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ASYMPTOTIC BEHAVIOR OF NONLINEAR ELLIPTIC SYSTEMS
ON VARYING DOMAINS*

JUAN CASADO DIAZ' AND ADRIANA GARRONI#

Abstract. We consider a monotone operator of the form Au = —div(a(z, Du)), with Q C R"
and a : Q x MMXN _, MIMXN “acting on Wol’p(Q, RM). For every sequence (2,) of open subsets of
Q and for every f € Wb’ (Q,RM) 1/p+1/p’ = 1, we study the asymptotic behavior, as h — +oo,
of the solutions up, € W (Qp,, RM) of the systems Auy, = f in Wfl’p/(ﬂh, RM), and we determine
the general form of the limit problem.
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1. Introduction. In this paper we study the asymptotic behavior of the so-
lutions of elliptic nonlinear systems, of M equations and N variables, on varying
domains with Dirichlet boundary conditions. Namely, let € be a bounded open
subset of RY and let 1 < p < +00. We regard A as a vector monotone oper-
ator defined from W1P(Q,RM) to W12 (Q, RM), mapping u € WHP(Q,RM) in
Au = —div(a(z, Du)) € W12 (Q,RM). The function a: Q x MM*N s MM*N jg 5
Carathéodory function which satisfies the standard assumptions of strong monotonic-
ity and Holder continuity (see conditions (i)—(iv) in section 5). Given an arbitrary
sequence of open subsets 2, of Q and given an arbitrary f € W’l’p/(Q,RM ), we
consider the solutions u,, of the following systems with Dirichlet boundary condition

(1.1) U, € Wy (0, RM),  Au, =f in Q,.

We set u,, = 0 in Q\ Q,, and regard the sequence (u,) as a sequence in W, * (2, RM).
Our results describe the asymptotic behavior of (u,) as n — oo and characterize the
limit function as the solution of a variational “limit problem.”

The main result of this paper is given by the following compactness theorem.

THEOREM 1.1. Let Q, be an arbitrary sequence of open subsets of Q). Then
there exist a subsequence of Qy,, still denoted by Q,,, a measure p in the class ME(€2)
of positive Borel measures not charging set of p-capacity zero, and a vector function
F:QxRM — RM, such that for every f € W1+ (Q,RM) the sequence (u,) of
solutions of problems (1.1) converges weakly in W(;L’p(Q7 RM) to the solution u of the
variational problem

u e WyP(Q,RM) N Lk (Q,RM),

(1.2) /Qa(x,Du)Dvdx—i—/ F(z,u)vdu = (f,v)

Q
Vv € Wy P(Q,RM) N Ly (Q, RM).
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By L% (9, RM) we denote the standard L? spaces with respect to the measure p.
Note that in this general case the usual “extra term” is given by fQ F(z,u)vdpy.

The problem considered in the present paper has been studied, under various
degree of generality, by many authors, with several approaches and in different frame-
works. Most of the known results are given under assumptions involving the geometry
or the capacity of the closed sets Q\ Q,,, which in general imply that the measure p
in the limit problem is a Radon measure (see, for instance, [20], [22], and [7] for the
linear case, and [24], [25], [26], [27], [21], and [3], for monotone operators).

The class MF(Q) described above also includes measures which take the value
+o00o on large families of sets; in this way, Dirichlet problems in subdomains of €2 can
be written in the form (1.2) for a suitable choice of p. Indeed, it is easy to see that,
if F is a closed subset of 2 and the measure u is defined by

0 if C,(BNE)=0
400 otherwise,

(13) ue) = {

for every Borel subset B of 2, where C, denotes the p-capacity, then problem (1.2)
is equivalent to

ueWyP(Q\E,RM),  Au=f in Q\E.

In view of the latter remark, the compactness result above will be proved in a more
general formulation (see Theorem 6.4) for a sequence of problems of the type

un € Wy P(QRM) N L (Q,RM),

(1.4) /a(m,Dun)DvdaE—i—/Fn(x,un)vdun = (f,v)
Q Q
Vv e Wy P(Q,RM) N LE (Q,RM),

which for a suitable choice of (p,,) in ME(Q) reduce to (1.1), and includes also
Schrodinger systems with positive oscillating potentials. A further motivation for
the study of problem (1.4) is given by the recent applications to a relaxed formulation
of some optimal design problems (see, for instance, [2]).

The compactness result in the setting of (1.4) was first proved for the scalar case
M = 1, using I-convergence techniques, in [13] and [14] when p = 2 and A is a
symmetric linear elliptic operator, and in [10] if A is p — 1 homogeneous, under the
assumption that it is the subdifferential of a convex functional. These results were
generalized using Tartar’s energy method in [11] for the general scalar linear case,
and subsequently for the nonlinear case under an assumption of homogeneity of order
p — 1 for the operator A (see [15] and [16]). In these cases the extra term which
appears in the limit problem is proved to be of the form fﬂ |ulP~2uv , du. The case
of systems is much less investigated. Previous results have been obtained only in the
framework of linear symmetric elliptic operators in [18]. Further reference on this
subject can be found in the book [9] and in the papers [11] and [16], which contain a
wide bibliography.

Our result provides a description of the limiting behavior of sequences of Dirichlet
boundary value problems not only for monotone operators of Leray—Lions type, but
also covering the case of systems related to linear possibly nonsymmetric operators or
nonlinear homogeneous operators, which were not included in previous results. The
proof follows the lines of [3], where Theorem 1.1 is obtained in the scalar case, under



Downloaded 09/30/16 to 150.214.182.15. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

ASYMPTOTIC BEHAVIOR OF NONLINEAR ELLIPTIC SYSTEMS 583

some additional assumptions on the sequence (£2,,) which imply in particular that the
measure y in the limit problem is bounded. The idea of the proof is essentially to
compare our sequence of problems with a sequence of model problems for which the
behavior is known (for instance scalar problems with the p-Laplace operator).

In section 2 we recall some preliminary results and notation and in section 3 we
state some known results in the study of the asymptotic behavior of scalar problems
with the p-Laplace operator.

