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Abstract

This paper is concerned with transparent boundary conditions
(TBCs) for the time-dependent Schrédinger equation in one and two
dimensions. Discrete TBCs are introduced in the numerical simula-
tions of whole space problems in order to reduce the computational
domain to a finite region. Since the discrete TBC for the Schrédinger
equation includes a convolution w.r.t. time with a weakly decaying
kernel, its numerical evaluation becomes very costly for large-time
simulations.

As a remedy we construct approximate TBCs with a kernel hav-
ing the form of a finite sum-of-exponentials, which can be evaluated
in a very efficient recursion. We prove stability of the resulting initial-
boundary value scheme, give error estimates for the considered ap-
proximation of the boundary condition, and illustrate the efficiency of
the proposed method on several examples.



Acknowledgement

The first two authors were partially supported by the grants ERBFMRXCT-
970157 (TMR-Network) from the EU and the DFG under Grant-No. AR
277/3-1. The second author was supported by the DFG research center
Berlin “mathematics for key technologies”. The third author was partially
supported by RFBR-Grant No. 01-01-00520 and by Saarland University.
The authors acknowledge very stimulating discussions with Christian Lubich
and Achim Schadle.

1 Introduction

The development of grid algorithms for solving initial-boundary—value prob-
lems on unbounded domains involves the question of formulating boundary
conditions on an (artificial) boundary that cuts off a finite computational do-
main from the original, infinite portion of space. These boundary conditions
(BCs) are not contained in the original problem formulation: they should be
obtained by a transformation of the given asymptotic conditions at infinity
onto the artificial boundary. Such a transfer must provide an approximation
of the solution on the unbounded domain by the solution calculated in a
finite domain with an artificial boundary. If the approximation is exact, the
transfer is called ezact, and the corresponding artificial boundary condition
is called exact or transparent. For instance, different transparent bound-
ary conditions (TBCs) for the wave equation are derived in [43, 40, 18, 41];
examples for other evolution problems are contained in [19].

Clearly, transparent boundary conditions permit us to consider compu-
tational domains of a minimal size, and therefore, they allow potentially to
construct fast algorithms of computing solutions. However, there are several
problems towards this goal: the first one is connected with the derivation
of the boundary conditions themselves. Secondly, the numerical treatment
(approximation, stability, efficiency) of corresponding analytical formulas for
the BCs is a very delicate question. As a promising approach one can con-
sider so—called discrete transparent boundary conditions (DTBCs) that are
derived for a finite—difference approximation of the original evolution problem
on an unbounded domain. The idea of such boundary conditions for general
evolution difference equations is discussed in [32, 33]. DTBCs keep the ap-
proximation and stability properties of the difference scheme used. However,



usually there still remains the question of relatively high computational costs
required for their implementation.

This paper is concerned with the numerical treatment of DTBCs for a
finite—difference scheme of the 2D-Schrédinger equation governing the time
evolution of the wave function ¢(z,y,t) € € under the action of a given
electrostatic potential V(z,y,t) € R.

Schrodinger equation. Consider a rectangular geometry that appears
e.g. in the modeling of quantum waveguides and wave couplers (cf. [11]). In
these applications the wave function ¢ (x,y,t) satisfies (within a good ap-
proximation) homogeneous Dirichlet BCs at the channel boundaries. There-
fore, the (scaled) transient Schrodinger equation for such an (infinitely long)
channel (or “lead”) of a waveguide reads:

Wy = —%Az/}—l-V(x,y,t)w, relR, 0<y<Y, t>0,
U(x,0,t) = (x,Y,t) =0, (1.1)
U(z,y,0) = ¢'(z,y).

We assume that the given potential V' is constant outside of the computational
domain [0, X] x [0,Y] (cf. Figure 1):

exterior
domain

exterior
domain

computational
domain

_<

X|===mmmecccccccnna-

Figure 1: The artificial BCs at x = 0, x = X cut off the exterior domains.

V(z,y,t) =V_ =const for x <0, V(z,y,t) =V, =const forz > X,



0<y<Y, t>0, and that the initial data has a compact support:
supp ' C [0, X] x [0,Y].

Discussions of strategies to soften these restrictions could be found in [22,
39, 6, 17].

Also, the computational domain is chosen here as a rectangle only for
simplicity of the presentation. The geometry could be more complex, as it
is the case in [11], e.g. The only constrains for our subsequent discussion
of TBCs is that the exterior domains are semi-infinite strips (cf. [9] for a
related stationary model).

Equation (1.1) has also important applications in optics (“Fresnel equa-
tion”, [37]) and acoustics (“parabolic equation”, [44]) as a paraxial approxi-
mation to the wave equation in the frequency domain.

Analytic TBCs. Let us exemplify first analytic TBCs that can be
derived for the Schrodinger equation. For simplicity, we restrict us here to
the 1D case when none of the considered functions depend on y. These TBCs
were independently derived by several authors from various application fields
(cf. [30, 8, 20]). They are non-local in ¢ and read

1.(0,1) = \/ge—%i%/o 1\/’/20’__7%7 (1.2)

for the left boundary at x = 0, and

92 P d t X Vit
V(X 1) = — —e_Z’e_’V+t—/ VX, r)e T dr (1.3)
s dt Jo Vt—T

for the right boundary at x = X.

Since TBCs are of memory—type, their numerical implementation requires
to store the boundary data (0, .) and ¥(X,.) of all the past history. More-
over, the discretization of the left and right TBCs (1.2), (1.3) is not trivial at
all and has attracted lots of attention. For the many proposed strategies of
discretizations of the TBCs (1.2), (1.3) (as well as semi—discrete approaches),
we refer the reader to [3, 8, 10, 28, 35, 37] and references therein. We remark
also that inadequate discretizations may introduce strong numerical reflec-
tions at the boundary or render the discrete initial boundary value problem
only conditionally stable, see [17] for a detailed discussion.



Difference equations. We consider a Crank—Nicolson finite difference
scheme, which is one of the commonly used discretization methods for the
Schrodinger equation. With the uniform grid points x; = jAz,y, = kAy
(where JAzx = X, KAy =Y), t, = nAt, and the approximation ;. ~
(zj, Yk tn), j € Z,0 < k < K, n € INy, this scheme reads for the whole
space problem:

49
—A—(¢j,k,n+1 —Yjkn) (1.4)
_ Vit1 knt1 = 205 knt1 + Vi1 kntl n Vit1kn = 2UVjkm +Vj—1kn
Ax? Ax?
+1/1j,k+1,n+1 — 2¢j kg1 F V1041 n Viktin — 2V k0 + Vjk—1n
Ay? Ay?
_2‘/j,k,n+% (’l/}j,k,n-‘rl + ’l/}j,k,n>7 .] € Z? 1 S k S K — 17 n Z 07
with

Viknst = V(@5 Ut 1).

Transparent boundary conditions are obtained by explicit solution of the
equation in the two exterior domains z < 0 and x > X. In order to reduce
the problem to the simpler 1D case, the Fourier method is used in y-direction.
Due to the homogeneous Dirichlet BCs at the channel walls (y =0, y =Y)
we have

wj,O,n = ’l/}j,K,n = 07 .] € Z? n > 07 (15)
and hence, use discrete Fourier transform of ¢, x , in y-direction with respect
to sine-functions:

1 — mkm
Tn::f§wj’k’"Sin<7)’ m:1,,K—1

The scheme (1.4), (1.5) in the two exterior domains j < 0 and j > J then
transforms into:

4, m
_A_t( jn+1l j,n) (16>

ﬂl,n-‘rl o 22/};7,171-!-1 + ’l/};n—l,n—‘rl + ;tbl—l,n - 22/};7,171 + ’l/};n—l,n

Az? Az?
=2V (¥ +450)
- 1 — cos &%= )
Vi ::Vj—i_Ty?’ JeEXLN\N[L,J-1,1<m<K-1,n>0.



The modes v™, m = 1,..., K — 1 are independent of each other in the
exterior domains since the potential V' is constant there. Therefore we can
continue our analysis for a separate mode only.

Thus, by omitting the superscript m in the notation, we will consider a
discrete 1D-Schrodinger equation of the following form:

—iR(WVjne1 — Vin) = Vitine1 — 20int1 + Vjc1na (1.7)
+ Vit = 2Ujn + Vi1 — WV (Vjns1 +Vin),
where IAL2
R= A—f, w=200% Vi, = V(b))
V(z,t)=V_ forz<0, V(z,t)=V, forz>X,1t>0, (1.8)

with constant V_ and V. We remark that the spatial discretization on the
computational interval [0, X] can be nonuniform (e.g. adaptive in time) for
our subsequent analysis.

Note two important advantages of this second order (in Az and At)
scheme: it is unconditionally stable, and it preserves the discrete L?-norm

nll3 == A2 |l
JEZ
with respect to time (these properties will be used for stability analysis in
§5).
Discrete TBCs. Discrete transparent boundary conditions for the equa-
tion (1.7) were introduced in [4]. These DTBCs at the two boundary points

j=0and j = J (with X = JAz) can most easily be expressed for the
Z—transformed problem:

hi(z) = lo(2)vo(2), byo1(2) = Ly(2)0s(2), (1.9)

where the Z-transform of the sequence {¢;,},n € INy (with j considered
fixed) is defined as the Laurent series, see [15]:

Z{n} = i(2) ==Y ", z€C. (1.10)
n=0



The two transformed boundary kernels éj(Z) are respectively calculated as
(cf. [4, 17]):

é0(2> =1- ZCO + +/ _<0<<0 -+ 22), CO = gz -1 -+ iA.TQV_, (111&)

z+1

éJ(Z) =1—i(;+ _CJ(CJ + 22), Cj = gz -1 +iA$2V+. (111b)

z+1

In order to have decaying solutions 'l/A}j<Z> outside of the computational do-
main (i.e. for j — +00) we have to choose the branch of the square root such
that [(o(z)] > 1 and |[¢;(z)| > 1. The inverse Z-transform of (;, j = 0,.J
then defines the convolution coefficients for the DTBCs:

{tin} =27 H{l;(2)}, j=0,T

Since the magnitude of ¢;,, does not decay as n — oo (¢;, behaves like
const -(—1)" for large n), it is more convenient to use a modified formulation
of the DTBCs (cf. [17]). We introduce

. z+1 ,
§i(z) == . li(z), 7=0,J, (1.12)

and
{sin} = Z7{3;(2)}, (1.13)
which satisfy
S0 = gj,o, Sjn = gj,n + ‘ej,n—l = (’)(n_%), n>1. (1.14)

The corresponding Laurent series of
$i(z) = Z Sinz " (1.15)
n=0

converges (and is continuous) for |z| > 1 because of the decay (1.14).



In physical space the DTBCs then read (cf. Th. 3.8 in [17]):

n—1

Pin — S0,000n = Z Son—k%ok — Y1p—1, n>1, (1.16a)
k=1
n—1

Vy—in — S100in = Z Sin—kVik — Vi—in—1, n=>1, (1.16b)
k=1

with the explicitly calculated convolution kernel:

R ; R ; o Po(s) — Pa_o(p;
Sjn = [1—2’——1—&}5%04— [1+z’—+ﬁ}5n,1+aje‘m% W)Qn : Q(M,

2 2 2 2
(1.17)

2R(o'j—|—2) R2+4O'j+0'j2
p; = arctan ——————,  U; =

27 J )
R? —40; — 0} \/(R2+U?>[R2+(Uj+4>2}

?

o; = 2027V, a; )

Q‘/(R2 + 0'j2») [RQ + (05 + 4)2} ewil? 5 =0,

Here P, denotes the Legendre polynomials (P-y = P_o = 0), and 0, is
the Kronecker symbol. We have assumed that the initial condition satisfies
oo =10 =0and Yy 10 =1s0=0.

The use of the formulas (1.16) for calculations permits us to avoid any
boundary reflections and it renders the fully discrete scheme uncondition-
ally stable (just like the underlying Crank—Nicolson scheme). However, the
linearly in ¢ increasing numerical effort to evaluate the DTBCs can sharply
raise the total computational costs. Note that we need to evaluate just one
convolution of (1.16) at each time step (at the endpoint of the interval [0, ¢,]).
Since the other points of this convolution are not needed, using an FFT is
not practical. A strategy to overcome this drawback will be the key issue of
this paper.

The considered DTBCs (1.16) include the discrete convolution of the un-
known function with a given kernel (1.17). Our approach for fast evaluation
of this convolution consists of approximating the kernel by a finite sum of
exponentials that decay with respect to time (cf. [26]): this will permit us

8



to use recurrence formulas for the time stepping, see Section 4. Such kind
of trick has been proposed in [40] for the continuous TBC in case of the 3D
wave equation, and developed in [1, 2, 41, 42, 13, 19] for various hyperbolic
problems.

