California State University, San Bernardino

CSUSB ScholarWorks

Theses Digitization Project John M. Pfau Library

2010

Snort: A combinatorial game

Keiko Kakihara

Follow this and additional works at: https://scholarworks.lib.csusb.edu/etd-project

b Part of the Discrete Mathematics and Combinatorics Commons

Recommended Citation

Kakihara, Keiko, "Snort: A combinatorial game" (2010). Theses Digitization Project. 3705.
https://scholarworks.lib.csusb.edu/etd-project/3705

This Thesis is brought to you for free and open access by the John M. Pfau Library at CSUSB ScholarWorks. It has
been accepted for inclusion in Theses Digitization Project by an authorized administrator of CSUSB ScholarWorks.
For more information, please contact scholarworks@csusb.edu.


https://scholarworks.lib.csusb.edu/
https://scholarworks.lib.csusb.edu/etd-project
https://scholarworks.lib.csusb.edu/library
https://scholarworks.lib.csusb.edu/etd-project?utm_source=scholarworks.lib.csusb.edu%2Fetd-project%2F3705&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/178?utm_source=scholarworks.lib.csusb.edu%2Fetd-project%2F3705&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarworks.lib.csusb.edu/etd-project/3705?utm_source=scholarworks.lib.csusb.edu%2Fetd-project%2F3705&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:scholarworks@csusb.edu

SNORT: A COMBINATORIAL GAME

A Thesis
Presented to the
Faculty of
California State University,

San Bernardino

In Partial Fulfillment
of the Requirements for the Degree
Master of Arts
in

Mathematics

by
Keiko Kakihara,

June 2010



SNORT: A COMBINATORIAL GAME

A Thesis
Presented to the
Faculty of
California State University,

San Bernardino

by
Keiko Kakihara
June 2010

Approved by:

Dr. Rolland Trapp, Comfifittee Member

Dr. Peter Williams, Chair,
Department of Mathematics

Department of Mathematics



1
ABSTRACT

The strategies of playing a two-person game have been analyzed using Graph
Theory. This paper focuses on the game of Snort, which is a combinatorial game on
graphs. Opposability is an important concept in a combinatorial game and leads to a win
for the second player. This paper also explores the characteristics of opposability through
examples. More fully, we obtain some necessary conditions for a graph to be opposable.
Since an opposable graph guarantees a second player win, we examine graphs that result
in a first player win. Specifically, we show that certain types of trees are first player wins.
Finally, the value of game is introduced as a yardstick which predicts the outcome of a

game. Its relation to opposability is remarked.
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Chapter 1

Introduction

1.1 Snort and Combinatorial Games

Snort, named after its creator S. Norton, is a game based on the story of two
farmers, who rent fields in a pasture for their herds. Mr. Black raises bulls and Mr. White
raises cows. Mr. Black claims a field first and Mr. White claims second, and they take
turns claiming the remaining fields. Because of the nature of bulls and cows, they cannot
put the two herds in the same field or in fields next to each other. Thus if the field
adjacent to a field claimed by Mr. Black is empty, that field will be reserved for only Mr.
Black to rent. The same is true for the field adjacent to a field claimed by Mr. White.
If a field is next to Mr. Black’s and Mr. White’s at the same time, then neither farmer
can claim that field. The farmer who is the last one able to claim an open space wins
the Snort game. Since a player can gain one field in each move, if Mr. Black wins, he has
more fields than Mr. White. If Mr. White wins, then he has at least as many fields as
Mr. Black. Again we should note that in Snort the winner is the player who has the last
move, not the player with more fields claimed.

Snort is a. typical combinatorial game that has been studied in mathematics for
almost 80 years. Many researchers who study Combinatorial Game Theory use Winning
Ways for Your Mathematical Plays [BCG82) and On Numbers and Games [Con76) as
foundational references. They participated in Proceedings of Symposia in Applied Math-
ematics and defined the combinatorial game in a formal and unified way in 1991. They

also joined in a symposium held at the Mathematical Sciences Research Institute (MSRI)



in 1994, and Richard K. Guy, one of the authors of Winning Ways for Your Mathemat-

ical Plays, contributes a paper titled “What is a Game?” and states the definition of a

Combinatorial Game by giving eight basic conditions [Guy98]. We state the conditions

of a combinatorial game as follows.

Definition 1.1. A game is called a combinatorial game if it satisfies the following

properties:

1.
2.

3.

It is a two-player game.
The two players play alternately.

Specific rules dictate how the two players can make their move from a current po-

sition to the next position.
The winner is the player who has the last available legal move.

The players have a starting position and several positions (or patterns) to choose

during a turn.
There is an ending condition fo determine the win or loss for each player.
No chance device, such as dice, spinners, or cards is needed.

The players can see all the details of a position and the current state of the game

on each turn. We call these details complete information.

We explain definitions of a combinatorial game more precisely using Snort as an

example.

1.

2.

There are two players, Black and White.

Black is the first player and White is the second and they take turns. Both players

can claim one empty field in each turn.

There are two basic rules in Snort. The first rule is that an empty field adjacent
to a field that a player claims is reserved for that player. The second rule is that a
property adjacent to Black’s and White’s fields at the same time is not available to
either Black or White. The field is called piebald.



4. The player who claims the last available field wins in Snort.

5. Each turn has a starting position that shows the condition before the move. Then

there are some possible moves, regarded as strategies. After each such move a new

position is obtained (Figure 1.1).

Starting Position

T

Reserved

Black
for Black

Position |

Reaerved

for Black Black

Reserved
for Black

Position 2

2 Positions that Black can choose.

Figure 1.1: Starting position and positions after Black’s first move

6. There is an ending condition to determine who wins or loses. In the above example,

if Black chooses Position 2, then White continues the game to have the position

given below (Figure 1.2).

| Reserved
for Black

Black

Reserved
tor Black

Starting Position for White

Resarved
for Black

Black

Plebald

White

Position that White chooses

Figure 1.2: Starting position and position after White’s first move

After White claims his field, Black claims the field that is reserved for him and wins

the game (Figure 1.3).



Resorved | o) ok Whit Black Black whit
for Block ac Plebald ° ac ac Plebald [

Starting Position for Black Ending Condition

Figure 1.3: Ending condition

7. On Snort we do not use any chance device to decide the players’ moves.

8. Two players can always see each state or position of the game and can consider

their strategies.

As a general rule, both players must play the game so as to win, i.e., they do
the best to win the game. In their book [ANWO7], Albert, Nowakowski, and Wolfe call

this rule as playing perfectly, and we define it below.

Definition 1.2. To play perfectly is to satisfy one of the following conditions:

1. A player makes a move that allows him to force o win.

2. A player performs o move that makes the opponent’s life as difficult as possible.

This concept leads to a basic theorem that is also stated in the book [ANWO07] more
officially.

Theorem 1.3. (Fundamental Theorem of Combinatorial Games) If a combinatorial
game is played by two persons, then either the first player can force a win, or the second

player can force a win, but not both. So therefore, there is no tie.

We can determine if a game that is familiar to us is a combinatorial game.
Tic-Tac-Toe has all of the above properties in Definition 1.1 except for the condition 4.
Once a player has placed his three marks in a straight line on the board, then he wins
even though there are some empty places for the opponent. Also there is a tie situation,

that is, neither player can win. Thus, Tic-Tac-Toe is not a combinatorial game. The



game Domineering can satisfy all the properties given in Definition 1.1. Two players, Mr.
Verty and Mr. Horry, alternately play. They have dominos, which are formed to cover
two squares on a checker-board. Mr. Verty places his dominos vertically and Mr. Horry
places his dominos horizontally. The player who cannot find a place to put his domino in
his turn loses the game. In each of their turns there is a starting position that is formed
by several squares and also there are finitely many number of options to play. They can
think about their next move since they have complete information. The card game Poker
is not a combinataorial game since there is lack of perfect information and also Monopoly
is not a combinatorial game because players use dice to determine how many places to
move at each of their turns.

We use a graph to illustrate a pasture in Snort, so that we can clearly view the
game when we discuss how to play and some strategies. We also study Snort games on
various types of graphs.

‘We shall define the basic terminologies of graphs in the next section.

1.2 Snort and the Basic Terminologies of Graphs

We give a formal definition of a graph and an interpretation of Snort as a game

on graphs.

Definition 1.4. A graph G = (V, E) consists of a finite set V of vertices and o set E
of edges, where each edge connects a pair of distinct vertices. For vertices a,b € V an
edge e connecting a, b is denoted by e = (a; b). Basic terminology and definitions in graph
theory can be found in [Tuc02], [Wil72].

As we study Snort in this paper, we use a vertex to represent a field in a whole
pasture and an edge connecting two vertices to show the relation that two fields are
adjacent. Thus instead of considering a real Snort we can play Snort on graphs, as in

Figure 1.4 below.



Figure 1.4: A pasture converted to a graph

Although we can use an arbitrary graph to play Snort, we mainly examine simple basic
graphs in Graph Theory. We demonstrate how to play Snort on graphs in more detail in
Chapter 2 using basic graphs such as paths, cycles, and bipartite graphs.

1.3 ' Snort and Opposability

In their paper [SS] Stokes and Schlatter introduce opposable graphs through the
game of Snort as one strategy for which the second player has a chance to win. A graph
G = (V,E) is said to be opposable if there is an automorphism f on V such that f(v)
is not equal to v, f(v) is not adjacent to v, and f(f(v)) = v for any vertex v in V. On
an opposable graph the second player claims the vertex that is the mirror image of the
vertex claimed by the first player. Stokes and Schlatter use a hexagon-shaped graph that
has a cycle and an even number of vertices as a typical example of an opposable graph.
We use the words eyele and even to describe two of the main conditions for opposability.
We explain more precise definitions of these terms in Chapter 3 and suggest additional

conditions and nature of opposability in the rest of this paper.

1.4 Snort and Nonopposable Graphs

After we play Snort using the opposable strategy, we focus on nonopposable
graphs as a next step. Since an opposable graph is a second player win, there arises a
question: If a graph is a second player win, then is it opposable? We do not know the
answer, however, we shall give a partial solution by showing that particular nonopposable
graphs are first player win. Since we shall show that any opposable graph contains a cycle,

a tree is a nonopposable graph. We prove that, for an even integer n, a complete n-nary



tree is a first player win. The case where n is odd is not obvious. We can verify that a

complete ternary tree is a first player win. The general odd case is unknown to us.

1.5 Snort and Values

Since any Snort game is either a first player win or a second player win, we want
to determine who wins the given game. One of the ways to see this is to consider the
value of a game. First we shall explain the value of a Domineering game. The values
are defined inductively from simple regions (positions) to complicated ones. Some rules
are introduced to calculate the values of positions. We shall consider Domineering and
Snorts. Here, we should note that combinatorial games are classified into two categories
according to their characteristics: partizan (or hot) and impartial (or cold). For instance,
Domineering is called partizan since two players have different options to play, and Snort
is called impartial since two players have the same options to play. After discussing
Domineering we consider values of Snort games. We shall see that an opposable graph

has a value 0, and that if the value is positive, then the graph is a first player win.



Chapter 2

Snort

In this chapter, we describe how to play Snort on graphs in more detail. Exam-
ples are given to play Snort on basic graphs such as paths, cycles, and bipartite graphs,

where some strategies are suggested.

2.1 How to Play Snort

We play Snort on graphs and here investigate some of its properties. Let G be
a graph represented by a set of vertices and edges. Then Snort on G is played by two
players who take turns to claim a vertex to be theirs. Since the winner of Snort is the
last person who can claim a vertex to be his, not the player who has more vertices, we
delete the vertex that a player claims on his turn. We use the black color for the first
player and the white color for the second player to reserve vertices. In this way we focus
on those vertices that are either reserved or available to both players rather than those
vertices that are already claimed by the players. We also assume that at the beginning
all vertices are available to both players. We describe the rules and procedures of Snort

again using the graphs as follows.

1. The players take turns to claim any available vertex.

2. At the beginning of the game, the first player may claim any vertex on the graph
G.

3. Then, the vertex that the first player claims is removed, and the vertices that are



adjacent to that vertex are reserved for the first player. Any vertex reserved for the

first player is shown as a large black dot.

4. On the second player’s turn, he may claim any vertex on G that is not reserved for
the first player. As above, the claimed vertex is removed from G and the vertices
that are adjacent to the one claimed are reserved for the second player. Any vertex

reserved for the second player is shown as a large white dot.
5. Any vertices that are claimed are omitted after each turn.
6. Any edge connecting two vertices that are reserved for the same player is omitted.

7. A piebald spot is a vertex that is adjacent to both a vertex claimed by the first
player and a vertex claimed by the second player at the same time. A piebald spot

is not available to either players and is denoted by ®.

8. The winner is the player who claims the last available vertex.

To clarify the above rules and procedures, we depict some examples in the next

sections.

2.2 Paths

First we deal with paths. A path is a very simple graph and can be used to
understand a simple game of Snort. The first part of the following example was used in

Secction 1.1. to introduce Snort.

Example 2.1. Let P, be a path consisting of n vertices vi,vs,...,v, and n — 1 edges

(vi,vip1) for i =1,2,...,n — 1. Let us denote it as P, = (v1,v2,...,¥n)-

(1) Consider P4 given in Figure 2.1.

@ — @ ®

v, v, v, v,

Figure 2.1: The graph of Py
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On the graph of Py, suppose the first player claims v5. Then vy is removed and vertices

v; and w3, adjacent to vg, are then reserved for the first player (Figure 2.2).

[ @——

v, v, v v,

3

Figure 2.2: The graph of Py after first move

In the second player’s turn he claims w4, so that it is removed. This implies that vs

becomes piebald (Figure 2.3).

o ®

v, v v, v,

Figure 2.3: The graph of P, after second move

In the third move the first player claims v; and wins this game.

Next consider the same graph Py, where the first player claims v; at the be-
ginning. This makes v, which is adjacent to vy, reserved for the first player (Figure
2.4).

v, V. VJ Va
Figure 2.4: The graph of P; with another strategy

The second player then chooses the strategy to claim vz, so that vy becomes piebald and

the vertex vy is reserved for the second player (Figure 2.5). Thus, the second player wins.

