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SHARP WEIGHTED BOUNDS INVOLVING A

TUOMAS HYTONEN AND CARLOS PEREZ

ABsTrACT. We improve on several weighted inequalities of recent interest by
replacing a part of the A, bounds by weaker Ao, estimates involving Wilson’s
Aoo constant

! = su i w
Wl = sup o | M)

In particular, we show the following improvement of the first author’s Ag
theorem for Calderéon—Zygmund operators T':

1Tl gr2 (wyy < er W] (wa + w1 )2

Corresponding A type results are obtained from a new extrapolation theorem
with appropriate mixed Ap—Ao bounds. This uses new two-weight estimates
for the maximal function, which improve on Buckley’s classical bound.

We also derive mixed A1—Ao type results of Lerner, Ombrosi and the
second author (Math. Res. Lett. 2009) of the form:

Il (Lo (wy) < epp’ Wl {2 (] )P, 1<p<oo,
1T Fl 100 () < ] a, og(e + [w)a IFl 1 (-

An estimate dual to the last one is also found, as well as new bounds for
commutators of singular integrals.

1. INTRODUCTION AND STATEMENTS OF THE MAIN RESULTS

The weights w for which the usual operators T of Classical Analysis (like the
Hardy—Littlewood maximal operator, the Hilbert transform, and general classes of
Calderon—Zygmund operators) act boundedly on L?(w) were identified in the 1970’s
in the works of Muckenhoupt, Hunt, Wheeden, Coifman and Fefferman [5] 15, [3T].
This class consists of the Muckenhoupt A, weights, defined by the condition that

(see [T3)
[w]a, = sgp (][Q w) (][Q wil/(pfl))pil < 0, p € (1,00),

where the supremum is over all cubes in R¢. Hence it is shown for any of these
important operators T', whether it is linear or not, that
1T fll e (w)

||T||33pr = sup
ErC) =220 T )
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is finite if and only if [w]4, < oco.
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1.A. The A, theory.

It is a natural question to look for optimal quantitative bounds of ||T'|| z(zr(w))
in terms of [w]4,. The first author who studied that question was S. Buckley in his
1992 Ph.D. thesis (see [3]) who proved

1

M| z(Lr@)) < cpalwly,’  1<p<oo, (1.1)
where M is the usual Hardy-Littlewood maximal function on R¢. However, there
has been a big impetus on finding such precise dependence for more singular op-
erators after the work of Astala, Iwaniec and Saksman [I] due to the connections
with sharp regularity results for solutions to the Beltrami equation. The key fact
was to prove that the operator norm of the Beurling-Ahlfors transform on L?(w)
grows linearly in terms of the A, constant of w. This was proved by S. Petermichl
and A. Volberg [43] and by Petermichl [41] [42] for the Hilbert transform and the
Riesz transforms. To be precise, in these papers it has been shown that if T is any
of these operators, then

max{1

1
e
1Tl (Lo (w)) < eprlwly, "

(1.2)
The exponents are optimal in the sense that the exponent cannot be replaced by
any smaller quantity. It was conjectured then that the same estimate holds for any
Calderon-Zygmund operator 7T'. This was first proven for special classes of integral
transforms [7) 23] and finally, for general Calderon—Zygmund operators by the first
author in [I6], using the main result from [37] where it is shown that a weak type
estimate is enough to prove the strong type. A direct proof of this result can be
found in [20]. Other related work are [8] 19, 22| 24 [47].

The main purpose of this paper is to show that these results can be further
improved. To do this, we recall the following definitions of the A,, constant of a
weight w: First, there is the notion introduced by Hrus¢ev (see also [13]):

[w]a,, = sup (]é w) exp (]{2 logw‘l),

and second, the smaller (as it turns out) quantity, which appeared with a differ-
ent notation in the work of Wilson [48, [49] [50] and was recently termed the ‘A
constant’ by Lerner [24, Section 5.5]:

'\ i=su S w
s =y [ Mla)

Observe that
calwy < [wla, < [wla,,  Ype[l 00),

where the second estimate is elementary, and the first will be checked in Propo-
sition While the constant [w]4_ is more widely used in the literature, and
also more flexible for our purposes, it is of interest to observe situations, where
the smaller constant [w]’y_ is sufficient for our estimates, thereby giving a sharper
bound.

Now, if 0 = w= /(=1 is the dual weight of w, we also have [U];Z;} < [U];Z;/l =

[w]a,. The point here is that these quantities can be much smaller for some classes
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of weights. Our results will be of the form
-1
1T B(Lrw)) < cp,r Z B(p)[ ]Z’m (@)

sometimes even with the smaller [ ]y constant instead of [ 4., where the sum

is over at most two triplets (a,f,7), and the exponents satisfy a(p) + 5(p) +
~v(p) = 7(p), where 7(p) is the exponent from the earlier sharp results, as it should.
However, we will have a(p) < 7(p), which shows that part of the necessary A,
control may in fact be replaced by weaker A, control.

As in the usual case, a key point to understand our main result for Calderéon—
Zygmund operators is to consider first the case p = 2.
1.3. Theorem. Let T be a Calderén—Zygmund operator, w € Ay and o = w™?.
Then there is a constant ¢ = cq, 7 such that

1/2 _
1T 2wy < el ([wla., + ™'Y
1/2 _
< c[wL,Q (lw]aw + [0 "]a)
We will prove this by following the approach form [16, 20] to the A5 theorem
T (L>(w)) < cr [w]a,, and modifying the proof at some critical points. Indeed,
the orlglnal argument uses the As property basically twice, each producing the
factor [w] }4/22, and it suffices to observe that only the A, property is actually needed
in one of these estimates.
An interesting consequence of this theorem is the following: for any fixed Calderén—
Zygmund operator T', we have

)1/2

» (1.4)

¢ 1Tl 2wy _ 0. (15)
wEAz [’LU]A2
This follows once we describe, in Section 8] a family of weights w € As for which
both [w]y and [o]; (and even [w]a, and [0]a_ ) grow slower than [w]a,. In
particular, the “reverse Ay conjecture” [w]a, < cr ||T||z(L2(w)) is false.
The result for p # 2 will be obtained by means of a new quantitative variant of
the Rubio de Francia extrapolation theorem adapted to the A, control, which we
discuss further below.

1.6. Corollary. Let T be a Calderén—Zygmund operator and let p € (1,00). Then
ifwe A, and o = w Y@= we have

1T lazoquny S T2 (1wl + 0172 (o1 )7

. =~ (1.7)
S w0y )P forpe(1,2],
and
P s e ) (3 A e (/W
(1.8)

< WP () )77 forp € [2,00).

~

Here the simpler forms of the estimates in (L7) and (L8] are almost as good as
the more complicated ones, since for many common weights, like power weights, we
have [w]a,, + o]} '= [w]a,; see Section B

These two statements () and (L8] are actually equivalent to each other by
using

1T zzrw) = 1T mLr o))
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and the fact that 7™ is also a Calderén-Zygmund operator.

1.B. The maximal function and extrapolation with A., control.

As mentioned above, a key point to understand Corollary is to prove a
version of the quantitative extrapolation theorem adapted to A, control. The
proof of this theorem requires to study the corresponding question for the Hardy—
Littlewood maximal function, which we first do in a two-weight setting. We need
a new two-weight constant B)[w, o] defined by the functional

Bylw, 0] := sgp (]{2 w) (]{2 a)pexp (]{2 log 0_1). (1.9)

which clearly satisfies
[wla, < Bplw,0] < [w]a,[0]a.-

1.10. Theorem. Let M be the Hardy-Littlewood maximal operator and let p €
(1,00). Then we have the estimates

1
IM(f)l oy < Ca -1 - (Bolw, o)) "I f | oo (1.11)
and

IM(Fo) | Loy < Ca- 2 - ([w]a, [0Va )1 £l oo)- (1.12)

We refer to Section [ for the proof and for more information and background
about this two-weight estimate for M. By a well-known change-of-weight argument,

(LI2) implies:

1.13. Corollary. For M and p as above, and o = w="®=Y we have
1
1Ml < Ca 9 ([wla, [o)a )" (1.14)

This improves on Buckley’s theorem || M||gLrwy) < Cq-p' - [w ]1/pp Y Corol-

lary [LT3] at least for p = 2, was also independently discovered by A. Lerner and
S. Ombrosi [25].

We now recall the following quantitative version of Rubio de Francia’s classical
extrapolation theorem due to Dragidevié, Grafakos, Pereyra, and Petermichl [I0]:
If an operator T satisfies

1Tl (L7 wy) < e(lw]a,)

for a fixed increasing function ¢ and for all w € A,, then it satisfies a similar
estimate for all p € (1, 00):

max{1l,(r—1 1
1T mwrwn < 260 (cpralulfex 00070

in particular, || T'|| z(Lr(w)) S [w]z(f) implies that

7(r)max{1l,(r—1 -1
T (e (w)) S [w]A(p) {1L,(r=1)/(p=1)}

With our new quantitative estimates involving both A, and A, control, it seems
of interest to extrapolate such bounds as well. Hence we consider weighted estimates
of the form

Il < @ (lolas [0das b OGO Iy (115)
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where ¢ : [1,00)3 — [0,00) is an increasing function with respect to each of the
variables. An example is our bound for singular integrals (L3]), where

o(z,y,2) = C:El/2(y+z)1/2. (1.16)

We now aim to extrapolate bounds like (I.I5) from the given r € (1,00) to other
exponents p € (1,00).

