with a progenitor G = i

A symmetric presentation of the progenitor Ma; : 22 is

< my, 2z, tlad Yt 22 (Y l2)?, (a7 h)3, (e ly T ey, (ay e tya T ly), 82,

(ty~tazy?), (ty ey ™) >,
where N & PGL(2,9) is of order 720, with
x ~ (1,2,10)(3,4,5)(6,7.8), v ~ (1,7,3,4,2,5,6,8), 7 ~ (1,2)(4,7)(5,8)(9,10), and t ~

t1.
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We prove the above progenitor factored by (zayt)®, (2t)%, and (#t%)? =

y*z is isomorphic to Mo : 22. We expand our relations as follows:

(1) Relation (zzyt)®=1

(zayt)b=1

— [(1,2)(4,7)(5,8)(9,10) * (1,2,10)(3,4,5)(6,7,8) * (1,7,3,4,2,5,6,8) % ;15
= [(1,10,9,7,6,3,2,5,8,4) * t1]°

= (7t1)% (we let (1, 10,9, 7,6, 3,2, 5,8, 4)= 7)

— mhmtymtymtymt Tt

— 7r7r7r*1t17rt17rt17rt17rt17rt1

— wlrr 1t "ty wt byt ity
— 7r37r7r*1t1”2t71rt17rt17rt17rt1
— rhar iy T T
— Prr ™ T T
— T T T

- (1, 2,9,8, 6)(3, 10,5,7, 4)t3t6t7t9tt10t1:1.

(2) Relation (zt)8=1

= ((1,2)(4,7)(5,8)(9,10) * ;)%

— (mt1)® (we let (1,2)(4,7)(5,8)(9,10)= 7)
— mhirtimtimti Tttty Tty

— T T T T T T

— etqotytatitatitat1=1.
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(3) Relation (¢ *t%)? = y* * 2

(t * t%)?

= txtTxtxt”

— txt(1,2,10)(3,4,5)(6,7,8) « t « t(1,2,10)(3,4,5)(6, 7, 8)

- t1t2t1t2:y4 * 2.

(4) H Relation z s yxtsxxxtxyxtxx xtxyxt=Id(H)
= 2y(y) s to sty s ta L xtY xt
2y(yx ™) x ta * ty * % Wty xt

(

(
— zy(y(yaz)) * ta « V&) 5 77 5 ¥ s
— zy(yaz(zy)) « 7@ s @) g gy g
(

= 2y yx( )) * Totgtiotrtsy = 1.
Now we proceed with the Double Coset Enumeration (DCE) of G over H

and N.
First Double Coset HeN = [x]

We let HeN be denoted by [¥]. HeN = {H(e)"| n € N} = {H}. H is the
only single coset contained in the double coset [*]. The coset representative of the
double coset [*] is H. The coset stabilizer in H of the coset H is < H >. Therefore,

the number of single cosets of H is % = % =1.

H is transitive on X = {1,2,3,4,5,6,7,8,9,10}, so it has the single orbit
{1,2,3,4,5,6,7,8,9,10}. Select a t; representative from the single orbit, say 1, and

form the new double coset, [1].
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Second Double Coset Ht; N = [1]

Ht,N = {Ht,,Hty,Hts,Htq,Hts, Htg, Ht7, Htg,Htg, Ht1o}, with Ht; €
[1] which means that all 10 symmetric generators move forward to Ht; N since they

share the same orbit. The number of single cosets contained in this double coset is

given by %, where N() is the coset stabilizer of the coset Ht; which is greater

than or equal to the point stabilizer of 1 in N, denoted by Ht; > N'. N(O) > N1
= <(2,7)(3,9)(4,6)(5,10), (2,10,3,6,7,5,9,4), (2,3,4,6,10,8,7,5), (2,7,10,4)(3,5,8,6)>.

Therefore, the number of single cosets in the double coset Ht1N is

IN|  _ 720 _
|N(1>| =5 = 10.

The orbits of N on X are {1} and {2,5,6,4,7,9,8,3,10}. Now, selecting
a t; representative from each orbit, say 1 and 2, respectively, forming the cosets
Htt; and Htits. We must determine where each coset representative belongs to
which double coset:

Htltl =7 and Htltg =7
Now, Htt1 € [#], since Ht1t; = Ht? = H. Therefore, one symmetric gen-
erator goes back to [*]. Now, Htity forms a new double coset so nine symmetric

generators move forward to [12].

Third Double Coset Htito N = [12]

The number of single cosets contained in this double coset is given by

|V]

N where N(2) is the coset stabilizer of the coset H t1to which is greater
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than or equal to the point stabilizer of 12 in N, denoted by N'?; N2 = <

(3,4,9,8,6,5,10,7),(3,9,6,10)(4,8,5,7) >. Therefore, the number of single cosets

in the double coset Ht1t9N is V\Lﬂ” = 7%60 = 45.

The orbits of N(12) on X are {1},{2}, and {3,8,10,4,6,7,9,5}. Now, se-
lecting a t; representative from each orbit, say 1, 2, and 3, respectively, forming
the cosets Htitot1, Htqtots, and Htitots. We must determine where each coset
representative belongs to which double coset:

Htltgtl :?, HtthtQ :?, and Htltgtg =7

Htyitoty = Hty € [1], since Htytoty = Htit3 = Ht;. Therefore, one sym-

metric generator goes back to [1].

Proof of Htitet; = Hty € [1].By relation (3), we have t1tat; = to. Con-
jugating by H on the left, we obtain Httot1 = Hts. Now, conjugating Ht; by the

(1,2,10)(3,4,5)(6,7,8)
tl

permutation x, H = Hty € Ht; N = [1]. Therefore, one symmet-

ric generator goes back to [1].

Now, to prove Htytots = Htity € [12] we use our H relation,
z*y(x* y(x™ xy))tatgtiotsts = Id(H)
= zxy(z*y(z! xy))tatstio = trty
— Hzxy(x*y(x~! *y))tatstio = Htrty (since € H)
— Htatgt19o = Ht7t;. Now, conjugating by (1,10,3,7,9,4,8,2), we have
S

Htytots = Htqoto.
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But, H(tity)1:10:7:2:95643.8) — [ttg € [12]. Therefore, eight symmetric genera-

tors loop back to [1,2].

10 1 9 1+1

i
=

[12]
Ht1t2

Htl

=

Figure 5.1: Cayley diagram of My : 22 over PGL(2,9) : 2 and PGL(2,9)
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Chapter 6

Wreath Products

6.1 Wreath Products

Given two groups, H and K. The wreath product of H by K, denoted by
H ! K is a semi-direct product composed of as many copies of H as the number of
letters on which the permutation group K acts on. We define the wreath product
below.
Definition 5.1.1. (Wreath Product) Let X and Y be non-empty sets. Let H be
a permutation group on X and K on Y. Let Z = X x Y, then the wreath product
is a semi-direct product of X and Y. We define a permutation group on Z such

that we let v € H, and define a permutation of v(y) of Z by

’y(y) _ (l’,y)'-) (m7y)7 ifyl =Y

(xvyl) = (I;yl)7 y# n
Also, for k € K, define k*(x,y) = (z, (y)k); such that B = X,€ YH(y) is a direct

product of of the group generated by the y’s. Thus, G = B:k* is called a wreath
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product of H and K, where H is normal subgroup, denoted by H ! K. [Rot95]
We look at a few examples to help us better understand how wreath products are

generated.

6.1.1 Example: Z; ! Z;

Let H=<(1,2,3,4,5) > =2 Z5 and K = < (6,7,8,9,10) > = Zs5 be permutation
groupson X ={1,2,3,4,5 }and Y = {6, 7, 8, 9, 10}, respectively. We construct,

by hand, the permutation generators of the wreath product, H ! K.

Let Z = X x Y = { (16), (1,7), (1,8), (1,9), (1,10), (2,6), (2,7), (2.8),
(2,9), (2,10), (3,6), (3,7), (3,8), (3,9), (3,10), (4,6), (4,7), (4,8), (4,9), (4,10), (5,6),
(5,7), (5,8), (5,9), (5,10),}. We consider the labeling for the elements of Z:
By the wreath product definition, we let v = (1,2,3,4,5) € H and y € Y. So,
compute v1(6), v1(7), 71(8), 71(9), v1(10). We compute the action of y1=(1,2,3,4,5)
on K. Note, v will only change elements which contain 1, 2, 3, 4, and 5 in the x-

coordinate and 6 in the y-coordinate.
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Table 6.1: Labeling of Z

Labeling | Element
11 (1,6)
12 (1,7)
13 (1,8)
14 (1,9)
15 (1,10)
16 (2,6)
17 (2,7)
18 (2,8)
19 (2,9)
20 (2,10)
21 (3,6)
22 (3,7)
23 (3,8)
24 (3,9)
25 (3,10)
26 (4,6)
27 (4,7)
28 (4,8)
29 (4,9)
30 (4,10)
31 (5,6)
32 (5,7)
33 (5,8)
34 (5,9)
35 (5,10)

From Table 2, v;(6) = ((1,6), (2,6), (3,6), (4,6), (5,6))) = (11,16, 21, 26,
31). Similarly, we obtain v, (7) = (12,17,22, 27,32), 71(8) = (13,18,23,28,33), 71(9)
— (14,19,24,29,34), and 71 (10) = (15,20,25,30,35).

We have formed B = H(6) x H(7) x H(8) x H(9) x H(10), and obtain

five copies of Zs. This can be be expressed as B = < 71(6) > x < 7(7) > X
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Table 6.2: Labeling of ~1(6)

Labeling FElement Element Labeling
11 (1,6) —  (v(1),6) — (2,6) 16
12 (1,7) —  (v(),) — (1,7) 12
13 (1,8) — (v(1),8) — (1,8) 13
14 (1,9) —  (v(1),9) — (1,9) 14
15 (1,10) — (y(1),10) —  (1,10) 15
16 (2,6) —  (v(2),6) — (3,6) 21
17 (2,7) —  (v(2),) — (2,7) 17
18 (2,8) —  (v(2),8) — (2,8) 18
19 (2,9) — (72,9 — (2,9) 19
20 (2,10) — (7v(2),10)0 —  (2,10) 20
21 (3,6) —  (7(3),6) — (4,6) 26
22 (3,7) —  (v@3),1) — (3,7) 22
23 (3,8) —  (7(3),8) — (3,8) 23
24 (3,9) — (73,9 — (3,9) 24
25 (3,100 — (v(3),10) —  (3,10) 25
26 (4,6) —  (v(4),6) — (5,6) 31
27 (4,7) —  (v@),1) — (4,7) 27
28 (4,8) — (4,8 — (4,8) 28
29 (4,9) —  (v4),9) — (4,9) 29
30 (4,10) — (y(4),10) —  (4,10) 30
31 (5,6) —  (7(5),6) — (1,6) 11
32 (5,7) —  (v(5),) — (5,7) 32
33 (5,8) — (v(5),8) — (5,8) 33
34 (5,9) — (75,9 — (5,9) 34
35 (5,10) — (y(5),10) —  (5,10) 35

< 7(8) > x < m(9) > x < 7(10) >. We label each as a = (11,16, 21, 26,
31), b = (12,17,22, 27,32), ¢ = (13,18,23,28,33), d = (14,19,24,29,34), and e =

(15,20,25,30,35), such that B = < a> x<b> x <c > x <d > X < e >.

We now compute k*, where K = < (6,7,8,9,10)> = Z5. Since K is tran-

sitive, we compute k} = (6,7,8,9,10)". We proceed as shown above.
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Table 6.3: Labeling of v1(7)

Labeling

Element

Labeling FElement
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From Table 8 labeling, we obtain k7 = (11,12,13,14,15)(16,17,18,19,20)(21,22,23,24,25)

(26,27,28,29,30)(31,32,33,34,35), denoted by

(11,12,13,14,15)(16,17,18,19,20)(21,22,23,24,25) (26,27,28,29,30)(31,32,33,34,35).

f

So, k* = < k] > = < f >. Thus, the wreath product H ¢ K, such that,

B:k*=<a,b,c,d e>: <f>isZ21Zs.

G:
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Table 6.4: Labeling of 71 (8)

Labeling FElement

Labeling

Element
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6.1.2 A Presentation of Z ! Zs

To accomplish

Now, we write a presentation for the previous example.

Zg. H is composed of 5 copies of Zs

Z5 on H=

this, we compute the action of K

< f >. We compute:

:Z5:

which is generated by < a, b, ¢, d, e > and K



103

Table 6.5: Labeling of v1(9)

Labeling

Element

Labeling FElement
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(11,16,21, 26, 31)(11,12,13,14,15)(16,17,18,19,20)(21,22,23,24,25)(26,27,28,29,30)(31,32,33,34,35)

af

b,

(12,17,22,27,32)

(12,17, 22,27, 32)(11,12,13,14,15)(16,17,18,19,20)(21,22,23,24,25)(26,27,28,29,30)(31,32,33,34,35)

bf

¢

(13,18,23,28,33)

cf:d,
df =e,
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Table 6.6: Labeling of v1(10)

ement Labeling

—

E

—

Labeling E
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el =a,

Hence, a presentation for Zg ! Z5 is given by:

<a,b,c,d,ef]| a®, b, b, dd, ed, (a,b),(a,c),(a,d),(a,e),(bc),(b,d),(be),(cd), (ce),(de),

fooaf =b bl =c,cf =d,df =e,ef =a>.
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Table 6.7: Labeling of v1(7)

Labeling Element Element Labeling
8 (1,4) — (v(1)4) — (1,4) 8
9 (1,5) —  (y(1),5) — (1,5) 9
10 (1,6) —  (v(1),6) — (1,6) 10
11 (1,7) — (y(1),7) — (2,7) 15
12 (2,4) — (v(2)4) — (2,4) 12
13 (2,5) —  (7(2),5) — (2,5) 13
14 (2,6) — (7(2),6) — (2,6) 14
15 (2,7) — (v(2),7) — (3,7) 19
16 (3,4) — (v(3)4) — (3,4) 16
17 (3,5) —  (v(3),5) — (3,5) 17
18 (3,6) —  (v(3),6) — (3,6) 18
19 (3,7) — (v(3),7) — (1,7) 11

6.1.3 Verifying the Wreath Product Presentation for Z} ! Zs

In order to build a successful progenitor with MAGMA we need to confirm
that H and K are transitive. We verify to see if the presentation for the wreath

product is correct by doing the following MAGMA code:

W:=WreathProduct (CyclicGroup(5),CyclicGroup(5));
G<a,b,c,d,e,f>:=Group<a,b,c,d,e,f| a”5, b"5, ¢c°5, d°5, e°5, (a,b), (a,c),
(a,d), (a,e),(b,c), (b,d), (b,e), (c,d), (c,e),(d,e),
£f°5, a™f = b, b f =c, c’f =d, d°f = e, e7f = a >;

f,G1,k:=CosetAction(G,sub<G| Id(G)>);
#W;

15625

#G1;

15625



Table 6.8: Labeling of k* = (6,7,8,9,10)*
Labeling Element Element Labeling
11 (1,6) — (1,7) 12
12 (1,7) — (1,8) 13
13 (1,8) — (1,9) 14
14 (1,9) —  (1,10) 15
15 (1,10) — (1,6) 11
16 (2,6) — (2,7) 17
17 (2,7) — (2,8) 18
18 (2,8) — (2,9) 19
19 (2,9) —  (2,10) 20
20 (2,10) — (2,6) 16
21 (3,6) — (3,7) 22
22 (3,7) — (3,8) 23
23 (3,8) — (3,9) 24
24 (3,9) —  (3,10) 25
25 (3,10) — (3,6) 21
26 (4,6) — (4,7) 27
27 (4,7) — (4,8) 28
28 (4,8) — (4,9) 29
29 (4,9) —  (4,10) 30
30 (4,10) — (4,6) 26
31 (5,6) — (5,7) 32
32 (5,7) — (5,8) 33
33 (5,8) — (5,9) 34
34 (5,9) —  (5,10) 35
35 (5,10) — (5,6) 31

106
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IsIsomorphic(G1,W);

true Mapping from: GrpPerm: Gl to GrpPerm: W
Composition of Mapping from: GrpPerm: Gl to GrpPC and
Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: W
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Chapter 7

Isomorphism Types

7.1 Mixed Extension (23 :° Sy)

We find the isomorhpism type of the group N on 96 letters given below. xx
~ (1,86,25,96)(2,51,40,54)(3,73,60,77)(4,78,67,70)(5, 85, 7,88)(6,87,28,64)(8,17, 72,
58)(9,90, 82, 55)(10, 14, 12,92)(11, 89,39, 71)(13, 22, 76,69)(15, 75, 65, 80) (16,41, 19, 79)(18,
74,68, 35)(20,33,57,84)(21,48,23,47)(24, 95, 29, 45)(26, 31, 62, 34)(27, 46, 66, 49) (30, 59, 32,
56)(36, 53, 38,50)(37,91, 81,52)(42,61,44,94)(43,93,83,63) and yy ~ (1,3,14)(2, 8, 13)(4, 20,
51)(5,15,55)(6,26,71)(7,19,54)(9, 35,46)(10, 30,64)(11,41,70)(12, 34,49)(16, 50,21)(17, 61,
29)(18,63,24)(22,68,89)(23,65,92)(25, 57, 53)(27,59,94)(28, 56, 52) (31, 45, 36) (32, 76, 38)(33,
78,43)(37,80,47)(39, 75,96)(40, 74, 95) (42, 84, 85)(44, 77, 48) (58,91, 69)(60, 90, 67) (62, 93, 66) (72,
87,82)(73,86,83)(79,88,81) with the order of N equal to 192.

We examine the composition factors of N, which show us the simple

groups.

CompositionFactors(N);
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>G
| Cyclic(2)
*
|  Cyclic(3)
*
| Cyclic(2)
*
| Cyclic(2)
*
| Cyclic(2)
*
| Cyclic(2)
*
|  Cyclic(2)
1

Now, we look at the normal lattice of N to see how our group looks like. Finding
the largest abelian normal subgroup can help us determine whether this a direct
product, split, nonsplit, mixed or central extension. In this case, NL[4] is our

largest normal abelian subgroup.

NL:=NormalLattice(N);
NL;

>Normal subgroup lattice

[8] Order 192 Length 1 Maximal Subgroups: 7



(5]
(4]
(3]

Order 96

Order 32

Order 8

Order 8

Order 8

Order 2

Order 1

Length 1

Length 1

Length 1

Length 1

Length 1

Length 1

Length 1

Maximal

Maximal

Maximal

Maximal

Maximal

Maximal

Maximal

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

110

345

We proceed by determing the isomorphism type of NL[4]. We see that

NL[4] is either Zg, 4x2 or 2x2x2. Our guess is that NL[4] is 2x2x2 since NL[4] has

three generators of order 2 as shown below.

NL[4];

>Permutation group acting on a set of cardinality 96

Order

=8 =273

46) (14,
69) (28,
73) (43,
92) (56,

95) (88,

51) (15,
29) (30,
81) (45,
68) (57,

96)

(1, 5)(2, 10)(3, 16) (4, 21)(6, 24)(7, 25)(8, 31)(9, 36) (11, 42)(12,

20) (17, 62) (18, 59) (19, 60) (22, 66) (23, 67) (26,

35) (32, 74)(33, 75)(34, 72)(37, 83)(38, 82)(39,

64) (47, 70) (48, 78) (49, 76) (50, 55) (52, 93) (53,

65) (61, 89) (63, 91) (71, 94) (77, 79)(80, 84)(85,

40) (13,
58) (27,
44) (41,
90) (54,

86) (87,
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(1, 23)(2, 38)(3, 57)(4, 7)(5, 67)(6, 22)(8, 74)(9, 12)(10, 82)(11, 43)(13,
87) (14, 90) (15, 19) (16, 65) (17, 18) (20, 60) (21, 25)(24, 66) (26, 56) (27,
29) (28, 69) (30, 34)(31, 32)(33, 73)(35, 72)(36, 40) (37, 44) (39, 83) (41,
75) (42, 81) (45, 49) (46, 95) (47, 96) (48, 86) (50, 54) (51, 53)(52, 94) (55,
92) (58, 68) (59, 62)(61, 91)(63, 89) (64, 76) (70, 88) (71, 93) (77, 84)(78,
85) (79, 80)

(1, (2, 12)(3, 19) (4, 23)(5, 25)(6, 29) (8, 34)(9, 38)(10, 40)(11, 44)(13,
49) (14, 54) (15, 57) (16, 60) (17, 26) (18, 56) (20, 65) (21, 67) (22, 27) (24,
28) (30, 74) (31, 72)(32, 35)(33, 80) (36, 82) (37, 43)(39, 42) (41, 77) (45,
87) (46, 76) (47, 78)(48, 70) (50, 90) (51, 92) (52, 63) (53, 55)(58, 62) (59,
68) (61, 71) (64, 95) (66, 69) (73, 79) (75, 84)(81, 83)(85, 96) (86, 88)(89,

94) (91, 93)
We do the following to verify our initial suspicion.

X:=AbelianGroup(GrpPerm, [2,2,2]);
IsIsomorphic(NL[4],X);

>true

Thus, we can say that NL[4] is 23. So far, our presentation for NL[4] is

as follows:

H<a,b,c>:=Group<a,b,cla"2,b~2,c"2,(a,b), (a,c), (b,c)>;
f,H1,k:=CosetAction(H,sub<H|Id(H)>);
w:=IsIsomorphic(H1,NL[4]);

W,

>true
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Next, we want to factor out N by NL[4]. So we examine the normal lattice

of q to determine the isomorphism type of q.

q,ff:=quo<N|NL[4]>;

q;

>Permutation group q acting on a set of cardinality 4
Order = 24 = 273 * 3

(1, 2)

(2, 3, 4

Since q is of order 24, we can quickly determine that ¢ = S4. Note: full explanation
of finding isomorphism type of q on appendix. Therefore, a presentation for q is as
follows: Q < d,e|d?, €3, (e *d)* >. Now, we conjugate q by N/NL[4] =< NL[4]D,
NL4E >=(<A>D,<B>D,<C>D,<A>E<B>E<C>E)
to determine the action of Q on H by labeling the generators of NL[4] and the

generators of q as follows:

>T:=Transversal (N,NL[4]);

>for i in [1..#T] do if ££f(T[i]) eq q.1 then i; end if; end for;
2

>for i in [1..#T] do if f£f(T[i]l) eq q.2 then i; end if; end for;

3

>A:=NL[4].1; B:=NL[4].2; C:=NL[4].3;

>D:=T[2]; E:=T[3];

The reader should note that the generators were saved as permutations, but for
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simplicity we do not show here. If the reader wishes to see how this was done,

please refer to the appendix. As previously shown, we will conjugate the generators

of H by the generators of Q, hence, give us a word that is equal in terms of H.

>for i,j,k in [0..1]
100
>for i,j,k in [0..1]
011
>for i,j,k in [0..1]
111
>for i,j,k in [0..1]
110
>for i,j,k in [0..1]
001
>for i,j,k in [0..1]

001

do

do

do

do

do

do

if

if

if

if

if

if

A"T2

A"T3

B"T2

B"T3

C"T2

C"T3

eq A"i*B"j*C"k then

eq A"i*B"j*C"k then

eq A"i*B"j*C"k then

eq A"i*B"j*C"k then

eq A"i*B"j*C"k then

eq A"i*B"j*C"k then

i,3,k;

i,j,k;

i,j,k;

i,j,k;

i,j,k;

i,j,k;

end

end

end

end

end

end

if;

if;

if;

if;

if;

if;

Now, this indicates that a® = a,a® =bxc,b =axbxc,b* =axb,c? = ¢,

and ¢® = ¢, we will add them to the overall presentation K which contains all the

elements from H and Q.

>K<a,b,c,d,e>:=Group<a,b,c,d,ela”"2,b"2,c"2, d~2,e"3,(e"-1*d) "4,

(a,b),(a,c),(b,c), a~d=a,a"e=b*c,b d=a*b*c,b”e=a*xb,c d=c,c e=c>;

>#K;

192

>f ,K1,k:=CosetAction(K,sub<K|Id(K)>);

end

end

end

end

end

end

for;

for;

for;

for;

for;

for;
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>IsIsomorphic(N,K1);

false

This tells us that N is not a semi-direct 2% : Sy but the mixed extension of 23 by
S4. That means, one of the generators of q must be further investigated. More

specifically, we look at (e~'d)*.

>(T[3]1"-1*T[2])"4;

(1, 72, 12)(3, 19)(4, 23)(5, 25)(6, 29)(8, 34)(9, 38)(10, 40) (11,
44) (13, 49) (14, 54) (15, 57) (16, 60) (17, 26) (18, 56) (20, 65) (21,
67) (22, 27) (24, 28) (30, 74)(31, 72)(32, 35)(33, 80) (36, 82) (37,
43) (39, 42) (41, 77)(45, 87) (46, 76) (47, 78) (48, 70) (50, 90) (51,
92) (52, 63) (53, 55) (58, 62)(59, 68) (61, 71)(64, 95) (66, 69) (73,
79) (75, 84) (81, 83)(85, 96) (86, 88) (89, 94) (91, 93)

> C eq (T[3]1°-1%T[2])"4;

true

Thus, we can see that (e~'d)* = C. Hence, our final presentation is:
K <a,b,c,d,e >:= Group < a,b,c,d, e|a®,b?, %, d?%, e3, (e"1xd)* = ¢, (a,b), (a,c), (b, ¢c),a =
a,a° =bxc,b? =axbxc, b =axb,c® = ¢, c® =c>. To verify that this is correct

we check that our order is still 192.