® O

v Va Vs vy

Figure 2.5: The graph of P4 after second move
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Therefore, there are two strategies for the first player: one which leads him to
win and the other which leads him to lose. Hence, the first player has to claim vy in his

first turn because of the rule of playing perfectly.

(2) Consider Py given in Figure 2.6.

Figure 2.6: The graph of Py

On the graph of P, suppose the first player claims v4. Vertices vs and vs are now reserved

for the first player (Figure 2.7).

® ° @ @ ® -*

v, Va Vy vV, Vs Vg v,
Figure 2.7: The graph of P; after first move

In the second player’s turn he claims ve. This implies that v is reserved for the second

player and v3 becomes piebald (Figure 2.8).

O ® ®o—— °

v, v, V, Yy Vs Ve v
Figure 2.8: The graph of P; after second move

In the third move the first player claims v;. This implies that vg is reserved for the first
player (Figure 2.9).

Figure 2.9: The graph of P; after third move
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In the second player’s turn he can claim only vy, which is reserved for him (Figure 2.10).

® ® o

vy V, vV, V4 Vs Vg vV,
Figure 2.10: The graph of P; after fourth move

The final stage of the graph shows that the first player wins in this game since there
remain only vertices reserved for him.

In the above example of P; we examine only one strategy for the first player.
There are essentially four strategies for the first player. That is, the first move is to take
one of vy, v, v3, and v4.

Here arises a question: For Snort on a path is there a strategy by which the
first player always wins? That is, is a path a first player win? We shall define trees that

contains paths and see the answer to this question in Chapter 4.

2.3 Cycles

In this section we deals with cycles. We shall see the difference between odd

cycles and even cycles.

Example 2.2. Let C, be a cycle consisting of n vertices v1,v2,...,V, and n edges

(v1,v2), ..+, (Un—1,vn), (Un,v1).

(1) We shall start with an even cycle. So consider Cs given in Figure 2.11.

Figure 2.11: The graph of Cs
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On the graph of Cg, suppose the first player claims v;. The two vertices vy and v,

adjacent to v1, are now reserved for the first player (Figure 2.12).

Figure 2.12: The graph of Cg after first move

In the second player’s turn, he considers symmetry of the figure and claims v4 that is
symmetric to v;. This implies that v3 and vs are reserved for the second player (Figure
2.13).

Figure 2.13: The graph of Cs after second move

Next there are two equivalent choices for the first player and he claims vp to make v3
piebald (Figure 2.14).

"® v

Figure 2.14: The graph of Cg after third move
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Then the second player necessarily claims v; and vg becomes piebald. Therefore, the

second player wins. (Figure 2.15).

v, ®Vs

v, Vs

vV, ® V.

Figure 2.15: The graph of Cg after fourth move

The above example Cg is an even cycle graph that Stoker and Schlatter claim

as opposable [SS]. Now, we add one more vertex to obtain an odd cycle graph C7 to play

Snort.

(2) Consider an odd cycle Cy given in Figure 2.16.

v, v,

v, Vs

Figure 2.16: The graph of C

On the graph of C7, the first player claims vy. Vertices v and v; are then reserved for

the first player (Figure 2.17).



15

v,

Figure 2.17: The graph of C7 after first move

In the second player’s turn, he cannot find a suitable vertex corresponding to v, as was

done in Cg and claims vs instead, so that the vertices vy and vg are reserved for the second
player (Figure 2.18).

v, v,
Figure 2.18: The graph of C; after second move

Next the first player claims v3, and v4 becomes piebald (Figure 2.19).

Figure 2.19: The graph of C7 after third move

In Figure 2.19, we see that the second player has only ve to claim. After the second

player claims vg, the vertex v; becomes piebald and the vertex vg is available for the first
player, so that the first player wins.
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2.4 Bipartite Graphs

The third example we consider in this chapter is a bipartite graph. Two types
of bipartite graphs are studied: complete and incomplete. At first we shall start with
complete bipartite graphs.

Example 2.3. Let K, be a complete bipartite graph consisting of two sets of vertices
V ={v,...,vm} and W = {wy,...,wy,} such that every edge joins a vertex in V with a
vertex in W, and there is an edge between every v € V and w € W. For each vertex v
let deg(v) denote the degree of v; i.e., the number of edges stemming from v. In K, ,, we
have that deg(v;) = n and deg(w;) = m.

Within complete bipartite graphs, we consider three cases where m = 2 and

n=3, m=3andn=3,and m=2and n=4.

(1) Consider K23 given in Figure 2.20.

Vv, L

W

Vz W 3
Figure 2.20: The graph of Ko 3

On the graph of K3, suppose the first player claims wo. The vertices v1 and vs become

reserved for the first player (Figure 2.21).

vl vW]
W
v, w3

Figure 2.21: The graph of Ks 3 after first move

In the second player’s turn, he claims ws, making, v; and vq piebald. Thus the first player

wins (Figure 2.22).
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-
-
-

Figure 2.22: The graph of Ky;3 after second move

(2) Consider K33 given in Figure 2.23.
This complete bipartite graph has cycles and even number (six) of vertices. Recall that

the cycle Cg has six vertices and is a second player win, We shall see if this is the case

for K3’3.
vV, W
Vs W 2
Vs, W,

Figure 2.23: The graph of K33

On the graph of K33, suppose the first player claims vo. Then three vertices wy, wz, and

ws, adjacent to ve, become reserved for the first player (Figure 2.24).

L W,
Vy W 2
vV, W,

Figure 2.24: The graph of K33 after first move

The second player claims vy, and the vertices wy, we, and ws become piebald (Figure

2.25).
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Figure 2.25: The graph of K33 after second move

Figure 2.25 shows that the first player, who has the remaining option, wins. Hence, K33

is not opposable.

(3) Consider K34 given in Figure 2.26.
This complete bipartite graph also has cycles and six vertices, and there are even number

of vertices on both sides, which is different from K3 3.

w,
V. W o
%
2 w,
Wy

Figure 2.26: The graph of Ka4

On the graph of K34, suppose the first player claims v, so that the four vertices w1, wa,

ws, and wy, adjacent to v, become reserved for the first player (Figure 2.27).

W
Vv, w,
vV, w,
W

Figure 2.27: The graph of Ko 4 after first move
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In the second player’s turn, he claims vs and the rest of the four vertices become piebald
(Figure 2.28).

Figure 2.28: The graph of K34 after second move

Figure 2.28 shows that the second player wins.

There is another strategy for the first player. Suppose that the first player claims
w; on his first move, so that vertices v; and vo are reserved for him. Then, the second
player claims wsg, which makes v; and vy piebald. After that, each player claims w3 or
w4, and hence the second player wins. Thus, we can conclude that Ko 4 is a second player
win.

The general complete bipartite graphs K, » are classified as opposable and non-
opposable according to the parities of m and n in Chapter 3.

Now we move to incomplete bipartite graphes.

Example 2.4. Let G be a bipartite graph with two sets V and W of vertices, where
every edge joins a vertex in V and a vertex in W. Here we assume that G is incomplete,
i.e., there exist two vertices u,v € V or u,v € W such that deg(u) < deg(v). Let us
consider the following bipartite graph G.

W,
V)

W,
vV,

W3
Vi

Wy

Figure 2.29: An incomplete bipartite graph
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On the graph of G (Figure 2.29), suppose the first player claims v, and three vertices

w1, w3, and wy that are adjacent to vy, become reserved for the first player (Figure 2.30).

W,

W

Va
@

Vi
L

Figure 2.30: The incomplete bipartite graph after first move

In the second player’s turn, he claims v3, so we becomes reserved for the second player
and w4 becomes piebald (Figure 2.31).

Figure 2.31: The incomplete bipartite graph after second move

In the first player’s turn, he claims w; and the vertex vq is reserved for the first player.
Then we can see that the first player wins, since there are two vertices reserved for the

first player and there is only one vertex reserved for the second player (Figure 2.32).

Figure 2.32: The incomplete bipartite graph after third move
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Remark 2.5. At the end of this chapter we can suggest some basic strategies to win a

Snort game.

1. Try to increase the number of vertices that are reserved for one’s own. That is,

claim a vertex of a higher degree.

2. If a vertex is reserved for the opponent, try to make it piebald by claiming a vertex

adjacent to it.

3. If the graph has a symmetry in some sense (that is related to an automorphism
defined later), in each turn the second player can choose the symmetric vertex

corresponding to the one chosen by the first player.

4. If the graph has some symmetry after the first player’s move, then the first player

can take the same strategy as above.
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Chapter 3

Opposable Graphs

In this chapter, we introduce opposable graphs. When a graph is connected, we
obtain some necessary conditions and sufficient conditions for opposability. Examples of

two and three dimensional grid graphs are considered.

3.1 Definitions and Examples

In Chapter 2, we found that if a graph is symmetrical in a certain sense, the
second player can make strategies to win, i.e., the graph represents a second player win.
This type of graph is called opposable whose definition is given in Section 1.3. In this
chapter we consider this notion in more detail by giving examples and obtaining structures
of opposable graphs.

We begin with some basic definitions from graph theory.

Definition 3.1. Let G = (V,E) and G' = (V',E’) be two graphs. Then o mapping
f : G = G is called an isomorphism if f : V — V' is one-to-one and onto, and if
a,b € V are adjacent in G, then f(a), f(b) € V' are adjacent in G, and vice versa. In
this case, the graphs G and G’ are said to be isomorphic and is denoted by G = G'. When

G = @, then an isomorphism f: G — G is called an automorphism.

Definition 8.2. A graph G = (V, E) is said to be opposable if there is an automorphism
f: G = @G such that, f(lJT any v € V, f(v) is neither adjacent to nor equal to v, and

FUf(w) =v.
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Remark 3.3. A consequence of the above definition is that any opposable graph has
an even number of vertices and hence any graph with an odd number of vertices is not
opposable. Thus, an odd cycle and a bipartite graph K, with m,n of opposite parity

are not opposable. We prove this fact as a proposition below.
Proposition 3.4. Graphs with an odd number of vertices are not opposable.

Proof. Let G be an opposable graph with (2n 4 1) vertices where n is a positive integer.
Let f be a required automorphism on G, so that G and f meet the conditions of Definition
3.2. For any v € G, we have f(v1) # v1 and f(f(v1)) = v1. Hence, we can make a pair
(v1, f(v1)), and for any ve (# v1) € V, we can make another pair (vg, f(v2)). Continuing

this process we can make n pairs

(v1, f(¥1)), v, (W, £(vn))

of vertices and there is one vertex v left. Since f is onto, there is some 4 (1 < ¢ < n) such
that f(v) = v; or f(v) = f(v;). If f(v) = v;, then v = f(f(v)) = f(v), a contradiction. If

f(v) = f(vs), then v = v; since f is one-to-one, a contradiction. Thus, G is not opposable.

(]
One basic example of an opposable graph is given.
Proposition 3.5. An even cycle Ca, with n > 2 is opposable.
Proof. Let Ca, be a cycle consisting of 2n vertices vy, v, ..., von, with 2n edges (v1,v2),
(v2,v3), -« -, (Van—1, V2n), (V2n, v1).
"1 vln
¥, v

vu "n.l

Figure 3.1: The graph of Cop,
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Define f: V — V by

Vitn, ifi=1,2,...,n
f('Ui)= i4n N H H
Vin, fi=n+1,n+2,...,2n

Then, clearly f is one-to-one and onto. For 1 < ¢ < n — 1, we have that v; and v;41 are
adjacent and that f(v;) = viyn and f(viy1) = vi414n are adjacent. For i = n, we have
that v, and v,41 are adjacent and that f(v,) = va, and f(vy+1) = v1 are adjacent. For
n+1 < i< 2n—1, we have that v; and v;41 are adjacent and that f(v;} = v;—p and
f(vi+1) = vip1-n are adjacent. For ¢ = 2n, we have that ve, and v; are adjacent and
that f(ven) = vy and f(v1) = vn41 are adjacent. Thus, f is an automorphism of G.

Moreover, we have that
F(F(v3)) = f(Witn) = Vign)—n = Vs fori<i<n

f(f (i) = f(Vimn) = Y—nyn =¥, forn+1<i<2n

Finally, f(v) is not adjacent to v and not equal to v. Therefore, f satisfies the conditions
of opposability of G. W]

It follows from the definition and lexamples above that any opposable graph is

a second player win, which is shown in [SS].

Proposition 3.6 [SS]. Any opposable graph is a second player win. Hence, if a graph is

a first player win, then it is not opposable.

Proof. Let G be opposable with an automorphism f satisfying the condition of Definition
3.2. We can assume that G has 2n vertices vy, vg, ..., 2n. Then, a strategy for the second
player is as follows:
If the first player claims v;, then claim f{v;).

This is possible for the first stage because v; and f(v;) are not equal or adjacent by
definition. After some moves, we have to show that if the first player picks vy, then f(v;)
is available for the second player. We consider some cases. If f(v;) is used by the first
player, then v; = f(f(v;)) must have been already used by the second player, which is
a contradiction. If f(v;) is used by the second player, then v; has been used by the first
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player, which is also a contradiction. Finally, if f(v;) is reserved for the first player, then
there is a vertex vy that is played by the first player and is adjacent to f(v;). But then,
the second player must have picked f(vg) that is adjacent to v; since vy and f(v;) are
adjacent and they are mapped by f. This implies that the first player cannot pick v;
since it is reserved for the second player or it is piebald, which is a contradiction. So, if
the first player picks v;, then f(v;) is available for the second player.

Therefore, the second player always finishes the last move and wins. d

Recall that we showed two bipartite graphs K> 4 and K33 in Section 2.4. K34
has an even number of vertices in both sides and is an opposable graph. K33 has an odd
number of vertices in both sides and is not an opposable graph though it has an even

number of vertices in total. We shall generalize this result in the following.

Proposition 3.7. Let m and n be even positive integers. Then a complete bipartite graph
Kppn = (V, E) is opposable.