1.17. Theorem (Lower Extrapolation). Suppose that for some r and every w € A,.,
an operator T satisfies (LIT). Then for every p € (1,r), it satisfies

1T 2y < 20 (@IMlIswon) ™ ([wla,s [w]ams fo™ ED1E0) ) 171l noy
< 2 ((calfwla, [w™/P=0Y ) ey
% ([wla, [wlaw o™ E1 2 D) )1 la

In typical applications, like (ILI6), the function ¢ will have a homogeneity of the
form p(Az, Ay, Az) = N¢(x,y, z), and hence the common factor

Q1M || sLrwy) P < (ca((w]a, [w™/ E=1), HH/eyr=r

may be extracted out of .
Observe that the condition (LIH) is of course implied by the stronger inequality

ITFllrwy < @([wla, s eq [wha, (g T O D)oy

however, even if we have this stronger inequality to start with (as is the case with the
As theorem for Calderén—Zygmund operators), we do not know how to exploit it to
get a stronger conclusion than what we can derive from (LIH). A related difficulty
will be pointed out in the proof. This is why we restrict to the assumption (LI5)
only.

1.18. Theorem (Upper Extrapolation). Suppose that for some r and every w € A,.,
an operator T satisfies (LID). Then for every p € (r,00), it satisfies

ITF Loy < 20 ((2HM”,@(LP’(wl—p’)))(pir)/(pil)
x (@l Ol § O o L) ) 1

oo

< 2 ((ealul}{7 Qs )7 "~

(S (0 el N ) M) 1 )

It is immediate to check that Theorems [[.I7 and [[LI8 in combination with
Theorem[T.3] give Corollary[L.6l In fact, thanks to the mentioned equivalence of the
two parts (L) and ([L8) of Corollary[[.6], we would only need one of Theorems [[L.T1
and to deduce this corollary. But for other classes of operators without a
self-dual structure, it is useful to have both upper and lower extrapolation results
available.
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1.C. The A; theory.

It is an interesting fact that if we assume that the weight satisfy the stronger
condition w € Ay, then the estimate (I2) can be considerably improved. Indeed,
if T is any Calderon—Zygmund operator, then T is of course bounded on LP(w),
because A C A, but with a much better bound, namely

”THK@(LP(M)) < cpp/ [w]A17 1< p < oo. (119)

Observe that the dependence on the A; constant is linear for any p while in the A,
case it is highly nonlinear for 1 < p < 2, see (I.2)). The result is sharp both in terms
of the dependence on [w] 4,, and in terms of the dependence on p when taking w = 1
by the classical theory. This fact was used to get the following endpoint result:

T fll 1oy < clw]a, log(e + [w]a)I fllLrw)- (1.20)

See [27] and also [26] for these results and for more information about the problem.
It was conjectured in [27] that the growth of this bound would be linear; however,
it has been recently shown in [33] that the growth of the bound is worse than linear.
It seems that most probably the Llog L result (IL.20)) is the best possible.

On the other hand, in [28] a sort of “dual” estimate to the last bound was found,
which is also of interest for related matters:

T2, <l [ 1

In this paper we improve these results following our new quantitative estimates
involving this time A; and A, control. To be precise, we will prove the following
new results:

Lloo

1.21. Theorem. Let T be a Calderon-Zygmund operator and let 1 < p < co. Then

1Tz < epp’ l{] (w)a )P
where ¢ = ¢(d, T).
We will prove this by following the approach from [26] 27] to (LI9), modifying
the proof at several points. In analogy to (L3), Theorem [ 2Tl disproves the “reverse
Ay conjecture” [w]a, < e ||T||s(Lew)) for all p € (1,00): considering a family of

weights w € A; for which [w]a_, grow slower than [w]4,, for any fixed Calderén—
Zygmund operator T, we have (see Section [§ for details)

| T'l| (L (w)

inf ):O, 1<p<oo.

weA; [’LU]AI

Finally we will also use the approach from [27] and [28] to prove the following
theorems respectively.

1.22. Theorem. Let T be a Calderon-Zygmund operator. Then
(T fll 2100wy < car [w]a, log(e + [w]ls ) FILw)-

1.23. Theorem. Let T be a Calderon-Zygmund operator. Then

< carlwla, Togle+ [wla)) Ifllz e,

Llao



SHARP WEIGHTED BOUNDS INVOLVING A 7

1.D. Commutators with BMO functions.

We further pursue the A, point-of-view by proving a result in the spirit of
Theorem for commutators of linear operators 7' with BMO functions. These
operators are defined formally by the expression

b, T]f =bT(f) =T(f)
More generally we can consider the kth order commutator defined by
TF = b, T/

When T is a singular integral operator, these operators were considered by Coif-
man, Rochberg and Weiss [6] and since then many results have been obtaind. We
refer to [4] for more information about these operators. It is shown in [4] that if T'
is a linear operator bounded on L?(w) for any w € Ay with bound

1Tl (L2 w)) < ¢([w]a,),

where ¢ is an increasing function ¢ : [1,00) — [0, 00), then there is a dimensional
constant ¢ such that

11b: Tl (L2 (w)) < cp(clw]a,) [w]a, [l Baro-

In particular, if T is any Calderéon-Zygmund operator we can use the linear As
theorem for T' to deduce

16, TV | (2w < c[w], 0]l Baro

and the quadratic exponent cannot be improved.
An analogous result adapted to the A, control reads as follows:

1.24. Theorem. Let T be a linear operator bounded on L*(w) for any w € A,
and let b € BMO. Suppose further that there is a function ¢ : [1,00)% — [0,00),
increasing with respect to each component, such that

1Tl < ([0l s, el o1, )-
then there is a dimensional constant ¢ such that
116, T sz2n) < ep(elwlazs efullaelola, ) (wla, +[01a.) bl maro,

or more generally

k
1T Naazzu) < e (clwlaselwla elola. ) (wla, +lola.)" 16lao-
We can now apply Theorem

1.25. Corollary. Let T be any Calderon-Zygmund operator and let b € BMO.
Then
- 3/2
b, T lzzqany < el (fulla., + ™3 )™ bl maro,
or more generally,

1/2 k+1/2
ITE N 2wy < el (), +[o)a )2 1015 aro0-
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1.E. An end-point estimate when p = oc.
Having investigated the sharp bounds for Calderén-Zygmund operators T :
LP(w) — LP(w) for p € (1,00) and w € A, we finally consider the end-point
T : L*°(w) — BMO(w), w € Ao

Qualitatively, this situation seems slightly uninteresting, as these end-point spaces
simply reduce to their unweighted analogues: That L (w) = L with equal norms
is immediate from the fact that w and the Lebesgue measure share the same zero
sets for w € A. That the weighted norm

I fllBMO(w) = Suplnf /|f cw < oo,

is equivalent to the usual || f HBMO for w € AOO was proven by Muckenhoupt and
Wheeden [32], Theorem 5. However, one may still investigate the quantitative
bound of operators T': L — BMO = BMO(w), when the latter space is equipped
with the norm || [|gnmo(w)- We start with:

1.26. Theorem. For w € Ay, we have a bounded embedding I : BMO — BMO(w)
of norm at most c[w|y_, where c is dimensional. This estimate is sharp in the
following sense: if the norm of the embedding is bounded by ¢([w]y_ ), or just by
o([w]a, ), for all w € A, then ¢(t) > ct.

The following corollary for Calderén—Zygmund operators can be seen as an easy
endpoint estimate of the bound ||T']| z(r(w)) < cp,r [w]a, for p € [2,00).

1.27. Corollary. Let T be any Calderon-Zygmund operator and let w € A, then

T : L*>® — BMO(w) with norm at most cr [w]'y_ . Furthermore, this estimate is
!/

sharp in terms of the dependence on [w]A:XD in the same way as Theorem [1.20

We conclude the introduction by stating the following observation which may be
of some interest.

1.28. Proposition. If w € Ay, then logw € BMO with
[ log w|Bmo < log(2e[w]a., )-

2. THE TWO DIFFERENT A,, CONSTANTS

Before pursuing further our analysis of inequalities with A., control, we include
this short section to compare the two A, constants

[w]a,, = sup (]lQ w) exp (]lQ logw’l), (W = =Sy / M(wxq)-

We need the following auxiliary estimate, which is also used later in the paper:

2.1. Lemma. The logarithmic mazimal function
Mo f := sup exp (]l log Ifl) XQ
Q Q

satisfies
[Mofllze < ei/PIIfllLr

for all p € (0,00). For the dyadic version, we can take c¢q = e, independent of
dimension d.
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Proof. By Jensen’s inequality and the basic properties of the logarithm, we have
Mof <Mf,  Mof = (Molf|")? < (M|f[V/9)7, g€ (0,00),

where M is the Hardy—Littlewood maximal operator, or the dyadic maximal opera-
tor in the case of dyadic My. By the L? boundedness of the usual maximal function
for ¢ > 1, we have

Jongir < [ < ca-gye [aapme=ca-ay [150

In the non-dyadic case, we simply take, say, ¢ = 2, giving the claim with ¢4 =
(2C4)2. In the dyadic case, we have Cy = 1, and we can take the limit ¢ — oo,

which gives
NG — L)q = (1 L)q
() (q -1 * q—1 e
and hence [[Mof|7, < el flI7,. -

2.2. Proposition. We have [w]y < cqlw]a,,, where cq is as in Lemma 21

Proof. For z € Q, it is not difficult to see that for the computation of M (wxg)(x),
it suffices to take the supremum over cubes R 3 x with R C Q:

M(wxg)(z) = sup][ w, Vo e Q.
Ro>xz JR
RCQ

By definition of [w]4__, we have

]lR w < [w]a, exp (ﬁ log ).

and hence, taking the supremum over R,

M(wxq)(z) < [wla, Mo(wxe)(z),  VoeQ.

Integration over ) and application of Lemma 2] now give
[ Mo < ol [ Mofwxo) < lulacea [ wro = dvla w(Q)
Q

thus [w]’y < calw]a,, . O

It is a well known fact that any A., weight satisfies a reverse reverse Holder
inequality playing a central role in the area. In this paper a sharp version of this
property will also play a fundamental role. To be precise if w € A, we define

1

!

r(w) =14 Tl T,

where 74 is a dimensional constant that we may take to be 74 = 2'1+¢. Note that

r(w)" =~ [w]’y . The result we need is the following.

