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Controllability results for cascade systems of m
coupled parabolic PDEs by one control force
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Abstract. In this paper we will analyze the controllability properties of a linear coupled
parabolic system of m equations when a unique distributed control is exerted on the
system. We will see that, when a cascade system is considered, we can prove a global
Carleman inequality for the adjoint system which bounds the global integrals of the
variable ¢ = (¢1,...,9m)" in terms of a unique localized variable. As a consequence, we
will obtain the null controllability property for the system with one control force.
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1. Introduction

Let © c RN be a bounded connected open set with boundary 92 of class C2. Let
w C  be a nonempty open subset and assume T > 0. All along this work we will
denote @ = 2 x (0,T) and ¥ = 9 x (0,T). For m > 1 given, we consider the
parabolic linear system

8ty1 — L1y1 + ZBlj . Vyj + Zaljyj = ’Ulw n Q =0 x <O,T>,

j=1 j=1
Ory2 — Laya + ZBQJ- -Vy; + ZGijj =0 in Q,
Jj=1 j=1

atym - Lmym + ZBmJ . Vyj + Zamjyj =0 in Q,
j=1 =1
yi=00n X =00 x (0,T), yi(z,0) =yo(x)inQ, 1<i<m,
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where ai; = aij(v,t) € L¥(Q), Bij = Byj(z,t) € L=(@Q)" (1 < i,j < m),
Yo,i € L*(Q) (1 <i < m) and Ly is, for every 1 < k < m, the self-adjoint second

order operator
N

ka(l‘,t) = Z 0; (afj(x,t)ajy(x,t)) ) (1)

i,j=1

(0; = 0/0.,) where

k 1,00 k _ k . ..
i €WHR(Q),  agj(z,t) = aj;(z,t) ae.in@Q, 1<i,j<N, 1<k<m,

and, for all k: 1 < k < m, the coefficients afj satisfy

N
max|[afj|lwi = Mo, Y afj(@,06& 2 al®, VEERY, ac.in@, (3)
v i,j=1

for positive constants ]Tjo and ag.
Equivalently, the previous system can be written as
Oy — Ly+ B-Vy+ Ay = Dvl,, in Q, )
y=0onX y(x,0) =yo(r) inQ,

where L is the matrix operator given by L = diag(L1,...,Lm), ¥ = (¥i)i<i<m
is the state, 1, is the characteristic function of the nonempty set w and Vy =
(Vyi)1<i<m, and where

2

Yo = (Wo.i)1<i<m € L2(Q)™,  A(z,t) = (ai;(2,t)1<ij<m € L®(Q)™,
B(z,t) = (Bi;(x,t)1<ij<m € L®(Q)N™ and D = ¢; = (1,0, ...,0)*

are given. Let us observe that, for each yo € L*(Q)™ and v € L*(Q), system (4)
admits a unique weak solution y € L2(0,T; H}(Q)™) N C°([0,T]; L*(Q)™).

The main goal of this paper is to analyze the controllability properties of (4).
It will be said that (4) is null controllable at time T if for every yo € L?(£2)™ there
exists a control v € L?(Q) such that the solution y of (4) satisfies

yi(,T)=0 inQ, Vi:l<i<m. (5)

When m = 1 (one equation and one control force) the null controllability
of parabolic problems has been studied by several authors (see for instance [18],
[17], [4], [10], ...). We also point out [14] and [15] where the null controllability
of system (4) at time T was established for every T > 0, A € L>*(Q), B €
L>®(Q)N and w C 9, using a global Carleman inequality for the solutions of the
corresponding adjoint problem.

There are few results on null controllability of system (4) when m > 1 and
most of them are proved for m = 2. In [19] and [5] the authors consider a non-
linear system of two heat equations, one of them being forward and the other one
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backward in time, and show the null controllability of this system with sublinear
nonlinearities ([19]) or slightly superlinear nonlinearities ([5]). In [1] and [2], the
authors give a null controllability result for a phase-field system and for reaction-
diffusion systems (two nonlinear heat equations). The results in [1] and [2] have
been generalized in [12] (see also [11]) in two directions: on the one hand, there are
not restrictions on the dimension N, and on the other hand, the authors consider
nonlinearities which depend on the gradient of the state. Finally, in [8] the authors
prove a result of local exact controllability to the trajectories for the Boussinesq
system (N + 1 equations) when N (or N — 1) distributed controls are exerted on
the system.