Figure 3.2: The complete bipartite graph Ky, » with even m,n

Proof. As in the figure above, let vq,vs, ..., vy be the set of vertices on the left side and

w1, Ws, ..., W, be the set of vertices on the right side. Define a mapping f: V' - V by



26

flv1) = vo flwr) = we
flva)=n flwz) = w1
f(vs) = vq flws) = wq
flva) =3 f(wy) = ws
fom—1) = vm f(wn—1) =wn
f(Um) = vm—1 flwn) = wpy

Clearly, f is one-to-one and onto. If v and w are adjacent, then v = v; and w = w; for
some ¢ (1 <4< m)and j (1 <j<n) (orv=w; and w = v; for some i and j), since the
graph is a complete bipartite graph. Then, f(v) and f(w) are obviously adjacent by the
definition of f. Thus, f is an automorphism. The condition f(f(v)) = v is clear from
the definition. Moreover, f(v} # v, and f(v) is not adjacent to v from the definition.

Therefore, Ky, » is opposable. O

We know that any opposable graph has an even number of vertices. However,
this is not sufficient for opposability as we see below that K, , with odd m,n is not

op})osable.

Proposition 3.8. Let m and n be odd positive integers. Then a complete bipartite graph

K is not opposable.

Proof. As in the figure below, let vy, ..., vy, be the set of vertices on the left and wy, ..., wy

be the set of vertices on the right.

vy

Figure 3.3: The complete bipartite graph Ky, with odd m,n
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Assume that Ky, is Opposabie and let f: V — V be an automorphism that
satisfies the opposability conditions. Since f(v;) is not v; and not adjacent to vi, f(v1)
must be one of vg,...,vm. Let f(vi) = v, 1 # 1. By the same reason, we have that
fva) = v;, for some is # 1,2,4;. If we continue this process, then we have "—51- pairs
of vertices from vy,...,¥n, and there will be one vertex vy left. Then, f(v;) cannot be
defined since all other vertices on the left side are exhausted. This is a contradiction.

Therefore, K 5 is not opposable. (|

3.2 Properties

Now we investigate some more properties of opposable graphs. The first one is

that opposability is isomorphism invariant.

Proposition 3.9. If two graphs are isomorphic and one is opposable, then the other is

also opposable.

_ Proof. Suppose two graphs G; = (Vi, E1) and G = (V;, E») are isomorphic and G is
opposable. Let g : G1 — G2 be an isomorphism and f; : Gi — G1 be an automorphism
that makes G; opposable. We show that G is opposable. Define fo : Vo — V2 by

H) =g[ne )], vet

We show that f2 is an automorphism of Go that satisfies the opposability condition for
Go.

fa is one-to-one since g~!

, f1 and g are one-to-one.

f2 is onto since g~! : G3 — G is onto, fi : G1 — G is onto, and g : G; — G
is anto.

Let v, vs € G be adjacent. Then g~1(v1),g7* (v2) € G are adjacent since g and
hence g~! are isomorphisms. Hence, fi(g~ (1)), fi(g~ (v2)) € G; are adjacent since f,
is an automorphism. Thus, g(f1(g7 (1)), g(f1(g71(v2)) € G2 are adjacent since g is an

isomorphism, so that fa(v1), fa(va) € Ga are adjacent. Therefore, fo is an automorphism.
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For v € G4 it holds that

Fa(f3(0)) = g(filg™ (g(frlg™ (@))))
= g(filfilg™ (@)
= g(¢7 ()

= .

Moreover, fa(v) # v for v € Go. In fact, suppose that fa(v) = v. Then, we have
that v = g(f1(g~1(v)))) and hence g~ (v) = fi(g~!(v)), which is a contradiction since
fi(u) # u for all u € Gy.

Finally, for v € Ga, f2(v) and v are not adjacent. For, if fo(v) and v are adjacent,
then g(fi(g~!(v))) and v are adjacent, which implies that f(¢g~*(v)) and g~'(v) are
adjacent. This is a contradiction since fi(u) and u are not adjacent for any u € Gy.

Thus, f3 is the required automorphism to make G» opposable. O

Proposition 3.10. If two graphs Gy and Go are isomorphic, then the graph G1 UGz is
opposable.

Proof. Let G; = (V;, E;), i = 1,2 be isomorphic graphs, where Vi = {uy,ug,...,un} and
Vo = {v1,v2,...,vn}. Suppose that a mapping f : V1 = V5 is an isomorphism given by
f(uy) =wv; for i =1,2,...,n. Then, define f:ViuVa >3 U Vs by

Flw) = flw)=v;, i=1,2,...,n,

f(vi)=f—1(vi)‘=ui, i=12,...,n.

Clearly, f is one-to-one and onto. Note that if u; and u; (i # j) are adjacent, then
f (w;) = v; and f (u;) = v; are adjacent, since G; and G2 are isomorphic. Similarly, if
v; and v; (i # j) are adjacent, then f(v;) = u; and f(v;) = u; are adjacent. Thus, f
is an automorphism. The condition f(f(u)) = u for any u € Vi U V% is clear from the
definition. Moreover, for any u € Vi U Va, f(u) # u, and fi (u) is not adjacent to u from
the definition. Therefore, G = G U G2 is opposable. O

We list the necessary conditions for opposability as follows.
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Theorem 3.11. Let G = (V, E) be an opposable graph with an automorphism f:V = V.
Then the following statements are true.

(1) The number of vertices in V is even.

(2) The number of edges in E is even.

(3) For any v € V we have deg(v) = deg f(v}. Hence, if we let

Vi = {v € V : deg(v) = k} for k > 1, then V}, is f-invariant.
(4) For any k > 1 the number of vertices in Vj, is even or zero.
(5) For any k > 1, if vy,va,...,um € V; and m 2> 2, then for any v;

there is some v; with i # j such that v; and v; are not adjacent.

Proof. (1) follows from Proposition 3.4.

(2) Let e = (u,v) € E be an edge. Then, since G is opposable, f(e) =
(f(u), f(v)) is an edge different from e. Hence we have a pair of edges {e, f(e)}. Sup-
pose we have an odd number of edges, then one edge e* is left out. Then, f(e*) = e
for some e(# e*) € F and {e, f(e*)} is a pair, which implies that e = f(f(e*)) = ¢*, a
contradiction. Thus, G has an even number of edges.

(3) Let v € V and suppose deg(v) = k. Then, there are & distinct vertices
v1,...,V; that are adjacent to v. This implies that f(v1),..., f(ve) are distinct and
adjacent to f(v) since f is an automorphism. Hence, deg f(v) > k. By a similar argument
we have deg(v) = deg f(f(v)) > deg f(v). Thus, deg(v) = deg f(v).

(4) By (3), if v € Vg, then f(v) € V; and hence {v, f(v}} is a pair in V.

(5) Follows from (3) and that v and f(v) are not adjacent for all v € V. O

Let m and n be odd integers. We saw that K, ,, is not opposable in Proposition
3.8. This also follows from Theorem 3.11(2) since Ky, , has mn edges and mn is odd.
Note that K, satisfles the conditions (1), (3), and (5) (but not (4)) of Theorem 3.11.

Example 3.12. We show that the following graph G = (V, E) given in Figure 3.4 is

opposable and satisfies conditions (1) — (5) of the above theorem.
Let f : V — V be defined by
flo)=vs,  flv)=vg,  flus)=wvr, flu)=vs,  flus)=my,

flve) = vo, flor)=wvs,  f(ug)=ws,  f(ug) =10, f(v10) = vp.
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Figure 3.4: One example of an opposable graph

It is easily verified that f is an automorphism that satisfies the opposability condi-
tions for the graph G. Moreover, (1) of Theorem 3.11 holds since there are 10 ver-
tices. {2) also holds since there are 10 edges. As to (3), we see that Vi = {vg,v10},
Vo = {v1,vs,v4,05,v7,v8}, and V3 = {vg,vs} are f-invariant. Clearly, (4) holds since

V1, Vo, and V3 have even numbers of vertices. Finally, (5) can be verified easily.

Example 3.13. We show that the following graph (Figure 3.5) is not opposable even
though there is an automorphism that satisfies the conditions (1) — (5) of Theorem 3.11.

Let f:V — V be defined by
f(v1) = vs, f(v2) = vr, fluz) =wvs,  flva) ="vs, f(us) = vg,
f(ve) = vz, flvr) = v, flug) = v, flvg) = v1p, f(vio) = v.

Figure 3.5: One example of nonopposable graph

It is verified that f is an automorphism that satisfies the conditions (1) — (5) of Theorem

3.11. But f(v1) = vg with v,vg adjacent. Hence f does not satisfy the opposability
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condition. If we make another automorphism f/, then f: Vo — Vo = {v, vs, v4, vs, vg, v}
is onto and one-to-one. But we cannot have f’ such that f’ (v) and v being not adjacent
for any v € V5. This leads to a conclusion that G is not opposable. When we consider
a difference between the graphs given in Examples 3.12 and 3.13, we can come up with
Theorem 3.15 below where more necessary conditions for opposability are obtained.

Before we show other conditions for opposability, we define connected graphs.

Definition 3.14. A graph G = (V, E) is said to be connected if for any two distinct

vertices u,v € V there ezists a path from u to v.

Theorem 3.15. Let G = (V, E) be a connected opposable graph with an eutomorphism
f:V = V. Then the following assertions hold.

(1) For any vertex v € V there exists a pair of two distinct paths P, and P
of the same length from v to f(v). More fully, if P, = (v,v1,v2,...,vn, f(v)), then
Py = (v, f(vn), f(vn-1), ..., f(n1), F(v)) and

f(v%) # va 41, f('v%_H) % vz, if n is even, (3.1)
f('ug%;) + Unga, if n is odd. (3.2)

(2) For any v € V there is an even number of distinct paths from v to f(v).

(3) G contains a cycle.

Proof. (1) Let v € V. Since G is connected there is a path P, from v to f(v). Let
P, = (v,v1,v2,...,Vn, f(v)). Since v; and v;41 are adjacent, so are f(v;) and f(vi41) for
1 <i<n. Hence, P2 = (v, f(vn), f(®n—1),--., F(v1), f(v)) i3 a path from v to f(v) of the
same length as P,. We claim that P, # P,. For, if P} = P, then we have that

if n is even, then f(v%) =vn41 and f(v%.l_l) = vz,

if n is odd, then f(vat1) = vnsa .
2 2

Both of these conditions are against the opposability of G. Thus, we have shown that
Py # P». Moreover, the statements (3.1) and (3.2) are true.

(2) and (3) follow from (1). O
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At this point we can state that the graph G in Example 3.13 is not oppos-
able since if G is opposable with an automorphism f, then f(ve) = vy since deg(va) =
deg(v7) = 3. However, there are only two paths from vs to v7 of different lengths. Thus,
by Theorem 3.15, &G is not opposable.

We can give sufficient conditions for opposability of connected graphs as follows.

Theorem 3.16. Let G = (V, E) be a connected graph with four or more vertices. If for

any vertex u € V there exists a unique vertex v € V such that

(1) deg(u) = deg(v);

(2) There are two distinct paths from u to v of the same length greater than or
equal to 2;

(3) If P = (u,u1,u2,...,un,v) and Py = (u,v1,v2,...,Vp,v) are such paths
from u to v, then it holds that

deg(ul) = deg(vn+i—l)’ 1<:< n,

Fn is ev
uz Fvay and wgyy #vz ifnis even,
Untl 7 Va1 if 7 is odd.

2 2

(4) For uj,us € V let vy,va € V be the unique vertices corresponding to v and

up, respectively. If uy and ug are adjacent, then v1 and vy are also adjacent.

Then G is opposable.

Proof. For each u € V define f(u) to be the unique » € V mentioned in the theorem.
Then, f: V — V is well-defined.

Suppose that u; # ug and f(u1) = f(uz) = v. Then for v there are two distinct
vertices u1, ug satisfying the assumption of the theorem. This is a contradiction. Hence,
f is one-to-one. Since V is finite and f is one-to-one, it follows that f is onto. Now the
conditions (1) and (4) imply that f is an automorphism.

Let u € V. For the vertex v = f(u) the vertex u satisfies the assumption of the
theorem. Hence, f(v) = f(f(u)) = u. It is clear from the conditions (2) and (3) that
J(u) # u and that f(u) and u are not adjacent.

Therefore, G is opposable. O
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We depict some examples of an opposable graph that are extensions of three ba-
sic graphs: the Square (C4), Hexagon (Cjs), and Octagon (Cg). We see that the conditions
given in Theorems 3.11, 3.15 and 3.16 are satisfied by these examples.

[1] Square
@)

M
(3) 4)
3

Figure 3.6: Examples of opposable graphs based on the square

(6) &)

In the above figure, (1) indicates the basic square. The figures (2) through (7)
are obtained by modifying the previous ones along with the conditions given in Theorems
3.11 and 3.15 as follows.

(1) to (2): Twisting (Cy4 = Ky).
(1) to (3): Adding 2 vertices and 2 edges outside.
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(3) to (4): Adding 2 vertices and 2 edges outside.
(3) to (5): Adding 2 vertices and 2 edges outside.
(1) to (6): Adding 2 vertices and 4 edges inside.
(6) to (7): Twisting ((6) = Ka4)

{2] Hexagon

1 (2) (3)

(4) (3)

(6) N

Figure 3.7: Examples of opposable graphs based on the hexagon

In the above figure, (1) indicates the basic hexagon. The figures (2) through (7)
are obtained by modifying the previous ones along with the conditions given in Theorems
3.11 and 3.15 as follows.

(1) to {2): Adding 2 vertices and 2 edges outside.
(2) to (3): Adding 2 vertices and 2 edges outside.
(1) to (4): Adding 2 edges inside.

(2) to (5): Adding 2 vertices and 2 edges outside.
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(4) to (6): Adding 2 edges inside.
(6) to (7): Adding 2 edges inside.

[3] Octagon

(3) (4) (5)

=

(6) (7) (8)

()

[£:)] (10)

Figure 3.8: Examples of opposable graphs based on the octagon

In the above figure, (1) indicates the basic octagon. The figures (2) through (10)
are obtained by modifying the previous ones along with the conditions given in Theorems
3.11 and 3.15 as follows.



