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Sharp weighted estimates for dyadic shifts
and the A, conjecture

By Tuomas Hytonen at Helsinki, Carlos Pérez at Sevilla, Sergei Treil at Providence and
Alexander Volberg at East Lansing

Abstract. We give a self-contained proof of the A, conjecture, which claims that the
norm of any Calderén—Zygmund operator is bounded by the first degree of the A norm of
the weight. The original proof of this result by the first author relied on a subtle and rather
difficult reduction to a testing condition by the last three authors. Here we replace this reduction
by a new weighted norm bound for dyadic shifts — linear in the A, norm of the weight and
quadratic in the complexity of the shift —, which is based on a new quantitative two-weight
inequality for the shifts. These sharp one- and two-weight bounds for dyadic shifts are the
main new results of this paper. They are obtained by rethinking the corresponding previous
results of Lacey—Petermichl-Reguera and Nazarov—Treil-Volberg. To complete the proof of
the A, conjecture, we also provide a simple variant of the representation, already in the original
proof, of an arbitrary Calder6n—Zygmund operator as an average of random dyadic shifts and
random dyadic paraproducts. This method of the representation amounts to the refinement of
the techniques from non-homogeneous Harmonic Analysis.

1. Introduction

A Calderon—Zygmund operator in R is an integral operator, bounded in L? and with

kernel K satisfying the following growth and smoothness conditions:
1) |K(x,y)| < leﬁ forall x, y € R4, x # y.
(i1) There exists o > 0 such that
[x — x'|%

K ) = KOl 4+ 1K) = KO = Corp o

for all x, x’, y € R? such that |x — x’| < |x — y|/2.
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44 Hyténen, Pérez, Treil and Volberg, The A5 conjecture

It is well known (see [12]) that a Calderén—Zygmund operator is bounded in the weighted
space L2(w) if (and for many Calderé6n—Zygmund operators only if) the weight w satisfies the
famous Muckenhoupt A, condition

(1.1 sgp(|Q|_1/dex><|Q|_1/Qw_1dx) =: [w]s, < o0.

The quantity [w]y, is called the Muckenhoupt norm of the weight w (although it is definitely
not a norm).

It has been an old problem to describe how the norm of a Calder6n—Zygmund operator
in the weighted space L?(w) depends on the Muckenhoupt norm [w]4, of w. A conjecture
was that for a fixed Calderén—Zygmund operator 7 its norm is bounded by C - [w]4,, Where
the constant C depends on the operator T (but not on the weight w). Simple counterexamples
demonstrate that for the classical operators like Hilbert transform or Riesz transform, a better
estimate than C - [w]4, is not possible.

This linear (in [w]4,) estimate of the norm has become known as the A, conjecture.

For the maximal function, the estimate C - [w]4, was proved by S. Buckley [3]: he also
proved that this estimate is optimal for the maximal function. The first result for a singular
“integral” operator was due to J. Wittwer [42], who proved the A, conjecture for the Haar
multipliers. The same result for Beurling—Ahlfors transform (convolution with 771272 in C)
was obtained first by Petermichl-Volberg [34] by using the combination of Bellman function
technique and the heat extension, and later by Dragicevic—Volberg [7] via the representation of
the Beurling—Ahlfors transform as an average of Haar multipliers over all dyadic lattices.

This result was used in [34] to answer positively an important question in the theory of
quasiconformal maps, see [1], about whether a weakly quasiregular map is quasiregular (or
equivalently whether there is a self-improvement of a solution of the Beltrami equation in the
case of critical exponent).

Then S. Petermichl [32] proved the A5 conjecture for the Hilbert transform, again using
the representation of the Hilbert transform as an average of copies of a simple dyadic opera-
tor (the so-called dyadic, or Haar, shift of complexity 1 from [31]). Further cases of the A,
conjecture were settled in [2,33].

We should mention here an earlier paper by R. Fefferman and J. Pipher [9], where a linear
estimate in terms of stronger A; norm of the weight w was obtained for the Hilbert transform.
This result found its application in geometric questions pertinent to multi-parameter Harmonic
Analysis, in particular for singular operators on the Heisenberg group. The result in [32] is a
considerable strengthening of Fefferman—Pipher’s theorem. For other types of results on Ay,
see [18].

A recent paper [16] by M. Lacey, S. Petermichl and M. Reguera established the A,
conjecture for general dyadic shifts. Another proof of the linear bound for dyadic shifts was
obtained in Cruz-Uribe-Martell-Pérez [4, 5] in a very beautiful and concise approach based
on a remarkable “formula” by Lerner [17]. Thus, the conjecture was proved for all operators
which can be represented by taking for each dyadic grid a sum of finitely many dyadic shifts
of uniformly bounded complexity (see definition below) and taking the average over all grids.

In particular, as it was shown by A. Vagharshakyan [39], any convolution Calderén—
Zygmund operator on the real line R with sufficiently smooth kernel can be obtained by aver-
aging copies of just one Haar shift, so the A, conjecture holds for such operators.
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Note that estimates of the norms of the dyadic shifts obtained in [16] and in [4, 5] grew
exponentially in the complexity of the shift, so it was only possible to estimate the Calderén—
Zygmund operators obtained by averaging of finitely many such shifts.

Using linear estimates for the dyadic shifts and a special decomposition (in the form
proposed by Yang [43]) of a Calder6n—Zygmund operator Hytonen-Lacey—Reguera—Sawyer—
Vagharshakyan—Uriarte-Tuero in [15] proved the A, conjecture for all Calderén—Zygmund
operators with sufficiently smooth kernels (the smoothness was dependent on the dimension in
[15]). However, the problem for general Calderén—Zygmund operators required (as we shall
see) some probabilistic ideas rooted in non-homogeneous Harmonic Analysis [20,26] (see also
[6,10,13,21,24,25,37,40]).

For general Calderén—Zygmund operators, the last three authors [30] reduced the A»
conjecture to a weak type estimate by establishing the inequality

IT 2wy r2w) < C (Wl + 1T 2wy L200w) + 1T I L20—1)— L2000 ~1))-

In [30] it is also shown that the A> conjecture is equivalent to getting the linear in [w]4, estimate
on simplest test functions (this is a 7 (1) theorem in the presence of weight). Using this result
of Pérez—Treil-Volberg and the technique developed in [16], the first author [14] was able to
prove the A, conjecture for general Calderén—Zygmund operators, i.e., the following theorem:

Theorem 1.1 ([14]). Let T be a Calderon—Zygmund operator and w be an A, weight.
Then

ITf 2wy = € - [wlay [ f | L2qw)-

where the constant C depends only on the dimension d, the parameters C¢,, a of the Calderén—
Zygmund operator and its norm in the non-weighted L?.

A crucial new element in [14] was a clever averaging trick, allowing one to get rid of the
so called bad cubes and thus represent an arbitrary Calderén—Zygmund operator as a weighted
average of (infinitely many) dyadic shifts. This averaging trick was a development of the
bootstrapping argument used by Nazarov—Treil-Volberg [26], where they exploited the fact
that the bad part of a function can be made arbitrarily small. Using the original Nazarov—Treil—
Volberg averaging trick would add an extra factor depending on [w]4, to the estimate, so a new
idea was necessary. A new observation in [14] was that as soon as the probability of a “bad”
cube is less than 1, it is possible to completely ignore the bad cubes (at least in the situation
where they cause troubles).

The paper [14], which itself is neither short or very simple, relies of a rather technically
involved preprint [30]. Thus the necessity of a simpler, direct proof, not using the reduction to
the weak type estimates seems pretty evident.

Such a direct proof of Theorem 1.1 is presented in this paper; moreover, we obtain new
results on the dyadic shifts into which the Calder6n—Zygmund operator 7" is decomposed.
Indeed, the reduction of the A, conjecture to a testing condition, which in [30] was made on
the level of the Calder6n—Zygmund operator 7', is here performed on the more elementary
level of the dyadic shifts in the representation of 7. The possibility of such a simplification in
the proof of the A5 conjecture was suggested in [14, Section 8.A], and here we carry out this
program in detail.
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46 Hyténen, Pérez, Treil and Volberg, The A5 conjecture

The main components of the proof are as follows:

(i) An averaging trick, which is a version of the one from [14] (unlike [14] we do not need
good shifts here, and this simplifies the matter). This trick allows us not to worry about
“bad” cubes and represent a general Calderon—Zygmund operator as a weighted average
of dyadic shifts with the weights decaying exponentially in the complexity of the shifts.

(i) Sharp estimates, with all the constants written down, in the two weight 7°(1) theorem
from [28] in the setting of dyadic shifts (Theorem 3.4). Note that while most of the
necessary estimates were done in [28], a formal application of the result from [28] would
give an exponential (in complexity) growth of the norm.

To get the polynomial (in complexity) growth, one needs some non-trivial modifications.
For the convenience of the reader we present the complete proof, not only the modifica-
tions: only describing modifications and referring the reader to the proof in [28] would
make the paper unreadable.

(iii)) A modification of the proof from [16], which gives polynomial in complexity, instead of
exponential, as in [16], bound for the weighted norm of the dyadic shift (Theorem 5.1).
The main difference compared to [16] is a better (linear in complexity instead of ex-
ponential) estimate of the (non-weighted) weak L' norm of a dyadic shift, which was
obtained in [14].
The rest of the proof essentially follows the construction from [16], keeping track of
constants, and clarifying parts of the proof that were presented there in a sketchy way.
We note that a variant of such a modification of [16] already appeared in [14], where it
was used to verify the required testing conditions for 7', but not an explicit norm bound
for the shifts themselves.

Aside from the new self-contained proof of Theorem 1.1, the above-mentioned The-
orems 3.4 and 5.1, giving sharp quantitative two-weight and one-weight bounds for dyadic
shifts, are the main new results of this paper. In this paper, the two-weight bounds serve
mainly as a tool for sharp one-weight bounds, but they have been systematically studied in
[22,27,29,35,36].

2. Dyadic lattices and martingale difference decompositions. Random dyadic lattices

2.1. Random dyadic lattices. The standard dyadic system in R is

D=0 D)= {2F0.0¢ +m):mez)
keZ

For I € JD,? and a binary sequence w = (a)j)Jo.‘;_oo € ({0, 139)Z, let
Io:=1+) w2/
j<k

Following Nazarov—Treil-Volberg [26, Section 9.1], consider general dyadic systems of the
form
D=90={Ito:1cD% = D¢
keZ
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Given a cube I = x + [0, £)%, let
ch(l) := {x +nt/2+1[0,£/2)% : n € {0,139}

denote the collection of dyadic children of /. Thus D | = (J{ch(/) : I € DY}. Note that,
in line with [26] but contrary to [14], we use the “geometric” indexing of cubes, where larger
k refers to larger cubes, rather than the “probabilistic” indexing, where larger £ would refer to
finer sigma-algebras.

Consider the standard probability measure on {0, 1}4, which assigns equal probability
274 o every point. Define the measure P on ({0, 1}9)Z as the corresponding product measure.