Section 4 is dedicated to a careful study of the behavior of a sequence of “cor-
rectors” for the p-Laplace operator, as introduced in [16]. In section 5 we state the
problem and we prove, following the line of [1] and [16], that a sequence of solutions
of problems (1.4) which converges weakly in WP(Q, RM) converges also strongly in
WLr(Q,RM) for every r < p (see Proposition 5.4). In section 6 we prove the com-
pactness result. In section 7 we prove a correctors result, in the general context of
nonlinear monotone vector operators. Indeed, the sequence of gradients (Du,,) of so-
lutions of problems (1.1) converges to Du a priori only weakly in LP by Theorem 1.1.
Hence to obtain a strong convergence it is necessary to add a further sequence which
depends only on the limit function . The construction of such a sequence is provided
by Theorem 7.1 and is new also in the case of linear systems. For previous correctors
results, see, e.g., [7], [11], [3]. Section 8 is devoted to the analysis of some special
cases. In particular we obtain a simpler form for the extra term and for the correctors
in the linear case and in the homogeneous case, in agreement with the previous scalar
results. The structure of the extra term is proved to depend only on the asymptotic
behavior of the function a(x, §) for £ — oo (see section 9). In the last section our result
is applied also to the treatment of asymptotic problems in a class of pseudomonotone
operators. The extension to the general pseudomonotone operators for the scalar case
can be found in [5]. Throughout the paper we treat in detail only the case p > 2.
The case 1 < p < 2 can be treated in a similar way, after proper modification on the
growth and coerciveness hypotheses for the operator A. The changes in the proofs
can easily be performed using Proposition 3.2 of [17].

2. Notation and preliminaries. Let N and M be two positive integers, N > 2;
by MM>N we denote the space of M x N real matrices.

Let ©Q be a bounded open subset of RY. We denote by Wol’p(Q,RM) and
WhP(Q,RM), 1 < p < 400, the usual Sobolev spaces (of RM-valued functions) and
by W=7 (Q,RM), 1/p' + 1/p = 1, the dual of WyP(Q,RM). By W!?(Q,RM) and
WP, RM) we denote respectively the space of all functions in W1(Q, RM) with
compact support in  and the space of all functions which belong to W1 (U, RM) for
every open set U CC . When p = 2 we adopt the standard notation H'(Q, RM),
H}(Q,RM), and H~1(Q,RM).

By Lz(Q, RM), 1 < p < +00, we denote the usual Lebesgue space with respect to
the measure p. If y1 is the Lebesgue measure, we use the standard notation LP(Q, RM).

When we consider space of scalar functions (M = 1), we omit R in the notations
above.

Let u € W1P(Q) and k € R. By Tyu we shall denote the truncation at the level
k which is the function in W?(Q) defined by Tpu = (—k) Au V k.

Let A be an open set in RY, v : A — RM and a,b € R; we shall denote by
{a < |u] < b} the set of all z € A such that a < |u(z)| < b. When A = Q we shall
omit 2 in the notation above.

We shall use o, ,, (respectively, 0,,) to denote a sequence of real numbers such
that limy, oo limy o0 Om,n = 0 (respectively, lim,,_,o 0p, = 0).
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If E C Q, the (harmonic) p-capacity of E in Q, denoted by C,,(E), is defined as

the infimum of
/ |Dul? dx
Q

over the set of all functions u € Wy *(Q) such that u > 1 almost everywhere (a.e.) in
a neighborhood of FE.

We say that a property P(z) holds p-quasi everywhere (abbreviated as p-q.e.)
in a set E if it holds for all x € E except for a subset N of E of p-capacity zero.
The expression p-almost everywhere (abbreviated as p-a.e.) refers, as usual, to the
analogous property for a Borel measure p.

A function u: Q — RM is said to be p-quasi continuous if for every € > 0 there
exists aset A C 2, with Cp(A4) < €, such that the restriction of u to 2\ A is continuous.

It is well known that every v € WP(€2, RM) has a p-quasi continuous representa-
tive, which is uniquely defined up to a set of p-capacity zero. In the following we shall
always identify u with its p-quasi continuous representative, so that the pointwise
values of a function u € WHP(Q, RM) are defined p-q.e. in .

A subset A of  is said to be p-quasi open in (Q if for every ¢ > 0 there exists an
open subset A, of Q, with C,(A.) < ¢, such that AU A, is open. It is easy to see that
if a function u: Q) — R is p-quasi continuous, then the set {u > ¢} is p-quasi open for
every ¢ € R. For all these properties of p-quasi continuous representatives of Sobolev
functions we refer to [28, Chapter 3].

By a nonnegative Borel measure in ) we mean a countably additive set function
defined in the Borel o-field of © and with values in [0, 400]. By a nonnegative Radon
measure in ) we mean a nonnegative Borel measure which is finite on every compact
subset of 2. We shall always identify a nonnegative Borel measure with its completion.

We say that a Radon measure v on ) belongs to W*L”,(Q) if there exists f €
W12 (Q) such that

(2.1) (. ¢) =/Q<pdv Ve CR(Q),

where (-,-) denotes the duality pairing between W~1%' () and W, (Q). We shall
always identify f and v. Note that, by the Riesz theorem, for every positive functional
f e W1 (Q), there exists a Radon measure v such that (2.1) holds.

We denote by ME(€2) the class of all Borel measures which vanish on the sets of
p-capacity zero and satisfy the following condition:

w(B) = inf{u(A) : A p-quasi open, BC A C Q}

for every Borel set B C 2. It is well known that every Radon measure which belongs
to W1 (Q) belongs also to M%(Q) (see [28, section 4.7]).

3. Preliminary results on the relaxed Dirichlet problem with the p-
Laplace operator. Let Q be a bounded open subset of RV, N > 2. Let 2 < p < 400
and let u € M5(Q). In the following we shall consider the space Wy () N LE(€2) of

all functions u € W, () such that Jo lulPdp < 400. With the norm

g romaor = ([ 1o [ )’
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the space W, (Q) N LE(Q) is a reflexive Banach space.

Let f be a functional belonging to (Wol’p(Q)ﬂLﬁ (Q))’ (the dual space of W, (Q)N
L%(£2)) and let us consider the following variational problem:
ue WyP(Q) N LE(Q),

(3.1) /|Du\p’2DuDvdx+/ u[P~2uvdp = (f,v)
Q Q

Yo e Wy P(Q) N LE(Q).

Since the operator from Wol’p(Q)ﬁLfL(Q) to (Wol’p(Q)ﬂLfL(Q))’ mapping u € Wy (Q)N
LP(Q) to the functional defined by [, [Du[P~>DuDvdx + [, [u[P~?uv dp for every
veWyr(Q) N LE(€2) is a maximal monotone operator and the space WP () NLE(Q)
is reflexive, we get that there exists a unique solution u of problem (3.1).