>K<a,b,c,d,e>:=Group<a,b,c,d,ela”2,b"2,c"2, d72,e"3,(e"-1*d) "4=c,
(a,b),(a,c),(b,c), a“d=a,a"e=b*c,b d=a*b*c,b”e=a*b,c d=c,c e=c>;
>H#K;

192

>f ,K1,k:=CosetAction(K,sub<K|Id(K)>);



115

>IsIsomorphic(N,K1);

true

Thus, we verified our final presentation and can conclude that the isomorphism

type of N is the mixed extension (23 :* Sj).

7.2 Semi-direct (3%:(2:5)))
We begin with a transitive group on 72 letters.

>S:=Sym(72);

>xx:=S!(1, 23, 49, 32, 12, 60)(2, 44, 16, 45, 17, 62)(3, 41, 6, 55, 50, 33)(4,
63, 14, 46, 8, 43)(5, 66, 26, 58, 31, 72)(7, 61, 19, 28, 42, 10)(9, 20, 24,
54, 29, 38)(11, 69, 35, 70, 37, 18) (13, 21)(15, 36, 59, 53, 47, 48) (22,

67) (25, 40, 71, 27, 68, 52)(30, 64, 39, 57, 34, 56)(51, 65);

>yy:=s!(1, 35, 58, 2, 6, 54, 25, 4)(3, 40, 46, 64, 14, 21, 19, 69)(5, 36,
38, 15, 22, 60, 17, 55)(7, 43, 66, 29, 32, 53, 71, 30)(8, 23, 27, 57, 37,
39, 67, 41)(9, 13, 50, 59, 42, 26, 20, 44) (10, 24, 12, 31, 45, 48, 16,

65) (11, 63, 18, 51, 49, 34, 61, 52)(28, 62, 68, 70, 33, 56, 72, 47);
>N:=sub<S|xx,yy>;

>HN;

432

Next we check the compositon factors of N to see what kind of simple

groups it consists of.

>CompositionFactors(N);
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G
| Cyclic(2)
*
|  Cyclic(3)
*
| Cyclic(2)
*
| Cyclic(2)
*
| Cyclic(2)
*
|  Cyclic(3)
*
| Cyclic(3)
1

The normal lattice of N is as follows

H Normal Subgroup Order H

[6] 432
[5] 216
4] 72
3] 18
2]

[1] 1

In this example, the largest abelian normal subgroup is NL[2]. We can see that

the order of this is 9 so it can either be Zg or Z3Z3. Magma verifies that it is in



fact, Z3Z3. And a presentation of NL[2] is shown in H.

>X:=AbelianGroup(GrpPerm, [3,3]);
>s:=IsIsomorphic(NL[2],X);
>s;

I

true

>H<a,b>:=Group<a,bla~3,b"3, (a,b)>;
>HH;

9

>f ,H1,k:=CosetAction(H,sub<H|Id(H)>);
>wl:=IsIsomorphic(H1,NL[2]);

>wl;

true
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Now, we because there is no normal subgroup of order 48 outside of NL[2]. So, N

cannot be a direct product. Hence, we need to investigate what the isomorphism

of q is to helps us determine the type for our group.

7.3 Semi-direct (2°:4)

We begin with a transitive group on eight letters.

>S:=Sym(8) ;
>xx:=S!1(1, 8)(2, 3)(4, 5)(6, 7);
Syy:=S1(1, 3)(2, 8)(4, 6)(5, 7);

>zz:=S1(1, 5)(2, 6)(3, 7)(4, 8);
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>tt:=S!1(1, 3)(4, 5, 6, 7);

>N:=sub<S|xx,yy,zz,tt>;

>#N;

32

Next, we examine the composition factors of N to see the simple groups of N.

>CompositionFactors(N) ;

G
|

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

As previously seen, we examine the normal lattice of N to get an idea

of how our N will look like, i.e. direct product, split, non-split, central or mixed

extension.

NL:=NormalLattice(N);

NL;
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Normal subgroup lattice

[12] Order 32 Length 1 Maximal Subgroups: 9 10 11

[11] Order 16 Length 1 Maximal Subgroups: 7
[10] Order 16 Length 1 Maximal Subgroups: 6 7 8

[ 91 Order 16 Length 1 Maximal Subgroups: 7

[ 8] Order 8 Length 1 Maximal Subgroups: 3
[ 7] Order 8 Length 1 Maximal Subgroups: 3 4 5

[ 6] Order 8 Length 1 Maximal Subgroups: 3

[ 6] Order 4 Length 1 Maximal Subgroups: 2
[ 4] Order 4 Length 1 Maximal Subgroups: 2

[ 31 Order 4 Length 1 Maximal Subgroups: 2

[ 2] Order 2 Length 1 Maximal Subgroups: 1

[ 1] Order 1 Length 1 Maximal Subgroups:

In this case, the largest normal abelian subgroup of N is NL[8] with order 8. Thus,
NL[8] is isomorphic to either Zg, Zy X Zy or Za X Za x Z3. NL[8] has three generators

of order 2 so our initial suspicion is that it is isomorphic to Zg.

>X:=AbelianGroup(GrpPerm, [2,2,2]);
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>IsIsomorphic(NL[8],X);

true

Hence, a presentation for NL[8] is as follows
H < a,b,c >:= Group < a,b,cla®,b?, ¢, (a,b), (b, c), (a,c) >. We verify that this

is correct:

>#H;

8

>f ,H1,k:=CosetAction(H,sub<H|Id(H)>);
>IsIsomorphic(H1,NL[8]);

true

We know that IV cannot be a direct product since there is no other normal

subgroup of order 4 that is not contained in NL[8]. Factoring N by NL[8]:

>q,ff:=quo<N|NL[8]>;
>q;
Permutation group q acting on a set of cardinality 4
Order = 4 = 272
Id(q)
Id(q)
Id(q)
1, 2, 3, 4
> IsCyclic(q);

true
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Therefore, isomorphism type of q is Q < d|d* >. Now to find the action of q on

H. Since q is abelian, we can find it by doing the following loops:

>T:=Transversal (N,NL[8]);

>for i in [1..#T] do if f£f(T[i]) eq q.1 then i; end if; end for;
1

>for i in [1..#T] do if f£f(T[i]) eq q.2 then i; end if; end for;
1

>for i in [1..#T] do if f£f(T[i]l) eq q.3 then i; end if; end for;
1

>for i in [1..#T] do if f££f(T[i]l) eq q.4 then i; end if; end for;
2

The generators for NL[8] and q are labeled as such:

>A:=N!(1, 5)(2, 6)(3, 7)(4, 8);

>B:=N!(1, 3)(2, 8)(4, 6)(5, 7);

>C:=N!(1, 8)(2, 3)(4, 5)(6, 7);

>D:=N!(1, 3)(4, 5, 6, 7);

Now, we conjugate every generator of NL[8] by D, such that, N/N L[8]=<
NL[8]D >. N/NLS|=(< A>D,<B>D,<C>D,).

>for q,r,s in [0..1] do if A°D eq A"q*B"r*C"s then q,r,s; end
if; end for;

101

>for q,r,s in [0..1] do if B"D eq A"g*B"r*C"s then q,r,s; end

if; end for;



010

>for q,r,s in [0..1] do if C°D eq A"q*B"r*C"s then q,r,s; end
if; end for;

011

>A”D eq AxC;

true

>B”°D eq B;

true

>C”D eq B*C;

true
Thus, a final presentation of N is the following

>Z<a,b,c,d>:=Group<a,b,c,d|a"2,b"2,c"2,(a,b), (a,c), (b,c),
d~4, a“d=axc,(b,d),c d=b*c>;

>HZ,

32

>f,Z1,k:=CosetAction(Z,sub<Z|Id(Z)>);

>#71;

32

>w:=IsIsomorphic(Z1,N);

>W;

true

Hence, our presentation of N = (23 : 4).

122
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7.4 Semi-direct (71:(2%:2))

We start with a transitive group on 28 letters. N is of order 38416 with
x ~ (1,14, 17, 27, 7, 9, 20, 22, 6, 11, 16, 24, 5, 13, 19, 26, 4, 8, 15, 28, 3,10, 18,
23, 2, 12, 21, 25) and y ~ (1, 28, 5, 22)(2, 23, 4, 27)(3, 25)(6, 24, 7, 26)(8, 16)(9,
21, 14, 18)(10,19, 13, 20)(11, 17, 12, 15).

In this case, the largest abelian normal subgroup is NL[7] and the order
is 2401. So the isomorphism type is either Zs491, or a combination of multiple of
7. We know that it cannot be a direct product since there does not exist a normal
subgroup of order 16 outside of NL[7]. Thus, a presentation for NL[7] is shown by
E. Since NL[7] has four generators of order 7 we can assume it is7%, Magma can

comfirm that we have 74. And a presentation for NL[7] follows.

>IsIsomorphic(NL[7],AbelianGroup(GrpPerm, [7,7,7,71));
true

>E<a,b,c,d>:=Group<a,b,c,d|a"7,b"7,c"7,4°7, (a,b),
(a,c), (b,c), (a,d), (b,d), (c,d)>;

>HE;

2401

Now we must factor out N by NL[7] and NL[7] is an extension of ¢ =
N/NLI7]. The generators of qare £ = (1,2,4,7)(3,5,8,6) and F' = (1, 3,6,2)(4,8,5,7).

Hence, a presentation for q is
F <e, f>=Group<e,flet, f4 (e 1 f1)2 (ex f1)?2>

After a series of transversal computations T[i] of NL[7] in N, such that

T[2] ~ E and T[3] ~ F. We find that
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AT — A¥B5 % C x DS,
BTER = A*BS « 04 % D3,
CcTR = 2%« Db,
DT = 5« D
ATBl = A*B5 % C x DS,
BTBl = A*BS « 02 % D3,
CTBl = €2« D and
DTBl = €6« D°

Therefore, a final presentation of N is J < a, b, ¢, d, e, fla”,b7,c",d", (a,b), (a,c), (b, c), (a, d),
(b,d), (c,d), e, f4, (e L f~1)2 (ef )2, a¢ = ab®cd®, b = ab®c*d?, ¢ = 2d°,
dé¢ = AdP,af = ab®edb, b = ab®c2d3, ¢f = 2d®, df = Pd® >. And we can confirm

via Magma that this is correct.

> #J; #N;

38416

38416

> f,J1,k:=CosetAction(J,sub<J|Id(J)>);
> IsIsomorphic(J1,N);

true

Thus, we can conclude that N is a semi-direct of (74: (23 : 2)).
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Appendix A

MAGMA CODE Construction
of 2% : (3% : 4) over (3% : 4)

N:=TransitiveGroup(6,10);

N;

S:=Sym(6) ;

xx:=S1(2, 4, 6);
yy:=S!(1, 5)(2, 4);
zz:=S!(1, 4, 5, 2)(3, 6);
N:=sub<S|xx,yy,zz>;

#N;

FPGroup (N) ;
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NN<a,b,c>:=Group<a,b,cla”3,b"2,c"4, (a"-1%b) "2,
c"-1%b*c™-1,a"-1*c " —-1*a"-1*xc~—-1*xa"—-1*c*axc>;

#NN;

Set (N);

SchreierSystem*/

SchreierSystem (NN, sub<NN|Id(NN)>) ;

Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);

ArrayP:=[Id(N): i in [1..#N]];

for i in [2..#N] do

P:=[Id(N): 1 in [1..#Sch[i]]];

for j in [1..#Sch[i]] do

/* we put -1 if our G contains powers to the negativex/
if Eltseq(Sch[i]) [j] eq 1 then P[j]:=xx; end if;

if Eltseq(Sch[i]) [j] eq -1 then P[jl:=xx"-1; end if;

if Eltseq(Sch[il) [j] eq 2 then P[j]:=yy; end if;

if Eltseq(Sch[i]) [j] eq 3 then P[j]l:=zz; end if;

if Eltseq(Sch([i]) [j] eq -3 then P[jl:=zz"-1; end if;

end for;
PP:=Id(N);

for k in [1..#P] do
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PP:=PP#*P[k]; end for;
ArrayP[i] :=PP;

end for;

N1:=Stabilizer(N,1);

N1i;

for i in [1..#Sch] do if ArrayP[i] eq N!(2,4,6) then Sch[i]; end if; end for;

for i in [1..#Sch] do if ArrayP[i] eq N!(2,6)(3,5) then Sch[i]; end if; end for;

XX;

ZZ¥XX " —1*%ZZ*XX;

N1 eq sub<N|xx,zz*xx~-1*zz*xx>;
G<x,y,z,t>:=Group<x,y,z,t|x"3,y"2,274, (x"-1*y) "2,
z7-1xyxz7-1,x7-1%z7 - 1*x"-1xz" - 1*x " -1xzxx*z,t72,

(t,x), (t,zxx"—1%z%x)>;

Orbits(N1);

for j in [1..6] do for i in [1..#N] do if 1"ArrayP[i] eq j then j,

Sch[i]; break; end if; end for; end for;
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NN;

#NN;

G<x,y,z,t>:=Group<x,y,z,t|x"3,y"°2,274, (x"-1*y) "2,
z7-1xyxz7 -1 ,x7-1xz7 - 1*x"-1xz" - 1*x " -1xzxx*z,t72,
(t,x), (t,z*x"-1%z*x) ,

(t,t" (zxx*z)), (t,t"(z"-1))>;

#G;

276%*36;

C:=Classes(N);
for i in [2..#C] do i, C[i][3]; for j in [1..#N] do
if ArrayP[j] eq C[i][3] then Sch[j]; end if; end for;

Orbits(Centralizer (N,C[i] [3])); end for;

for j in [1..6] do for i in [1..#N] do if 1"ArrayP[i] eq j then j,

Sch[i]; break; end if; end for; end for;
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MAGMA CODE Isomorphism
Type of 2% (32 : 4)

N:=TransitiveGroup(6,10);
N;

S:=Sym(6) ;

xx:=51(2, 4, 6);

yy:=S!(1, 5)(2, 4);
zz:=S!1(1, 4, 5, 2)(3, 6);

N:=sub<S|xx,yy,zz>;

/* to find isom type of G */
a:=0;b:=0;c:=0;d:=0;e:=6;£:=3;g:=8;h:=0;1:=0;j:=0;
G<x,y,z,t>:=Group<x,y,z,t|x"3,y72,274, (x"-1*y) "2,

z7-1xy*xz" -1, x7-1%z7 - 1*x " - 1%z - 1*%x" - 1*zxx*z,

129



t72, (t,x), (t,zxx"-1*z*xx) , (y*t) "a, (y*t~(z"-1)) "D,
(z*xx*z"-1%t) “c, (z¥x*z"-1%t~(z"-1))"d,
(x*xzxx*z"-1%t) "e, (x*xzxx*z"-1%t~(z"-1)) £, (zxt) "g,
(zxt"2z"-1)"h, (z"-1%t) "1, (z" 1%t~ (z"-1)) " j>;

#G;

> f,G1,k:=CosetAction(G,sub<Gl|x,y,z>);

> CompositionFactors(Gl);

> X:=AbelianGroup(GrpPerm, [2,2,2,2]);
> NL:=NormalLattice(G1);

> NL;

\

IsIsomorphic(X,NL[2]);

\4

q,ff:=quo<G1|NL[2]>;

A\

IsIsomorphic(qg,sub<Gl|f(x),f(y),f(z)>);

130
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Appendix C

MAGMA CODE Monomial
Progenitor 3*" :,, PSL(2,7)

Consider the following group G and its subgroup H.
S:=Sym(7);

xx:=S!(1, 2, 3, 4, 5, 6, 7);

yy:=S!(1, 2)(3, 6);

G:=sub<S|xx,yy>;

#G;

CG:=CharacterTable(G);

H:=sub<G| (1, 5)(2, 7),(1, 2, 4(5, 6, 7)>;

#H;

CH:=CharacterTable(H) ;

CH[2];
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CG[5];

I:=Induction( CH[2],G);

I;

C:=Classes(G);

#C;

Cl11;

Cl21;

"C2=",Set(Class(G,C[2] [3]));

C[3];

"C3=",S8et(Class(G,C[3]1[3]));

Ccl4];

"C4=",Set(Class(G,C[4][3]));

cl5];

"Cb=",Set(Class(G,C[5][3]1));
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clel;

"C6=",Set(Class(G,C[6][3]));

D:=Classes(H);

D;

D[1];

"D1=",Set(Class(H,D[1]1[31));

D[2];

"D2=",Set(Class(H,D[2] [3]));

D[3];

"D3=",Set (Class(H,D[3]1[3]1));

D[4];

"D4=",Set(Class(H,D[4]1[31));

D[5];

"D5=",Set(Class(H,D[5][3]));

CH:=CharacterTable (H) ;

CH;
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T:=Transversal(G,H);
#T; /% 7 , Will be 7 since #G/#H=7.%/

T;

/* this is the version he showed in class to find perm of A */
T[1]*xx*T[1]"-1 in H;/* false */
T[1]*xx*T[2] -1 in H;/* true */
T[1]*xx*T[3]"-1 in H;/* false */
T[1]*xx*T[4] -1 in H;/* false */
T[1]*xx*T[5]"-1 in H;/* false */
T[1]*xx*T[6]"-1 in H;/* false */

T[1]1*xx*T[7]"-1 in H;/* false */

T[1]*xx*T[2]"-1; /* Id(S) */
CH[2] (H!'Id(S));/* 1 */

/* so the first row is [1,0,0,0,0,0,0]

T[2]*xx*T[1]"-1 in H;/* false */
T[2]*xx*T[2] -1 in H;/* false */
T[2] *xx*T[3]"-1 in H;/* false */
T[2] *xx*T[4]"-1 in H;/* truex/

T[2] *xx*T[5] -1 in H;/* false */
T[2]*xx*T[6] -1 in H;/* false */

T[2]*xx*T[7] -1 in H;/* false */



135

T[2] *xx*T[4]"-1; /*Id(S) */
CH[2] (H!Id(S));/* 1 =/

/* so the second row is [0,1,0,0,0,0,0]

T[3]*xx*T[1] -1 in H;
T[3]*xx*T[2] -1 in H;
T[3]*xx*T[3] -1 in H;
T[3]*xx*T[4] -1 in H;
T[3]*xx*T[5] -1 in H;/* true */
T[3]*xx*T[6] -1 in H;

T[3]*xx*T[7]"-1 in H;

T[3]*xx*T[5]"-1;/* Id(8S) */
CH[2] (H!Id(S));/* 1 =/

/* so the third row is [0,0,1,0,0,0,0]

T[4]*xx*T[1]"-1 in H;
T[4]*xx*T[2] "-1 in H;
T[4]*xx*T[3]"-1 in H;/* true */
T[4]*xx*T[4] -1 in H;
T[4]*xx*T[5] -1 in H;
T[4]*xx*T[6]"-1 in H;

T[4]*xx*T[7]"-1 in H;
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T[4]*xx*T[5]"-1;/* Id(S) */
CH[2] (H!Td(8));/* 1 %/

/* so the fourth row is [0,0,0,1,0,0,0]

T[5]*xx*T[1]"-1 in H;
T[5]*xx*T[2] "-1 in H;
T[5]*xx*T[3] -1 in H;
T[5]*xx*T[4]"-1 in H;
T[5]*xx*T[5] -1 in H;
T[5]*xx*T[6] -1 in H;/* truex/

T[5]*xx*T[7]"-1 in H;

T[5]*xx*T[6]"-1; /*(1, 4, 5)(2, 7, 6)*/
CH[2] (H! (1, 4, 5)(2, 7, 6));/* 1 */

/* so the fifth row is [0,0,0,0,1,0,0]

T[6]*xx*T[1] -1 in H;
T[6]*xx*T[2] -1 in H;
T[6]*xx*T[3]"-1 in H;
T[6]*xx*T[4] -1 in H;
T[6]*xx*T[5]"-1 in H;

T[6]*xx*T[6] -1 in H;
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T[6]*xx*T[7]"-1 in H;/* true */

T[6]*xx*T[7]"-1; /*(1, 2, 7, 5)(4, 6)*/
CH[2](H!'(1, 2, 7, B)(4, 6));/*x -1 */

/* so the sixth row is [0,0,0,0,0,-1,0]

T[7]*xx*T[1]"-1 in H;/* true */
T[7]*xx*T[2] -1 in H;
T[7]*xx*T[3] -1 in H;
T[7]*xx*T[4]"-1 in H;
T[7]*xx*T[5] -1 in H;
T[7]*xx*T[6]"-1 in H;

T[7]*xx*T[7]"-1 in H;

TL[71*xx*T[1]1°-1; /*(1, 4, 7, 6)(2, 5)*x/
CH[2](H!(1, 4, 7, 6)(2, B));/* -1 */

/* so the seventh row is [-1,0,0,0,0,0,0]%/

for i in [1..7] do if T[1]*xx*T[i]"-1 in H then i; end if; end for;

/* 2 , this means we will take i=2, CH[2]xxT2 */

CH[2] (T[1]*xx*T[2]"-1);

/* 1 , this command means my first row of matrix is (1,0,0,0,0,0,0)
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Now , we check the second row: */
for i in [1..7] do if T[2]*xx*T[i]"-1 in H then i; end if; end for;

/* 2 , this means we will take i=4, CH[4]xxT2x*/

CH[2] (T[2]*xx*T[4]~-1);
/* 1 , this means the second row of the matrix is (0,1,0,0,0,0,0)

we continue this same process for rows 3-7 */

C:=CyclotomicField(3); /* Hasan looked at my CH[2] to determine this */

A:=[[C.1,0,0,0,0,0,0]: i in [1..71]1;

for i,j in [1..7] do A[i,j]l:=0; end for;

for i,j in [1..7] do if T[il*xx*T[j]"-1 in H then
Ali,j]:=CH[2] (T[i]l*xx*T[jl"-1); end if; end for;

A;

/*rewrite this for yy */

for i in [1..7] do if T[1]*yy*T[i]l"-1 in H then i; end if; end for;

/* 3 , this means we will take CH[2]yyT3x/

CH[2] (T[1]*yy*T[3]1"-1);/* -1 %/

C:=CyclotomicField(3); /* Hasan looked at my CH[2] to determine this */

B:=[[C.1,0,0,0,0,0,0]: i in [1..71];
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for i,j in [1..7] do B[i,j]l:=0; end for;
for i,j in [1..7] do if T[il*yy*T[jl~"-1 in H then
B[i,j]:=CH[2] (T[il*yy*T[j]~-1); end if; end for;

B;

/*Let us now write A as A(xx) and B as A(yy).*/
GG:=GL(7,C);

GG!'A;

/*

[0 1 0 0 0 0 O]

[0O 0 1 0 0 0 0]

[oOo O 0 0 0 1 0]

GG!B;
/*

[0 0-1 0 0 O O]

[kt 0 0 0 0 0 O]

[0O O 0-1 0 0 O]
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[O O 0 0-1 0 O]
[LO 0O 0 0 O 0 -1]
[0O O 0 0 0-1 0]
*/

/*Now we check faithfulness*/
Order (GG!'A) ;

/* T %/

Order (xx) ;

/* T */

Order (GG!B) ;

/* 2 */

Order(yy);

/%2 */

IsIsomorphic(G,sub<GG|GG!A, GG!B>);/*true,

by these calculations above, this means it is faithfulx/

GG:=GL(7,GF(3));
GG!A;

/*

(010000 0]
(000100 0]

[000O010 0]
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[001000 O]
[0000O010]
[0000O0O0 2]

[200000 0]

So we have A(xx)=(1, 2, 4, 3, 5, 6, 14)(7, 8, 9, 11, 10, 12, 13)

Now we just write A(xx)=A as a permutation. */

S:=Sym(14); /* we write 14 since we had a total of 14 ti’s x/

Aper:=S!(1, 2, 4, 3, 5, 6, 14)(7, 8, 9, 11, 10, 12, 13);

GG!B;

/*

[002000 0]
[01 0000 0]
[200000 0]
[000200 0]
[000020 0]
[0000O0O0 2]

[0000O020]

So we have A(yy)= (1,10)(3,8)(4,11)(5,12)(6,14)(7,13)

Now we just write A(yy)=B as a permutation. */



S:=Sym(14); /* we write 14 since we had a total of 14 ti’s */

Bper:=S!(1,10)(3,8) (4,11)(5,12) (6,14) (7,13);

Order (Aper) eq Order(GG!'A);
Order (Aper) eq Order(xx);
Order (Bper) eq Order(GG!B);

Order (Bper) eq Order(yy);

IsIsomorphic(sub<S|Aper,Bper>,sub<GG|GG!A,GG!B>);

S:=Sym(14);

xx:=S'(1, 2, 4, 3, 5, 6, 14)(7, 8, 9, 11, 10, 12, 13);

yy:=S!(1,10) (3,8) (4,11) (5,12) (6,14) (7,13) ;

N:=sub<S|xx,yy>;

#N; /* 168 %/

N;

FPGroup(N) ;

NN<a,b>:=Group<a,b | a”7, b~2, (b*a)~3, (axb*a~2)"4 >;

#NN; /* 168 */

Nt:=Stabiliser(N,{1,8});
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#Nt;