2.2. Martingale difference decompositions and Haar functions. For a cube / in R?

E;f = (]{ fdx)l, = (|I|_1/Ifdx)11, Ar:=-Ej+ Y Ej.

Jech(l)

let

It is well known that for an arbitrary dyadic lattice £ every function f € L2(R?) admits the
orthogonal decomposition

=Y Arf
IeD
We also need the weighted martingale difference decomposition. Let u be a Radon mea-
sure on R¥. Define the weighted expectation and martingale differences as

B £ o= ()™ [ pan)u. s = Ep e Y S
I Jech(l)
for the definiteness we set E’I/“f =0ifu(l) =0.
For an arbitrary dyadic lattice O and k € Z, any function f € L?(x) admits an orthog-
onal decomposition

2.1 f= > Eff+ > A
IeD:U(I)=2k TeD:U(I)<2k

Given a cube Q in R, any function in the martingale difference space AQL2 is called
a Haar function (corresponding to Q) and is usually denoted by /1g. Note that 1o denotes a
generic Haar function, not any particular one.

A generalized Haar function &g is a linear combination of a Haar function and 1. In
other words, a generalized Haar function /¢ is constant on the children of Q, but unlike the
regular Haar function it is not orthogonal to constants.

Similarly a function & € A’é L2() is called a weighted Haar function and is denoted

w
ashQ.

3. Dyadic shifts. A sharp two weight estimate

Definition 3.1. An unweighted dyadic paraproduct is an operator IT of the form
Mf =Y (Eg/f)ho.
QeD

where h g are some (non-weighted) Haar functions.
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48 Hyténen, Pérez, Treil and Volberg, The A5 conjecture

Definition 3.2. Let m,n € N. An elementary dyadic shift with parameters m, n is an
operator given by

Sf=3 3 1017 (£ hS)hS,.

Q€D 0',0"€D,0',0"CQ,
LQN=27"(Q),(Q)=27"4(Q)

4

where hg/ and hg:, are (non-weighted) Haar functions for the cubes Q' and Q" respectively,
subject to normalization

3.1) 178 | oo 1700 < 1.
Notice that this implies, in particular, that
(3.2)
5/ = 2101 [ aotef0)dy.  suppag © Q% 0. gl < 1.
0eD Q
where
(3.3) ag(x.y) = 3 hg, (), (7).

0',0"€D,0',0"CQ,
LQ)=27"UQ)A(Q")=27"4(Q)

The number max(m, n) is called the complexity of the dyadic shift.

Definition 3.3. If in the above definition we allow some (or all) 2o/, hg~ to be gener-
alized Haar functions, we get what we will call an elementary generalized dyadic shift.

A dyadic shift with parameters m and n is a sum of at most (2d )? elementary dyadic
shifts (with parameters m and n). If we allow some (or all) of the elementary dyadic shifts to
be generalized ones, we get the generalized dyadic shift.

Remark. The paraproduct IT is an elementary generalized dyadic shift with parameters
0, 1, provided that ||2g ||oo < 1 for all cubes Q.

Remark. The main difference between dyadic shifts and generalized ones is that a
dyadic shift is always a bounded operator in L? (assuming the normalization (3.1)), while
for the boundedness of a generalized dyadic shift some additional conditions are required.

We always think that our dyadic shifts S are finite dyadic shifts meaning that only finitely
many Q'’s are involved in its definition above. All estimates will be independent of this finite
number.

In the present section we consider a two weight 7'(1) theorem for dyadic shifts. We fix
two measures i, v on R?. Finite dyadic shifts are integral operators with kernel

A(x,y) = ) ag(x,y),

QedD

the sum being well defined as it is finite. We define now

S f(x) = / AGe ) fO) dp(y),
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and its adjoint S,
Ste) = [ A g dvce)

‘We need the notation
[, v]a, = SIIJP<M>I<V)1,

where (o) := |I|" o (1).
The following theorem is the first new main result of this paper. It is essentially a quan-
tified version of [28, Theorem 2.3].

Theorem 3.4. Let'S be an elementary generalized dyadic shift with parameters m and
n. Let us suppose that there exists a constant B such that for any Q € D we have

(3.4) /Q Sulol?dv < Bu(0), fQ Sty < Bu(Q).
Then

35 1Sufly = € (2720 + DB+ [ vI?) + r2e )1
where r = max(m, n), and C is an absolute constant.

The idea of the proof of this theorem is quite simple. The operator S* is represented
essentially as the sum of weighted paraproducts, which are estimated using condition (3.4) and
the operator with finitely many diagonals, which is estimated by C [, v]il/2 2,

Take two test functions f, g. Using martingale difference decomposition (2.1) we can

decompose

f= X Ehr+ X s

QeD:A(I)=2F QeD:A()<2k
g= 2. Epg+ ), Aps
QeD:A(I)=2k QeD:A(I)<2k

We want to estimate the bilinear form (S* f, g),,. We will first concentrate on the non-
trivial case f = } pep A’éf, g =2 peo Apg; adding the terms D 0eD:(I)=2k IE’“QLf
and 3o p.0(1)=2 Epg will be easy.!

3.1. Weighted paraproducts. Fix an integer r. Then the paraproduct IT#* = Hg ,
acting (formally) from L?(u) to L?(v) is defined as

M= Y "Egf Y.  AkSulo.

0eD ReD,RCO,
L(R)=27"4(Q)

) In fact, we will only apply this theorem in the situation when martingale difference decompositions not
involving E‘é and E"Q are possible.
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50 Hyténen, Pérez, Treil and Volberg, The A5 conjecture

The paraproduct IT"” = Tlg., acting (formally) from L?(v) to L?(u), is defined similarly,

m’:= > Epf >,  AkSilp.

0eD ReD,RCO,
L(R)=27"4(Q)

Notice that if » > n, then for any f € Ll (1) such that flo = 1,and forany R € D

loc

such that R C Q and £(R) < 2774(Q), we have
(3.6) ARS,f = ARSulo.
Indeed, in the decomposition
(Sullo = f) highy = > (Lo = fihp)uthrr hig)y
I1€D ', 1"eD,1',1"Cl,

LI Y=2""4(T) L(I")=2""4(])

only the terms with I’ ¢ Q and I” C R can give a non-zero contribution. But the inclusions
I” C R C Q together with size conditions on /” and R imply that

01y =2"¢(1") =27¢I") = 2"U(R) = £(Q),

so I C Q (because I N Q D I" # @, so the inclusion of the dyadic cubes is determined by
their sizes). But the inclusion I C Q implies I’ C Q, so the conditions I’ ¢ Q and I” C R
are incompatible.

The equality (3.6) means that for > n we can replace 1p by 1, bringing our definition
of the paraproduct more in line with the classical one.

Lemma 3.5. Let Q,R € D, and let r > n. Then for the paraproduct T1* = Hg*
defined above the following assertions hold:

(1) IfL(R) = 27"L(Q) then (H/’“h’é, h'g)v = 0 for all weighted Haar functions hlé and h'g.
() If R ¢ Q, then (H“h’é, h'g)v = 0 for all weighted Haar functions h’é and h'y.
(i) IfL(R) < 27"L(Q), then for all weighted Haar functions h’é and h'y

in particular, if R ¢ Q, then both sides of the equality are 0.

Proof. Let us use Q’ and R’ for the summation indices in the paraproduct, i.e., let us

write
iRy = ) B hG > ARpSulg.
Q'eD R eD,R'CQ’,
L(RN=27"4(2")

Since h is orthogonal to ranges of all projections A',, except A, we can write
3.7 (TR i)y = (Bl ) A%Sudor i)y = a(Sylgr. hig)y.

where Q' is the ancestor of R of order r (i.e. the cube Q' D R such that £(Q’) = 2"¢(R)) and
a is the value of Eg,h‘é on Q’, Eg,h’é =alg.
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It is easy to see that E g,h’é # 0 (equivalently a # 0) only if 9’ & Q. Therefore, see

(3.7),
(TR, )y # 0
only if Q" & Q and statements (i) and (ii) of the lemma follow immediately.

Indeed, if £(R) > 277£(Q) and £(Q’) = 2"{(R), the inclusion Q" & Q is impossible,
)

(T*hg, hig)v = 0,
and the statement (i) is proved.

If R ¢ Q, then the inclusion Q" & Q (which, as it was discussed above, is necessary for
(H“h’é, h')y # 0) implies that R ¢ Q’. This means that Q” is not an ancestor of R, however
(3.7) again shows that for Q’ to be an ancestor of R is necessary for (H’*h’é, hg)y # 0.

Let us prove statement (iii). Let £(R) < 27"4(Q). If R ¢ Q then by the statement (ii)

of the lemma (H“h’é ,h'x)y = 0. On the other hand if M is the ancestor of order r of R, then
0 N M = &, thus by (3.6)

So, we only need to consider the case R C Q.
Let Q1 be the “child” of Q containing R (i.e. R C Q1 C 0,4(Q1) = £(Q)/2), and let
b be the value of h’é on Q1. Then, since £(R) <277¢(Q1), (3.6) implies that

(Suhléath)v =b(Sulg,. hig)v.
On the other hand we have shown before, see (3.7), that
(H’“‘h‘é,th)u = ((EM,h‘é)AVRSMIQ/,h”R)v,

where Q' € D is the ancestor of order r of R, meaning that R C Q’, £(Q’) = 2"L(R).
Therefore Q” C Q1 and so Eg,h’é = blg/. We also know, see (3.6), that because Q" C Q1
we have equality A%S; 19 = ARS,1¢p,. Thus we can continue:

Therefore (H’“‘h‘é, hg)y = (Suh‘é,h‘l’g)v, and the lemma is proved. o

3.2. Boundedness of the weighted paraproduct. We will need the following well-
known theorem.
Let fg := ﬁ [g f dju be the average of the function f with respect to the measure ju.