Remark 3.1. Tt is easy to see that the dual of W, () N LE (%), (W P(2) N
LE(£2)), coincides with WL (Q) + Lﬁ/ (Q), so that, in particular, an element of
the space W~1P (Q) can be seen as an element of (W, (Q) N LE (). In what
follows, with a slight abuse of notation, (f,v) will denote the duality pairing between
(Wol’p(Q)ﬂLﬁ(Q))’ and Wol’p(Q)ﬂLﬁ(Q), in the general case f € (Wol’p(Q)ﬁLfL(Q))’,
and the duality pairing between W =17 (Q) and W, *(2), in the case f € W17 ().

Many results similar to those given in the linear case (comparison principle, com-
pactness, etc.) have been proved by Dal Maso and Murat (see [16] and [15]) for
nonlinear problems of the type (3.1) (in general for nonlinear homogeneous opera-
tors).

PROPOSITION 3.2. Let f1, fo € W‘l’pl(Q) and let py, pz € ME(Q). Let uy,
Ug € Wolp(Q) be the solutions of problem (3.1) corresponding to f1, p1 and to fa, us.
If0< f1 < fo and ps < py in Q, then 0 < uy < ug p-g.e. in 2.

Proof. See [15, Proposition 2.7]. O

In the space M5 () it is possible to introduce a notion of convergence relative to
the p-Laplace operator, A,u = div(|Du|P~2Du).

DEFINITION 3.3. Let (i) be a sequence of measures of MY(Q) and let p €
ME(Q). We say that (ju,) v~ 27 -converges to the measure y if, for every f € WL’ (Q),
the sequence (uy,) of solutions of problems

un € WoP(Q) N LY, (Q),

(3.2) /|Dun|p_2Duandsc+/ [t [P 20 dp, = (f,0)
Q Q

Yoe Wy P(Q)NLE ()

Hn

converges weakly in Wy (Q) to the solution u of problem (3.1).

Ap -Comn-

THEOREM 3.4. Every sequence of measures in M§(Q) contains a v~
vergent subsequence.
Proof. See [10, Theorem 2.1] or [15, Theorem 6.5]. 0O

Many properties of the measure p € M{(2) can be studied by means of the
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solution w of the problem

w e Wy(Q) N LE(Q),

(3.3) /|Dw|p_2Dvadx+/ lwP " 2wodp = /vdw
Q Q Q
Vv e WyP(Q) N LE(Q).

By the comparison principle (Proposition 3.2), the function w is bounded in L>(2)
by a constant which does not depend on p (see [15, section 2]) and satisfies w > 0
p-q.e. in €.

THEOREM 3.5. Let u € M§(Q), let w be the solution of problem (3.3) and let
v =1+ A,w in the sense of w—Lp (Q). Then v is a nonnegative Radon measure of
W=7 (Q) and

(3.4) v(BN{w>0}) = /Bwpfldu

for every Borel set B C ). Reciprocally, we have

u(B) = /B wpl—ld” if Cp(BN{w=0})=0,

+00 if Co(BN{w=0})>0

for any Borel set B C ().
Proof. See [15, Theorem 5.1] and [11, Proposition 3.4] for the linear case. O
The next proposition gives two density results which will be useful in what follows.
PROPOSITION 3.6. Let pn € ME(Q) and let w the solution of problem (3.3). Then
(a) the set {wp : ¢ € C(Q)} is dense in Wy (Q) N LE() and hence in
Wi (€2) N LE ().

(b) the set A of all functions of the form w 22:1 a;lg, where a; € R and K; are
closed subsets of 0 such that w = 0 p-a.e. on K; N K, with i # j, is dense
in L7 (Q).

Proof. The proof of part (a) is given in [15, Proposition 5.5]. In order to prove
part (b), we consider the measure A = w”u. Since w belongs to L7 (), the measure
A is a Borel bounded measure and therefore the set of all step functions of the form
Zézl a;lg,, where a; € R and K; are closed subsets of € such that, for i # j,
ME;NK;) =0, is dense in L (2). If u belongs to LE (), then u/w belongs to L (),
and for every ( € A we have

u |P
[ le=2" ax= [ juc— ulr an
Q w Q

which gives part (b). |

Finally the solutions of problems (3.3) are useful to characterize the y~“»-con-
vergence in M§(Q). Let (u,) be a sequence of measures in M (€2), and let w,, be the
solutions of the problems

wy € Wy P(Q) N L5, (),

A

(3.5) /|Dwn|p’2Dwandx+/ |wn [P~ 2wnv dpt, = /vdw
Q Q Q

Yo e Wy (Q)NLE (Q).
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The following result characterizes the v~
of the functions w,,.

THEOREM 3.7. The following conditions are equivalent:

(a) (wn) converges to w weakly in Wy '*();

(0) (pn) v~ 27 -converges to p.

Proof. See [15, Theorem 6.3] and [11, Theorem 4.3] for the linear case. d

Remark 3.8. If (uu,) v~ “»-converges to p, then the sequence (w,,) converges to w
strongly in VVO1 "(Q) for every 1 < r < p and hence, a subsequence of (Dw,,) converges
to Dw pointwise a.e. in Q (see [15, Theorem 6.8]).

r-convergence in terms of the convergence

4. Sequences in the spaces Wl’pl"lLﬁn . In this section (u,,) will be a sequence
of M}(Q) which y~2#-converges to a measure u € M} (Q). We shall use the sequence
(wy,) of the solutions of problems (3.5) to investigate the behavior of an arbitrary
sequence (uy), with u, € WP(Q) N LE (), which converges weakly in W'?(Q). By
Remark 3.8 we may assume that (w,) and (Dw,), respectively, converge to w and
Dw pointwise a.e. in €.

Let us prove some technical lemmas that will be useful in the remainder of this
paper.