Nt;

word:=function(4)
Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);

for i in [2..#NN] do

P:=[Id(N): 1 in [1..#Sch[ill];

for j in [1..#Sch[i]] do

if Eltseq(Sch[i]l) [j] eq 1 then P[j]:=xx; end if;

if Eltseq(Sch([i]) [j] eq -1 then P[j]l:=xx"-1; end if;

if Eltseq(Sch[i]) [j] eq 2 then P[jl:=yy; end if;

end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PP*P[k]; end for;

if A eq PP then B:=Sch[i]; end if;
end for;

return B;

end function;

A:=N'(2, 7, 12)(3, 11, 13)(4, 6, 10)(5, 9, 14);

B:=N!(2, 10)(3, 9)(4, 14)(5, 12)(6, 13)(7, 11);
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C:=N!(1, 8)(2, 6, 3, 12)(4, 7, 11, 14)(5, 9, 13, 10);

word (4A) ;

word(B) ;

word(C) ;

W:=WordGroup(N) ;

rho:=InverseWordMap (N) ;

A:=N1(2, 7, 12)(3, 11, 13)(4, 6, 10)(5, 9, 14);

B:=N!(2, 10)(3, 9)(4, 14)(5, 12)(6, 13)(7, 11);

C:=N!(1, 8)(2, 6, 3, 12)(4, 7, 11, 14)(5, 9, 13, 10);

AQ@rho;

wA:= function(W)

w3

W.174; w2 := W.27-1; w4 := W.172; wb := w2 * wd; w6 := w3 * wb; w8 :=
W.2 *x w6; w9 := w8 *x W.2; wil0 := w9 *x W.1; wil := w10 *x W.1; wil2 := will *
W.2; wi :=W.17-1; wi3 := w12 * wl; return wil3;

end function;

wA (NN) ;



yy * xx74 * yy~-1 * xx"2 * yy * xx"2 * yy * xx"-1; /* from wA */

/x (2, 7, 12)(3, 11, 13)(4, 6, 10)(5, 9, 14) */

XX * yy * xx"-3 * yy * xx; /* from word(A) */
/* (2, 7, 12)(3, 11, 13)(4, 6, 10)(5, 9, 14) */

/* hence, both words have the same permutations*/

B@rho;

wB:= function(W)

w3 = W.174; w2 := W.2°-1; w4 := W.172; whb := w2 * w4;
w6 := w3 *x wb; w8 :=
W.2 x w6; w9 := w8 *x w6; wl := W.17-1; wil0 := w9 * wil;

wll := wil0 * W.2;
return wii;
end function;
wB (NN) ;
/¥ b *x a’4 * b™-1 x a6 * b™-1 *x a * b ,

this means yy * xx"4 * yy -1 * xx"6 * yy -1 * xx * yy */

C@rho;
wC:=function (W)

w3 = W.174; w2 := W.27-1; w4 := W.172; whb := w2 * w4;
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w6 := w3 *x wb; w8 :=

W.2 x w6; wl := W.17-1; wil2 := w8 * wl; wil3 := wil2 * wi;

wld := wil3 * W.2;
return wié4;

end function;

wC (NN) ;
/* b *x a~4,

this means yy * xx"4 */

174;
/* 1, so we will write (t,A) or we can say t A=t */
1°B;
/* 1, so we will write (t,B) or we can say t"B=t */

1°C;

/* 8 so we will write t~C=t8 but t8=t172 when we looking

at our labeling of t_i’s, so

we can say t~C=t"2 x/

/* Now we can input all this new info into our NN,
NN<a,b>:=Group<a,b | a~7, b~2, (b*a)~3, (axb*a~2)"4,
t~3, (since our field is of order 3),

(t,A), we insert the perm from word(A)
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here BUT make sure it only
one x and y in each
(t,B), similarly, we insert the perm from word(B) here

t°C=t"2 similarly, we insert the perm from word(C) here>; */

G<x,y,t>:=Group<x,y ,tl| x°7, y~2, (y*x)~3, (xxy*x~2)°4,
t°3,

(t,x * y * x°=-3 * y * x),

(t,y * X™-2 * y * X2 * y),

t~(y * x°-3)=t"2 >;

/* Testing the progenitor - Grindstaff Lemma.

Sym 14 , xxx, yyy come from our originals (start of problem 4 ) */
S:=Sym(14);
xxx:=S!(1, 2, 4, 3, 5, 6, 14)(7, 8, 9, 11, 10, 12, 13);

yyy:=S!(1,10) (3,8) (4,11) (5,12) (6,14) (7,13) ;

GGG:=sub<S | xxx,yyy>;

#GGG;/* 168 *x/

Stabilizer(GGG,1);
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Orbits(Stabilizer (GGG,1));

/* we do this loop to see what our perms are: */
temp:={2,8};

for n in N do for j in temp do if 1°n eq j then word(n),j;
temp:=temp diff {j}; end if; end for;

end for;

/*

a 2

a~-3 * b x a3 8

this implies that 1°xx eq 2 */

17°xx;

/* 2 , sp we can rewrite as (t, t"x) */

17 (xx"-3 * yy * xx~3) ;

/* 8, so we can rewrite as (t, t°x"-3 * y * x"3) */

G<x,y,t>:=Group<x,y ,tl x77, y~2, (y*x)73, (xxy*x~2)74,
t°3, /* NOTE: comes from #of field in this case its
Z3x%/

(t,x * y * x°-3 * y * x), /* NOTE: comes from word of
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generator of Nt:=Stabilizerx/

(t,y * x°-2 * y * x"2 * y), /* NOTE: comes from word

of generator of Nt:=Stabilizer*/

t~(y * x°-3)=t"2, /x NOTE: comes from word of

generator of Nt:=Stabilizerx/

(t, t°x), /* NOTE: comes from word of orbits

of Stabilizerx/

(t, t7(x"-3 * y * x73)) >;/* NOTE: comes from
word of orbits of Stabilizerx*/

/* #G eq Index=3"7 * #N=168 */

Index(G,sub<G | x, y >);

/* 2187 */

3°7;

/* 2187 */

2187 * 168;

/*x 367416 */

#G;

G<x,y,t>:=Group<x,y,t|x"7, y 2, (y*x)°3, (x*y*x~2)°4,
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t°3,
(t,x*y *x"-3%y*x),
(t,y*x"—2%y*x"2%y) ,

t7(y*x"-3)=t"2 >;

C:=Classes(N);

C;

for i in [2..#C] do i, C[i][3]; word(C[i] [31);

Orbits(Centraliser(N,C[i] [3])); end for;

/* to find out what ts are we do the following loop */
for j in [2..#N] do for i in [1..#Setseq(Set(N))] do
if 1"Setseq(Set(N))[i] eq

j then j,word(Setseq(Set(N))[i]) ; break; end if; end for; end for;



151

Appendix D

MAGMA CODE Monomial

Progenitor 3** :,, (2% : 4)

T:=TransitiveGroups(8);

G:=T[27];

CG:=CharacterTable(G);

S:=Subgroups(G) ;

H:=S[40] ‘subgroup;
CH:=CharacterTable(H) ;
Induction(CH[2],G) eq CG[11];

/* true */
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S:=Sym(8);

xx:=5!(4, 8);

yy:=S!(1, 2, 3, 8)(4, 5, 6, 7);
G:=sub<S|xx,yy>;

G eq T[27];

/* true */

for g,h in H do if H eq sub<H | g,h> then g,h; end if; end for;

/* nothing came out so means we need to use all four generators */

A:=G!(2, 6);

B:=G! (1, 3)(2, 8)(4, 6)(5, 7);
C:=G!(1, 5)(2, 6)(3, T)(4, 8);
D:=G!(2, 6)(4, 8);
S:=Subgroups(G) ;
H1:=sub<G|A,B,C,D>;

H1 eq S[40] ‘subgroup; /* true */

CH:=CharacterTable(H) ;

CG:=CharacterTable(G);

CH;



153

CG;

for i in [2..#CH] do for j in [9..#CG] do if Induction(CH[i],G) eq CG[j]

and IsFaithful(CG[j]) then i,j; end if; end for; end for;

Induction(CH[2],G) eq CG[11]; /* true */
Induction(CH[3],G) eq CG[12];/* true */
Induction(CH[5],G) eq CG[11];/* true */

Induction(CH[6],G) eq CG[12];/* true */

T:=Transversal (H, Hprime);

#T; /* 8 , these are the 8 cosets of Hprime in H */

Ht:=[{h*T[i] : h in Hprime} : i in [1..8]];
Ht[1] eq Set(Hprime);

/* true */

q,ff:=quo<H|Hprime>;

IsAbelian(q); /* true */

q;
IsIsomorphic(qg,AbelianGroup(GrpPerm, [2,2,2]));

/* true */



/* So we check the char table of Z2 X Z2 X Z2 %/

f£(T[2]) eq q.1;

/* true */

f£(T[3]) eq q.2;

/* true */

f£(T[4]) eq q.3;
/* true */

/*This means, a=T[2], b=T[3],c=T[4]*/

/* Classes of H/Hprime: */

/* e a b ¢ ab ac bc abc */
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/* the 8 elements are obtained substituting: (-1)~ (-1)~ (-1)" */

for i in [1..8] do if T[2]*T[3] in Ht[i] then i; end

/*5, ab=Ht[5]*/

for i in [1..8] do if T[2]*T[4] in Ht[i] then i; end

/%6, ac=Ht[6] */

for i in [1..8] do if T[3]*T[4] in Ht[i] then i; end

/* 7, bc=Ht[7] */

for i in [1..8] do if T[2]1*T[3]*T[4]in Ht[i] then i;

/*8, abc=Ht[8] */

if; end for;

if; end for;

if; end for;

end if; end for;



C:=Classes(H);
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CC:=[Set(Class(H,C[i][3])) : i in [1..#Cl];

CC[1];

CC[2];/* we do this one since we are looking at CH[2] */

#C; /* 10 *//* there are 10 since this in Hx*/

Hprime;

for i

for i

for i

for i

for i

Ht [4];

for i

in

in

in

in

in

in

[1.

[1.

[1.

[1.

[1.

(1.

L #C]

.#C]

.#C]

.#C]

.#C]

L #C]

do

do

do

do

do

do

if

if

if

if

if

if

Id(H) in CC[i] then i; end if; end for;

H!(2,6)(4,8) in CC[i] then i; end if; end for;

Ht[2] subset CC[i] then i; end if; end for;

Ht[3] subset CC[i] then i; end if; end for;

Ht[4] subset CC[i] then i; end if; end for;

H!'(1, 5)(3, 7) in CC[i] then i; end if; end for;
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for i in [1..#C] do if H!'(1, 5)(2, 6)(3, 7)(4, 8) in CC[i] then i;

end if; end for;

for i in [1..#C] do if Ht[5] subset CC[i] +then i; end if; end for;

for i in [1..#C] do if Ht[6] subset CC[i] then i; end if; end for;

for i in [1..#C] do if Ht[7] subset CC[i] then i; end if; end for;

for i in [1..#C] do if Ht[8] subset CC[i] then i; end if; end for;

CH[8];

/x (1,1, 1,1, 1,1, -1, -1, -1, -1 ) */

for i in [1..10] do if CH[8](C[i][3]) ne Xdot[i] then i; end if; end for;

T:=TransitiveGroups(8);

G:=T[27];

G;

/*

Permutation group G acting on a set of cardinality 8

Order = 64 = 276



(4, 8)
(1, 2, 3, 8)(4, 5, 6, 7)
*/

CG:=CharacterTable(G);

S:=Subgroups(G) ;

H:=S[40] ‘subgroup;
CH:=CharacterTable(H) ;
Induction(CH[2],G) eq CG[11];

/* true */

S:=Sym(8);
xx:=S!(4, 8);
yy:=S!(1, 2, 3, 8)(4, 5, 6, 7);
G:=sub<S|xx,yy>;

G eq T[27];

/* true */

#G;

for g,h in H do if H eq sub<H |

A:=G!(2, 6);

g,h> then g,h; end if; end for;
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B:=G!(1, 3)(2, 8)(4, 6)(5, 7);
C:=G!'(1, 5)(2, 6)(3, 7)(4, 8);

D:=G! (2, 6)(4, 8);

H1:=sub<G|A,B,C,D>;
S:=Subgroups(G) ;
H1 eq S[40] ‘subgroup;

H1;

CH1:=CharacterTable(H1);

CH1;

/* Induce the Character CH1[2] up to the character CG[11] x/
CH1[2];

/*x (1, -1, 1, -1, -1, 1, -1, 1, 1, -1 ) %/

CG[11];

/x (4, -4, 0, 0, -2, 0, 2, 0, 0, O, 0, 0, 0 ) =/

/* we can do the following command for a quicker result */
I:=Induction( CH[2],G);

I;/* (4, _4: O, O’ _2, O’ 2’ O, O: O, O’ O’ 0 ) */

/* Now we can get the same result by hand:

to do by hand we do the following: */
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C:=Classes(G);

#C;/* 13 */

Cl1]; /% <1, 1, 1d(G)> , the first # is the order,

second # is the # of elements , third # is a member of the classx*/

Cl2];/* <2, 1, (1, 5)(2, 6)(3, 7)(4, 8)>, the first # is the order,
second # is the # of elements , third # is a member of the class.x*x/
C[3];/* <2, 2, (1, 5)(3, 7)>, the first # is the order,

second # is the # of elements , third # is a member of the class.
In this case, we have 2 elements of order 2. one of these 2
elements is (15)(37)..we need all members of this class.

This is how we obtain them: */

"C3=",Set(Class(G,C[3][3])); /* the [3] comes from the

element being in the third slot < 7,7,(15)(37) > x/

/*
Cc3= {
(2, 6)(4, 8),
(1, 5@, 7N
Fx/
cr4l;

/* <2, 4, (1, 3)(2, 8)(4, 6)(5, 7)>x/

"C4=",Set(Class(G,C[4][3]));



Cl5];/* <2, 4, (1, 5)> */

"Cb=",S8et (Class(G,C[5] [3]1));

clel;/x <2, 4, (1, 5)(4, 8)>*/

"C6=",Set(Class(G,C[6][3]));

Cl7l;/x <2, 4, (1, 5)(@3, 7)(4, 8)>*/

"C7=",Set(Class(G,C[71[31));

C[8];/x <4, 4, (1, 7, 5, 3)(2, 4, 6, 8)>*/

"C8=",Set(Class(G,C[8][3]));

Clol;/x <4, 8, (1, 2, 3, 8)(4, 5, 6, 7)>*/

"C9=",Set(Class(G,C[9]1[3]));

Cc[10];/* <4, 8, (1, 8, 3, 2)(4, 7, 6, 5)>*/

"C10=",Set(Class(G,C[10][3]1));

Cl11];/* <4, 8, (1, 7, 5, 3)(2, 8)(4, 6)>*/

"C11=",Set(Class(G,C[11]1[31));

c[12];/* <8, 8, (1, 4, 7, 6, 5, 8, 3, 2)>x/

"C12=",Set(Class(G,C[12] [3]1));
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Cc[13];/* <8, 8, (1, 6, 3, 4, 5, 2, 7, 8)>x/

"C13=",Set(Class(G,C[13][3]));

/*Let us now find the Classes of H.*x/

D:=Classes(H);

D;

D[1]; /* <1, 1, Id(H)> */

"D1=",Set(Class(H,D[1]1[3]));

D[2];/%<2, 1, (1, 5)(2, 6)(3, 7)(4, 8)>/

D[3];/*<2, 1, (2, 6)(4, 8)>x/

D[4];/*<2, 1, (1, 5)(3, T)>x/

D[5];/*<2, 2, (1, 3)(2, 8)(4, 6)(5, T)>*/

"D5=",Set(Class(H,D[5][31));

D[6];/*<2, 2, (1, 7)(2, 4)(3, 5)(6, 8)>/

"D6=",Set(Class(H,D[6][3]));

D[7]1;/* <2, 2, (2, 6)> */
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"D7=",Set(Class(H,D[7][3]1));

D[8];/x <2, 2, (1, 5)(3, 7)(4, 8)>x/

"D8=",Set(Class(H,D[8][31));

DL9];/*x <4, 2, (1, 3)(2, 4, 6, 8)(5, T)>*/

"D9=",Set(Class(H,D[9] [3]));

D[10];/* <4, 2, (1, 7)(2, 8, 6, 4)(3, B)> */

"D10=",Set(Class(H,D[10][3]1));

CH1:=CharacterTable(H1);

CH1;

T:=Transversal(G,H1);
#T; 4, /* 4, since #G/#H=64/16=4 , hence we will have 4x4 matrices*/

T;

/*First we find A(xx).*/

/*0ur 4x4 matrix for xx (A(xx)) is:
Ti1xxT1"-1 Ti1xxT2"-1 T1xxT37-1 T1xxT4"-1
T2xxT17-1 T2xxT2"-1 T2xxT3" -1 T2xxT4"-1
T3xxT1"-1 T3xxT2"-1 T3xxT37-1 T3xxT4"-1

T4xxT1"-1 T4xxT2"-1 T4xxT3"-1 T4xxT4"-1



163

*/

/* this is the version he showed in class to find perm of A */
T[1]*xx*T[1] -1 in H;/* truex/

T[1]*xx*T[2] -1 in H;/* false */

T[1]*xx*T[3]"-1 in H;/* false */

T[1]*xx*T[4]"-1 in H;/* false */

T[1]*xx*T[1]1"-1; /* (4, 8) %/
CH[2] (H! (4, 8));/* -1 %/

/* so the first row is [-1,0,0,0]

T[2]*xx*T[1]"-1 in H;/* false */
T[2] *xx*T[2] -1 in H;/* false */
T[2] *xx*T[3] -1 in H;/* truex/

T[2]*xx*T[4] -1 in H;/* false */

T[2] *xx*T[3]"-1; /* Id(H) */
CH[2] (H!TId(H));/* 1 */

/* so the second row is [0,1,0,0]

T[3]*xx*T[1]"-1 in H;/* false */
T[3]*xx*T[2] -1 in H;/* truex/
T[3]*xx*T[3]"-1 in H;/* false */

T[3]*xx*T[4] -1 in H;/* false */
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T[3]*xx*T[2] "-1;/* Id(H)*/
CH[2] (H!Id(H));/* 1 */

/* so the third row is [0,0,1,0]

T[4]*xx*T[1]"-1 in H;/* false */
T[4]*xx*T[2] -1 in H;/* false */
T[4]*xx*T[3]"-1 in H;/* false */

T[4]*xx*T[4] -1 in H;/* truex/

T[4] *xx*T[4]"-1;/* (2,6)%/
CH[2] (H!'(2,6));/* -1 */

/* so the third row is [0,0,0,-1]

for i in [1..4] do if T[1]*xx*T[i]"-1 in H then i; end if; end for;
/* 1 , this means we will take i=1, CH[2]xxT1. Now we figure out
what perm T[1] is */

CH[2] (T[1]*xx*T[1]"-1);/* -1, this means my first row of matrix is (-1,0,0,0).

Now , we check the second row: */

for i in [1..4] do if T[2]*xx*T[i]"-1 in H then i; end if; end for;
/*3, this means we will take i=3, CH[2]xxT3*/

CH[2] (T[2]*xx*T[3]"-1);/* 1 , this means the second row

of the matrix is (0,1,0,0) . we continue this same process for rows 3 &4 */
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/* this is a shortcut */
CF:=CyclotomicField(3);/* cycl field is 3 since our field is 3 */
GG:=GL(4,CF); /* the four comes from our dim size */
AA:=[[CF.1,0,0,0] : i in [1..4]];
for i ,j in [1..4] do AA[i,j]:=0; end for;
for i,j in [1..4] do if T[il*xx*T[j]"-1 in H1 then
AATi,j]1:=CH1[2] (T[il*xx*T[j]1"-1); end if; end for;
BB:=[[CF.1,0,0,0] : i in [1..41];
for i ,j in [1..4] do BB[i,j]:=0; end for;
for i,j in [1..4] do if T[il*yy*T[jl~"-1 in H1 then
BB[i,j]:=CH1[2] (T[i]*yy*T[jl1"-1); end if; end for;

GG'AA; GG!BB;

Order (GG'AA); Order(xx);

Order (GG!BB) ;Order (yy) ;

HH:=sub<GG|AA,BB>;

IsIsomorphic (HH,G) ;

GG:=GL(4,GF(3));

GG!AA;

GG!BB;
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S:=Sym(8);

Aper:=S!(1, 5)(2, 3)(4, 8)(6, 7);
Bper:=S!(1,2,5,6) (3,4) (7,8);
HH:=sub<S|Aper,Bper>;
w:=IsIsomorphic(HH,G) ;

W3

/* need to check this once I include GG!AA & GG!BB in magmax/
Order (Aper) eq Order(GG'!AA);/* true */

Order (Aper) eq Order(xx);/* true */

Order (Bper) eq Order(GG!BB);/* true */

Order (Bper) eq Order(yy);/* true */

IsIsomorphic(sub<S|Aper,Bper>,sub<GG|GG!AA,GG!BB>);/* true Mapping

from: GrpPerm: $, Degree 8, Order 276 to MatrixGroup(4, GF(3)) of order 276
Composition of Mapping from: GrpPerm: $, Degree 8, Order 276 to GrpPC and
Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to MatrixGroup(4, GF(3)) of order 276 */

CompositionFactors(G) ;

>NL:=NormalLattice(G);

>NL;
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\

for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;

> X:=AbelianGroup(GrpPerm, [2,2,2,2]);

A\

s,t:=IsIsomorphic(NL[8],X);

> s;t;

\4

NL[8];

>A:=G! (2, 6);
>B:=G! (1, 5)(4, 8);
>C:=G! (2, 6)(4, 8);

>D:=G! (2, 6)(3, 7);

NL[8] eq sub<G|A,B,C,D>; /*true */
NL8:=sub<G|A,B,C,D>;
H<a,b,c,d>:=Group<a,b,c,d|la"2,b~2,c"2,d°2,(a,b),
(a,c),(a,d),(b,c),(b,d),(c,d)>;

#H;/* 16 */

f,H1,k:=CosetAction(H,sub<H|Id(H)>);
wl:=IsIsomorphic(H1,NL[8]);

wl;

q,ff:=quo<G|NL[8]>;

q;

nl:=NormalLattice(q);
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nl;

for i in [1..#nl] do if IsAbelian(nl[i]) then i; end if; end for;

S:=Sym(8) ;

xx:=S!(1, 5)(2, 3)4, 8)(6, 7);

yy:=8!(1,2,5,6)(3,4)(7,8);

N:=sub<S|xx,yy>;

#N;

FPGroup (N) ;

NN<a,b>:=Group<a,bla~2,b"4, (b*a*b~-1*a) "2,

(b”-1 * a * b™-2 * a * b™2 *x a * b™2 *x a * b~-1)>; #NN; / *64x/

Now to build progenitor:

Nt:=Stabilizer (N,{1,5});

#Nt; /*16%/

Nt;

/* Permutation group Nt acting on a set of cardinality 12



Order = 16 = 274
(2, 3, 6, 7)(4, 8
3, 74, 8)
(1, 8)(2, 3)(4, 8)(6, 7)

*/

word:=function(A)
Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);

for i in [2..#NN] do

P:=[Id(N): 1 in [1..#Sch[illl;

for j in [1..#Sch[i]] do

if Eltseq(Sch[il) [j] eq 1 then P[j]:=xx; end if;

if Eltseq(Sch[il) [j] eq -1 then P[j]l:=xx"-1; end if;
if Eltseq(Sch[il) [j] eq 2 then P[j]l:=yy; end if;

if Eltseq(Sch[i]) [j] eq -2 then P[jl:=yy~-1; end if;

end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PP*P[k]; end for;

if A eq PP then B:=Sch[i]; end if;
end for;

return B;

end function;
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for g,h in N do if N eq sub<N | g,h> then g,h; break; end if;
break; end for; /* nothing came out so means we need to use all three

generators */

A:=NI1(2, 3, 6, 7T)(4, 8);
B:=N! (3, 7)(4, 8);

C:=N! (1, 5)(2, 3)(4, 8)(6, 7);

word(A); /* a * b"2 */ /xthis means x * y~2 */
word (B) ;

word(C) ;

/* now we want to check what t commutes with A,B,Cx/

174;

/* 1, so we will write (t,A) or we can say t A=t */

1°B;

/* 1, so we will write (t,B) or we can say t B=t */

1°C;

/* 5, so we will write t~C=t5 but t5=t1°2 when we looking at

our labeling of t_i’s, so



we can say t~"C=t"2 x/

G<x,y,t>:=Group<x,y,t| x72,y74, (y*x*xy~-1%x) "2,
(y™—1kxky —2%x*y " 2xx*y " 2%x*y"-1) ,

t73,

(t, xxy~2),

(t,x*y*xky*ky*x*y " =1) ,

tx=t"2 >;

Testing the mono progenitor - Grindstaff Lemma
S:=Sym(8);

xxx:=S!(1, 5)(2, 3)(4, 8)(6, T);

yyy:=S!(1,2,5,6) (3,4)(7,8);

GGG :=sub<S|xxx,yyy>;

#GGG; /%64 =/

Stabilizer (GGG,1);

Orbits(Stabilizer (GGG, 1)) ;

/* we do this loop to see what our perms are: */

temp:={5,4,2};

for n in N do for j in temp do if 1°n eq j then word(n),j;
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temp:=temp diff {j}; end if; end for; end for;

b*xaxbid4

*/

this implies that 1°xx eq 5 */

17xx;
/* 5 , so we can rewrite as (t, t"x) */
17yy;
/* 2 , so we can rewrite as (t, t7y) */

1" (yy * xx * yy); /* 4, , so we can rewrite as (t, t~ (y*xxy)) */

G<x,y,t>:=Group<x,y,t|1x"2,y74, (y*xxy"-1*x) "2,
(§7=1*kxxy " =2%kxxy " 2xx*y " 2%x*y~-1) ,
t73, (t, xxy~2), (t, x*ky*x*yxx*y*xx*xy~-1), t7x=t"2,

(t, t7x), (t, t7y),(t, t~(y*x*xy)) >;

/* #Group eq Index=3"4 * #G=64 =5184x/

Index(G,sub<Glx,y>); /* 81 */
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374; /* 81%/

81%64; /% 5184 x/

#G;

C:=Classes(N);

C;

for i in [2..#C] do i, C[i][3]; word(C[i] [31);

Orbits(Centraliser(N,C[i] [3])); end for;

for j in [2..#N] do for i in [1..#Setseq(Set(N))] do
if 1°Setseq(Set(N))[i] eq j then j,word(Setseq(Set(N))[i]) ;

break; end if; end for; end for;
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Appendix E

MAGMA CODE for

Semi-direct of (74 : 4?)