(1) to (2):
(1) to (3):
(1) to (4):
(4) to (5):
(4} to (6):
(6) to (7):
(7) to (8):
(3) to (9):
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Adding 2 vertices and 2 edges outside.
Adding 2 edges inside.
Adding 2 edges inside.
Adding 2 edges inside.
Adding 2 edges inside.
Adding 2 edges inside.
Adding 2 edges inside.
Adding 2 edges inside.

(8) to (10): Twisting ((8) = K44)

3.3 Examples in Two Dimensional Grid Graphs

Since we studied opposable graphs and their properties, we now apply these ideas

to consider Snort on two-dimensional grid graphs and their extension to three-dimensional

figures. We shall play on three types of two-dimensional grids: (odd)x(odd} number of

vertices, (even)x (even) number of vertices, and (even)x (odd) number of vertices.

Example 3.17. For a pair of positive integers (m,n) let Gp, , be a grid in a coordinate

plane with the set of vertices V = {v;; = (4,5) : 1 < i < m, 1 £ j £ n} and the set

of edges B = {(vij,Vij+1)y (Ui 5sVit1,5)y Umygs Umgt1)s @iy Vig1m) 11 <i<m—1,1<

J € n— 1}, so that it has n rows and m columns.

(1} Consider the graph G3 3 given in Figure 3.9.

Yi.a Y Vas

L 4 L 4
Y
Y Vi
L L vy
® L
Vi Vig Vi

Figure 3.9: The graph of G33
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On G733, suppose the first player claims vy o following Remark 2.5 (1), so that the four

vertices vy 2, v,1,v2,3, and v3 2 become reserved for the first player (Figure 3.10).

v2.3

Viva Vi
Viva Vi
? Vyos

Figure 3.10: Snort on Ga3 after first move

The second player claims v;3 and then the two vertices v12 and w23 become piebald

(Figure 3.11).

Figure 3.11: Snort on G3 3 after second move

On the next turn there are two choices for the first player: v31 and v3 3. To claim w3 is
the ordinary opposable strategy since the graph in Figure 3.10 is opposable. And then
the first player wins. To claim vs 9 is a little better since the first player can increase the
number of reserved vertices. If the first player claims v3 9 and then two vertices v3 3 and

vs,1 become reserved for the first player (Figure 3.12).
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Figure 3.12: Snort on G 3 after third move

Now we can see that the first player wins since there is only one vertex available for the
second player while there are two vertices available for the first player after the second

player’s move.

(2) Consider G4 given in Figure 3.13.

Figure 3.13: The graph of G4 4

The graph of G44 seems to satisfy the conditions (1) — (5) of Theorem 3.11. Check (1):
The number of vertices is 16. Check (2): The number of edges is 24. Check (4): The
number of degree 2 vertices is 4, the number of degree 3 vertices is 8, and the number
of degree 4 vertices is 4. Now we shall construct an automorphism f that satisfies the
opposability condition and hence conditions (3) and (5) of Theorem 3.11. Define f by

fvij) = vs—s5—j for 4,5 = 1,2,3,4. For instance, f(v1,2) = v4,3. Then, we see that f is
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one-to-one, onto, and f(f(v)) = v # f(v) for all v. Moreover, if v and w are adjacent,
then so are f(v) and f(w). Thus, G4 4 is opposable.

We shall show a few of the first steps of the game as follows. The first player
may choose vq 3 since v 3 has the largest degree 4. Then, four vertices v; 3,v2,2,v2,4 and

vs,3 that are adjacent to vg3 are reserved for the first player (Figure 3.14).

Figure 3.14: Snort on (G4 4 after first move

The second player claims f(ve3) = w3 2. He has two vertices v31 and vq2 reserved for
him, and two vertices vp 2 and v3 3 become piebald (Figure 3.15). Note that the degree

of v3 2 is four (Figure 3.15).

Figure 3.15: Snort on G4 4 after second move

On the first player’s turn he can claim v4 4 and then the two vertices v 4 and vy 3 become

reserved for the first player (Figure 3.16).
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Figure 3.16: Snort on Gy 4 after third move

On the second player’s turn, he claims f(vy4) = v1,1 to make vy 2 and vy reserved for

the second player (Figure 3.17).

O—0O—o

t Va

Figure 3.17: Snort on G44 after fourth move

Now it is the first player’s turn. We can see the next step of the first player is to claim
either vy 4 or v41, and then the second player follows to claim the remaining vertex of
the two and wins.

We have examined two graphs Gy, » with odd m,n or even m,n, and now we

consider the graph Gy, in which m and n are of opposite parity.
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(3) Consider G4 3 given in Figure 3.18.

Figure 3.18: The graph of G4 3

The first player may claim vy » and four vertices, v 2, v9,1, 72,3, and vs2, become reserved
for the first player (Figure 3.19).

Vi

Vs
Vis F F F ® Vi

11 Vi

Figure 3.19: Snort on G4,3 after first move

The second player claims vy 2, which implies that v32 becomes piebald and vg1 and w43
become reserved for the second player (Figure 3.20).
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Y., . Q Vi
’
L}
H
L]
H
'

Figure 3.20: Snort on G4 3 after second move

The first player claims v1,2, so now the vertices reserved for the first player are v1,1,v1,3, v2,1,
and ve 3 (Figure 3.21).

Vi

=
-

Vl.:.

0”4.3

V2.2

=

e

Vi

-0

LLFN

R S—

=

<

<
w

@
L

v

Figure 3.21: Snort on (43 after third move

On the next turn the second player claims vz 1, and vy ; becomes piebald (Figure 3.22).

<
w

v2.3

v @

V2.2

~
-

Figure 3.22: Snort on G43 after fourth move
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On the first player’s turn, he claims vz 3. Then, he still has three vertices reserved for
him and decreases the number of vertices reserved for the second player to one by making

v4,3 piebald. Therefore, we can confirm that the first player wins.
Now we can summarize the above discussion into the following proposition.

Proposition 3.18. Snort on the graph G, is a first player win if at least one of m, n

is odd, and is a second player win otherwise.

Proof. Let G, be a graph in a coordinate plane with the set of vertices V = {v;; =

(4,7):i=1,2,...,m,5=1,2,...,n}

Case (1). m,n are both odd so that m = 2k — 1 and n = 2£— 1 for some positive integers
k and £.

Figure 3.23: The graph of G, n; m,n both odd

Note that the vertex vge is the center of this graph. The first player claims vg . After
the first player claims vy ¢, the graph G; = G\{vy¢} becomes opposable, where an au-
tomorphism f : V — V is defined by f(vi;) = vm41-i,n+1—j- Thus, G is a first player

win.

Case (2). m,n are of opposite parity so that m = 2k and n = 2£ — 1 for some positive

integers & and £.
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Figure 3.24: The graph of G, »; m even, n odd

Let x= (k+ 1,£) be the center of the graph, that is not a vertex of the graph. The first
player claims vg¢. Note that the second player cannot claim vy i1, which is reserved
for the first player and is symmetric to v, about the point x. After the first player
chooses that specific vertex, the graph G1 = G\{vk, vk4+1,¢} becomes opposable, where
an automorphism f : V' — V is defined by f(vi;) = vm+1-i,n+1—j- Thus, G is a first

player win.

Case (3). m,n are both even so that m = 2k and n = 2¢ for some positive integers k& and

L.

Figure 3.25: The graph of Gy, n; m,n both even

This graph is opposable since x= (k + %,-,E + %) is the center of the graph and an
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automorphism f : V' — V can be defined by f(vi;) = ¥m+1-i,n+1—j. Thus, G is a second
player win. O

3.4 Examples in Three Dimensional Grid Graphs

So far we have examined two-dimensional grid graphs. Now we can predict who
wins on three-dimensional grid graphs based on the strategies played on two-dimensional
grid graphs. Thus, for a triplet of positive integers (¢, m,n) let G¢mn be a three dimen-
sional graph with a set of vertices V = {v;j 1 = (4,7,k) : 1 i<, 1<j<m, 1 <k <n}
and a set of edges £ = {(vijrvit1,5%) : 1 <1< £€-1,1<35<m1< k<
n}U{(wismvii+,e) 11 <8< 61 <7 <m—-1,1<k < n}U{(rvi 1) :
1<i<¢,1<j<m,1<k<n—1}. There are four patterns on three-dimensional grid

graphs Ggm n, as shown in the following.

Proposition 3.19. The graph Gymn is a first player win if at least two of £, m, n are

odd and is a second player win otherwise.

Proof. Consider four cases.

Case (1). All of £, m, n are odd, so that £ =2p—1,m = 2¢— 1 and n = 2r — 1 for some

] e

positive integers p, ¢ and r.

Figure 3.26: The 3-D graph of Gy n; [, m,n all odd

Note that the vertex vp 4, is the geometric center of this graph. The first player claims the
vertex vpqr. After the first player claims vy g, the graph G1 = G\{vp,qr} becomes op-

posable, where an automorphism f : V = V is defined by f(vijx) = vet1-4, m+1-4, n+1—k-



46

Therefore, the first player plays as the second player in ¢ and G is a first player win.

Case (2). £, m are odd and n is even, so that £ = 2p— 1, m = 2¢ ~ 1 and n = 2r for some

positive integers p,q and r.

Figure 3.27: The 3-D graph of Gy p; {,m odd, n even

Observe that x= (p, g, 7+ —é—) is the geometric center of the graph that is not a vertex of the
graph. The first player claims v, 4r. Note that the second player cannot claim vp, ¢,741,
which is reserved for the first player and is symmetric to vp 4, about the point x. After
the first player chooses that specific vertex, the graph G1 = G\{vp 4.+, ¥p, ¢,»+1} becomes
opposable, where an automorphism f : V — V is given by f(vi ;1) = Yet1—i, m+1—j, n+1-k-

Thus, G is a first player win.

Case (3). £ is odd and m, n are even, so that £ = 2p — 1, m = 2¢, and n = 2r for some

positive integers p, ¢ and r.

7

(p,q+]/2 ’r+1/2)

e

Figure 3.28: The 3-D graph of G mq; I 0dd, m,n even

Note that x= (p, q+ %, T+ %) is the geometric center of the graph that is not a vertex
of the graph. Define f : V' = V by f(vi;x) = Ves1-im+1—jn+1—k- Then, it is easy to see

that f is an automorphism of G and makes G opposable: Thus, G is a second player win.
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.-

ya 4;”/2 q+172 rel/2)

Figure 3.29: The 3-D graph of Gy mq; [, m,n even

Case (4). All of £, m, n are even, so that £ = 2p, m = 2¢, and n = 2r for some positive

integers p, q, 7.

This graph is opposable since x = (p+ %, g+ -é—,fr + %) is the geometric center of the graph
and an automorphism f : V — V can be defined by f(v;j,4) = Ve+1-4, m+1--j, n+1—%- LhUS,

G is a second player win. 0

Remark 3.20. From the above propositions and those in Section 3.3 we can summarize

Snort on a two- or three- dimensional grid graph G as follows.

1. We look for the geometric center of G.

2. When the center is a vertex of the graph, then the first player should claim that

vertex to win (Figure 3.26).

3. There are two cases when the center is not a vertex of the graph.

a. The first case is when any two nearest vertices to the center are adjacent (Figure

3.27). In this case, the first player colors one of these nearest vertices and wins.

b. The second case is when there are four or eight vertices that are nearest to
the center (Figures 3.28 and 3.29). In this case, the graph G is opposable and the

second player wins.

4. We can rephrase the item 3 as follows. If the set of closest vertices to the center
and the edges among them is an opposable graph, then G is a second player win.

Otherwise, G is a first player win.
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Chapter 4
Nonopposable Graphs: Trees

In this chapter, we pursue whether the first player always wins on a nonopposable
graph. Since trees are nonopposable, we play on complete and incomplete trees and see
if the first player can win. When n is an even integer, it is easy to see that a complete
n-nary tree is a first player win. When n is an odd integer, we shall prove the case where
n = 3. That is, any complete ternary tree is a first player win. Some examples are shown

in detail to develop the ideas for the proof of this result.

4.1 Nonopposable Graphs

We see in Proposition 3.6 that any opposable graph is a second player win. Is

the converse true? Hence, we state this as a conjecture.

Conjecture 4.1. A graph is opp‘osable if and only if it is a second player win. In other

words, o graph i3 nonopposable if and only if it is a first player win.

To examine this conjecture, we need to collect some examples of a nonopposable

graphs. As we see below a typical nonopposable graph is a tree.

Definition 4.2. A tree is a connected graph that contains no cycles. We assume that
any tree has a unique root that is at level 0. Any vertex adjacent to the root is at level 1,
any vertex adjacent to a vertex at level 1 (other than the root) is at level 2, and so forth.

If p is the largest level of the tree, then p is called the height of the tree.
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Theorem 4.3. A tree is a nonopposable graph.
Proof. This immediately follows from Theorem 3.15 (3} and Definition 4.2. O

A typical example of a tree is illustrated in the following.

Example 4.4. Let n, p be positive integers such that n > 2. Then, let T, denote
a complete n-nary tree of height p. That is, the root has degree n, any vertex of level
i,1 <i < p—1 has degree n+ 1, and any vertex of level p has degree 1. There are n'
vertices at level ¢ for i =1,2,...,p. The graph of T3 3, the complete binary tree of height

3, is shown below.

Level 0
Level |
Level 2

Level 3

Figure 4.1: The complete binary tree 153

Before we play Snort on complete trees, we introduce a new strategy called
“suicide.” In their paper [SS} Stokes and Schlatter describe suicide as a move that is

efficient for tree graphs.

Definition 4.5. A suicide is @ move in which a player claims a vertex which is reserved
for himself.

We need the following lemmas to prove Proposition 4.8 in the next section.

Lemma 4.6. If two graphs G1 and Go are opposable, then their union G = G1 UGs s

also opposable.

Proof. Let G; = (V;, E;) and f; be an automorphism of G; that makes G; opposable,
i = 1,2. Then define a mapping f on G by f(v) = f;(v) if v € V;. Clearly, f is an
automorphism of G that makes G opposable. O
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Lemma 4.7. Let G' and G” be identical graphs. Then, the union G = G'UG" is
opposable.