LEMMA 4.1. Let ' be an open subset of Q. For every ¢ € WyP(Q') N L®(Y)
we have

(4.1)  lim (/Q/ |Dwn|p<pdx—|—/ﬂ/ |wn|pnpd,un) = /Q/ |Dw|pg0da:+/9/ |w|Po dp.

n—oo

Proof. Let ¢ € Wol’p(Q’) N L () and let us extend ¢ to Q by setting ¢ = 0 in
Q\ . Thus wye belongs to W, ?(Q), and we can take it as test function in (3.3).
Therefore by Remark 3.8 we obtain

lim (/ |Dwn|pgpdz+/ \wn\pgad,un>
n—oo Q Q

= lim (/ Wy dr — |Dwn|p72DwnD4p wndaj)
’ Q/

:/ wcpdxf/|Dw|p72DwD<pwdz :/ |Dw|p<pda:+/ |w[Pp du,
’ Q QI Q/

which concludes the proof. 0
LEMMA 4.2. Let ' be an open subset of Q. For every ¢, € WLP(Q )N L>® (),
with @ or ¢ in Wy (), we have

lim </Q/ |D(wnw)|ptpdm+/9/ |wn¢|pg0d/¢n) = /Q/ |D(w1l))\ps0d£€+/ﬂ/ [wip [P dp.

n—oo

(4.2)
Proof. Let p,1p € WHP(Q') N L>(Q), with ¢ or ¢ in Wol’p(Q’). Since for every
£1,& € RN and for every p > 2 the following inequality holds

(4.3) 6P = 162P| < p(1&] + &) 16 — &l

we have

[ Dw,, + w, DY|P — [pDw,|P| < p([:Dw, + w,Dv| + [Dw,| )’ [w, D),
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where by Remark 3.8 the left-hand side converges pointwise to ’|1/)Dw + wDy|P —
[y Dw?| and the right-hand side is uniformly integrable. Then (|D(wy)[P — |1y Dwy, |P)
converges to | D(wi)|P — |1 Dw|P strongly in L'(€'). This implies that

| 1pwareds = [ puorode— [ (Dullupedst [ DuploPedrto,
(94 Q Q Q

and therefore the conclusion follows from Lemma 4.1. ]

LEMMA 4.3. Let € be an open subset of Q, let w € W'P(Q') N LE(QY), and let
(¥m) be a sequence of functions in C§(Y) such that (wi,,) converges to u strongly
in WioP () N LE(QY). Then

(44) lim lim ( | D(wntm —u)|p<pdx+/ |wn1/)m|p<pdun) = / |u|Po du
m—oon—oo\ Jq Q Q
for every o € WhP(Q) N L>°(Q).
Proof. As in the proof of Lemma 4.2, (|D(wytm —u) [P —|D(wntm)[P) converges to
| D (w1, —u)|P — | D(wiby, ) |P strongly in L1(Q) as n — oo. Let ¢ € WHP(Q)NL>(Q);
thus, by Lemma 4.2, we get

o |D(wn¢m_u)|p§0dl‘+/g ‘wn¢m|p§0dﬂn :/g (|D(wn1/)m—u)\p—\D(wnzbmﬂp)gpda:
’ ’ 2/
=+ o |D(wnwm)|p</)d$+/ﬂ | W Ym|P o dpin :/Q (|D(w1/1m—u)|p— |D(w¢M)|p)§0d1'
+ ID(w1ﬁm)\”s&dfv+/ [wpm [P dp + on, :/ [ulPo dp + 0 -
Q/ Q/ Q/

The conclusion follows by taking the limit first as n — oo and then as m — oo. O

Let ' be an open subset of Q. The following theorem shows that if a sequence
(un), with u, € WHP() N L (Q'), converges weakly in W'P(€') to a function
u € WHP(€)'), and there exists a constant C' > 0 such that

(4.5) / Pyt < C
Q/

for every n € N, then the function u belongs to L (€').
THEOREM 4.4. Let (u,) be a sequence such that u, € WhP(Q¥) N LE (Q).
Suppose that (u,) converges weakly in W1P(Q') to some function u. Then

(4.6) liminf(/ \Dun|pdac—|—/ |un|pd,un) 2/ \Du|pdx+/ |ulPdy.
n—:00 Q QO Q/ QO

In particular, if (4.5) holds, then u € WhP(¥) N LE(Q).

The result of Theorem 4.4 can be obtained as a direct consequence of the I'-
convergence of the functionals [, |Duy,|Pdz+ [o, [un [Pdjy, to the functional [, | Du[Pdz+
Jo [ulPdp proved in [10]. For the sake of completeness we shall give an alternative
proof of Theorem 4.4 which does not involve I'-convergence theory. Before proving
Theorem 4.4, let us prove two preliminary lemmas.

LEMMA 4.5. Let (uy) be a sequence such that u, € W'P(Q')NLE () and such
that (4.5) holds. Suppose that (u,) converges weakly in WP (Q') to some function u.
Then {u =0}q 2 {w = 0}qr.
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Proof. Taking into account the decomposition u,, = u,;} — u,,, where u,}} and u,,
denote respectively the positive and the negative part of wu,, it is not restrlctlve to
assume u, > 0 p-q.e. in .

We shall prove first the result in the special case where the functions u, and u
belong to VVO1 P(€)), and we shall suppose, also, that there exists a constant K > 0
such that u, < K p-q.e. in €' and hence u < K p-q.e. in .

For every m € N let us consider the sequence (u") of the solutions of the problems

up € WP () N L, (),
\Du?|p_2Duanv de+ [ |[u™P2u"v dpy,
Q/

= m/ |, |P~2 — Junt|P~ 2u )vdx

Vo e WyP(Q)nLE, (),

which, extended to §2 by setting v/ = 0 in Q\ €Y, are also the solutions of the following
equivalent problems:

it € Wo () N LG, (%),
/ | Du™[P~2 Du™ Dv d —|—/ lu™ [P~ 20 iy,
Q

= m/ P2y, — u P 2ult v da

Vo e WP () N L (),

where [i,, is the measure defined by

1a(B) i Gy (BN (Q\ Q) =0,

ﬂn(B) =
too I C(BN(Q\Q)) >0
for any Borel set B C 2. By the comparison principle (Proposition 3.2) we have that
(4.9) 0<u™ < miiKuw, p-q.e. in .

n

By taking in (4.7) u* — u, as a test function we get
/ (|DulMP=2Dul — |Dup, |P~2 Dy, ) D(ull — uy,) da
Q/
2 = ) (6 = ) di
(4.10) &
—i-m/ (|u?|p*2uz’ — |un|p*2un)(uﬂ —up)dx
QI
= —/ | Dy, [P~2 Duy D(u™ — uy,) da — / [ [P 2 (U™ — ) .
o o
Since for every £1,& € RY and for every p > 2 we have

