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1 | INTRODUCTION

Microswimmers are small, self-propelling particles, for example, bacteria like Bacillus subtilis, algae like Chlamydomonas
reinhardtii, or artificial nanorods. Suspended in a liquid, the interaction between these particles themselves and between
them and the surrounding fluid gives rise to interesting phenomena such as active turbulence. For a high density of
microswimmers, such a suspension can be regarded as an example of an active fluid.

There are several approaches to capture the dynamics of an active fluid starting with adaptions of a model proposed in
Vicsek et al.! Later approaches include the derivation of continuum limit hydrodynamic equations as in Toner and Tu? or
adaptions of liquid crystal models as in Thampi and Yeomans.?> Another model we want to mention is the one suggested
in Wensink et al,* where a Toner-Tu-like equation is supplemented with a fourth-order Swift-Hohenberg term.

The model that we want to study here was recently derived in Reinken et al> with the goal of it being able to incorporate
short-range interactions favoring alignment as well as long-range hydrodynamic interactions. The authors start from
overdamped Langevin equations for a generic microscopic model and couple them with a Stokes equation supplemented
by an ansatz for the stress tensor.

Our paper is arranged as follows. First, we introduce the equations that are the object of our analysis. Then—under a
simplifying assumption—we prove the existence of weak solutions via a Galerkin approximation. The main part of the
paper is then devoted to prove that such weak solutions obey a relative energy inequality. Such a relative energy inequality
can be employed to a variety of uses, such as showing the stability of equilibria (e.g., in Feireisl®), deriving a posteriori
estimates for modeling errors (see Fischer?), or as the basis of a generalized concept of solution (e.g., in Lasarzik®).

In our case, we will apply the relative energy inequality to prove the weak—strong uniqueness of weak solutions as well
as the convergence of those to strong solutions of another problem as one parameter tends to zero.

Throughout this paper, we denote by c>0 a generic constant that does not depend on any changing quantity.
Furthermore, let Q@ c R3 be a bounded domain of class €2 and T > 0 some fixed time.
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Spaces of vector- or matrix-valued functions are denoted by bold letters, for example, LP(Q) := LP(Q;R3) for the
spaces of integrable functions, and WEP(Q) 1= WkP(Q;R?) as well as H¥(Q) := Wk2(Q;R?) for Sobolev spaces. The
Sobolev space associated with homogeneous Dirichlet boundary conditions is denoted by H})(Q) 1= closgr EX(Q; R3),

where €>(Q; R3) denotes the set of infinitely many times differentiable functions that are compactly supported in Q. We
write €55 (; R3) for all such functions that are in addition solenoidal and then denote by Lﬁ(Q) and H, 3),0(9) the closure
of €59 (Q; R3) with respect to the standard norms of L(Q) and H'(Q), respectively.

The spaces for time-dependent continuous and continuously differentiable functions mapping [0, T] into a Banach
space X are denoted by € ([0, T]; X) and € ([0, T]; X), respectively, while the corresponding spaces of Bochner-integrable
and weakly differentiable functions are denoted by LP(0, T; X) and W"P(0, T; X), respectively. We often omit the time
interval (0, T) and the domain Q in this notation and write, for example, LP(WH9). Also, for the sake of brevity, we generally
do not write out the time dependence of functions under the integral.

For an arbitrary Banach space X, we denote its dual by X" and the dual pairing between X" and X by (-, -). With a slight
abuse of notation, however, the dual pairing between the spaces L () and L%(Q), where g is the conjugate exponent to
p, is denoted by (-, -). We use the same notation for the inner product on the Hilbert space L?(Q) x L*(Q).

The space H*(Q) N H; (Q) is equipped with the norm ||A - |2 (cf. Boyer & Fabrie® Proposition [V.5.9).

2 | MODEL

We want to study the following equations derived in Reinken et al.> Consider the initial-boundary value problem

—Au+ uA’p -y Ap+ L(p-V)p+ Vr, =0,
0p + 1 A’p — 12Ap + A (p - V)p + alpl’p + Bp

(1a)
+ - V)p + k(VWsymp — (VU)skwp + Vi =0,
V-u=V-p=0,
on Qx(0,T) and
u=p=Ap=0 on 0Qx(0,T),
p=Ap 0.7) (1b)

p(,0)=p, in Q,
where a, A1, A2, 41, u2 >0, and B, y1, 72, k € R. In contrast to other models, both the influence of the polar ordering of the
microswimmers themselves, described by the vector field p : Q x [0, T] — R3, as well as the one from the velocity field
u : Qx[0,T] — R3 of the suspension fluid is taken into account. The latter is incorporated into the model by coupling
the Stokes equation with the equation for the polar ordering parameter p. The strength of the coupling is described by a
dimensionless parameter €, meaning there exist ¢, A1, 1 > 0,and 7; € R such that

Y= €7, =€l 1 = €fi. 2

Then for ¢ = 0, both equations decouple (see Section 5).

Since both the solvent as well as the whole fluid are assumed to be incompressible, it follows that u and p are supposed
to be solenoidal vector fields. The Lagrange multipliers for these divergence-free constraints are denoted by z; and x,
respectively. The velocity field of the whole fluid is then given as the sum u + vp of both vector fields, where v > 0 denotes
a reference velocity of the swimmers. The unknown so-called pressure 7 : Q X [0, T] — R enters the equations via the
relation # = n; + v, and is the Lagrange multiplier for the divergence-free constraint V - (u+ vp) = 0 on the velocity field
of the whole fluid. For a certain constant ¢; > 0, one can think of ¢; |p|? as the so-called active pressure and of z; — ¢, |p|?
as the effective pressure of the active fluid (cf. Dunkel et al.1°). We consider the problem in a variational framework with
solenoidal test functions and will not be dealing with the terms z, 1, and z, since they vanish in the weak formulation.