Proof. This follows from Proposition 3.10. Or let G' = (V',E’) and G” = (V", E") be
two identical graphs, where two corresponding vertices in V/ and V* are denoted by v/
and v”, i.e., v = v", v € V' and v" € V”. Define a mapping f on G by f(v') = v" and
f(¥") =4'. Then, f is an automorphism of G = G’ UG" and makes it opposable. O

4.2 Complete Trees

Let us fix a notation for a complete n-nary tree G = Ty, of height p, where
n > 2 and p > 1. The vertices of T, are denoted as follows. In the level zero, vo
is the root; in the level 1 from left to right, v;, 1 < i < n; in the level 2 from left to
right, v, 1 < i, < n, where, for a fixed ¢, v;; is connected to v; (1 £ § < n); in the
level 3 from left to right, v jx, 1 < 4,4,k < n, where, for fixed i, j, v; j,; is connected to
v;,j (1 < k < n); and so on. A subgraph of G with a root »; (1 < ¢ < n) is denoted by G;
that is isomorphic to Ty, p-1. Similarly, a subgraph of G with a root v;; (1 < 4,5 <mn) is
denoted by G ; that is isomorphic to Ty, 52, and so on. Note that Go, the subgraph of
Thp with the root vy, is exactly the graph T, , itself.

Proposition 4.8. For any even integer n > 2 o complete n-nary tree is a first player

win.

Vi V2 o V2,2

Figure 4.2: A complete binary tree

Proof. Since n is even, we have n = 2m for some positive integer m. For example a

complete binary tree of height 3, Th 3, is given in Figure 4.2 above. The first player takes
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the root vg at the first move. Then, vertices v; (1 < ¢ < 2m) are reserved for the first
player. There are 2m subgraphs G1,Go,...;Gom that are complete 2m-nary trees with
the roots vy, va, . .., vop, respectively. Let us put G = G1UGyU--- UG = Tamp\{vo},
Gy =GU-- UG, and Gy = Gy U+ - UGy, Then, G, and G, are identical graphs,
and G is opposable by Lemma 4.7. Hence, T,,,, is a first player win since the first player
plays as a second player in the game G. In the graph of T53, G\ = G1 and G4, = G2 as
shown in Figure 4.3. 0

G, G

Vi

Via

LA TIN PR

Figure 4.3: A complete binary tree after first move

For an odd integer n > 3 it is not obvious that 77, , is a first player win. In the
rest of this section, we consider complete ternary trees I3, for p = 1,2,3,4 and 5. At
the end of this section we shall prove that T3 is a first player win for any p > 1.

The following terminology may be helpful.

Definition 4.9. A verfex is said to be absolutely reserved for a player if it is reserved
for him and cannot be made piebald by his opponent. In the rest of this paper we denote

absolutely reserved vertices in boldface letters.

Example 4.10. Consider complete ternary trees T3, for p = 1,2, and 3.

(1) If p = 1, then the first player wins by claiming the root at the first move.

(2) If p = 2, we introduce two strategies by which the first player can win, where
the graph T3 2 is shown in Figure 4.4 next page.

Strategy (1). Suppose the first player claims the root, so that vy,vq,v3 are
reserved for the first player. The second player has 9 equal choices, i.e., vertices of level 2.

Suppose he claims vy,1, making v; piebald. Then the first player claims vz or vs of level
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1, say vz, making three vertices vz ; for j = 1,2, 3 absolutely reserved for him. Then the
second player may claim wvp; to make vy piebald. At this stage, vi2,v1,3,v2,2, and v23
are available for both players and v3;, § = 1,2, 3 are available only for the first player.
Thus, it is clear that this game is a first player win by saving two absolutely reserved
vertices at the end of this game. We summarize the procedure in Table 4.1. Recall that

the absolutely reserved vertices are denoted in boldface letters.

Figure 4.4: A complete ternary tree 133

Round First player Second player Reserved for first Reserved for second Piebald

1 g V1, V2, V3

1 V1,1 U1
2 U3 V3,1, ¥3,2, U3,3

2 V2,1 Uy
3 2,3

3 U1,2

4 U292

4 V1,3

5 V31

t)

Table 4.1: Strategy (1) applied to T3 2

Strategy (2). Suppose the first player claims vy for the first move to make vp
reserved and v;,1,v1,2, and vy 3 absolutely reserved for him. Then the second player claims
vy to make vy piebald and vg,1,v22, v2 3 absolutely reserved for him. Then, the first player
claims v3 and it is obvious that this game is a first player win. In this case, the first player
can save three vertices for him at the end of the game. A detailed procedure is given in
Table 4.2 below.
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Round First player Second player Reserved for first Reserved for second Piebald

1 v1 vp, V1,1, V1,2, V1,3
1 Uy V2,1, V2,2, U2.3 Vo
2 U3 V3,1, U3 2, V1,3

Table 4.2: Strategy (2) applied to T3 2

3) If p = 3, we will try three possible strategies for the first player where he
Yy

wins each case.

vﬂ
vy Va v,
Via Viz Via Vaa Vaa Vg Vi Via Vi
vl.l.] v

Figure 4.5: A complete ternary tree T3 3

Strategy (1). Figure 4.5 shows T3 3. Suppose the first player claims the root vg
on the first move, so that vy, vg, and vs of level 1 are reserved for him. Then, the vertices
of levels 2 and 3 are available for the second player. Evidently it is more efficient for
the second player to pick a vertex of level 2 than to pick one of level 3. So the second
player claims vy,1, making three vertices vy ; %, k¥ = 1,2, 3 absolutely reserved for him and
v) piebald. Next the first player claims vg (a suicide move) and makes v3;, j = 1,2,3
reserved for him. For his turn the second player claims vp; to make vy piebald and
v2,1,k, k = 1,2,3 absolutely reserved for him. Now the rest of this process is apparent.
After two players share the four vertices vy 2,v1,3,v22, and va3 evenly, the first player
claims v3 3 (a suicide move), the second player claims v3,1,1 to make v piebald, and the
first claims w39 (a suicide move) to make vz, k = 1,2,3 absolutely reserved for him.
At this stage, both players have the same number of vertices absolutely reserved for each
and there are two vertices v3 1,2 and vs 13 available for both. Since the second player
starts the rest of the game, the first player wins. Note that all the vertices are exhausted

and there are no vertices absolutely reserved for the first player.
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Round First player Second player TReserved for first Reserved for second Piebald
1 v V1,2, U3
1 V1,1 v1,1,1, V1,1,2, ¥1,1,3 v
2 V3 v3,1, V3,2, V3,3
2 vg,1 v2,1,1, V2,1,2, U2,1,3 U2
3 V9,2 V2,21, V2,22, V22,3
3 V1,2 V121, 71,2,2, V1,2,3
4 V3,3 v2,3,1, ¥2,3,2, ¥2,3,3
4 V1,3 11,8,1, U1,3,2, ¥1,3,3
S v3,3 v3,3,1, ¥3,3,2, V3,3,3
) v3,1,1 V3,1
6 V3,2 v321, U322 V32,3
6 v3,1,2

Table 4.3: Strategy (1) applied to T3

Strategy (2). Suppose the first player claims vq, making vo,v1,1,v1,2 and v13

reserved for him. There are some choices for the second player. Reasonable choices are

v, vg and vo 5, vs ; for j = 1,2,3. We list the moves of each player up to round 6 in Table

4.4 when the second player claims wvs.

Round First player

Second player

Reserved for first

Reserved for second Piebald

1

DOy OO0 R WD

(3]

U3

v1,1

V1,2

U1,3

v3,3

V2

V2,1

V2,9

V2,3

U3,1,1

v3,2,1

Yo, V1,1, 1,2, V1,3
v3,1,73,2, V3,3
v1,1,1,%™,1,2, V11,8
V1,2,1,012,2, V123
v1,3,1,01.83,2, V1,33

v33,1, V33,2, V333

V2,1, V2,2, V2,3
V2,1,1, V2,12, U2,1.3
U221,V222 V223

V23,1, V2,32, V2,33

Vo

V3,1

U3,2

Table 4.4: Strategy (2) applied to 733
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At the last stage in Table 4.4, v3,1,2,v3,1,3, 73,22, and v3 23 are available for both play-
ers and v1,14,V1,24, V1,3, V3,34, ¢ = 1,2,3 are available only for the first player and
V21,5, Y2,2,5, V23,5, J = 1,2,3 are available only for the second player. Thus, it is clear
that this game is a first player win Wi:th two vertices absolutely reserved for him at the

end of this game.

If we note that the graph G = G2 U G5 is opposable, then the first player (as a
second player in G) can employ the opposable method to win the game G. Obviously in
the graph G the first player wins. Thus, the first player wins the entire game 73 3. This
opposable method will be used again in strategy (3) below.

Strategy (3). Suppose the first player claims vy, so that vi,v1,1,1,v1,1,2, and
v1,1,3 are reserved for him. Now we can make Gp = T33 be decomposed into three
graphs: the set of three vertices vy 1,1,%1,1,2,%1,1,3 that are absolutely reserved for the
first player, G1\G1,1 and Go\G1. Those subgraphs are defined before Proposition 4.8.
Let H; = G1\G1,1 and Hy = Go\G1. Now we need to be aware in which subgraphs the
second player begins to play.

After the first player claims v, if the second player claims v € H; and plays
the game in Hj, then the first player can win by playing as the second player on the
opposable graph H;. The first player still has three vertices absolutely reserved.

Then, when the second player claims vy € Hp, we need to see the game on Hy
carefully. We consider two examples to play the game Hy. One is a second player win
and the other is a first player win. The first example is using an opposable strategy to
win for the second player. After the second player claims vy, there will be six graphs of
T3,1 in the graph Hp\{vop, ve,vs} that is opposable. Hence, the second player wins the
game Hj. Even though the first player loses the game Hy, if all the vertices on Hy are
exhausted, the first player can win the whole game.

The second example is that the second player does not use the opposability of
the graph. At this point we show the consecutive moves of each player after the second

player claims vg as follows.
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Round First player Second player Reserved for first Reserved for second Piebald

1 vo V3, U3 v

2 va,1 v2,1,1, ¥2,1,2, V21,3 U2

2 V3 v3.1, V3,2, V3,3

3 V2,2 V2,21, V222 V22,3

3 V2,3 V2,31, V2,32, U2,3,3

4 U3,1,1. V3,1
4 v3,3 v3,3,1, ¥3,3,2, U3,3,3

3 v3,2,1 U3,2

Table 4.5: Strategy (3) applied to T3 3

Note that for the second player the only chance not to use the opposable strategy is to
claim w3 after the first player claims vy 1. At this stage, vs1,2,v31,3,v3,2,2, and v3o3 are

24, &. = 1,2,3 are available only for the first player,

L it

available for both players, va 1, v2
and v234,v33,4, J = 1,2,3 are available only for the second player. Thus, the game in
the subgraph Hy is a first player win since the first player finishes the game. Therefore,
the first player also wins the whole game in this example.

In the reverse order, if the second player claims vy on his first move, then he
wins the game Hy using the opposable method, where all the vertices are exhausted.
Then, the first player claims v;1,1. Hence, the second player begins to play the game Hy
by claiming any vertex there other than v; and the first player wins by the opposable
method, exhausting all the vertices there. Therefore, the first player wins the whole game

with two vertices absolutely reserved for him.

From the above examples we can summarize the following.
i. Up to p = 3 the first player can win by claiming the root vg on his first move.

2. In T3 9, there are two choices on the first move for the first player, i.e., vg and v;.
In each case, at the end of the game there are a few vertices absolutely reserved for

the first player.

3. In Ty 3, there are three choices on the first move for the first player, i.e., vo, v1, and
v1,1. If the first move is vg, then all the vertices are used. However, if the first move
is v1 or vy,1, then there are two vertices absolutely reserved for the first player at

the end of the game. That is, he can save two vertices.
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Now we note some clues for the first player to win that we can consider from
the above examples.
1. Try to save vertices as absolutely reserved for one’s own.

2. Decompose the graph G into some subgraphs in each of which we can easily set

up the strategy.
3. Play on opposable graphs as a second player if it is possible.

4. On each subgraph the first player should make all vertices exhausted before finally

he returns to the vertices of absolutely reserved for him.

We extend these ideas to play the complete ternary trees T3, for p = 4 and

p =5 in the following.

Example 4.11. We consider the complete ternary tree T3 4.

Vo
Vi v, Vs
Vi Via Via Vo Vaa Vas Vi, V3,2 Vi,a
Vi Viaa

Figure 4.6: A complete ternary tree T34

(1) In the case where p = 4, at the beginning we will show that the first player
cannot always win if he claims v at the first move. Suppose the first player employs the
same strategy (1) as given in the case p = 3 in Example 4.10.

After the point when the second player claims v3 1,2 in Table 4.3, the first player
claims v31,3, and he has three vertices v313¢, £ = 1,2,3 absolutely reserved and 12
vertices of level 3 reserved for him. The second player has six vertices v i xe¢, £ = 1,2, £ =
1,2, 3 absolutely reserved and 12 vertices of level 3 reserved for him. Thus, it is clear that

the second player wins this game.
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(2) Instead of claiming vg, suppose the first player claims v; at the first move, so
that v, v1,1,v1,2, and v1 3 are reserved for him. Then, the original graph is decomposed
into two subgraphs: T34 = G1 U {T34\G1}, where we ignore the edge (vo,v1) and G
is the subgraph of Gy isomorphic to 733 with root v;. Let H = T3 4\G;. If the second
player starts by claiming a vertex v € GG;, then the first player can claim vertices as was
done in the case of T3 3 to win the game on T3 3. If the second player starts by claiming
v € H, then since v # vy and the graph H\{vg} is opposable the first player can win the

game on H. Therefore, the first player wins the whole game.

Although we need to proceed to the case where the first player claims vy,1,1 to
have three vertices absolutely reserved for him, we would like to perform it on the graph

T35 with an introduction of a definition and a lemma.

Example 4.12. Now we consider the complete ternary tree 73 5.