Theorem 3.6 (Dyadic Carleson embedding theorem). If the numbers ag > 0, Q € D,
satisfy the Carleson measure condition

(3.8) Y ap < u(R),

OCR

then for any f € L?(u)
S arl Szl <417 122,

ReD
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This theorem is very well known, cf. [8]. Usual proofs are based on a stopping time
argument and the dyadic maximal inequality; the constant 4 appears as 22, where 2 is the norm
of the dyadic maximal operator on L?(j1). For an alternative proof using the Bellman function
method, see [20]. It was also proved in [23] that the constant 4 is optimal. We should mention
that in [19,23] this theorem was proved for R!, but the same proof works for general martingale
setup. A proof for R? was presented in [20], and the same proof works for R,

Let us now show that the paraproduct IT = Hg is bounded. Ranges of the projections
A'p are mutually orthogonal, so to prove the boundedness of the paraproduct Hg it is sufficient
to show that the numbers

ag:= Y. [ARSulrl}z,
ReD,RCO,

LR)=27"4(Q)

satisfy the Carleson measure condition (3.8) from Theorem 3.6. Let us prove this.
Consider a cube Q. We want to show that

Yo D IIARSulollag, < Bu(Q).
ReD RCQ,
0c0 2%

By (3.6) we can replace 19 by 1 o> 0 the desired estimates become

Yo IARSkIg 0 = D IARSK G120 < 115Sulgl7g):

ReD,RCO, RcO
L(R)=<27"4(Q)

By the assumption of Theorem 3.4, see (3.4),
11801022, = /Q SulglPdv < Bu(0)

and so the sequence ag, Q € D satisfies the condition (3.8). Thus the norm of the paraproduct
I1# is bounded by CB'/2 (we can pick C = 2 here) and similarly for IT. ]

3.3. Boundedness of S: essential part. Let f € L?(u), g € L?(v), || f I llglly < 1.
We want to estimate |(S,, f, g)v|.
Consider first f and g of form

f=2_A%f &= Ak Ifle=<1 gl <t

Q€D ReD

Then by Lemma 3.5

(3.9) (Sufigh = (Mg frgh + (£ TTg g)v + > (SudG f, ARE)v-
0,ReD,
277 <U(R)/L(Q)=<2"

We know that the paraproducts Hg and H" x are bounded, so the first two terms can be esti-
mated together by 4B /2 Thus it remains to estimate the last sum.
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It is enough to estimate the operator S

(Sf.gh = D (Subgf AR
Q,ReD,
277U =UR)=UD)

because the sum over 27" £(R) < £(Q) < £(R) is estimated similarly. The operator S can be
splitas S = Y ;. Sk, where

(Scfighvi= Y. (SubGf ARE).
Q,ReD,
LR)=27kL(Q)

Each S} can be in turn decomposed as S; = ZjeZ Sk, j» where

(Sk.j /g = > (Sulfp f. ARE)v.
Q,ReD,
£(Q)=27, L(R)=27—Fk

For a fixed k the ranges Ran Sy ;, j € Z are mutually orthogonal in L?(v), and the dual ranges
Ran S,’:,J., j € Z are mutually orthogonal in L2 (). Therefore || S| < max;ez|| Sk, |, so we
only need to uniformly estimate individual operators Sg ;.

So, if

fi= Y, AGL &= ). bhe.

0eD:U(Q)=2/ ReD:L(R)=2/—Fk

it is sufficient to estimate (Sg ; fj,&j—k)v = (Su fj. &i—k)v-
We can decompose the operator Sy ; into interior and outer parts

(St fo8)v = > (Sulg f. ARg)y + > (Sulg f. ARE)w
O,RED:RCO, O,RED:RNO=2,
(Q)=2/, L(R)=2/7F {(Q)=27, L(R)=2/k

= (S S &) + (SR S &)

Let us estimate S,‘;“]‘ For cubes O, R € D, RN Q = &, £(Q) =2/, L(R) = 2/~% and

the corresponding weighted Haar functions h’é and h'p we can write
(3.10) (SR, hr)v = (Suhiy, h)v

k,j""Q’
= > M| /M | am (6 G (R () (1) ().
MeD x

where the kernels a s are from (3.2).

If £((M) < £(Q) = 2/, then the cube M cannot contain both Q and R (because
RN QO = @), so the corresponding integral in (3.10) is 0. On the other hand, if £(M) > 2"£(Q),
r = max(m, n) being the complexity of the dyadic shift S, then for any x the function ay (x, -)
is constant on Q, so the corresponding integral in (3.10) is again 0.
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54 Hyténen, Pérez, Treil and Volberg, The A5 conjecture

So in (3.10) we only need to count M, 2/ < (M) < 2J%7 and therefore we can write

j+r

(e bl = | 3 /R v B E NG NRR()(1)dv (x)
s=j+1
jtr
As(x, y)| - | - |hr(x)|d d ,
Ssg;l[mw' (x )| - g )] - 1R (0)ldp(y)dv (x)

where Ag(x, y) := ZMei):E(M)=2S M| Yap (x, ).
Adding extra non-negative terms (with R C Q) we can estimate

(S 7, gl

jtr

<y 3 / AL FO] - AR Wl ()dv(x)
s=j+1 Q,ReD:RNQ=g,  ROR

K(Q)=2j, K(R)=2j_k

Jj+r

<y / A5 Ce ) - L O] - 18— () dpe(9)dv ()
s=j+1 R4 xR4

But each integral operator with kernel | 45| is the direct sum of the operators with kernels
M|~ Yaprp|, M € D, L(M) = 2° (recall that aps is supported on M x M).
Since |lapy||loo < 1 we can estimate the Hilbert—Schmidt norm

/ |M |2 |ap (x, ) Pdp(y)dv(x) < [, v]4,.
MxM

So the norm of each operator with kernel |M |~!|aps (x, y)| is at most [u, v]jl/2 2 Therefore the

norm of each operator with kernel |As(x, y)| is estimated by [u, v]:l/2 2 and summing in s we

get
1/2
(3.11) IS L 2go— 220y < rlis VI
To estimate the norm of S ]‘(mj we need the following simple lemma.
Lemma 3.7. In the assumptions of Theorem 3.4
110S,uhS 112 < 29 (B + d[u, vla) I 12
for any p-Haar function h’é.

Proof. Let Ok, k = 1,2, ...,2% be the dyadic children of Q. A p-Haar function h‘é
can be represented as

24 24
(3.12) Mo =Y il Y aru(Qr) =0
k=1 k=1
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and
od

(3.13) 17 = > "l 1( Qi)
k=1

By assumption (3.4) of Theorem 3.4

(3.14) 1o, Suloxlly < Bu(Qx).
Let us estimate |19\, Sy 1o, [lv. We know that

Sulo, (1) = Y IMI™! [ an(x. )10, ().
MeD Ok

Since the functions aps are supported on M x M, only the terms with M D Q can give a
non-zero contribution for x ¢ Qj. Therefore, summing the geometric series we get that

ISulg, ()] <2u(Q)IQ1™" Vix ¢ Ok.
Then
1o\0, Sploglls < 41(0x)*1Q1 v (Q).

and combining this estimate with (3.14) we get

110S,lo, I3 < Bu(Qk) + 411(Qx)?* Q1 >v(0Q)
< Bu(Qx) + 4p(Qr) ()10 2v(Q)
< (B + 4, v]a,) 1 (Qk).

Therefore, we can get, recalling (3.12) and (3.13),
2d
oSl < D laxllleSulolly
k=1
2&1’
< (B + 4[p. 1) Yl in(0i) 2
k=1
2d
< (B+4, lez)”zzd/z( >
k=1
= 212(B + 4[p. v]ay) 2|1 | - o

1/2
|ak|2u<Qk>)

Using the above Lemma 3.7, we can easily estimate S ;{“‘J Namely,

ISP fl = Y Y. ARSuALS
QeD:A(Q)=2/ "RCQ:4(R)=2/—k

< Y IeSuALSIR
QeD:A(Q)=27

<29 (B+4pvla,) Y, IAGSIE
0eD:(0)=2/
=29(B + 4[u. vla) | 113

2
v
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Combining this with the estimate (3.11) of ||S;€)“]t. ||, we get that

1Sk, 120220 < 2972 (B + 4. v]a) V2 + vl

Since the operator Sk is the orthogonal sum of Sy ;, we get the same estimate for || Sy ||. To get
the estimate for || S|, S = Y % _o Sk, we just multiply the above estimate by r + 1.
Adding in (3.9) all the estimates together we get that for f and g of form

f= A%f &= Akrge  Ifle=1lgl <1

Q€D ReD

we have
1/2 d/2 1/2 1/27.
(B.15)  [Spfig)vl <4BY2+2-(r + D[272(B + 4[p, v]a) V2 + ri, v], 7 ;

the first term here comes from the paraproducts, and the extra factor 2 in the second term is to
take into account the sum over £(Q) < £(R) in (3.9).

3.4. Boundedness of S: some little details. We are almost done with the proof of
Theorem 3.4, modulo a little detail: for arbitrary measures 4 functions f € L2(u) do not
admit martingale difference decomposition f = ) 0eD A’é f.

Each compact subset of R¢ is contained in at most 2¢ cubes of the same size as the
size of this compact subset, so let Qr, k = 1,2,..., 24 be the dyadic cubes of some size N
containing supports of f and g. The correct decomposition is given by (2.1) which reads as

(3.16) f= Y. EGf+ ) ALS

0eD:(Q)=2F 0eD:(Q)<2k

(here k is an arbitrary but fixed integer), and similarly for g € L?(v),

(3.17) g= > be+ D e
QeD:A(Q)=2F QeD:A(Q)<2k

So we need to estimate some extra terms. Of course, in the situation when we apply the
theorem (dju = wdx, dv = w™'dx, w satisfies the A, condition) f and g can be represented
via martingale difference decomposition, although some explanation will still be needed.

Fortunately, there is a very simple way to estimate the extra terms. Let us say that dyadic
cubes O, R € D are relatives if they have a common ancestor, i.e. a cube M € D such that
Q, R C M. The importance of the notion of relatives stems from the trivial observation that if
the cubes Q and R are not relatives, then S, 19 = 0 on R.

It is sufficient to prove the estimate on a dense set of compactly supported functions.
For compactly supported functions f and g only finitely many terms E‘é f and IE"Qg in the
decompositions (3.16) and (3.17) are non-zero. Let us slit the collection of corresponding cubes
into equivalence classes of relatives, and for each equivalence class find a common ancestor (it
is always possible because of finiteness).

Denote by # the set of these common ancestors. Then we can write instead of (3.16) and
(3.17)

(3.18) =Y Eof+ >, Y, Af=ftfa
Qe QeA RED:RCQ

(3.19) g=) Epg+ )Y Y Arg=ige+sga
QeA Q€A RED:RCQ
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the indices “e” and “d” here mean expectation and difference. Let us decompose

(Spf. gy = (Su(fe + fa), ge + ga)v
= (Sp fe. &)v + (Sp fa. &edv + (Sp fa, gadv-

The last term is estimated by (3.15) (note that ||f||i = ||f;:||i + ||fd||i and similarly for || g||2),
so we just need to estimate the first two terms.

Any two cubes Q, Q" € A, Q # Q' are not relatives, so as we already mentioned
Sulg =0onany Q' € A, Q' # Q. Therefore

[(SWEY /. &)vl = {SLEY /. glo)v] < II1eSuEYR flvliglolly
< B2|EG fllullglol

(we use assumption (3.4) of Theorem 3.4 for the last inequality). Summing over all Q € A
and applying the Cauchy—Schwarz inequality we get

[(Sufe- &bl = Y [SUER f.ghl < BY2 Y ES fllullglolh

Ok Qe
< B2 fellulglly < B flluligll-

Similarly

(Sufa ge)vl = {fa. Skgehl < BY2| fallullgellv < B2 £ 1ullglv.

so in general case we just need to add 2B 1/2 to the right side of (3.15).