Unfortunately, we are not able to show the appropriate a priori estimates to prove the existence of weak solutions for the
general case above. The problematic term here is k(Vu)symp. If we proceed in a standard fashion to derive a priori estimates
and multiply the second equation by p, integrate and perform an integration by parts, we end up with the expression

T
—K‘/ /(p-V)p~udx dt.
o Ja
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Since by the first equation u is of the same order as Ap, we seem not to be able to estimate and absorb this term into the
left-hand side. Therefore, we restrict ourselves to the simpler case k = 0.

3 | EXISTENCE OF WEAK SOLUTIONS

We start by giving the definition of a weak solution to (1). Note that the term A2p occurs in the Stokes equation, meaning
that Au has at most the regularity of A%p. Hence, the weak formulation of the second equation necessitates a very weak
formulation for the Stokes equation. For this, by A~! : L2(Q) — H*(Q) n Hé’G(Q), we denote the inverse of the Stokes
operator, meaning that for ¢ € L%(Q), the vector field A~'¢ := v is the unique solution of

—Av+Vr=¢ in Q,
V-v=0 in Q,
v=0 on dQ

in the weak sense. For the existence and properties of this operator, see Temam.!!- Chapter, § 2.6
Definition 1 (Weak solution). Let p, € H*(Q)nHj, (Q) be given. A pair (u, p) € LA(L3) X (L®(L)NL*(Ls)nL*(H* N
H;))such that g,p € Lg((H >N H,,)")is called weak solution to (1) if the equations

T T T
/ (u, )dt — py / (Ap, AA ' p)dt + 1 / (Ap, A" p)dt
0 0 0

. 3)
i [ @ Vpaed =0
0
and
T T T T
/ (@p.w)dt + oy / (Ap. Ap)dr + 7, / (Vp. Vy)dt + 4, / (@ V)p.w)dr
0 0 0 0
T T T
+a/ (1P’ ,w>dr+ﬂ/ (p,u/)dt+/ (- V)p.y)dt @
0 0 0

T
+%/ (@-Vy —(y-V)p,uwydt=0
0

hold for all test functions ¢,y € €5 (2 x (0, T); [R®) and the initial condition p(0) = p, is fulfilled in the weak sense,
that is,

p(t) = p, in LA(Q) as t - 0.

Remark 1. In order to justify that this weak formulation is well defined, we only consider the nonlinear terms. Since
p is divergence-free, the identity

@-V)p=V-(p®p):

where ® denotes the dyadic product, holds almost everywhere in Q X (0, T). Performing an integration-by-parts and
using Holder's inequality as well as the continuous embedding H 2(Q) — W(Q) then yields
(@ - V)p.w)l < clpll” , Wl

for anyw € H*(Q) n H}),U(Q). Therefore, we can estimate the norm of the functional w — ((p - V)p, w) by

I - V)P“(Han}M)* < C||P||i%
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almost everywhere in (0, T). Hence,

T T
[ 1@ vpa ol dis [ 1@ Dbl 147 ol
: : | ,

2
<clpll® , ,\llelleg,
L“(LT)

where we also used the boundedness of A™! : L2(Q) - H*(Q) N H(l)’G(Q) (see Temam!? Section 2.5) ‘For the remaining
nonlinear terms, applications of Holder's inequality yield

T
/ (@ V)p.w)l dt < Ipllas IVpllas vl [ o
o L°°<L5)

T
2 3
/0 ’(|P| P W)| dt < ||P||L4(L4)||W||L4(L4)s
T Q)
/ |((u - V)p,y)| dt < |lullr2q2) VPl 2@ W s @s
0

T
/ @ Vv = (- Vo] d < [Pl V¥ ll o 2l
0

+ Wl o) I VPl 2oy 10l 12 r2)-
Together with the continuous embedding H*(Q) < L™ (Q), we see that this notion of a weak solution is well defined
for all test functions y € L*(H* n Hy ;) N L*(H, ;) and ¢ € L*(L3).
We can prove the existence of such a solution via a Galerkin approximation.

Theorem 1. Letp, € H*Q)n H})’J(Q). Then there exists a weak solution to (1) in the sense of Definition 1.

Proof. First, we choose a Galerkin basis {wy,} ey € H*(Q) N H(l)’g(Q) consisting of eigenfunctions of the Stokes
operator A : H*(Q) n H (Q) C L3(Q) — L3(Q). For any n € N, let W, be the finite dimensional subspace of
H*(Q) n Hy (Q) spanned by wy, ... ,w, and I, : L3(Q) — W, the L*(Q)-orthogonal projection onto W,. For the
initial value p,, ,, := I1,p,, we are then looking for a solution (u,, p,,)€ € L([0, TT; Wn)X€ ([0, T]; W,,) to the discretised
problem