The case p = b is a little bit more complicated. We know that the first player
does not want to claim vy at his first turn because of the experience of T3 4. If the first
player claims v;, then the graph G is isomorphic to T3 4. Since vp is reserved for the
first player, the graph Gp\G1 is opposable. Thus, if the second player begins to play on
Go\G1, then he loses that game and starts to play the game on G;. Then the second
player wins the game G, as was shown in Example 4.11, and hence the whole game
Go =T35. Therefore, we would like to make the first player claim v1; on his first move.

However, we shall show that the second player also wins T35 in this case. To see this, let
Ho=Go\G1, Hi=Gi\G1), Hy=0Gy.

The following is a way to win for the second player. H; consists of three graphs
of T3 2 where the roots are reserved for the first player. If the second player claims any
v € Hy and both players play on Hj. Then the first player wins and all the vertices are
exhausted. Then, the second player claims vy 2 € Hy to make v; piebald. Then, on H;
the first player wins, all the vertices are exhausted, and the second player moves on to
claim vp € Hy. Since Hp\{wvo} is now opposable, the second player wins on Hy and hence
wins the whole game Gy. As a consequence, in order to win the game T3 5 the first player

has to claim v1,,, or v1,1,1,1-
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vO
Vi V. v,
Vi Vi Vis Va Vaa Vaa Vi Vs Vi
Viig g P ) Vias
Vo RO o Vi
p @B L

Figure 4.7: A complete ternary tree T35

Let us consider the case where the first player claims v),;,;,1 to start the game
on T35 by following the clues that we previously suggested right before Example 4.11.
We explain how to play in T35 along the clues.

(1) Try to save vertices as absolutely reserved for one’s own: The first player’s
initial step makes vy11 reserved and wy1,1,1,4 for ¢ = 1,2,3 absolutely reserved for the
first player. .

(2) Decompose the graph Gy into some subgraphs in each of which we can
easily set up the strategy: Now Gy is decomposed into Go\G1, G1\G1.1, G1,1\G1,1,1,
G1,1,1\G1,1,1,1 and three absolutely reserved vertices by ignoring the edges (vg, v1), (v1,v1,1),

(v1,1,v1,1,1), and (v1,1,1,v1,1,1,1)- Let
Hy = Go\G1, H1=Gi\G1,1, Hi1=G11\C1,1,1, Hi1,1=G11,1\Gi1,11-

(3) Play on opposable graphs as a second player if it is possible: The subgraph
Hy consists of two graphs of T34 combined to the root v, H; consists of two graphs of
T3,3 combined to the root v;, Hj 1 consists of two graphs of 732 combined to the root
v1,1, and Hj ;1 consists of two graphs of T3 combined to the root vy, 1. If the second
player claims the root of any subgraph, that subgraph becomes opposable, advantageous
for the second player. Only H; 1, is opposable and advantageous for the first player.

{4) In each subgraph the first player should make all vertices exhausted before he
returns to the vertices that are absolutely reserved: The winner is the person who claims
the last available vertex in Snort. Therefore, if both players consume all the vertices, the

first player can win since he has three absolutely reserved vertices.
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It follows from the strategy (3) in Example 4.10(3) for the case p = 3 that the
graphs Hy and H; are of interest and should be examined more in order to prove our

main theorem below. It would be convenient to have the following definition.

Definition 4.13. For p > 2 let K, denote a tree of height p that consists of two graphs
of T3 p—1 whose roots are connected to the root of Kp. Thus, we name the vertices of K,
as follows. In the level zero, the root ug; in the level 1 from left to right uy, ua; in the level
2 from left to right vy j, ugj for § = 1,2,3; in the level 3 from left to right uy j, uo,jk
for j,k=1,2,3; and so on. Figure 4.8 shows the graph K3.

Figure 4.8: A tree Kj

As is easily seen, the graph Kp\{uo} is opposable, and hence K}, is a first player
win if he claims the root and employs the opposable method. In this case all the vertices
are used. However, this is the best possible result for the first player in the sense that he

cannot leave any vertices absolutely reserved for him, which will be proved below.

Lemma 4.14. In the game of Kp for p > 3 the first player cannot win with leaving any

vertices absolutely reserved for him. More fully,

(1) The graph K, is o first player win if the first player claims the root at his
first move and employs the ordinary opposable method. In this case, all the vertices are
ezhausted.

(2) In the graph K,, if the first player claims the root at his first move and
does not employ the ordinary opposable method, then all the vertices are ezhausted or the

second player wins the game.
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Proof. (1) The first player claims the root up at his first move. Then, since the graph
Kp\{ug} is opposable, the first player (as the second player in the game K \{ug}) wins
by the ordinary opposable method and all the vertices are exhausted. Here, one choice of

the automorphism f : Kp\{uo} — Kp\{uo} that makes Kp\{uo} opposable is given by

f(uil,iz,....ik) = U in,eyig (4'1)

where ¢f = 1 if 4; = 2 and 4] = 2 if 4; = 1. Note that there are more automorphisms
that make Kp\{uo} opposable. For instance, if f; is an automorphism making Kp\{ug}

opposable, then it can satisfy

filuin) = g2, filuig) =wues, fi(uis) =wug,

and it must satisfy that fi(u) is a vertex of level k > 1 for any vertex u of level k, and
that fi(u) € Ly for any u € Lo and fi(u) € Lg for any u € L;, where L; is a subgraph of
K, with root u; such that L; 2 T3, 1 for i = 1,2.

(2) Let I(z) (or II(i)) denote the vertex that the first (or second) player claims
on the ith round. Then,
I(1) = ug, I(1) = vy,

so that u; becomes piebald. If the first player does not employ the ordinary opposable
method, then
I(2) #upy, J=12,3 (4.2)

In this case, the basic ideas are that, if possible, the second player employs the ordinary
opposable method and that he makes vertices reserved for the first player piebald. Given
the condition (4.2), we consider some cases below.

If I(2) = wuy,2 or u1,3, then II(2) = ug; to make uy piebald. Then, in order for
the first player to win this game, he must follow the ordinary opposable method to claim
I(3) = ugg2 or ugg3, since otherwise the second player uses that method. Thus all the
vertices are exhausted.

If I(2) is a vertex of level k with 3 < k < p—1, then II(2) = f(I(2)), where f is
an automorphism defined by (4.1). Note that I(2) must not be a vertex of level p since
it is better to claim a vertex of level p — 1 to make three vertices of level p absolutely

reserved for the first player.
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If I(2) = wuy, then first we consider the graph K3. The procedure looks as
follows.
I(l) = up, II(I) =U1,1, 1(2) = U2, II(2) = Uu1,2,

1(3) = u1,3, II(3) = 'u.2,1‘1, 1(4) = ‘u,2,3, II(4) = 'U.2,2'1.

Note that the vertices uz,; and ug g are piebald. At this moment, six vertices of level 3 are
absolutely reserved for the first player and also for the second player, and four vertices
of level 3 are available for both players. Since the first player starts the rest of the game,
the second player wins and all the vertices are exhausted. Now in K, for p > 3, if we
proceed as. above up to 4th round, then the rest of the graph is opposable and the first
player starts the game. Thus we conclude that the second player wins and all the vertices

are exhausted. a

Remark 4.15. (1) One important consequence of the above lemma is that the first player
can win the game l'{p for p > 2, but he cannot leave any vertices absolutely reserved for

him at the end of the game since all the vertices are used.

(2) The first player must take the root at his first move. This is simply because
if he does so, then he wins. Both players must do their best to win the game. If the first
player claims other than the root on his first move, u,; say. Then, the second player
uses the opposable method, so that he claims ug . If they continue, then eventually the
second player wins and this is against the idea of “perfect play” (cf. Definition 1.2 in
Section 1.1).

Now we can state and prove our main theorem of this chapter.
Theorem 4.16. Any complete ternary tree is a first player win.

Proof. The cases where p = 1,2 are shown in Example 4.10.

Let p > 3. First we divide T3, into p subgraphs G11,..1, Kz, ..., Kp_1, Kp with
the roots v,1,...,1 (of level p—1), v1,....1,- .., V1, v, respectively, where we ignore the edges
(vo,v1), (v1,v1,1), etc and Gy,1,.,1 = T3,1. The first player begins the game by claiming
the vertex vy,1,...,1 of level p — 1, leaving the vertex v1,...,; of level p — 2 reserved for him
and three vertices of level p absolutely reserved for him.

Suppose that the second player claims a vertex u € Kj.
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If u is the root of K;, then by Lemma 4.14 the second player wins the game K;
and all the vertices of K; are exhausted. And then the first player starts a new game on
K; (j # i) by claiming its root to win that game. If he cannot claim the root, then he
claims any vertex of level 2, loses the game on K; and starts a new game.

If % is not the root of Kj, then the first player claims f(u) € K;, where f is
an automorphism of K;\{the root} that makes it opposable. If this procedure continues,
then regardless of the winner all the vertices of K; are exhausted by Lemma 4.14. If the
second player loses the game, then he will start a new game on Kj (j # i).

Eventually, two players play on each K; for ¢ = 2,3,...,p and all the vertices in
these subgraphs are exhausted. Now there are three vertices absolutely reserved for the

first player and hence he wins the whole game T3 ,,. O

So far we have considered the complete ternary trees T3, and showed that they
are first player wins. For an odd integer n > 3 it is conjectured that any n-nary tree 1o,
is a first player win. For instance, a method applied to T3, might work for 7%, and this

will be a future study.

4.3 Incomplete Trees

We have been playing only on a complete n-nary tree to investigate nonopposable
graphs. We shall extend to inspect other types of trees that are not complete n-nary trees
in this section. However, because there are infinitely many types of subtrees of complete
n-nary trees, we briefly explain the wining strategies for the first player in simple such

graphs.

Example 4.17. We consider a simple subtree of a complete ternary tree given in Figure
4.9.

The first player has two choices: taking the root of graph or trying to save
vertices as absolutely reserved. We will examine the strategy that the first player chooses

the root first.
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Figure 4.9: Example (1) of a subtree of complete ternary tree

Strategy (1). Suppose the first player claims the root vp. This makes that v; and
v are reserved for the first player (Figure 4.10). Recall that these vertices are marked
by big black dots.

Figure 4.10: Example (1), strategy (1) after first move

The second player claims vy 1, so that vy, ¢ = 1,2,3 are absolutely reserved for the

second player, and v; becomes piebald (Figure 4.11).

Yo

v, ® A"z

VOOO 2,00, 2.3

wia .. Y

Figure 4.11: Example (1), strategy (1) after second move
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The first player claims v in his turn and va;, ¢ = 1,2, 3 are absolutely reserved for the

first player (Figure 4.12).

v, ® v,
o 000
000

1. .. v L3

Figure 4.12: Example (1), strategy (1) after third move

We can see that the first player wins since there are the same number of absolutely
reserved vertices for each player, but the second player starts the rest of the game.
Though we find a winning strategy for the first player of the game given in

Figure 4.9, we consider another strategy to figure out general winning strategies.

Strategy (2). Suppose the first player claims v;; to make v114, # = 1,2,3

absolutely reserved and v, reserved for him (Figure 4.13).

Vo

v, V2

Figure 4.13: Example (1), strategy (2) after first move

The Second player claims vg, so that vg;, ¢ = 1,2,3 are absolutely reserved and also v

reserved for him (Figure 4.14).
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Figure 4.14: Example (1), strategy (2) after second move

The first player claims v; to make the vertex vg piebald and he wins (Figure 4.15).

®"

Vot OOO
... Vai ... Va3

Viaa " Vs

Figure 4.15: Example (1), strategy (2) after third move

Example 4.18. Next we consider the graph where four more vertices (v1,2,v1,24, ¢ =
1,2,3) are added to the graph in Figure 4.9 (Figure 4.16).

Figure 4.16: Example (2) of a subtree of complete ternary tree

Strategy (1). Suppose, on the above graph, the first player claims v;;; to save
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vertices as absolutely reserved for him. The three vertices v1,14, ¢ = 1,2, 3 are absolutely

reserved for the first player and the vertex v is also reserved for him (Figure 4.17).

Figure 4.17: Example (2), strategy (1) after first move

Then the second player claims vg. The vertices vy ;, ¢ = 1,2,3 adjacent to vg, are then

absolutely reserved for the second player, and vy becomes reserved for the second player
(Figure 4.18).

Vy

Figure 4.18: Example (2), strategy (1) after second move

Now we can see that the first player wins since he claims v; 2 and he has six vertices
v1,1,; and vy 24, ¢ = 1,2, 3 absolutely reserved for him with v; reserved for him, and three
vertices are available only for the second player with vy reserved for him.

There is another move for the second player after the first player’s move of
claiming vy;. The second player claims v;2 making vy piebald and w24, ¢ = 1,2,3
absolutely reserved for him. Then the first player claims vo. Now it is obvious that the

first player wins.
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Strategy (2). In the next strategy on Figure 4.16, suppose the first player claims
ve. The idea of this strategy is similar to that of strategy (1) and is to save vertices as
absolutely reserved for the first player. Now the first player has three absolutely reserved

vertices v, ¢ = 1,2,3 and one more reserved vertex v (Figure 4.19).

v, vV,

Vi Via ‘.‘l"'

Vou.. ... Vas

Figure 4.19: Example (2), strategy (2) after first move

In the second player’s turn, he claims v and he has two reserved vertices v;,; and vy 2.

The root vy now becomes piebald. (Figure 4.20).

®"

v, v,
Via Vi ‘l"l""
Vag, ... Vaa
Vi .....,,..vlga
Figure 4.20: Example (2), strategy (2) after second move

The first player can claim any one of vertices from vy 1,; and v1 24, ¢ = 1, 2,3. For instance,
he claims v1;,; to make vy piebald but does not add any reserved vertex in his turn
(Figure 4.21).
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Vi Vi ...
Var..... Vaa
v o, A4

Figure 4.21: Example (2), strategy (2) after third move
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The second player claims v 2 and he add three vertices as absolutely reserved. (Figure

4.22),

®"

Figure 4.22: Example (2), strategy (2) after fourth move

Now we realize that the first player is going to lose this game since there are two vertices

available for two players and each player has equally three vertices absolutely reserved.