N:=TransitiveGroup(28, 500);
#N;

N;
S:=Sym(28);

xx:=S!(1, 14, 17, 27, 7, 9, 20, 22, 6, 11, 16, 24,

5, 13, 19, 26, 4, 8, 15, 28, 3,10, 18, 23, 2, 12, 21, 25);
yy:=S!(1, 28, 5, 22)(2, 23, 4, 27)(3, 25)(6, 24,

7, 26)(8, 16)(9, 21, 14, 18)(10,19, 13, 20) (11, 17, 12, 15);

CompositionFactors(N);
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NL:=NormalLattice(N);

NL;

for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;

NL[7];

A:=N!(22,27,25,23,28,26,24);

B:=N!(15, 17, 19, 21, 16, 18, 20) (22, 28, 27, 26, 25, 24, 23);
C:=N!(8, 11, 14, 10, 13, 9, 12)(22, 25, 28, 24, 27, 23, 26);
D:=N!(1, 7, 6, 5, 4, 3, 2)(8, 11, 14, 10, 13, 9, 12)(15, 18,

21, 17, 20, 16, 19)(22, 25, 28, 24, 27, 23, 26);
IsIsomorphic(NL[7],AbelianGroup(GrpPerm, [7,7,7,71));
X:=AbelianGroup(GrpPerm, [7,7,7,71);
s:=IsIsomorphic(NL[7],X);

S;

FPGroup (NL[7]1);

q, ff:=quo<N|NL[7]>;

q;

#q;
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/* 16 */

N/NL[7];

nl:=NormallLattice(q); nl;

for i in [1..#nl] do if IsAbelian(nl[i]) then i;end if;end for;

nl[10];

FPGroup(q) ;

F<e,f>:=Group<e,fle”4,f74,(e"-1 *x £7-1)"2,(e * £7-1)"2>;

f1,F1,k:=CosetAction(F,sub<F|Id(F)>);

IsIsomorphic(F1,q);

T:=Transversal (N,NL[7]);
f£(T[2]) eq q.1;

/*true */

f£(T[3]) eq q.2;

/* true */
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A°T[2]; /* (1, 2, 3, 4, 5, 6, T)x/

B"T[2];/* (1, 5, 2, 6, 3, 7, 4)(22, 28, 27, 26, 25, 24, 23)*/
c°T[2];/*(1, 3, 5, 7, 2, 4, 6)(15, 16, 17, 18, 19, 20, 21)*/

D-T[2];/*(1, 3, 5, 7, 2, 4, 6)(8, 10, 12, 14, 9, 11, 13)(15,

16, 17, 18, 19, 20, 21)(22, 24, 26, 28, 23, 25, 27)*/

A"T[3]; /*(1, 2, 3, 4, 5, 6, T)x/

B°T[3]; /+x(1, 5, 2, 6, 3, 7, 4)(8, 9, 10, 11, 12, 13, 14)*/
C°T[3]; /x(, 3, 5, 7, 2, 4, 6)(15, 16, 17, 18, 19, 20, 21)*/
D-T[3]; /«(1, 3, 5, 7, 2, 4, 6)(8, 13, 11, 9, 14, 12, 10) (15,

16, 17, 18, 19, 20, 21)(22, 27, 25, 23, 28, 26, 24)*/

> for i,j,k,1 in [1..7] do if N!(1, 3, 5, 7, 2, 4, 6)

(8, 10, 12, 14, 9, 11, 13)(15,16, 17, 18, 19, 20, 21)(22, 24,
26, 28, 23, 25, 27) eq A"ix*B"j*C"k*D"1 then i,j,k,l; end
if; end for;

7755

> A"T[2] eq A*B"5*C*D"6;

true

> B"T[2] eq A*B~6%C"4%D"3;

true

> C"T[2] eq C"2xD"5;

true

> D"T[2] eq C"5xD"5;
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> for i,j,k,1 in [1..7] do if N!(1, 2, 3, 4, 5, 6, 7)

eq A"ix*B"j*C"k*D"1 then i,j,k,1l; end if; end for;

1516

> for i,j,k,1 in [1..7] do if N!(1, 5, 2, 6, 3, 7, 4)

(8, 9, 10, 11, 12, 13, 14) eq A"i*B"j*C"k*D"1 then i,]j,
k,1; end if; end for;

1623

> for i,j,k,1 in [1..7] do if N!(1, 3, 5, 7, 2, 4, 6)
(15, 16, 17, 18, 19, 20, 21) eq A"i*B"j*C"k*D"1 then
i,j,k,1; end if; end for;

7725

> for i,j,k,1 in [1..7] do if N!(1, 3, 5, 7, 2, 4, 6)

(8, 13, 11, 9, 14, 12, 10)(15,16, 17, 18, 19, 20, 21) (22,
27, 25, 23, 28, 26, 24) eq A"i*B"j*C"k*D"1 then i,j,k,1;
end if; end for;

7765

> A"T[3] eq A*B~5*CxD"6; B~"T[3] eq AxB"6xC~2xD"3; C~T[3]
eq C"2xD"5; D"T[3] eq C"6*B"5;

true

true

true

false

> A"T[3] eq A*B"5*CxD"6; B~T[3] eq AxB"6xC"2xD"3; C~T[3]
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eq C"2+#D"5; D"T[3] eq C"6*D"5;

true

true

true

true

> E<a,b,c,d,e,f>:=Group<a,b,c,d,e,fla"7,b"7,c" 7,47, (a,b),

> (a,c), (b,c), (a,d), (b,d), (c,d),e"4,f74,(e"-1 *x £7-1)"2,(e * £°-1)"2,
> a"e=axb”5xc*xd"6, b e=a*b"6xc”"4*d"3,c"e=c"2*d"5, d"e=c"5*%d"5,

> a"f=axb"bxc*d"6, b f=axb"6*xc"2*d"3, c"f=c"2*%d"5, d"f=c"6*d"5>;
> #E; #N;

38416

38416

> f,N1,k:=CosetAction(E,sub<E|Id(E)>);

> IsIsomorphic(N1,N);
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Appendix F

MAGMA CODE for Mixed

Extension of (2°:* S))

S:=Sym(96) ;
xx:=8!(1, 86, 25, 96) (2, 51, 40, 54)(3, 73, 60, 77)(4, 78,
67, 70)(5, 85, 7, 88)(6, 87, 28, 64)(8, 17, 72, 58)(9, 90,
82, 55) (10, 14, 12, 92)(11, 89, 39, 71)(13, 22, 76, 69) (15,
75, 65, 80) (16, 41, 19, 79)(18, 74, 68, 35)(20, 33, 57, 84)
(21, 48, 23, 47)(24, 95, 29, 45)(26, 31, 62, 34)(27, 46, 66,
49) (30, 59, 32, 56)(36, 53, 38, 50) (37, 91, 81, 52)(42, 61,
44, 94) (43, 93, 83, 63);
yy:=s!(1, 3, 14)(2, 8, 13)(4, 20, 51)(5, 15, 55)(6, 26, 71)
(7, 19, 54)(9, 35, 46) (10, 30, 64)(11, 41, 70) (12, 34, 49) (16,
50, 21)(17, 61, 29)(18, 63, 24)(22, 68, 89)(23, 65, 92)(25, 57,

53) (27, 59, 94) (28, 56, 52)(31, 45, 36)(32, 76, 38)(33, 78,
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43) (37, 80, 47)(39, 75, 96) (40, 74, 95) (42, 84, 85)(44, 77, 48)
(68, 91, 69) (60, 90, 67)(62, 93, 66) (72, 87, 82)(73, 86, 83)(79,
88, 81);

N:=sub<S|xx,yy>;

#N;

CompositionFactors(N) ;

NL:=NormalLattice(N);

NL;

for i in [1..#NL] do if IsAbelian(NL[i]) then i;end if; end for;

NL[4];

X:=AbelianGroup(GrpPerm, [2,2,2]);
IsIsomorphic(NL[4],X);

/* true */

/* hence, a presentation for NL[4] is as follows */
H<a,b,c>:=Group<a,b,cla”2,b"2,c"2,(a,b), (a,c), (b,c)>;
f,H1,k:=CosetAction(H,sub<H|Id(H)>);
w:=IsIsomorphic(H1,NL[4]);

w;/* true x//* verified our presentation of NL[4]*/
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/* step 6: look at NL again */

/* We factor out N by NL[4]. Thus, N is a mixed extension of NL[4] by N/NL[4]*/
q,ff:=quo<N|NL[4]>;

q;

/*

Permutation group q acting on a set of cardinality 4

Order = 24 = 273 * 3

(1, 2)

(2, 3, 4)

*/

FPGroup(q) ;
/*

Finitely presented group on 2 generators

Relations
$.1°2 = 1d($)
$.2°3 = 1d($)

($.27-1 * $.1)"4 = 14($)

T:=Transversal (N,NL[4]);

#T; /% 24 */

f£(T[2]) eq q.1;
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/* true */

f£(T[3]) eq q.2;

/* true x/

f£(T[3]"-1xT[2]) eq q.2"-1%q.1;

/* true */

/* The generators of g=NL[4]=( <A>, <B>, <C> ) */

A:=N'(1, 5)(2, 10)(3, 16)(4, 21)(6, 24)(7, 25)(8, 31)(9,

36) (11, 42) (12, 40) (13, 46) (14, 51) (15, 20) (17, 62) (18, 59)

(19, 60) (22, 66) (23, 67) (26, 58) (27, 69) (28, 29) (30, 35) (32,

74) (33, 75)(34, 72)(37, 83)(38, 82)(39, 44) (41, 73)(43, 81)

(45, 64) (47, 70) (48, 78) (49, 76) (50, 55) (52, 93) (53, 90) (54,

92) (56, 68) (57, 65) (61, 89) (63, 91) (71, 94) (77, 79) (80, 84) (85,
86) (87, 95) (88, 96);

B:=N!(1, 23)(2, 38)(3, 57)(4, 7)(5, 67)(6, 22)(8, 74)(9, 12)(10,
82) (11, 43)(13, 87) (14, 90) (15, 19) (16, 65) (17, 18) (20, 60) (21,
25) (24, 66) (26, 56) (27, 29) (28, 69) (30, 34)(31, 32)(33, 73)(35,
72) (36, 40) (37, 44) (39, 83) (41, 75) (42, 81) (45, 49) (46, 95) (47,
96) (48, 86) (50, 54) (51, 53) (52, 94) (55, 92) (58, 68) (59, 62) (61,
91) (63, 89) (64, 76) (70, 88) (71, 93)(77, 84) (78, 85)(79, 80);
C:=N!'(1, 7)(2, 12)(3, 19)(4, 23)(5, 25)(6, 29)(8, 34)(9, 38)(10,
40) (11, 44) (13, 49) (14, 54) (15, 57) (16, 60) (17, 26) (18, 56) (20,

65) (21, 67) (22, 27) (24, 28)(30, 74)(31, 72)(32, 35)(33, 80) (36,
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82) (37, 43) (39, 42) (41, 77) (45, 87)(46, 76) (47, 78) (48, 70) (50,
90) (51, 92) (52, 63) (53, 55)(58, 62)(59, 68)(61, 71)(64, 95) (66,

69) (73, 79) (75, 84) (81, 83)(85, 96)(86, 88)(89, 94) (91, 93);

NL4 :=sub<N|A,B,C>;
X:=AbelianGroup (GrpPerm, [2,2,2]);
IsIsomorphic(NL[4],X);

/* true */

f,H1,k:=CosetAction(H,sub<H|Id(H)>);
IsIsomorphic(H1,NL[4]);

/* true *//* verified our presentation of NL[4]x*/

for i,j,k in [0..1] do i,j,k; end for;

/* N/NL[4]=<NL[4]D, NL[4]E>. N/NL[4]=(<A>D, <B>D, <C>D, <A>E, <B>E, <C>E).

Now, conjugate every generator of NL[4] by D and E. */

/* we need this to label our T2, T3%*/

T[2];

T[3];

T2:=N!(1, 86, 25, 96) (2, 51, 40, 54)(3, 73, 60, 77)(4, 78, 67, 70)(5,

85, 7,88)(6,87, 28, 64)(8, 17, 72, 58)(9, 90, 82, 55)(10, 14, 12, 92)



(11, 89, 39,
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71) (13, 22, 76, 69) (15, 75, 65, 80) (16, 41, 19, 79)(18,

74, 68, 35)(20,33,57, 84)(21, 48, 23, 47)(24, 95, 29, 45)(26, 31, 62,

34) (27, 46, 66, 49) (30,59, 32, 56)(36, 53, 38, 50)(37, 91, 81, 52) (42,

61, 44, 94)(43, 93, 83,63);

T3:=N!(1, 3, 14)(2, 8, 13)(4, 20, 51)(5, 15, 55)(6, 26, 71)(7, 19,

(9, 35, 46)(10,30, 64) (11, 41, 70)(12, 34, 49) (16, 50, 21)(17, 61,

(18, 63, 24)(22,68,89) (23, 65, 92) (25, 57, 53) (27, 59, 94) (28, 56,

(31, 45, 36)(32, 76,38)(33, 78, 43)(37, 80, 47) (39,75, 96) (40, 74,

(42, 84, 85) (44, 77,48) (58, 91, 69)(60, 90, 67)(62, 93, 66) (72,87,

(73, 86, 83)(79, 88,81);

for i,j,k in
/¥ 100 */
for i,j,k in
/x 011 %/
for i,j,k in
/x 111 %/
for i,j,k in
/* 110 */
for i,j,k in
/* 001 %/
for i,j,k in

/* 00 1 x/

(0.

(0.

(0.

(0.

(0.

(0.

1]

1]

1]

1]

1]

1]

do

do

do

do

do

do

if

if

if

if

if

if

A"T2

A"T3

B"T2

B"T3

C T2

C"T3

eq A"i*B~j*C"k

eq A"i*B~j*C k

eq A"i*B~j*C"k

eq A"i*B~j*C k

eq A"i*B"j*C k

eq ATixB"j*C"k

then

then

then

then

then

then

i,j,k;

i,j,k;

i,j,k;

i,3,.k;

i,3,k;

i,j.k;

end if;

end if;

end if;

end if;

end if;

end if;

54)

29)

52)

95)

82)

end

end

end

end

end

end

for;

for;

for;

for;

for;

for;
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/* hence, the presentation for N/NL[4] is: x/
H<a,b,c,d,e>:=Group<a,b,c,d,ela”2,b"2,c"2,d"2,e"3, (e"-1xd) "4,
(a,b),(a,c),(b,c), a“d=a,a"e=b*c,b d=a*b*c,b~e=a*b,c d=c,c e=c>;
#H;

/* 192 x/

f,H1,k:=CosetAction(H,sub<H|Id(H)>);

IsIsomorphic(N,H1);

/* false *//* this tells us N is not semi-direct 273:q but the mixed
extension of 273 by q. That means, one of our new generators (from q)

must be further investigated*/

Order(T[2]) eq Order(q.1l);

/* true */

Order(T[3]) eq Order(q.2);

/* true */

Order (T[2]"-1%*T[3]) eq Order(q.27-1%q.1);

/* false */

(TL3]"-1*T[2])"4;
J<a,b,c,d,e>:=Group<a,b,c,d,ela"2,b"2,c"2,d72,e"3, (e"-1%d) “4=c,
(a,b),(a,c),(b,c), a“d=a,a"e=b*c,b d=a*b*c,b”e=a*b,c d=c,c e=c>;

#J;
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/*x 192x%/

f,J1,k:=CosetAction(J,sub<J|Id(J)>);
wm:=IsIsomorphic(N,J1);

wm;

q,ff:=quo<N|NL[4]>;

q9;

nL:=NormalLattice(q); nL;

for i in [1..#nL] do if IsAbelian(nL[i]) then i;end if; end for;

nL[2];

X:=AbelianGroup (GrpPerm, [2,2]);

s,t:=IsIsomorphic(nL[2],X);

S5

true

CompositionFactors(nL[2]);

IsIsomorphic(q,Sym(4));
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Appendix G

MAGMA CODE Construction
of A7 over PSL(2,7)

S:=Sym(6) ;

xx:=S!(1, 3, 5)(2, 4, 6);

yy:=S! (1, 6)(2, 5)(3, 4);

N:=sub<S|xx,yy>;
G<x,y,t>:=Group<x,y,t|1x"3,y"2, (x*¥y) "2,t°3,t" (x*y)=t"2,
(xxt) "4, (xxy*t) 2, (x*xy*t x*xt 2%t y*x(t"x))"3>;

#N;

/* 6 %/

for i in [0..2] do for j in [0..1] do printf "%o", i;j,xx"i*yy~j;

end for; end for;
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f,G1l,k:=CosetAction(G,sub<Glx,y>);
#G1;
/* 168 x/

CompositionFactors(Gl);

IN:=sub<G1|f(x),f(y)>;

ts := [ Id(G1): i in [1 .. 6] 1;

ts[1]:=£(t); ts[2]:=£((t"(y))"x); ts[3]:=f(t"~(x)); ts[4]:=ts[1]"-1;

ts[5]:=ts[2]"-1;ts[6]:=ts[3]"-1;

#DoubleCosets(G,sub<G|x,y>, sub<Glx,y>);

/* T */

DoubleCosets(G,sub<Glx,y>, sub<G|x,y>);

DC:=[ £( Id(G)), f(t), f(t*xx*1t), £(t xy x1t),

f(txy*xt-1), £(Ct *x x *x t7-1), £(t * x *x t7-1 *x y x t7°-1 )];

Index(G1,IN);

/* 28 */

word:=function(A)

Sch:=SchreierSystem(G, sub<G|Id(G)>);
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B:=Id4(G);

for i in [2..#G] do

P:=[Id(G1): 1 in [1..#Sch[ill];

for j in [1..#Sch[i]] do

if Eltseq(Sch[i]l)[j] eq 1 then P[jl:=f(x); end if;

if Eltseq(Sch[i]) [j] eq -1 then P[jl:=f(x)"-1; end if;
if Eltseq(Sch[i]l) [j] eq 2 then P[jl:=f(y); end if;

if Eltseq(Sch[i]) [j] eq 3 then P[jl:=f(t); end if;

if Eltseq(Sch([il]) [j] eq -3 then P[j]l:=f(t)"-1; end if;
end for;

PP:=Id(G1);

for k in [1..#P] do

PP:=PP*P[k]; end for;

if A eq PP then B:=Sch[i]; end if;

end for;

return B;

end function;

cst := [null : i in [1 ..Index(G1,IN)]] where null is
[Integers() | 1;

prodim := function(pt, Q, I)

v := pt;

for i in I do

v = v (Q[il);



end for;
return v;
end function;
for i := 1 to 6 do
cstlprodim(1l, ts, [i1)] := [i];

end for;

m:=0; for i in [1..28] do if cst[i] ne [] then
m:=m+1; end if; end for; m;

/* 6 */

Orbits(N);

for i in [1..#DC] do for m,n in IN do if ts[1] eq

m*(DC[i])"n then i; break; end if; end for; end for;

/¥ 2 */

N1:=Stabiliser(N,1);

Generators(N1);

Orbits(N1);

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[1]

eq m*(DC[i])"n then i; break; end if; end for;end for;
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for m,n in IN do if ts[1]*ts[1] eq m*(ts[1])"n then

word(m); word(n); end if; end for;

XX*Yy;

ts[1]*ts[1] eq ts[4];

/* true */

for n in N do if 4°n eq 1 then n; end if; end for;

/* (1, 4)(2, 3)(5, 6) */

for i in [1..#DC] do for m,n in IN
then i; break; end if; end for;end
/* 6 x/ /* new *x/

for i in [1..#DC] do for m,n in IN
then i; break; end if; end for;end
/* 5 x//* new */

for i in [1..#DC] do for m,n in IN
then i; break; end if; end for;end
/* 1 %/ /x goes back */

for i in [1..#DC] do for m,n in IN
then i; break; end if; end for;end
/* 3 *//x new x/

for i in [1..#DC] do for m,n in IN

do if

for;

do if

for;

do if

for;

do if

for;

do if

ts[1]*ts[2]

ts[1]*ts[3]

ts[1]*ts[4]

ts[1]*ts[5]

ts[1]*ts[6]
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m*x(DC[i]) "n

m*x(DC[i]) "n

m*(DC[i]) "n

m*x(DC[i]) "n
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then i; break; end if; end for;end for;

/*x 4 x//*x new *x/

/*DOING NEW COSET (Nt1t2)=/

S:={[1,2]};

SS:=S°N;SS;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]

eq g*ts[Rep(SSS[i]) [1]1*ts[Rep(SSS[il) [2]]

then print SSS[il;

end if; end for; end for;
/*

{

[1, 2]

*/

N12:=Stabiliser (N, [1,2]);
#N12;
/*x 1 %/

N12s:=N12;

for n in N do if [1,2]°n eq [1,2]

then N12s:=sub<N|N12s,n>; end if; end for;
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#N12s;
/* 1%/
Generators (N12s) ;
/x {}
*/
[1,2]"N12s;
/%
GSet{@

[1, 2]
@}
*/

trl:=Transversal(N,N12s);

for i:=1 to #trl do

ss:=[1,2]"tr1[i];
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..28] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/* 12 %/

Orbits(N12s);

/*
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L
GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4 @},
GSet{@ 5 @},
GSet{@ 6 @}

]

*/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[1] eq m*(DC[i]) n
then i; break; end if; end for;end for;

/*7 */ /* new coset*/

for i in [1..#DC] do for m,n in IN do if ts[1]l*ts[2]*ts[2] eq m*(DC[i]) n
then i; break; break;end if; end for;end for;

/* 3 x/ /* goes to Ntl1tbx*/

for m,n in IN do if ts[1]*ts[2]*ts[2] eq m*(ts[1]*ts[5] ) n then word(m);
word(n); end if; end for;

/*

Id(G)

Id(G)

/*

ts[1]*ts[2]*ts[2] eq £(Id(G))*ts[1]*ts[5];

/* true */
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for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[3] eq m*(DC[i]) n
then i; break; break;end if; end for;end for;

/* 3x//* goes to Ntltbx/

for m,n in IN do if ts[1]*ts[2]*ts[3] eq m*(ts[1]*ts[5]) n then word(m);
word(n); end if; end for;

/%

y *x

y

*/

vy

/x (1, 6)(2, 5)(3, 4)

t1t2t3=t1t5°{(1, 6) (2, 5)(3, 4)=t6t2 */

ts[1]*ts[2]1*ts[3] eq f(y*x)*(ts[6]*ts[2]);

/*truex/

for i in [1..#DC] do for m,n in IN do if ts[1]l*ts[2]*ts[4] eq m*x(DC[i]) "n
then i; break; break;end if; end for;end for;

/* 4%/ /* goes to Ntl1t6x/

for m,n in IN do if ts[1]l*ts[2]*ts[4] eq m*(ts[1]*ts[6])"n then word(m);
word(n); end if; end for;

/*

y
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(1, 4)(2, 3)(5, 6)

t1t2t4=t1t6"~ (1, 4)(2, 3) (5, 6)=t4t5 */

ts[1]1*ts[2]*ts[4] eq f(y)*ts[4]*ts[5];

/*true *x/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[5] eq m*(DC[i]) n
then i; break; break;end if; end for;end for;

/* 2x/ _x goes back to Ntl */

for m,n in IN do if ts[1]*ts[2]*ts[5] eq m*(ts[1])"n then word(m);
word(n); end if; end for;

/*

I1d(&)

Id(G)

*/

/*

Id(G)

t1t2t5=t1°Id(G)=t1 */

ts[1]1*ts[2]*ts[B] eq £(Id(G))*ts[1];
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/*true *x/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[6] eq m*(DC[i]) n
then i; break; break;end if; end for;end for;

/* 6 x/ /x loops Nti1t2x*/

for m,n in IN do if ts[1]*ts[2]*ts[6] eq m*x(ts[1]*ts[2])"n then word(m)
; word(n); end if; end for;

/*

YY*XX;
/*
(1, 2)(3, 6)(4, 5

t1t2t6=t1t2" (1, 2)(3, 6) (4, 5)=t2t1 */

ts[1]1*ts[2]1*ts[6] eq f(x"-1)*ts[2]*ts[1];