(@, V) — 1 (AP, AA'V) + 11(Ap,, A'v) — hi(p, - V)P, A7) =0, (6a)
(0P W) + p2(AP s AW) + 72(VP,p, VW) + A2((D,, - V)P W) + (P, I°Py W)
0P, W) + (U - VB W)+ 2(@, - VW= (W V), ) =0, (6b)
P.(0) = py,,

in (0, T) and for all v, w € W,,. In order to show the existence of a solution to this system, we fix n € N and represent
each function p,, : [0, T] — W, via the corresponding basis of W,, that is,

P.() = ) Pu(tywi.
i=1

We make use of the inverse J~! : (L2(Q))* — L2(Q) of the Riesz isomorphism on the Hilbert space L2(Q) in order
to define

u, = HnJ_lgpna 7

where g, € (L%(Q))* is given as

<gp"9v> = ,ul(Apn’ AA—lv) - VI(APn,A_IV) + Al((pn : V)pn’A_lv)
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forany p, € W,andv € L2(Q). In order to transform the problem to an autonomous system of ordinary differential
equations, we lety : [0, T] - R" and y, € R" be defined as

)i = Pri(®), Wo)i = Po,n>Wi)

fori =1, ... ,n. Then the discretized problem (6) can equivalently be written as

Y =f@) on [0,T],
y(O) =y07

where the right-hand side f : R" — R" is given as

FO) == ua(Ap,, Aw) — y2(Vp,,, Vw) — (P, - V)P, W) — a(|p, |’ P, W)
= BBy W) = (U - V)P, W) = (B, - VIW = (W V)p,, 1)

fori=1, ... ,n,aswell as

n
b, = 2 ,}iwi’
i=1

and u, as in (7). Note that the mass matrix in this case is just the identity since the eigenfunctions wj;
are orthonormal with respect to the L’-inner product. Then f does not depend on t and is continuous with
respect to y. Therefore, the Peano theorem (see Hale!3 Chapter I, Theorem 5.1y nrgyides a maximally continued solution
(Un, p,)E €1([0, Ty); W) X €0, Tn); Wy) to (6), where T, < T may depend on the dimension n of W,. We now
derive a priori estimates to show that there is no blow-up of these solution; hence, they exist globally in time.

To this end, we first test Equation (6b) with p, . Since u,, and p, are both divergence-free, this results in

1d

S PalZ + all AP, 2 + 72lIVE, 2 + allp, 1L + AR, IIZ =0 in (0. 7).

Here, we also used the identity

1d .
(atpyppn) = Ea’”pn”ilz n (Os T)

for continuously differentiable functions. If y,, f > 0, this already gives the desired a priori estimate for p. We set

3 0, ifa>0
a = ]
—a, ifa>0.
for any a € R. Performing an integration-by-parts and using Cauchy-Schwarz's as well as Young's inequality then
leads to

H2
1BalI5: + 2 1AP, I3

_ (r;)’
IRl < 5
2

and by another application of Young's inequality as well as the continuous embedding L*(Q) < L*(Q), it follows that

2
129 S , el e o .
+ < — + + = :
( o )upnan < Sal oo ) + 5wl

By absorbing the norms of p,, into the left-hand side, we arrive at

—\2
d 5 . 4 1 (ry) B
allpnIILz + m2lAp, I}, + allp,llj. < o\ 25 +5 ).
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Integrating the above estimate leads to

2
! TIQI{ ;)
|I1f1n(t)lliz+/0 (uzIIApnlliﬁaIIpnII;) ds < Ilpn,olliz+7 22_/42+ﬂ ®)

for all t € [0, T,,). In order to derive an estimate for the velocity field, we now test (6a) with u,,, which results in

1nll7 ) = #1(AP, AA™ Un) = 71(AP, AT ttn) + A1((P, - V)P A ). (9)

Just as in Remark 1, we can derive the estimate

2
@, - V)Pn”(Han(llu)* < C||Pn||L%

and therefore, together with the embedding L*(Q) < Ls (),
@y VIPp A7 uy) < cllp, 7, lunll 2 (10)

almost everywhere in (0, T},).
By the continuity of A™! : L3(Q) - H*(Q) n H; (), it follows that

(Ap,. A7 uy) < clip,llzllunlle < cllAp, |l llwall 2, (11

and, similarly, we find
(Ap,. AA™uy,) < cl|Ap, Il llunll 2. (12)

Applying Young's inequality in (10), (11), and (12) and absorbing the terms depending on u, into the left-hand side
of (9) yields

a2, < &% (IIp,lI% + 14,112, (13)

in (0, T,,). Here, £ > 0 is given by (2). By integrating this inequality and using estimate (8) as well as the L*-stability of
the projections I7,,, we arrive at

t
B2, + / (I @2, + 20l Ap, G, + allp, )L, ) ds < eClpy 2, + D). (14)
0

Since this estimate is uniform in n, the discrete solution (u,,p,) actually exists on [0,T] (see
HaleB’ Chapter I, Theorem 5.2)'

We proceed with deriving an estimate for the time derivative of p,,. By (6b) and Hélder's inequality, we find
0Py V)| = [0Py, TTnV)| < p2 || AP, |l 2 | ATLY | 2 + (72 IVP, | s IVITaW Il
+ 2Pl 1VP, 2 1Tl + allp, |l [ITT,vll
3
+ APl ITavllze + Zlanllg2 Pyl VIl s

1
+ S IMvllz= VPl Il

for all v € H*Q) n H; (Q). From the continuous embeddings H*(Q) < W(Q) < L*(Q) and the
H?-stability of the orthogonal projections I, (cf. Malek et al.!* Appendix, Theorem 4.11 and Lemma 4.26 tgather with Boyer and
Fabrie? Proposition IIL3.17) "+ fo]lows that

3
0P, llzam; ) < € (IIAPnIILz + P2 IVPalle + 1Pall s + lunll 2Pl + ||Vpn||L2||un”L2> :
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Now, using the embedding Hy(Q) < L°(Q), we find

1 1 1 1
Pl < 1P, 1P, 1%, < cllp, |12, 1P, I,

Together with
IVPalI7: = (VPu, VP,) = =0, AP, < 1P, lI2 1AP, I

as well as Young's inequality, we arrive at

lop,ll@znm ) < € <IIAP,, iz + 1PNl VPl + 11Pl1.