All previous works have a common point: they deal with cascade systems. In
this work we want to generalize these works to the case of a general cascade system
of m linear parabolic equations. To this end, we will suppose that A and B have
the structure

ail aiz2 a3 A1m
Bll BlQ e Blm
Ga21 Q22 a23 a2m, 0 Bos B,
m
A= 0 a3 ass am | B=
0 0 .. Bum
0 0 vr Omm—1  Gmm

(6)
with a;; € LOO(Q), Bij S LOO(Q)N (1 <1 < 7 < m) and i i—1 € LOO(Q) (2 <<
m), for an open set wy C w, satisfy

@i i1 > ag >00r —a; ;-1 > ap>0inwy x (0,7), Vi:2<i<m. (7)

In order to study the null controllability of system (4), we will consider the
corresponding adjoint problem which, under assumption (6) (cascade system), has
the form

%

—0pi — Ligi — Y _ [V - (Bjip;) — ajipj] = —@ig1ipip1 in Q,

j=1
A<ism=1), ®)
—0tom — Linom — Z [V (Bjmpj) — ajme;] =0 in Q,
j=1

pi=00n3%, @i(z,T)=¢p(z)inQ, 1<i<m,

where ¢g; € L?(Q) (1 <i <m).

It is well known that the null controllability of system (4) (with L2-controls) is
equivalent to the existence of a constant Cy > 0 such that the so-called observability
inequality

et Ol <Co [l )P duat ©)
wx(0,T)
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holds for every solution ¢ = (¢1,...,©m)* to (8). Let us observe that in (9) we are
estimating the L2-norm of ¢(-,0) by means of the L2-norm of the first component
of ¢ localized in wx (0, T'). We will prove inequality (9) as a consequence of a global
Carleman inequality for the adjoint system (8). This inequality is established in

our first main result:
2

Theorem 1.1. Let us suppose that Ly, A € L"O(Q)m2 and B € L*(Q)N™ are
gwen by (1) and (6) and satisfy (2), (3) and (7). Let My = maxo<;<m ||@ii—1]]cc-
Then, there exist a positive function ag € C*(Q) (only depending on Q and wy),
two positive constants Cy (only depending on Q, wg, m, ao, Mg, ag and My) and
oy = GO(Q,wo,m,EO,MO,MO) and I > 3 (only depending on m) such that, for
every @o € L2(Q)™, the solution ¢ to (8) satisfies

m

D IB(m+1—1i),¢;) < Cos' // e 2 (1)1 |?, (10)
i=1 wo % (0,T)
Vs > so = oo |T + T? + T? max;<; { ||aijl|ss "7 + || Bijl|os """ )|. In inequal-

ity (10), a(z,t), v(t) and I(d,z) are given by: a(x,t) = ag(z)/t(T —1t), y(t) =
(tH(T —t))~* and

I(d,z) = 542 //Q 6_2‘("0‘*}/(t)d_2|Vz|2 + 54 //Q e_QSo‘v(t)d|z|2.

We will prove Theorem 1.1 from the corresponding global Carleman inequal-
ity satisfied by the solutions to the heat equation with a right hand side in the
space L2(0,T; H=*(2)) (see [15]). To prove Theorem 1.1 we will follow the same
argument given in [19] and [12] and which allows to show (10) when m = 2.

As a consequence of Theorem 1.1 we will obtain the null controllability at time
T of system (5). This is our second main result:

Theorem 1.2. Under assumptions of Theorem 1.1, given yo € L?*(Q)™, there
exists a control v € L?(Q) such that Suppv C Wy x [0,T] and the corresponding
solution y to (4) satisfies (5). Moreover, the control v can be chosen such that

m
cH
10l72q) < €™ lIvo.ill72(0), (11)
i=1
with C a positive constant, only depending on 0, wy, ag, M(), ag and My, and
H=1 + T+ ? +I£1<81JX (|llij||<;)’<(>J )+3 + ||Blj||§<(ﬂ e + T (||a"LjHOO + |Bl]||go)> .

Let us remark that, thanks to the cascade structure of the coupling matrices
A and B (see (6) and (7)), we can control the system (4) (m functions) by means
of one control force v € L?(Q) (exerted in the right hand side of the first equation
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of the system). For general complete matrices, this is not possible, in general.
Indeed, let us consider m = 3, Ly = Ly = Ly = A (which, evidently satisfy (2)
and (3)), B=0 and A € L(R3) a constant matrix given by

0 0 0
A=1[1 2 0
1 1 1

Let A1 > 0 be the first eigenvalue of —A in Q with Dirichlet boundary conditions
and let ¢; be the associated eigenfunction with [|¢1[|2(q) = 1. If we now consider
vo(z,t) = (0,—1,1)*¢1(z) € L2(Q)™ in (8), it is not difficult to see that the cor-
responding solution to (8) is given by p(z,t) = (0, —1,1)*e+DE=T)g, (2) which,
evidently, does not satisfy inequality (10). In fact, the observability inequality (9)
is also false and therefore, system (4) is not null controllable. The null controlla-
bility problem of system (4) for general coupling matrices A and B is nowadays
widely open.