/*true */
/*DOING NEW COSET (Nt1t3)x*/
S:={[1, 31};

SS:=S°N;SS;

SSS:=Setseq(SS);
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for i in [1..#SSS] do
for g in IN do if ts[1]*ts[3]
eq g+ts[Rep(SSS[i]) [1]11*ts[Rep(SSS[il) [2]]
then print SSS[il;
end if; end for; end for;
/*
{
[1, 3]

[ 4, 2]

*/

N13:=Stabiliser (N, [1,3]);

#N13;

/x 1 */

N13s:=N13;

for n in N do if [1,3]"n eq [4,2] then
N13s:=sub<N|N13s,n>; end if; end for;
#N13s;

/* 2%/

Generators(N13s);



/%
{
(1, 42, 3)(, 6)
}
*/
[1,3]"N13s;
/%
GSet{@
[1, 31,
[ 4, 2]
e}
*/

tril:=Transversal(N,N13s);

for i:=1 to #trl do

ss:=[1,3]1"tr1[il;

cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..28] do if cstl[i] ne []

then m:=m+1;
end if; end for;m;

/* 15 */

Orbits(N13s);

200
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/*

GSet{@ 1, 4 @},
GSet{@ 2, 3 @},

GSet{@ 5, 6 @}

*/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[3]*ts[1] eq m*x(DC[i]) n
then i; break; end if; end for; end for;

/* 4 x/ [* goes to Nt1t6x*/

for m,n in IN do if ts[1]*ts[3]*ts[1] eq m*x(ts[1]l*ts[6] )"n then word(m);
word(n); end if; end for;

/*

X xy

y*x

YY*XX;
/*
(1, 2)(@3, 6)(4, 5)

t1t3t1=t1t6" (1, 2)(3, 6) (4, 5)=t2t3 */

ts[1]1*ts[3]1*ts[1] eq f(xxy)*ts[2]*ts[3];

/*xtrue */



202

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[3]*ts[2] eq m*(DC[i])"n
then i; break; end if; end for; end for;

/* 4 %/ [*goes to Ntlt6x/

for m,n in IN do if ts[1]*ts[3]*ts[2] eq m*(ts[1]*ts[6] ) n then word(m);
word(n); end if; end for;

/*

XX*YY;
/*
(1, 42, 3)(5, 6)

t1t3t2=t1t6~ (1, 4)(2, 3)(5, 6)=t4t5 */

ts[1]1*ts[3]1*ts[2] eq f(x)*ts[4]*ts[5];

/*true *x/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[3]*ts[5] eq m*x(DC[i]) "n
then i; break; end if; end for; end for;

/* 2 %/ /*goes back to Ntilx/

for m,n in IN do if ts[1]*ts[3]*ts[5] eq m*(ts[1] )"n then word(m);
word(n); end if; end for;

/*

X



(1, 4)(2, 3)(5, 6)

t1t3t5=t1" (1, 4)(2, 3)(5, 6)=t4d */

ts[1]*ts[3]*ts[5] eq f(x)*ts[4];

/*true *x/

/*DOING NEW COSET (Nt1th5)*/
S:={[1, 5]};

SS:=S°N;SS;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[5]

eq g+ts[Rep(SSS[il) [111*ts[Rep(SSS[il]) [2]]
then print SSS[i];

end if; end for; end for;

/*

{

[1, 5]
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[ 4, 61

N15:=Stabiliser (N, [1,5]);
#N15;
/* 1 x/
N15s:=N15;
for n in N do if [1,5]"n eq [4,6] then
N15s:=sub<N|N15s,n>; end if; end for;
#N15s;
/* 2%/
Generators(N15s);
/*
{
(1, 4)(2, 3)(5, 6)
}
*/
[1,5]"Ni5s;
/*
GSet{@
(1,51,

[ 4, 6]
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e}

trl:=Transversal(N,N15s);

for i:=1 to #trl do

ss:=[1,5]"tr1[i];
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..28] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*x 18 x/

Orbits(N15s);

/*

[
GSet{@ 1, 4 @},
GSet{@ 2, 3 @},

GSet{@ 5, 6 @}

*/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[5]*ts[1] eq m*(DC[i]) n
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then i; break; end if; end for; end for;

/* 6 %/ /* goes to Nt1t2x/

for m,n in IN do if ts[1]l*ts[5]*ts[1] eq m*(ts[1]l*ts[2] )"n then word(m);
word(n); end if; end for;

/*

X *xy

¥y
/*
(1, 6)(2, 5)(3, 4

t1tbt1=t1t2" (1, 6)(2, 5) (3, 4)=t6t5 */

ts[1]*ts[B]*ts[1] eq f(x*y)*ts[6]*ts[5];

/*xtrue */

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[5]*ts[2] eq m*(DC[i]) "n
then i; break; end if; end for; end for;

/* 2 %/ /* goes to Ntix/

for m,n in IN do if ts[1]*ts[b]*ts[2] eq m*(ts[1])"n then word(m);
word(n); end if; end for;

/*

1d(G)

1d(G)
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x/
/*

t1t5t2=t1°Id(G)=t1 */

ts[1]1*ts[6]1*ts[2] eq £(Id(G))*ts[1];

/*xtrue */

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[5]*ts[5] eq m*(DC[i]) n
then i; break; end if; end for; end for;

/* 6 %/ /* goes to Nt1t2x/

for m,n in IN do if ts[1]*ts[b]l*ts[5] eq m*(ts[1]*ts[2] )"n then word(m);
word(n); end if; end for;

/*

Id(G)

I4(G)

*/

/*

t1t5t5=t1t2"Id(G)=t1t2 */

ts[1]*ts[5]*ts[6] eq f£(Id(G))*ts[1]*ts[2];

/*true *x/

/*DOING NEW COSET (Nt1t6é)x/

S:={[1, 61};



SS:=5"N;SS;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[6]

eq gxts[Rep(SSS[i]) [1]1]*ts[Rep(SSS[il) [2]]
then print SSS[i];

end if; end for; end for;

/*

{

(1, 6]

*/

N16:=Stabiliser (N, [1,6]);

#N16;

/* 1 %/

N16s:=N16;

for n in N do if [1,6]"n eq [1,6] then
N16s:=sub<N|N16s,n>; end if; end for;
#N16s;

/* 1 %/

Generators(N16s) ;

/*
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{32
*/
[1,6]"N16s;
/*
GSet{@

[1, 6]
e}

trl:=Transversal(N,N16s);

for i:=1 to #trl do

ss:=[1,6]"tr1[i];
cstprodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..28] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/x 24 */

Orbits(N16s);
/*
[
GSet{@ 1 @},

GSet{@ 2 @},
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GSet{@ 3 @},
GSet{@ 4 @},
GSet{@ 5 @},

GSet{@ 6 @}

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[6]*ts[1] eq m*(DC[i]) n
then i; break; end if; end for; end for;

/* 7 %/ /* goes to Ntlt2tlx/

for m,n in IN do if ts[1]*ts[6]*ts[1] eq

m* (ts[1]*ts[2]*ts[1] ) "n then word(m); word(n); end if; end for;

/%

xx"-1;
/*
(1, 5, 3)(2, 6, 4)

t1t6t1=t1t2t1~(1, 5, 3)(2, 6, 4)=t5t6t5 */

ts[1]1*ts[6]*ts[1] eq f(y*x)*ts[5]*ts[6]*ts[5];

/*true *x/
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for i in [1..#DC] do for m,n in IN do if ts[1]*ts[6]*ts[2] eq m*(DC[i]) n
then i; break; end if; end for; end for;

/* 4 %/ /* loops to Ntl1t6 */

for m,n in IN do if ts[1]*ts[6]*ts[2] eq m*(ts[1]*ts[6] ) n then word(m);
word(n); end if; end for;

/%

xx"-1;
/*
(1, 6)(2, 5)(3, 4

t1t6t2=t1t6”~ (1, 6) (2, 5)(3, 4)=t6tl */

ts[1]*ts[6]*ts[2] eq f(x)*ts[6]*ts[1];

/*xtrue */

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[6]*ts[3] eq m*(DC[i]) n
then i; break; end if; end for; end for;

/* 2x/ /x goes back to Nt1 */

for m,n in IN do if ts[1]*ts[6]*ts[3] eq m*(ts[1])"n then word(m);
word(n); end if; end for;

/*
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Id(G)
1d(G)
*/
/*

t1t6t3=t1"Id(G)=t1 */

ts[1]*ts[6]1*ts[3] eq f(Id(G))*ts[1];

/*true */

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[6]*ts[4] eq m*(DC[i]) n
then i; break; end if; end for; end for;

/* 6 */ /* goes to Ntit2 */

for m,n in IN do if ts[1]*ts[6]*ts[4] eq m*(ts[1]*ts[2]) "n then word(m);
word(n); end if; end for;

/*

y*x

X xy

*/

/*

XX*YY;

(1, (2, 3)(5, 6)

t1t6t4=t1t2" (1, 4) (2, 3)(5, 6)=t4t3 *x/

ts[1]*ts[6]*ts[4] eq f(y*x)*ts[4]*ts[3];
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/*true *x/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[6]*ts[5] eq m*(DC[i]) n
then i; break; end if; end for; end for;

/* & %/ /% goes to Ntl1t3 */

for m,n in IN do if ts[1]*ts[6]*ts[5] eq m*(ts[1]*ts[3])"n then word(m);
word(n); end if; end for;

/*

y

y *x

*/

/*

YY*XX;

(1, 2)(3, 6)(4, 5

t1t6t5=t1t3" (1, 2)(3, 6) (4, 5)=t2t6 */

ts[1]1*ts[6]*ts[B] eq f(y)*ts[2]*ts[6];

/*true *x/

for i in [1..#DC] do for m,n in IN do if ts[1]l*ts[6]*ts[6] eq m*x(DC[i]) "n
then i; break; end if; end for; end for;

/* 5 x/ /* goes to Nt1t3 */

for m,n in IN do if ts[1]*ts[6]*ts[6] eq m*x(ts[1]*ts[3]) "n then word(m);

word(n); end if; end for;
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/%
Id(G)
Id(G)
*/
/%

t1t6t6=t1t3" (Id(G)=t1t3 */

ts[1]*ts[6]*ts[6] eq £(Id(G))*ts[1]*ts[3];

/*true *x/

/*DOING NEW COSET (Nt1t2t1)*/
S:={[1, 2,11};

SS:=S°N;SS;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]xts[2]*ts[1]

eq g*ts[Rep(SSS[il) [1]1]*ts[Rep(SSS[il) [2]1]1*ts[Rep(SSS[i]) [1]]
then print SSS[i];

end if; end for; end for;

/*

{

[1, 2, 1]
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[ 6, 5, 6]

N121:=Stabiliser (N, [1,2,1]);
#N121;
/* 1 %/
N121s:=N121;
for n in N do if [1,2,1]1°n eq [6,5,6] then N121s:=sub<N|N121s,n>;
end if; end for;
#N121s;
/* 2 x/
Generators(N121s);
/*
{
(1, 6)(2, 5)(3, 4
}
*/
[1,2,1]"N121s;
/*
GSet{@
(1, 2, 11,

[ 6, 5, 6]
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e}

trl:=Transversal(N,N121s);

for i:=1 to #trl do

ss:=[1,2,1]"tr1[i];
cst[prodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..28] do if cst[i] ne []

then m:=m+1;

end if; end for;m;

/* 27 */

Orbits(N121s);

/*

[
GSet{@ 1, 6 @},
GSet{@ 2, 5 @},

GSet{@ 3, 4 @}

*/

for i in [1..#DC] do for m,n in IN do if ts[1]l*ts[2]*ts[1]*ts[1] eq
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m*(DC[i]) "n then i; break; end if; end for; end for;
/* 4 %/ /* goes to Nt1t6x/

for m,n in IN do if ts[1]*ts[2]*ts[1]*ts[1] eq m*x(ts[1]l*ts[6] ) n
then word(m); word(n); end if; end for;

/*

y

X *xy

*/

xx"-1;

/*

(1, 4@, 3)(, 6)

t1t2t1tl1=t1t6°(1, 4) (2, 3)(5, 6)=t4t5 */

ts[1]1*ts[2]*ts[1]1*ts[1] eq f(y)*ts[4]l*ts[5];

/*xtrue */

for i in [1..#DC] do for m,n in IN do if ts[1]l*ts[2]*ts[1]*ts[2] eq
m*(DC[i])"n then i; break; end if; end for; end for;

/* T */ /* loops to Ntit2tlx*/

for m,n in IN do if ts[1]l*ts[2]*ts[1]*ts[2] eq m*x(ts[1]*ts[2]*ts[1] )~
then word(m); word(n); end if; end for;

/*x"-1

Id(G)*/

/*¥t1t2t1t2=t1t2t1" (x"-1)=t1t2t1 */
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ts[1]*ts[2]*ts[1]*ts[2] eq f(x"-1)*ts[1]*ts[2]*ts[1];

/*true */

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[1]*ts[3] eq
m*(DC[i])"n then i; break; end if; end for; end for;

/* 6 x/ /% goes to Nt1t2*/

for m,n in IN do if ts[1]*ts[2]*ts[1]*ts[3] eq m*( ts[1]*ts[2] )"n
then word(m); word(n); end if; end for;

/*

14(G)

y

*/

Y

/*

(1, 6)(2, 5)(3, 4)

t1t2t1t3=t1t2" (Id(G))=t6t5 */

ts[1]*ts[2]*ts[1]1*ts[3] eq f(Id(G))*ts[6]*ts[5];

/*true *x/
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Appendix H

MAGMA CODE for
Permutation Progenitor of

20 . (221 (3x2))

N:=TransitiveGroup(6,10);
#N;

N

S:=Sym(6) ;

xx:=S1(2, 4, 6);
yy:=S!(1, 5)(2, 4);
zz:=S!(1, 4, 5, 2)(3, 6);
N:=sub<S|xx,yy,zz>;

#N;

/* 36 *x/
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FPGroup(N) ;

NN<a,b,c>:=Group<a,b,cla”3,b"2,c"4,(a"-1%b) "2,c " -1*xb*c"-1,
a"-1xc " —-1*%a"-1*xc " —1xa"—1*c*axc>;
#NN ;

/*36 this means we have 36 elements/permutations */

Set(N); /* these are the 36 elements */

/*Rewrite the permutations of Set(N) above as \words" using SchreierSystemx/

SchreierSystem (NN, sub<NN|Id(NN)>);

Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);

ArrayP:=[Id(N): i in [1..#N]];

for i in [2..#N] do

P:=[Id(N): 1 in [1..#Sch[il1];

for j in [1..#Sch[i]] do

/* we put -1 if our G contains powers to the negative*/
if Eltseq(Sch[i]) [j] eq 1 then P[j]:=xx; end if;

if Eltseq(Sch([i]) [j] eq -1 then P[j]l:=xx"-1; end if;

if Eltseq(Sch[i]) [j] eq 2 then P[jl:=yy; end if;

if Eltseq(Sch[i]) [j] eq 3 then P[j]:=zz; end if;

if Eltseq(Sch[i]) [j] eq -3 then P[jl:=zz"-1; end if;
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end for;

PP:=Id(N);

for k in [1..#P] do
PP:=PP*P[k]; end for;
ArrayP[i] :=PP;

end for;

N1:=Stabilizer(N,1);
N1;
/*Permutation group N1 acting on a set of cardinality 6
Order = 6 = 2 * 3
(2, 4, 6)
(2, 6)(3, B) =/
for i in [1..#Sch] do if ArrayP[i] eq N!(2,4,6) then
Sch[i]; end if; end for;
/* a x/
for i in [1..#Sch] do if ArrayP[i] eq N!(2,6)(3,5) then
Sch[i]; end if; end for;
/¥ c *x a”-1 x ¢ x a */
XX;
ZZ*XX —1*zz*xX;
N1 eq sub<N|xx,zz*xx~-1*zz*xx>;
/*true */

/* this is our G with the new elements */
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G<x,y,z,t>:=Group<x,y,z,t|x"3,y72,274, (x"-1*y) "2,
Z7-1xyxz7-1,x7-1%z7 - 1*x"-1%xz7 - 1*x " -1xzxx*z ,t72,

(t,x), (t,z*xx"—1xz*x) >;

Orbits(N1);

for j in [1..6] do for i in [1..#N] do if 1" ArrayP[i] eq j

then j, Sch[i]; break; end if; end for; end for;

NN;

#NN;

/* 36 */
G<x,y,z,t>:=Group<x,y,z,t|x"3,y72,274, (x"-1*y) "2,
z7-1xy*z7 -1, x7-1*z7 - 1kx"-1*z7 - 1kx" - 1*z*x*z,t 72,
(t,x), (t,zxx"-1*xz*xx), (t,t " (zxx*z)),(t,t"(z"-1))>;
#G;/x 2304 */

276%36;/* 2304 */

/* Now find 1st order relations, that will help us figure out

which relations to do for DCE’sx*/

C:=Classes(N);
for i in [2..#C] do i, C[i][3]; for j in [1..#N] do

if ArrayP[j] eq C[i][3] then Sch[j]; end if; end for;
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Orbits(Centralizer(N,C[i] [3])); end for;

for j in [1..6] do for i in [1..#N] do if 1"ArrayP[i] eq j

then j, Sch[i]; break; end if; end for; end for;
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Appendix 1

MAGMA CODE for
Permutation Progenitor of Mo

%90 (231 )

N;

S:=Sym(96) ;

xx:=S!(1, 86, 25, 96)(2, 51, 40, 54)(3, 73, 60, 77)(4, 78, 67, 70)
(5, 85, 7, 88)(6,87, 28, 64)(8, 17, 72, 58)(9, 90, 82, 55)

(10, 14, 12, 92)(11, 89, 39,71) (13, 22, 76, 69) (15, 75, 65, 80)
(16, 41, 19, 79)(18, 74, 68, 35)(20, 33,57, 84)(21, 48, 23, 47)
(24, 95, 29, 45)(26, 31, 62, 34)(27, 46, 66, 49)(30,59, 32, 56)
(36, 53, 38, 50)(37, 91, 81, 52)(42, 61, 44, 94) (43, 93, 83, 63);
yy:=S'(1, 3, 14)(2, 8, 13)(4, 20, 51)(5, 15, 55)(6, 26, 71)

(7, 19, 54)(9, 35, 46) (10,30, 64)(11, 41, 70)(12, 34, 49)(16, 50, 21)



225

(17, 61, 29)(18, 63, 24) (22, 68,89) (23, 65, 92) (25, 57, 53)
(27, 59, 94) (28, 56, 52)(31, 45, 36)(32, 76,38)(33, 78, 43)
(37, 80, 47)(39, 75, 96) (40, 74, 95) (42, 84, 85)(44, 77,48)

(68, 91, 69) (60, 90, 67)(62, 93, 66) (72, 87, 82)(73, 86, 83)(79, 88, 81);

N:=sub<S|xx,yy>;
#N;

/* 192x%/

N1:=Stabiliser(N,1);
#N1;

/*2%/

Generators(N1) ;
/* to find the presentation of N */

FPGroup(N) ;

NN<a,b>:=Group<a,b]

a“4 |,

b"3 ,

(a * b™-1 * a™-1 *x b™-1)"2,

a”-1 * b * a™-2 * b™-1 * a”-1 * b *x a”2 *x b™-1 >;
#NN;

/* 192%/



word:=function(A)
Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);

for i in [2..#NN] do

P:=[Id(N): 1 in [1..#Sch[i]]];

for j in [1..#Sch[i]] do

if Eltseq(Sch[i]l) [j] eq 1 then P[j]:=xx; end

if Eltseq(Sch[i]) [j] eq -1 then P[j]:=xx"-1;

if Eltseq(Sch([i]) [j] eq 2 then P[j]:=yy; end i

if Eltseq(Sch[i]) [j] eq -2 then P[j]:=yy~-1;

end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PP*P[k]; end for;

if A eq PP then B:=Sch[i]; end if;
end for;

return B;

end function;

A:=N!(2, 42)(3, 62)(5, 25)(6, 29)(8, 74)(9, 83)(10, 44)(11, 40)
(12, 39)(13, 70)(14, 93) (15, 68) (16, 26) (17, 60) (18, 20) (19, 58)
(21, 67)(22, 27)(30, 34)(31, 35)(32, 72)(33, 73)(36, 43)(37, 82)

(38,81) (41, 84) (45, 86) (46, 78) (47, 76) (48, 49) (50, 61)(51, 63)

if;

end

end

if;

if;

226



227

(52, 92) (53, 89) (54, 91) (55, 94) (56, 65)(57,59) (64, 96) (71, 90)
(75, 77)(79, 80) (85, 95) (87, 88);
word (4A) ;

/* a * b™-1 *x a”-1 * b™-1 */

G<x,y,t>:=Group<x,y,tlx"4, y°3 , (x * y°-1 * x"-1 *x y~-1)"2,
x"-1 %y x x7-2 % y'-1 % x7-1 %k y *x x72 x y"-1 , t72,

(t,x * y™=1 * x~=1 * y~=1)>;

Orbits(N1);

temp:={4,7,23,24,28,66,69,2 ,3 ,5 ,6 , 8, 9, 10 , 11, 12, 13,14,
15,16, 17, 18, 19,21,22,30,31,32,33,36,37,38,41,45,46,47,48,50,51,
52,53,54,55,56,57,64,71,75,79,85,87};

for n in N do for j in temp do if 1°n eq j then word(mn),j;

temp:=temp diff {j}; end if; end for; end for;

G<x,y,t>:=Group<x,y,tlx"4, y™3 , (x * y°-1 * x"-1 % y™-1)"2,
xT-1 x y % x7-2 % y*-1 % x7-1 *x y x x72 x y*-1 , £72,

(t,x * y7-1 % x"-1 * y~-1),

(t,t7y ), (t,t°(y"-1 )), ¢, t" & -1xy~-1) ), (t,t"(y " -1*x) ),

(t,t" (y -1xx"-1)), (t,t~ (x"2%y )), (t,t" (x"2%y"-1) ),

(t,t" (y*xx"-1xy) ), (t,t7(y"x) ), (t,t"(x"-1xy~-1*x"-1)),

(t, t7(y -1*x"-1*xy)), (t,t" (y -1*x"-1xy~-1)), (t,t" (x"2*y*x"-1)),
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(t,t7(x"2%y"-1*x)), (t,t"(x"2xy -1*x"-1)), (t,t"~ ((x*y)"2)),

(t,t” (x*xy*x*xy~-1)), (t,t" (xxy*xx"-1%y) ), (t,t~ (y*x"-1xy*x)),

(t,t" ((y*x~-1)"2)), (t,t" (x"-1*xy*x"2) ), (t,t~ (x"-1xy*x*y)),
(t,t7((x"-1%y) "2)), (t,t" (x"-1*xy " -1xx"-1%y) ),

(t,t7 ((x"=1xy~-1)"2)), (t,t" (y -1*xx"-1*xy*x~-1)),
(t,t7((y~-1%x"-1)"2) ), (t,t7 (x"2%y*x*y) ) ,

(t,t7 (x"2%y"-1xx"2)), (t,t7(x"2*%y " —1*x*xy)), (t,t" (x"2*xy " -1*x"-1%y)),
(t,t7 (x7 2%y =-1*x"-1*xy~-1) ), (t,t~ (x*xy*x"-1*y*x"-1)),

(t,t7 (xxy~—1l*kxxy*x~=-1)), (t,t”(y*x"-1*y*x~2)),

(t,t7(y * x7-1 *x y *x x7-1 * y)), (t,t7 (yrx"-1xy " -1xx"-1xy"-1)),

(t,t7 (x"-1xy*x"2%y)) , (t,t" (X" -1*y*xxy*x) ), (t,t" (x"-1xy*kx - 1*ky*x"-1)),
(t,t7 (x7 -1y ~-1%xx" 2%y~ -1) ), (£, t7 (y " -1*kx"-Lky*x"-1%y) ) ,
(t,t7((x"2%y)"2)), (t,t7(x"2 * y *x x72 * y~=1)), (t,t" (X" 2ky*x*y*x)),
(t,t7 (x" 2%y~ -1xx*xy " -1xx)), (t,t"((y*x~-1)73)),

(t,t7 (y*x =1y~ —1*kx =1y " =1*x"-1) ), (t,t" (X" -1xy*x"2%y*x)),

(£, 7 ((x7-1xy)"3)), (t,t7 (X" 2ky*xky*x*y~-1))>;

C:=Classes(N); C;
for i in [2..#C] do i, C[i][3];word(C[i][3]);

Orbits(Centraliser (N,C[i][3])); end for;

for j in [2..#N] do for i in [1..#Setseq(Set(N))] do if
1"Setseq(Set(N)) [i] eq j then j,word(Setseq(Set(N))[il);

break; end if; end for; end for;
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Appendix J

MAGMA CODE for M12
Permutation Progentior

2¥12.(32:(2: 8)))

S:=Sym(72);

xx:=8!(1, 23, 49, 32, 12, 60)(2, 44, 16, 45, 17, 62)(3, 41, 6, 55, 50,
33)(4, 63, 14, 46, 8, 43)(5, 66, 26, 58, 31, 72)(7, 61, 19, 28, 42, 10)
(9, 20, 24, 54, 29, 38)(11, 69, 35, 70, 37, 18)(13, 21)(15, 36, 59, 53,