3 5 5 1 3 3
Pl <”un”£2 + IIAPnsz) + Pl <Ilunll,} + ||Apn||zz>> :

Taking the estimate above to the power %, integrating and applying the a priori estimate (14) then yields

t 4
[ 102 5 < 2+ 1.
0

2 1
(H*nH, |

Together with (14), we can extract (not relabeled) subsequences {p,} and {u,} such that

u, —~u in L*0,T;L2%), (15a)
p,—p in L0, T;L). (15b)
p,—~p in L*0,T;Ly), (15¢)
p,—~p in L*0,T;H’nH,), (15d)
dp, — ap in L3(0, T;(H> N HL )", (15¢)

as n — oo. Let us show that (u, p) is a weak solution to (1) in the sense of Definition (1). Since W,,, C W, for m < n, (6)
also holds true for all ¢p(t)v, w(H)w, where t€(0,T), ¢,y € €>(0,T) and v,w € W,,,. We fix m and let n go to co.

c PP
In view of the compact embedding H*(Q) N H ,(Q) — H; (Q), the Lions-Aubin lemma (see Lions!® Thécréme 1.5.2)
provides the strong convergence
p,—p in L*0,T;Hy,), (16)

passing to a subsequence if necessary. This in turn allows us, after integrating, to pass to the limit also in the nonlinear
terms of (6). Hence, we come up with

T T T
/ (t, pv)dt — i / (Ap, AA~ (gu))dt + 1 / (Ap, A (¢v)dt
0 0 0
T
—h / (@ V)P A (@v))di = 0
0

and

T T T T
/ (op, ww)dt + u, / (Ap, A(ww))dt + 7, / (Vp, Viyw))dt + 4, / ((p-V)p,yw)dt
0 0 0 0
T T T
+a/ (|p|2p,u/w)dt+/3/ (p,u/w)dt+/ (u- V)p,ww)dt
0 0 0

T
+%/ (- V)ww) - (yw) - V)p,wydt =0
0
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for all p,yw € €2(0,T) and v,w € W, with arbitrary m and thus for allv,w € H*Q)n Héﬁ(ﬂ) since UpeNn Wi, is
dense in H*(Q) n H(lw(Q). It remains to show that p(0) = p,. In order to show this, we observe that

pe WO, T:(H nH),,)") & B ([0, T} (H> N H} )")— Bu([0, T]: (H> n H},,)"),

making point evaluations of p in the dual pairing well defined. Since also p € L®(0,T;L?), it follows from a
well-known lemma (see Lions and Magenes!6 Chapter 3, Lemma 8.1 tha ¢

P € 6.([0, T1; L2)

and in particular
p(t) = p(0) in L3(Q) 17

as t— 0. Furthermore, for allv € H*(Q) N H,, (Q) and ¢(t) = (T — 1)/ T, there holds

T
(p,(0) — p(0),v) = —/ ((Pa(&) = P(©), V@' (1)) + (9P, (D) — Ip(1), V(1)) dt — O
0
as n — oo, by the convergence in (15b) and (15e). This implies
p,(0) - p(0) in (H*(Q)n Hy (Q)". (18)

Since also
Px(0) =11.p, > Py € L3(Q),
it follows that
p(0) = p, in (HAQ)n H},(Q)". 19)
By (17) and (19), it finally follows that
p(t) = p, in L3(Q)

ast—0. ]

From the above proof of existence, we can easily see that the following energy inequality as well as an estimate for u
hold true.

Lemma 1 (Energy inequality). Let (u, p) be the weak solution to (1) in the sense of Definition 1 that was constructed in
the proof of Theorem (1). Then the estimates

1 ' 1
SO, + [ (usapI, + Al VI, + alpl, + AP, ) ds < JipolE. 20)
IO+ [ (sl +alpit ) s < i + 122 L) (21)
2 2 @ 4 = 2 - >
POIG+ | (4ellAPI +allpl polly: + == 52
and
t
[ iz s < etz + v 22)
0

hold for almost all t € (0, T).
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Proof. As seen in the proof of Theorem 1, we obtain the energy inequality for the discrete solution p,, by testing the
discretized equation (6b) with it. The estimate then also holds in the limit, as n — oo, by the sequential lower semicon-
tinuity of the norm and employing the strong convergence (16) for those terms with possibly negative coefficients. In
the same fashion as we derived the a priori estimate (8), we then deduce (21) from (20). Finally, the third estimate can
be obtained by testing the very weak formulation of the Stokes equation (3) with the solution u, applying the same
steps as to reach (13) and using (21). O