Related results. As for the Schrodinger equation, we remark that a
related approach was proposed by Bruneau and Di Menza ([10, 14]). There
the authors consider the continuous TBC in Laplace space (for V_ = 0):

ha(0,5) = V2e T Y51(0,5); s=i¢ E€R (1.18)

where A denotes the branch of the square root with positive real part. Its
symbol /s is represented by a rational function calculated with the help of
a least-squares approximation on the imaginary axis. This approach gives
decaying sums of exponentials for the convolution kernel but does not allow
for a convergence analysis or error estimates of the resulting finite difference
scheme (see Example 6.3 below).

The limit Az — 0 of the DTBCs (1.16) coincides with the temporally
semi—discrete TBC of Schmidt and Deuflhard [37] and of Lubich and Schédle,
cf. [25, 34]. On the other hand, alternative derivations of the DTBC (1.16)
could be done by applying the Mikusirniski operator approach, cf. [38], or the
operational calculus, cf. [25], to the convolution—type BC of the spatially
semi—discretized Schrodinger equation. A temporal semi—discretization of
the Dirichlet-to-Neumann map for the Schrodinger equation on a circular
domain was discussed in [34, 35].

In [26, 36] the continuous convolution kernel of the TBC for the Schro-
dinger equation and its spatial semi-discretization is approximated by sums
of exponentials ! including terms with Re(\;) > 0, i.e. not decaying with
respect to time. However, the authors propose an algorithm allowing to
maintain a uniform relative error of the convolution kernel, but it requires to
introduce new sums of exponentials to handle time intervals of an exponen-
tially growing length.

Notice that all of the key ideas that we use for the Schrodinger equation
here can easily be generalized to parabolic problems where the DTBCs have
a similar form, see [16], e.g.

The paper is organized as follows. In §2 we discuss the numerical compu-
tation of the convolution coefficients (via the inverse Z—transform), approx-
imate them by a discrete sum of exponentials in §3, and present an efficient



recursion for evaluating these approximate DTBCs in §4. In §5 we analyze
the stability of the resulting initial-boundary-value scheme, and derive error
estimates for the resulting Schrodinger solution in §6. Finally, the numerical
examples of §7 illustrate the efficiency of the proposed method.

2 Calculation of convolution coefficients

The convolution coefficients sg ,, S, appearing in the DTBC (1.16) can be
calculated by the explicit formulae (1.17) as well as by 3-term-recurrence
formulae, see [17]. Let us describe another, more general method based on a
numerical calculation of the inverse Z—transform, see [15]. According to the
definition of the Z—transform, see (1.10), we need to calculate the coefficients
of the Laurent series (1.15). By using the Cauchy integral representation on
the circle with a radius p > 1 one obtains

27
Sp = 5— /é(pe“")eiw dp, n € Ny, (2.1)
s
0

(for simplicity of notation we suppress here the index 7).
The numerical approximation of (2.1) is made by the standard N—point
summation rule:

=

Sn 2 sV = P 3(per)em™er p=0,1,...,N —1, (2.2)

n
0

T

where @ = 2mk/N. It is easy to show that the sum (2.2) yields the first NV
values of s,, with the accuracy

sM =5, +0(p™), n=0,1,...,N -1, (2.3)

n =

provided that the sequence {s,} is bounded: Indeed, using the Laurent series
(1.15) with z = pe’? and taking into account the orthogonality property

=

in —im
e"re vk = Nan,(m mod N)

T

0

10



we obtain

=

S%N) _ /)N R (Z Smp—me—imgz)k> =3, +p_NSn+N +p_2NSn+2N R

0 m=0

i

Hence

—-N

(V) _g 1< P =
|5} S"|_1—p—NI/?2aA}r<|Sk|’ n=0,1,.... (2.4)

Estimate (2.4) means that we can obtain very accurate coefficients sV if
we take an appropriate value of p greater than 1: supposing that max |sk| <

1 —p~", we find from (2.4) that the accuracy

e i=max s — 5|

can be guaranteed by the choice p > 8_%; for example if e = 1075, N = 50
then p > 1.32.

Note that estimates of kind (2.4) are well-known, see e.g. [24], [27], and
references therein.

Remark. By using the asymptotic behaviour |s,| < Cn=3/2) see (1.14), we
get the sharper estimate

C

v N—3/2)1/N
5 .

p=(1+

We shall now describe some numerical aspects of evaluating the inverse
Z—transform. Our tests show that the numerical inverse Z-transformation
based on (2.2) is very sensitive to the mantissa length (parameter Digits in
Figure 2), i.e. to the round-off error. For large numbers N, e.g. N > 100,
the usual accuracy (e.g. Digits=15) could be insufficient.

For instance, Figure 2 shows the relative error (discrete L?>-norm) of sV
in dependence of p > 1 using N = 256 integration points. The curves
look like a ‘hook’: for each fixed mantissa length the error first drops with
increasing p in accordance with the error estimate (2.4); for larger p it then
grows because of exponential amplification of the round—off errors due to the
factor p™ in (2.2). Note that for different values of Digits the decreasing

11



Inverse Z-Transform: comparison of exact and computed coefficients; N=256 points on circle with radius R
T T T T T T T T T
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12—error of the first 256 coefficients,
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— Digits = 20
= Digits = 30
Digits = 40

L L L L L L L L L
1 1.02 1.04 1.06 1.08 1.1 1.12 1.14 1.16 1.18 1.2
R ... radius for inverse Z-transform

Figure 2: Relative error of the numerical inverse Z—transform of § depending
on p (the radius of the integration circle) for different values of Digits (the
mantissa length). The three curves overlap exactly on the decaying branch,
and their increasing branches — corresponding to the amplified round-off error
— are 10 orders of magnitude apart. Here Az = 1/160, At = 2 - 1072,
N = 256.

part of the error curve (corresponding to the approximation error) overlaps
exactly. For further discussions of the numerical inverse Z-transform, we
refer the reader to [24] where, in particular, the question of choosing the
computational radius p in (2.2) is considered, and to [45] where a detailed
numerical investigation of this situation is given.

3 Approximation of convolution coefficients
by sums of exponentials

In order to derive a fast numerical method to calculate the discrete convo-
lutions in (1.16) (for the algorithm cf. Section 4), we will approximate the

12



coefficients s, by the following ansatz (sum of exponentials):

_ _{sn, n=0,...,v—1,

S ~n 3.1
Z[Il:1blql s ’n:V,V—i—l?.._? ( )

where L € IN, v > 0 are fixed numbers. FEvidently, the approximation
properties of §, depend on L, v, and the corresponding set {b;, ¢ }. Thus,
the choice of an (in some sense) optimal such approximation is a difficult
nonlinear problem. Below we propose a deterministic method of finding
{bi, q:} for fixed L and v.

The “split” definition of {5, } in (3.1) is motivated by the fact that the
implementation of the DTBCs (1.16) involves a convolution sum with & rang-
ing only from 1 to £k = n — 1. Since the first coefficient sy does not appear
in this convolution, it makes no sense to include it in our sum-of-exponential
approximation, which aims at simplifying the evaluation of the convolution.
Hence, one may choose v = 1 in (3.1). The “special form” of sy and s; in
definition (1.17) suggests even to exclude s; from this approximation and to
choose v = 2 in (3.1); note that ™! ¢™¥s,, € IR for n > 2. We use this choice
in our numerical implementation.

Also, for the choice v = 0 (or v = 1) we typically obtain two (or one)
coefficient pairs (b, q;) of big magnitude. These “outlier” values reflect the
different nature of the first two coefficients. Since the corresponding expo-
nentials bogq, ", biq; " decay very quickly, they only yield a contribution in
(3.1) for n very small.

Let us fix L and v in (3.1), and consider the formal power series:

f(x) =5, + 8,012 + S,02° + . .. (3.2)
for |z| < 1. If there exists the [L — 1|L] Padé approximation
~ P (x
flz) = ﬁ (3.3)
of (3.2), then its Taylor series
f(:z:) =5, 4+ 5,12+ S0 + ... (3.4)
satisfies the conditions
Sn = Sn, n=v,v+1,...,2L+v—1, (3.5)

according to the definition of the Padé approximation rule.

13



Theorem 3.1. Let Qr(x) have L simple roots q; with |q| > 1, 1=1,...,L.

Then
L
§n:Zbqu_", n=v,v+1,..., (3.6)
=1
where
PL—1(Q1) 1
b = ———+—5q/ 0, l=1,...,L. 3.7
: Qy(q) ™ 4 (3.7

Proof. We use the following known representation of the rational function
(3.3):

Pra(z)  =bg "
@~ u-= (38)

in terms of {b;, ¢} defined in the formulation of this theorem, see e.g. [13].
Substituting the identity

ey (2) (39

2y

(with |z| < |g]) in (3.8), we obtain (3.6) by comparing equations (3.3) and
(3.4). O

Remark. All our practical calculations confirm that the assumption on Qr,(x)
in Theorem 3.1 holds for any desired L, although we cannot prove this.

It follows from (3.5) and (3.6) that the set {b;, ¢;} defined in Theorem 3.1
can be used in (3.1) at least for n = v,v+1,...,2L + v — 1. The main
question now is: is it possible to use these {b;, ¢;} also for n > 2L + v — 17
In other words, what quality of approximation

Sn & Sp, n>2L+v—1 (3.10)

can we expect?

Having in mind to outline our approach for a general case (not only for
the specific s,, defined in (1.17)) we will use (a slight generalization of) the
Baker-Gammel-Wills conjecture [7] concerning the existence of convergent
subsequences of diagonal Padé approximants.

14



Conjecture (generalization of Baker-Gammel-Wills, [7]). Let p(x) be
a power series representing a function which is meromorphic in |z| < 1 and
continuous on |x| < 1 (except at the poles inside the unit circle). Then, at
least a subsequence of the [L|L] Padé approximants converges uniformly to
p(z) (as L — o0) in the domain formed by removing from the closed unit
disk small open circles around the poles of p.

Remark. The study of [L — 1|L] Padé approximants can be reduced to the
study of the [L|L] case by simply considering Padé approximants to g(z) =
xp(z).

Coming back to our function f(z) with s,, defined in (1.17), we note that
it is analytic on |z| < 1 and continuous on |z| < 1. This follows from the
analogous properties of §(z) for |z| > 1.

Theorem 3.2. If the Conjecture holds, we then have:

(i) at least a subsequence of the [L — 1|L] (bounded) Padé approzimants to
(3.2) converge uniformly on the disk |x| < 1, as L — oo;

(i) all roots of Qr(x) (of the above subsequence) have absolute values greater
than 1;

(iii) |$n — 3n] = O(n"2).

Proof. The power series (3.2) with s, defined in (1.17) is analytic on |z| < 1
and continuous for |x| < 1. Therefore we obtain conclusion (i) immediately
from the conjecture. The property (ii) follows from (i) and (3.8). Finally,
(2i1) follows from (ii) and (3.6), which shows that |$,| — 0 exponentially,
and from (1.14). O

The above analysis permits us to give the following description of the ap-
proximation to the convolution coefficients (1.17) by the representation (3.1)
if we use a [L — 1|L] Padé approximant to (3.2): the first 2L + v — 1 coeffi-
cients are reproduced exactly, see (3.5); however, the asymptotic behaviour
of s, and §,, (as n — o00) differs strongly (algebraic versus exponential decay).
A typical graph of |s, — §,| versus n for L = 20 is shown in Figure 3.

So far we discussed how to calculate and to approximate the DTBCs
for one fized discretization of the 1D-Schrodinger equation. However, a
nice property of the considered approach consists of the following: once
the approximate convolution coefficients {5,} are calculated for particular

15



|sn| and error |sn—sn| 4
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Figure 3: Convolution coefficients s,, (left axis, dashed line) and error |s,,—$,|
of the convolution coefficients (right axis); Az = 1/160, At =2-1075, V' =0
(L = 20)

discretization parameters {Ax, At, V}, it is easy to transform them into
appropriate coefficients for any other discretization. We shall confine this
discussion to the case v = 2:

Transformation rule 3.1. For v = 2, let the rational function

5(z )—so—l———l—z

be the Z—~transform of the convolution kernel {5,}°°, from (3.1), where {5,}
is assumed to be an approzimation to a DTBC for the equation (1.7) with a
given set {Ax, At, V'}.