4. Dyadic shifts and random lattices

In this section we use a probabilistic approach to decompose an arbitrary Calderén—
Zygmund operator as an average of simple blocks, namely, the dyadic shifts investigated above.
More precisely, we prove the following result, which is a variant of [14, Theorem 4.2]. The
decomposition here is easier than in [14], and there is a reason for that: the shifts in [14] needed
to have an extra geometric property pertinent to being applied in conjunction with [30]. Here
we do not need that as we are not basing our reasoning on a weighted 7'1 theorem of [30]. The
idea of such decomposition goes back to methods of non-homogeneous Harmonic Analysis
exploited in [26] or [41] for example.

Theorem 4.1. Let T be a Calderén—Zygmund operator in R? with parameter o. Then
T can be represented as

T=C A Y prmimelzge AP (w),

m,neZ 4
where Sy, ,, is a dyadic shift with parameters m, n in the lattice Dy, the shifts with parameters
0,1 and 1,0 can be generalized shifts, and all other shifts are the regular ones.

The constant C depends only on the dimension d and the parameters of the Calderon—
Zygmund operator T (the norm ||T ||;2_ 12, the smoothness «, and the constant C, in the
Calderon—Zygmund estimates).
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58 Hyténen, Pérez, Treil and Volberg, The A5 conjecture

4.1. Getting rid of bad cubes. Let D,, ® € 2 be the translated dyadic lattice in R4
as defined in Section 2.1 and let P be the canonical probability measure on 2 (also defined in
Section 2.1).

Fix ro € N. Lety = %’ where « is the Calder6n—-Zygmund parameter of the
operator 7.

Definition. A cube Q € D, is called bad if there exists a bigger cube R € D, such
that £(Q) < 27"0¢(R) and
dist(Q, R) < £(Q)"L(R)™7.

Let us introduce some probabilistic notation we will use in this section. Let E = Egq
denote the expectation with respect to the probability measure P,

EQF=EQF(a))=/QF(a))dP(a));

slightly abusing the notation we will often write Eq F'(w) to emphasize that F is a random
variable (depending on w).

For k € Z let Ay be the sigma-algebra generated by the random variables w;, j < k, and
let Egr, be the corresponding conditional expectation. Because of the product structure of €2,
the conditional expectation Egy, is easier to understand: it is just the integration with respect
to a part of variables w; .

Namely, for k € Z one can split o = (Fw, w¥), where o := (0))j<k> ok = (@))j>k>
s0 € is represented as a product Q = ¥Q x QK. Note that the sets kQ and QF are probability
spaces with respect to the standard product measures. We will use the same letter P for these
measures (probabilities), hoping that this will not lead to confusion.

Denote by Q¥[Fw] the “slice” of €2,

Qk[ka)] = {(kw,a)k) ok € Qk}.
Then for almost all k@, assuming that 0 = (Fw, 0*) we have
_ . k ~k ~k
(Eg F)(@) = Egikg) F = /Qk F("w,o")dP(@"),

so the conditional expectation Egy, is just the integration over slices.

Finally, given a cube Q € Dy, £(Q) = 2%, denote by Q[Q] the slice Q[Q] := Q¥[Fw]
for the particular choice of the parameters ko = (o j)j <k determining the position of Q (and
of all cubes of size 2). The notation Eq[p] then should be clear, and one also can define the
conditional probability

P{event|Q} = EQ[Q]levent-

Lemma 4.2. g = 7pad(ro, ¥, d) := P{Q isbad|Q} < C(d)27¢70,

In words: given a cube @, the probability that it is bad is a constant depending only on
ro, ¥ and d, and can be estimated as stated.

Proof. The proof is an easy exercise for the reader. |
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From now on let us fix a sufficiently large r¢ such that mp,g < 1, so the probability of
being good satisfies wgo0q = 1 — pad > 0.

Lemma 4.3. Let T be a bounded operator in L?> = L2(R?,dx). Then for all
/. g € Cg° one has

(Tfe) =mha [ 3 (TALf88) dP@)

1,JeD,,,

L(<e(J),
e b [ (T81fAsg) dP@)
R 1.JeD,,
(D>t
J is good

Proof. It is more convenient to use probabilistic notation in the proof. Let

fgood,w = Z Alf

I1€D,,
1 is good

Then for any f,g € L2,

EQ(/fwnw &) =Eq Y (ArfArg)
I1€D,,
I is good
= > EqEy, > (ArfiArg)
keZ 1eD,:U(1)=2F,
I is good
= Z EqEg, Z (A1 f. A12)1] is goody (@).

keZ I1€Dy:L(1)=2k

To compute the conditional expectation let us notice that the position of the cubes I € D,
¢(I) = 2k depends only on the random variables w i, J < k. On the other hand, the event that
acube I € Dy, L(I) = 2k s good depends only on the variables w;, j > k, and for fixed
variables w;, j < k the corresponding conditional probability of this event is 7g0d, SO We can
write for the conditional expectation

4.1 E?Ik 1{I is good} (a)) = TTgood-
Therefore
E?Ik Z <AvaAIg>1{I isgood}(w) = TTgood Z (AIﬁAIg),
I€eD,:L(1)=2"k I1€D,, L(I)=2"k

which gives us

(4.2) EQ(fgood,w’g) = ngood(f’ g)-
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Applying this identity to (7 fgood,w: &) = (feood,w. T *g) (With T* g instead of g) we get

4.3) ”good(Tf’ g)
=Egq (ngood,wa g)

—Eq ) (TArf.Asg)
1,JeDy,
LI=t(),
Iis good + Y EqEg, Yo (TALL AT is gooa)
keZ 1,JeD,,
()=2% £(1)>£(J)

=Eq Y (TA1f.A7g)+mwaba Y. (TArfiAsg):

1,J€Dy,, 1,J€D,,
L =<t(J), U>LJ)
1 is good

here again in the last equality we used (4.1) and the fact that for 2k = ¢(I) = £(J) the
position of / and J depends on the variables w;, j < k, while the property of / depends on
the variables w;, j > k and is not influenced by the position of J.

Remark 4.4. To justify the interchange of the summation and expectation Eq in (4.3)
we first observe that for smooth f

C(d)||V LIy L) <1,
181 Flo < {CONTSNotlD) D
|/ llool | o) > 1.
So, if we denote
f(‘])c = Z Alf’ fg]god,w = Z Alf;
1€D,,:L(I)=2k 1€D,,:4(I)=2k,

I is good

then, integrating the previous estimates, we have for f € C§*°

1£ K2 1 /R gLz < C(f)min{2k, 27543,

SO
oIS =€), Y feawlle < CUO.
keZ keZ
Then for f, g € Cg°
> UTfh i gD < ITIC(C(9),
j.keZ
which justifies the first interchange of summation and integration in (4.3). The same estimate

holds if we replace fg]god’ w DY fa’f, and this justifies the second interchange.

Note also that the sum fa’f has at most C( f, k) non-zero terms Ay f (where C(f, k) < 00
does not depend on ), so for fixed k and j we can interchange summation over I, £(I) = 2k
and integration without any problems.
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Let us continue with the proof of Lemma 4.3. Since for all w € Q2

(Tf.g)= Y (TArfAyg),

1,J€D,
averaging over all v we get
(4.4) (Tf.g)=Eq > (TArf.A;8)+Eq Y  (TArfiAsg).
1,JeD,, 1,J€Dy,,
LI=<LJ) L()=>L(J])

Multiplying this identity by 4004 and comparing with (4.3) we get that

4.5) TewodBQ Y (TArf.A;8)=Eq Y (TArf.Asg).
1,JeD,,, 1,J€D,,
LI)=<L(J) LI)=<L(J),
I is good

Remark. Note that the above identity cannot be obtained by directly applying the above
trick with the conditional expectation to the right side. If 25 = £(I) < £(J) = 2, then the
position of / and J is defined by the variables w;, j < k, and the property of / being good
depends on w;, j > s. Thus the conditional probability of / being good depends on the mutual
position of I and J and so there is no splitting we used proving (4.2), (4.3).

We can repeat the reasoning leading to (4.4) without any changes to the splitting into
L) < &(J)and £(1) = £(J) to get

mwoiEe Y (TArfiAsg)=Eq Y (TArfiAsg).

1,J€D,,, 1,JeDy,
L(I)<(J) L(I)<L(J),
1 is good

From the symmetry between / and J we can conclude that

(4.6) mwodBa Y (TA1f,A;8) =Eq Y (TArfAsg).
1,JeD,,, 1,JeD,,
L(I)>L(JT) LI)>L(J),
J is good

Substituting (4.3) and (4.4) into (4.6) we get

(Tf.g)=Eq Y (TA1f.Ajg)+Eq Y (TArfAsg)

1,JeD,, 1,J€Dyy,
LI)<t(J) LD>L(J)
= mwbe Y (TAIfAsR) +7Ea ). (TA1fAsg). ©
1,J€Dy, [JEDy, o0
LD)<L()), LD)>L(J)” '8 8%
1 is good

4.2. Subtracting paraproducts. For a Calderén—Zygmund operator 7 in L2(R¢) and
a dyadic lattice 9,, define the dyadic paraproduct I1%,

Mgf= Y (Eo/)AgT

Q€D
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Here ApT1 is defined by duality,
(ApT1.g) :=(1,T*Agg) Vgel?

the right side here is well defined, as one can easily show that T*Apg € L. (This is a pretty
standard place in the theory of Calderén—Zygmund operators.)
Define operators T,
Tp:=T — 2 — (I2.)*.

Remark 4.5. The matrix of the paraproduct I1% has a very special “triangular” form.
Namely, a block AgrI17Ag, Q, R € Dy can be non-zero only if R & Q. Notice also, that if
£L(Q) = 2k then the block Ag 1% A g does not depend on the variables w;, j > k.

From the above observation it is easy to see that if Q, R € Dy, max{{(Q), ((R)} = 2%,
then the block AgT, Ao does not depend on variables w;, j > k, and that

ARTwAg = ARTAg

ifONR=oorQ =R

The paraproducts were introduced in Calder6n—Zygmund theory in the proofs of 7'(1)
and T'(b) theorems. The main idea is that one can estimate the operators T, by estimating
the absolute values of the entries of its matrix in the Haar basis, but one cannot, in general,
do the same with paraproducts (and so with a general Calderén—Zygmund operator 7). The
paraproducts however can be easily estimated by the Carleson embedding theorem, using the
condition T'1 € BMO (Th € BMO).

Definition. Let D(Q, R) be the so-called long distance between the cubes O and R,
see [26],
D(Q. R) :=dist(Q, R) + £(Q) + L(R).

Lemma 4.6. Let T be a Calderon—Zygmund operator (with parameter o), and let
O.R € Dy, £L(Q) < L(R). Let hg and hgr be Haar functions, ||hg| = ||hrl = 1. If
Q is a good cube, then

UQ)*2U(R)*/?

1/2) p11/2
b Rara | QIR

((Twhg.hr)l. (Twhr. ho)| < C
where C = C(rg,d,a, C¢;) < 00.
The proof is pretty standard, see for example [26].