2.3. Theorem (A new sharp reverse Holder inequality).

a) If w € Ass, then
1/r(w)
(]l wr(w)) < 2][ w.
Q Q
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b) Furthermore, the result is optimal up to a dimensional factor: If a weight w
satisfies the reverse Hdolder inequality

()" <ich e

This result is new in the literature and has its own interest. In the classical
situation most of the available proofs do not give such explicit constants, which are
important for us. Only under the stronger condition of A; was found and used in
a crucial way in [27]. Very recently a very nice proof by A. de la Torre [46] for
the case [w]a, was sent to us. Another less precise proof and for the A, case,
1 < p < 00, can be found in [34].

Part b) follows from the boundedness of the maximal function in L” with constant

car':

then [w)y < cq- K-

1/r

][QM(XQM) < (][Q M(XQW)T)

1/r
Scd-rl<]lwr) §cd~r'-K]lw.
Q Q

3. THE Ay THEOREM FOR CALDERON-ZYGMUND OPERATORS

The purpose of this section is to prove Theorem [[.3] namely, the estimate

1/2
Tl (22 (wy) < ] ([w]'s + [o)4.)

where ¢ = cq,7 is a constant depending on the dimension and the operator 7'
Here and throughout this section, ¢ = w~!. This improves on the A, theorem

[L6]:

)

1Tl (L2 (w)) < clw]a,,
and its proof follows the same outline, with the implementation of the A, philos-
ophy at certain key points.

3.A. Reduction to a dyadic version.

Fundamental to this proof strategy is the notion of dyadic shifts, which we recall.
We work with a general dyadic system 2, this being a collection of axis-parallel
cubes @, whose sidelengths £(Q) are of the form 2*, k € Z, where moreover QN R €
{Q, R, @} for any two Q, R € 2, and the cubes of a fixed sidelength 2* form a
partition of R?. Given such a dyadic system, a dyadic shift with parameters (m,n)
is an operator of the form

1 J I
f =Y Axf,  Axf= & > (L Pk
Ke2 1,Je2;1,JCK
on=2""6(K)
o()=2""4(K)
where hi is a generalized Haar function on I (supported on I, constant on its
dyadic subcubes, and normalized by ||h{ ||« < 1), and k% on J. This implies that
|[Ar f| < xx - |K|™" - [ |f|. For any subcollection 2 C 2, we write

Mof:= Y Axf, (3.1)

Ke2
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and we require that ||Illgf|z2 < ||f||z2 for all £ C 2. This is automatic from
straightforward orthogonality considerations in case we only have cancellative Haar
functions with [h{ = [k} =0.

Dyadic shifts with parameters (0,0) are well known in dyadic harmonic analysis
under different names. Auscher et al. [2] study such operators under the name
perfect dyadic operators, which they decompose into a sum of a Haar multiplier (or
martingale transform), a paraproduct, and a dual paraproduct. These three types of
operators are of course well-known since a long time. The first dyadic shift (and this
name) with parameters (0, 1) was introduced by Petermichl [40], and the definition
in the above generality was given by Lacey, Petermichl and Reguera [23].

The importance of these dyadic shifts for the analysis of Calderén—Zygmund
operators comes from the following:

3.2. Theorem (Dyadic representation theorem; [I6], [20], Theorems 4.2 and 4.1).
Let T € B(L*(RY)) be a Calderon—Zygmund operator which satisfies the standard
estimates with the Hélder continuity exponent « € (0,1]. Then it has the represen-
tation

o0
(9.Tf) =craBy »_ 27 mtmel2(g Mg f),
m,n=0
valid for all bounded and compactly supported functions f and g, where g™ is
a dyadic shift with parameters (m,n) related to the dyadic system 2, and Eg is
the expectation with respect to a probability measure on the space of all generalized
dyadic systems; see [I6] for the details of the construction of this probability space.

This result was preceded by several versions restricted to special operators T": the
Beurling—Ahlfors transform by Dragicevié¢ and Volberg [I1], the Hilbert transform
by Petermichl [40], the Riesz transforms by Petermichl, Treil and Volberg [39], and
all one-dimensional convolution operators with an odd, smooth kernel by Vaghar-
shakyan [47]. An immediate consequence of the dyadic representation theorem is
that Theorem [[3] will be a consequence of the following dyadic version: (Similarly,
the special cases of the representation theorem all played a role in proving the As
theorem for the mentioned particular operators.)

3.3. Theorem. Let I1I be a dyadic shift with parameters (m,n), and r = max{m,n}.
Forw € Ay and o0 = w™ ", we have

1/2 1/2
I | 22y < O 4+ D[l ([0l + 01a) 1 2.
The weighted norm of the shifts, in turn, is most conveniently deduced with the
help of the following characterization of their boundedness in a two-weight situation:

3.4. Theorem ([20], Theorem 3.4). Let I1I be a dyadic shift with parameters (m,n),
and r = max{m,n}. If for all Q € 2 and some B there holds

1/2 .
([ mitxeon) ™ < Bo@2 ([ mragmio)
then for a dimensional constant ¢, we have

IUL(fo)l| 2wy < ¢ ((r + 1B+ (r + 1)*(As[w, 0))/) | fll 120
where As|w, o] is defined by the functional

ol = ()] o)

1/2
< Bw(Q)"?,
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Observing that for ¢ = w™!, the last bound is equivalent to
Il 2y < e ((r+ DB+ (r+ 12wl 11|z,
1

and [w]a__,[0]a,, > 1, we are reduced to estimating the quantity B for o = w™?'.
Since III and IIT* are operators of the same form, and by the symmetry of w and
o, Theorem B4 shows that proving Theorem amounts to showing that

1/2
(f mttona)le)™ < e+ ((ul ol w(@)

We observe that

1/2

M(wxg) = Y Ax(wxq) + Y Ax(wxq),
KCQ K>5Q

and it suffices to consider the two parts separately. The big cubes are immediately
handled by the maximal function estimate (see Corollary [[LT3):

: W@ 2
/Q’ KZDQAK(“’XQ)’ 7= /Q (K% ) (3.5)
< / Ma(wxo)?o < [0y 0]’y w0(Q) = [w]ay[uw]s_w(Q).
Q

Hence, to prove Theorem B3] we are reduced to showing that

(/Q\ > AK(WXQ)‘QU)I/Q <c(r+ D)(wlawls_w@) 2 (3.6)

KCQ

This is the goal for the rest of this section.

3.B. Proof of the key estimate (B.0).

We follow the key steps from [16] 20} 23]. The collection {K € 2 : K C Q} is
first split into (r+1) subcollections according to the value of log, £(K) mod (r+1);
we henceforth work with one of these subcollections, which we denote by #". This
is the step which introduces the factor (r + 1), and we will estimate IIT » (wxq)
with a bound independent of 7.

The collection . is further divided into the sets £ “ of those cubes with

9a < ’LU(Q) U(Q) < 2a+1

ol el < 3.7

where a < log,[w] 4,.

Among the cubes K € J#*, we choose the principal cubes 7% = [ Jio, % so
that .7 consists of the maximal cubes in .Z¢, and ./} the maximal cubes S € ¢
contained in some S’ € ¢ | with (S)/|S| > 20(S")/|S’|. Then

HE = U H(S), HYS)={Ke#*|KCS AS:KCS CS}.
Sesa
It follows that
Ly (wxg) = >, Y Mlyes)(wxe), (3.8)
a<logy[w]a, SES*

where we use the notation from (BI).
To proceed, we recall the following distributional estimate:
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3.9. Lemma ([20], Eq. (5.26)). With notation as above, we have
a(|mm(5) (wxq)| > t<w>5) < Ce~to(S), VS e .o (3.10)
where the constants C and ¢ are at worst dimensional.

This is a powerful estimate which readily leads to norm bounds for ([3:8)). The
following computation, simplifying the corresponding ones from [16] 20] 23], is bor-
rowed from [I8]: Denoting

E;j(S) = {j < [MLya(s)(wxe)l/(w)s < j+1} C S,

we have

H > lea(s)(wXQ)‘

o) < i(j + 1)H > (w)s - XEj(S)’

Sesa j=0 Se.oa L2(o)
= 2 1/2
= Z(] + 1)(/ [ (w)s XEJ(S)(CL')} o(x) dx)
j=0 Sesa
() & 1/2
<CY (j +1)(/ (W) - x5, (s)(x)o(2) dx) /
j=0 Sese
=CZ(J+1)( ()% - o(E; ))1/2
j=0 Sese
< CZ(]’ + 1)( Z (w)% - Cefca‘o—(kS‘))l/2 (by BI0))
j=0 Sesa
<C > e~ +1)(2¢ Z w(S))l/2 (by @) for S € .79 € )
J=0 Se.a
<C 211/2( Z w(S )1/2
Sesa

In (%) we used the fact that at a fixed x, the numbers (w)g for the principal
cubes S O F;(S) > x increase at least geometrically, so their ¢! and ¢? norms are
comparable.

We now come to the crucial point, where we can improve the earlier A bounds
to Axo:

3.11. Lemma. For the principal cubes as defined above, we have
D ow(S) <2 [wly - w(Q).
Sesa
Proof. Let
E(S) =58\ ] 9" (3.12)
scs
The union is the union of its maximal members S’, which satisfy
15" = 18" /w(S") - w(S") < 5|S]/w(S) - w(S"),
hence Y- |S| < 1|5, and thus
|1B(S)| > 31S]. (3.13)
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Therefore

GRS %ISIS 3 %M(SM

Sesa Sesa Sesa

<23 [ Me =2 [ Mlwxe) $2-fula. w(@)

where the last step was the definition of [w], . O

Substituting the obtained estimates back to (B8], we conclude that

ML xe)lize < 3 || 3 Mswxe)]
a<logy[w]a, SEFL*

<c 2a/2( 3 w(S))1/2

a<log,[w]a, Sesa
=D DI ()
a<logy[w]a,
< Clully, ([w]s.) 0@V,
Recalling the initial splitting of {K € 2 : K C @} into r + 1 subcollections of

the same form as %, this concludes the proof of ([B:6]), and hence the proof of
Theorem [3.3]

L2(o)

4. TWO-WEIGHT THEORY FOR THE MAXIMAL FUNCTION

4.A. Background.