Then, for another set {Ax,, At,, V.}, one can take the approzimation

3.11
qz —1qz (3:11)
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K * Sl b; 1
s(z) =83+ —+ , 3.12
@ = T (312
where
QZ T a—qzb’ M
aa — bb 1+qf
by = b - , 3.14
: i (@ —aqb)(qa—b) 1 +q (3.14)
Ax? Ax?
= 2= 4 2—"F +i(A2’V — A2V, 1
a AT AL + i(Az"V Vi), (3.15)
Ax? Ax?
= 27 _27* _(AZ*V — AZ?V, 1
b A7 AL i(Az"V Vi), (3.16)

and s§, st are the exact convolution coefficients for the parameters {Ax,,
At,, Vi} as given by (1.17).

Derivation. This transformation rule is based on the observation that the

ezact Z-transformed boundary kernel /(z) = 7775(2) depends on the param-
eters Az, At, and V only via the variable
Ax?z—1
=2—— Az?V, 3.17
At z+1 Ay, (3.17)
of. (1.11).

Making the assumption that also the approzimate transformed boundary
kernels

(z) = ——i(2) (3.18)
7 () = Zf; () (3.19)

only depend on ( yields a transformation between two sets of parameters
(we shall elaborate on this choice in §5, cf. (5.12)). By equating the func-
tions ¢ and ¢* corresponding to the sets {Az, At, V} and {Ax,, At,, Vi},
respectively, we obtain the map

Z*_az—b

— _ 3.20
a— bz ( )

17



with a, b defined above. )
With (3.18) and (3.19) the obvious transformation for /, i.e.

% % az*+b
f Eg th ) = —
()= Ua() with 2() = =
translates into a transformation for s:
A 2F 4 1o 2413 24+ 1 z(z%) .
) = {(z%) = 14 ) = . (3.21
e = T = T = I R, B2

Using z(2*) in (3.11) a lengthy but straight forward calculation yields

*

* L
() =i+ 2+ Z g (3.22)
1=

where ¢/ and b} are defined, respectively, in (3.13) and (3.14). The constants
¢y and ¢} depend on sg, s1, b, and ¢, and, in general, they do not coincide
with the exact values sj and sj. For our purposes, however, this does not
matter: Here, we are only interested in the transformation of the exponential
approximation, since only this part enters the convolution (1.16) (cf. §4 be-
low). And, otherwise, the calculation of {3,} would require to use the Padé
-algorithm discussed in Theorem 3.1.

(3.22) shows that the transformation (3.21) preserves the structure of our
approximate convolution coefficients {3,} as a sum of discrete exponentials
forn > v =2 (cf. (3.1)).

It remains to note that due to |[b| < |a|, the bilinear function (3.20) maps
the unit disc onto itself (see [21], e.g.). Therefore, for |g;| > 1 the map (3.13)
gives also |¢f| > 1. Hence, {87} also contains only decaying exponentials.

UJ

We now return to the discrete 2D—Schrodinger equation, which was de-
composed into the modes ™, m = 1,..., K — 1 in (1.6). Provided an ex-
ponential approximation of DTBCs for a single mode is known, we can use
formulas (3.13), (3.14) for a rapid calculation of approximate DTBCs for the
remaining Fourier modes by taking the corresponding values V™.

Example 3.1. (Transformation rule) We present a numerical example
for applying the above transformation rule. For L = 10 we calculated the

18



3 error |s =3 |, s -5, |
X 10 n n n n
7 T

Al MM
WY MM
I N Y I N

H, l‘l,,\’,ll HII\I\IA\/\I\h/’/A
/ lHl,,',l',l\“\,‘l\’\,\‘\\\\
/ I I b \\\‘
O \/ | | | | !
0 50 100 150 200 250 300

n

Figure 4: Approximation error of the approximate convolution coefficients
for v = 2, Az = 1/160, At = 2- 1075,V = 4500: The error of 5% (- - -)
obtained from the transformation rule and the error of 5,, (—) obtained from
a direct Padé approximation of the exact coefficients s,,.

coefficients {by, qi} with the parameters Az =1, At =1, V =0 (c¢f. Appendix
A) and then used the Transformation 3.1 to calculate the coefficients {b}, ¢/}
for the parameters Az, = 1/160, At, =2-1075,V, = 4500.

Figure 4 shows that the resulting convolution coefficients s} are in this
example even better approzimations to the exact coefficients s, than the coef-
ficients S,,, which are obtained directly from the Padé algorithm discussed in
Theorem 3.1. Hence, the numerical solution of the corresponding Schréodinger
equation is also more accurate (cf. Example 7.2, Figure 17)
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4 Fast evaluation of the discrete convolution
with an “exponential” kernel

Let us consider the approximation (3.1) of the discrete convolution kernel
appearing in the DTBC (1.16). With these “exponential” coefficients the
convolution

L
C(n Zuksn k> §n = ZbZQZ_n7 |QZ| > 17 (41>

=1
of a discrete function ug, £ = 1,2, ..., can be calculated by recurrence for-

mulas. And this will reduce the numerical effort drastically (cf. Figure 18 in
Example 7.2).

Theorem 4.1. The function C™ (u) from (4.1) for n > v +1 is represented
by

L

C(u) =" (w), (4.2)

=1

where

O (w) = ¢ O ) + g ey, n=v Ly 42,0 (43)
() =o0.

Proof. A straightforward calculation yields:

L
n —(n—k) n
o ZUkszq =GN,
k=1 =1 =1
with
C(n Zbl —(n— k

And for each C’l(") (u) we have the recursion:

n—v—1
O )= a3 b " P by = g O () g

k=1

20



with
M (u) = 0.

O

Finishing the algorithmic part of this study let us summarize the steps of
the proposed method to evaluate approximate DTBCs:

Step 1: Prescribe L, v (e.g. v = 2) in (3.1), take Az = At =1, p>1, N >
2L + 1, and calculate by (1.17) or (2.2) the coefficients s n=wvv+
1, 2L +v—1.

Step 2: Use the [L—1|L]-Padé algorithm for the series (3.4) with 5, := s, n =
v,v+1,--+ 2L+ v — 1 in order to find {b;, ¢} for (3.1) in accordance
with Theorem 3.1.
The Steps 1 and 2 are made once and for all; see Appendix A with the
table of coefficients for L = 5, 10.

Step 3: For given {Ax,, At,, V,} use formulas (3.13)-(3.16) with {Az = 1, At =
1, V =0} and {b;, ¢} from Step 2 for the calculation of {b}, ¢/}

Step 4: Implement the recurrence formulas (4.2), (4.3) to calculate approximate

convolutions in (1.16). The coefficients sf, s7,..., s> _; have to be cal-
culated by (1.17) or (2.2).

5 Stability analysis of the numerical scheme

In this section we shall give a stability analysis of our numerical scheme
for the Schrodinger equation (1.7) along with BCs of convolution form like
(1.16). Usually, these BCs will be exactly or approximatively transparent,
depending on the chosen convolution kernel.

L2—a-priori estimate of continuous solution. To illustrate our subse-
quent calculations for the discrete case we shall first give an a-priori estimate
for a continuous IBVP for the Schrédinger equation:

Wy = — e+ V(z, 1), 0<z<X,t>0,
U(x,0) = P(2), 0<z <X,
Vo(0,8) = fy folt = T)(0,7)dr, >0,

Vo(X,t) = [y fx(t—T)(X,T)dr, t>0,

(5.1)
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where fo(t), fx(t) are given functions.
Alternatively, the two boundary conditions can be written in the Laplace
transform space as

U2(0,8) = fo(s)1(0,s), Res >0, (5.2a)
Uo(X,8) = fx(s)(X,s), Res>0, (5.2b)

where fo(s) and fx(s), s € @ are the Laplace transforms of fo(t) and fx(t),
t > 0, respectively.
For the system (5.1) we have the following estimate:

Proposition 5.1. (Stability condition) Let the transformed boundary ker-
nels fo, fx satisfy for some a; € IR:

Im fo(ay +1i€) <0, Imfx(a;+i€) >0, VEelR. (5.3)
Then the solution of (5.1) satisfies the a-priori estimate
190, ) z20.x) < 197 1200,x) €, &> 0. (5.4)

Proof. For smooth solutions 1 this proposition is easily proved by using
an energy estimate for the function ¢(x,t) := ¢(x,t)e " and by using
Plancherel’s identity for Laplace transforms:

"¢(7t>||%2(0,)() < ”r(/}IH%Q(O,X) + ImA [¢(X7 T) @(X7 T) - ¢(077—) @(077-)} dr

=10+ I [ [0 (ro) (o) = A (X,7)
~ Xoa(M)#(0.7) {(xp019) * fo}(0,7)] dr
1 — .
107 B~ 5 [ [0 X, i) e + )

— [X0l(0,i€) Imfoaa + i€) | de

< [[9" N1 Z20.5)-
(5.5)

Here x denotes the characteristic function, and we used the fact that
6u(r) = (64 /o) (1) = ((xwad) = o) (), 7 <,
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with the notation fy(s) = fo(on + s) (and analogously for fx).
We remark that the calculation in (5.5) is rigorous for ¢(0,.), ¥(X,.) €
L2

loc(IR0> and f07 fX € LloC(IR'(—)’—) 1- ]
Example 5.1. (Stability of TBC) The functions

[IBC(s) =V2e T s +iV_, [E9s) = —vV2e T /s +iV, (5.6)

correspond to the TBCs (1.2), (1.3). An easy calculation shows that they
satisfy the stability conditions (5.3) for all a; > 0.

Howewver, the above regularity assumptions on fy®¢, fx°° are not satisfied
here: With V_ =0 the left TBC (1.2) reads

ol
<

0al0,8) = V2 H &

07t7
praCL)

ol

where <5 denotes the semiderivative (cf. §7 in [29]). For smooth functions

(0, .) zt can be rewritten as

w0, = 26 g [ U0 gy 200

Apart of a singular (distributional) contribution at t = 0, its convolution
kernel (as appearing in (5.1)) is

TEC(4) = —(2m) T 2, ¢ 0. (5.7)

Note that this is the same decay rate as in the discrete case (1.14).
Obviously fF=° ¢ Li (RY), but using higher regularity of v one can still
give a sense to the boundary terms in (5.5): For a smooth potential V' and
for ! € HY(0,X) the solution of the Schrédinger equation has the reqularity
WP € C([0,00), HY(0, X)) and its boundary traces satisfy ¥(0,.), ¥(X,.) €
loc(IR‘a—> (c¢f. Chap. XVIII §1,87 in [12] for details).
Using a zero-extension of some ¢ € H3(0,T) to H7 (IR”IL) and Plancherel’s

identity for Laplace transforms one easily verifies that f—f 1S a continuous
t

linear functional on H1(IRY). And hence, the r.h.s. of (5.5) is well defined.

'With L7 . we denote spaces of locally integrable functions.
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Example 5.2. (Sufficient condition for stability of “cut-off TBC”)
For the kernel of an approximate BC we assume a cut—off for t > T and
define:

Jolt) = [ () H(T = 1), (5-8)

with H(t) being the Heaviside function and fi"°(t) given by (5.6), (5.7).
We shall verify that this kernel fo(t) satisfies the stability condition (5.3).
To this end we rewrite it as

folt) = fo7°(t) = fo* () H(t = T).
Hence, its Laplace transform reads
fols) = f5es) = [ geiey et
T
L 1 L o0 3
=V2e T s+ e_Z’/ t2e M dt
\/_ vV 27T T

1 ™ 1 Y e
= —(V2e T 5+ 6_1’/ T_Ee_STdT), s=ua;+1, £ € 1R,
\/T< \/27T 1 ! £ é
(5.9)

where § = —l—ié, ar =T, éz &, 7 =t/T. It is easy to find numerically
that (5.9) with T'= 1 satisfies the stability condition (5.3) if &3 > 0.23. For
general T > 0 condition (5.3) therefore holds for ay(T) = &;/T. Note that
a1(T) — 0 for T — oo, which corresponds to Example 5.1.

Discretization. In the discrete case we shall use the following standard
notation for finite difference operators:

Aty =i — ¥y, ATy =4 =P, A% =i — 205 + Yo

We are concerned with the stability (as Az, At — 0) of the Crank-Nicolson
scheme for the Schrédinger equation (1.7) along with convolution-type BCs:

(iR —Yin) = A2 (Ginsr + Vi) = 0Vt (Vynin + i),
=1, -1,
Q/Jj,o = Q/JI(.TJ‘), j :2,...,J—2;

oo = Y10 =1ths-10=vs0 =0,
Atto(z) = (Go(2) = 1)ho(2),  |g0(2)] > 1,
A~py(2) = —(Gs(2) = Dby(2), |9s(2)] > 1,

(5.10)
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where §o(2), gs(2) are given functions. Alternatively, the two BCs can be
written as

AN o = Yon * Gon = Z Yok Gon—k;  Gon i= Jon — O0,ns (5.11a)
k=0

A"yn = —Yyn*Gn=— Z Yk Gin—k;  Gin = Gin — Oom-  (5.11D)
k=0

We assume that the Z-transforms of the given sequences {g;,}; 7 = 0,J,
Gj(z) == Z{g;n} are analytic in a neighbourhood of z = oco.