Lemma4.7. Let C = C(rg,d, o, C,) # 0 be the constant from the above Lemma 4.6,
and let lag r| < 1. Then for any dyadic lattice Dy, and for any m,n € Zy, m > n the
operator

D(O.R d+a 5
c! Z Z aQ’Rz(m+n)a/2 ) (0.R) ArTwAg

d+
MeD, Q,RED,:Q,RCM, L(M)dTe
L(Q)=27""4(M),
LR)=27"4(M),
Q is good
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is a dyadic shift with parameters m, n, and the same holds if we replace AR Ta,AQ by
Ao Ty AR.

Proof.  'We will need the notion of the standard Haar basis here. For an interval I C R
let h(I) = |I|7Y/21;, and let h} be the standard L2-normalized Haar function,

hy = 11721, —17),

where /4 and /_ are the right and the left halves of I respectively.
Foracube Q =11 x I x---x Iz € R4 andanindex j,0 < j < 2d,let

d
hp(x) = 1_[ hif (), x = (X1,%2,..., Xq),
k=1

where ji € {0, 1} are the coefficients in the binary decomposition j = Zzzl ijk_1 of j.
The system hl,, j=1,... ,Zd — 1 form an orthonormal basis in A g L2, which we will
call the standard Haar basis. .
Note that hOQ =07V 21¢. The block ATy, Ag can be represented as

291
ArToAg = Y ¢j(Q. R)(-. y)h%,.
J.k=1
where ¢; 1 (0, R) = (Twhz,h{e).
Since ||th loo = |Q|~1/2 we can estimate, using Lemma 4.6,
(Q)* 2R
D(Q, R)d+oe

@7 ¢k (@, R)| - [hG lloo - g lleo < € ,
where C = C(ro,d, o, C,) is the constant from Lemma 4.6.
Clearly for fixed j, k and the constant C from Lemma 4.6 we can write

_ D(Q, R)4+a .
c Y S aggamimaerr DR o Ry i

d+
MeD, Q,ReD,:Q,RCM, K(M) @
L(Q)=27""4(M),

L(R)=27"4(M),
()Qisgocx(i ) = Z Z (',hQ)hR»

MeD, Q,ReD,:Q,RCM,
LQ)=2""U(M),
L(R)=2""4(M),

Q is good

where hg and hg are multiples of hlé and h{e' This sum has the structure of an elementary
dyadic shift, and to prove the lemma we only need to estimate ||/19 ||oo ||/ R | co-
Using (4.7) we get for fixed cubes Q and R

U PPURS o imyarz D(Q, RTHE

17olloolliRlloe <

D(Q’R)d-i-(x K(M)d—HM
_ 1 UQPUR imagn _ L
(M) ((M)® L

because £(Q)/L(M) = 27" L(R)/L(M) = 27",
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So, the above sum is indeed an elementary dyadic shift with parameters m, n. Summing
over all j, k we get the conclusion of the lemma. |

4.3. Proof of Theorem 4.1. As we explained before, see Lemma 4.3, we can represent
T as the average

T=nguEa > ArTAg+70Ee > ArTAg:

Q,ReDy, O,ReDy,
UQ)=<L(R), LR)<L(Q),
Q is good R is good

here and below in this section the averages Eq are understood in the weak sense, as equalities
of the bilinear forms for f, g € Cg§°. As it was explained before in the proof of Lemma 4.3,
see Remark 4.4 there, in this case we can freely interchange the summation and expectation
(integration) Eq.

Recalling the decomposition

T =T, + 02 + (TI2.)*,
and using the fact that for O, R € D,
ARIIZAp =0, Ag(IIF)* AR =0

if £(Q) < £(R), we can write

4.8)
T =mmaba D> ArTobg+mgeEa Y. ArTolg
Q,REi)w, QaRei)a)a
€Q)=<L(R), (R)<L(Q),
Q is good R is good
+ TgeaEg Z AR(ME4)*Ag + mgoaEa Z ARTIZAg.
O,ReDy, 0,ReDy,,
UQ)=LU(R), UR)<L(Q),
Q is good R is good

Lemma 4.8. For the paraproducts T15. one has

Eq Y ArM$Ag=Eq Y  ArT$Ag = mpeEall$.

Q5R€£a)a Q,Re‘Dwa
LR)<t(Q), LUR)=L(Q),
R is good R is good

Proof. Ttis not hard to see from the definition of the paraproduct that for f € L2

> ARNPAgf = Y AgRI§Agf = Y (ARTDERS.

Q,Rei)w, Q,REcDa), RE@C{)’
LR)<U(Q), UR)=<L(Q), R is good
R is good R is good

Brought to you by | Biblioteca de la Universidad de Sevilla
Authenticated
Download Date | 10/10/16 7:52 AM



Hyténen, Pérez, Treil and Volberg, The A5 conjecture

65
Applying Eq we get that

Eq E (ARTI)ERfZE EqEg, E (ARTD(ER 1R is good (@)
ReD,,, keZ ReDy,
R is good L(R)=2K

= 7god 3_E@ > (ARTDERSf = myooaEQII} f:
keZ ReD,,
L(R)=2FK

here we again used the fact that, by (4.1), Egr, 1R is g00d (@) = Tgo0d for R € Dy, £L(R) = 2k

[}

By Lemma 4.8 the second line in (4.8) is Eq(I1$ + (I17.)*). We know that the para-
products T1% and (I1§.)* are (up to a constant factor C = C(a,d, C, || T||)) generalized
dyadic shifts with parameters 0, 1 and 1, 0 respectively.

So to prove the theorem we need to represent the first line in (4.8) as the average of dyadic
shifts. Let us represent the first term. For m,n € Z 4, m > n, define the dyadic shifts S, , as

o -1 (m+n)a/2 D(Q, R)d+a 7
Sm,n = Z Z ”(Q|R)'PQ,R'2 'WARTwAQ,
MeD, Q,ReD,:0,RCM,
LQ)=2""¢(M),

L(R)=2""4(M),
Q is good

where

7(Q|R) = P{Q is good|R} = EQ[R]IQ is good
(note that £(Q) < £(R)). The weights pp r, O, R € D, are defined by
D(Q, R)?+e
4.9 po.rR ‘= Eq[Rr) Z W 10 is good (@);
MeD,:Q,RCM

note that in the above expression we assume (can assume) that the variables w;, j < k, deter-
mining the position of R (and so of Q) are fixed.

Remark 4.9. In general, pp g can be zero. However, it is not hard to see that pgp g > 0
if 7(Q|R) > 0, so the dyadic shifts S ,, are well defined.

Averaging we get

Eq Z 2_(m+n)a/28rar)z,n

mneZ.m=>n

d+a
—E0 Y Y QIR sg o)

0k sood(@) AR T A
O.R d+ Q is good RiwAQ
Q,REc@w, Mei)a)a Z(M) *

L(Q)<t(R), Q,RCM

7 (Q|R)#0

_ ~ D(Q,R)d-i-ot
=Eq Y Eqru(QIR) - pg'g-ArTulg Y —Si——

: 1Q is d(a))
d+ s goo
Q,Rei)a), Mei)a)y K(M) *
LQ)=l(R), Q.RCM
m(Q|R)#0
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and recalling the definition of pg g we conclude

Eq Y ~2mtmel2ge —Eq Y a(QIR)ArT,Ag.

mneZ.m=>n 0,ReD,,,
L(Q)=<L(R)
On the other hand
Eg Z ARTyAg = ZEQE‘)Ik Z 10 is good (@) - ARTwA g

Q,ReD,,, keZ Q,ReD,,,

L(Q)=<L(R), L(Q)<L(R)=2F
Q is good
= Z Eq Z (EQ[R]IQ is good)ARTwAQ
keZ Q,ReD,,,

UQ)=U(R)=2*

=Egq E m(Q|R)ARTH A,
QaRe‘z)wa
£(Q)<L(R)

SO

EQ Z 2_(m+n)a/28;‘101’n — EQ Z ARTQ)AQ
m,n€Z:m>n Q,ReDy,

€Q)=L(R),
Q is good

It now remains to show that S7; ,, are (up to a constant factor) the dyadic shifts. The
operators Sy, , have the appropriate structure, so we only need to prove the estimates, i.e.,
prove that the weights pp g are uniformly bounded away from 0. The necessary estimate
follows from Lemma 4.10 below.

So, we have decomposed the first term in (4.8) as the average of dyadic shifts. The
decomposition of the second term is carried out similarly, so Theorem 4.1 is proved (modulo

Lemma 4.10). O

Lemma 4.10. Let O, R € Dy, £(Q) < L(R). Then
(1) w(Q|R) > 0 ifand only if Q is “good up to the level of R”, meaning that

(4.10)  dist(Q, Q") > £(Q)’ Q'Y VYQ' e D, : 27°4(Q) < £(Q') < L(R);

note that the cubes Q' do not depend on the variables wj, j > k where 2k = ((R).

(ii) There exists a constant ¢ = c(d, rg,y) such that
po,R >c(d,rg) YO,Re Dy : n(Q|R) #0.

Proof. 'We want to estimate conditional probability end expectation with R and Q fixed.
That means the lattice up to the level of R is fixed, so nothing changes if we replace R by a
cube in the same level. So, without loss of generality we can assume that O C R.

Let us first consider a special case. Let £(R) = £(Q)2%, where

(4.11) s>2/y+ro-(1=y)/y.
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and let |
dist(Q, dR) > ZE(R).

Then the estimate (4.11) implies that
1
L RURNT = 27720 UTU(R) < JU(R).

meaning that for any cube M € D, £(R) < £(M) < 2"0f(R) (assuming that the lattice D,,
is fixed up to the level of R)

(4.12) (O LMY < %E(R) < dist(Q, dR) < dist(Q, IM).
On the other hand, if £(M) > 270£(R) and the pair R, M is good, meaning that
dist(R, dM) > £L(R)Y (M),
then
(4.13) dist(Q, M) = £(Q)"e(M)' 77,

so the pair Q, M is also good.

Therefore, if the cube R is good, then Q is good as well: as we just discussed, the
inequality (4.13) holds if £(M) > 2"9¢(R), and it holds for £(R) < £(M) < 2"°{(R) by
(4.12). And the assumption (4.10) covers the remaining cases.

So, in our special case T(Q|R) > Tgood-

The general case can be easily reduced to this special situation. Namely, if Q & R, then
with probability at least 274 the parent R of R satisfies

dist(Q,dR) > }113(1?);

one can easily see that for d = 1, and considering the coordinates independently, one gets the
conclusion.

Applying this procedure so—1 times, where sg is the smallest integer satisfying (4.11), we
arrive (with probability at least 2= Go=1d)) ot the special situation we just discussed. Therefore
for O € R (equivalently £(Q) < £(R)) statement (i) is proved with the estimate

(4.14) m(Q|R) = 2760V g4 = mo.