The two-weight problem was studied in the 1970’s by Muckenhoupt and Wheeden
and fully solved by E. Sawyer in 1982 in [44]. The general question is to find a
necessary and sufficient condition for a pair of unrelated weights w and o for which
the following estimate holds

IM(fo)llLew) < Bl fllLro)- (4.1)

for a finite constant B. Then the main result of E. Sawyer shows that this is the
case if and only if there exists a finite ¢ such that

| Meox ) wdy < co(@)
for all cubes Q. Furthemore, it is shown in [30] that if B denotes the best constant
then
(fQ M(UXQ)pwdl') 1/p

o(Q)

Since this condition is hard to verify in practice, the first author considered in
[36] conditions closer in spirit to the classical two weight A, condition:

Aplw, o] = sup (]{2 w) (]{2 U)p—17

/R sup
Q
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which reduces to [w]a, if 0 = w™'/P~Y. A consequence of the main result from
[36] establishes that if ¢ > 0 and the quantity

-1
sup (]{2 0) 01 hy 1yore.0 (4.2)

is finite then the two weight norm inequality (@Il holds. A recent result of the
second author and M. Mastyto [29] allows to go beyond condition (2] and improve
the main results from [30].

In this paper we consider a different new quantity, namely

Bl = sw (f ) (f o) o (f s ).

To understand this new quantity we observe that it is simply the functional on @
defining the A, [w,o] condition multiplied by JEQ o exp (JCQ logo~!) > 1. Then it is
immediate that

Aplw, o] < Bplw, 0] < Apw, 0]Axc[o],

the difference of the last two being that A,[w, 0]A[o] involves two independent
suprema, as opposed to just one in By[u, v].

We will consider first the dyadic maximal operator My, for which we can prove a
dimension-free bound. Let us also introduce the weighted dyadic maximal function

— sup XQ_ ”
Myof = sup U(Q)/Qlf(y)l (y)dy,

which controls My(fo) as follows:
4.3. Theorem. Let p € (1,00), then
|Ma(£o)| oy < e (Bylw, o])""" | Mol Loa)
<de-p' - (Bylw, o)1 fl| ooy
and also
|Ma(fo) Loy < e+ ([wla, o))" | Maof Lo
<de-p' - ([wla,lols) 1l Loo)-

The main estimate in both chains of inequalities is of course the first one, since
the second is simply the universal estimate for the weighted dyadic maximal func-
tion on the weighted LP space with the same weight:

[Ma,ollzrr o)y <P

Obviously, in this dyadic version, it suffices to have the supremum in the weight
constants over dyadic cubes only, and to only use the dyadic square function in the
definition of [0y . And specializing to the case o = w~ Y@= by the standard
dual weight trick, we also get the bounds

de-p' - (Bp[w,w_l/(p_l)])1/p||f||Lp(w)a
de-p' - ([wla, [0 @01, VPl .

Let us also recall how such dyadic bounds yield corresponding results for the Hardy—
Littlewood maximal operator by a standard argument.

I Mafll L) < {
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Proof of Theorem [I.10. Consider the 2¢ shifted dyadic systems

2° =270, )+ m+ (-1)*a) : k€ Z,m e 27},  a€{0,5}%

One can check (perhaps best in dimension n = 1 first) that any cube @ is contained
in a shifted dyadic cube Q* € 2 with £(Q%) < 6¢(Q), for some «. Hence

Lunserf <oy

Mf<6® Y Mf.

ae{0,3}4

and therefore

Thus the norm bound for M, may be multiplied by 12¢ to give a bound for M. [

4.4. Remark. A recent result of the first author and A. Kairema [I7] allows to
perform a similar trick with adjacent dyadic systems even in an abstract space of
homogeneous type. Thus, Corollary [[.TI0 readily extends to this generality as well.

4.B. Proof of Theorem
We start by observing that it suffices to have a uniform bound over all lineariza-
tions

M(fo) =) xe@/{fo)e.
Qez
where the sets F(Q) C @ are pairwise disjoint. Here we using the following notation

<f>Q—]{2f—][Qf(I) dz

o1 x)o(x)dx
5= g7 [ Fw o

and

where as usual o(E) = [, o(x) dw
By this disjointness,

8 (ni = (3 wm@)io)) "

wE@) (56 ungr)

Il
—~
O O
m m
RN

Now recall:

4.5. Theorem (Dyadic Carleson embedding theorem). Suppose that the nonnega-
tive numbers ag satisfy

> ag<As(R) VReZ.
QCR
Then, for all p € [1,00) and f € LP(0),
1/p
(3 aUnN@)?) " < AYP|Mao Sl
Q€2
<AYPp | flore i P>
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Since this is a slightly nonstandard formulation, although immediate by inspec-
tion of the usual argument, we provide a proof for completeness:

Proof. We view the sum > aq((f)q)? as an integral on a measure space (%, y)
built over the set of dyadic cubes Z, assigning to each () € Z the measure ag.
Thus

S aa((f)e)” = / TN TU({Q € 71 (o > A)) dA

QeED
_. / PAPL(25) dA
0

Let 2% be the set of maximal dyadic cubes R with the property that (f)r > .
The cubes R € 25 are disjoint, and their union is equal to the set {Mgy,f > A}.

Thus
= > ag< Y. Y ag< > Ac(R)=Ac(Maof > N),
QeE2, Re2% QCR Re 2y
and hence
> aollfor <4 [ pNlo(Maaf > NN = AMaaf Gy O
Qe 0

If we apply the Carleson embedding with ag = w(E(Q))(U(Q)/|Q|)p, we find
that

IM(fo)llzrw) < AYP||Maofllio(o) (4.6)
provided that
3 w(E(Q))(@)p <Ao(R) VRe9. (4.7)
Sk Q)

Note that on F(Q) C Q C R, we have o(Q )/|Q| < M(UXR), and hence

> w(E@)( IQI )'= [ 3 xee IQI Ta)

QCR QCR
< / > Xp@M(xro)w < / M (xro)’w
QCR r
So if |[XrM(XrO)||Lrwy < AYPo(R)'/P, then (@) holds, hence by Carleson’s
embedding also (@8], and therefore the original two-weight inequality
IM(fo)llLoiw) < AYP || Mo fll Lo (o)
Hence, we are reduced to proving that

IXRM (xrO)| ]y < Ao(R), A= (4¢)'/7 - By[w,o]. (4.8)

(In fact, the argument up to this point was essentially reproving Sawyer’s two-weight
characterization for the maximal function, paying attention to the constants.)

To prove (@8], we exploit another linearization of M involving the principal
cubes, as in the proof of the Ay theorem: Let .7 := { R} and recursively

U {Q C S:(o)g >2(0)s,Q is a maximal such cube},
SE€ES -1
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and then .7 := [J;— ) -%. The pairwise disjoint subsets E(S) C S, defined in (3.12),
satisfy |E(S)| > £|S| by ([BI3), and they partition R.

If x € E(S) and Q > z, then (0)g < 2(0)g, and hence xgM (xro) < 2(c)g on
XE(s)- S0 altogether

IXRM (xRO)F 0y < ZPH > Xes
Ses

o} w(E(S))(%)p

Ses
p§ wS) (o(S)yP
<3 %5 Gs)

<271 Byfw, o] exp (][ loga ) |E(S) (4.9)

Ses

2:D+lB [w, o / Z exp (][ logU)XE(s)

Ses

L (w)

< 2p+1Bp[w,o]/ sup xq exp (][ logUXR)
RQe2 Q

:2p+1Bp[w,a]/ MQ(XRU),
R

where My is the (dyadic) logarithmic maximal function introduced in Lemma 211
By this lemma, we then have

XM ROy < 47 Byl o] - € o (R),
which proves (&), and hence Theorem 3] upon taking the pth root.

In order to prove the second version of Theorem 3] we only need to make a
slight modification in the estimate ([@3). We then compute:

XM (xR0 () < 27 Z wlfj) (UIES‘I)) El

< optl Z A, |S| |E(S)]

Ses

2:D+1 Z / M UXQ

— 97t fu),, /Q M(ox0)

= 2" wla, [0]  0(Q),
by a direct application of the definition of [¢]’; in the last step, and this completes
the alternative argument.

4.C. Another proof of Theorem

We finish this section by providing yet another proof variant for Theorem
This proof is more elementary, since it does not need the reduction to the testing
condition (£.J]), and it uses the more standard Calderén-Zygmund-type stopping
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cubes, instead of the principal cubes. Its disadvantage is the fact the we cannot
recover the dimension-independence by this argument. On the other hand, the

proof may be extended to maximal functions defined in term of a general basis (see
[13] Section IV .4).

A simpler proof of Theorem [].3 with a dimension-dependent bound. Fix a > 2¢. For
each integer k let

Q= {z e R My(fo)(z) > a*}.

By standard arguments we consider the Calderéon—Zygmund decomposition and
there is a family of maximal non-overlapping dyadic cubes {Q, ;} for which Q) =

Uj Qr,; and

ak<

: [f ()| o(y)dy < 2%a". (4.10)
|Q1w| Qk,j

Now,

/R Malfo) wds =3 /Q Ma(fo ) wda

k\2k41

<a” Z a"Pw(Q) = a? Z a"Pw(Qx ;)
k

k,j

sz (@% If(y)lo(y)dy> W( Qi)

gl o,

S (10%.,)" (G ) wi@w)

k,j

<@Byfwo] 3 (1505, Quslexp (£ logo(t) )

k. Q.