Typically, the BCs (5.11) should be a discrete approximation of the two
continuous, convolution-BCs in (5.1). And hence the two functions §,; j =
0, J are of course functions of z, Az, and At, just as in the DTBCs (1.11a),
(1.11b). In this example their functional dependence is of the form

- A Riz—-1
U = gi(z, Az, At) = hj(y) withy =y(z, Az, At) = —(i 1 + iyj),

2
(5.12)

where v; = AtV;/2 depends on the external potentials V; and V. In analogy
to (1.8) we assume V; = V_ for j <0 and V; =V, for j > J.

Note that y appearing in these discrete BCs is just the symbol of 0; + iV
in the Crank-Nicolson scheme, and the Z—transformed equation (1.7) can be
recast in the exterior domain (i.e. for j <0 or j > J) as

2
iy (2) = ~20,2).

Next we shall specify the typical Az— and At—dependence of general
transformed boundary kernels g;. For arbitrary functions fy, fx the BCs
in (5.1) are usually not perfectly transparent. Therefore, their natural dis-
cretization cannot be obtained by calculating the discrete Dirichlet—to—Neu-
mann map for the fully discretized whole space problem, as it was done in
[4, 17] to derive the DTBCs.

After replacing 1, in the BCs (5.1) by a finite difference quotient we now
discuss the time discretization of their convolution integrals: A very natu-
ral method is based on the operational quadrature of [23, 24] by using the
same time discretization for the BCs as for the evolution equation, i.e. the
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trapezoidal rule in our case. We shall hence assume that the transformed
boundary kernels in (5.10) are also of the form

9;(z, Az, At) = hy(y), (5.13)

with y given in (5.12) and some appropriate function izj. We remark that this
approach also reproduces the DTBCs (1.9)-(1.11b). In the Transformation
rule 3.1 we had already assumed this form (5.13) when calculating the explicit
Ax- and At-dependence of the sum-of-exponentials-BCs derived in §3.

(?>—a-priori estimate of discrete solution. In the following lemma we
shall derive an a-priori estimate for the temporal growth of the solution to
(5.10) with Az and At considered fixed. This discrete analogue of Propo-
sition 5.1 will then be the key ingredient for our stability result (given in
Theorem 5.1 and Theorem 5.2 below). We shall use the discrete L?>-norm:

J-1
nll3 == Az > 4l (5.14)
j=1

Lemma 5.1. (Growth condition) Let the transformed boundary kernels
o, G satisfy
[mgo(ﬁei“o) <0, [ng(ﬁew) <0, V0<¢ep <2, (5.15)

for some (sufficiently large) B > 1. Assume also that §o, g; are analytic for
|z| > . Then, the solution of (5.10) satisfies the a-priori estimate

[¥nll2 < [[¥oll268", n € IN. (5.16)

Proof. The proof is analogous to that of Proposition 5.1 and it is based on a
discrete energy estimate for the new variable

Pjn = Vjn B
which satisfies the equation
iR (binn — bin) = (A2 =WV 41 ) (Bimsr + i) (5.17a)
L (1) (AQ—ijM%HR) Gimir: G=1,...0—1,
Gjo =i0; J=0,...,J, (5.17b)
A¥o(2) = (90(B2) — 1) do(2), (5.17¢)
A"¢y(z) = —(9s(82) = 1) ¢ (2). (5.17d)
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In physical space, the two BCs can be written as

A—’—(Zbo,n = (bO,n gﬁog Z ¢0 k gO n—k ﬁk n) (518&)
A_(bJ,n = _¢J,n * %]: Z(bjk an k ﬁk n) . (518b>

First we multiply (5.17a) by ¢;,,/8 and its complex conjugate by @; 41
—iRpjn (Djmi1 — Gjn) = Ojn (AQ wV 41 ) (Pjmt1 + Djn) (5.19)
(37 = D (A2 = WV, g — iR) Gy
iRGjni1 (Pimsr — Gim) = Gjnt (AQ - wvm+1_) (@jnt1 + djn)  (5:20)
+(8 = Dojni1 (A —wV 1 ZR) Gimii-

Note that we used equation (5.17a) to modify the last term of (5.19). Next
we subtract (5.20) from (5.19), sum from j = 1 to j = J — 1, and take
imaginary parts. After a simple, but lengthy calculation we obtain:

J—1
> (1binial® = ldsnl*) = Z |6jnl* = (B —1) Z |6 |?
j=1

"y 7 5.21
+ ﬁlm[(%,n + Bdoni1) A (don + Bdons) (5:21)
- ((Z;J,n + B(Z_szn‘f'l)A_((bJ,n + Béln—i—l)} .
Summing (5.21) from n =0 to n = N yields (note that § > 1):
A
H¢N+1Hg < H<Z50H2 Imz <Z50 n T ﬁ% n+1) +(<Z50,n + 5¢0,n+1)

- (<Z5Jn + 5¢Jn+1) “(Pun + B(an—H)}

A
= |l¢oll3 + Imz [ (Gon + Bdont1) (Pon + Bdont1) * gﬁon

+ (‘EJn + 5<Z_5J,n+1) (Pgn + Bdyni1) * (5.22)

Gan
ﬁn
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For the last identity we used the BCs (5.18) and ¢g 0 = ¢ = 0.
To finish the proof it remains to determine the sign of the last term in
(5.22). To this end we define (for N fixed) the two sequences,

W — dom + BPont1, n=0,..., N,
" 07 n>N,

do,n 9go,n—k
Up 1= Uy, * G kz%ukﬁn_k, n € INy.

The Z-transform Z{u,} = 4(z) is analytic for |z| > 0, since it is a finite
sum. The Z-transform Z{v,} then satisfies 0(z) = (go(5z) — 1)u(z) and is
analytic for |z|] > 1. Using Plancherel’s Theorem for Z-transforms (cf. §38
in [15]) we have

N o0 o2
1 o

D Unlln =D vty = o ), B(e")u(e™) dy

n=0 n=0
1 2w ) )

= o [ U (90(Be) = 1) dip. (5.23)
T Jo
Using (5.23) for the two boundary terms in (5.22) now gives:

2T ~ . ;
%/o [|(1 + ") do(e")|* Im(go(Be'?) — 1)

H[(1+ 5e)ds () Tm(gs(Be’?) —1)| dp. (5.24)

lonsalls < lloll3 +

Our assumptions on gy and g; hence imply

[onll2 < ll¢oll2, VN >0,
and the result follows. O

Remark. Above we have assumed that the two transformed boundary kernels
Gj; j = 0,J — as Z-transforms — are analytic for |z| > (. Hence their
imaginary parts are harmonic functions there. Since the average of g;(z) on
the circles 2 = (e’ equals g;o = g;(z = o0), condition (5.15) implies Im
Gj(z =00) <0; j=0,J. Then we have the following simple consequence of
the maximum principle for the Laplace equation:

If condition (5.15) holds for some [y, it also holds for all 5 > /3.
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Example 5.3. (Discrete counterpart of Example 5.1) For the ezact
DTBC (1.16) (with §; = {;, j = 0,.J) the stability condition (5.15) is clearly
satisfied for B =1 (see Figure 5). In fact the DTBC satisfies (5.15) for all Ax
and At. Hence, the discrete L*-norm of v, always decreases monotonically
in time. And in this case the L*-stability of the scheme (5.10) is trivial.

Imag 'I\O(z)

N
o NN / 4

— B=1 | |l

-8 p=1.01 b 1
- -B=11 '

B=12 b I

3/2n 2n

Figure 5: The imaginary part of {y(z) is non—positive on the unit circle
z = €% 0 < ¢ < 27 (and hence also for 8 > 1). Az = 1/160, At =
2.1075,V = 0.

Example 5.4. (Discrete counterpart of Example 5.2) As a second ez-
ample we consider a simplification of the exact DTBC (1.16), where the
convolution coefficients s;,, are cut off forn > N (cf. [17] for a discussion

of the accuracy and practical relevance of these BCs). The corresponding
Z —transform,

N
(N ~(N z —n
A (2) = M2y = — ;0: SinZ (5.25)
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satisfies the growth condition (5.15) only for B > 1.25 if N = 10 (see Flig-
ure 6). (The continuous analogue of such a cut—off kernel was given in (5.8)).

Stability of simplified DTBC: N=10

8

n
o
T
I

[N
o
T

=)
T
)
|

5B e
E

Imag |
U
8
T

Figure 6: Growth condition Im ééN)(z = [Be*%) < 0 for simplified discrete
transparent boundary conditions with cut—off after NV = 10 convolution co-
efficients, Az = 1/160, At = 2-107°,V = 0. The stability condition (5.15)
is satisfied for # > 1.25, and Im ¢y < O holds.

(?—stability. Now we turn to the stability of the numerical scheme (5.10)
as At — 0. To this end we shall derive uniform estimates for [[i,|2 (as
At — 0 and 0 < nAt < T) by using Lemma 5.1. This lemma bounds
the exponential growth of solutions to the numerical scheme for a fized dis-
cretization (Az, At) and it will be applied for each value of At along with
a corresponding radius F(At). Since the case B(At) = 1 is trivial (cf. the
DTBC illustrated in Figure 5) we focus on the case when 8 = B(At) > 1.
For estimating [[1,]|2 we shall require that there exists a fixed p > 0 such
that

B(A) < e V0 < At < Aty
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Using (5.16) this would then yield our final stability estimate

[¥nll2 < lloll2B(AL)" < [[doll2e™ < f[oll2e™, VnAt<T.  (5.26)

Next we shall discuss conditions on the boundary function g;(z) for one
fized discretization (Axg, Atg), which imply that the stability estimate (5.15)
holds for all 0 < At < Aty on circles with radius 3(At) = e??!, which de-
crease as At — 0. In the following three cases we shall assume different
behaviours of the function Az = Az(At) (as At — 0) that permit to prove
stability of the scheme (5.10):

Case 1. R = 4Az?/At = const as At — 0, and V; = 0:

Because of the functional dependence (5.12), g, is here independent of At,
and therefore 4 in (5.15) would also be independent of At. Hence, the sta-
bility estimate (5.26) can only be obtained if the condition (5.15) holds for

B = B(Aty) = 1.

Case 2. Ax = Az = const and V; € IR:

Theorem 5.1. Let the transformed boundary kernels go, §; satisfy

[mgo(z, A.TQ, Ato) c < 0, [ng(z, A.TQ, Ato) c < 0 (527)

for some fized Axy and Aty. Here, the circle Cy is defined by

_50_1 ﬁO‘i‘lw
Z = 5 + 5 e,

0<¢< 27,

(cf. Figure 7) with some sufficiently large By = e’ > 1 (note that z = —1
and z = By € Cy).

Then, the stability estimate (5.26) holds for all 0 < At < Aty and Az =
A.I‘Q.

Proof. Following the above remark (after the proof of Lemma 5.1) we first
note that condition (5.27) implies

Im gj (Z, Axg, Ato) <0 Vze Clg, (528)
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¥(2)
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A)C,At - 4 yVI(yn(CIO))

Figure 7: Illustration of the 2 maps yo(z) and y(z) from the proof of Theo-
rem 5.1: The circle 2 = B¢ (dashed line) is mapped onto y(3e*?) which lies
inside the (shaded) stability region yo(CY?).

where C{ denotes the part of the complex plane “outside” of the circle C;.
The idea of the proof is to conclude that (5.28) implies

Im §;(z = B(At)e™, Amg, At) <0, V0 < At < Aty, 0< ¢ <2m, (5.29)

with 3(At) = eP2!. To this end we shall compare the images of C¢ and the
circles B(At)e® from (5.29) under the respective maps yo(2) = y(z, Az, Aty)
and y(2) = y(z, Axg, At) from (5.12).
We first consider the rational map
20x% 12— 1 AtV
W) = K, (z+1 T

) LT - C (5.30)
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from (5.12). yo(C?), the image of C¢ is the set y € € with

2022 By — 1  2AzE pAtg
= tanh .
Aty Bo+ 1 Aty

Rey > Reyo(z = fo) = (5.31)

In order to verify the estimate (5.15) with (At) = e?2! for 0 < At < Aty
we calculate:

§;(z = P27 Ao, At) = hi(y(At, @), (5.32)

with
y(At, p) =

2Ax3 [erAttie — 1 AtV
At |erdtie 1 T2 |

2 .
Using the rational map y(z) = Qiﬂtﬁo (2% i Z»AtQVJ

) we see that

2Ax] tanh pAt

Rey(At, ) > Rey(At,0) = N B

VO < p <27,

Due to the monotonicity of the function tanh z/x we finally obtain for the
argument of h; in (5.32):

tanh
Aty T

Rey(At, ¢) > = Reyo(z = "0 = 3)), V0 < At < Aty, 0< ¢ < 2m.