(4.11) (I6P726 — |&IP72&) (& — &) > 2°7P|& — &7,
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applying Young’s inequality in (4.10) we get

2277 [ |D(u™ — uy,)|Pdx + 22*”/ U™ — wp|Pdpy, +227Pm [ |u™ — u, |[Pdx
o o

Q/
1
- p P
< g (/Q/ | Dy, | d:v—ﬁ—/ﬂ/ [t d,un)
4

([ 10— w)pdo+ [ - updun),
P N ol

where € > 0 is an arbitrary real number. Since (u,) is bounded in VVO1 P(QV) and (4.5)
holds, by choosing € small enough we obtain that there exists a constant C' > 0 such
that

(4.12) |D(uyt — uy,)|Pdx + m/ lupt — up|Pdx < C.
o o

m

By (4.12) we have that the sequence (u") is bounded in W, (), uniformly in m
and n. Then for every m € N there exists a subsequence of (u"") (we can choose the
subsequence independent of m) which converges to a function v weakly in WP ().
By the weak lower semicontinuity of the norm, the sequence (u™) is also bounded in
WP (Q). Moreover by (4.12) we get

. C
|[u"™ — u|Pde = nh_}n;o/ lurt — up |Pdx < —,
o o

3

and hence (u™) converges weakly to u in Wy*(€). By (4.9) we have that |u™| <
m" @~ Kw p-q.e. in ' and hence u™ belongs to the set K = {v € Wy P(Q') : v =
0 p-q.e. in {w =0} }. Since K is convex and closed in W, (), it is weakly closed.
Therefore u € K and hence {u =0} 2 {w = 0}q.

Finally let us consider the general case where the sequence (u,,) is not bounded in
L>(Q') but u,, € WHP(Q')NLE (), satisfies (4.5), and converges weakly in W7 (')
to u. Let ® be a function in W, ('), with ® > 0 in ', and for every n € N let
Tyu, be the truncation at the level 1 of u,. Since ®Tyu,, € Wy (V)N Lt (Q') and
the sequence (®Tiu,) satisfies (4.5), is bounded in L*°(€’), and converges weakly in
WyP (V) to ®Thu, by the previous step we can conclude that {®Tyu = 0} D {w =
0} and hence {u = 0} 2 {w = 0}qr. O

LEMMA 4.6. Let (vy), with v, € W'2(Q') N LE (), be a sequence which con-
verges to a function v weakly in WHP(Q'), and suppose that there exists a constant
C > 0 such that

(4.13) / |on [Pdp, < C
Q/

for every n € N. Then we have

n—oo

i ([ 1D(wnt) P2 Dlw,t) Do+ [ gl v, du
(4.14) & v

- / | D(w) P2 D(w) Do dr + / olwlP 2wy du
2, Sz/

for every ¢ € WY2(Q') N L®(Y) and for every o € Wy P(Q') N L (V).
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Proof. Let ¢ € WhP(Q) N L(Q') and o € Wy P(¥) N L=(Q). Since for every
p > 2 the following inequality holds

(4.15) 6177261 = [P 26| < (p = D)(I&] + [&2DP 7?6 — &

for every &1, & € RN, as in Lemma 4.2, we can conclude that (|D(wn¢)|p*2D(wn7jz) -
v Dwy, |P~21 Dw,, ) converges to | D(wi)|P~2 D (wy))—[¢ Dw[P~21) Dw strongly in L (Q,RN).
Thus

lim ( /Q AP )P D(w, ) Doy do /Q eleDw, "y Dw, Dy, dx)

n—oo

(4.16)
= [ (UPw)P*Dws) - [6Dup~4Dw) Ducpd

In order to conclude the proof it is enough to show that

ti ([ elwDunlr26Dw, Do de+ [ ol o, du )
n—oo QO Q/

(4.17)
— [ oDl 2oDubvds+ [ olul-2pvan
Q Q/

where v € W12 (Q) is the Radon measure defined in Theorem 3.5. Indeed, since by
Lemma 4.5 we have that {v = 0}q D {w = 0}q, by (3.4) we get

/ PP 2pvdy = / PP dy = / o [P~ 2o dps;
% {w>0} ey o

therefore the conclusion follows from (4.16) and (4.17).

It remains to prove (4.17). Let us consider ¢ € Wy (). Taking ¢v, €
Wy () N Lh () c WyP(Q) N Lr () as a/test function in problem (3.5), and
taking into account that v = 1 + Ap,w in W17 (Q) (Theorem 3.5), we obtain

lim ¢\Dwn|p*2Dwann dx + ¢|wn|p*2wnvn dpin
QI

n—oo [,

(4.18) = lim [ ¢v,dx— [ |Dw,|P"2Dw,D¢wv, dx
QI

n—oo [,

= / ovdx —/ |Dw|P"2DwD¢v dx = / | Dw|P~?DwDvdz + | ¢vdv.
o o o o
We have to prove that (4.18) holds for every ¢ € Wy P() N L®(Y). Let ¢ €
Wy () N L(Q). Since v is a Radon measure in W~ (Q), it is possible to con-

struct a sequence (¢,,) of functions in Wy > (€) bounded in L> ('), which converges
to ¢ a.e. and v-a.e. in §2'. By (4.18) we have

‘/ d|Dw,|P~2Dw,, Dv,, dx + | ¢lwn [P~ 2wnvy, diy, —/ ¢|Dw|P~2DwDv dx — qﬁvdu‘
o Q Q Q

<| [ (0= 6mIDwnP 2w, Doyda+ [ (0= o)l v di,
Qf Q

(G — ¢)vdu( + o,

’

+‘/ (6m — )| Dw|P~2DwDv dx+/
(4.19) .
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By the dominated convergence theorem the limit as m — oo of the second term in the
right-hand side of (4.19) is zero. It remains to estimate the first term of the right-hand
side of (4.19). Since (¢,) is bounded in L>°(QY'), by Hoélder’s inequality, (4.13), and
Lemma 4.1 we obtain

[ (@ omDun 2D, Do di+ [ (0= ol w0 du,
QY Qf

p—1

D

: C(/ ‘Dwnl”w—qﬁml@*“dw/ [wnl?16 = 6l D dpin )
(94 Q

p—1
v

= C(/ IDw|p|¢—¢m|<P51>d:¢+/ |w|p|¢—¢m|<f’*l>du) "t on=0mn,
Q/ Q/

where C' is a positive constant independent of n and m and where for the last limit
we used the dominated convergence theorem. Finally (4.17) follows immediately from
(4.18) by choosing ¢ = ¢|1|P~21. a

We are now in a position to prove Theorem 4.4.