4 | ARELATIVE ENERGY INEQUALITY

In the previous section, we have constructed a weak solution (u, p) to (1) for which the time derivative o;p of the polar
ordering field is only in Li(o, T;(H?n H(l)’o,)*). Similarly as in the case of the incompressible Navier-Stokes equations,
we are therefore not allowed to test the weak formulation (4) with the solution p € L*(0, T; H> n H(l)’a) NL®0,T:L3) N
L*0, T; L?) itself, meaning that the obvious path for proving uniqueness of a solution is blocked. A way to at least par-
tially compensate for the missing uniqueness is the concept of weak-strong uniqueness. A weak solution possesses
the weak-strong uniqueness property if it coincides with the unique strong solution as long as it exists. The fact that
Leray-Hopf solutions to the Navier-Stokes equations have this property is well-known (see, e.g., Leray,!” Prodi,'® and
Serrin'®). The goal of this section is now to prove the same for weak solutions to (1) that fulfill the energy inequality (20).
The main argument here will be a suitable relative energy inequality.
We first define two functionals: the relative energy & : L2(Q) x L(Q) — Ry by

I I
&lplpl = S lp - Pl

and the relative dissipation 7" : H*(Q) n Hy (Q) X H*(Q) N H;y (Q) — Ry by

W [pIp] = wallAp - AI, + v} IVp — VBIZ, +allp - Bli%, + 5*lIp - DI,

where for any real number a we set a* := a + a~. Both the relative energy and the relative dissipation are supposed to
provide a way to measure the “distance” between two functions. Hence, we have to ensure their nonnegativity. Since we
do not know the sign of g and y,, we therefore have to correct those possibly negative terms in the relative dissipation %7
by taking only their positive parts y;” and *, respectively. For p, p € L*(L3) N L*(L;) n L*(H* n H; ), setting

Elplpl®) :=E[p®)|p®)] and 7" [p|p1®) := 7" [p(O)|p(D)], te[0,T],

we conclude that & [p|p] € L*(0, T) and 7" [p|p] € L'(0, T). Furthermore, we introduce the mapping

&
K : L*0,T,L®)NL*® (o, T;L;> NL%0, T; Wh®)n L*0, T; L) — L'(0, T)

L4’

F Pl :=ec[1+ IVPOII7 + IBII’ ( 6) IVBOIIz- + PO} (23)
L> (L5

where ¢ > 0 is explained by (2) and ¢ > 0 is a constant only depending on the coefficients a, g, 71, 72, A1, Aa, i1, o and the
domain Q.
Finally, we introduce an operator encoding the strong formulation of the equations. Let

R L*(H* nHy ) x (WY(L2) nLYLY) n LXH* n Hy, ) - L*(L%) x L*(L?)

be defined as
(G lalp)
#lalp] = (@i{alﬁ] > :
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where
P [l|p] = —Al + AP — AP+ (P - V)P
and

Rol|P] = 0P + w2 AP+ (@ - V)P — 12Ap + (P - V)P + a|pI*D + P — (Vi)siowD-

Multiplying R, [ii|p] by p and integrating in space and time yields

1o 002 ' Z 0 Z 0 " Z 0
SIBOIZ, + /0 (HalABIE, + 72 IIVBIZ +allpli, + FIBIZ ) ds ",

t
— 21O, + [ (talpprds.
0

Note that if we choose (i, p) as a strong solution to (1) then Z[ii|p] vanishes and the identity (24) becomes the energy
equality in (20). In this sense, we can think about (24) as a shifted energy equality.

We now can state the desired relative energy inequality in a way that allows us to compare a weak solution that fulfills
the energy inequality (20) with an arbitrary pair of functions with additional regularity, which cannot be expected for
weak solutions.

Theorem 2. Let (u,p) be a weak solution to (1) in the sense of Definition 1 that additionally fulfills the energy
inequality (20). Then for any pair (ii, p) of test functions such that

ieLl*H nHy,), pe WL nLALY) N L*(H nHy ),

the relative energy inequality

t t

EPIBI0+ 5 [ 7 [plpIds < Epy O+ | HIPIEIplpIds
0 0

(25)

t
; / (@lalpl. (A~ - wp—p)) ds
0

holds for almost all t € (0, T).

In order to prove the relative energy inequality above, we first need two lemmata: an integration-by-parts formula and
a lower bound for the relative dissipation 7" in terms of the distance of u and .

Lemma 2 (Integration-by-parts formula). For all
p € L@ n LY LY N L*(H* nHy )
such that o,p € L5 ((H* nHj )*) and all
p € L*H’ nH, ) n WY ((H> n Hy )"),

there holds
t
/ ((0:p, D) + (P, 9:p)) dz = (p(t), p(1)) — (p(s), P(s)) (26)

foralls, te |0, T].
Proof. First, we choose sequences {p, }, {P,}C € Lo, T]; H? n H(l)ﬁ) such that

p, —p in IX(HNH),)n WS (H2 0 H), )",
P, — P in L*(H>nH, ) n WY ((H* nH;)").
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Such sequences exist since & ([0, T]; H*> N H; ) is dense in both L2(H* n Hy ,) N Wl‘g((H2 NH; )*) and L*H* n
H; ) n W“3((H? n Hy )*). By the higher time regularity of the approximating sequence, we find

T T
- / o (Bt = / ¢ ((0py.By) + Bre0iB,) dt @7)
0 0

for all ¢ € €°(0, T). From the estimates

T
/ (0. B)—(0p,. Byt
0

<liowp = a[p"”L%((HZOH}M)*)||p”L4(HZr‘H(1w)