Hence,
v (W(AL ) €CY, V0 < At < Atg, 0 < < 2r.

(5.28) now shows that
Im g;(Be"?, Axg, At) < 0

holds with 8 = e”2!, and (5.26) follows.
Summarizing, the idea of the proof is based on the fact that all circles
B(At)e' (with 0 < At < Aty) are mapped via y; ' oy into C? (cf. Figure 7).
O

Case 3. Az = aAt” (with o = Azo/At], v > 1) and V; € RR:
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Theorem 5.2. (a) Let V; = 0 and let the transformed boundary kernels
9o, Gy satisfy

[mgQ(Z,A.TQ,AtQ) < 0, [ng(Z,A.TQ,AtQ) < 0 (533)
C

2 Ca

for some Axy and Aty. Here, the circle Co is defined by

-1 1 .
z:-ﬁOQ +ﬁo; e’ 0<p<2nm,

and some sufficiently large By = e’ > 1 (note that z = —3y and z = 1 €
Cs).

Then, the stability estimate (5.26) holds for all 0 < At < Aty and
Ax = aAt7.

(b) Let V; € R and let g3, 45, the transformed boundary kernels pertaining
to V; = 0, satisfy condition (5.33) for some Axg, Aty, and By = ePA0 > 1.

Then, the stability estimate (5.26) holds for all 0 < At < Aty (with some
0 < Aty < Aty) and Ax = aAt”.

Proof. Part (a):
We follow the strategy of the previous proof and first note that condition
(5.33) implies

Im gj (Z, Axg, Ato) <0 Vze C;, (534)

where C9 denotes the “outside” of circle Cy. yo(C9), its image under the
rational map

2Ax3 2 —1
= 5.35
le) = T (5.3)
is characterized by y € € with
' Axg ﬁo +1 ' < Axg ﬁo +1 (536)

Aty Bo—1| ~ Aty fo—1

The disk yo(C9) is symmetric to the real axis, with left vertex at y; = 0 and
i

right vertex at y, = 2§t0 coth pATtO.
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In order to verify the estimate (5.15) with S(At) = e??! for 0 < At < At
we calculate:

Gi(z = ePAHP oA AE) = hy(y(At, @), (5.37)

with

1€pAt+z‘go -1

y(At, @) = 22 At~ (5.38)

ePAt+ip +1 ’
For fixed 0 < At < Aty the set {y(At,¢)|0 < ¢ < 27} is a circle, lying
symmetric to the real axis with left vertex at
At
y(At,0) = 202 At*~ ! tanh /)T >y =0,
and right vertex at

At
y(At, 7) = 2a*At*' ! coth pT < y,.

Therefore the circles {y(At, p) |0 < ¢ <27} C yo(C3), for 0 < At < Aty
Hence, (5.34) and (5.36) show that

Im g;(Be™, Ax, At) <0
holds with 8 = P2 Az = aAt?, and the stability estimate (5.26) follows.
Part (b):

To verify the estimate (5.15) we have to show that Im g, (z = eP2H o AtY, At)
= Imh;(y(At, »)) < 0, with
epAt-Hgo -1 At‘/j

o 2 A 21
y(At, @) :=2a”At T +i—

The circles y(At, ¢), 0 < ¢ < 27 are only vertical shifts of the circles (5.38),
and their left vertex is at

y(At,0) = * At (p +iV;) + O(A2 ) for At — 0.

Hence, the circles {y(At,p) |0 < ¢ < 27} C yo(C3), for 0 < At < Aty
(for some 0 < Aty < Atg; cf. Figure 8) and the stability estimate (5.26)
follows.

U
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stability condition for At = 1.0, 0.93, 0.824, 0.7, 0.5, 0.3, 0.05 (from right to left)

A
i O
05F
>
e Or >
-05f
e
1 1 1 1 1 |
-05 0 05 1 15 2 25

Figure 8: Illustration of the proof of Theorem 5.2 (b): For At < Aty ~ (.82
the (small) circles {y(At,¢)|0 < ¢ < 27} are inside the (shaded) stability
region yo(C9). Parameters: Axg = Atg =V =vy=1, p=4.

We now illustrate the stability condition (5.27) of Case 2 and condition
(5.33) of Case 3 for the exponential-sum—coefficients introduced in Section 3.
The upper left graphic of Figure 7 shows the unit circle (dotted line) in the
complex plane and the circle C; (solid line), on which we shall check the
stability condition.

Example 5.5. We consider the free 1D-Schrodinger equation with the dis-
cretization Ax = 1/160, At = 2-1075. The transformed boundary kernel has

the form {(z) = Zj%ﬁ(z), where the Z—transform of {5,} with v = 2 reads
b1

a7 — 1ql—z, |Z| Z 1. (539)

L
5(2) = so+ 81271 + Z
=1

We recall that |q| > 1,1 =1,..., L (cf. Theorem 3.2(ii)), and hence all poles
of 5§ are inside the unit circle.
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S
L=5: Im I(z) on shifted circle Cl, Bozl, 1.01,1.1,1.2

0.5 T T T
Op— B
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E e —
-7 TT~
L7 \
0.5/ \
\
Ll ‘\ I
s R /
/ /
Yoy )
-1r —B,=1 A A /*
B,=101 LY ‘
\ /
— [30:1.1 \ N /
_ . By=12 \ /
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_15 1 1 1
0 w2 s 3/2n 2n
¢

Figure 9: Stability condition Im f|¢, < 0 for exponential-sum-coefficients
with L = 5. The condition is not satisfied for §y = 1 but is satisfied for
B > 1.0000008.

Figure 9 shows [mﬂcl for L =5 and various values of By. For By = 1,

Im? is not always negative on the unit circle (max [m£7|c1 = 3.064e — 6 if
L = 5). Thus the stability condition is not satisfied for By = 1, but it is
satisfied for lager values of By. Comparing these plots with the transformed
boundary kernel of the exact DTBC (Figure 5 in Ezample 5.3) we observe
that the ‘valley’ of the graph is at the same position. With increasing Bo this

valley becomes flatter and 1'7n£~|c1 converges to Im so ~ —7.93.
Note that the imaginary part of@ = §z+L1 has no singularity at z = —1 €
Ci. This is due to the fact that Res(z = —1) = 0 (¢f. (1.11a), (1.11b))

and its (reasonable) approximations (5.39) also satisfy Res(z = —1) = 0.

Furthermore, Re_17 is continuous at = = —1 on the circle Ci.

Similarly, Figure 10 shows that condition (5.33), i.e. Im/f|c, < 0 is satis-

37



a

L=5: Im I(z) on shifted circle Cz, BO:l, 1.01,1.1,1.2
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Figure 10: Stability condition Im ¢ le, < 0 for exponential-sum—coefficients
with L = 5. The condition is not satisfied for Sy = 1 but is satisfied for
Bo > 1.00025.

fied for By > 1.00025

Remark. We recognized in this example that Im / is positive on parts of the
unit circle. This means that some modes of the discretized Schrodinger equa-
tion could grow very fast. However, we never observed this in our numerical
experiments.

We remark that the stability condition of Theorem 5.1 is independent of
the potential V; in the exterior domain:

Proposition 5.2. Let the stability condition (5.27) hold on C{ for one value
of the potential V; € IR. Then this condition holds on the same circle (i.e.
for the same By) for all V; € IR.

Proof. This result in easily seen from the properties of the map vy, defined in
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(5.30): Note that yo maps C{ onto the half plane {y € € |Re y > Re yo(00)},
independently of V; (cf. Figure 7). O

(?>—stability in 2D. To finish this section we return to the original 2D-
problem and discuss the stability properties of the complete scheme (1.4)
(for j = 1,...,J — 1) along with the Dirichlet BCs (1.5) and (exact or
approximate) DTBCs for each transversal mode v™; m =1,... K — 1:

ATGR(2) = (6(2) — D05 (2), (5.40)

APy (z) = = (97 (2) = D U7 (2).
Each mode satisfies in the 2 exterior domains a 1D-Schrodinger equation
with the effective potential Vj*; j =0, J (cf. (1.6)). If g;(2); j = 0, J are the

chosen transformed boundary kernels for the free 1D-Schrodinger equation
(i.e. with Vi = 0), the corresponding kernels for the 2D-modes read

() = 5(2(2) = 4y ( - b) ,

d+zz*

with a = 4 — iAtV™, b= iAtV™ (cf. the derivation of the Transformation
3.1).

In fact the stability result of the 1D case readily carries over to 2 dimen-
sions and it is a simple consequence of Proposition 5.2 and of Theorem 5.2(b):

Proposition 5.3. Let the transformed boundary kernels §;(z); j = 0,J of
the free 1D-Schraodinger equation satisfy the conditions of either Theorem 5.1
or Theorem 5.2.

Then the 2D—-Schrédinger scheme (1.4) with the BCs (1.5), (5.40) satisfies
the following stability estimate:

[tnll2 < [ltbo]2e7, VnAt <T,

with either 0 < At < Aty, Ax = Axg, and ¥V Ay > 0,
A.TQ
At}

or 0 < At < Aty (< Aty), Az = At'(y > 1), and Ay = Ay > 0.
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6 Error estimates

In this section we consider the numerical scheme for the 1D-Schrodinger
equation (1.7) with (approximatively) transparent BCs of convolution form
(1.16). We shall derive error estimates for the numerical solution when re-
placing the exact DTBC by an approximation (like those introduced in §3).
First we extend the analytic a-priori estimate of Proposition 5.1 for the con-
tinuous IBVP for the Schrodinger equation when modifying the BCs. To
this end, let ¢(x,t) solve (5.1) with given functions fy, fx satisfying (5.3)
for some o € IR.

H'-a-priori estimate of continuous solution. First we derive an
energy estimate for the function ¢, (x,t):

Proposition 6.1. Assume that V, € L} (IRS; L>°(0, X)), ¢! € HY(0, X).

loc
Let the transformed boundary kernels fo, fx satisfy for some as > 0:

Re{(s—i—iv_)fo(s)} >0, Re{(s+iV+)fX(s)} <0, s=as+i€, (6.1)
for all ¢ € R. Then the solution 1 of (5.1) satisfies the a-priori estimate
e D200 < 2[00 + 1 o V)] (62)

where V(1) := [} X127V, (., 7)|[2 g x) d7 and ¢ = max(as, 1/2).
Proof. A simple energy estimate for 0(z,t) := ¢, (x,t)e” 2" ay > 0, gives

100 00,0 = {0 002,

X
- 20[2]\0(.,15)\@2(0’)() —i—2/ Ve (z,t) Im{¢(z, t)e **0(z,t) } dx. (6.3)
0

Using the Proposition 5.1 we can estimate the last term:

2/0 Vo2, t) Im{¢(x, t)e **0(x, 1) } dx

< 2[10( Ollz20,x) 19 (e 220 x) Ve (-5 )| oo 0,3)
<10, )1 7200.5) + H?/JIH%%O,X)eZ(m_M)tHVm(-at)”%oo(o,)()-
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By integrating in time we obtain from (6.3)
10 )1 Z20,%) < 19zl F20,x) + 2(c — a2) /Ot 10, 7)1 Z2(0,) dT
I o [ I o (6
+ Im /t [9_(0,7')035(0,7') —0(X,7)0,(X, 7')} dr.
0

[t remains to show that the last term in (6.4) is negative. We rewrite the
two boundary conditions (5.2)

7 ; fo(s)

0 (0,8) = fo()P(0, 8) = ho ()12 (0,5),  ho(s) = AV —is) (6.5a)
Ba(X,5) = Fr(8)B(X,8) = hx(s)dun(X, 5), Tox(s) = 2(5)(79) (6.5h)

Res > 0. Note that 1, is not necessarily continuous at x = 0, z = X.
Since the two boundary terms have to be evaluated at x = 0+, x = X—,
the Laplace transformed Schrodinger equation (5.1) was used to replace 1/3
by g in (6.5).