Proof of Theorem 4.4. If liminf, fQ, |tn [Pdpy, = 400, then inequality (4.6)
is trivially satisfied; otherwise it is not restrictive to suppose that (4.5) holds. Let
Y e Wh2(Q) N L®(Y), and let o € Wy P(Q) N L®(Y) with ¢ > 0. Since for every
€1,& € RY | by the convexity of the function | - |P, the following inequality holds:

(4.20) 1P — &P > pléalP? 6 (& — &),

we have
/ o\ Dun Pz + / olunlPdpin > / oA D(wnip)Pda + / olwontlPdyin
Q/ Q Q/ Q/
+p /Q |D(wnth) P2 D (w0 1) Dt — i) d +p /Q 0B P~ 22050 (1, — 100 .
By Lemmas 4.2 and 4.6 we get
liminf(/ <p|Dun\pd:c+/ g0|un|pdun)
n— oo Q Q
(4.21) > [ epwords+ [ elopds
Q Q/
+p /Q |D(w) [P~ D (wip) D — wip)p i + p /Q P2 (s — wip)p dp.

Assume that v € L*°(). Let ¢ > 0 and let us choose in (4.21) ¢y = -2~ and

wVe

© = ¢R.(w), with 0 < ¢ < 1, ¢ € Wy P(Q) N L>®°(Y), and R, : R — R defined by

0 if s <e,
Re(s):{:—l if e <5< 2,
1 if 2¢ < s < 4o00.

Since wy = u p-q.e. in {w > €} and pR.(w) = 0 p-q.e. in {w < €}, by (4.21) we have

liminf( / | Du, [Pda + / |un|pd,un>
n—oo QO QO

> / R.(w)o|DulPdz + / R (w)dluldy,
Q'N{w>e} Q' N{w>e}
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which, by the monotone convergence theorem, implies

(4.22) hminf( / | Du,, [Pdz + / |un|pdun)
Q Q

n— oo

= olDupds+ [ SlulP dy
Q' N{w>0} Q' N{w>0}

for every ¢ € Wy ()N L=(Q) with 0 < ¢ < 1. Since Du = 0 a.e. in {u = 0} and
by Lemma 4.5 {u = 0}q D {w = 0}q, estimate (4.23) may be written as

liminf(/ |Dun|pdx—|—/ |un|pdun) 2/ ¢\Du|pdﬂc—|—/ olu|Pdp.
n—oo QO (el QO QO

Thus, by the monotone convergence theorem, we deduce that u € LF(Q') and (4.6)
holds. If u does not belong to L>(€)'), it is enough to apply the previous step to the
sequence of truncations Ty (u,) with & € N. Then we have

1iminf(/ |Dun|pdm+/ |un|pdun) zliminf(/ |DTk(un)|pdx+/ |Tk(un)\pd,un)
n—o0 QO Q n—oo QO QO
> [ DTGP+ [ (7P
o o

We conclude the proof by the monotone convergence theorem, taking the limit as
k — oo. 0

5. Relaxed Dirichlet problems with monotone operators. Let A be the
monotone operator defined from W12(Q,RM) to W12 (Q, RM), with 2 < p < 400
and M > 2, mapping u € W'P(Q, RM) in Au = —div(a(z, Du)) € w12 (Q,RM),
where a:Q x MMXN s MM*N i5 a Carathéodory function. We shall assume that
the function a satisfies the following conditions:

(i) there exists a constant > 0 such that

(a(z, &) — a(z,£2)) (& — &) = alé — &of”

for every &;,& € MMXN and for a.e. x € € .,
(ii) there exists a constant § > 0 and a function h € L¥—2 () such that

la(@, &) = a(@, &)| < Blh(z) + (|&] +1&1)772) & - &

MMXN and for a.e. z € ;

for every &1,& €
(iii) a(x,0) =0 a.e. in Q.
These hypotheses imply in particular that the following conditions hold:

(iv) there exists a constant 1 > 0 and a function k € L () such that

la(@, )] < k(z) +nlglP~

for every £ € and for a.e. z € ;
(v) a(z, )¢ > al¢lP for every € € MM*N and a.e. x € Q.
We shall see in section 10 that the results proved in what follows hold for a class
of operators which satisfy more general conditions than (i)—(iv) above.
Given three positive constants cj, co, and o, with 0 < ¢ < 1, let us define the
class F(c1,ce,0) of all vector functions F:Q x RM +— RM such that the following
properties are satisfied:

MM><N
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(I) F(z,s) is a Borel function;
(IT) for every s1,s2 € RM and for every z € Q we have

(F(z,81) = F(,52)) (51 — 82) = c1|s1 — s2|";
(IIT) for every s1, s € RM and for every x € 2 we have
|F(x,51) = F(x,59)| < ca(lsa] + [s2])P ™ |s1 — 52|

(IV) F(z,0) =0 for every x € .
As consequence of properties (IIT) and (IV) we have that the function F' also satisfies
(V) |F(z,5)| < ca|s|P~! for every s € RM and for every z € €,
and by properties (IT) and (IV) we get
(VI) F(x,8)s > ci|s|P for every s € RM and for every = € Q.
In the following we shall fix a constant L > 0 and we shall denote by F(L) the
class F(a, L, 1), where « is the positive constant which appears in condition (i) above.
From now on by C we shall denote a positive constant, depending only on «, 3,
L, and p, which can change from line to line.
Let f € Wb (Q,RM), let (u,) be a sequence of MB (), and let F, € F(L).
Let us consider the following nonlinear systems with boundary Dirichlet condition:

up € Wy P (Q,RM) N L1, (Q,RM),

(5.1) /a(a:,Dun)DvdJ;—i—/ E,(z,up)vdu, = (f,v)
Q Q
Vv e WyP(Q,RM)n LE (Q,RM).