+ |I0tpnIIL%((Hanévu)*)||i’ _pn”U(HanaQ

and
T
/ [P 0B)~(B i,
0
S“p”LZ(HZnH(lw)”ali) - ali’n“Lz((HzﬂHéﬁ)*)

+ 1P = Pullizarom; ) I10B, |2 arom )

as well as

T
[ 105~ @Bl
0
<lpllzaz)lp = Pullizaey + P — Pullieazy 1Pyl 2y

together with the embedding L*(H*> nH; ) — L*(H*>nH; ;) < L*(L*), we conclude that the equality (27) holds also
in the limit as n — oo, that is,

T T
—/ ¢'(p,p)dt = / @ ({(op.P) + (p, 0:p))) dt (28)
0 0

for all ¢ € €°(0,T). Note that ”atpn”L%((Hanl .
0,0

Using the same embedding as above, we find

; ”a[i)n”Lz((Hanéﬁ)*), and ||p, ;22 are bounded uniformly in n.

T
/ |(P’I~J)| dr < c”p”LZ(Hané”)”i’”LZ(Han;”)'
0 ! !
Since also r
| 1owpr+ @opla
0

< llopll
it follows from (28) that the mapping

13 ((Hané.o')*) ”p“L‘*(HZnH},_G) + “P”LZ(HZnH(lm) ”ati)”Lz((Han})ﬂ)*)»

t = (p(1), p(t)) (29)

is in Wb1(0, T) since the weak derivative

t = (ap(1). p(1)) + (p(1), 0:p(1))

is in L'(0, T). In particular, the function (29) is absolutely continuous on [0, T] and we can apply the fundamental
theorem of calculus to finally prove the statement. O
Lemma 3. Let (u, p) be a weak solution to (1) in the sense of Definition 1 and e be chosen as in (2). Then there exists a
constant C > 0 such that for all

i€ L*(H nHy,), pe WL nLYL) nL*(H nHy ),
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there holds
1 t t t
> / lu—dal?, <eC{1+1pI° , | / 7 [plplds + / (1 [|p), A (@ — w)ds (30)
2 Jo L°°<L§> 0 0

forallte [0, T].

Note that we could allow for a larger class of test functions (i, p) in this lemma by shifting some of the derivatives
contained in %, [ii|p] onto A~'(@ — u) using an integration-by-parts formula. Since we only need to be able to apply
estimate (30) to strong solutions, we restrict ourselves here to the regularity assumptions above.

Proof. Using Equation (3) as well as adding and subtracting (%1 [@|p], A~ (@i — u)) yields

t
/ llw — ||, ds
0

t t
" / (AP — Ap, AA™ (u — ) ds — 11 / (AP — Ap, A~ (u — D)) ds
0 0

t
s / (@ VIBA™ @ —i1) - (p- V)D.A™ @ — D)) ds
0

t
+/ (1 [|p), A™ (@ — w)ds
0

¢
Cmd -+ AJz + / (R1la|pl, A7 (@ — w))ds.
0

Since p and p are divergence-free, we can rewrite J;, perform an integration-by-parts, apply Holder's inequality, and
use the continuous embeddings H*(Q) < W%(Q) < L*(Q) and L*(Q) < L7 (Q) as well as the continuity of
A7l T LYUQ) —» H*(Q) N Hj (Q) to obtain

t
] = / BOB-D)—P-D)®B D)+ (B —p)®p. VA~ (@i —w)ds
0

t
<c [ IpO@-p-0-P®GE-p+E-p @b, i ul,:ds
0
t
<c / (208115 15 — Pllz= + 115~ I, ) I - ull 2 ds
0 L5
t
<c [ (1+1Bl,5 ) (114P — Apllze + 11— PIZ. ) I1& — wll2 .
/0 ( L5>< L L) L

In a similar way, we can estimate the term J; by

t
Wl <e / 18D — Aplly:llu — il ds.
0

and the term J, by

t
) < / 1AB — APl A~ (= ) ds
0

t
<c / 18D — Aplllu — @l ds.
0

Using the above estimates in (30), applying Young's inequality and absorbing the terms depending on u and i into
the left-hand side then proves the assertion. O

We are now able to prove the relative energy inequality.
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Proof of Theorem 2. We start by using the integration-by-parts formula from Lemma 2 to obtain

t
E1pIBIO = 1IP0I, ~ (B BO) - / (0. B) + (p.0B)) ds + S IBOIL, (31)
0

for all t € [0, T]. Note that by (18), the weak solution p takes the initial value in (H*() N H 536(9))*. Since p € L*(H*N
H(lw) N L®(H") by Remark 1, it is an admissible test function in (4). Hence, by using (4) in (31) above as well as by
adding and subtracting (Z%,[#|p], p), we obtain