By again denoting the cut-off function by x4 we use Plancherel’s iden-
tity for Laplace transforms (cf. (5.5)). This gives

Im/o 0(0,7)0,(0,7)dr = Im /OOO {(x70,002) * EQ}(O,T)X[0¢]<T>9$<O,T> dr

1 —_— . 7 .
™ JR

provided that (6.1) holds. Here hg is given by ho(s) = ho(as + s). An
analogous estimate holds for the boundary term at x = X. Finally a Gronwall
estimate yields the estimate (6.2). O

Remark. Note that the choice of ho(s), hx(s) in (6.5) is not uncommon; if
fo(s), fx(s) correspond to the TBCs (1.2), (1.3) (cf. Example 5.1) then

~ ext 1




An inverse Laplace transformation yields the impedance boundary condition
[30]:

e~ V- (t—7)
(¢(0.7) dr, (6.6)
N

which is equivalent (for smooth functions) to (1.2).

Combining Propositions 5.1 and 6.1 yields an a-priori estimate for the
solution at the boundaries (by using a Sobolev—imbedding):

(0, 8)2 + [6(X, DI
< C {2 a0+ € 1600 + 10 200 V()] |, (67)

where C' denotes here and in the sequel generic but not necessarily equal
constants.

Example 6.1. (exact TBC) We return to the exact TBC of Example 5.1.
Its Laplace-transformed kernels fTBC, °C, satisfy the condition (6.1) for all
as > 0, i.e.

Re{(s + iV_)fo(s)} = \/iRe{e_%i(s +iV_)3/s+ iV_} >0, s=ay+iE,
(6.8)
holds for all ¢ € IR and analogously for fTBC. This 1s easily deduced

from arg(s +iV_) € [—7/2,7/2], which implies arg((s +iV_) /s +iV_) €
[—m /4, 7/4].

Error estimate of continuous solution. Now let u(z,t) solve (5.1)
with the exact TBC kernels fi5°, f3®° (cf. Example 5.1) and let ¢ (x, t) solve
(5.1) with given functions fo, fx satlsfymg (5.3) for some «; € IR. Then the
error k(x,t) := u(x,t) — P (x,t) solves the system

K¢ :—%Hmc—l-V(J},t)/i, O<z<X,t>0,

k(z,0) =0, 0<z<X,

Ro(0,8) = fP(s)R(0, 5) + [fg™(s) = fo(5)]$(0,5), Res >0,
fo(X,5) = [RPO()R(X, s) + [[R9(s) = fx(s)](X,5), Res >0,

(6.9)

and we can formulate the following error estimate:
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Theorem 6.1. Let the assumptions of Proposition 6.1 be fulfilled and let
¢ = max(ag, 1/2). Then the following estimate holds for all o > 0, o # ay,

a#c:

I )20,y < S5 an (€217 = €277) 4 az (3 — €2°%)

t
(V) = [ V) et )

(6.10)
with
e = || fgC (a+i€) — fo(oHrlé)HLoo(]R5 + |l TBC<O‘+Z£>_JEX<O‘+Z£>HL°°(]R5)
and
CllY 2 0.x) CllvzlZ20.x) CllY 122 00.x)
@G =—F—"7—, Gg=——"", a3=—— .
(o — ) (c—a) (c—a)

For a = oy or a = ¢ one takes the obvious limits in (6.10).

Proof. As for Proposition 5.1 the theorem is easily proved by using an energy
estimate for the function n(x,t) := k(x,t)e™*, a > 0, which satisfies:

i Z—%nm—i-(V(x,t)—z'a)n, O<z< X, t>0,

n(z,0) =0, 0<z<X,

(0, 5) = AOTBC(era)ﬁ(O, s) + [AOTBC(sm) fo(s—i—a }z/}( +a),

(X, 8) = fRR0(s+a)i(X, 8) + [f(s+a) — fx(s+a)]d(X, s+a),
(6.11)

with Res > 0. An energy estimate for n(x,t) yields:

L2(0,X) — L2(0X
I )1I7 —2a H?7 1y

4 Im / (0, 7).(0,7) — (X, T)pe (X, 7)] dr. (6.12)
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Now Plancherel’s identity for Laplace transforms gives
t
m/ﬁMﬂm@ﬂm
Im/ X100 (T)n(0, T){ (xpo.gm) * f5P°H0,7)
+{(xoe™™) * [fg™¢ = fol}(0,7) dr
= —/ Xoam|*(0,7€) Im f = (a-+4€)

+ Im [P (a+i€) — fola+i€)] (Xont)(0, a+i€) (xpoqn) (0, i€) dé

and analogously for the right boundary term. Here }:0 is given by }:O(s) =
fola + ). Since Imf*°(a+i€) < 0 and ImfE5(a+i€) > 0 for all o > 0,
¢ € R (cf. Example 5.1) we obtain

In(., t)H%?(o X)
< H TBC( 'lé) _ fQ(OZ‘i‘ié—)HLw(IRg)"77(07T>HL2(0=t)Hw(O’T>e_aTHL2(O’t)
+ H TBC( 'lé) _ fX(Oé—i_’lé)HLoo(IRg)Hn(X’ T>‘|L2(O,t)"w(X7 T)e_OéTHL2(O,t).

It only remains to estimate the above boundary terms. Using the estimate
(6.7) we obtain

00, = 2" (0, £) = (0, )]
< Cem ot Ly a0 x) + €2 | I021E200.x) + 10 0.0y V(1)) }

and analogously for |n(X,t)[2. Integrating in time yields
90, ) [F2q0e) < ar (7 = 1) + an(eX 1)

t
+ ag(eQ(C_“)tVJCmaX(t) o / 62(a1_a2)T"%(.,7')”%00(07)()62(6_&)7 dT) (613)
0

and an estimate of the same form holds for ||1)(X, 7)e™*7|| 12(0,1), i.e. we obtain
the estimate (6.10). O

44



To illustrate this result we now consider two simple examples:

Example 6.2. (“cut-off” TBC) We continue the discussion of Exam-
ple 5.2 with the approrimate BC-kernel

fo(t) = fo™(6) H(T —t).

Analogously to the procedure in Example 5.2 one can verify numerically that
its Laplace transform

A T . 1 T &0 3
s)=V2e T /s +iV_ + e_Z’/ t72edt, s=ay+if, £ € R,
f0(> \/% . 2 5 5

satisfies the condition (6.1) (with V_ =0) for as > 0.25 if T = 1.
Next we verify that the two kernels f{°° and fo satisfy an error estimate
like those appearing on the right hand side of (6.10). These two kernels satisfy

2

10" = follro,00) = T

and hence

rT . < . 2 —o
1o " (a+i&) — folat+i&)|lLemre < 4/ ¢ 4
T
holds for all o > 0.

Example 6.3. (rational function kernel) As a second example assume
now that fo is a rational function (as proposed in [3, 10, 14]):

N . PL_l(S)
fols) = QL(s)

Since fIP(s) = 2e 1 /s and fo(s) have different asymptotic behaviours
for large |s|, we conclude

a2 (atif) — fola+i€) ¢ L=(IRe)

for any o > 0. Hence Theorem 6.1 does not apply. We remark that this
difficulty will not arise for the discrete BCs with exponential-sum—coefficients
derived in §3 (cf. Example 6.5).
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h!—a-priori estimate of discrete solution. Analogously to the con-
tinuous case let v,, solve the Crank-Nicolson scheme (5.10) with go, g
satisfying (5.15) for some § = 5y > 1. From now on we shall assume that
V;=V_for j <1landV; =V, for j > J —1in addition to the assumptions
in §5. First we derive a discrete h'—estimate of the solution of (5.10) which
is the discrete analogue of Proposition 6.1:

Proposition 6.2. Let the transformed boundary transfer functions go, Gy
satisfy the following condition for some (sufficiently large) By > 1:

| 1
Redig(Boe) [1— —— V>0 0<p<2 6.14
{ooen 1= sl 20 0seson o
Re{gJ_1(52ei@) [1 _ é}} >0, 0<¢<or (6.14b)
G (Ba267%)
with
Ryz—1 . ALV ALV
yi(z) = §<z 1 —|—wj>, =g V= s (6.15)

Assume also that gy, g; are analytic for |z| > [Ba. Then the following estimate
holds for At <2, n € IN:

(6.16)

2 2
HA-F,I/}nH;* S CQn ["A+w0"g7* + (1 +51) H’I/JOHQ max :| ’

26 2- At ATl

where

max & ﬁl 2k 2 +At
At T Atz (E HA+V/§+§H§W CZIH&X(ﬁ% Q—At)
k=0

and the discrete norms are defined by

J-=2
1A = A2 Y 1AL, AT, o= max ATV,
J=1

-----

(Note the difference to the discrete L?-norm in (5.14).)
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Proof. The proof is based on a discrete energy estimate for the new variable

= By "ATj
which solves the equation

—iR(Oj41 = 0jn) = (A% —wVj 1) (01 + 00)
+ (52_1 - 1>(A2 - w‘/j,n—i—lﬁ - ZR>0jn

—wB " (W11 + Vi) AT Vingt:

Alternatively this can be written as
—iR(Oj1 = 0jn) = (A% —wV 1) (051 + 00)
+ (B2 = (A —wV, 1 +iR)0j 4
- wﬁQ_n<’l/}j+1,n+1 + ’l/}j—f—l,n) A ‘/j n+ )
for j =1,...,J — 2 together with the initial condition
Oi0=A%j0, j=1,...,J =2,
and the two transformed boundary conditions

0o(2) =[Go(Ba2) — 1] Who(B22),
07-1(2) =—[35(822) — 1] 5(Be2).

(6.17a)

(6.17b)

(6.18a)
(6.18b)

We multiply equation (6.17a) with ;,, and the complex conjugate of (6.17b)
with —6; .41 and sum it up for j =1,...,J — 2. After a lengthy calculation

one obtains the following formula:

At

161115, = 10a]13 . = m[(6o,n + 5200,n+1) AT (Bon + B260.n11)

463 Ax

— (9_J—1,n + 52§J—1,n+1)A_(9J—1,n + BQ&]—Ln—}—l)}

-(1- 552)H9 15,
AtAa:
25n+2
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which is the discrete analogue of (6.3). We estimate the last term using
Lemma 5.1

J=2

Ax Z Im[(0; + B20nr1) B3 " (Vjs1n1 + Vjgrn) | AT Vil

J=1

S Hen + ﬁQen—l—lHQ,*BQ_nHwn—i—l + wnH HA—’—VTH_%HOO

< 160+ el + Bl () 1A%V,

1—1—5 15}
< 10ul2, + BlOnnallz, + LEA HonQ(l) I

and we obtain

_ At
Bl = 1818, < (557 = 14 2 )l + 5 .
2

At
b (L4 Hong(ﬁ;) 1AV, I

t _ _
+ m Im[(HO,n + 3200,041) AT (B0, + B2b0,141)

— (H_J—l,n + BQH_J—l,n—i—l)A_(eJ—l,n + BQHJ—l,n—i—l)}-

Summing for n = 0,..., N yields

(1= 5Dl < - (1——)2!\0 o (0 A5 .
n=0

L A+B8) (1461 B1)?
43

N At
463 Ax
_(H_J—l,n + BQH_J—l,n—i—l)A_(eJ—l,n + BQHJ—l,n—i—l)} .

(6.19)

oll3 VA

N
Im Z [(Go,n + B2b0,n41) AT (B0, + Bobons1)
n=0

It remains to determine the sign of the last term in (6.19). To this end,
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we rewrite the two boundary conditions (6.18):

dofz) = [1- (};22)} D1 (6a2) = ol >A+éo<z>, (6.200)
0,_1(2) = —[1 (;22)} by (Baz) = hy(2) A=0y1(2), (6.20D)
with
2 11— A . —[1-—-]
. go(B22) o G(B22)
ho(2) = =7 el ha(2) = —p A (6.21)

As in Section 5 we define (for N fixed) the two sequences,

U = A (0o + F200ny1), n=0,...,N,
. 07 n>N,

VUp = Up * iLO,WJ n e ]1\]0, iLOm = Z_l{;LO(Z)}'

Now using Plancherel’s Theorem for Z—transforms we can show that

N
Im Z [(§O,n + B3200,041) AT (B0, + 5290,n+1)i|
n=0

N 00 27
1
=Im E Uptty, = —Im E Unlln = — 5~ [%(e") > Imho(e™?) dip
iy
n=0 n=0

is negative since

s '1——=~—— Re {ﬂl(@@w) [1 - %}}
Im ho(¢*%) = Im  — 270 — S 20
2 y1(Bae™?) 2|y1 (B2e%))|
due to the assumption (6.14). An analogous estimate holds for the right

boundary term.
Finally (6.19) yields for At < 2

2 2
(1"‘61) HwOHQ Vmax + <2+At )ZHQ HQ*

2 2
vl < 100 + g 5 R VR

(6.22)
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With the discrete Gronwall-type estimate [31, Lemma 1.4.2] for the function
10N 41|35 we obtain:

2+ At (1481 1Doll3 + max
ol < (3E0) " |16ulg, + St M0k vees | o

provided that (2 + At)/(2 — At) > 33. This yields the estimate (6.16). O

By combining Lemma 5.1 and Proposition 6.2 and using the discrete
Sobolev—-inequality

[Wjnl* < CX) {llvulls + (A2) A Yl5. ), J=1,.... T =1, (6.24)

we now obtain an a-priori pointwise estimate for the discrete solution:

. A L+ 31)% [0l max
il < CCX) {8200l + ()2 At gl + LE AL W0l o ]
202 2 At A%
(6.25)
for j=1,...,J —1, n € IN. Note that this is a discrete analogue of (6.7).