Finally, if Q = R, we arrive with probability 1 at the previous situation, so the statement (i) is
now completely proved with estimate (4.14).
The statement (ii) is now easy. First note, that if ¢ € Z is such that 2* > D(Q, R), then

(4.15) P{IM € D, : (M) =2, Q. RC M | R} =1—d-2D(Q,R)/2".

Indeed, in one dimension the probability that such M does not exist can be estimated above by
2D(Q, R)/2%, so to get the estimate of non-existence in R¢ we can just multiply it by d. The
extra factor 2 appears in the one-dimensional case because M cannot be moved continuously,
but only in multiples of £(R).
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Define
70 := [log,(dD(Q. R)/mo)] + 3,

SO
d -2D(0, R)/2™ < my/2.

Comparing the estimates (4.14) and (4.15) of probabilities, we can get that for fixed Q
and R the probability that Q is good and that Q, R C M for some M € Dy, L(M) = 27, is
at least o /2.

On the other hand, the definition of 7o implies that £(M) = 2% < 8-d - D(Q, R)/ny,
o)

D(Q. R)/L(M) = 70/8.

Therefore, the contribution to the sum (4.9) defining pg g of the term with such M alone is at
least
(110/8) T 10 /2.

That proves (ii) and so the lemma. O

5. Sharp weighted estimate of dyadic shifts

Recall that for a dyadic shift S with parameters m and » its complexity is r := max(m, n).
In this section we assume that a dyadic lattice P is fixed. Let S be an elementary (possibly
generalized) dyadic shift

5.1) Sf0 =3 /Q ag(x.¥) f()dy.

Q€D

where a g are supported on O X 0, [[ag (oo < |Q | =1 (in this section we will incorporate |Q|~!
intoag). Let A C O be a collection of dyadic cubes. Define the restricted dyadic shift S 4 by
taking the sum in (5.1) only over Q € 4.

As it was shown by Theorem 4.1 that a Calderén—Zygmund operator T is a weighted
average of dyadic shifts with exponentially (in complexity of shifts) decaying weights, to prove
Theorem 1.1 it is sufficient to get an estimate of the norm of dyadic shifts which is polynomial
in complexity. The following theorem, indeed, achieves a norm bound which is quadratic
in complexity. This is the second new main result of this paper and represents a substantial
quantitative improvement over earlier sharp weighted bounds for dyadic shifts [5, 16], which
were exponential in complexity. Note that the paper [14], while using dyadic shifts as auxiliary
operators in the original proof of Theorem 1.1, circumvented the question of actually estimating
their norm. This is achieved in [14] by going through the test conditions of rather involved
paper [30].

Theorem 5.1. Let S be an elementary (possibly generalized) dyadic shift of complexity
r in R9, such that all restricted shifts S 4 are uniformly bounded in L?,

5.2) sup [|Sullz2—2 = B2 = Bs < oo.
ACD
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Then for any Ay weight w
(53)  ISfl2w) < €222 + D2(BZ + D[wla | f 2. ¥f € L2(w),

where C is an absolute constant.

Note that for dyadic shifts we are considering (that is non-generalized dyadic shifts and
paraproducts), the assumption about uniform boundedness of Sy is satisfied automatically.
Namely, any non-generalized dyadic shift is a contraction in L2, so (5.2) holds with B = 1. It
is also easy to see that for the paraproducts ||[Su ;2572 < S|z 2-72-

The estimate (5.3) with C depending exponentially on r was proved (for non-generalized
dyadic shifts) in [16]. However, careful analysis of proofs there allows (after some modifica-
tions) to obtain polynomial estimates.

Compared to [16], the main new ingredients here are

* the sharp two weight estimate of Haar shifts, see the above Theorem 3.4, which is es-
sentially the main result of [28] (with the additional assumptions about “size” of the
operator), with the dependence of the estimates on all parameters spelled out;

* Proposition 5.1 of [14], reproduced as Theorem 5.2 below, which gives a linear in com-
plexity of S estimate of the unweighted weak L' norm of S; the corresponding estimate
in [16] was exponential in complexity.

Replacing f in (5.3) by fw™! and noticing that || fw™! lz2aw) = I/ | L2@w—1) We can
rewrite it as

G4 1ISUw ™2
< C22(r + 12(B] + Dlwla | f 21y, ¥ € L*w™),

so we are in the settings of Theorem 3.4 with du = w™'dx, dv = wdx. By Theorem 3.4, to
prove estimate (5.4) it is sufficient to show that

/ﬂSqu—HPwdxgzﬂwﬁﬂn*(Qy VfelL*w™),
0

5.5) /Q SUgu)Pwdx < Bwl3,w(Q), VY[ € L2w),

where
BY2 = C2%(r + 1)(BZ + 1)

with an absolute constant C.

Since [w™!]4, = [w]4,, one can get one estimate from the other by replacing w by w™1.
Thus, to prove Theorem 5.1 and so the main result (Theorem 1.1) we only need to prove one
of the above estimates, for example (5.5).

The rest of the section is devoted to proving (5.5).

5.1. Weak type estimates for dyadic shifts. Let ||S||, be a shorthand for ||S|;2_,2.
We say that a shift S has scales separated by r levels, if all cubes Q with ag # 0 in (5.1)
satisfy log, £(Q) = j modr for some fixed j € {0,1,...,r —1}.

The following result reproduces [14, Proposition 5.1] with an additional observation con-
cerning shifts which have their scales separated. This seemingly technical variant allows us to
obtain the asserted quadratic, rather than cubic, dependence on complexity in Theorem 5.1.
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Theorem 5.2. Let S be a generalized elementary dyadic shift with parameters m, n.
Then S has weak type 1-1 with the estimate

(5.6) ISz p1e0 < C(d.m.[IS]2) = 29F2S |5 + 1 + 4m,
meaning that for all f € L' and for all A > 0

Cd,m,|S|2)

‘{x:|Sf(x)|>)L}‘§ )L

(valie

If' S has scales separated by r > m levels, then we have the improved estimate
ISz 2100 < C@. 1, [S2) = 2972|1S| + 5.

Proof. Our shift S can be written (see (3.2)) as

sfm =Y. [aoten oy,

QedD

where ag is supported on QO x Q and [lag|lee < |Q|™! (we incorporated the factor |Q|!
from (3.2) into ag here). It follows from the representation (3.3) of a¢ that for fixed x the
function a g (x, -) is constant on cubes Q" € D, £(Q’) < 27™L(Q).

To estimate its weak norm we use the standard Calderén—Zygmund decomposition at
height A > 0 with respect to the dyadic lattice . Namely, as it is well known, see for example
[11, p.286], given f € L! there exists a decomposition f = g + b, b = ZQG@ bg, where
@ C D is acollection of disjoint dyadic cubes, such that

@ Nl <1/l llgleo <2945

(ii) each function bg is supported on a cube Q and
Ibolli <2- 1o £, / bp dx = 0;
R4

Giiy Y Q1< A7 S

Qe@
The property (i) of the Calder6n—Zygmund decomposition implies that

(5.7) 1£13 <2901 f .

As usual, we can estimate
|{x S f(x)| > /\}! < ‘{x D |Sg(x)| > A/2}| + |{x D |Sbh(x)| > )\/2}‘

(one of the two terms should be at least half of the sum). The measure of the first set is estimated
using the boundedness of S in L2:

) ) 4 22d+2
[ 185001 > 4/2}] = 113 13 25 = ISIE 25 /1.

where ||S||2 is the shorthand for ||S||;2_,72; we used (5.7) to get the second inequality.
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To estimate |[{x : |[Sb(x)| > A/2}| we fix a Q € @ and write a pointwise inequality:

Sbo(x)| = Y

ReD:QSR

/RaR(x’ J’)bQ(J’)dJ" +

> [RaR(x’ »)bo (y)dy

ReD:RCQ '
Therefore, summing in Q0 € @, we get

shol< Y Y

Q€@ ReD:QSR
=: A(x) + B(x).

AGR(X» y)bQ(y)dy‘ + Y

Qe@

3 /R aR<x,y>bQ(y)dy'

ReD:RCQ

Hence, using again the fact that one of the two terms should be at least a half of the sum, we
can estimate

[{x 1 1Sh(x)] > A/2}| < [{x - A(x) > A/2}] + |{x : B(x) > 0}].

The second set is obviously inside UQEQ Q: indeed the function B(x) vanishes outside this
set because agr(x,y) = O forall x ¢ R, and R C Q. So, using the property (iii) of the
Calder6n—Zygmund decomposition, we can estimate the measure of the second set as

{2 B >0} = Y101 = 5 1F .

Qe@

To estimate the first measure we want to show that ||A||; < C|| f||1, then clearly
2 2C
(5:8) (x4 > 2/2)] = T14lh = =17 .

We will estimate the norm of each term in A separately. Let us fix Q € @ and let us consider

Ag(x):=

ReD,Q0SR

/R ar(x. »)bo ()dy|.

Since the function b is orthogonal to constants, and the function a g (x, -) is constant on cubes
0 € D,4(Q) < 27"™L(R), we can see that the only cubes R which may contribute to A are
the ancestors of Q of orders 1,...,m. So, in general, there are at most m non-zero terms in
Ag; if S has scales separated by r > m levels, there is at most one.

Recalling that for an integral operator 7" with kernel K

IT L1 v = esssup[K(-, y)]1,
y

we can see that the integral operator with kernel a g is a contraction in L!. Since at most m
such operators contribute to Ag,

lAglly = mllbolly < 2m|1g f 1

the last inequality here holds because of property (ii) of the Calderén—Zygmund decomposition.

Brought to you by | Biblioteca de la Universidad de Sevilla
Authenticated
Download Date | 10/10/16 7:52 AM



72 Hyténen, Pérez, Treil and Volberg, The A5 conjecture

Summing over all Q € @ we get

1Al <2m Y~ g flr < 2m| flh.

Qe@
So, see (5.8),
2 4dm
[{x: A(x) > 1/2}] < I||A||1 < T”f”l'

If S has scales separated by r > m levels, we can take 1 in place of m in the last few estimates.
O

Using this improved weak type estimate one can get the desired estimate (5.5) by fol-
lowing the proof in [16] and keeping track of the constants. However, there are several other
places in [16], where the curse of exponentiality appears. So for the convenience of the reader,
we are doing all necessary estimates below. Note that an analogous modification of [16] was
already carried out in [14]; here we present yet another argument in the spirit of [16] but with
modifications pertinent to eliminating the curse of exponentiality.

5.2. First slicings. Let us fix Q¢ € D, and let us prove estimate (5.5) for 0 = Q.
Recall that S is an integral operator with kernel ZQG paop(x,y), where ag as in the previous

section (|Q|~! is incorporated in ag).
Define

fo(x) = /Q ag(x. y)w(y)dy.