&lpIpl®) =%|Ip(t)lliz — (Pg» P(0)) + 2 /0 [(Ap, Ap)ds + 7> /0 t(vp’ Vp)ds
+ Ay /0[((17-V)p,i’)ds+a/Ot(|P|2P,I~’)ds+ﬁ/0t(p,i))ds+/Ot((u.V)p,i,)ds
* % /0 t((p Vb= (P VIp.wyds + p /0 t(Air, Ap)ds +7» /0 t(vp, Vp)ds (32)
+/12/0t((13.V)P,P)ds+a/ot(|f9|21~7,P)ds+ﬁ/Ot(i),p)ds+/Ot((ﬁ.v)i,’p)ds

t t
+3 [ @ Vp-@-Vpdds- [ @iaplpds IpOIL.
0 0

We observe that we can write the relative dissipation 7 [p|p] as

t t
/ W [plplds = / (#2llAPIE, + 7211 VPIZ + alpIIL, + AlIpIZ. ) ds
0 0
t
+ / (1l ABIZ. + r2IIVBIZ, + alBIIL, + IBIZ, ) ds
0
t
~a [ (41pPp.p) - S0P 151 + 400 [51P) s
0
t
-2 / (u2(Ap, AP) + 72(Vp, VP) + B(p. P)) ds
0
t
+ [ (5190 = VIR, + 5lp - BIE, ) .
0

Employing the energy inequality (20) and the shifted energy equality (24), we thus come up with

t t

/ 7 1pIp1ds <L (IpolZ ~ IPOIZ, + IBOI, ~ [BOIZ, ) + / (aLalp), B)ds
0 0
t
—a / (4(lp1?p. B) — 6(1pI%. 1) + 4(p. [pB)) ds
0
t (33)
2 / (BD.B) + 12(VD. VD) + ux(Ap. AP)) ds
0

t
+ [ (509D~ Vb1 + 5l I.) ds.
0
Here, we have employed the binomial formula

la —b|* = |a|* — 4|a|’a - b+ 6|al’|b|* — 4a - b|b|* + |b|*
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for vectors a, b € R3. Together with the identity

—4(|p|*p.p) + 6(Ip|% |PI*) — 4(p. |PI*D)
=—(lpI’p.p) — (IpI°D.p) + 3((Ip|* — |PI>)® — P). P) + 3(PI*(P — P).P — D).

adding (32) and (33) results in

t
& [plpI(t) + / W [plplds
0
t t
<&[polp(O)] + / (Falalpl.p - p)ds + / (- V)p. B) + (@ - V)p.p)ds
0 0
t
+§/ (@ V- VIp.w + (@ V)P = (p-V)p. @) ds
0
t
iy / (@ V)P.B) + (B~ V)p.p) ds (34)
to 2 2
+ [ (519p =PI, + 5 lp = BIE) ds
t
+3a / (PP = BI® = B).B) + (BB — p).p ) ds
0
t
=1 & [pylB(O)] + / (Palp), b~ p)ds + 1y + 11 + dols + I + 3al,
0

It remains to estimate the integral expressions I, ... ,Is against the integral over terms of the relative energy & [p|p]
and the relative dissipation %" [p|p].
Since u and i@ are divergence-free, we observe that (((u — @) - V)p, p) = 0 and we obtain

t
L] = / (- V)p,p) + ((@- V)p,p) + (u— @) - V)p, p)) ds
0

t
/ (u—)- V)p.p — p)ds
0

Applying Holder and Young's inequalities as well as Lemma 3 then yields

6 t

Il < [ a0
0

2eC| 1+ |p|I?

Lw<L%>

t
¥ / ceC|1+1BI2 , .\ |IVBIZ.lIp - BI% ds
0 L°°< )

L35

(35)

t t t
Sé/ Y [p|plds + / K pl€Iplplds + % / (Z1[a)|p), A (@ — w))ds.
0 0 0

Here,0 < § < 1isfixed insuch a way that the factor in front of the terms on the right-hand side of (25) that depend
on 77" will add up to 1/2 so that they can be absorbed into the left-hand side. Hence, the constant cs that stems from
Young's inequality can be incorporated into the definition of % .

An integration-by-parts yields

IVP = Vbl < llp - BII..I1Ap — AP,
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and hence, by Holder's inequality, we get

1
|L| = 5

N

t
/ (((p—-p)-VID.u—d)+((p- V)P -p)u—u)ds
0

[ LN _ "
<3 [ 1o =Bl VBl u il d
0

1 [ . . _
+3 /0 IBll=llp = PlI . I1Ap — ApII, llw — @]l 2 ds.
As in (35), we can then use Young's inequality and Lemma 3 to find
1 t t 1 t
sei<s [ ipipids+ [ wipEtpipias+ ) [ mtaplana-unds (36)
0 0 0
Since also p — p is divergence-free, we find, similarly as for I;, that

t
Jals] = 2 /(((p—m-vmﬁ—p)ds
0

t
< / 1P = Bllg VB[P — Bl ds (37)
0

t t
s/ %[p]%[pmdwa/ W [plp]ds.
0 0

Performing an integration-by-parts and using Holder's inequality as well as Young's inequality give

t
i< [ (151 - Blieap = ABls + 7l - BIE, ) s
0
t t
< [Cellp=plZds+5 | uliap - apiZ.ds (38)
0 0

t t
s/ %[ﬁ]%[plf)]ds+5/ 7 [plplds.
0 0

The estimate
IpI* - 1pI* =2(Ip| - |BDIPI + (1P| - IpI)°
<2|p-pllpl +1p - pI’
together with Holder's inequality then gives

t
3a|Is] <3a / (31p = BIE.IBIZ~ + lIp — BB+ ) .
0

By a well-known interpolation inequality for LP(Q) spaces and the Sobolev embedding H*(Q) < L*®(Q), we can
further estimate

1 1
Ilp = BI.IIBll: < cllp =PI IIp — Bl IIAP — AP, 1Bl

With Young's inequality, we see that

t t
3a|ls| s/ %[p]%@p]dw&/ 7 [p|plds. (39)
0 0
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Applying (35)—(39) to (34) with an appropriate choice of é finally yields

t t t
sWpipI0+ | 7 plplds < 51pyp)1+ 3 [ 7 plplds+ | HpIspIpIds
0 0 0

! _ (Al -u)
+/0 <5€[u|p],< p-p >>ds,

which is the assertion. O

With the relative energy inequality available, an immediate consequence is then the weak-strong uniqueness of the
weak solutions constructed in Section 3, which by Lemma 1 fulfill the necessary energy inequality. First, we make our
understanding of strong solutions precise.