From the above example we learn that the first player needs to choose the vertex

carefully to save vertices as absolutely reserved for his own. We use another idea. We

choose a vertex (v; in this example) that reserves vertices for which if we claim them then

we can reserve some vertices absolutely. We show this method in strategy (3} below.

Strategy (3). Suppose the first player claims v; to make vg and vy,5, j = 1,2

reserved for him (Figure 4.23).
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Figure 4.23: Example (2), strategy (3) after first move

The second player claims vo, which makes that vy; ¢ = 1,2, 3 are absolutory reserved for
him and vy is piebald (Figure 4.24).

®"

/K m Q00

Figure 4.24: Example (2), strategy (3) after second move

Next, the first player claims v;,; to have three absolutely reserved vertices for him (Figure
4.25).

®"

Vi ml.z OOO
... Var. ... Va3

Figure 4.25: Example (2), strategy (3) after third move
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The second player claims one of vy 9, ¢ = 1,2, 3, and makes v; 2 piebald (Figure 4.26).

®"

Figure 4.26: Example (2), strategy (3) after fourth move

We then predict that the first player loses this game since there are two vertices available
for both players, three vertices absolutely reserved for each player, and next turn is the

first player.

Example 4.19. We play one more game to conclude the suggestions that help the first
player to win (Figure 4.27). We will examine three strategies in this graph.

Figure 4.27: Example (3) of a subtree of complete ternary tree

Strategy (1). Suppose the first player claims v;, which makes three vertices v,
J = 1,2 and vg reserved for him. Especially, v1;, j = 1,2 are going to make six vertices

as absolutely reserved for him if claimed (Figure 4.28).
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Figure 4.28: Example (3), strategy (1) after first move

The second player claims vz. It creates two absolutely reserved vertices and one vertex
that leads to make two absolutely reserved vertices for him if it is claimed. Also g is
piebald now (Figure 4.29).

Figure 4.29: Example (3), strategy (1) after second move

The first player claims vy ; and has three absolutely reserved vertices (Figure 4.30).

®

v, v,

vl.l&hl Va, O Va2 O Va3
000
Vv

LA e en v 123 Vazn..... Vaosa

Figure 4.30: Example (3), strategy (1) after third move
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The second player has two choices, one of vy, 1 = 1,2,3 or vp2 to claim. At this time,

the second player claims v12,1 and the vertex v; 2 became piebald (Figure 4.31).

®

Figure 4.31: Example (3), strategy (1) after fourth move

In the first player’s turn, he also claims vz 21 to make vo3 piebald (Figure 4.32).

® "

Figure 4.32: Example (3), strategy (1) after fifth move

Now we can judge that the first player wins since there are three vertices available for
both players, three only for the first, and two only for the second (Figure 4.32). Even
though the second player claims v in his second turn, the result is same as when he

claims v1,2,1

Strategy (2). In this strategy, suppose the first player claims v;; to maintain

three absolutely reserved vertices v1,1,4, ¢ = 1,2,3 and one reserved vertex v; (Figure
4.33).
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Figure 4.33: Example (8), strategy (2) after first move

Now the second player has three vertices to claim: vg, v1 2 and vz 2. If the second player
claims vy 2, then the first player claims v2, and if the second player claims vz 2, then the
first player claims v1,2. In either case, it is easy to see that the first player wins. We show
the case where the second player claims vg in detail below.

Suppose that the second player claims v5 to have two absolutely reserved vertices

vo1, and vp 3. He also has two more reserved vertices v and vyo (Figure 4.34).

Figure 4.34: Example (3), strategy (2) after second move

In the first player’s turn, he claims v; 9. Now he has six absolutely reserved vertices and
one reserved vertex that connects with the vertex vp that is reserved for the second player
(Figure 4.35).
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v, vy

Figure 4.35: Example (3), strategy (2) after third move

In the second player’s turn, he claims vz 2 (Figure 3.36).

000000 O O

WA rreee e Vi Vaoag-wv. Yoz

Figure 4.36: Example (3), strategy (2) after fourth move

Now the second player has four absolutely reserved vertices and the first player has six

absolutely reserved vertices, so the first player wins.

Strategy (3). Here, suppose that the first player starts by claiming v to make

vg,1 and vg 3 absolutely reserved and vy and vq g reserved for him (Figure 4.37).
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Figure 4.37: Example (3), strategy (3) after first move

Then the second player claims vy,1, so that vertices vy,14 for i = 1,2,3 are absolutely

reserved for him and v; reserved for him (Figure 4.38).

Va

Figure 4.38: Example (3), strategy (3) after second move

Now it is clear that the first player wins if he claims v; o (Figure 4.39).

o
" ® v,

Ve iz Vo, @) Vaa @

000eee®

v

[N R 123 2.2.1 2,22

Figure 4.39: Example (3), strategy (3) after third move

At an end of this section, we restate and modify the clues that we previously
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suggested right before Example 4.11 for the first player to win.

1.

2.

Try to save vertices as absolutely reserved for one’s own.

Try to claim a vertex of highest degree.

. Decompose the graph Gy into some subgraphs in each of which we can easily set

up the strategy.

Try to claim a vertex such that, if it is claimed, then it reserves vertices that make

some absolutely reserved vertices if they are claimed.

. Play on opposable graphs as a second player if it is possible.

On each subgraph the first player should make all vertices exhausted before finally

he returns to the vertices of absolutely reserved for him.
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Chapter 5

Snort and Values

So far we have talked about Snort on simple graphs and the opposability of a
game which gives the second player a strategy to win. However, if we play it on a larger or
more complicated graph, is there any convenient way to predict who can win the game?
J. H. Conway introduces the theory of number in a game in his early book [Con76). He
instructs us to decompose a game into sub-games and to find the value of each sub-game
or region. This theory is based on four ideas. The first is that it is easy to think of an
immediate strategy on a small region which does not affect the other regions. The second
is that the worth of a strategy is determined by the condition after a player applies his
strategy. The third is that we predict who wins the game by collecting those strategies
as the game proceeds. The forth is that those strategies can be converted to numbers
by certain rules. Note that numbers are easily handled. In this chapter, first we explain
how to calculate the values of sub-games of the Domineering game. Then we move on to
Snort games on simple graphs and evaluate the values of some games of Snort to see who

wins.

5.1 Values in Simple Games

Since we used the terminology of “position” in item 5 of Definition 1.1 in Section
1.1, we shall use positions instead of regions. The value of a game is calculated based on
how much worth each position has for each player. Both players may have one or more
strategies to play on the position. After a player chooses a movement, there arises a new

position. We define the value of a position by judging from the new position. That is,
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we count how much the movement contributed to the game for the player after choosing
his strategy. To illustrate this idea we use the Domineering game that is also one of the

combinatorial games. We first explain how to play the Domineering game below.

1. A chessboard and 1 x 2 dominos are used for Domineering.

2. Two players, Verty and Horry, play alternately. Verty places a domino vertically on
two adjacent squares. Horry places a domino horizontally on two adjacent squares.

Their dominecs cannot be overlapped.

3. They place their dominos alternately until one of the players cannot put a domino

in his turn.

4. The winner is the one who places the domino in the last move.

While a Domiﬁeering game is played, two players distinguish some small positions that
do not connect each other. That is, in each small position two players can play the game,
not affecting other regions. When a player defines the value of each position, he can make
the list of values. So he calculates the sum of those values and he can predict the result
of the game.

In the following figure we depict an example of Domineering, where we inten-
tionally make a 5 x 5 chessboard decomposed into some positions to find their values.
We can think that after some moves we come up with the following position consisting

of eight positions.

ae
.

|

Figure 5.1: Decomposition of chessboard

There are eight basic positions that are dragged from the above chessboard (Figure 5.2).



80

Figure 5.2: Eight positions

We will illustrate how to determine the value of each position using the bracket
notation. In each game position G, two players have zero or more strategies to claim on
their turns. We display all possible choices of movement inside of the brackets. Verty has
choices of V;, ¢ = 1,...,n, which are displayed on the left side of the brackets and Horry
has choices of Hy, j = 1,...,m, which are displayed on the right side of the brackets,
where they are separated by a vertical bar. Then a typical position is denoted by G =
{Vi,..., V| Hy,... ,Hm}.‘ For example, in Figure 5.3, there are three choices V7, V2 and
V4 for Verty and two choices Ay and Hs for Horry.

1>

<>
4
v

G ={ V1 , V'2 , V3 | H] s H2 }

Figure 5.3: The choices of movement

When we describe a position, we show only the positions that are obtained after their
movements. Here, squares where dominos are placed are removed from the positions each

time. We also use @ to indicate that there is no legal movement for the player. Hence,
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the above G is expressed as

G ={ Vv, . V, , Vs | H: , H, }

Figure 5.4: The positions after the movement

Now we define the value of positions. This is done inductively. First we define
the value of simple positions. Then using them we define the value for more complicated
ones. For instance, the value of a position G = {V1, Va2, V3| H1, Ha} is defined using the
values of positions V;’s and H;’s. Another thing is that we replace V;’s and H; s by their
values, so that we are identifying the positions with the numbers. Basically we use the
nonnegative numbers for the values of Verty’s positions V; ’s and the nonpositive numbers
for Horry’s positions H;’s. For example, we may have G = {0,1,2| — 1,0}, where 0,1,2
are values of Vi, Vs, Vi, respectively, and —1, 0 are those of Hi, Hs, respectively. We shall
figure out how to proceed more to obtain the value of G. In addition to numbers, there
are values ) and x for some positions, which will be explained later. Let us start to
calculate the value of positions in the following.

The simplest position of a game is of value 0. This is an endgame where there
are no legal moves for either player, so that the position for each player is denoted by
as before and we indicate the value of the position @ by the same symbol (). We define

this position to be of value 0 and call it the position 0 (Figure 5.5).

-1 glg)=0

Figure 5.5: Position of value 0
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The next position is of value 1 where Verty has an advantage of one movement, but Horry
has no legal movement (Figure 5.6). Here, we replaced the position after Verty’s move

by the number 0. This whole position is called 1.

={o| 81} =1

Figure 5.6: Position of value 1

We extend the idea of this example as a rule; if there is a nonnegative number n for Verty

and @ for Horry, then the value of the position is n + 1, i.e.,
{n]0} =n+1.

Similarly, if Horry has an advantage of one movement and Verty has no legal

movement, the position is of value —1 (Figure 5.7).

l=(@g 0} = -1

Figure 5.7: Position of value —1

This example can be generalized to a rule: if there is a nonpositive number n for Horry

and @ for Verty, then the value of the position is n — 1, i.e.,
{0|n} =n—-1.

In Figure 5.8 below, there are two choices for Verty, 0 and 1. In order to play
better, Verty would choose the value 1. Also since there is no legal movement for Horry,
the value of this position is {1|#} =1+1=2.
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Figure 5.8: Position of value 2

It follows from this example that if we have a position G = {a1,...,an|b1,...,bn}, then
Verty would choose the largest number among a1, ..., ay, to play best. That is, for Verty
the value is the larger, the better.

In Figure 5.9, there are two choices for Horry, 0 and —1. In order to play better
Horry would choose the vahié —1. Also since there is no legal movement for Verty, the
value of this position is {#]0,—1} = (~1) + (=1) = —2.

1

- T R O }

I

{ g ]0,-1}=-2

Figure 5.9: Position of value —2

It follows from this example that if we have a position G = {a1,...,0,|b1,...,bn}, then
Horry would choose the smallest number among by, ..., by to play best. Hence, we have
that

G={al,...,an|b1,...,bm}={a@-|bj},

where a; = max{ai,...,ap} and b; =min{b1,..., by}

If a position of a game becomes an endgame after the first player’s move, the
value of the position is {0|0}. Recall that a position is said to be an endgame if it has
no legal move for both players, and we say that the position has value O in this case. We

give simple examples in Figures 5.10 and 5.11. In this situation, we use * to indicate the
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value of the position and call this position ster. Note that in a star position the first

player always wins.

Prym——

}={o0]0} = *

Figure 5.10: Position of value *

Figure 5.11: Position of value

The value of Figure 5.12 is {1] — 1} because Verty and Horry both have one
advantage after their own movements. We cannot réduce this value to a single number.
Although this position is a first player win, the value of this position is not * since after
each player’s move there still is a legal move for one of the players. Also we’ll use the

value {1| — 1} to calculate the value of the whole game.

.....

Figure 5.12: Position of value {1| — 1}

Next we need some experiments to understand the value of a position in Figure

5.13 below.
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11

{-1,0]|1}= {01}

Figure 5.13: Position for experiment

Before we proceed, we give two notions. First, the union of two positions Gy
and G» is defined to be their disjoint union, where we consider G3 N Gz = @, an empty
set (Figure 5.14).

Second, we consider a position of “even-chance.” In Figure 5.14, we have a union
of two positions with values 1 and —1, respectively. It is evident that this is a second
player win. Hence, we regard that the advantage of the left position for Verty is as same

as that of the right position for Horry.

1 -1

Figure 5.14: Example of even-chance

In general, if a union of game positions is a second player win, then Verty and Horry are
considered to have the same advantage for winning and the union of these positions is

called an even-chance game.

Now we go back to Figure 5.13.

Experiment (1). Estimating the value of the position in Figure 5.13.
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We estimate the value of this game as 1 since Verty can win in both ways that

he plays first or second and we feel that Verty has a positive advantage.

Experiment (2). Making sure of Verty’s advantage.
When we set the game positions with Verty’s advantage (Figure 5.13) and
Horry’s advantage (Figure 5.7) together in one game, the advantage of them should

be equal (Figure 5.15). It should make them to have Even-Chance.

Figure 5.15: Equal advantage?

Here, we have defined a “union” of two positions, denoted as above, to be the disjoint
union of two positions. When it is one player’s turn, he can make a single move in a
summand of his choice. As usual, the last person to move wins. Similarly, we can define
a union of three or more positions to be their disjoint union. Now we see that Horry
always wins in the game of Figure 5.15 no matter who starts. This results means the

position of Figure 5.13 does not have the value 1.

Experiment (3). Estimating the value of the position of Figure 5.13 to be 1/2.
In the next experiment, we estimate that its value is 1/2 and so we add one

copy of the position in Figure 5.13 to Figure 5.15 (Figure 5.16).