SO

Sdgaw)= Y fo=f
QeD:0NQo#J

We can split f into “inner” and “outer” parts,

f= > fo+r D> fo=fi+/e
QeD:QCQo 0€D:00G0

The “outer” part f, is easy to estimate. Since [lag(x, -)[loo < |Q|™!, we can write for
Qo0& 0 1
| fo(X)] =w(Qo)|Q]™

and summing over all 0, Qo & 0,

1S < 1Qd ' w(Qo) >[0T Qo

0€D:0050
= 1Q0l™'w(Q0) > 27% <100/ w(Q0).
k=1

Therefore,

/Q folPw! < Q0w (Q0)*w= (o) < [wlayw(Qo).

so [[1gq follL2qw-1) < [w]:i/zzw(Qo)l/z, and it only remains to estimate || fi|| 2(p-1)-
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Now we perform the first splitting. Let r be the complexity of the shift S. Let us split the
lattice O into r + 1 lattices D}, j = 0,1,...,r, where each lattice D; consists of the cubes
0 € D of size 2/~ V7 1 ¢ 7.

If we can show that uniformly in j

> fo

0eD/

2
(5.9) w™! < C229(B3 + 1)*[w]F,w(Qo).

Qo

where C is an absolute constant, then we are done. Indeed, (5.9) gives us an estimate of the
norm of the sum in the left-hand side. Taking the sumoverall j = 1,2,...,r we only multiply
the estimate of the norm by r 4+ 1. So, to get from the estimate (5.9) to the desired estimate
(5.5), we just need to multiply the right side of (5.9) by (r + 1)2.

The main reason for this splitting of & is that it simplifies the structure meaning that for
0 € D] the function fo is constant on the children of Q in the lattice Di . Also note that the
shift

ST f(x) = /Qag(x,y)f(y)dy

0D/
has scales separated by r + 1 > m levels, and 1., (Q) - fo = S/ (1gyw).

Let us fix j, and let us from now on consider the lattice D, := ;. Since j is not
important in what follows, we will skip it and use the notation Dy, freeing the symbol j for
use in a different context. We also denote S/ simply by S, bearing in mind the separation of
scales which allows the use of the sharper estimate in the weak-type bound of Theorem 5.2.

Now we split the lattice O, into the collections @k, k € Z4, k < log,([w]a,), where
each @y, is the set of all cubes O € D, such that

k w(Q) ) w™(0) < okt

5.10
10 =0l o]

‘We want to show that

(5.11) /
Qo

where C; = €224 (B22 + 1)2 is the constant in the right side of (5.9). Then, using the triangle
inequality and summing the geometric progression we get

ngo > fo

QeDy

2
wl < Clzk[w]Az w(Qo),

Y fo

0€Qx:0CQ0o

< ¢l > 2¥/2w(Qo)
k€Z 4 :k<logy([w]a,)

< 4C)*[wla, w(Qo),

so (5.11) implies that (5.9) holds with C = 16Cj.

So, we reduced the main result to the estimate (5.11) with C; = €224 (322 + 1)2. Note
that if we prove (5.11) for Q¢ € @, then we are done, because for general Q¢ we can add up
the estimate for maximal subcubes of Q¢ belonging to @.

L2(w—1)
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5.3. Stopping moments and Corona decomposition. Let us suppose that the weight
w and the lattices D, and @ = @ C D, described above are fixed.
Given a cube Q¢ € @ = @ let us construct the generations

9, =59;(Q0) =9, (Qo,w,Q), T€Zy

of stopping cubes as follows. Define the initial generation §; to be the cube Q.
For all cubes Q € §} we consider maximal cubes Q" € @, Q' C Q such that

w(©Q)  w(Q)
4 ;
o1 ~ o]

the collection of all such cubes Q' is the next generation &, ; of the stopping cubes.

Let §* = §*(Qo) := U,>0 &, be the collection of all stopping cubes.

Note that if we start constructing stopping moments from a cube Q € §*, the stopping
moments §*(Q) will agree with §*, meaning that

§*(0)={0'eg": 0" C 0O}
Let us introduce the last piece of notation. For a cube Q € §* let us define

Q(Q):={0"e@: 0 c 0},

and let
PO =)\ | @)
Q'eg*:0'S0
The above definitions make sense for arbitrary Q € @, but we will use it only for Q € §*, so

we included this assumption in the definition. Note that for Q¢ € @ the set @(Q¢) admits the
following disjoint decomposition:

(5.12) eoy= |J 2w
0€Q*(Qo)

Properties of stopping moments. It follows from the construction of §* thatif R € §*
and Q is a maximal cube in §* such that Q & R, then

(5.13) w@) _ wk)
10| |R|
The estimate (5.13) implies
IRl w(Q)
(5.14) |Q|§T'm,

and summing over all such maximal Q € §*, Q & R (assume that R € §) we get

U o= ¥ o= ¥ worsyr

Qeg*:QSR Qegr, :0GR Qeg’, 10GR

(5.15)

forall R € §*.
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Repeating this estimate for each 0 and summing over the generations we get
- 1
Y. QIR Y 47" =zIR|
Qeg*:0SR n=1
Adding |R| to this sum we get the following Carleson property of the stopping moments §*:
(5.16) > 01 < 3R]
. = 3IRI.
Qe€g*:QCR

It is easy to see that this estimate holds for all R € D, not just for R € §*: one just needs to
consider maximal cubes R’ € §*, R’ C R and apply (5.16) to each of these cubes.
Iterating (5.15) and summing over all generations we get

(5.17) H > 1g

o0
< |R[V2Y 27k =RV,

Qeg*,0crR 2 k=0
We need the following simple lemma.
Lemma 5.3. Forany R € O
(5.18) Y. w(Q) < Clwlg,w(R),

Qeg*,QCR

where C is an absolute constant.

Proof. The Carleson embedding theorem (see Theorem 3.6) applied to 1g together with
the Carleson property (5.16) imply that

Z (wi”z)lel < C|1gw'/?|2 = Cw(R)

Qe€g*,0CR

(the best constantis C = 4 - 4/3). But

(f wl/z)_l < ][w_l/z < (][ w_1)1/2 by Cauchy—Schwarz
< [w]jl/zz(][g w)_l/z because (][Q w)(][Q w_l) < [wl4,,

wi < [w]AZ(wil/z)z

and the lemma is proved (with C = 16/3). m|

SO

This proof was (essentially) presented in [38]. In [16] a different proof was presented,
using a clever iteration argument and giving the better constant C = 16/9.
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5.4. John-Nirenberg type estimates. Given a collection 4 of cubes, A C D,, define
the function f4 by
fa=Y_ fo.
QeA
For the cube Q¢ € §™ consider the function fig(p,). By (5.12) the function fg(g,) can be
decomposed as

(5.19) fawy = Y frwm):

Reg*

where §* := §*((Q)) is the collection of stopping cubes.

The main reason for introducing this decomposition is that, as we will show below, the
functions fp(g) behave in many respects as BMO functions: they have exponentially decaying
distribution functions, so, in particular all L? norms for p < oo are equivalent.

In the proof of these facts the weak L! estimate of dyadic shifts (Theorem 5.2) is used.

The first lemma, which is [16, Lemma 3.15], is a simple observation, that for the John—
Nirenberg estimates of the distribution function it is sufficient to have weak type estimates.

Recall that D, is a 2"-adic lattice, i.e., the children Q' of Q satisfy £(Q’) = 27"£(Q).

Definition 5.4. Let ¢g, O € D, be a collection of functions such that ¢ is supported
on Q and is constant on children (in D, ) of Q. For Ry € D, let ¢§0 be a maximal function

> Pr(x)

ReD,:0SRCRy

PR, (X¥) == sup
QeD,:0>5x

Lemma 5.5. Let ¢g, Q € Dy be a collection of functions such that
(i) ¢o is supported on Q and constant on the children (in Oy) of O;

(i) [[¢olloo = 1;
(iii) there exists 6 € (0, 1) such that for all cubes R € D,

[{x € R: ¢px(x) > 1}| <S|R|.
Then for all R € D, and forallt > 0
[{x € R:¢}(x)>1t}] <8CV/2R.

Proof. Let us prove the conclusion of the lemma for a fixed cube R = Ry € Dy.
Let 8 be the collection of all maximal cubes O € D,, QO C Ry such that

> Pr(x)

ReD,:0SRCRy

(5.20) >1, x€0;

note that the functions ¢g (and so the sum) are constant on the cube Q.
Define the set Bj,
B, = U Q .

0eBy

It follows from the construction that d);‘eo < 1 outside of By, and that for any Q € 8; the sum
in (5.20) is at most 2. Note also that by the assumption (iii) we have that | B1| < §|Ry|.
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For each cube R € B we repeat the above construction (with R instead of Rp); we will
get a collection of stopping cubes B> and the set By = (Jgeg, @, B2 C By, |Bz| < 82| Ro).
It is easy to see that ¢}“30 <2+ 1 = 3 outside of B; and that for any cube Q € B>

> ¢r()

ReD,:0SRCRy

<4, xeQ

(sums outside of R e B contribute at most 2, and the sums starting at R e B1 contribute at
most 1 outside of B, and at most 2 on Q € B5.)

Repeating this procedure we get the collections 8B,, of “stopping cubes” and the decreas-
ing sequence of sets B, = UQe 8, @, such that

|Bn| < 8",
(5.21) ¢}'§0 <2n —1 outside of By,

and

Z dpr(x)| <2n VQ € B,, Vx € 0.

ReD,:QSRCRy

The last inequality is only needed for the inductive construction.
Given ¢ > 1 let n be the largest integer such that 2n — 1 <¢,

n=1[@+1)/2].

By (5.21)
¢}§0§2n—1§z Vx ¢ By,
o)
[{x € Ro: ¢, (x) > t}| < |Bu| < 8" <807 D/2,
This completes the proof for > 1, but for 0 < ¢ < 1 the conclusion is trivial. o

As it was shown above in Theorem 5.2, the weak L! norm of a dyadic shift S of com-
plexity r, with scales separated by r + 1 levels, can be estimated by C = 2d+2||S||% + 5,80
the weak L1 norm of our dyadic shift S and all its subshifts S 4, A C D, can be estimated by

(5.22) By =29t2B2 15,

where
By = sup [Sallz2o 2.
ACD

Now we need the following lemma, which is essentially [16, Lemma 4.7] with all con-
stants written down; in fact, certain modifications in the argument are needed to avoid introduc-
ing exponential dependence on r, which was (implicitly) the case in [16]. Such a modification
(with linear dependence on r) was first obtained in [14, Lemma 7.2]; here we even achieve an
estimate uniform with respect to r by taking into account the separation of scales of our shift,
and the resulting improvement in the estimate of Theorem 5.2.
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Let # C Dy be a collection of cubes. Define the maximal function f; (compare with
Definition 5.4) by

(5.23) fp(x):=  sup
QeD,:0>x

Y. /R

ReP:QSR

For the function fp(gr,), Ro € & defined above in the beginning of Section 5.4 we have

| fP(Ro)| = f;(R )» SO We will use f;;(R ) to estimate the distribution function of | fe(Rry)l-
Note that for R € # we cannot guarantee that its children in O, are in . So while in the

above definition the sums are taken over all R € J, we need to take supremum over Q € D,.