Definition 2 (Strong solution). Let p, € H*(Q) n Hy (). A pair (@i, p) € L*(H* n Hy, ) x W"*(H* n Hy ) is called
a strong solution to (1) if Equations 3 and (4) hold and p(0) = p, almost everywhere in Q.

It is then clear that strong solutions lie in the class of possible test functions for the relative energy inequality from
which the weak-strong uniqueness follows.

Corollary 1 (Weak-strong uniqueness). Let (u, p) be a weak solution to (1) in the sense of Definition 1 that additionally
fulfills the energy inequality (20) and let (@i, p) be a strong solution to (1) in the sense of Definition 2, starting from the
same initial datum p,, € HYQ)n H(l),U(Q). Then (u, p) is unique and coincides with (i, p).

Proof. Since for any strong solution (i, p) the expression RZ[i|p] vanishes, dropping the (positive) term
% fot " [p|p]ldt on the left-hand side of (25), and an application of Gronwall's lemma yields the result. O

5 | RELATION TO APHENOMENOLOGICAL MODEL

The numerical experiments carried out in Reinken et al® suggest that, for a very small parameter e, the dynamics of the
active fluid is dominated by the movement of the microswimmers, and the influence of the velocity field of the suspension
fluid can be neglected. Hence, the behavior of the fluid as a whole is described by only the vector field p. We see this
reflected in the governing equations via the following formal calculations. Setting e = 0 and thus y; = y; = 4; = 0in(1a)
leaves us with the decoupled system

—Au+Vm =0,

Op + 1 0°p — 2Ap + Ax(p - V)p + alpl’p + fp
+w - V)p + k(VWsymp — (VU)skwp + Vi =0,
V-u=V-p=0,

together with (1b). Inserting the trivial solution u = 0 and z; constant reduces this to

0P + AP — 12 Ap + A (p - V)p + alpl’p+ fp + Vi, =0 (40)

with (1b). The equations above coincide with the ones in a phenomenological model that was proposed in Wensink et al.*
The existence of strong solutions to a generalization of these equations on the whole space was shown in Zanger et al®®
and can be adapted to the case of a bounded domain. The goal of this section is to make this relation rigorous by showing
that weak solutions to (1) constructed in Section 3 converge to strong solutions to (40) with (1b) as € — 0 by employing
the relative energy inequality (25) from Theorem 2.

Theorem 3. Let (p,,)e>0 C H*(Q)n Hé?G(Q) be a family of initial values, and for € > 0, let (u., p,) be a weak solution
to (1), in the sense of Definition 1, starting from the initial datum p, , € HQ)n Hé’G(Q) that fulfills the energy inequal-
ity (20). Furthermore, let p € W'2(H* nH(l),U) be a strong solution to (40) together with (1b) starting from the initial datum
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by € HYQ)n H})’G(Q). Ifpo. = Dyin L2(Q), then for the corresponding family of weak solutions (u,, DP.)eso, there holds
(. p,) — (0.p) in L*(L3) x L™(L*) nL*L*) nL*(H* n Hy )

ase— 0.

Proof. First, we denote by # [p] = # [p] the expression defined in (23), depending on ¢ via (u,, p,). The pair (0, p)
then is admissible to test with in the relative energy inequality (25). An application of Gronwall's lemma yields

t t
&lp.1PI(H) + %/ 7 [p.|plexp </ %g[ﬁ]df> ds
0 N

t t Al (—u,) t
<&[po.|Pol exp (/ e%e[i)]d8> +/ <9‘2[0|13], < p-p ‘ >> exp </ %e[i)]df> ds
0 0 £ N

for almost all t€ (0, T). Since F .[p] > 0, it suffices to show that the right-hand side of this inequality vanishes to
obtain the desired convergences. First, we note that fs ‘K. [p]dz is uniformly bounded in € (in fact vanishes as € — 0)
since € only appears as the leading constant in % . [p]. Hence, with the convergence p,, — p, in L*(Q), the first term
on the right-hand side of (41) vanishes as € — 0. Furthermore, since p is a strong solution to (40) and therefore %#,[0|p]
vanishes, it only remains to show that

(41)

t t
/ (Z10|pl, A" ' ue)ds = € / (IA’p — 7 Ap + 4P - V)P, A u,)ds
0 0
tends to zero as £ — 0. Using the continuity of A™! : L3(Q) — H*(Q) n Hy ,(Q) — L3(R) and estimate (22), we find

||A_1ug||L2(L2) < EC(HPO,EHLZ + 1)

Together with the Cauchy-Schwarz inequality and (2), we finally obtain

t
/ (Z1[01p]. A u.)ds <e||A°p — 7AAP + AP - V)Pl oo 1A uell 22y
0
<e’cllfiA’p — AP + (@ - VPl 2z (IPocllz + 1),

which in turn yields the statement. O
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