Example 6.4. (exact DTBC) We consider the exact DTBC of Exam-
ple 5.3. The Z—transformed boundary kernel

37 (2) = lol=2) = 1 — i (2) + /(=) (s (=) +2i)

(with the branch of the square root chosen such that |(y(2)| > 1) satisfies the
condition (6.14) for all By > 1. To verify this, one has to check that

Re {y—1 [iyl + o/~ + 22')} } — Re {gl\/—yl(z) (1 + 22')} >0 (6.26)

holds for all y1 = y1(2) with Re y1 > 0 (cf. Figure 7): For 35 =1 (i.e. Re
y1 = 0) this is easily done analytically, and for B3 > 1 one can do it numeri-
cally. Note that (6.26) is the analogue of (6.8) for the exact DTBC.

Error estimate of discrete solution. Now let 4 , be the solution of
(5.10) with the exact TBC kernels §r=¢ = ¢y, §31%¢ = 0, (cf. (1.9)) and let ),
solve the Crank—Nicolson scheme (5.10) with other transformed kernels go, §s
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satisfying (5.15) for some $; > 1. Then the discrete error k;, = pjn — Vjn
solves

(—iR(kjnr1 — bjn) = A% (Kjps1 + Kjn) — WV

Gt 5 (Rint1 + Kjn)

=11,
7=0,...,J,

ATko(z) =[95"(2) — 1]/% ( ) +1907°(2) = Jo(2)]9
(

0(2)
A Ry(z) = —[g77(2) = 1 ky(2) = [657°°(2) — gs(2)]

Q/AJJ(Z%
(6.27)

and the following estimate can be proved:

Theorem 6.2. Let the assumptions of Proposition 6.2 be fulfilled and as-
sume At < 2. Then the following error estimate holds for all 3 > 1, 3 # (1,

B # ¢ =max (B, \/(2+ At)/(2 — At))

) génf}x A ﬁQn_ 2n ﬁQn_ nX A+
l%nllz < t(1+p)* e Wfng 5 1A ol13
n—1
(L+ 8% 1Yol som )
X (n—1) (_) max
LT AR v ;; g) Vatkei(
(6.28)
with
max 1 1 1
97 =1 |- A = -
07 Az \ || go(Bei*) — Gg7°(Beiv) L°0(0,27)
1 1

+

L (0,27r)> .

For B = (3, or B = c we obtain the estimate by obvious limits.

G,(Bei®) — gyPe(Beiv)

Proof. The new discrete variable 7;, = k;,087", B > 1, satisfies the two
equations

—iR(jns1 = i) =A% i1 + i) — 0V p1 (Mjnsr + 1)

- (6.29a)
P DAV — iR
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—iRMjms1 = Njm) =A% Wi +10in) — WVt (Minst + 705in)
+ (8= (A = wVj 1 iR,
for j=1,...,J — 1 and the two boundary conditions
Atiig(2) =[95°°(82) — 1iio(2) + [66°°(82) — d0(B2)] o(B=2),  (6.30a)
A0y (z) ==[95°(82) = s (2) = [35°°(82) = §(82)] d5(B2).  (6.30b)

We multiply equation (6.29a) with 7;,, the complex conjugate of (6.29b)
with 1; 41 and sum it up for j =1,...,J — 1. This gives finally

(6.29b)

J—1 J-1
—iR Y [njms [P =yl = Z DA Mjns1 +10jm) = Y Wit A (M1 +7j)
=1 =1
J—1

+ (5_1_ ) 75, A277j,n -

1

- ZRZ|77jn|2

+wz otk L (BInjmia? = B ninl?).

75, n—l—lA 77] n+1

<.
I

77],n+1 |2

H Mg T M“

After a lengthy calculation one obtains the following expression for the dis-
crete L?-norm of the error:

s 1=~
[nv1lls = 7 Z 172115
n=1

At
462 Ax

- (6.31)
Im Z |:(770,n + Bﬁo,n—Fl)A—’— (nO,n + Bno,n—kl) .
n=0

— (M + Bsps1) A (N + BnJ,n-I—l)} :

Since > 1 it only remains to estimate the boundary terms in (6.31). To
this end, we rewrite the two boundary conditions (6.30):

A (2) = f‘mfz) in(z) + f?:o<z>f/31<ﬁz>, (6.32a)
Ay (2) = =hy(2) s (2) = ka(2) Y1 (B2). (6.32b)
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with
1 1 1
977 (Bz)’ 9;(Bz)  §i"e(Bz)’

Again we define (for N fixed) the three sequences,

k(2

SN0
S

(2)=1-

j=0,J (6.33)

U 1= ?717n+ﬁ7717n+17 ’I’I,:O,...,N, W = 1/}1,n+51/11,n+17 nZO?"'7N7
"o, n > N, "o, n > N,

and
Up 1= Up * i],om + ]%O,n xw,, n € INp,
where
hom = Z ho(2)}, Fom = 2 ko(2)).

Using Plancherel’s Theorem for Z—transforms we can now show that

N
AtIm Z (7o, + Bons1) AT (0,0 + B1o,nr1)
n=0
N 00
= At ImZ(ﬁLn + 57717n+1)A_ (7717n + Bnl,n—i—l) = At ImZﬂnvn
At [Tz d RN N
=3 |a(e™)|* Imhg(e?) + Im {ko(e Plw(Ge?) ule “")} dp
T Jo
< (1 2| ko (e RHIE >
< (14 8)7||ko(e™) L02m) 187" 1|2 0,3 171 |2 0,v)

since Imﬁo(eiw) < 0 for all # > 1. An analogous estimate holds for the right
boundary term. The discrete L?>-norm in (6.34) is defined by ||n;]lezo.n) =

At Zivzo 1jn]?. For estimating the boundary term |[n;z(,n) we use (6.25):
|771,n|2 = B_Qn |,u1,n — wl,n|2

2n 2n 1 2 2
<2{(2) 1wl + (5)" x[1arntz + S Tl e )

(6.35)
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n=0,..., N+ 1. Summing for n =0,..., N yields

- 1= ()
ImllZ 0.5y < 248 15 %ol + 16 X[ A*4oll3

(1+51)? llvoll3 ZN €\ rmax
LT Ry nO(E) A*vn—l}
(6.36)

and an analogous estimate holds for ||37"1||¢(0,n), i.e. we obtain (6.28). O

Remark. Instead of the discrete Sobolev-inequality (6.25) one could also use
the following trivial L?-estimates in (6.36):

|1/}1,n| <

1 1
M1,0] < Ny 77|12, Ny [%n]]2-

This would imply

N
—-n At —2n n
187" [ e20,m) |11 ez 0,3y SQA—xHQ/JOHSZﬁ 21+ 6T,
n=0
i.e.

1
Mmﬂﬁé(ig)AgﬁwwHE:ﬁ%l+ﬁ)- (6.37)

This yields finally the error estimate

RS

This estimate can be applied if we assume that Az = const (which corre-
sponds to Case 2 of Section 5, cf. Theorem 5.1). The advantage of (6.38) is
that the condition (6.14) is not necessary.

Note that gi'§” is the discrete analogue of fi"¢" from (6.10). With the
standard connection between Laplace— and Z-transforms we have:
QOTBC(esAt> -1
Az

2n 1 2n 32n
p b 51512} . (6.38)

< - At(1
el < g5 0B s 4|

— fIB%s), Az, At — 0,

s = a + i€ fixed.
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Example 6.5. (“cut-off” DTBC) We consider the simplified DTBC of
Ezample 5.4 where the convolution coefficients s;,, are cut off forn > N. In
Figure 11 we verify for N = 10 that the corresponding transformed convo-
lution kernel (cf. (5.25)) satisfies the condition for the h'—a-priori estimate
(6.14a) only for By > 1.24.

simplified DTBC: N=10, Real (¥, (B, ¢ (1 - 110", €¥))
90 T T T

|
RN
N

N)

)
N
EN

N)

a N P P
1

80

Figure 11: h'-condition (6.14a) for simplified discrete transparent bound-
ary conditions with cut—off after N = 10 convolution coefficients, Az =
1/160, At = 2-107>,V = 0. The h'-condition (6.14a) is satisfied for
By > 1.24.

As a discrete analogue of Example 6.2 we shall now illustrate the error
estimate of Theorem 6.2: In (6.28) the error between the two solutions is
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bounded by

1 _ 1
(8 (Beie)  1;(Be'?)

=07 (6.39)

Le°(0,2m)

the difference between the exact ({;,}) and the “cut-off” convolution kernels
()

j’n :

In the following table we show, how this difference (6.39) decreases as N,
the number of retained convolution coefficients, grows. Theorem 6.2 hence
implies convergence (as N — 00) of the corresponding discrete Schrédinger
solutions for the scheme (5.10). The parameters are again Ax = 1/160, At =
2-1075,V =0, and 3 = 1.25.

N = 5 10 20 30 40

error ||[1/05" — 1/00||se | 1.7846 | 0.97592 | 0.04391 | 0.004559 | 0.00048768

7 Numerical examples

In this section we shall present two examples to compare the numerical results
from using our new approach of the approximated DTBC with the sum-of-
exponentials-ansatz (3.1) (with v = 2) to the solution using the exact DTBC
(1.16).

Example 7.1. As a first example we consider the Schriodinger equation (1.1)
in one space dimension on 0 < z < 1 with V =0, and initial data ! (x) =
exp(1100z — 30(z — 0.5)%). The time evolution of the approximate solution
|to(z,t)| using the approximated DTBC with convolution coefficients {3,}
and L = 10, L = 20 s shown, respectively, in Figure 12 and Figure 13
(observe the viewing angle).

While one can observe some reflected wave when using the approzimated
DTBC with L = 10, there are no reflections visible when using the approxi-
mated DTBC with L = 20.

Next we investigate the long—time stability behaviour of the approximated
DTBC with the sum-of-exponentials ansatz. The reference solution ey with
Az = 1/160, At = 2-107° is obtained by using eract DTBCs (1.16) at the
end points x = 0 and v = 1. We vary the parameter L = 20, 30, 40,50 in
(3.1) to find the corresponding approximate DTBCSs, and show the error of the
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Figure 12: Time evolution of |¢,(x,t)|: The approximate convolution co-
efficients consisting of L = 10 discrete exponentials give rise to a reflected
wave.

approzimate solution v, measured in |[ta(t) — Vre ()|, /110 |1, The result
up to time step n = 15000 is shown in the Figure 14(a). Larger values of L
clearly yield more accurate coefficients and hence a more accurate solution
Ya-

In Figure 14(b) we show the analogous result for the “cut-off” DTBC,
where we retained N = 20, 30,40, 50 ezxact convolution coefficients. While
the numerical effort is the same for both approaches with L = N, our sum-
of-exponentials DTBC yields an error that is 3-4 orders of magnitude smaller.

Example 7.2. The second example considers the time evolution of a wave
function in a potential well of finite depth: We solve the 1D-Schriodinger
equation (1.1) on [0, 2] with zero potential in the interior (V(z) =0 for 0 <
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Figure 13: Time evolution of [i,(x,t)|: The approximate convolution coef-
ficients consisting of L = 20 discrete exponentials make reflections already
invisible.

x < 2) and V(x) = 4500 outside the computational domain. Figure 15 shows
the time evolution of a right travelling Gaussian beam [!(z) = exp(i100z —
30(z —1)?)] using the rather coarse space discretization Ax = 1/160, the time
step At = 2-107°, and the exact DTBC (1.16). We observe in Figure 15
that the main part of the wave is reflected at the boundaries. The value of
the potential is chosen such that at time t = 0.08, i.e. after 4000 time steps
75% of the mass (||v(.,t)||3) has left the domain.