47, 48)(22, 67)(25, 40, 71, 27, 68, 52)(30, 64, 39, 57, 34, 56) (51, 65);

yy:=S!(1, 35, 58, 2, 6, 54, 25, 4)(3, 40, 46, 64, 14, 21, 19, 69)(5, 36,
38, 15, 22, 60, 17, 55)(7, 43, 66, 29, 32, 53, 71, 30)(8, 23, 27, 57, 37,
39, 67, 41)(9, 13, 50, 59, 42, 26, 20, 44) (10, 24, 12, 31, 45, 48, 16,

65) (11, 63, 18, 51, 49, 34, 61, 52)(28, 62, 68, 70, 33, 56, 72, 47);
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N:=sub<S|xx,yy>;
#N;

/*x 432 x/

N1:=Stabiliser(N,1);
#N1;
/*x6%/

Generators(N1);

FPGroup (N) ;
NN<a,b>:=Group<a,b]|
a6 |,
b"8 ,
b"2 * a2 *x b™-1 x a *x b ,
a™-1 x*x b™-1 * a * b™-1 *x a”-1 * b™-1 x a3 x b >;
#NN;
/* 432 */
word:=function(A)
Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);
for i in [2..#NN] do
P:=[Id(N): 1 in [1..#Sch[illl;
for j in [1..#Sch[i]] do
if Eltseq(Sch[i]l) [j] eq 1 then P[j]:=xx; end if;

if Eltseq(Sch[il) [j] eq -1 then P[j]l:=xx"-1; end if;
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if Eltseq(Sch[i]) [j] eq 2 then P[jl:=yy; end if;

if Eltseq(Sch[i]) [j] eq -2 then P[jl:=yy~-1; end if;

end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PP*P[k]; end for;

if A eq PP then B:=Sch[i]; end if;

end for;

return B;

end function;

A:=N!(2, 58)(3, 55)(4, 25)(5, 45)(8, 44)(9, 18) (10, 22) (11, 40) (12,
23) (13, 60) (14, 15) (16, 39) (17, 63)(19, 67)(20, 31)(21, 49) (24, 64)
(26, 36) (27, 46)(29, 66)(30, 71)(34, 38)(35, 54) (37, 59) (41, 51) (42,
61) (43, 53) (47, 72) (48, 69) (50, 65)(52, 57)(66, 62) (68, 70);
word(A) ;

/* a*b*axbx*xa-1x*x b -1 %/

B:=N!(2, 25, 54)(3, 41, 65)(4, 58, 35)(5, 18, 46)(8, 69, 34)(9, 45,
27) (10, 67, 42) (11, 26, 39) (12, 60, 21) (13, 23, 49) (14, 57, 31)(15,
20, 52) (16, 36, 40) (17, 24, 59)(19, 22, 61)(29, 71, 53)(30, 66, 43)
(37, 64, 63)(38, 48, 44)(47, 68, 62)(50, 51, 55) (56, 70, 72);
word(B) ;

/¥ a * b™-1 * a”2 * b */

G<x,y,t>:=Group<x,y,t|x"6, y"8 , y72 * x7-2 * y*-1 * x x y ,
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x7-1 % y™-1 * x * y*-1 *» x7-1 % y™-1 * x"3 *xy , t72

(t,x *y *x *xy*x" -1 xy™-1), (t, x *x y°-1 % x72 * y) >;

/* to verify progenitor is correct, do the following : */
sub<N|x * y * x * y *x x"-1 *x y"-1,x * y*-1 * x"2 * y> eq Ni;

/* truex/ /* so our progenitor is correct; now do FOR */

Orbits(N1);

temp:={6,7,28, 32, 33, 2, 3, 5, 8, 10, 11, 12, 14, 17, 29, 47};
for n in N do for j in temp do if 1°n eq j then word(n),j;

temp:=temp diff {j}; end if; end for; end for;

C:=Classes(N); C;
for i in [2..#C] do i, C[i][3];word(C[i][3]);

Orbits(Centraliser(N,C[i][3])); end for;

for j in [2..#N] do for i in [1..#Setseq(Set(N))] do if
1"Setseq(Set(N)) [i] eq j then j,word(Setseq(Set(N))[i]) ; break;

end if; end for; end for;
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MAGMA CODE for
Construction of Ms; : 22 over

PGL(2,9) : 2 and PGL(2,9)

S:=Sym(10);

xx:=8!(1,2,10) (3,4,5)(6,7,8);
yy:=8!(1,7,3,4,2,5,6,8);
zz:=8'(1,2)(4,7)(5,8)(9,10);
N:=sub<S|xx,yy,zz>;

#N;

/*720%/

G<x,y,z,t>:=Group<x,y,z,t|x"3,y"8,272, (y"-1%z) "2,

(zxx"-1) "3, (y"-1*x" 1%y~ -1*x"-1*y~2*x) ,

233
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(x*xy~-2%x"-1*y*x"-1%y) ,£72, (t,y —Ll*xxxzxy~2), (t,y -2%x*y~-1),
(zxx*y*t) "6, (z*t) "8, (t*¥t"x) "2=y " 4*z>;
#G;

/* 80640 */

#sub<Glx,y,z>;

/* 720 *x/

#DoubleCosets (G, sub<G|x,y,z>,sub<G|x,y,z>); /*x 6 */

f,G1,k:=CosetAction(G,sub<Glx,y,z>);
M:=MaximalSubgroups(G1) ;

for i in [1..#M] do #M[i] ‘subgroup/720; end for;
/*

1/3

2/5

14/15

16/15
56
56
56
*/

M4 :=M[4] ‘subgroup;
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f(x) in M4 and f(y) in M4 and f(z) in M4;

/* false */

D:=Conjugates(G1,M4);
DD:=Setseq(D) ;
for i in [1..#D] do if f(x) in DD[i] and f(y) in DD[i] and f(z) in DD[i]
then i; end if; end for;
/* 56 */
for g in DD[56] do if DD[56] eq sub<G1l|f(x),f(y),f(2),g>
then Sch:=SchreierSystem(G, sub<G|Id(G)>); for i in
[1..#Sch] do if g eq f£(Sch([i]) then Sch[i]; end if;
end for; break g; end if; end for;

/¥ z kg okt kx*kt*xy*xtxx-1xtxyxtx/

H:=sub<Glx,y,z,2 * y * t * X * t *x y * t * x"-1 *x t * y *x t>;
#H;
/x 1440 */
#DoubleCosets (G,H,sub<G|x,y,z>);
/* 3 */
f,G1,k:=CosetAction(G,H);
#k;
/*x 1 x/

/* £ is faithful - use this fx/
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IH:=sub<G1l| f(x), f(y), f(2), f(z * y * t * x * t * y * t * x"-1 * t *x y x £)>;

CompositionFactors(IH);

IN:=sub<G1l| f(x), £(y), £(z)>;

/*NOTE: if our k was not faithful we use the following code:

Index (G,sub<Glx,y,z>) ;*/

/* NOW WE CAN START THE DCE ALOG. */

DoubleCosets(G,H, sub<Glx,y,z>);

DC:=[Id(G1),f(t), f(t*x*t)];

NN<a,b,c>:=Group<a,b,cla”3,b"8,c"2, (b -1%c) "2,
(c*a~-1)"3, (b -1*a"-1*%b~-1xa"~-1xb~2%*a),

(a*b~-2*%a"-1xb*a”~-1%b)>;

Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);
ArrayP:=[Id(N): i in [1..#N]];

for i in [2..#N] do
P:=[Id(N): 1 in [1..#Sch[i]]];
for j in [1..#Sch[i]] do

if Eltseq(Sch[i]l) [j] eq 1 then P[j]:=xx; end if;

if Eltseq(Sch[il) [j] eq -1 then P[j]:=xx"-1; end if;
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if Eltseq(Sch[i]) [j] eq 2 then P[j]:=yy; end if;

if Eltseq(Sch[i]) [j] eq -2 then P[jl:=yy~-1; end if;
if Eltseq(Sch[i]) [j] eq 3 then P[j]:=zz; end if;

if Eltseq(Sch[i]) [j] eq -3 then P[jl:=zz"-1; end if;

end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PP*P[k]; end for;

ArrayP[i] :=PP;

end for;

for j in [2..10] do for i in [1..#Sch] do if 1"ArrayP[i] eq j then j,Sch[il;

break;end if; end for; end for;

ts := [ Id(G1): i in [1 .. 10] ];/* use this to write my ten t’s */
ts[1]:=£(t); ts[2]:=f(t"x); ts[3]:=£(t"(y72)); ts[4]l:=f(t"(x * y~-1));
ts[B]:=f(t"(x * y)); tsl6l:=f(t"(y * x"-1)); ts[7]:=£(t"y); ts[8]:=f(t"(y~-1));

ts[9]:=f (" (x"-1 * z)); ts[10]:=f(t"(x"-1));

cst:=[null : i in [1..56]] where null is /* #Index(G,H) */
[Integers() 11;

prodim := function(pt, Q, I)

v:= pt;

for i in I do
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v:=v~(Q[il);

end for;

return v;

end function;

for i :=1 to 10 do
cstprodim(1,ts, [i1)]:=[i];

end for;

m:=0; for i in [1..56] do if cst[i] ne [] then m:=m+1;
end if; end for;m;

/%10 */

Orbits(N);
/*[
GSet{e@ 1, 2, 7, 10, 5, 8, 3, 4, 9, 6 @}
1%/
Generators(N);
/%
{
1, 24, 7, 8)(9, 10),
(1, 2, 10)(3, 4, 56, 7, 8),
1, 7, 3, 4, 2, 5, 6, 8

I/
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for i in [1..3] do for g in IH do for h in IN do if ts[1] eq g*(DC[i])"h then i;
break;end if;end for;end for;end for;

/* 2 %/ /* 10 things move forward, O + #N/#N1s=720/72=10 */

/*SECOND DOUBLE COSET Ht1 [1] =/
S:={[11};
SS:=S°N;SS;
SSS:=Setseq(SS);
for i in [1..#SSS] do
for g in IH do if ts[1]
eq gxts[Rep(SSS[i]) [1]]
then print SSS[i];
end if; end for; end for;
/*{
[ 1]
}*/
N1:=Stabiliser(N,1);
Generators(N1);
/%
{
(2, (@3, 94, 6)(5, 10),
(2, 10, 3, 6, 7, 5, 9, 4),

(2, 3, 4, 6, 10, 8, 7, 5),
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(2, 7, 10, 4)(3, 5, 8, 6)

I/

N1:=Stabiliser (N, [1]);

#N1;

/*¥72%/

N1s:=N1;

#N1s;

/*72%/

Generators(Nis);

/*{
(2, 5, 6, 7)(4, 9, 10, 8),
(2, 6, 7, 3, 10, 5, 4, 8)

x/

Orbits(N1);
/*
[
GSet{@ 1 @},
GSet{e 2, 5, 6, 4, 7, 9, 8, 3, 10 @}
1%//*% so now we must find where each goes to:

Ht_1t_1= 7 , Ht_1t_2= 7%/



for i in [1..3] do for g in IH do for h in IN do if ts[1]x*ts[1]

eq g*(DC[i])"h then i; break;end if;end for;end for;end for;

/*1%//* one thing goes back */

for i in [1..3] do for g in IH do for h in IN do if ts[1]xts[2]
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eq g*(DC[i])"h then i; break;break;end if;end for;end for;end for;

/* 3 x//x 9 things move to [12],Ht12 */

/* THIRD DOUBLE COSET [12] */
S:={[1,2]};

SS:=S"°N;SS;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IH do if ts[1]*ts[2]

eq gxts[Rep(SSS[i]) [1]1]1*ts[Rep(SSS[i]) [2]1]
then print SSS[i];

end if; end for; end for;

/*{

[1, 2]
}
{

[2, 1]

Ix/
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N12:=Stabiliser (N, [1,2]);
Generators(N12);
/*{
3, 4, 9, 8, 6, 5, 10, 7),
(3, 9, 6, 10)(4, 8, 5, 7)
I/
N12:=Stabiliser (N, [1,2]);
#N12;

/*8x/

N12s:=N12;
for n in N do if [1,2]°n eq [ 2,1] then N12s:=sub<N|N12s,n>;
end if; end for;
#N12s;
/*16%/
Generators (N12s);
/*{
(1, 24, 7@, 8)(9, 10),
(1, 2)(3, 6)4, 85, 7)),
(3, 8, 10, 4, 6, 7, 9, 5),
(1, 2)(3, 74, 10)(5, 9)(6, 8),
1, 2)(@3, 4)(, 6)(7, 9@, 10),
(1, 2)(3, 10)(4, 5)(6, 9),

(1, 2)(@3, 54, 6)(7, 10)(8, 9),
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(1, 2)(@3, 84, 9@, 10)@6, 7)),
(1, 2@, 96, 100(7, 8)

x/

[1,2]"N12s;
GSet{@
[1, 21,
[2, 1]
@}/* we have both things that are equal so our coset

should increase by 720/16 = 45 x/

trl:=Transversal (N,N12s);

for i:=1 to #trl do

ss:=[1,2]"tr1[i];
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..56] do if cst[i] ne []
then m:=m+1;

end if; end for;m; /* 55, confirms it increased by 45 */

Orbits(N12);
/*
[

GSet{@ 1 @},
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GSet{@ 2 @I},
GSet{@ 3, 8, 10, 4, 6, 7, 9, 5 @}

1%/

for i in [1..3] do for g in IH do for h in IN do if ts[1]*ts[2] *ts[1]
eq g*(DC[i])"h then i; break;end if;end for;end for;end for;

/* 2 *//x 1 thing goes back */

for i in [1..3] do for g in IH do for h in IN do if ts[1]*ts[2]*ts[2]
eq g*(DC[i])"h then i; break;end if;end for;end for;end for;

/* 2 x//x 1 thing goes back */

for i in [1..3] do for g in IH do for h in IN do if ts[1]*ts[2]*ts[3]

eq g*(DC[i])"h then i; break;end if;end for;end for;end for;

/* 3 x//x 8 things loop */

CompositionFactors(G1);

NL:=NormalLattice(G1);

NL;

for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if;end for;

/* 1 %/
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CompositionFactors(IH);

NL:=NormallLattice(IH);

NL;

for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if;end for;

/x 1 */

IsIsomorphic(NL[5],PGL(2,9));

K:=AutomorphismGroup (A1t (6)) ;
#K;

/*x 1440 */
GG:=PermutationGroup (K) ;

#GG;

/* 1440 %/
IsIsomorphic(GG,IH);
Index(G1,IH);

/* 56 x/

CompositionFactors(IN);

NL:=NormalLattice(IN);

NL;



Appendix L

MAGMA CODE for

Semi-direct of 2° : 4

T:=TransitiveGroup(8,19);

S:=Sym(8);

A:=s!(1, 8)(2, 3) (4,
B:=s!(1, 3)(2, 8) (4,
C:=s!(1, 5)(2, 6)(3,

D:=s!(1, 3)(4, 5, 6,

N:=sub<S|A,B,C,D>;

5)(6, 7);
6) (5, 7);
4, 8);

75

CompositionFactors(N);

246
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NL:=NormalLattice(N); NL;

for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;

NL[8];

X:=AbelianGroup(GrpPerm, [2,2,2]);

IsIsomorphic(NL[8],X);

/*true */

H<a,b,c>:=Group<a,b,cla"2,b"2,c"2, (a,b), (b,c), (a,c)>;
#H;

/* 8 */

f,H1,k:=CosetAction(H,sub<H|Id(H)>);
IsIsomorphic(H1,NL[8]);

/* true *//* verified our presentation of NL[8]*/

/* We factor out N by NL[8]. Thus, N is a mixed extension of NL[8] by N/NL[8]*/

q,ff:=quo<N|NL[8]>;

q;

IsIsomorphic(N, DirectProduct(NL[8],NL[4]));

/*false */

T:=Transversal (N,NL[8]);
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NL[8];
A:=N'(1, 5)(2, 6)(3, 7)(4, 8);
B:=N!(1, 3)(2, 8)(4, 6)(5, 7);

C:=N!'(1, 8)(2, 3)(4, 5)(6, 7);

#T;
T[2];
(1, 3)4, 5, 6, 7)

D:=N!(1, 3)(4, 5’ 6, 7);

A,B,C,B"2,A*B,AxB*C,A*B~2,A*B~2*C,AxC,B*C,A*B~2*C;

A°D;

/x (1, 4)(2, 7)(3, 6)(5, 8) */

A"D eq AxC;

/* true */

B°D;
/* (1, 3)(2, 8)(4, 6)(5, 7) */

B°D eq B;



/* true *//* which means we can write as (bid) */

C"D;
/* (1, 2)(3, 8)(4, 7)(5, 6) */
C°D eq B*C;

/* true */

Order (D) ;

/* 4 %/ /% so we write d~4 *x/

/* Hence, a presentation for N is belowx/
H<a,b,c,d>:=Group<a,b,c,dla"2,b"2,c"2,(a,b), (a,c), (b,c),

d~4, a“d=axc,(b,d),c d=b*c>;

#H;

/* 32 x//* gave us the order of our Nx/
f,H1,k:=CosetAction(H,sub<H|Id(H)>);
#H1;

/* 32 %/

w:=IsIsomorphic(H1,N);
w; /* true */ /* verified our presentation so we are done and

can conclude that the TransitiveGroup(8,19) is (273) : 4 x/

249
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Appendix M

MAGMA CODE for

Construction of 2" My over Ar

S:=Sym(105) ;

xx:=S!(1, 3, 7, 15, 29, 45)(2, 5, 11, 22,
42, 66) (4, 9, 18, 34, 26, 46)(6, 13, 25)(8, 16, 31, 52,
39, 61)(10, 20, 38, 58, 78, 75)(12, 24, 14, 27, 47, 53) (17,
33, 48, 32, 54, 73)(19, 36, 30, 50, 63, 85)(21, 40, 62, 83, 23,
43) (28, 41, 64, 87, 69, 90)(35, 57, 76, 97, 80, 100) (37, 59,
79, 70, 92, 86) (44, 67, 88, 94, 91, 49)(51, 71, 65, 77, 98,
104) (55, 74, 56, 72, 95, 84) (60, 81, 101) (68, 89, 82)(93, 103,
99, 102, 105, 96);

yy:=S!(1, 2, 4, 8)(3, 6, 12, 23)(5, 10, 19, 35)(7, 14, 26, 45)

(9, 17, 32, 53)(11, 21, 39, 13)(15, 28, 47, 69)(16, 30, 49, 66)

(18, 27, 29, 48)(20, 37, 58, 77)(22, 41, 63, 84)(24, 44, 54, 36)
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(25, 43, 62, 82)(31, 51, 42, 65)(33, 55, 34, 56) (38, 60, 80, 81)
(40, 46, 68, 73)(50, 70, 91, 59)(52, 72, 94, 87) (57, 75)(61, 76,
67, 78) (64, 86) (71, 93, 79, 99)(74, 96, 90, 102) (83, 88, 89, 85)

(92, 100, 104, 97) (95, 98) (101, 103);

N:=sub<S|xx,yy>;

#N; /* 2520 */

G<x,y,t>:=Group<x,y,t|
Xx"6 ,
vy 4,

X * y°-2 %k x72 % y°2 *x x ,
xT-1 % y7-2 % x7-1 % y"-1 % x *x y"2 x x *x y"-1 ,

x"-1 % y™-1 * x7-3 * y™-1 * x73 * y™-1 * x7-2 ,

(y7-1 * x7-1)"4 * (y * x)72%x y * x"-1 ,

(y7-1 * x7-2)72% y™-1 * x"2 * y * x *x y*-1 *x x"3 % y * x"-1, t72,
(t, y*x"2*xy *x *y*xx"-1*y*x), (t, x72 % (y *x x )2%x y x x°-2),
(t,x ¥y * x72 xy *x x°=1 xy *x x *x y° -1 % x),

((y » x)72 % y *x x7-2 x y7=1 % xxt"(x * y * x"2 * y * x73))73>;
f,G1,k:=CosetAction(G,sub<Glx,y>);

#DoubleCosets (G, sub<G|x,y>,sub<G|x,y>);/*5 */

for i in [0..5] do for j in [0..3] do printf "%o", 1i;j,

xx"i*yy~j; end for; end for;
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for i,j in [0..5] do for k in [0..3] do printf "%o",
i;j5k,xx"i*yy k*xx"j; end for; end for;

for i,k in [0..5] do for j in [0..3] do printf "%o",
i;j5k,yy i*xx"j*yy"k; end for; end for;

for i in [0..5] do for j in [0..3] do printf "%o", i;j,

(xx~i*yy~j)~-1; end for; end for;

for i,k in [0..5] do for j in [0..3] do printf "%o",

i;j;k, (yy i*xx~j*yy"k)"-1; end for; end for;

#G1;

887040

CompositionFactors(G1);

IN:=sub<G1|f(x),f(y)>;

A:=[ Id(G), (y™-1 * x)72, x * y™-1 * x * y * X"2 % y,

X"2 k y kX kY kX ok yo-1 %

Xx"2, x72 x y *x x7-1 x y x x7-1 *x y *x x72,

X %y * x"2 %y kx*y2*xx™-1, x°-1

¥y, X *y ok x ky -1 % x72, y72 *x x x y * x72 x y x x"-1,
X ky ¥ X ky*xx -1

¥y, x7-1 %y *x x7-2 xy *x x72, x7-2 x y ¥ X *xy * x,

(y * x * y°-1)72, x72 %



y -1 % x7-1 % y7-1 % x7-1, x"-1 % y™2 * x * y *x x"-1,

X2 % y°-1 *x x *x y™-1 * x,

x7-1 % y7-1 % x7-1 % y *x x7-2 % y"-1 x x"-1,

XT-2 *k y ok x xy k x7-2 x y° -1,

y -1 xx xy*x x7-2, y7-1 * x *x y % x7-2 x y"-1 * x,
x*xy*x-1 xy*x, x*-1

¥ yok x xyoxx xy -1, x7-1 x y7-1 % x *xy *x x72 *x y'-1 % x72,
X *x y° -1 %xx *xy

* x72 x yo-1 % x, x7-1 *x y k x ky *k x *x y' -1 x x7-1 % y*-1 % x,
x7-1 % y™-1, yx x7-1 * y * x72 *x y*-1 * x *x y*-1 % x"-1,

X *y*xx*xy-1x*xx"-1x%y-1x%x"3,

y* x7-1 xy *x x7-1 xy *x x"2 xy*xx %y,

XT-2 %k y ok x xy ok x72 % y' -1 % x,

xX"-1 *xy *x x7-2 xy *x x7-1 %y * x,

X *y * x"-1 %y % x™2 % y' -1 %xx*xy, x"-1%x y'-1 % x7-1

¥y ok XT-2 k yo-1, y ok X73 k yO-1 k x * y, X"-2 k y *x X"2 * y %
x"T-1 *y, x*xy*x*xy-1*xx*xyxx"-2%y-1%*zx,y=*

x"-1 % y7-1 % x7-1 % y™-1 % x73, y * x"-1 * y % x7-2 % y~-1

* Xx7-2, x7-1 x y x x k yT-1 x x7-1 x y x x, y ok x"-1 * y *
x"-1 % y7-1 % x7-1 % y™-1, y°-1 * x * y *x x"2 *x y"-1, x"-1 x y
* x7-2 % y°-1 kx x x y°-1 % x"-1, (x"-1 % y)~3, x"2 * y~-1 *
x"-1 %y x x72 % y'-1, x73 *x y x x7-2 x y *x x*-1 x y™-1,

xXT-1 xy *x x72 % y7-1 % x7-1 *x y x x, x7-1 x y *x x72 *x y %

X *xy *x™-1, x72 xy x x % y'-1 x x7-1 *xy *x x72, y k x * y *

253
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XT-1 *xy *x ¥y *x x7-2, x73 *xy*kx *ky*x"-1, x *xy*k x"-2 %

y * x72 xy'-1, x ky *x x"-1 xy*xx*y*xx"-1, x xy*xx"-1

* y7-1 % x x yox x7-2 x y, (x x y°2)72, x7-2 x y *x x"-1 x y°-1

* Xx7-2, xT-2 k y x x7-1 x y*-1, x ky ok x x y°-1 x x x y *x x"-1,

y ok xT-2xyoxx ky -1, yox x7-1 % y™-1 % x7-1 % y"-1 % x7-2,

y*x kykx*xy*kxT-2%y-1*%xx*xy -1, x72 %y *xx"-1 %y -1x%
XT-1 xy x x72 % y7-1, x *y k XxX72 xy * x73, y' -1l ¥ x x y *x X2,

x"-1 *xy *xx"-1 %y *xxx*xy -1x*xx"-1%y-1=x%x"-1,

y ok x7-1 %y ok x7-2 % y'-1 x x7-1 % y *k x7-1, x72 *x y x x *x y *

XT2 %y ok x7-1, x72 xy x x7-1 *x yT-1 * x7-1 x y *x X72 *x y, y *

X72 x y7-1 % x * yT-1 *x x, x7-2 *x y*-1 % x *x y, X"3 *k y * x72 *

y * x7-2, x xy ok x"-2 %y ok x"2 xy *x x"-1, x73 % y*-1 x x7-1 % y~2,
kX Ky ok xT-2 % yT-1 % x7-1 %y xx, X7-2 %y kx ¥y -1l*xx*

y -1 % x7-1, x*xy *xx*xy -1 *%xxx*xy-1*xx,y*xx"-1x*xyx*xx"-2x*y,
y * x7-1 %y *xx *y*xx"3, y-1 *x x7-1 *x y°-1, y * x * y*-1 * x *

y ok x7-2 % yo-1 % x72, y k x ky * x*-1 xy *x x"3, y’ -1 *x x7-1 x y *
X"2 % yo-1 % x, x72 x y x x7-1 % y"2 x x *x y*-1 * x7-1, x * y *x x"-1 %
y°2 x x, yokxT-1 %y xxky*kx"-2 %y -1*xx, x*ky*x-1x*xy -1
xT-1l *xy, x7-1 xy *xx*xy*x"2 %y, x ky* x"-2 %y -1 % x"-1 %
yo-1, (x™-1, y), x"-1 * y™-1 * x * y * x, x"-1 * y * x * y* -1 * x,