=a’B,[w,0] Y ((15) aq,

QeD

where

w6 = {|Q| exp (JCQ logo) if @ = Q,; for some (k,j),

0 else.

By the dyadic Carleson embedding theorem, we can hence conclude that

M fo)P wdx < apo[w,a]A/ (Mg, f)Pode,

R4 R4

provided that we check the condition

Sa= Y |Qk,j|exp(][ 1og0)§A|R|. (4.11)
QCR k.j:Qr, CR Qr.

To estimate the left side of ([I1l), we do first the following: For each (k, j) we set
Ei i = Qkj \ Q+1. Observe that the sets of the family Ej, ; are pairwise disjoint.

We claim that

a

1@l < ——57 | Enl (4.12)
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for each k, j. Indeed, by ([EI0) and Holder’s inequality,
|Qk,j N Qry1| = > @kl

Qr4+1,1CQk,j

1
< akt+1 Z / |flo
Qr4+1,1CQk,j Qrk+1,1
1 / 2d
S o9 [flo < ==|Qul,
ak+1 Qs .

which proves [IZ). With f = —%3 we can estimate the left side of ([II]) as
follows:

Z ag < f8 Z | Bk ;| exp (][ .loga(t)dt)

QCR (k.3):Qr.;CR Qs
=B Z My(o1r)(x)dx
(k,j):Qu CRY Fri

< ﬁ/RMo(olR)(x) dz < fec(R),

where we used the definition and the L' boundedness of the logarithmic dyadic
maximal function. This proves [@I1]) with A = e, concluding the proof. O

5. PROOF OF THE EXTRAPOLATION THEOREMS

We will prove in this section the Upper and Lower Extrapolation Theorems [[LT7]
and [[LI8 Recall that the initial hypothesis is given by the expression:

1T fll o) < @([w]a,s [0)ae s 0™ DIE" Y £l ey

for some r € (1, 00).

Proof of Theorem [[.17. Our argument is modeled after a simplified proof of the
Dragicevi¢—Grafakos—Pereyra—Petermichl [I0] result due to Duoandikoetxea [12]

(see also [9]).
Fix some p € (1,7), w € Ay, f € LP(w) and g := |f|/[| fll Lr(w)- Let

= 2 kMg
g
kzzo M1 51 ()
so that
l9| < Ry, IRglew) < 2/|9llLr@w) = 2, [Rgla, < 2[|M||Lr(w)-

Then by Hélder’s inequality

1/p
1T fllLew) = ( / |Tf|p(Rg)_(T—P)P/T(Rg)(r—p)p/rw>

< (/|Tf|T(Rg)f<rfp>w)1/T(/(Rg)pw)1/p—1/r

T f ey @)Y <2 T fllrwy, W= (Rg)™ " P
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By assumption, we have

IT fllrawy < @ ((Waps [W]as, (0015 D) £y

where
ey = ([ 1o Ra ) g0
(S 11 20) UG = 1 v

so it remains to estimate the weight constants

Wla,, Wla.., (W=,

Using supg(Rg)™" < [Rg]A1<Rg>él or Holder’s or Jensen’s inequality where
appropriate, we compute

< 2Rg>2;p<w—” =%
exp(—log W)q = (exp(log(Rg))q) " exp(—logw)q
< (Rg)q " exp(—logw)q,
and
(exp(—log Wﬁl/(’”*l)m)ri1
= (exp(log(Rg))g)" " (exp(—logw /" D)g)" ™
< [R]ly,"(Rg) ™) (exp(=logw /=1 g)" ",
Multiplying the appropriate estimates and using the definition, we then have
(Wla, < [Rgl)y Flwla,,  [Wla. < [Rgl)y,"[w]a
DT < (Rl P YT

oo

00

(We do not know whether it is possible to make similar estimates for [W]y in

terms of [w]’y__; this is the reason why we need to use the [ J4,, constants in this
proof.)
Next, recall that

[Rglay < 2| M |lawouy) < ca-p' - [w]{f (w™/ P71, )P
Thus we conclude the proof with
1T £l oy < 20Tl < 20((W]a,, W a, OO e ow

< 20 ([Rglly? ([wla, [l [w™/ =) 1)))||f||m

< 20 (2 M58 (0], (0] 4 [/ P02 T0) ) £
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Proof of Theorem [[.18. Again, our argument is inspired by a simplified proof of
the Dragicevi¢—Grafakos—Pereyra—Petermichl [I0] result due to Duoandikoetxea [12]

(see also [9]).

Fix some p € (r,00), w € A,, f € LP(w). By duality, we need have

ITfllLe(wy = sup /|Tf|hw.
h>0

-

We fix one such h, and try to bound the expression on the right.
Observe that the pointwise multiplication operators

’ ’ ’ 1 ’ ’ ’
h— wh: LP (w) — LP (w'™7), g —g:LP (W' 7)) = LP (w)
w
are isometric. Let R be as in the previous proof, except with p’ and o = w'=? in
place of p and w:
kMk
R = Z

H,@(LP
and R'h := w™ ' R(wh). Then
h < R'h, IR Bl 1o () < 201Pll 1o () = 2, [WR'h) 4, < 2| M|l gg1' (o))
Then by Holder’s inequality

/|Tf|hw < /|Tf|(R/h)w :/|Tf|(R/h)<pfr>/{r<p71>1(R/h)wl)p/wpfl)]w

1/r 1/r
< (/|Tf|r(R/h)<p—r>/<p—1>w) (/(R/h)p/@—l)w)
< ||Tf||LT(W)2p,/TI, W= (R/h)(pfr)/(pfl)w_
By assumption,
I Py < @ (W] VL, VY05 Y ey (5)

where, by Holder’s inequality with exponents p/r and its p/(p — r),
I lLrwy = /IfIT /P (R B) @)/ (= 1) (P r)/p) v

p -~ 1/r— Ny
(1) ( [anpro=u) " < ),

so altogether, supressing the arguments of ¢ from (&),
[T < VT 27 < o) a2

<o( )@Y Loy = 200 ) o)

It remains to estimate

(W]a [W]a [w—2/=0)¢ D)

) S

for
W = (R/h)(p—r)/(p—l)w — [(R'h)w](p—r)/(p—l)w(r—l)/(p—l).
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We thus compute

(W) = (R'h)P=7/ D) g
< <(th)w>gﬂ”)/(1’*1)<w>g*1)/(10*1),
<W,1/(T,1)>22_1 = ((wR'h)~ =)/ Ilp=1(r=Dly, 71/(p71)>TQ—1
[

< wR/h]Sfl—r)/(p—l)«R/h) > (p—r)/(p— 1)< —1/(p—1)>51

— r)/(r—1 r—1 1
eXp(—(logW>Q):(exp<1og(wR/h) 10) P70 (exp(— log w) o) /P

[(R/h) ](P r r <(R/h) > (p T)/(r—l)
( )(r 1)/(p— 1)

and
(exp(—{log W0 )g))"
= (exp({log(wR'))@)) """ (exp(~loguw /"))
< (R 1)) (exp(=logw™/®7D)g)" ",
Multiplying the relevant quantities, it follows that
W], < (Rl Pl 70070,

1 P

(Wa. < [(RRyw]§ 7/ E D ] -0/ 071
[W*l/(rfl)]qu—oj < [(R/h)w]ff—r)/@—l)[wfl/(pfl)]i(—l)

1 [eS] ?

Also recall that
[(R'Byw]a, < 20|M || gy o)) < calw’ 1Y ] {7 = cafu] {P[w] {7,

P

and thus we conclude with

17y < [ A1 < 20 (s W) 70210 ) L

Ao

< 2 (IR 0wl 7, @D (W, W], YD1 Y 1S o

r?

<2 ((2||M||gg( P (wl- p)))(P—T)/(p—l)
x (@), VO [ e gy D

6. THE A, THEORY, PROOF OF THEOREM [[L2I] AND ITS CONSEQUENCES

6.A. The main lemma.
The proofs of the theorems will be based on the following lemma.

6.1. Lemma. Let T be any Calderon-Zygmund singular integral operator and let w
be any weight. Also let p,r € (1,00). Then, there is a constant ¢ = cq such that:

HTf”Lp(w) < cpp’ (T/)l/p ”f”LP(MTw)

where as usual we denote Myw = M (w")'/".
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This is a consequence of the following estimate that can be found in [27] when

re(1,2]: L
_1/pr
) W s

1
/
HTf”Lp(w) < cpp (:

since

1 171/1"’“ ’ /
(r — 1) < () MR < (e
and t1/t <2, t > 1.

6.B. Proof of the sharp reverse Hélder’s inequality.
We need the following lemma:

6.2. Lemma. For any cube Q and any measurable function w,

L xr d+1 w X .
/leog(e—i—<w>Q)d < g+ /QM( o) dz, (6.3)

Hence, if w € Ao

1 w(y) d+17p, 17
sup iy | w oste + i) dy < 2 (64)
The essential idea of the proof can be traced back to the well known Llog L
estimate for M in [45]. However these estimates are not homogeneus. A proof
of this lemma within the context of spaces of homogeneous type can essentially
be found in [38, Lemma 8.5] (see also [50, p. 17, inequality (2.15)] for a different

proof).