Another important point to be underlined is that in our controllability problem
the control is exerted on a little part w of the set Q (distributed control). The
controllability properties of cascade systems like (4) can fail if boundary controls
are considered instead of distributed controls. In [7] the boundary controllability
of a cascade system of two parabolic equations is studied and it was found that
even the boundary approximate controllability of the system is not in general true.
To be precise, let us consider the controlled system (N =1, m = 2)

Oy —Ly+ Ay=0 in Q= (0,1) x (0,7),
y=Duv on {0} x (0,T), y=0 on {1} x(0,7)
y(ao):yo in (051)7

where v € L2(0,T) is the control,

_ (Yo O _ (0 0 (1
oo () 2= () =)

and v > 0 (which evidently satisfy (2), (3) and (7)). Then, in [7] and by means
of a simple counterexample, it is proved that this system is not approximately
controllable if /v € Q\ {1}.

The rest of the work is organized as follows. In Section 2 we will prove the Car-
leman inequality stated in Theorem 1.1. Theorem 1.2 will be proved in Section 3.
Finally, we will devote Section 4 to give some remarks and additional results.

2. The global Carleman inequality. Proof of Theorem 1.1

We will devote this section to prove T hegrem 1.1. To this enc;, we will suppose
that the coupling matrices A € L>®(Q)™ and B € L>®(Q)N™ are given by (6)
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and satisfy (7). The basic tool we will use is a global Carleman inequality satisfied
by the solutions to
-0z — Loz =F in Q, (12)
z2=0 onY, z2(z,T)=2%4) inQ,

with 20 € L?(Q) andF:Fo—i—ZfVlgF with F; € L?(Q),i=0,1,...,N, and Ly
is given by

Loy(z,t) Z 9 ( t)0;y(z,t))
1,5=1
where the coefficients of; € Wh*(Q) (1 < 4,j < N) satisfy of;(x,t) = of;(z, 1)
a.e. in Q and

N
H}&}XHO‘%HWLOO =My, > afj(x,0)6& > aol¢l, VEERY, ae inQ,

ij=1

for positive constants ag and My. One has:

Lemma 2.1. Let B C Q be a nonempty open subset and d € R. Then, there exist
a function By € C?(Q) (only depending on Q and B) and two positive constants Cy

and &g (which only depend on Q, B, 4y, My and d) such that, for every 2° € L*(Q),
the solution z to (12) satisfies

57 2// 2Py ()2 V2 + s // ~258y(t)4)2|* < Co (Lg(d 2)
d—3 —2sp3 d—3 2 d—1 —2sp3 d—1 2
ts //Q AR + s Z//Q A0 )

i=1

for all s > 59 = o (T+T?). In (13), L3 (d,2) and the functions 3 and v are given
by

(13)

ta@)=s' [ @l s = gy €@

and ~(t) = (((T — 1)), t € (0,T). O

The proof of this result can be found in [15] although the authors do not specify
the way the constant sy depends on T'. This explicit dependence can be obtained
arguing as in [9] (also see [6]).

Proof of Theorem 1.1: Given wy C w, we choose w; CC wp. Let ag € C?(2) be the
function provided by Lemma 2.1 and associated to Q and B = wy, and let a(x,t)
the function given by a(z,t) = ao(x)/t(T —t). We will do the proof in two steps:
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Step 1. Let ¢ = (¢1,...,9m)* be the solution to (8) associated to ¢g € L?(Q2)™

We begin applying inequality (13) with B = w; to each function ¢; (1 < i < m)
with Lo = L;, d =3(m + 1 — i) and

F= Z Bjip;) — ajip;] — @it1,iPit1,
ifl<i<m-—1,and F = ijl [V - (Bjm@j) — ajmp;], for i = m, obtaining

~

IB(m 41— i), 05) < c( LBm 1 — ), 01) + MoI(3(m — 1), u41)
+ 37 8D a2, / / €250 ()P0 2
sy, f] e%%(t)“’““”npﬂ?),

j=1

for every s > 3y = 0o (T+T?), with 60 and 0y two positive constant only depending
on , wy, ag, My (and m) (in the previous inequality we have taken y;1; = 0 when
i =m). Now, it is not difficult to see that, for a new constant C (depending on £,

w1, ag, My and My), one has:

ZJ(3(m+1—z (ZLM (m+1—1),¢)
=1
e luaﬂnoo// 210 (1m0
=1 5=1
+ZZSS(M 1)+2HB ||2 // 72504 S(m Z)+2|SO |2 7 Vs 230
=1 j=1

Finally, we can get rid of the two last sums in the previous inequality if we take
into account that ¢(T' —t) < T?/4 in (0,T) and we take

2
sz =on (T 472+ Tmax (ol T + 5,177 ) ), ()

with o9 = UO(Q,wo,Zio,]Tjo,Mo) > 0, obtaining, for a positive constants C; =
Cl(Q,WO,ZiO,MO,MO),

m

i=1
Step 2. We will see that, thanks to assumptions (6) and (7), we can eliminate

in (15) the local terms L, (3(m 4+ 1 — i), ;) for 2 <4 < m. In order to carry this
process out, we will need the following result:
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Lemma 2.2. Under assumptions of Theorem 1.1 and givenl € N, ¢ > 0, k €
{2,...,m} and two open sets Oy and Oy such that wy C O CC Og C wy, there exist
a positive constant Cy, (only depending on , Og, O1, Qo, MO, ap and My) and
Iy €N, 1<j<k—1 (only depending on 1, m, k and j), such that, if ¢ is the
solution to (8) associated to pg € L*(Q)™ and s > sg, one has

LOl(l’ (Pk) <e [j(3<m +1- k)a ‘Pk) + 3(3(7’)1 - k)a Sok—‘rl)]
( 1) = (16)
+Ck 1+g ZLoo(lkj,ng).