Lemma 5.6. Ler By be given by (5.22). Then for any R € §* we have

(5.24) erR fJ(R)( x) > 161 |( |)}‘ <22.2712B1 R,

w(R)
|

Proof. Now it is time to perform the last splitting. Namely, let us split the set & (R) into
the sets Py (R), a € Z 4, where the collection £, = P, (R) consists of all cubes Q € P (R)
for which

(5.25) w™ ({x € R: [y x) > 200 X }) < 24271211 (R).

W) _w(Q) g w(R)

5.26 .
(:20) R’ =Tl © R|

Note that by the construction of stopping moments

w(©Q) _,w(R)
oF = IRl

so we do not need @ < 0. We can estimate

few = 2 Trm:

an+

Now let us estimate the level sets of f ;a (R) using the above Lemma 5.5. For Q € $4(R)

w(Q) 4—a+1w(R) W(R)2—2a+3B

JoI= T =¥k = Tk

(recall that By > 1). To this end, let

22a—3|R|

o = lp,(r)(Q) - Blw—w

- fo.
so that ¢ satisfies the first two assumptions of Lemma 5.5.

Recall the notation ¢721 from Definition 5.4. We want to use the weak type estimate for
shifts to estimate the size of the set

{x € Ry : ¢k, > 1}.

Brought to you by | Biblioteca de la Universidad de Sevilla
Authenticated
Download Date | 10/10/16 7:52 AM



Hyténen, Pérez, Treil and Volberg, The A5 conjecture 79

Observe that this set is the union of the maximal cubes M € D, such that

‘ > o)

M:MSQCR,

> 1

for x € M. Let M stand for the collection of these maximal cubes, and let

N:={0eD, :QCR;BMeMQCM)

> 1},

22a 3|R| 22a—3|R|
2 9o Biw(R) 2, Jfo= Biw(R) Sea@nn (IR W);
QeN 0ePy (R)NN 1

Then

> ¢o

QeN

(xeRi:gp, > 1} ={xeR:

where

hence, by Theorem 5.2 and ||[1g, w||1 = w(Ry),
2a 3|R|

}{x€R1:¢;1>1}}§ W

w(Ry).

If Ry € Py(R), then the right side is directly dominated by 22¢73 . 47*F1|Ry| = L|Ry|.
For an arbitrary Ry € Dy, observe that ¢ = > p ¢p, where the summation ranges over
the maximal P € $,(R) with P C Rj. Since supp¢p C P, and these cubes are disjoint, it
follows that

1 1
{xeRi:gp, >1}|=> [{xeP:¢p>1} = Z§|P| <5 IRil.
P P

Observing that
¢* 20— 3|R| f
R Biw(R) 7 F«®)”

Lemma 5.5 implies that
Hx €R: fp (r) > t—2_2“+3t}‘ = [{x e R:¢} > 1}| <27CD/2|R|.
Rescaling ¢ we can rewrite the inequality as

(5.27) |{xeR I, ®)(X) > 161 |§e|)}‘ < V2. 274BIR| Vi >0,

Denote the set above as Ey(?),

(R)}

Eq(t) _{xeR I3 (ry(@) > 161 7

We want to estimate the set where

o0
Z f;a(R)(x) >T.
a=0
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If this happens for x € R, then either f;O(R)(x) >T/2,or

o0

Z R X)>T)/2.

The latter inequality implies that either f ;0( R) (x) >T/4or

o0

Z 5 () > T/4,

and so on. Repeating this reasoning with 7" = 16w(R)t/|R|, we can see that
So using (5.27) we get

|R| 1HX€R fJ(R)(x)>16t } \/_Zz_tzot /B,

IR
< ﬁz pt/2Bi—e jry > op,

<2+/2.271/2B1,

which proves (5.24). We have proved (5.24) for t > 2By, but for ¢ < 2B; this estimate is
trivial, because the right side is greater than |R|. Thus, (5.24) holds for all ¢ > 0.

To prove (5.25), let us first recall that all our cubes are in @ = @, so (5.10) holds for
all of them. If, in addition O € $y(R), then (5.26) (the definition of £, (R)) is satisfied, and
combining these two estimates we get

ko1 IR _w D) ii1,a IR 5
(5.28) 2ky -® =0l < 2k+ly 2 ® VO € P4(R).

So w~1(Q) can be estimated via |Q|. Thus we will use the known estimates of the Lebesgue
measure of level sets to get the estimates of the w™! measure.

Let us consider the set where

w(R)

f o (X) > 201 ——
PR IRl

This set is a disjoint union of cubes Q' € D, which are the first (maximal) cubes Q for which
the sum in (5.23) defining f;,a (R) exceeds 207 - w(R)/|R|. Unfortunately the cubes Q' are
not necessarily in £y (R), so we cannot use (5.28) for them. But their parents are in #y(R)
(because the summation is over $y (R)).

So, let &, (t) be the collection of such parents, and let

E«y:= |J o
Q€€ (1)
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Note that to get Eq (1) it is sufficient to take the union of the maximal cubes Q € E4(7), so the
set Eq(¢) is a disjoint union of cubes Q C £, (R). Since for Q € F4(R)

w(0) _ a1 w(R)
o] — |R|

we can conclude that for all Q € &4 (¢) and all ¢ > 47%

> )

R'€Py(R):QSR’

[fo()| =

R R R
> 20 2B g e PR 0By e
|R| IR |R|

(because the corresponding sum for one of the children Q' of Q exceeds 207 - w(R)/|R| on
Q’, and the difference between the two sums is fp; we also use that the sum in the left hand
side is constant on Q).

So f;a(R)(x) > 16¢ - w(R)/|R| on Q, and we conclude that for ¢t > 4™ the inclusion

Eq(t) C E4(1) holds. Using the estimate (5.27) for | E4(¢)| (and replacing +/2 by 2 there) we
get that forr > 47%

(5.29) |Eq(r)] <2-2714/Bi|R|.

Note that for ¢ < 4~¢ the above estimate is trivial, so it holds for all ¢ > 0.
Since by (5.28) for all Q € £y (R)

R|
-1 < pk+1 |
W (0) = e 0]
summing over maximal cubes in &, (¢) we get
—1, 7 k1,40 IRl =
W (Eq(t)) <2 4% ——[Eq(1)]
w(R)
R @
< pk+iga IRl 5 hord /BUR| by (5.29)
w(R)
(5.30) <42 .22 . 2714/Biy,=1(R) by (5.10).
Now we want to estimate w™! (E (¢)), where
- R
E@) = {x eR: fE(x)> 20:%}.

Let T := 20t - w(R)/R. If forx € R

o0
> e >T
a=0

then either f,;o(R) (x) > T/2 (in which case x € Eo(t/2)) or

> fem®) > T/2.

a=1
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If the latter inequality holds, then either f, ;1 ( R)(x) > T/4,s0 x € Eo(t/4), or

Z f;a(R)(x) > T/4.
a=2

Repeating this reasoning we get that
E@) c | Ear2™ ™).
a>0
So we conclude

w N (E@) Y w (Ee(127%7Y)

a=0

oo
< 4w I(R) Y 4%~ /B by (5.30)
a=0
< 4w Y(R)-6-271?B it > 2B,.
To prove the last inequality we need to estimate for ¢ > 2 B; the sum

oo

Z 220-12%/2B;

a=0

Since 2% > 3 + 2 for o > 4, we can estimate for « > 4 and t > 2B,

200 —12% /2By <20 —t - (3a + 2)/2B,
= (Qa —2at/2By) —at /2By —2t/2B;
<0—«a—1t/2By,

SO - - |
Z2za—t2a/231 < 2—1‘/231 Zz—a < _'2—1‘/231
J— 2 .
a=4 a=4
Fora = 0,1, 2, 3 we can estimate

_oa _ 1
22a—12%/2B1 < o >=1/2B1  yhereco =1, c; = ¢y =2, 3 = X

so adding everything we get that
w N (E () < 24-272By~1(R).

We proved that estimate for ¢ > 2By, but for t < 2B the estimate is trivial because the right
side is bigger than w1 (R). So the estimate holds for all # > 0. i
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5.5. Conclusion of the proof.

Lemma 5.7. Forany R € §*

w(R)

(531) Ifplz < CoBy=p = RIM,
w(R)

(5.32) I fp@®)lL2@-1) < C1B1 R] w~l(R),

where C1 and Cy are absolute constants and B is given by (5.22).

This lemma is proved by using the distributional inequalities from Lemma 5.6 and com-
puting the norms using distribution functions. That will give the desired estimates for the
norms of the maximal function f;( gr)> and since | fo(r)| < . » (r)> We get the conclusion of
the lemma. We leave the details as a trivial exercise for the reader.

Recall that to prove the main result we need to prove estimate (5.11) for all cubes
Qo € @ = Q. Foracube Q € @, let Q(Q) := {0 € @ : Q' C Q}. We want to
estimate || fo(Qo)lL2@w-1), Qo € &, where

fawy = Y. fo
0€@(00)

Since (see (5.19))

fawn = Y, [frwo)»
0eg*(Qo)
we can write

Ifaolow-—1y = Y, Ife®liam-1) +2 > (2@ fP@))w1]
Reg*(Q0) R,0€8*(Q0):0SR

=51+ 955.
The first sum is easy to estimate. By (5.32)

2 »w(R)?
I /PRI 72 -1y < [C1B1] R

< [C131]22k+1w(R) because R € @ = @,.

w™(R),

Summing over all R € §* = §*(Qy) we get, using (5.18),
S1=2[CiBi2F Y w(R) < CBE2K[wla,w(Qo).
Re€*(Go)

where C is an absolute constant.
Let us now estimate S>. Let Q, R € §*, 0 & R. Then fp(g)(x) is constant on Q; let
us use the symbol fp(g)(Q) to denote this constant. We then can estimate

(fp®): fp0)w-1] = /2Ry ()] W (ON'?|| fp(0)llL2w-1) by Cauchy-Schwarz

-1
sclBufm)(Qn%W by (5.32)
(5.33) < C1B1|fp@®)(Q)12"T1 10| because O € Q.
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Using this estimate we can write

S2(R) = Y Wfew» [P(0)) w1

Qeg*:QSR
<GB Y Ifpw(Q)-1Q] by (533)
Qeg*:QSR
=2k+1CIBl/|f{P(R)| Z Lo dx
R Qeg*:0SR
< 2k+1C131 ||f?(R)||2 . Z 1o by Cauchy—Schwarz
Qeg*: QSR 2

< 2%*2[Cy B1]*w(R) by (5.31) and (5.17).

Therefore, using (5.18), we have

S2 < 2HCIBIP < 2M OB ) w(R) < C(B1)*2 [wla,w(Qo)
Reg*(Qo)

with some absolute constant C. But that is exactly the estimate (5.11), so Theorem 5.1 is
proved. |
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