Proof of LemmalG.2 Fix a cube Q. By homogeneity we assume that (w)g = 1.
The key estimate follows from the “reverse weak type (1,1) estimate”: if w is non-
negative and t > (w)gq,

l/ wdz < 24 |{x € Q : M(wxg)(z) >t} (6.5)
t {zeQ:w(z)>t}
Now,
|Tlﬂ/leog(e—i—w)dac: r612|/000 ﬁw({xe@:w(m) > t})dt
I U
— — cee= T4+ I1

al, ), o

and

Iglgi/M(wa)dx.
1Ql Jo

For IT we use estimate (6.5):

1 >~ 1
II:@/I ——ul{r € Q) > hdi

24 [ ¢
< @ ) e—H|{$€Q:M(wXQ)(x)>t}|dt
d e’}
< 2 [ e e @ Muwxo)(@) > thdt
@l Jo

2d

= @/@M(MXQ)(I) dz.
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This gives (€3] and (G.4) follows from the definiton of [w]’y . O
The main use of the Lemma is the following key observation that we borrow
from [50], p. 45:
6.6. Lemma. Let S C @ and let A > 0, then
S S 2d+2 w ’
u <X w(S) < [ ]Am
QI w(Q) A
2d+1

Proof. Indeed, if Ex = {z € Q : w(z) > eMw)g} then w(E)\) < £—w(Q) by
©4). Therefore:

+eM2 (6.7)

implies

9d+2 [w];‘w A2
w(S) S w(S N Eypg) +w(S\ Exz) < ————=w(Q) + " (w)q 5]
202 [w]'y 22,-A is i
< 3 = w(Q) + e?e™ w(Q) by the hypothesis in (67)
2442 [
= 2 e Q) 4 2 u(@)
and this proves the claim (G.7). O

Proof of Theorem[2.3. Recall that we have to prove that

(]{2 wT<W>)1/T(w) < 2]{2 w.

1

Ta[wly

and where 74 is a large dimensional constant.
Observe that by homogeneity we can assume that JCQ w = 1. We use the dyadic
maximal function on the dyadic subcubes of a given Q:

/ wite < / Ma(wxg) w = /OO et tw({z € Q: My(wxg) > t})dt
Q Q 0

where

r(w) =1+

1 00 dt
< /0 atsflw(Q)dt + a/l etfw({x € Q : Mg(wxg) > t})?

< Q| +EZ/ w({z € Q: My(wya) > t})
k>0

“ dt
<|Q| + ea® Zaka / w{z € Q : Mag(wxg) > ak})T, fora > 1,
ak

k>0
= |Q| + ea® loga Z a®e w(Qy)
k>0
where
Q= {2 € Q: My(wxg(z) > a*}.
Since a* > 1 = JEQ w we can consider the Calderén—Zygmund decomposition w
adapted to (). There is a family of maximal non-overlapping dyadic cubes {Qx ; }
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strictly contained in @ for which Qx = {J; Q,; and

a” <]l w < 2%*. (6.8)

Now,

Zaksw () Z w(Qr.5) §Z<|Qk /o (y)dy) w(Qk,5)
B G Qu

k>0 k.j

To now need to estimate w(Qy, ;) and we pursue similarly to Section .| see in
particular (ZI2)): For each (k, j) we set Ex ; = Qk,j \ Q1. Observe that the sets
of the family Fj ; are pairwise disjoint. But exactly as in (£I12]) we have that for
a > 2% and for each k, j:

a
@l < ——57 1Bl (6.9)

I removed the repetition from Section E.Cl
We now apply (67) with Q@ = Qk,; and S = Qk,j N Q1. Choose A such that

e =2 =, namely A = log 57. Then applying (6.7) we have that

w(Qky N Q1) _ 272 [wly 24,
< Lo (—) R
w(Qk.;) log 54 a

Since a > 2¢ is available we choose a = 2%l [“’]/Aoo, with L a large dimensional
constant to be chosen. If in particular L > 2d+4 we have
w(Qry N in) _ 2772 o lulagre L 11
w(Qk,;) L 4 4 2

This yields that w(Qg,;) < 2w(E}y, ;) and we can continue with the sum estimate:

Zakaw () SQZ <|ij| o (y)d?J) w(Ekyj)

k>0

< 22 Mi(wxq)® wdx < 2/ Mi(wxq)® wdx
Ek]

Combining estlmates we end up with
][ Mi(wxg) w <1+ 2ea® loga][ Mi(wxg)® wdz
Q Q

for any € > 0. Recall that a = 2%e” (wVare | Hence if we choose
I wrote the same steps a bit more compactly:

1 1
L [wly, 2wl

oo

L =24+ e=
we can compute
1
2ea loga < 2 ][ Ma(wxg)w < 2,
Q

concluding the proof of the theorem. O
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6.C. Proof of Theorem [1.27] the strong case.

The proof is, as in [27], just an application of Lemma with a specific pa-
rameter r coming from the sharp reverse Holder inequality given by Theorem
Indeed, since w € A; C A, and if we denote

1

Ta[wly

(][Q wr<w>)1/r(w) < 2]{2 w. (6.10)

Now by Lemma [6.1] with r = r(w), we have

r(w) =1+

we have

171 gy < 08 G2 U gy < 00 (la ) 1l poonan

< epp ([l )" [WlEP 11| g

using the standard notation M,w = M (w")"/". This concludes the proof of the
theorem.

6.D. Proof of Theorem [1.22], the weak case.

We follow here the classical method of Calderén-Zygmund with the modifications
considered in [35]. Applying the Calderén-Zygmund decomposition to f at level ),
we get a family of pairwise disjoint cubes {@,} such that

1
A< — [ |f] <29\
Q5! Jo,

Let @=U;Q; and Q= U; 2Q; . The “good part” is defined by
9= Z fo;xq; () + f(@)xae(v)
J

and the “bad part” b as
b= b,
J

where
Then, f = g+ b. We split the level set as

w{z e RY: [Tf(z)| > A} < w(@)+w{ze (Q)F: |Thz) > N2}

+ wi{ze(Q)°:|Tg(x)| > N\2} =T+ II+III

Exactly as in [35], the main term is I71. We first deal with the easy terms I and

11, which actually satisfy the better bound

T4 11 5 5[l s o

Indeed, the first term is essentially the level set of M f:
I=w{zcRY: Mf(z) > cqg A}

and the result follows by the classical Fefferman-Stein inequality:

HMfHLl,oo(w) < callfllor(mw)
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For the second term we use the following estimate: there is a dimensional constant c
such that for any cube @) and any function b supported on () such that f 0 ) dx =
0 and any weight w we have

[ imslewidy < [ )| i)y (6.11)
R™\2Q Q

This can be found in Lemma 3.3, p. 413, of [I3]. Now, using this estimate with w
replaced by wxgn\2q, we have

&
e
R\
< /\Z/n\zQ |Tb;(y)| w(y)dy < )\Z/ y)| M( wXRn\zQ )(y)dy

= X/Rd |f ()| Mw(y)dy + y ;@ o, M (WX a0, ) (%) dI/ |f(z)| dz

i
Now, to estimate the inner sum we use that M (xgrr\20t) is essentially constant on
@, namely

M(xem\20i) (Y) # M (Xgn o) (2)  ¥,2€Q, (6.12)

where the constants are dimensional. This fact that can be found in [I3] p. 159.
Hence, the sum is controlled by

a3 inf M ug,)() /Q f@lde < [ 17@)] M) ds

. n
J

This gives the required estimate.

We now consider last term 11, the singular term, to which we apply Chebyschev
inequality and Lemma [0 with exponents p,r € (1, 00), which will chosen soon, as
follows

I =w{z € (Q)°: [Tg(x)| > A/2}

S ||T( )”LP(WX(Q)C

< el ()7 55 [ lalPM g o

— el PP 5 [ Lol M) de
]Rd

Now, after using the definition of g we use the same argument as above using ([6.12)
with M replaced by M,. Then we have

1
[ 1ol oy gy do < > g5, s M0, )

J

<o 3210, Mo (0ran )0 [ 100 < ca [ 10 M)

and of course

/QC |9|Mr(wX(Q)c)d£U < /QC || Mw da.
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Observe that r is not chosen yet, and we conclude by choosing as above the
exponent from Theorem

1

Ta[wly .’
namely the sharp A, reverse Holder’s exponent. We also choose

1
_l’_ —
log(e + [w]ly )
where p < 2 and p" = log(e + [w]; ). Then we continue with

/2p 1)
wle € @)F : [Tg(o)] > A2} < cfula, loge+ fully_) A= [ 1ni2arw s

e ot [ i

This estimate combined with the previous ones for I and I1 completes the proof.

r=r(w):=1+

p:

6.E. Proof of Theorem [1.23] the dual weak case.

We adapt here the method from [28] where a variant of the Calderon-Zygmund
decomposition is used, namely the Calderon-Zygmund cubes are replaced by the
Withney cubes. Fix A > 0, and set

Oy = {z e RY: ME(f/w)(z) > A},
where My denotes the weighted centered maximal function. Let (J; @; be the

Whitney covering of ) and set the Calderon-Zygmund decomposition f = g+ b
with respect to these cubes: The “good part” is defined by

9= ZfQ]XQJ + f(z)xq- ()

and then the “bad part” b is given by
b=> b
J
where
bj(z) = (f(2) = (Fla;)xg, (@)
By the classical Besicovitch lemma we have,
Cn
() £ LIS ey

Hence, we have to estimate

v ) 5 oo 1)

ITg( )|

v wfegan R

By using again (G.I1) with w = 1, we obtain

2
I < — d <= dz < <
t= A /]Rd\ﬂ | | v Z/ Q]| X ||f||L1(]Rd);

where ¢ = cq,7.