Since by Remark 3.1 (f,-) is a functional in (W, ?(Q,RM) N Ly (Q,RM)), by as-
sumptions (i)—(v) and (I)-(VI) the theory of monotone operators (see [23]) assures
the existence of a unique solution u, of problem (5.1). From (v) and (VI), taking
u, as a test function in (5.1), it is easy to see that the sequence (u,) is bounded
in W, P(Q, RM) for any choice of (u,) and (F,). Thus, up to a subsequence, the
sequence (u,) converges weakly in Wy (Q, RM) to some function u € W,*(Q, RM).
Our goal is to find the variational problem satisfied by the function w. To this aim
we shall consider special sequences of test functions v, € W, ** (€, RM)n Ly (Q,RM)
which converge weakly to some function v € W, * (€, RM)n LF (9, RM), and we shall
try to take the limit in problem (5.1). This is the energy method of L. Tartar.

In order to prove that the structure of the limit problem is local (i.e., it does not
depend on the choice of the domain  and of the boundary data), in what follows,
we shall consider a more general situation. Namely, we shall study the asymptotic
behavior of an arbitrary sequence (u,,) of solutions of the problems

un € WP, RM)N LE (2, RM),

(5.2) / a(x, Duy)Dv dx + Fo(x,up)vdu, = (fn,v)
/7 Q/

Vue WP (@, RM)nLE (2, RM),

where Q' is an open subset of Q, f, € (W3 ?(Q,RM) N Ly (,RM))". We do not
require any boundary data for u,, while we assume that the sequence (u,,) is bounded
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in WHP(Q, RM), which implies in particular that, up to a subsequence, (u,,) converges
weakly to some u in WP (', RM). For the sequence (f,,), we shall assume a notion
of convergence specified by the following definition.

DEFINITION 5.1. Let () be a sequence of Mb(Q) which y~2»-converges to
a measure . Let (f,) be a sequence of functionals, with f, € (WyP(€,RM) N
Lr (. RM)), and let f € (WyP(,RM) 0 LE(Q,RM))'. We shall say that the
sequence (fn,) converges to f in the sense of (Hqr) if the following condition is satisfied:

(Hoy) If v e WP (0, RM) 0 Lo, RM), v, € WP (', RM) 0 LE_ (', RM) for
every n, and (v,) converges to v weakly in Wol’p(Q’,RM), then (fn,v,) —
(f,v)-

The next lemma gives an estimate of the norm in (W, * (€, RM) NLE (2, RM)Y
of a sequence of functionals (f,,) which converges in the sense of (Hg), while Propo-
sition 5.3 gives a local estimate of the norm in L (€' ,RM) of the corresponding
solutions u,, of problem (5.2).

LEMMA 5.2. Let f € (WyP(Q, RM)NLE(Q, RM)Y, and let f, € (WP (', RM)N
Lﬁn(Q’,RM))’ for every m. If (fn) converges to f in the sense of (Hqs), then
([fnll) converges to ||f||, where the norm of f, (resp., f) is taken in the space
(WoP(,RM)n LE (', RM))" (resp., (Wy?(Q,RM) N Ly (Q, RM))').

Proof. Let (¢,) be a sequence such that ¢, € Wol’p(Q', RM)N LE (Y, RM), with
unit norm and || fr|| = (fn, ¢.). Then, up to a subsequence, ((,,) converges weakly in
Wy (€, RM) to some function ¢, by Theorem 4.4 ¢ € WP (€, RM) N Ly (Y, RM),
and ||¢]] < 1. Since (f,,) converges in the sense of (Hgq) we have that

T fall = Y (s Ga) = (£, < 1L

In order to prove the opposite inequality let us consider the function ¢ such that
¢ e Wy P(V,RM)n L (€, RM), with unit norm, || f|| = (f,¢), and let (¢,) be a
sequence in C§°(€), RM) such that (wi,,) converges strongly to ¢ in Wl’p(Q/, RM)N
Lr (Y, RM). By Lemma 4.2 we have that the norm in the space Wy (@', RM) N
Lt (Y, RM) of the functions w,,, converges to the norm of wi,, in the space
WyP (0, RM) NLE(Q,RM). Thus, since (w,1hm) converges weakly in WyP(, RM)
to wi,,, we have

<t timinf | fo| [wntom| = lminf | £, [¢] = lminf| £, O

PROPOSITION 5.3. Let (u,) be a sequence of solutions of problems (5.2). If the
sequence (uy) is bounded in WHP(Q' ,RM), then

(5.3) / fun P dn < M
S !/

for every ¢ € CY(Q), with ¢ > 0, where the constant M depends on the norm in
CL(SY) of ¢.

Proof. The proof follows immediately, taking u, e as test function in (5.2), by
Lemma 5.2 and conditions (v) and (VI). ad

The following proposition shows that, without any additional assumption, the
sequence (u,) converges strongly in Wb (Q/, RM) for every 1 <r < p.
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PROPOSITION 5.4. Let (uy), with u, € W2(Q',RM)n Lt (Q,RM), be a se-
quence which converges to some function u weakly in WYP(Q', RM). Suppose that
there exists a sequence (f,), with f, € (WP (', RM) N Ly (', RM))', which con-
verges to f € (WyP(Q,RM) N L (Y, RM)) in the sense of (Har), such that uy,
satisfies problem (5.2). Then (u,) converges to u strongly in Wb (Q/,RM) for every
r < p, and hence a subsequence of (Du,) converges to Du pointwise a.e. in §.

Proof. The proof follows the lines of the one given in [16] (see also [1]).

In the course this proof we shall denote by C a positive constant independent on
n. Let U : R+— R be a C' function which satisfies the following properties:

W) =1 if |t| <1, W) =0 if [t| > 2,
W(t)] <1 VteR, |¥(t) <2 ViteR,

and let ®(y) = ¥(|y|)y. Let § > 0 and, for every n € N, let §,, < § be a positive real
number that we shall fix later. For every such a 6,, we define the function ®s, (y) =
6n®(y/6,). Given ¢ € C(Q), with » > 0, we can take (®s, (uy) + w,Ps, (un —u))p
as test function in problem (5.2), and we obtain

/ a(x, Dun)D®s, (un)Dunp dz

+ a(z, Duy,) — a(z, Du))Dd)&n (upn, — u)D(uy, — w)wppdz

/

+ CL x, Dun (un) ® Dy + &5, (un - u) ® D(wn(ﬂ)) dx

’

-|-/, Fo(z,un)(wn@s, (un, — u) + Ps,, (un))p din
= <fna (wnq)zsn (un - u) + (b(sn (un))‘p>

—/ a(x, Du)D®s, (u, — u)D(u, — u)wpp de.