X *y *x ky*xx"3*%xy -1x*xx"-1, x7-1 xy*xx*xy*x"2x*x y -1
xT-1, yxx ky ok x72 xy ok x7-1 %y *x x7-1, x7-1 % y7-1 x x *x y

* x7-2 x y°-1 *x x, y ¥ x73 x y*-1 % x7-1, x"3 *x y *x x*-1 % y*-1,

XT3 x y ok xT2 x y°-1 % x7-1 % y*-1, y * x xy *x x * y°-1 % x,
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y*x kyo*kx"2 %y -1l*xx*ky-1lx*xx,y*kx*y*x*xyx*xx -2 *xy,
-1 % x7-1 xy % X"2 xy * x, X7-1 ky xx ky*xx-1 %y *kx*xy*
x*-1, yxx"-1 xy kxx *xy*x*xy-1xx"-1, x-1 % y"-1 % x7-1 *
Yok X2 Ky ok X,y xxX -2 %y -1 xx *xy*x-21];

ts:=[Id(G1) : i in [1..105]];

ts[1]:=£(t);

for i in [2..105] do ts[il:=f(t"A[i]); end for;

DoubleCosets(G,sub<G|x,y>, sub<G|x,y>);

DC:=[ £( Id(G)), f(t), f(t *xx*1t), f(t *x"2 x1t ),

f(t *x *t *x"-1 %y -1%xtx*xyx*t)];

Index(G1,IN);

352

word:=function(A)

Sch:=SchreierSystem(G, sub<G|Id(G)>);
B:=Id(G);

for i in [2..#G] do

P:=[Id(G1): 1 in [1..#Sch[i]]l];

for j in [1..#Sch[i]] do

if Eltseq(Sch[i]l)[j] eq 1 then P[jl:=f(x); end if;



if Eltseq(Sch[i]) [j] eq -1 then P[j]:=f(x)"-1; end if;
if Eltseq(Sch[i]) [j] eq 2 then P[jl:=f(y); end if;

if Eltseq(Sch[i]) [j] eq -2 then P[j]l:=£f(y)~-1; end if;
if Eltseq(Sch[i]) [j] eq 3 then P[jl:=f(t); end if;

if Eltseq(Sch[i]l) [j] eq -3 then P[j]l:=f(t)"-1; end if;
end for;

PP:=Id(G1);

for k in [1..#P] do

PP:=PP*P[k]; end for;

if A eq PP then B:=Sch[i]; end if;

end for;

return B;

end function;

cst := [null : i in [1 ..Index(G1,IN)]] where null is [Integers()
prodim := function(pt, Q, I)
v := pt;

for i in I do

v := v (Q[il);
end for;
return v;

end function;
for i := 1 to 105 do

cstlprodim(1, ts, [i1)] := [i];

256

[ 71;
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end for;

m:=0; for i in [1..352] do if cst[i] ne [] then m:=m+1; end if; end for; m;

/* 105%/

Orbits(N);

for i in [1..#DC] do for m,n in IN do if ts[1] eq m*(DC[i])"n
then i; break; end if; end for; end for;

2

N1:=Stabiliser(N,1);

#N1;

24

N1i;

Permutation group N1 acting on a set of cardinality 105
Order = 24 = 273 * 3

Generators(N1) ;

for i,j in [1..105] do if ts[i] eq ts[j] then i,j;end if; end for;

DOING ORBIT Nt1

S:={[11};S;
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SS:=5"N;SS;
SSS:=Setseq(SS);
for i in [1..#SSS] do
for g in IN do if ts[1]
eq gxts[Rep(SSS[i]) [1]]
then print SSS[i];
end if; end for; end for;
{

[ 1]
}

Nis:=sub<N|N1>;

Orbits(N1);

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[1] eq m*(DC[i])"n

then i; break; end if; end for;end for;

/* 1x/ 1 goes back to [ *]

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[21] eq m*(DC[i]) n
then i; break; break;end if; end for;end for;

/* 2 x/ /*2 things loops to [1] */

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[5] eq m*(DC[i]) "n

then i; break; break;end if; end for;end for;

/*4x/ 6 things move to [15]

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2] eq m*(DC[i]) n



then i; break; break;end if; end for;end
/*3%//%12 things move to [12] */

for i in [1..#DC] do for m,n in IN do if
then i; break; break;end if; end for;end
/* 3 */ so 12 things go to [12]

for i in [1..#DC] do for m,n in IN do if
then i; break; break;end if; end for;end
/*2x/ so 12 things loop to [1]

for i in [1..#DC] do for m,n in IN do if
then i; break; break;end if; end for;end
/*3 x/12 things go to [12]

for i in [1..#DC] do for m,n in IN do if
then i; break; break;end if; end for;end
/*4 */24 things move to [15]

for i in [1..#DC] do for m,n in IN do if
then i; break; break;end if; end for;end

/*2 */24 things loop to [1]
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for;

ts[1]*ts[3] eq m*x(DC[i])"n

for;

ts[1]1*ts[4] eq m*(DC[i])"n

for;

ts[1]*ts[6] eq m*(DC[i]) " "n

for;

ts[11*ts[7] eq m*(DC[i]) "n

for;

ts[11*ts[10] eq m*(DC[i]) "n

for;

/*DOING NEW COSET (Nt1t2) - THRD DOUBLE COSET*/

S:={[1,2]};
SS:=S"N;SS;
SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]
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eq g+ts[Rep(SSS[i]) [1]11*ts[Rep(SSS[il) [2]]
then print SSS[i];

end if; end for; end for;

{

[1, 2]
}
{

[ 24, 36 ]
}
{

[ 47, 85 ]
}
{

[ 89, 34 ]
}
{

[ 21, 15 ]
}
{

[ 75, 84 ]
}
{
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}
{

[ 105, 38 ]
}
{

[ 67, 72 1]
}

N12:=Stabiliser (N, [1,2]);
#N12;

2

N12s:=N12;

for n in N do if [1,2]°n eq [1,2] then N12s:=sub<N|N12s,n>;
end if; end for;

#N12s;

2

for n in N do if [1,2]°n eq [24,36] then N12s:=sub<N|N12s,n>;
end if; end for;

#N12s;

6

for n in N do if [1,2]°n eq [47,85] then N12s:=sub<N|N12s,n>;
end if; end for;

#N12s;
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18

Generators(N12s);

[1,2]"N12s;

trl:=Transversal (N,N12s);

for i:=1 to #trl do

ss:=[1,2]"tr1[i];
cst[prodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..352] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

245

Orbits(N12s);

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[19] eq m*(DC[i])"n
then i; break; end if; end for;end for;

/*3 x/ 3 things will loop

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[37] eq m*(DC[i]) n
then i; break; break;end if; end for;end for;

/*3 x/3 things will loop



for i in [1..#DC] do for m,n
then i; break; break;end if;

/* 4x/ 9 things move to [15]

for i in [1..#DC] do for m,n

then i; break; break;end if;

in IN do if

end for;end

in IN do if

end for;end

2, so 9 things go back to [1]

for i in [1..#DC] do for m,n
then i; break; break;end if;

3, 9 things loop to [12]

for i in [1..#DC] do for m,n
then i; break; break;end if;

4, 9 things extend to [15]

for i in [1..#DC] do for m,n
then i; break; break;end if;

2 , 9 things go back to [1]

for i in [1..#DC] do for m,n
then i; break; break;end if;

3, 9 things loop to [12]

in IN do if

end for;end

in IN do if

end for;end

in IN do if

end for;end

in IN do if

end for;end

ts[1]*ts[2] *ts[1]

for;

ts[1]1*ts[2]*ts[2]

for;

ts[1]1*ts[2] *ts[3]

for;

ts[1]xts[2] *ts[4]

for;

ts[1]1*ts[2] *ts [7]

for;

ts[1]*ts[2] *ts[8]

for;

eq

eq

€q

eq

eq

eq

263

m*x(DC[i]) "n

m*(DC[i]) "n

m*x(DC[i]) "n

m*x(DC[i]) "n

m*x(DC[i]) "n

m*x(DC[i]) "n
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for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[30] eq m*(DC[i]) n
then i; break; break;end if; end for;end for;

2, 9 things go back to [1]

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[5] eq m*(DC[i]) "n
then i; break; break;end if; end for;end for;

3, 18 things loop to [12]

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[14] eq m*(DC[i])"n
then i; break; break;end if; end for;end for;

3, 18 things loops to [12]

/*DOING NEW COSET (Nt1t5) - Fourth DCx/
S:={[1, 5]};

SS:=S°N;SS;

8SS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[5]

eq gxts[Rep(SSS[i]) [1]1]1*ts[Rep(SSS[il) [2]1]
then print SSS[i];

end if; end for; end for;
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{

[1, 5]
+
{

[ 26, 63 1]
}
{

[ 20, 55 ]
}
{

[ 63, 26 ]
}
{

[ 55, 20 1]
}
{

[5, 1]
}

N15:=Stabiliser (N, [1,5]);
#N15;

/x 4 x/

N15s:=N15;

for n in N do if [1,5]°n eq [26,63] then N15s:=sub<N|N15s,n>; end if; end for;
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#N15s;
/* 24x/

Generators(N15s);

[1,5] "N1ib5s;

trl:=Transversal (N,N15s);

for i:=1 to #trl do

ss:=[1,5]"tr1[i];
cstlprodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..352] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

350

Orbits(N15s);

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[5]*ts[59]

eq m*(DC[i])"n then i; break; end if; end for; end for;

5, 1 thing goes to [1559]

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[5]*ts[70]

eq m*(DC[i])"n then i; break; end if; end for; end for;



4, 2 things loop to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

2, 6 things go back to [1]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

3, 12 things go back to [12]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4, 12 things loop to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

3, 12 things go back to [12]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

3, 12 things go back to [12]

for i in [1..#DC] do for m,n in IN do

eq m*(DC[i])"n then i; break; end if;
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if ts[1]*ts[5]*ts[1]

end for; end for;

if ts[1]*ts[5]*ts[2]

end for; end for;

if ts[1]*ts[5]*ts[3]

end for; end for;

if ts[1]*ts[5]*ts[4]

end for; end for;

if ts[1]*ts[5]*ts[28]

end for; end for;

if ts[1]*ts[5]*ts[6]

end for; end for;



268

4, 24 things loop to [15]

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[5]*ts[12]
eq m*(DC[i])"n then i; break; end if; end for; end for;

2, 24 things go back to [1]

/*DOING NEW COSET (Nt1t5t59) - FIFTH DOUBLE COSET*/
S:={[1, 5,59]1};

SS:=S"N;SS;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[5]*ts[59]

eq gxts[Rep(SSS[i]) [1]]1*ts[Rep(SSS[i]) [2]]1*ts[Rep(SSS[i]) [3]]
then print SSS[il;

end if; end for; end for;

N1559:=Stabiliser (N, [1,5,59]);

#N1559;

4

N1559s:=N1559;

for n in N do if [1,5,59]"n eq [3,11,79] then N1559s:=sub<N|N1559s,n>;
end if; end for;

#N1559s;
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2520

N1559s:=N1559;

Generator (N1559s) ;

trl:=Transversal (N,N1559s) ;

for i:=1 to #trl do

ss:=[1,5,59]"tr1[il;
cst[prodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..352] do if cst[i] ne []

then m:=m+1;

end if; end for;m;

351

Orbits(N1559s) ;

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[5]*ts[59]*ts[1]

eq m*(DC[i])"n then i; break; end if; end for; end for;

4, 1 thing goes back to [15]

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[5]*ts[59]*ts[5]

eq m*(DC[i])"n then i; break; end if; end for; end for;



4, 1 thing goes back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4, 1 thing goes back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4, 2 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4, 2 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4, 2 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4, 2 things go back to [15]

for i in [1..#DC] do for m,n in IN do

eq m*(DC[i])"n then i; break; end if;
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if ts[1]*ts[5]*ts[59]*ts[59]

end for; end for;

if ts[1]*ts[5]*ts[59]*ts[3]

end for; end for;

if ts[1]*ts[5]*ts[59]*ts[4]

end for; end for;

if ts[1]*ts[6]*ts[59]*ts[19]

end for; end for;

if ts[1]*ts[6]*ts[59]*ts[21]

end for; end for;

if ts[1]*ts[5]*ts[59]*ts[28]

end for; end for;



4, 2 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4, 2 things go back

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,2 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,2 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,2 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do

eq m*(DC[i])"n then i; break; end if;
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if ts[1]*ts[5]*ts[59]*ts[60]

end for; end for;

if ts[1]*ts[5]*ts[59]*ts[61]

end for; end for;

if ts[1]*ts[5]*ts[59]*ts[70]

end for; end for;

if ts[1]*ts[6]*ts[59]*ts[77]

end for; end for;

if ts[1]*ts[5]*ts[59]*ts[2]

end for; end for;

if ts[1]*ts[5]*ts[59]*ts[6]

end for; end for;



4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do

eq m*(DC[i])"n then i; break; end if;
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if ts[1]*ts[5]*ts[59]*ts[7]

end for; end for;

if ts[1]*ts[5]*ts[59]*ts[9]

end for; end for;

if ts[1]*ts[5]*ts[59]*ts[10]

end for; end for;

if ts[1]*ts[6]*ts[59]*ts[11]

end for; end for;

if ts[1]*ts[6]*ts[59]*ts[12]

end for; end for;

if ts[1]*ts[5]*ts[59]*ts[13]

end for; end for;
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4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[5]*ts[59]*ts[14]
eq m*(DC[i])"n then i; break; end if; end for; end for;

4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[5]*ts[59]x*ts[15]
eq m*(DC[i])"n then i; break; end if; end for; end for;

4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[5]*ts[59]*ts[16]
eq m*(DC[i])"n then i; break; end if; end for; end for;

4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[5]*ts[59]*ts[18]
eq m*(DC[i])"n then i; break; end if; end for; end for;

4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[5]*ts[59]x*ts[20]
eq m*(DC[i])"n then i; break; end if; end for; end for;

4 ,4 things go back to [15]



for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,4 things go back to [15]
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if ts[1]*ts[5]*ts[59]*ts[24]

end for; end for;

if ts[1]*ts[6]*ts[59]*ts[31]

end for; end for;

if ts[1]*ts[6]*ts[59]*ts[32]

end for; end for;

if ts[1]*ts[5]*ts[59]*ts[36]

end for; end for;

if ts[1]*ts[5]*ts[59]*ts[37]

end for; end for;

if ts[1]*ts[5]*ts[59]*ts[40]

end for; end for;



for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,4 things go back to [15]

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

4 ,4 things go back to [15]
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if ts[1]*ts[5]*ts[59]*ts[47]

end for; end for;

if ts[1]*ts[6]*ts[59]*ts[50]

end for; end for;
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Appendix N

MAGMA CODE for

Construction of L(2,11) over N

S:=Sym(8);

xx:=S!(1, 4, 2, 7)(3, 5, 8, 6);

yy:=S!(1, 7)(2, 6)(3, 5)(4, 8);

N:=sub<S|xx,yy>;
G<x,y,t>:=Group<x,y,t|x 4,y 2, (xxy) "3,t"°2, (t,y*x), (x"2*t) "5,
(y*¥t) 710, (y*t~(x"2))72,x"2 * t * X * £t * X * t * X *x t * y
¥ £t x xXT-1 x t x x72 x t *x x * t>;

#G;

/*x 1320 */

#N;

/* 24 */

#sub<G|x,y>;
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/* 24 */
#DoubleCosets (G, sub<G|x,y>,sub<G|x,y>);
/* 6 x/
f,G1,k:=CosetAction (G, sub<Glx,y>);

#k;

/* 1 %/

#G1; /*1320 */

CompositionFactors(G1);

for i in [0..2] do for j in [0..1] do printf "%o", i;j,xx"i*yy~j;

end for; end for;

IN:=sub<G1|f(x),f(y)>;

ts := [ Id(G1): i in [1 .. 8] 1;

ts[1]:=f(t); ts[2]:=f(t~(x"2)); ts[3]:=f(t~(x"2%y)"2);
ts[4] :=f(t"x);ts[6] :=f (£t~ (x"2*y*x"2));

ts[6] :=f(t"(x"2%y));ts[7]:=£(t"y); ts[8]:=f(t"(x*xy));

DoubleCosets(G,sub<Glx,y>, sub<G|x,y>);

DC:=[ £( Id(G)), f(t), f(t *xx *1t), f(t * x *xt *xx %1t ),

f(t*xx*xt*xx*xt*xx*xt), f(t *xx*xt*xy*xtx*xx-1x%t)];

Index (G, sub<Glx,y>);
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/* 85 */

cst := [null : i in [1 ..55]] where null is [Integers() | 1;
prodim := function(pt, Q, I)
v := pt;

for i in I do

v = v (Q[i]);
end for;
return v;

end function;
for i := 1 to 8 do
cst[prodim(1l, ts, [i])] := [i];

end for;

m:=0; for i in [1..55] do if cst[i] ne [] then m:=m+1; end if; end for; m;
/x 4 x/

> for i,j in [1..8] do if ts[i] eq ts[j] then i,j; break; end if; end for;

Orbits(N);

for i in [1..#DC] do for m,n in IN do if ts[1] eq m*(DC[i])"n then i;

break; end if; end for; end for;

/* 2 %/ /* this means it goes to the second DC, as predicted */



N1:=Stabiliser(N,1);
Generators(N1);

Orbits(N1);

for i in [1..#DC] do for m,n in IN
then i; break; end if; end for;end
/* 1 x/ /* goes back */

for i in [1..#DC] do for m,n in IN
then i; break; end if; end for;end
/* 1 *//x goes back */

for i in [1..#DC] do for m,n in IN
then i; break; end if; end for;end
/* 3 %/ /* NEW */

for i in [1..#DC] do for m,n in IN
then i; break; end if; end for;end

/* 3 *//* NEW */

/*DOING NEW COSET (Nt1t2)x/
S:={[1,21};

SS:=S°N;SS;

SSS:=Setseq(SS);
for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]

do if ts([1]*ts[1]

for;

do if ts[1]*ts[5]

for;

do if ts[1]*ts[2]

for;

do if ts[1]*ts[4]

for;
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eq m*(DC[i]) "n

eq m*(DC[i]) "n

eq m*(DC[i])"n

eq m*¥(DC[i])"n



eq g+ts[Rep(SSS[i]) [1]11*ts[Rep(SSS[il) [2]]
then print SSS[i];

end if; end for; end for;

/*
{

[1, 2]
}
{

[ 5, 6]
}

*//* this means these two things are equal */

N12:=Stabiliser (N, [1,2]);
#N12;
/x 1 x/

N12s:=N12;

for n in N do if [1,2]"n eq [5,6] then N12s:=sub<N|N12s,n>;

end if; end for;
#N12s;

/* 2 */

Generators(N12s);

[1,2]"N12s;
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trl:=Transversal(N,N12s);
for i:=1 to #trl do
ss:=[1,2]"tr1[i];
cst[prodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..55] do if cst[i] ne []

then m:=m+1;
end if; end for;m;

/* 16 */

Orbits(N12s);

for i in [1..#DC] do for m,n in IN
then i; break; end if; end for;end
/*x 3 *//* loops */

for i in [1..#DC] do for m,n in IN
then i; break; end if; end for;end
/* 2%//* goes back */

for i in [1..#DC] do for m,n in IN
then i; break; end if; end for;end
/* 4 x//* NEW */

for i in [1..#DC] do for m,n in IN

then i; break; end if; end for;end

do if ts[1]*ts[2]*ts[1]

for;

do if ts[1]*ts[2]*ts[2]

for;

do if ts[1]*ts[2]*ts[3]

for;

do if ts[1]*ts[2]*ts[7]

for;
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eq m*x(DC[i])"n

eq m*(DC[i]) "n

eq m*(DC[i])"n

eq m*(DC[i])"n
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/* 4 *x//* NEW */

/*DOING NEW COSET (Nt1t2t3)x*/
S:={[1,2,3]};

S55:=5"N;88S;

8SS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]*ts[3]

eq gxts[Rep(SSS[i]) [1]1]1*ts[Rep(SSS[i]) [2]1]*ts[Rep(SSS[i]) [3]]
then print SSS[i];

end if; end for; end for;

/* {

[ 1,2,31]

*/

N123:=Stabiliser (N, [1,2,3]);
#N123;

/x 1 */

N123s:=N123;

#N123s;

/* 1x/

Generators(N123s);
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/x L} */

trl:=Transversal(N,N123s);

for i:=1 to #trl do

ss:=[1,2,3]"tr1[i]l;
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..55] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/* 40%/

Orbits(N123s);

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[3]*ts[1] eq
m*(DC[i]) "n then i; break; end if; end for; end for;

/* 6 %/ /* NEW */

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[3]*ts[2] eq
m*(DC[i])"n then i; break; end if; end for; end for;

/* 4 %/ /* loops to itselfx*/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[3]*ts[3] eq
m*(DC[i]) "n then i; break; end if; end for; end for;

/* 3%/ /x goes back*/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[3]*ts[4] eq
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m*(DC[i]) "n then i; break; end if; end for; end for;

/*5 %/ /* NEW */

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[3]*ts[5] eq
m*(DC[i])"n then i; break; end if; end for; end for;

/* 6 %/ /* equal to new */

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[3]*ts[6] eq
m*(DC[i])"n then i; break; end if; end for; end for;

/* 4x/ /*x loops */

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[3]*ts[7] eq
m*(DC[i]) "n then i; break; end if; end for; end for;

/* 3 */ /* goes back */

for i in [1..#DC] do for m,n in IN do if ts[1]x*ts[2]*ts[3]*ts[8] eq
m*(DC[i])"n then i; break; end if; end for; end for;

/* 5 */ /* equal to new */

/*DOING NEW COSET (Nt1t2t3t4)x/
S:={[1, 2,3,41%};

SS:=S°N;SS;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]xts[2]*ts[3]*ts[4]

eq gxts[Rep(8SS[il) [1]1]1*ts[Rep(SSS[i]) [2]]1*ts[Rep(SSS[i]) [3]1]1*

ts[Rep(SSS[i]) [4]] then print SSS[i]; end if; end for; end for;
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/*

(1,2, 3, 4]

[8, 1, 3, 61

[ 2’ 8’ 3’ 5 ]

*/

N1234:=Stabiliser(N, [1,2,3,4]);

#N1234;

/* 1 x/

N1234s:=N1234;

for n in N do if [1,2,3,4]"n eq [8,1,3,6] then N1234s:=sub<N|N1234s,n>;
end if; end for;

#N1234s;

/* 3 */

Generators(N1234s);

[1,2,3,4] "N1234s;
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trl:=Transversal (N,N1234s) ;

for i:=1 to #trl do

ss:=[1,2,3,4] "tr1[i];
cst[prodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..55] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/* 48 */

Orbits(N1234s) ;

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*
ts[3]*ts[4]*ts[3] eq m*(DC[i]) "n then i; break; end if;

end for; end for;

/* 5 %/ /* loops to itself x*/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[3]
*ts[4]1*ts[7] eq m*x(DC[i]) "n then i; break; end if; end for;
end for;

/* loops to itself */

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[3]
*ts[4]*ts[1] eq m*(DC[i])"n then i; break; end if; end for;

end for;



/* 4 %/ /* goes back */

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[3]
*xts[4]*ts[4] eq m*(DC[i])"n then i; break; end if; end for;
end for;

/* 4 %/ /* goes back */

/*DOING NEW COSET (Nt1t2t3ti1)x*/
s:={[1, 2,3,11%};

SS:=S5°N;SS;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]l*ts[2]*ts[3]*ts[1]

eq gxts[Rep(SSS[i]) [1]1]*ts[Rep(SSS[i]) [2]1]*ts[Rep(SSS[il) [3]1]*

ts[Rep(SSS[i]) [1]] then print SSS[i]; end if; end for; end for;

/%
{

[1, 2, 3, 1]
}
{

L6, 7, 4, 6]
}

287
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[ 4, 5, 6, 41

N1231:=Stabiliser(N, [1,2,3,1]);

#N1231;

/* 1 %/

N1231s:=N1231;

for n in N do if [1,2,3,1]°n eq [4,5,6,4] then N1231s:=sub<N|N1231s,n>;
end if; end for;

#N1231s;

/* 4 x/

Generators(N1231s);

[1,2,3,1]1°N1231s;

trl:=Transversal (N,N1231s);
for i:=1 to #trl do
ss:=[1,2,3,1] "tr1[i];
cst[prodim(1,ts,ss)] :=ss;

end for;
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m:=0; for i in [1..55] do if cst[i] ne []

then m:=m+1;
end if; end for;m;

/* 54 x/

Orbits(N1231s);

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;
/* 4 *//x goes back */

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;