(In this inequality we have taken ri1 =0 when k = m). O

We will finish the proof of Theorem 1.1 showing that it is an easy consequence
of Lemma 2.2. To this end, we consider open sets O; C wp, with 2 < i < m,
such that w; cC 0, CC O,,—1 CC --- CC Oz C wy and we begin by applying
formula (16) for O = wq, Qg = (N‘)m, k=m,l=3and e = 1/2Cy (with C; the
constant appearing in (15)). Thus, from (15), we obtain

i3(3<m+1 (ZL bmi» s ) (17)

for all s > 5o, with 5’m a new positive constant only depending on €, wi, Oy,
ag, Mo, ap and My. Observe that in (17) we have eliminated in the right hand
side the term that depends on ¢,,. We can go on applylng (16) for O1 = Oy,

O = (‘_)m Lk=m-11=1l,m1 and e = 1/2Cm and eliminate in (17) the
local term L5 (Im,m—1, gpm,1) By (a finite) iteration of this argument we obtain
(10). O

Proof of Lemma 2.2: For the proof of this result, we will reason out as in [19]
and [12]. All along the proof, C' will be a generic constant that may depend on {2,

Og, 01, ag, My, ag and My, and also we will assume that s satisfies s > sg, with
so given by (14). In particular, s > C(T + T?) and then, for p,v € Z, v < p, and
for every (z,t) € @, one has

{ [s7(®)” < Clsv(®)])",  |V[s” ’2“‘7(15)”” < Cs"lem oy (),

_ _ _ (18)
|3t[SU€ 25 t)l/” + Zz]>1 | sVe 2sa,y(t)u]| S CSV+26 25047(01/%*2.

Given w1 C O; CC Oy C wp, we consider & € C°(RY) such that 0 < & < 1
in RN, & =1 in Oy, Supp & C Oy and

Ag V§ 0
5 €L°(Q) and D5 e L¥(@)V. (19)
0 0

Let us consider k € {2,...,m}. The coefficient ay —1 satisfies assumption (7)
and, for simplicity, let us assume ajr—1 > a¢ in wo x (0,7). We fix [ € N and
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take u = sle™25%y(¢)!. We multiply the equation satisfied by ¢r_1 by u&oer and
integrate in Q. We get,

T
ao Lo, (l,er) < Ll )—/ (Orpr—1 + Li—19k—1, uéopr) dt
4

Z// UL PRAj k—1P; -‘rZ/ Bj l(Pj) u§0@k>dt: ZKW

n=1
(20)
where L(l,¢1) = s // “2s0 () o a1 |or]? and by means of (-,-) we are

denoting the duality product between H~1(Q) and Hj(f2). Integrating by parts
with respect to ¢ and having in mind the equation satisfied by ¢y (see (8)), we get

T
Ky =/ (Orpr—1,uopr) = // 0Pk Pr— 1—/ (Or ok, uoPr—1)
// 0Pk Pr— 1+/ Lk‘Pk"‘Z Bijrej) — ajrp;)  ubopr—1)
—// U0 Pk—10k+1,kPk+1 = ZKYL -
Q n=1

Let us remark that, when k = m, in the previous equality the last term K §5) does
not appear. Taking into account (18) and (7), if s > C(T + T?), we obtain

K| = ] / / woprpnr| < Cs'*2 [ / &2 (t) 260 o1

c
<ol + 55 [[ el lenal”

5 (l ka l+4//Q —23a l+4fO|<Pk 1|

with 6 > 0 to be chosen.

(2)

Observe that, integrating by parts in K™, we get

K = <// Pk— 15004U5’u8]<pk+// Pr—1ual; 9 0
3,71
+// uéo o Ditpr 3j90k>~
Q
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From (18) and (19), we also have:

K?| < o5t / / €25 (1) o lopn ||V il

Lo // ~2sa / | on 1‘|V@k|+// uo|Vor—1]|Ver|

(m—k)+1 e~ 2sa ()S(m k+1|v¢ |2

( n+2 // 725(1 n+2€0|@k 1‘2
+ " //Q e_gsaﬁ’(t)"ﬁovwkﬂQ),

with n =2l — 1 —3(m — k). For K{P’) we get:

(21)

T
K = Z/ Bjkej) Ufosﬁk—1>dt+/ (V- (Brrpr), ubopr—1) dit
0
=- Z// [V(uéo) - Bikpr—1¢j + uéoBjk - Vpr—105]
j=177@Q

- // V(u&o) - Brkr—19k — // u€o Bk, - Vor_10k
Q Q

= M, + My + Ms.