While the discrete TBCs (1.16) yield the exact numerical solution to
the discrete whole—space problem (up to round—-off errors), the approzimated
DTBC induces small errors. Figure 16 shows the error of the approximate
solution v, defined by er(z,t) :== (Vo(x,t) — Yrep(x, ) /||| 1, -

Figure 17 shows the time decay of the discrete (*>-norm ||(.,t)|2 and
the temporal evolution of the error |ler(.,t)||2 when using an approrimated
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relative L?~Norm of reflected part for different number of coefficients relative L?~Norm of reflected part for different number of N
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Figure 14: Error of the approximate solution t,(t) with (a) approximate
convolution coefficients consisting of L = 20, 30, 40, 50 discrete exponentials;
(b) “cut-oft” DTBC: The convolution coefficients are cut off for n > N with
N = 20, 30,40, 50. The error-peak between ¢t = 0.01 and ¢ = 0.02 corresponds
to the first reflected wave, which is clearly visible in Figure 12.

DTBC with L = 20,30,40. Additionally, we calculated for L = 20 the co-
efficients {b;, i} for the “normalized parameters” Az =1, At =1,V =0
(cf. Appendiz A) and then used the Transformation rule 3.1 to calculate the
coefficients {bf, q;'} for the desired parameters (cf. Example 3.1). The result
is better than calculating the convolution coefficients “directly” (compare the
error-curves “L = 20 (trafo)” and “L = 20 ”. One observes that the error
increases with time. This is not surprising since each reflection at the bound-
aries induces an additional error.

Evaluating the convolution appearing in exact DTBCs is quite expensive
for long-time calculations. Therefore we shall now illustrate the difference in
the computational effort for both approaches in Figure 18: The computational
effort for the exact DTBCSs is quadratic in time, since the evaluation of the
boundary convolutions dominates for large times. On the other hand, the
effort for the approximated DTBC only increases linearly. For L = 10,20, 30
the lines are indistinguishable since the evaluation of the sum-of-exponential
convolutions has a negligible effort compared to solving the PDE in the inte-
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Figure 15: Time evolution of |[¢)(x,t)| in a potential well. The Gaussian beam
is almost perfectly reflected by the walls of height V' = 4500.

rior domain.
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4500) of the error

| due to an approximated DTBC with L = 20. As expected, the error

Figure 16: Time evolution within the potential well (V/

ler (2, 1)

accumulates with each reflection of the main wave.
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91l e, D,

0.5 T
—— DTBC
- L=20
L = 20 (trafo)
-— L=30
0.4+ - L =40 b
0.3
0.2
0.1
0
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

Figure 17: Time evolution within the potential well (V' = 4500) of the dis-
crete (2>-norm ||1(.,1)||2 and of the errors ||ez(.,t)||2 that are due to approx-
imated DTBCs with L = 20,30,40. “L = 20 (trafo)” uses convolution
coefficients calculated by the Transformation 3.1.
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DTBC vs. exp.ansatz (L=10,20,30), 40000 time steps

1500

1000 - b

elapsed cputime

0 1 1 1
0 10000 20000 30000 40000
time steps

Figure 18: Comparison of CPU times: the sum-of-exponential approximation
to DTBCs has linear effort (—), while exact DTBCs have quadratic effort.
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Appendix A

In the following table we list the coefficients {q;, b;} of the exponential-sums-
BC having the convolution kernel (3.1) for the cases L = 5, and L = 10 with
the “normalized parameters” v =2, Ax = At =1, and V = 0:

q by

1.0613253 + 0.83506991e-1*1 | -0.46123493e-1 - 0.35384269e-1*1
0.83506991e-1 + 1.0613253*1 | 0.57634691e-1 + 0.75937784e-2*1
L=5 | 1.1653982 + 0.41107342*1 -0.95195640e-1 - 0.20683503*1
0.41107342 + 1.1653982*1 0.21356793 - 0.78940966e-1*1
0.95734921 + 0.95734921*1 0.13684972 - 0.33038444*1
1.0204790 + 0.20818849e-1*1 | -0.81657939e-2 - 0.36037147e-2*1
0.20818849e-1 + 1.0204790*1 | 0.83222994e-2 + 0.32258771e-2*1
1.0793585 + 0.91985074e-1*1 | -0.31636868e-1 - 0.19266238e-1*1
0.91985074e-1 + 1.0793585*T | 0.35993931e-1 + 0.87473565e-2*1
1.1613828 + 0.24003468*1 -0.61222441e-1 - 0.61543495e-1*1
L=10 | 0.24003468 + 1.1613828*1 0.86808626e-1 - 0.22701935e-3*1
1.2133719 + 0.49825873*1 -0.60889615e-1 - 0.14138908*1
0.49825873 + 1.2133719*1 0.14303264 - 0.56921716e-1*1
1.1272018 + 0.84466563*1 0.22117261e-1 - 0.20911201*I
0.84466563 + 1.1272018*1 0.13222525 - 0.16350378*1

The coefficients b}, ¢/ for other parameters Axz,, At,, V., can then be ob-
tained from the explicit formulas in the Transformation rule 3.1. A Java-
Applet for calculating 0}, ¢; is available on the authors’ homepages:
www.math.uni-muenster.de/u/arnold /dtbc.html, www.math.tu-berlin.de/
“ehrhardt/

Appendix B

Here we present the Maple code that was used to calculate the coefficients
qi, by in the approximation (3.1) including the explicit formulas in Trans-
formation rule 3.1. These codes can also be downloaded from the authors’
homepages.
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1. Parameters:

>

vV V. V V

>

restart;

nu:=2; # initial index of approximation, cf. (3.1)
L:=20; # number of terms in the sum of exponentials
nc:=2xL-1; # number of convolution coefficients
filename:="coe_L20VO0O";
filenametrafo:="coetrafo_L20V4500";

Parameters of the scheme:

>

vV V.V VYV V VYV

2

hp:=1; # scaled Planck constant

Vr:=0.0; # potential in exterior domain x>=X

dx:=1.0; dt:=1.0;

nco:=nc+nu; Digitsl:=nco; Digits:=Digitsl;
rr:=4xdx~2/(dt*hp); # 'R’ cf. (1.8)

sig:=2*dx"2xVr/hp~2; # parameters (1.17)
fij:=arctan(2*rr*(sig+2)/(rr"2-4*sig-sig~2));
efi:=exp(-I*fij);

alj:=I/2x*root[4] ((rr~2+sig~2)*(rr~2+(sig+4) "2) ) *exp (I*¥£ij/2);

. Numerical inverse Z-transformation of the given analytical kernel
(hat_s)

The function "hat_s’; see (1.11), (1.13), is considered outside the unit circle.

VVVVYVVYVVVVVYVYV

lcoe:=proc(n,mm)
# ’n’ is No. of Fourier coef.
# mm’ is the number of grid intervals
local ss, x, x1, x2, i, hat_s, shift;
shift:=evalf(1.0); ss:=0;
for i from 1 to mm do
x:=2*%PixI*i/mm; x1:=exp(x+shift);
# calculation hat_s, cf. (1.11)&(1.13)
hat_s:=evalf ((x1+1)/x1*subs (x2=rr/2*(x1-1)/(x1+1)+
I*xdx~24Vr,1-I*x2-T*sqrt (x2* (2%I+x2))));
ss:=ss+evalf (exp(n*x))*hat_s
od;
ss/mm*evalf (exp(n*shift)) end; # cf. (2.2)

Calculation of the convolution coefficients:

>

vV V. V V V

mm:=nco+1:

Digits:=Digitsl: al:=lcoe(nco,mm);

# Checking the accuracy (last coefficient)
Digits:=2xDigitsl: a2:=lcoe(nco,2*mm):
Digits:=Digitsl: abs(al-a2);

mm:=nco+1:
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VVVVYVVVYVVYV

# Convolution coefficients:
for i from O to nco do
coefc[i] :=lcoe(i,mm); # cf. (2.2)
od;
coefr[0] :=coefc[0]; coefr[1]:=coefc[1];
# Extraction of the real part from sn, n>1, cf. (1.18)
for i from 2 to nco do
coefr[i] :=coefc[i]/exp(-I*ixfij)/alj;
coef[i] :=Re(coefr[i]);
od;

3. Approximation

Calculation of the polynomial ’sp’. Only the coefficients starting with n=nu
are used here; i.e. coef[0], coef[1], ..., coef[nu-1] are not considered.

>

vV V.V V V V

for i from O to nco-nu do
ac[i] :=coef [i+nu]:

od:

with(powseries):

powcreate(e(nd)=ac[n4]):

sl:=tpsform(e, x, nco-nu+il):

sp:=sort(convert(sl,polynom)) ;

Calculation of a rational function approximating the polynomial ’sp’. This
is the usual Padé algorithm. The parameter 'npow’ defines the orders of the
numerator and denominator. Important: We have to check that the roots
of the denominator are larger than 1 in absolute value. The value of 'npow’
influences this property: Cycle A automatically chooses smaller and smaller
values of 'npow’ (L-1, L-2, ... ) to guarantee that all roots have an
absolute value larger than 1.

Vv

VVVVVYVVYVVYVYVYV

ngel:=1; dnpow:=0; npow:=L;

for igel from 1 by 1 while ngel > 0 do
# cycle A
Digits:=8*nco; npow:=npow-dnpow;
with(numapprox): srl:=pade(sp,x, [npow-1,npow]);
Digits:=Digitsl: sr:=evalf(normal(srl)):
pk:=sort (numer(sr)):
gk:=sort(denom(sr)):
rootsl:=fsolve(qgk,x,complex) :
nrofroots:= 0:
for r in rootsl do

nrofroots:=nrofroots+1;

od:
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VVVVVVVVVYVYVVYVVYVYV

od;

nrofroots;

ngel:=0:

for i from 1 to nrofroots do
if (evalf(abs(roots1[i]))<1) then ngel:=ngel+l fi:
dnpow:=ngel:
appendto (terminal) ;

od;

lprint(ngel);

# ---> number of roots with abs < 1

appendto (terminal) ;

od:
# printing of roots
for i from 1 to nrofroots do

lprint (evalf(abs(roots1[i])));
appendto(terminal);

Writing of the result:

>

VVVVVVYV VVYVVYVYV

for i from 1 to nrofroots do

Digits:=Digitsli:

# Coming back to complex q.1 (factor exp(I*fij))

qli] :=roots1[i]*exp(I*fij);

# Coming back to complex b1l (factor alj/exp(I*(nu-1)*fij))

be[i] :=-subs(x=rootsl[i],pk)/subs(x=roots1[i],diff(qk,x))
x(alj/exp(I*(nu-1)*£fij))*qli] " (nu-1):

qRef:=Re(ql[i]l): qImf:=Im(ql[il):

bRef :=Re(be[i]): bImf:=Im(bel[i]):

Digits:=14:

appendto(filename) :

lprint (evalf (qRef) ,evalf (qImf) ,evalf (bRef),evalf (bImf)):

appendto (terminal) :

Checking of our representation:
Digits:=Digitsl:
L:=nrofroots:
ap:=proc(n)
local ss, i; ss:=0;
for i from 1 to L do

ss:=ss+be[il*q[i] " (-n) # cf. (3.1)
od;

ss end;

First nco coefficients:
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appendto (terminal) ;
for i from nu to nc+nu do apcli]:= ap(i): od:
for i from nu to nc+nu do i:
coefc[i]; eps:=abs(apc[i]-coefc[i]);
od;

ansformation to other grid parameters, see Transformation 3.1
Vrs:=4500; dxs:=1/160; dts:=0.00002;
a:=2*xdx"2/dt+2*xdxs”~2/dts+I*x(dx"2%Vr-dxs~2*Vrs); # (3.15)
b:=2%dx"2/dt-2*%dxs"2/dts-I*(dx " 2*xVr-dxs~2*Vrs); # (3.16)
for i from 1 to L do

gs[i] :=(q[i]l*conjugate(a)-conjugate(b))/
(a-ql[il*p): # (3.13)
od;
for i from 1 to L do
bes[i] :=be[il*q[i]*((a*conjugate(a)-b*conjugate(b))/
((a—q[il*b)*(q[i]*conjugate(a)-conjugate(b))))*
(1+gs[i]l)/(1+ql[il): # (3.14)
gqsRef:=Re(qgs[i]): qsImf:=Im(qs[i]):
bsRef:=Re(bes[i]): bsImf:=Im(bes[i]):
Digits:=14:
appendto(filenametrafo):
lprint (evalf (qsRef) ,evalf (qsImf),evalf (bsRef),evalf (bsImf)):
appendto (terminal) :

od;

L:=nrofroots; # (3.1)

aps:=proc(n)

local ss, i; ss:=0;

for i from 1 to L do

ss:=ss+bes[i]l*qs[i] " (-n)
od;

ss end;

\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/5

First nco new convolution coefficients (starting with n=nu):

> appendto(terminal);
> for n from nu to nc+nu do apcs[n]:= aps(n): od:
> for n from nu to nc+nu do coefs[n]:= apcs[n]; od;
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