/* 4 *//x goes back */

if ts[1]*ts[2]*ts[3]*ts[1]*ts[1]

end for; end for;

if ts[1]*ts[2]*ts[3]*ts[1]*ts[2]

end for; end for;
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Appendix O

MAGMA CODE for

Construction of Moy over A7

S:=Sym(105) ;

xx:=S!(1, 3, 7, 15, 29, 45)(2, 5, 11, 22,
42, 66) (4, 9, 18, 34, 26, 46)(6, 13, 25)(8, 16, 31, 52,
39, 61)(10, 20, 38, 58, 78, 75)(12, 24, 14, 27, 47, 53) (17,
33, 48, 32, 54, 73)(19, 36, 30, 50, 63, 85)(21, 40, 62, 83, 23,
43) (28, 41, 64, 87, 69, 90)(35, 57, 76, 97, 80, 100) (37, 59,
79, 70, 92, 86) (44, 67, 88, 94, 91, 49)(51, 71, 65, 77, 98,
104) (55, 74, 56, 72, 95, 84) (60, 81, 101) (68, 89, 82)(93, 103,
99, 102, 105, 96);

yy:=S!(1, 2, 4, 8)(3, 6, 12, 23)(5, 10, 19, 35)(7, 14, 26, 45)

(9, 17, 32, 53)(11, 21, 39, 13)(15, 28, 47, 69)(16, 30, 49, 66)

(18, 27, 29, 48)(20, 37, 58, 77)(22, 41, 63, 84)(24, 44, 54, 36)
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(25, 43, 62, 82)(31, 51, 42, 65)(33, 55, 34, 56) (38, 60, 80, 81)
(40, 46, 68, 73)(50, 70, 91, 59)(52, 72, 94, 87) (57, 75)(61, 76,
67, 78)(64, 86) (71, 93, 79, 99) (74, 96, 90, 102)(83, 88, 89, 85)
(92, 100, 104, 97) (95, 98) (101, 103);

N:=sub<S|xx,yy>;

#N;2520

G<x,y,t>:=Group<x,y,t|
Xx"6 ,
y4,
X *x y°-2 %k x72 x y°2 *x x ,
xT-1 % y7-2 % x7-1 % y*-1 *x x * y"2 x x * y"-1 ,
Xx"-1 % y7-1 * x7=-3 * y™-1 * x"3 * y™-1 ¥ x"-2 ,
(y7-1 * x7-1)"4 * (y * x)72% y * x"-1 ,
(y7-1 * x7-2)72% y™-1 * X2 % y * x * y"-1 * x"3 % y * x"-1,
t72, (b, y* x"2 *xy *xx *xy*x"-1 %y *x),
(t, x72 % (y * x )72% y * x7-2), (t,x * y * x72 x y *x x"-1 %
yxxxy -1 *xx), ((y*x)72 %y * x"-2 % y™'-1 % xxt7(x %
Yy *x XT2 %y *x x73))73, x7-1 xy kx"-1 kykx*ky*x*y
* x ok yo-1 % x¥kt ok x x t ok xT-1 % yU-1 k£t ox y ok £>;
f,G1,k:=CosetAction(G,sub<G|x,y>);

CompositionFactors(Gl);
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#DoubleCosets (G, sub<G|x,y>,sub<G|x,y>) ;

3

#G1;

443520

for i in [0..5] do for j in [0..3] do printf "J%o", i;j,xx"i*yy~j;

end for; end for;

IN:=sub<G1|f(x),f(y)>;

A:=[ Id(G), (y~-1 * )72, x * y°-1 *x x * y * x"2 * y,
XT2 x y ok x xy ok x ok y -1 %

Xx"2, x72 x y *x x7-1 *x y x x7-1 *x y x x72,

X *y % xX"2 %y *xx*ky2*xx"-1, x*-1

¥y, X ¥y ok x ky -1 % x72, y72 *x x *x y * x"2 *x y x x"-1,
X ky kX ky ¥ x"-1

¥y, x7-1 %y % x7-2 *xy *x x72, x7-2 *x y ¥ X xy * x,
(y * x x y°-1)"2, x72 *

y* -1 % x7-1 % y°-1 % x7-1, x7-1 % y™2 * x * y *x x"-1,
x72 x y°-1 * x *x y*-1 * x,

x7-1 % y™-1 % x7-1 % y *x x7-2 % y"-1 x x"-1,

XT-2 x y ok x ky ok xT-2 % yT-1,

y -1l % x *xy*xx"-2, yo-1 * x *xy *x x7-2 % y"-1 * x,

x*xy*x" -1 xy*x, x*-1



¥ yokx xy ok x ok y -1, x7-1 x y7-1 x x xy % x72 x y'-1 % x72,
Xk yo-1 x x *y

* Xx72 x y7-1 x x, x7-1 x y ok x xy ok x *x y -1 x x7-1 % y*-1 * x,
x7-1 % y™-1, y*x x7-1 % y * x72 % y*-1 * x *x y*-1 * x"-1,

X %y *xx*xy-1x*xx"-1x%y'-12x%xx73,

y * x7-1 %y *x x7-1 %y *x x"2 xy*xx %y,

XT-2 x yox x xy ok x72 x y'-1 % x,

x"-1 *xy *x x7-2 *xy *x x*-1 %y * x,

Xk y*x xT-1 xy*xx™2 % y'-1 *%xx*xy, x*-1%x y'-1 % x7-1

¥ y ok x7-2 %k yo-1, y ok x73 x y7-1 k x x y, x7-2 x y x Xx72 *x y %
XT-1 %y, x xy % X xy -1 % X kyx xX"-2 % y'-1 % x, y *

x"-1 % y™-1 * x7-1 * y™-1 * x"3, y * x7-1 ¥ y * x7-2 x y™-1

* Xx7-2, x7-1 ky x x k yT-1 x x7-1 x y x x, y ok x"-1 * y *

x7-1 % y7-1 % x7-1 % y™-1, y°-1 * x * y * x72 *x y™-1, x"-1 x y
* x7-2 % y*-1 x x x y°-1 % x"-1, (x"-1 * y)~3, x"2 *x y™-1 *
XT-1 *y *x x72 % y°-1, x73 *x y k x7-2 *x y x x*-1 % y™-1,

xT-1 %y % x72 % y7-1 % x7-1 *x y *x x, x7-1 *x y *x x"2 *x y %

Xk y*xx -1, xT2 xy xx x y -1 %k x7-1 xy x x72, yx x *xy *
x"T-1 *xy *xx*xy*x™-2, x73ky*xx*xy*x"-1, x ky*xx"-2 %
y ok xT2 xy' -1, x xy x x7-1 *xy *kx *xy*xx"-1, x kxy*x x"-1

* y7-1 % x x yox x7-2 x y, (x *x y7°2)72, x"-2 x y *x x"-1 x y™-1
* x7-2, x7-2 %k y ok x7-1 x y7-1, x x y x x x yT-1 k x *k y *x x7-1,
y* x7-2 xyxx ky -1, y*x x™-1 % y™-1 % x7-1 % y"-1 x x™-2,

y* X kykx*xyokxT-2x%xy-1*xxx*xy -1, x72 %y *xx"-1 % y-1
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XT-1 %y % x72 % y7-1, x *x y x x72 ky *k x"3, y'-1 * x * y *x x72,

xT-1 %y *x x"-1 %y *x x *x y°-1 % x"-1 % y"-1 % x"-1,

yo*x x7-1 *x y x x7-2 %k y'-1 % x7-1 x y *x x7-1, x72 *x y *x x *x y *

XT2 %y ok x7-1, x72 ky x x7-1 kx y*-1 % x7-1 x y * X72 *x y, y *

XT2 % y7-1 x x x y©-1 x x, x7-2 k y°-1 ¥ x x y, x"3 *ky *x x"2 %

y * x7-2, x xy ok Xx"-2 xy ok x72 xy*x x"-1, x73 % y’-1 x x7-1 % y~2,
Yok x kyokxT=-2 x yT-1 % X7-1 ky xx, X7-2 %y kx ¥y -1*zx*

y -1 % x™-1, x*y *xx*xy -1 *%xxx*xy-1*xx,y*xx"-1x%xyx*xx"-2%*y,
y ok xT-1 %y xx ky*xx 3, y-1 % x7-1 %x y™-1, y ¥ x *x y* -1 * x *

y ok xT-2 % y7-1 ¥ x72, y x x ky ok x"-1 *xy *x x73, y* -1 *x x7-1 % y *
X72 x yo-1 % x, X72 *k y ok x7-1 x y72 x x x y*-1 *x x7-1, x x y x x7-1 *
y'2 % x, ykx x7-1 xykxx*xy*kxT-2%xy-1x*xx, xky*x-1*xy-1x
xT-1 *xy, x7-1 xy kx*xy* X2 %y, x ky*xx-2 %y -1 % x7-1 %

y -1, (x™-1, y), x"-1 * y°-1 * x * y * x, x"-1 *y * x * y*-1 * x,

X %y *x *kyx*xx"3 %y -1x*xx"-1, x7-1 xy*xx*xy*x"2x*x y -1
x"-1, yxx ky k x72 xy ok x7-1 %y *x x"-1, x7-1 *x y°-1 x x *xy

* Xx7-2 x y°-1 % x, y * x73 *x y*-1 % x7-1, x"3 *x y *x x"-1 % y"-1,

XT3 * y ok x72 % y'-1 x x7-1 % y'-1, y ¥ x *x y *x x ¥ y'-1 % x,

y*x ky*kx"2 %y -1*xx %y -1lx*xx,y*x*y*x*xyx*xx"-2x*xy,
yo-1 % x7-1 xy % X"2 xy k x, X7-1 k y ok x ky*xx-1 %y kx*y*
x7-1, yxx"-1 xy kx*xy*xx*xy-1xx"-1, x-1 %x y*-1 % x7-1 %

Yy ox XT2 %y *kx,y kX -2 % y-1*kx*xy*x"-2];

ts:=[Id(G1) : i in [1..105]];

ts[1] :=f(t);
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for i in [2..105] do ts[il:=f(t"A[i]); end for;

DoubleCosets(G,sub<Glx,y>, sub<G|x,y>);

DC:=[ £( 1d(G)), £f( t),

Index(G1,IN);
176
cst := [null :

prodim := function(pt, Q, I)
v := pt;

for i in I do

v = v (Q[i]);
end for;
return v;

end function;
for i := 1 to 105 do
cstlprodim(1l, ts, [i]1)] := [i];

end for;

m:=0; for i in [1..176] do if cst[i] ne []

105

Orbits(N);

f(t *x x * t)];

i in [1 ..Index(G1,IN)]] where null is [Integers() | 1;

then m:=m+1; end if; end for; m;
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N1:=Stabiliser(N,1);
#N1;
24

Generators(N1) ;

DOING ORBIT Nt1
S:={[1]};s;
SS:=S"N;SS;
SSS:=Setseq(SS);
for i in [1..#SSS] do
for g in IN do if ts[1]
eq gxts[Rep(SSS[il) [11]
then print SSS[i];
end if; end for; end for;
{

[1]

Nis:=sub<N|N1>;

Orbits(N1);

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[1] eq m*(DC[i]) n



then i; break; end if; end for;end for;

/* 1%/ 1 goes back to [ *]
for i in [1..#DC] do for m,n

then i; break; break;end if;

in IN do if

end for;end

/* 2%/ /*2 things loop to [1 ] */

for i in [1..#DC] do for m,n
then i; break; break;end if;
/*2x/ 6 things loop to [1 ]

for i in [1..#DC] do for m,n
then i; break; break;end if;
/*3%//%12 things [12 ] */

for i in [1..#DC] do for m,n
then i; break; break;end if;
/* 3 */ so 12 things go to [
for i in [1..#DC] do for m,n

then i; break; break;end if;

in IN do if

end for;end

in IN do if

end for;end

in IN do if
end for;end
12]

in IN do if

end for;end

/*¥2x/ so 12 things loop to [1]

for i in [1..#DC] do for m,n
then i; break; break;end if;
/* 3x/12 things go to [12 ]

for i in [1..#DC] do for m,n
then i; break; break;end if;
/* 2x/24 things loop to [1 ]

for i in [1..#DC] do for m,n

in IN do if

end for;end

in IN do if

end for;end

in IN do if
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ts[1]1*ts[21] eq m*x(DC[i])"n

for;

ts[1]1*ts[5] eq m*(DC[i]) n

for;

ts[1]*ts[2] eq m*(DC[i]) "n

for;

ts[11*ts[3] eq m*(DC[i])"n

for;

ts[1]1*ts[4] eq m*(DC[i])"n

for;

ts[1]*ts[6] eq m*(DC[i]) "n

for;

ts[1]1*ts[7] eq m*(DC[i]) n

for;

ts[1]1*ts[10] eq m*(DC[i]) n



then i; break; break;end if; end for;end for;

/*2 x/24 things loop to [ 1]

DOING ORBIT Nt1t2 third double coset
S:={[1,2]};8;

SS:=S°N;SS;

8SS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]

eq gxts[Rep(SSS[i]) [1]1]1*ts[Rep(SSS[il) [2]1]
then print SSS[i];

end if; end for; end for;

{
[1, 2]
}
{
[ 24, 36 ]
}
{
[ 41, 56 ]
}
{
[ 87, 69 ]

298
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47, 85 ]

89, 34 ]

49, 22 ]

21, 15 ]

63, 39 ]

81, 4]

94, 88 ]

75, 84 ]
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{

[ 33, 11 ]
}
{

[ 30, 52 ]
}
{

[ 60, 54 ]
}
{

[ 105, 38 ]
}
{

[ 57, 72 ]
}
{

[ 101, 80 ]
}

N12:=Stabiliser (N, [1,2]);

#N12;

2

for n in N do if [1,2]°n eq [24,36] then N12s:=sub<N|N12s,n>; end if; end for;

#N12s;
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6
for n in N do if [1,2]°n eq [41,56] then N12s:=sub<N|N12s,n>; end if; end for;
#N12s;

36

Generators(N12s);

[1,2]"N12s;

trl:=Transversal (N,N12s);

for i:=1 to #trl do

ss:=[1,2]"tr1[i];
cstprodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..176] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

175

Orbits(N12s);

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[19] eq

m*(DC[i]) "n then i; break; end if; end for;end for;

3, 6 things loop to [12]



for i in [1..#DC] do for m,n in IN
m*(DC[i]) "n then i; break; end if;
3, 9 things loop to [12]

for i in [1..#DC] do for m,n in IN
m*(DC[i])"n then i; break; end if;
2, 18 things go back to [1]

for i in [1..#DC] do for m,n in IN
m*(DC[i]) "n then i; break; end if;

2, 18 things go back to [1]

for i in [1..#DC] do for m,n in IN
m*(DC[i]) "n then i; break; end if;
2, 18 things go back to [1]

for i in [1..#DC] do for m,n in IN
m*(DC[i]) "n then i; break; end if;

3, 36 things loop to [12]

do if ts[1]*ts[2]*ts[8]

end for;end for;

do if ts[1]*ts[2]*ts[1]

end for;end for;

do if ts[1]*ts[2]*ts[2]

end for;end for;

do if ts[1]*ts[2]*ts[3]

end for;end for;

do if ts[1]*ts[2]*ts[5]

end for;end for;

®

q
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Appendix P

MAGMA CODE Wreath
Product Symmetric
Presentation and Building

Progenitor

N:=WreathProduct (CyclicGroup(5),CyclicGroup(5));
#N;

/* 15625%/

/*Note: i found my xx and yy by using the code:
Generators(N); */

S:=Sym(25) ;



xx:=S!(1, 6, 11, 16, 21)(2, 7, 12, 17, 22)(3, 8, 13, 18, 23) (4,
14, 19, 24)(5, 10, 15, 20, 25);

yy:=S!(1, 2, 3, 4, 5);

N:=sub<S|xx,yy>;

#N; /*15625%/

FPGroup(N) ;

NN<a,b>:=Group<a,bla~5, b"5,
(b, a~-1, b) ,
a * b™1 x a™-2 x b™-1 *x a2 * b x a™-2 *x b *x a >;

#NN; /* 15625%/

word:=function(4)
Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);

for i in [2..#NN] do

P:=[Id(N): 1 in [1..#Sch[i]1];

for j in [1..#Sch[il] do

if Eltseq(Sch[i]) [j] eq 1 then P[j]:=xx; end if;

if Eltseq(Sch([i]) [j] eq -1 then P[j]l:=xx"-1; end if;
if Eltseq(Sch[i]) [j] eq 2 then P[jl:=yy; end if;

if Eltseq(Sch([i]) [j] eq -2 then P[j]l:=yy~-1; end if;
end for;

PP:=Id(N);
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for k in [1..#P] do

PP:=PP*P[k]; end for;

if A eq PP then B:=Sch[i]; end if;
end for;

return B;

end function;

N1:=Stabiliser(N,1);
#N1;
/* 625 x/

Generators(N1) ;

A:=N'(11, 12, 13, 14, 15)(16, 17, 18, 19, 20);
word(A) ;

/*¥a”2 * b * a * b x a~2%/

B:=N!(11, 15, 14, 13, 12);

word(B) ;

/* a”-2 * b™-1 *x a”2x%/

c:=N!(6, 8, 10, 7, 9)(16, 17, 18, 19, 20) (21, 24, 22, 25, 23);

word(C) ;

/¥ a * b™-2 x a *x b *x a”2 * b™2 *x a */
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D:=N!(11, 13, 15, 12, 14)(16, 19, 17, 20, 18) (21, 23, 25, 22, 24);

word (D) ;
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/* a *x b™2 x a *x b™-2 * a * b”2 *x a2 *x/

G<x,y,t>:=Group<x,y,t|x"5, y°5,

(y, x°-1, y) ,

X % y°-1 % x7-2 % y*"-1 % x72 *x y x x7-2 *x y *x x, t72,
(t,x72 x y x x xy *x x72), (£,x"-2 * y™-1 * x72),

(t,x * y7-2 * x * 7y * x"2 * y72 * x), (£,x * y°2 * x * y™-2 % x * y~2 * x72)>;

/* to verify progenitor is correct, do the following : */
Sub<N|xx"2 * yy * XX * yy * xx"2, xx"-2 * yy~ -1 * xx"2,
XX * yy©-2 * XX * yy * XxX"2 * yy©2 * XX, XX * yy 2 * xx * yy -2 *

XX * yy~2 * xx"2> eq N1;/* true *//* so our progenitor is correct*/

Orbits(N1);

temp:={2,3,4,5,6,11,16,21};

for n in N do for j in temp do if 1°n eq j then word(n),j;

temp:=temp diff {j}; end if; end for; end for;

C:=Classes(N); C;

for i in [2..#C] do i, C[i]l[3];word(C[i]l[3]);

Orbits(Centraliser (N,C[i][3])); end for;



for j in [2..#N] do for i in [1..#Setseq(Set(N))] do if

1"Setseq(Set(N)) [i] eq j then j,word(Setseq(Set(N))[il);

break; end if; end for; end for;

/* to find the isom type of wreath product */

\4

>

>

S:=Sym(35);

s1:=51(11,16,21,26,31);

sv1:=81(12,17,22, 27,32);

e1:=S1(13,18,23,28,33);

ni:=S!(14,19,24,29,34);

ten1:=S!(15,20,25,30,35);

kls:=S!(11,12,13,14,15)(16,17,18, 19,20)(21,22,23,24,25) (26,

27,28,29, 30)(31,32,33,34,35);

> wr:=sub<S|si,svl,el,nl,tenl,kls>;

>

Permutation group wr

Wwr;

(11,
(12,
(13,
(14,
(15,
(11,

(26,

16, 21, 26,

17,
18,
19,
20,
12,

27,

22,
23,
24,
25,
13,

28,

27,
28,
29,
30,
14,

29,

acting on a set of cardinality 35

31)

32)

33)

34)

35)

15) (16, 17, 18, 19, 20) (21, 22, 23, 24, 25)

30) (31, 32, 33, 34, 35)
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> CompositionFactors(wr) ;
G
|  Cyclic(b)

*

| Cyclic(b)

|  Cyclic(b)

|  Cyclic(b)

| Cyclic(b)

|  Cyclic(b)

1

> NL:=NormalLattice(wr);

> NL;

Normal subgroup lattice

[12] Order 15625 Length 1 Maximal Subgroups: 6 7 8 9 10 11

[11] Order 3125 Length 1 Maximal Subgroups: 5



[10] Order
[ 91 Order
[ 8] Order
[ 7] Order
[ 6] Order
[ 5] Order
[ 4] Order
[ 31 Order
[ 21 Order
[ 1] Order

3125

3125

3125

3125

3125

625

125

25

Length

Length

Length

Length

Length

Length

Length

Length

Length

Length

> for i in [1..#NL] do if

1

2

> NL[7];

1 Maximal

1 Maximal

1 Maximal

1 Maximal

1 Maximal

1 Maximal

1 Maximal

1 Maximal

1 Maximal

1 Maximal

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

309

IsAbelian(NL[i]) then i; end if; end for;
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Permutation group acting on a set of cardinality 35
Order = 3125 = 575
(15, 20, 25, 30, 35)
(11, 31, 26, 21, 16)(12, 17, 22, 27, 32)
(12, 32, 27, 22, 17)(13, 18, 23, 28, 33)
(13, 33, 28, 23, 18)(14, 19, 24, 29, 34)
(14, 34, 29, 24, 19)(15, 20, 25, 30, 35)
> X:=AbelianGroup(GrpPerm, [5,5,5,5,5]);
> IsIsomorphic(NL[7],X);
true Mapping from: GrpPerm: $, Degree 35, Order 575 to GrpPerm: X
Composition of Mapping from: GrpPerm: $, Degree 35, Order 575 to GrpPC and
Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: X

H<a,b,c,d,e>:=Group<a,b,c,d,ela”5,b"5,c"5,d"5, e75,(a,b), (a,c),
(a,d), (a,e), (b,c),(b,d), (b,e), (c,d), (c,e), (d,e)>;
#H;

3125

> q,ff:=quo<wr|NL[7]>;

>q;

Permutation group q acting on a set of cardinality 5
Order = 6

Id(q)
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Id(q)
Id(q)
I1d(q)
Id(q)
(1, 2, 3, 4, 5)
> IsAbelian(q);
true
> T:=Transversal (wr,NL[7]);

> #T;

Id(wr),

(11, 12, 13, 14, 15)(16, 17, 18, 19, 20)(21, 22, 23, 24, 25)

(26, 27, 28, 29, 30)(31, 32, 33, 34, 35), (11, 13, 15, 12, 14)
(16, 18, 20, 17, 19)(21, 23, 25, 22, 24)(26, 28, 30, 27, 29)(31,
33, 35, 32, 34), (11, 14, 12, 15, 13)(16, 19, 17, 20, 18)(21, 24,
22, 25, 23)(26, 29, 27, 30, 28)(31, 34, 32, 35, 33), (11, 15, 14,
13, 12)(16, 20, 19, 18, 17)(21, 25, 24, 23, 22)(26, 30, 29, 28,
27) (31, 35, 34, 33, 32)

e}

/* The generators of NL[7]=( <A>, <B>, <C> , <D>, <E>) */

A:=wr! (15, 20, 25, 30, 35);



B:=wr!(11, 31, 26, 21, 16) (12, 17, 22, 27, 32);
C:=wr!(12, 32, 27, 22, 17)(13, 18, 23, 28, 33);
D:=wr!(13, 33, 28, 23, 18) (14, 19, 24, 29, 34);

E:=wr! (14, 34, 29, 24, 19)(15, 20, 25, 30, 35);

for i in [1..#T] do if ff(T[i]) eq q.1 then i; end if; end for;

for i in [1..#T] do if ff(T[i]) eq q.2 then i; end if; end for;

for i in [1..#T] do if ff(T[i]) eq q.3 then i; end if; end for;

for i in [1..#T] do if ff(T[i]) eq q.4 then i; end if; end for;

for i in [1..#T] do if ff(T[i]) eq q.5 then i; end if; end for;

1

f£(T[1]) eq q.5>;

true

T[1]1;

Id(wr)

F:=wr!Id(wr);

for q,r,s,t,u in [0..1] do if A"F eq A"g*B r*C s*D"t*E"u

then q,r,s,t,u; end if; end for;
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10000

for q,r,s,t,u in [0..1] do if B"F eq A~q*B r*C~s*D"t*E"u
then q,r,s,t,u; end if; end for;

01000

for q,r,s,t,u in [0..1] do if C°F eq A"q*B r*C s*D"t*E"u
then q,r,s,t,u; end if; end for;

00100

for q,r,s,t,u in [0..1] do if D°F eq A"q*B r*C~s*D"t*E"u
then q,r,s,t,u; end if; end for;

00010

for q,r,s,t,u in [0..1] do if E°F eq A"q*B r*C s*D"t*E"u
then q,r,s,t,u; end if; end for;

00001

J<a,b,c,d,e,f>:=Group<a,b,c,d,e,f|a"5,b"5,c"5,4"5, e°5,(a,b),
(a,c), (a,d), (a,e), (b,c),(b,d), (b,e), (c,d), (c,e), (d,e),
f°5, a“f=a, b f=b, c"f=c, d"f=d, e “f=e>;

#J;

15625

f,J1,k:=CosetAction(J,sub<J|Id(J)>);
#J1,;

/* 15625 */
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w:=IsIsomorphic(J1,wr);

w; /* false */

since it is false, there is a possibility that this could be a

mixed or central ext . so we check the permutation of Q in terms of J.
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