Using (7), (18), (19) and taking into account that, if s > C||Byx||2,T?, then,

[|Brr||% < Csy(t), it is not difficult to see that, for § > 0, one has

Mo 2| < 5L + 5 (50 [ e o
OQX(O T)
o / e-mv(t)“laomk,l\ )
Q
Now, using again (19) and (18), we get (n =20 — 1 —3(m — k))
24| < 0<s" J[ e awraiver
Q
o [[ ez,
OoX(O,T)

k—1
1
+ = Z s3(m—k)+1 // 6_2sa'7(t)3(m_k)+1€0|Bjk|2|80j|2~
2 j=1 Q
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Since s > CT?|| B[ S , we also have || Bjx||2, < C (S/T2)3(k7j)+1 < C (sy(t))* !
This implies that,

|M1| S C<Sn+2 // 6_23a7<t)n+2|(,0k71|2
O()X(O,T)

+sn //Q 628a7(t)n£0v@k—1|2>

k—1
+0253(m7]’)+2 // 6725a7(t)3(m7]‘)+2£0‘¢j‘2.

=1 Q

Summarizing,

~ C B —2sa c
IKP| < 6L, o1) + N (SM // ey () op_1 |

o x(0,T)

+8l+1 // G_ZSQ’Y(t)l+1§0V<Pk1|2>

Q
+ C(s”+2 // e 2y ()" 2 g |?
0% (0,T)
+Sn //Q e_QSa'Y(t)ngdeDkl'Q)

k—1
+ CZSS(m—j)+2 //Q 6_2sa’y(t)3(m_j)+2£()|g0j|2.

=1

Now, reasoning as we did with K £3)7 it is not difficult to deduce

KYL) Z// UfO‘Pk 10595 — // Uﬁo(pk 10kEPk

s [ /Q €20 (1) 2 |

3 / / €250 (03B o 26, )
j=1

+ 0L(1, // ~25% () agr 2ol or—1%

with 6 > 0. Again, [jajz|% < C(sy(t))3*=9)+3 for every s > CT?||a;;[|& 7.

I /\

k—1

+
N | =
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This implies that
4 n —2sa n
L e U
Q

k—1
+ O SHmmit2 //Q e 250y (1) =042, |2 + S L(1, o3
j=1

C .
+g$l+3 // 6_2ba7(t)l+3€o|@k71‘2~
Q

As said above, if K = m then K(5) =0. If Kk <m — 1, we have,
€ — —2sa m—
K = // UE0Pk—10k+1,kPk+1 < ESS(m ®) // e 2y ()30 R) g 4|2
Q

3M2 g _
1+1 // 2sa n+1§0|90k 1‘

Altogether we get
[K1| < 38L(L k) + 3 DB +1—k), ox) +IB(m — k), or41)]

L C@.e)s / / e (1) | g1
0o x(0,T)

1+ Ce)s" / /Q (1) R0 | Vipp_1 2
k—2

+0233(m_j)+2 // e—2sa,y(t>3(m—j)+2§0‘(pj|2

j=1 Q

with J = J(k) = max{l + 4,n + 2,3(m — k) + 5}, R = max{n,l + 1} and n =

2l —1 —3(m — k). Let us remark that in inequality (22) the positive constants

C(68,¢) and C(e) are given by C(6,e) =C (14 3+ 1) and C(e) = C (1 + 1).
Going back to the term K> and integrating by parts, we get

Z// SDka 0 (uéo) 05— 1+U§004 10,01 0j0K-1)

7,7=1
On the other hand, if s > C(T + T?), (see (18) and (19)),

|81(u£0)| < u|81€0| + CSI+16_2SQ’7(t)l+1|§0 < CSZ+1€_28a’y(t)l+1§é/2.
Therefore

T ¢ —2sa
Kol <61 + 5% [[ e,
OUX(O T)

€ 2104 m—
+ 5 3(m—k)+1 // e—2 ’y(t)?’( k)+1|Vs0k|2 (23)