Figure 5.16: Is the position of value 1/2 ? (1)

When Verty is the first player, Horry wins (Figure 5.17).
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1u3J
T U ¢ U < )

¢(IJ -i)

Figure 5.17: Is the position of value 1/2 7 (2)

When Horry is the first player, Verty wins (Figure 5.18).

T 3
&(4) U ;r U _;’
PR v

Figure 5.18: Is the position of value 1/2 ? (3)

Now we conclude that two positions in Figure 5.13 have the same advantage as the

position in Figure 5.7. This result implies that the value of Figure 5.13 is 1/2.

To conclude this section we summarize the description of positions and basic

rules and formulas for values of positions in the following.

1. A position is described by those after one move of each player. For example, let G
be a position. Assume that there are three strategies for Verty and two for Horry.
Then, after one move of Verty there are resulting positions V4, V2 and V3, and after
one move of Horry there are resulting positions H; and Hs. Then we denote the

position ¢ as
G= {‘/]L:VZ)I/{‘I IHlaH'Z}' (51)

2. The value of a position is defined inductively from the simplest ones to more com-

plicated ones.

3. Once the value of a position is determined, we replace the position by its value. For

example, if a; is a value of Vj and b; is a value of H; in (5.1), then we write

G = {a1,a2,a3 | b1, b2}
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The value of a position measures the advantage of each player.

. Basically, we use nonnegative numbers for the value of Verty and nonpositive num-

bers for the value of Horry. For example, we have a value of a certain position such
as {1]| — 1}. In this position, Verty has an advantage of one movement after his
move and so does Horry. Note that O is the value of a position for a player that

after one move of the player there is no legal move for him.

The symbol @ indicates the value of a position for a player if that player has no

legal move in the position at the beginning,.

The value 0 is given to a position that has no legal move for both players. That is,
{010} =0.

The symbol * indicates the value of a position given by {0]0}. That is,

{0]0} = x.

. If there are several numerical values for a player, we select the value with the largest

absolute value, For example, we have
{1a233|01 _1} = {3| - 1}

If there is a nonnegative number n for Verty and @ for Horry, then the value of the
position is n+ 1. Similarly, if there is a nonpositive number —n for Horry and @ for

Verty, the the value of the position is —n — 1. That is,

{n|0}=n+1, 0] —n}=-n—1.

A union of finite positions G1, ..., Gy, is defined to be their disjoint union G1U---U
Gn.

If p and q are nonnegative integers, then we define
2p+1 [p|ptl
AT o [

9g+1 2
which can be justified in a same way as Figure 5.13.

24
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5.2 Rules of Values

We have learned how to calculate the value of many positions. In this section
we will study how to obtain the total value of a whole game while we are describing some
rules as definitions. We use the Domineering game of Figure 5.2 as an example.

In the previous section, we used the symbol *, called star, for the value of a
position in which after the first player claims a move, the game becomes an endgame and
the first player wins. Fuzzy for the whole game means that there is always a winning
strategy for the first player. Fuzzy is one of the categories that tells whoever has a strategy
to win. Here we clearly categorize each game into four outcome classes depending on who

has a strategy to win (see [Con76]).

1. A game is called positive if Verty always wins.
2. A game is called negative if Horry always wins.
3. A game is called zero if the second player always wins.

4. A game is called fuzzy if the first player always wins.

When we consider a sum of game positions G = G1 + G2 + - -+ + G}, each G;
is considered independently of others. Now we define a sum of two positions using the
value of each position inside the brackets as follows.

Recall that we denoted a game position by G = {V1,..., V| H1,..., Hn}, and
then by G = {ay,...,an|b1,...,bn}, where a; is the value of V; (1 < ¢ < n) and b; is the
value of H; (1 < j <m).

Definition 5.1. Let G = {a1,...,en|b1,....,bm} be o game position. If there is another
game position K = {ay,...,a,|b],...,bp}, the sum of two game positions G + I is
defined by

G+K={g;+K,G+a,1<i<n1<k<p

|b; + K,G+bp1<j<m,1<€<q}.
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Definition 5.2. it If z,y and 2z are numbers, and z > y, then

{zly}+z={z+z|y+2}

After the sum is calculated, we read values as follows.

1. The left side value in the brackets is the value that Verty plays first.
2. The right side value in the brackets is the value that Horry plays first.

Example 5.3. Let us add two simple games whose values are {1| —1} (Figure 5.12) and
1/2 (Figure 5.13). Then we have

w04z {505

The left side value in the brackets is positive, so if Verty starts, he can win. The right

side value in the brackets is negative, so if Horry starts, he can win (Figure 5.19).

—

4 + Verty is the first player,
I — and then Verty wins.

7 = {

(3)

Horry is the first player,
>
{ri-1}y + 172 ol B and then Horry wins.

“'m

Figure 5.19: Example of {z |y} + 2= {z + z|y + 2z}
Definition 5.4. Let G = {a1,...,an|b1,...,bn}. Then, the game —G is defined by
-G = {—bl,...,—bm| —al,...,—an}.

This definition is easily understood if we see Figures 5.20 and 5.21 in Example 5.5.

Example 5.5. Let G be the position of Figure 5.20 and see that its value is 1.
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| |

n

{-1,0]1}=1/2

Figure 5.20: Example of —@, part 1

Then —G = —% = {~1]0,1} (Figure 5.21).

= {-1]0,1}=-1/2

Figure 5.21: Example of —G, part 2

Definition 5.6. If z is a number, then
* - % = 0,

z+* = {z|z}.

Example 5.7. For the first part of Definition 5.6, we set a sum of two identical positions
given in Figure 5.11. Verty as a first player places his domino on one of the positions and
that position becomes an endgame. Then, Horry places as a second player his domino on
the remaining position and Horry wins. Therefore, the second player always wins (Figure
5.22).



92

Figure 5.22: Example of * +x =0

For the second part of Definition 5.6, we set a sum of two positions taken from Figure
5.13 and Figure 5.11. The values of the two positions are 3 = {01} and * = {0[0}. Verty
has two options that are 0+ * and {%} + 0 and Horry also has two options that are 1 + =
and {3}+0. The best option for Verty is {1} +0 and the best option for Horry is {3} +0.
Therefore, 3 + * = {3]3}.

Finally, we again depict the values of various positions that are obtained in the

previous section as follows (Figure 5.23).

D+B+Dj+ L [ + L+ +;

|

0 + 1 + (1) + 2 + % + « + {11-1} + 172

Figure 5.23: Values of positions

We can proceed to calculate the value of the whole game as

1
0+1 + (=1)+2+*+*+ 5+ {1} -1}

2
1
= 1+(—1)+2+0+§+{1]—1}, since 0+1=1and x+* =0,
1 1
= {1]—1}+2—1—, since1+(—1)+2+0+§=2§,
1.1 -
= {3§|1§}, by Definition 5.2.

Now we predict that Verty can win on the game of Figure 5.1 no matter who starts, since

the value of the whole game is positive.
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5.3 Values on Snort

We have a foundation of how to calculate the values of each position and also a
whole game. In this section, we evaluate the position value of Snort games and display a

brief list of them. Before we start, we recall some rules shown in Section 2.1.

1. After each player claims a vertex, the vertex is removed.

2. Any adjacent vertex to the vertex that the first player claimed is reserved for him

and shown as a large black dot.

3. Any vertex adjacent to the vertex that the second player claimed is reserved for

him and shown as a large white dot.
4. A piebald spot that is reserved for both players is shown as ®.

5. Any edge connecting two vertices that are reserved for the same player is omitted.

We note some differences between Domineering and Snort. Verty and Horry have
one restriction in a Domineering game. That is Verty places his dominos only vertically
and Horry places his dominos only horizontally. So we have to consider the shape of
regions or positions for Domineering game. In Snort game, there are vertices available
to both players and they can claim any one of them. Also there are vertices reserved for

one of the players and the opponent cannot claim them.

We show some basic examples below (Figure 5.24).

o * —e {11-1} —eo—o {21-2}
® 1 o— (110) o——o {21]-1}
O -1 O—e {01-1) —@— {21 )
e o 0 o—O * o———0 {210}

o 0O{ll-1] @&—0O— {(11-1] @&—O0—e {110}

Figure 5.24: Values of Snort games
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The value of a Snort game is also considered in a small position or graph. Now

we instruct procedures to calculate the value of a graph.

1. List all options of movement on the graph of Snort game for the first player and
display them on the left side of brackets.

2. List all options of movement on the graph of Snort game for the second player and

display them on the right side of brackets.

3. When we display options, we show only the positions that are obtained after their

movements.
4. Evaluate values for each option and display them as numbers inside of the brackets.
5. Select the best value for each player.

6. If it is possible, make them into one value.

Let us try to calculate the value of the graph on Figure 5.25.

*—O—s - b= )

[

{11-1}

Figure 5.25: Values of Snort game (1)

1. The first player has two options: One is claiming a reserved vertex and the other is

claiming the right end vertex.

2. The second player also has two options: One is claiming a reserved vertex and the

other is claiming the right end vertex.

3. The values for the first player are x and 1, and values for the second player are —1

and *.



95

4. The best value for the first player is 1 and the best value for the second player is
-1.

5. The final value for the graph in Figure 5.25 is {1| — 1}.

We can evaluate the following two examples, Figure 5.26 and Figure 5.27, in a similar

fashion as above.

&0 ® O ol
@O = b= }
° ® | &0 11w
= {11-1}
Figure 5.26: Values of Snort game (2)
: 1
O O—™e-={ ® ® 1 = 0}
3 1

{110}

1l

Figure 5.27: Values of Snort game (3)

In the rest of this section we will display a brief list of Snort games that is taken
from [BCG82). Since the values of positions are defined inductively, we use the following
notations. If, in a certain position, we have a value {2|1} for Verty and a valne {—1|-2}
for Horry, then we denote the position’s value by {2|1 || — 1| — 2} using a || to separate

the values of both players as in the first example in Figure 5.28.
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o—eo—o—o {2]11-11-2}

& —~——0 (3|*} @&—=——0O (21-2)

— o —o o o {310,-110,11-3}

Lo A J
A Ao fyon
1. O

{31} Ef{zl-z}

\
{31211-21-3 »—e—« 5101101-5
/ } { }

{21-1}) :>>—0—<}—0{3|*}

Figure 5.28: Value dictionary of Snort games

H
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5.4 More Examples

In this section, we try to understand more about the theory of values by pre-

dicting a winner of some games, which we have examined in the previous chapters.

Example 5.8. We consider two strategies on complete ternary trees 732 from Section
4.2. We have known the first player wins by either strategy. We re-examine this result

by evaluating the value. of the game each case (Figure 5.29).

LR

Figure 5.29: A complete ternary tree T3 o

Strategy (1). The first player claims the root, so that v, vs, v3 are reserved for
him. Now the whole game G = T3 is decomposed into three of T3; where each root is

reserved for the first player (Figure 5.30).

Via Via Via Vi Via Vs Via l"l.l Vas
{310} {310} {310}
(a) (b) (c)

Figure 5.30: After decomposed into three T 1’s in strategy (1)

We have learned that the value of T3 for which the root is reserved for the first player
is {3|0} from Figure 5.28. Since the next turn is the second player’s, we pick the value 0
from Figure 5.30 (). Then, for the first player, the value 3 is picked from Figure 5.30 (b},
an'd finally the value 0 is picked from Figure 5.30 (c) for the second player. Therefore,
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the total value is 0+ 38 +0 = 3. T'he value is positive and this means that the first player

wins on this game.

Strategy (2). The first player claims v; to make vg reserved for him, and also
v1,1,v1,2 and v),3 absolutely reserved for him (Figure 5.31). Although the whole game
G =13 is decomposed into two parts, it is still difficult to predict who is going to win.

Then we would like to see the possible options after the second player claims some vertex.

Figure 5.31: After decomposed into two parts in strategy (2)

The second player claims vy and makes vg piebald. The vertices vg 1, %22, and v 3 became

absolutely reserved for the second player (Figure 5.32).

\dl

.V:.: .Vl.: .Vn.a OV:_| Ovu O"z.;

1 1 1 -1 -1 -1 {31-3}

Figure 5.32: After decomposed into three parts in strategy (2}

The original T3 9 is decomposed and the next turn is the first player’s. The total value is
3 + (—3) + 3 = 3 based on the information of values in Figure 5.24 and Figure 5.28. The

value is positive, and therefore the first player wins this game.

Example 5.9. Next we examine Cg from Section 2.3 given in Figure 5.33. We have
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learned that the second player uses an opposable strategy to win in this graph of Snort

game.

Figure 5.33: The graph of Cg

The first player claims v;. Then the vertices vy and vg became reserved vertices for the

first player (Figure 3.34).

Figure 5.34: The graph of Cg after the first player’s move

We evaluate the Figure 5.34. There are essentially three choices for the first player
(claiming w4, v3, and vs), and two choices for the second player (claiming v4 and v3). We
calculate the values based on the value lists in Figure 5.24 and Figure 5.28.

If the first player claims vy, then the value is 4.

If the first player claims v3, then the value is 1 + {2|0} = {3|1}.

If the first player claims vo, then the value is {3]#}.

If the second player claims v4, then the value is x + » = (.

If the second player claims v3, then the value is {1]-1}.
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Figure 5.35: The evaluation of Figure 5.34

The best choice for the first player is 4, and for the second player is O since, if the second
player chooses {1| — 1}, the first player wins by claiming vs. Then, we let the second

player claim v4 to play with an opposable strategy, and we see the value of it (Figure
5.36).

Figure 5.36: The graph of Cg after the second player claims 4

If a graph of Snort game has the conditions of an opposable graph, the value of
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the graph is 0, since the second player always wins with the opposable strategy. This is
led by one of four outcome classes. Albert, et al, introduced this idea as a theorem in
their book [ANWO7].

Theorem 5.10. The value of the game is zero if and only if the game is a second player

win.
Now we know the following implications for a graph G:

G is opposable = ( is a second player win

<= The value of G is 0.

We still do not know whether opposability of a graph is a necessary and sufficient condition
for the graph to be a second player win. This is an open question and expected to be

resolved near future.
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