> A/2} =1+ Is.
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To estimate I, we will use the dual version of Lemma [6.I], namely:
HTf”LP’((MTw)lfP’) < cpp/ (rl)l/p ||f||LP’((w)17P’)) (6.13)
As before we use Theorem with

r=r(w):=1+

()" <of e

Then M,w < 2Mw < 2[w] 4, w where as usual M,w = M (w")"/". Now, combining
Chebyschev inequality with ([€.I3) with parameter p € (1,00) that will be chosen
soon, we have

such that

o< Z [ rgpwtra
2 = FRd|9|w z

217/ w =1 ’ ’
< %/ |Tg|P Mw' ™ da
Rd
p'—1
/ w ’ /
< ey R [ et
Rd
p'—1
/ w / / / ’
< @ D [ e e S [ v
AP RA\Qy r Q

i
We have that |f| < Aw a.e. on R?\ 2, and hence
Lo Pt de < g
RO,

Next, following again [28], by properties of the Whitney covering, it is easy to
see that for any cube @; there exists a cube @ such that Q; C Q7, |Q}] < ¢,|Qy,
and the center of Q7 lies outside of Q2. Therefore,

(e [ ' do < Wl (e, [ (1w) do
<l @) (%)

J

IN

(eAlw]a, )" ~1Qsl;
which gives

S [ W < (@ula) " Yo, @)

j Qj

N

< (eNwla, )P T fllpr ray-

Combining the previous estimates, recalling that r" ~ [w]’y  we obtain

ap 20 -1)
I < p’ / \p P l[w]Alp
2 <& [l ) A s,
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and choosing now p such that

/

1
p =1 <2

T logle+ wlay) = 7

we get

clwly__ log(e + [w]a,)
I < Ao 3 1l 21 (ray-

This, along with estimates for /3 and for w(2y), completes the proof of Theorem
[ 201
7. COMMUTATORS7 PROOF OF THEOREM [1.24] AND ITS CONSEQUENCES

For the proof we need a sharp version of the John-Nirenberg Theorem, which
can be essentialy found in [21I] p. 31-32.

7.1. Lemma (Sharp John-Nirenberg). There are dimensional constants 0 < agq <
1 < B4 such that

1 (%]
up /Q exp (Ww(y) - <b>Q|) dy < fu. (7.2)

In fact we can take ag = 2d1+2.

A key consequence of this lemma for the present purposes is the fact that e®¢#byw

inherits the good weight properties of w when the complex number z is small
enough. More precisely, for the As constant we have:

7.3. Lemma. There are dimensional constants e¢q and cq such that
| < IEd -1 !
bl Baro ([w)’y  + [w=a..)

[eRCwa]A2 < Cd[w]Az if |Z

Proof. From the reverse Holder inequality with exponent r = 1+1/(74 [w]’y__), and
the John—Nirenberg inequality, we have for an arbitrary

1/r 1/r!
][weRczb < (][ ’U}T) (][ er’Rcz(b(b)q;)) eRcz(b>Q
Q Q Q

< (2][ w).gd.eRezw)Q, if|z|§€7d/_
o [ollBamofw]’y

By symmetry, we also have

][ wlem Rezb < 2ﬂd(][ wt)emResteif |a) < Ao
o o 1bllB™mo[w 1]y

oo

Multiplication of the two estimates gives

(][QweRezb) (][Qw—le—Rezb> <482,

for all z as in the assertion, and completes the proof. (I

There is an analogous statement for the A, constant [ |’y . (A similar result
for [ ] 4., is also true, and easier, but we will have no need for it, and it is therefore
left as an exercise for the reader.)
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7.4. Lemma. There are dimensional constants eq and cq such that

€d

" u)y  <ealwly, i lz] < [elsaolell,”
AOO

Proof. We know that w satisfies the reverse Holder inequality (JCQ w1+35) 1/(1+30) <

2wi with a constant § = ¢g/[w]y < 27!, where ¢4 is a small dimensional

Re zb

constant. We will prove that e w satisfies a reverse Holder estimate

1/(146)
(][Q(eRezbw)l—i-é) < Cd]{? eRezbw7 (7-5)

for all z as in the assertion. This shows that
[efte wa];xm <2Cq/6 < cqlw]’y

by part b) of Theorem 23]
To prove (ZH), we first have

(][ (eRczbw)1+6)l/(1+6) — cRez(b)q (][ (eRCZ(bf(lﬁQ)w)lJré)1/(1+6)
Q Q
2 2
< eRez<b>Q(][ eRez(b—<b>Q><1+a>2/a>5/<1+5> (][ w(1+5)2>1/<1+5> |
Q Q

where we applied Holder’s inequality with exponents (1 4 6)/d and 1+ §. Now
(1+0)?=1+26+6*<1+30,
and hence the last factor is bounded by QJEQ w. Moreover, by Lemma [Tl we have

][ eRez0=0Q)A+0*/5 < g, if || < a0
g = ~ 4|bllBmo

So altogether

1/(1496)
(][ (eResb)1+9) < (Rezlba . g, . 2][ w, (7.6)
Q Q

and we concentrate on the last factor. We observe that

(]{; w)2 = (]{2 w<1+6>/zw(1_5)/2)2
: (]{2 le) (]{2 whs) < (2][(02 w)1+5 (][Q w176),

][ w < 20+9)/(1-6) (][ w1_5)1/<1—a>
@ Q

< 8(][ wlféeRczb(lfé)ef Rczb(lfé))
Q

< 8(][ weRezb) (][ o Rezb(l—é)/é)é/(lia)
- Ve Q

where we used Holder’s inequality with exponents 1/(1 — ) and 1/9.

and hence

1/(1-9)
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Combining with (8], we have shown that

(][ (eRezbw)1+6>1/(1+6)
Q
< eRezla . g, . 16(][ weRczb) (][ e,RCzb(l,é)/é)fW(l—é)
Q Q
=168y - (]{2 weRczb) (][Q o Rcz(bf(b>Q)(1,5)/5) §/(1-9)

< 1684 - (]{2 weR”b) * Ba,

provided that |z| < aqd/||b||aro in the last step. Altogether, we have proven (Z.0)
with Cyq = 1632, under the condition that |z| < aqd/(4]|b|| rro), and this completes
the proof. (I

Proof of Theorem[I.Z The proof is a revised version of that of [4] following the
second proof in the classical LP theorem for commutators that can be found in [6].
Indeed, we begin by considering the “conjugate” of the operator given by

T.(f) = T (e f).

where z is any complex number. Then, a computation gives (for instance for “nice”
functions),

d 1 T.(f)
b,T)(f) = —To(f)lomo = 5— dz, 0,
BTN = T Do =5 | i aes e
by the Cauchy integral theorem. Now, by Minkowski’s inequality
1
6T < gz [ I Dlwldsl, >0, @D
all we need to do is estimate [ T%(f)|l2(w) = IT(e ** )l p2(e2re =y , for |z] = €

with appropriate e. By the main hypothesis of the theorem, we have
I Pz < (25l ay, [Py 27 ol ) e fll ageanessu)
where [e™* f[| L2 (e2re= by = |l £2(w)-
By Lemmas and [T4] (the latter applied to both w and w=!), we have
[we? 7% 4, < Calw]ay,  [we By < Calwly_,

wle 2Rt < Cufur

provided that
€d

S !/ —17
Bl Baro ([wly  + w1y )
Using this radius and the above estimates in (77), we obtain

116 TI() 2wy < /II_ ¢ (Calwlay, Calwl'a,, Calw™ Ta ) fllL2qy] dz]

— 2me?
< Callbll pao ([w)s . + [w™'s )
X o(Calw]ay, Calwl's__, Calw™ s ) I1f | L2(w)-

This concludes the proof of the main part of the theorem. The estimate for Tbk
is deduced by iterating from the case k = 1. O

2| =€
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8. EXAMPLES

We compare our new estimates with earlier quantitative results by means of some
examples.

8.A. Power weights and the maximal inequality.

Let d =1 and p € (1,00) be fixed; we do not pay attention to the dependence
of multiplicative constants on p. For w(x) = |z|* and —1 < o < p — 1, one easily
checks that

[] 1 1
A N (R VY

_ 1 -1, — L
[w]AOON1+a, [’LU ]Amw(p_l)_a7

moreover, the functionals [ |4, and [])y  are comparable for these weights.
Letting « — —1 or @ — p — 1, this shows that we have power weights with
[wla, =t > 1 and either [w]a =~ t and [w=Y/®"V], =1, or [wla, ~ 1 and
w-1/(-D], = /-1,
With [w]a, = [w]a, ~t>1and w™/®=V], =1, our maximal estimate

oo

M| ey S ([w)a, [w_l/(p_l)]Aoo)l/p =~ /P
clearly improves on Buckley’s bound

1 —1 _
M| (o)) S [w]f P70 = /07D,

Despite this improvement over earlier estimates, our bounds fail to provide a two-
sided estimate for the norm of the maximal operator: A. Lerner and S. Ombrosi
[25] have constructed a family of weights which shows that

M
g Mo,
WA ([w]a, w1 )
The weights of their example are products of power weights and the two-valued
weights considered in the next subsection.

8.B. Two-valued weights and Calderén—-Zygmund operators.

The estimates for the Muckenhoupt constants of power weights in the previous
subsection show that
[wla, = [wlag +[w i ag =l +w ™y, for w@) =z d=1,

so the improvement of our bound

1/2
1T 22wy S (0] ([w]'a, + (o))

over || T zr2(w)) S [w]a, is invisible to such weights.

However, the difference can be observed with weights of the form w =1¢- xg +
Xr\E, Where £ > 0 and E/ C R is a measurable set, so that both £ and R\ E have
positive Lebesgue measure. As I ranges over all intervals of R, the ratio |[ENI|/|I|
ranges (at least) over all values « € (0, 1), and hence

t+1)2
[w]a, = sup (et +1—a)lat™ +1—a)= (t+1) 7
ae(0,1) 4t
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and
[wa, = sup (at+1—a)e @ = sup f(a).
ac(0,1) ae(0,1)
Now f’(a) =0 at the unique point & = 1/logt - 1/(t — 1) € (0, 1)7 and so
. t—1 logt t/logt t>1
1 — ’ ’
w = a)=e ex ~
[ ]Aoo f( ) logt pt_l {tl/logtl, 0<tkl.