*S // T2y ()"0 Veor—1 -
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For the term K3 we obtain,
C o—
1Kol < 610, 00) + 5 Z ) R IR
with § > 0. Again, if s > CT?||a; k- 1||3<k 7 we can deduce

k—1
¢ —-J —2sa —J
ol <0 0) + 5 Y470 [ a0 e 2

We now have that

K, = Z/ Bjr—10;5), uéopr) dt

_; (//Q V(uo) - Bjk—19k%; +//Q uﬁovwk-Bj,k1@j>

Proceeding as before and having in mind that s > CT?||B; j_1||38"~ Tk , we obtain
that
i =
Kal £ 6L pu) + 5 Do sl t80 ) [ g st
i=1 00x(0,T)
€ m— —48x m—
+ E83( k)+1 //Q 2 ,y(t)3( k)+1|v@k|2 (25)
=
+ ; ZSQZ—3(7n—2k+j+l) // e_QSa’Y(t>2l_3(m_2k+]+1)€0|80j|27
j=1 Q

with § > 0 to be chosen.
Coming back to (20), putting together inequalities (22), (23), (24) and (25),
and choosing the § = 1/12, we obtain

SE90) < S (30 41— k), 01) +9(B(m — k), 9]

(
+Ce) (// (m 250(1)7 gy 2 + 87 / 250y (1) Ry [ Vigp_y 2
oX

I R L
Z 90 x(0,T) !

with k € {2,...,m}, C(e) = C(1+ 1/¢e) and
J =max{l+ 4,2l —3(m — k) + 1,3(m — k) + 5},
R =max{l+ 1,2l —3(m — k) — 1},
Rjr =max{3(m —j)+ 2,1+ 3(k—j),2l —3(m —2k+j+1)}.
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Now we are interested in eliminating the term s% // e 25 (1) B | Viop_1 |2
Q

in inequality (26). So as to do that, we define @ = sfe=25% () and we will use
the equation satisfied by @g_1:

k—1 k-1
—Lp_1pp—1 = —ap p—19k + Orpr—1 — Z a; k-1 + Z V - (Bjk-19;)
=1 i=1

Multiplying this equation by u€ppr—1 and integrating by parts in @ we get:

Z // aoory;  ipr10ipk—1 = Z // 9i (o) pr—10jPr—1
i,j=1 1,7=1
// U0 Pk—1ak k—1Pk
k-1 5
+/ (Orpr— 1—Zajk 1<pJ+ZV Bjr-15), Wowr—1) dt = Y Hy.
0 n=1

Next, we are going to estimate each term H;. Using (18) and (19) it is easy to
deduce that, if s > C(T + T?), 0;(0&)| < CsR+le_2sa'y(t)R+1§é/2 and

—2sx 1/2
|Hy| < CsfHl / / e ()R EN2 o[V
Q

_ (27)
a - —2sa
< Z0// U£O|V@k—1‘2 +CSR+2 // e 2: ’Y(t>R+2‘§0k—1|2-
Q 00 x(0,T')
If we take 6 > 0, we also have:
NG ¢ — —2sa -
o] <L) + S [ /Q &2y (1) gy oy (28)

Proceeding as before and using (18), we get

]. ~ —Z8Sx
|H3|:2‘/~/Qut£0 _1]? <C$R+2//Qe 20y ()2 lpp_1 |2 (29)

2
In order to estimate Hy we recall that if s > CT?||ajx—1]loc" " then
llajr—1]% < C (sv(t))s(kﬂ). Thus, it is no difficult to check

// |ioar—1,k—100_1| < C// e 25 [sy(1)] 2 ol prn %,
Q Q
//Q o) —1905Pr—1| < C//Q e [SW(t)]RJrg/z €oler—1]?

0 [ e D g
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Therefore
|H4‘ < CSR73/2+3(k7J) Z/‘/Q 6728a’7(t)R73/2+3(k7])€0|Q0j|2. (30)
=1

Integrating by parts in Hy and taking into account assumption (18) and (19),
and that || Bj 1% < C (%)B(k_”_2, we can reason as before and obtain

k—1

|H5‘ < CZSR73/2+3(k7j) // 672sa7(t)373/2+3(k7j)‘¢j|2
j:1 O(]X(O,T)

k-1 ~
—j)— —2sa —j)— a ~
+ZSR+3(k 7) 2//@6 2 ,Y(t)R+3(k b)) 2§0|<Pj2+40//QU§0|V80k—12-
j=1

(31)
Summarizing, taking into account (3), adding (27)—(31) and using again (18), we

deduce:
Zi ~ — 480
& / / 6| Vipa | < Os"+? / / €25 (1) 42 gy 2
Q OOX(O,T)

57 C op-i ~2sa (1 2R 2
+OL(l, 1) + 3 //Q ey () Coler—1] (32)
k-1

+CvZSRfii/QJrB(k:fj) // 672sa7(t)R73/2+3(k7j)|(pj|2.

j:1 O()X(O,T)

Finally, if we now choose 6 = @p/4C(e), with C(e) the constant appearing
in (26), i.e., § = 1c(e7y> and we combine (32) with (26), we obtain the proof of
the result. O

3. Null controllability of system (4). Proof of Theorem 1.2

We will devote this section to show Theorem 1.2. As said above, it is well known
that Theorem 1.2 is equivalent to the observability inequality (9) satisfied by the
solutions ¢ of the adjoint system (8) and, in fact, the constant e appearing
in (11) coincides with Cj, the constant appearing in (9), (see for instance [9]). We
establish this observability inequality in the next result:

Proposition 3.1. Under the assumptions of Theorem 1.1, there exists a constant
C > 0 (which only depends on Q, wy, ag, My, ag and My) such that, for every
o € L2(2)™, the corresponding solution ¢ to (8) satisfies

et Ol << [ Joatat)P duat (33
wo % (0,T)

where H is given in Theorem 1.2.
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Proof: The proof of this result is standard (see e.g., [9], [6] and [12]) and it is a
consequence of (10) and the energy inequality satisfied by the solutions to (8):

< eClmax;<;(laij|loo+[|Bij|12)](t2—t1

e (st Z20ym e, t2)llZ0ym

where 0 < t; <ty < T and C > 0 is a new constant which depends on m, ag and
My = maxo<i<m ||@i,i—1]|oo-
If ¢ is a solution to (8), from the energy inequality, we deduce

S 2 2 Cli+max; < ([|aij| oo+ Bij[12)]T .- T 2
3 i OBy < o2 et Hmmszsllol BT S o, (34
i=1 i=17/T/4 9

On the other hand, taking into account (10) and (18), one has

m  .3T/4
S [0 [ermetef o [ cmneiap,
ST/ Q wo X (0,T)

for a new constant C' = C(Q,wy, ag, M) > 0 and for every s > sg. Secondly, it is
not difficult to see

—2sa 212 _ —25M0$
s3em 2y (t)3 > §S3T 6exp( )

377

1/ 20\* —25Mys
> (=2 L0 Q x (T/4,3T /4
> 5 () o () Vo) €@ (1/a,37/4),

—93 l !
o250 (1) < g2 exp( mos) < < ) , V(z,t) €Q,

T2 2emy

if we choose s > (I/8mg)T?, with mo = mingag(z) > 0 and My = maxg ag(z).
Now, combining these three last inequalities, we readily deduce

m_3T/4 ,
Z/ / lpil* < Ce@/T // |pa]?
= Jria Ja wox (0,T)

for every s > 51 = 04 {T—f—T2 + T? max;<; <||aij||§§”+3 + ||Bij|§§”“>} and

o1 = max{oy, (I/8mp)}. Finally, by setting s = s; in the previous estimate and by
recalling (34), we end the proof. m|

4. Further results and comments

We will finalize this work doing some remarks and establishing some additional
results.
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1. It is possible to prove the null controllability of system (4) at time T if we
replace (7) with the hypothesis

Q5 i—1 >ag>0or —Qj -1 >ag > 0in wy X (To,Tl), Vi:2<i1<m (35)

with 0 < Ty < Ty < T. Indeed, let § € C°([0,T]; L*(2)™) be the solution
to (4) for v = 0. Hypothesis (35) allows us to prove the existence of a control
v € L?(Q x (Tp, T1)) which drives system (4) (posed in the cylinder Q x (Tp,T1))
from the initial data g(-,Tp) (at time Tp) to the rest at time 77. Now, if we take
v = 0in the set (0,75)U(T1,T) and v = ¥ on the interval (T, T1), we have that the
solution y to (4) corresponding to the control v € L?(Q)) satisfies (5). Moreover,
the control v can be chosen such that (11) holds with H given by

1 2 2
T T+max<|aiﬂ”s(] T 4| Byjl s >+1+T1(Iaz-j||oo+||Bij|§o)>-
1— 4o i<y

On the other hand, let us assume that A and B are complete matrices which
satisfy (35) and

a;; =0in wy x (To, Th), Vi, j:1>j+2,
Bij =01in wp x (T07T1)7 Vi,j 12> 35 +1,

for a nonempty open subset wy C w and Ty, Ty € [0,T] with Ty < Ty. Then, it is
also not difficult to check that Theorem 1.2 is still valid and Theorem 1.1 holds
with

m

S 3@3m+1— i), i) < Cos' // e~2555()! oy 2,
i=1 wo X (To,T1)
instead of (10). In the previous inequality &(z,t), 3(¢) and J(d, z) are given by:
a(a,t) = ag()/(t = To) (T — 1), 7(t) = ((t = To)(Ty — 1)) " and

j(d Z) — d 2// 672sa§(t)d72|vz|2+sd // 672s&i(t)d|z|2'
QX(T(),Tl) QX(TU,Tl)

2. As a direct consequence of the Carleman inequality (10) we obtain the unique
continuation property:

“Under assumptions of Theorem 1.1, if o € C°([0,T); L*(Q)™) is so-
lution to (8) and satisfies v1(x,t) = 0 in wy X (0,T), then, ¢ =0 in
Q?}.
It is well known that this unique continuation property for the adjoint problem (8)
implies the approximate controllability property at time T' of system (4).
When m = 2 and Ly = Lo, i.e., for two equations, it is proved in [16], that
the unique continuation property for the adjoint problem (8) is valid even when
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az1 = 0 in w but as; # 0 in @ an open subset of 2. The problem remains open for
L1 75 Lz.

3. Theorems 1.1 and 1.2 can readily be generalized to the case where v =
(v1,v2,...,v.)* (r control forces, r > 1) and the coupling and control matrices
A, B and D satisfies: B € L“(Q)NmQ is as in (6), A € LOO(Q)"’2 is given by

alh aliz a§3 ai1 si

A A o Ag i i it

0 A A a91 A22 Qg3 G,Q)Si
22 2r 0 i i i

A= ) ) . ) LAy = a3z a3z3 asz s,
0 0 A : : . I :
1 K3

O 0 A a’si,sifl a‘Si,Si

with s; €N, >0 s; =m, a“ 1 satisfying (7) for every (4,5) (1 <i<r,2< j <
si), and D € L(R",R™) such that D = (eg, |es, | -+ |es,) with S; = 1+2J 155
1 <4 < (e; is the j-th element of the canonical basis of R™). Observe that matrix
A do not satisfy (7) for i = Ss, ..., S, and even so, under the previous assumptions,
a null controllability result for system (4) can be proved if we add a control in each
equation where (7) does not hold. Indeed, let ¢ = (¢1, ©2,- - ., Pm)* be a solution
to the adjoint problem (8). Thanks to the structure of the coupling matrices A
and B, we can apply Lemma 2.2 to ¢, for every k # S; with 1 <4 < r, and
obtain, from (15),

ZJ (m+1—1),0) <C’OZ // ¢35 (gl

0)((0 T)

Vs > 50,

with sg as in Theorem 1.1, Cy = C’O(Q,wo,EO,MmamMo) >0and; >3 (1<i<
r). Theorem 1.2 is a consequence of this last inequality.

4. Following the ideas of [4] (see Theorem 1.3.3, p. 156), from the Carleman
inequality (10) we can prove the null controllability of system (4) with controls in
L>(Q). To be precise, it is possible to show

Theorem 4.1. Under hypotheses of Theorem 1.1, there exists a controlv € L>(Q)
satisfying

m
lolle < €7 Hyo,ill?

i=1
such that Suppv C wg X [0, T] and the corresponding solution y to (4) satisfies (5).
In this inequality, C is a positive constant only depending on ), wy, ag, Mo, ag
and My, and H is as in Theorem 1.2. O
Sketch of the proof: From (10) and using the regularizing effect of prob-
lem (8), it is possible to prove the refined Carleman inequality for the solutions
© = (@1, om)* to (8) (valid for s > sg, with s¢ given in Theorem 1.1):

() el +Zﬂ mr1=ip)<Cist [ eEm?

0><(0T)




Controllability for parabolic cascade systems 19

where C7 = Cl(Q7w0,5O,]T/.707a07M0) > 0and K = K(N,m) € N are two new
constants. A duality argument allows us to obtain the proof from this refined
Carleman inequality. |

Theorem 4.1 is crucial in order to study the exact controllability to the trajec-
tories of cascade nonlinear parabolic systems when the nonlinearities considered
depend on the state and its gradient and have a superlinear growth at infinity (for
the proof, see [13]).

5. When the coefficients a,; and B;; of system (4) are regular enough (for instance,
if they are constants or only depend on t), it is possible to show Theorem 1.2 using
the strategy of fictitious controls developed in [11] and [12]. Briefly, this technique
consists in introducing a control function in each equation of our system (and,
therefore, the null controllability of the system is a consequence of the Carleman
inequality (15)) and, subsequently, eliminate the m — 1 fictitious controls using the
cascade structure of the system (see [12]). This strategy cannot be applied in the
case of system (4) due to a lack of regularity of the coefficients.

6. Boundary controls: In view of known controllability results for a linear heat
equation, it would be natural to wonder whether the null controllability result
for system (4) remain valid when one considers one control force exerted on the
boundary: y = ejvl, on X, where v C 9f is a relative open subset of J{2. Never-
theless, there exist negative results for some 1-d cascade linear coupled parabolic
systems with m = 2 (cf. [7]), which reveals the different nature of the controllability
properties for a single heat equation and for coupled parabolic systems.

7. In the present work we have provided a sufficient condition on the matrices
A, B and D which ensures the null controllability of system (4) at time 7. Let
us observe that when B = 0 and A is a constant matrix, under assumptions (6)
and (7), the exact controllability of the ordinary differential system

{ y' + Ay = Dv in (0,77,

y(O) =Y € RN,
holds with D = e; since one has the so-called Kalman rank condition
rank [D|AD|A’D| ... |A™ D] =m.

Thus, it would be very interesting to try to generalize this condition to the case of
coupled parabolic system like (4) and give a condition on the matrices A, B and
D which is equivalent to the null controllability at time T of system (4). At the
moment, the general problem is open but some results have been recently obtained
in [3]. O
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