Assume then that ¢ > 1 so that [w]a_ ~ t/logt. Since o is a weight of the same
form with ¢~ < 1 in place of ¢, we also have [0]4_ ~ t/logt. Thus

_ 1/2 12t
wlas =t T ey S W1 ([Wan + 71a )" = =
In particular, the above estimates already show that
1T |22y _ 0
weE Az [’U}]AZ '

If we use the sharper version of our Ay theorem with the weight constants [ ]’
instead, we find that ||T']|s(r2(w)) actually grow much slower than [w]a,:

8.1. Lemma. For w=1-xg+ xr\g and t > 3, we have
[w]y_ < 4logt.

(With the earlier estimate for [w]4__, this shows that [w]4_ can be exponentially
larger than [w]’y )

Proof. Note that

|J|(|J\E| +tlJNE|)
|JﬁE|
/]

xrM(wyxr) = xrsup XJ][ = X7SUP X
JCI J

= X1 Sup X (1+(-1) ) =xr(1+(t=1)M(xing)),

and hence, abbreviating 7 : =t — 1,
1
/M(wxf) 1] +T/M(XmE) 1] +T/ 10 {M (xing) > A} dA
I I 0
a 1 2
< -
< |I|—|—7'(/0 |I|d/\+/a SN Ejdy)

1
— 1] + T(a|[| +2IN Ellog —)
a

1] |1 NE]|
e mE(l 21 ) = :
ol (1 2i0g L L

where the factor 2 is the weak-type (1, 1) norm of the maximal operator on the real
line. Since w(I) = |I| + T|Iﬂ E|, we have

1 1421 -1
[w)s =sup o / M(wxs) < sup tra(l +2loga”)
ae(o,l) 1+ 7a
(8.2)
=1+2 sup log —

ae(0,1) 1 + T Of
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recalling that the ratio |[I N E|/|I| attains at least all values o € (0,1) as I ranges
over all intervals.
If > 771, then loga™! <logr, while 7a/(1 + 7a) < 1. If & < 771, then

1 1 1
Talog — = talog — + TalogT < — + log T,
Q@ TQ e

as wlogz™! < el and x < 1 for z = 7a € (0,1). Altogether, recalling that
t=74+12> 3, we have

1 2
wly . <1+2(=+1logr) < (1+ =) +2logt < 4logt. O
e e
Since 0 = w™! is a weight of the same form, we find that for these particular
weights,
1/2
[Wla, =t T seey S [w]¥2 ([w)y + o)) 2 < (tlogt)'/?,

so indeed ||T'|| (L2(w)) can grow much slower than [w]a, for such particular families
of weights. This example also motivates the use of the A, constants [w]); , rather
than [w]a_, whenever this is possible.

In a similar way we can show that the main result from Theorem [[2T] strictly
improves on the earlier estimate (LI9). Indeed, if we let w be the previous weight
with ¢ > 1 so that wa, ~t and [w]a_ ~ t/logt, then

1 1/ _ t
[w]{? [w]{? = Tog /7

As above, this family of weights shows that

T P(w

=0, 1 <p<oo.
wEAL [’LU]AI p

8.C. Two-valued weights and dyadic shifts.

Although it was not stated explicitly above, from the proof it is clear that our
weighted bound for the dyadic shifts only depends on the dyadic Muckenhoupt
constants, where the supremum is over dyadic cubes only, instead of all cubes.
This makes a difference for the two-valued weights w = ¢ - xg + xg\ g considered
above, when the set E is appropriately chosen. Indeed, with E := J,.,[2k, 2k +1),
one observes that the ratio |E N I|/|I| only attains the values 0, 3,1 as I ranges
over the dyadic intervals. Consequently, the dyadic A, constant has a different
expression

t+1
[w]% = max (Oét +1— a)e_o‘t — L _ ([w]lil )1/27
= aE{O,%,l} 2\/% 2

where [w]%, = [w]a,, as one easily observes. Repeating the proof of Lemma Bl in

the dyadic case (recalling that the weak-type (1,1) norm is Cy = 1 for the dyadic
maximal operator), we get in place of ([82]) that

TO 1 L

Wl <1+  sup log — =1+ —2

A acfor/21y LT Ta 1+ 37

log2 <1+ log2.

So these constants are actually uniformly bounded over the choice of the parame-
ter .
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-11d d —17d rd
By symmetry, we also have [w™]4 = [w]%_ and [w™ ;" = [w]}" , and hence,
for this particular F' and w =1 - xg + Xr\E,

1/2 d C1ynd \1/2 1/2
Il g L2uyy S (0 + D2 ([w]h,) " (w5 + w50 )77 S (r+ 12 (wl4,)
The first Ao constants [ ]%_ would have given the weaker bound ||| g(12(w)) S
(r+ 1)2([w]4,)**, instead.

8.D. The extrapolated bounds for Calder6n—Zygmund operators.
It is interesting to compare our estimate (L)), namely

2/p—1/[2(p—1 1/[2(p—1 1 _
1Tl oy S [l P~ (] /BEDN 4 (012 ()27

S [l ([l )27,

~

(8.3)

which is valid for any Calderéon-Zygmund operator and for all p > 2, with an
estimate implicitly contained in the proof of a related result by Lerner [24], The-
orem 1.2. He considers maximal trunctations T, of convolution-type Calderon—
Zygmund operators, and obtains the following bound:

1/2
1Tl oy S w42 (0)'a )2 + 1M |0 )

S Wl P (wlh Y2 pe3,00)

St

(8.4)

where the second estimate is an application of Buckley’s result (we do not even
need our improvement at this point),

1 —1 1/2
1Ml 2oy S [0l P70 <Wwli?, pe3,00),

In &), the factor ([w],_)'/? comes from an estimate of Wilson [49] relating the
weighted norms of the grand maximal function and a certain square function, while
[w]z/f is Lerner’s bound for the weighted norm of such square functions (whose
exponent is optimal by [g]).

To simplify comparison, let us only consider the simpler form of our bound
(B3). Then the sum of the powers of [w]a, and [w]); in both [B3) and [&4) is
2/p+ (1 —2/p) =1/241/2 = 1, and the sharper bound is the one where the
larger weight constant [w]a, has the smaller power. We have 2/p < 1/2 if and
only if p > 4, and hence Lerner’s bound is sharper for p € [3,4) and ours for
p € (4,00). This indicates that the present results might not be the last word on

joint Ap,—Asc-control, but there is place for further investigation.

9. PROOF OF THE END-POINT THEORY AT p = 00

The proof again relies on the sharp reverse Holder inequality Theorem if
w € Ay and if we let

then
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Proof of Theorem[I.28. For ¢ = (f)q,

_ Q)
2@ J, 7 = g, 1 el
l A 1/r(w) ' 1/r(w

< % (C'dT(w)/HfHBMO) (2][Q w)

= Car(w)' I fllBmo < Calw]'s || flBmoO,

which shows that | f|lBmow) < Calw]s_||fllBmo- Note that we used the sharp
order of growth of the local L? norms of BMO functions as p — oo, which follows
easily from the exponential integrability.

To see the sharpness for d = 1, consider w(z) = |z|~'7¢, which has [w]a, =~
[w]y =~ 1/e and f(x) = log|z|. We check that

. 1 | c
lleviog > inf s [ log T = afu(e)de > £ > cfula, > clull_,

which proves the claim. It is immediate that w([0,1]) = fol T dr = 1/e. Tt
remains to compute

1 o) e8]
1 1
/ |log — — alz~ "¢ dz = / [t —ale <" dt = — / |u — eale™ ™ du.
0 €z 0 € Jo

It suffices to check that () := [;° |u— ale™*du > ¢ > 0 for all & € R. But this
is an easy calculus exercise. 0

We now prove Corollary on end-point estimates for Calder6n—Zygmund
operators.

Proof of Corollary .27 For the positive estimate, it suffices to factorize T'=IoT,
where T : L™ — BMO and I : BMO — BMO(w) have norm bounds ¢r and
ca[w]’y _, respectively. Concerning sharpness, note that the Hilbert transform of
X(-1,0) is log(x + 1) — logx for & > 0. Since log(z + 1) is bounded on [0, 1], the
computation proving the sharpness of the embedding BMO — BMO(w) also gives
the lower bound

—1+a]

| H X (=1,0)[lBMO(j2|-1+¢) = ¢/e = c[x Ao X (=1,0) [ oo

> e X0l O

We conclude with the proof of Proposition [[.28 on the sharp relation of A, and
BMO. Note that here we use the larger constant [w]a_,, not [w]’y
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Proof of Proposition [[.28 Let @ be a cube. We estimate

c

/ |10gw—10gc|:/ logg—i—/ log
Q Qn{w=c} ¢ Q{w<ep W
:/ logg—k(/—/ )logE
Qn{w=c} ¢ Q Jon{w>c} w
1
:2/ logg—k/logc—l—/log—
Qn{wze} ¢ JQ Q W

< Q/QQ{M} 2 4 1Qlloge +1@|log ([w]Am/]{2 w).

Hence )
]l [logw —logc| < —][ w + log ¢ + loglw] 4. — log (][ w)
Q e Q

Choosing ¢ = ¢g = 235@ w, we get

]l |logw—logecg| < 1+log2+log (][ w) +log[w]a., —log (][ w) = log(2e[w]a_.),
Q Q Q

and this proves that
[logwl||pamo < log(2ew]a,,). 0

9.1. Remark. In the last estimate, we cannot replace [w]a,, by [w]’y . Indeed, for

the two-valued weight w = ¢ - 1g + 1g\ g, one readily checks that ||logw| pyo

logt, whereas Lemma shows that also [w]y < logt. Thus [[logw|pmo <

/

log(c[w]’y ) would lead to the obvious contradiction that logt < ¢+ loglogt.
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