\\

(5.4)

Since (uy,) is bounded in WP(Q/,RM), (w,) is bounded in W1P(Q), and |®s, | <
26,, < 26, by condition (iv), we have

(5.5) ‘/ a(z, Duy)(®s, (un) ® Do + s, (uy — u) ® D(w,y)) dx‘ < Cé.
From property (V), Hélder’s inequality, and Proposition 5.3 it follows that

(5.6) ’/S/Fn(x,un)tbgn(un — W wpp du,| < C6,

while from property (VI) and the definition of the function ® we get
(5.7) / Fo(z,un)®s, (un)pdu, > 0.

Since (®s, (u, — u)wnp) converges weakly to zero in W, ?(Q, RM) and (f,,) con-
verges in the sense of (Hq), we have

(5.8) (frs wn®s, (un, —u)p) = op.
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Moreover, as 0 < ¢, < ¢ and the sequence (®s,) is uniformly Lipschitz, it is easy to
see that there exists a positive number 6§ < § such that

(5.9) limsup(fy, s, (un)p) = (f, Ps(u)p).

n— o0

Finally, since (D®;, (u,, — u)D(u, — u)) converges weakly to zero in LP(€), RM) we
also obtain that

(5.10) / a(x, Du)D®s (un — u)D(u, — w)wppdr = op.
S ’

Thus, by assumptions (i)—(v), by (5.4)—(5.10), and by the definition of the function
P, we get

/ | Duy, |P da:,Jr/ |D(uy, — u)[Pwpp dx
{lun|<én}qr {lun—u|<én}qr

(5.11) <C (h + |Du| + |Du,, |)?~2|D(u,, — u)|? dx

{6 <Jum —ul <26, } o

+C (k + 0| Duy [P~ [ Duy| dz + (f, @5(u)p) + Cé + o,
{5,1§|un|<25n}01

where we also used the fact that the sequence (wy,) is bounded in L>°(§2). Now, since
(u,) is bounded in W1P(Q/, RM), there exists a positive constant K such that

/ (h+|Du|+|Dun\)p’2|D(un—u)|2d:c+/ (k 4+ n|Duy|P~ )| Duy| de < K.
Q Q

In particular, if we fix J € N and v > 0, then we have

J

Z(/ (h+ [Dul + | Duy )P~ D(ur, — w)|* dz

j=1 2 < un —u| <27} g

+/ (k + n|Duy[~1) [ D do) < K
{277 1y <|un <297} o
so that, for every n € N, there exists j(n) € {1,...,J} such that

/ (h + [Du| + [ Dun| )P~ D(un — u)|* da
{2j(7L)717§‘un7u|<21(">'y}9,

K
+/ (k + 0| DunlP~1)| Duy| dz < =
(29 Ly <y | <29 7} o J
If in (5.11) we take § = 27 and 6, = 2/(") =1y, then we get
/ |Dun|pg0dx+/ |D(upn, — u)[Pwnp dz
{lun|<v}ar {lun—ul<y}ar

(5.12) .
< 402y + (f, 25(w)p) + on,

where we used the fact that 6, > ~ for every n € N. By Rellich’s theorem the

sequence (u, ) converges to u strongly in L} (€Y', RM), and hence, up to a subsequence,
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pointwise a.e. in €. Thus, by Egorov’s theorem, for every o > 0 there exists a subset
S of ', with |S| < o, such that (u,) converges to u uniformly on '\ S.

Now let € > 0. If we choose J € N and v > 0 such that 1/J < e and § =27y = ¢,
then by (5.12) we have

limsup(/ |Dun|p<pdx—|—/ |D(un—u)|pwn<pdx) < Ce+(f, ®;(u)p).
n—oo {lun|<v}ar {lun—ul<y}qr

Moreover, for n large enough we have that @' \ S C {|u, —u| < v}o and {u =
0} \ S C {|un| < 7}ar, so that we get

(5.13) lim sup (/ | Dun [P dr + / |D(un — w)[Pwne d:c)
n—oo \J{u=0}g\S s
< Ce + (f, ©5(u)e),

which, by using that 0 < 6§ < § = ¢ and ®s(u)p converges strongly to zero in
WoP(Q,RM)N L7 (€, RM) as ¢ tends to zero, gives

(5.14) lim (/ | Duy [P dr + / |D(un, — w)[Pwpne dx) =0.
=20\ fu=0} o\ oS

By the arbitrariness of o, we get, up to a subsequence, that (D(u, — u)w,) and
(Dun1{ju|=0},,, ) converges to zero pointwise a.e. in . Moreover, since (wy) converges
to w strongly in LP (€', R™) and by Lemma 4.5 {w > 0} D {|u| > 0}q, this implies
that (Du,,) converges pointwise to Du a.e. in {|u| > 0}q/ and hence, as |[Du| =0 a.e.
in {|u| = 0}, (Duy,) converges pointwise to Du a.e. in .

Finally, since (u,) is bounded in W17 (€', RM), we obtain that (u,,) converges to
u strongly in W17 (€, RM) for every r < p. O

Remark 5.5. Under the same assumptions of Proposition 5.4, by (v) and Proposi-
tion 5.4 we have that (a(z, Du,,)) converges to a(z, Du) weakly in LP (Q/, MM*N) and
strongly in L™ (9, MM>*N) for every 1 < r < p/. Similarly we deduce that (a(x, D (u, —
u))) converges to zero weakly in LP' (', MM*N) and strongly in L" (€, MM*N) for
every 1 <r <p'.

6. The limit problem. In this section we shall prove the main result of this
paper (Theorem 6.4). We shall consider a sequence (u,) of solutions of problems
(5.2), with F,, € F(L) and p,, € M§(£2), which satisfies

(6.1) / |Duy, |Pdx —|—/ |tn [Pdpy, < M,
Q/ Q/

where M is a positive constant which depends on the sequence (u,). We shall show
that a cluster point u of such a sequence is a solution of a variational problem similar
to (5.2). Namely we shall prove that the limit problem will be of the form

u e Whe(Q, RM) N L2 (Q, RM),
(6.2) / a(axDu)Dvdx—i—/ F(z,u)vdp = {f,v)
Vv e Wy P(,RM) 0 LE(Q, RM),

where 1 is a measure in M5 (Q2) and F(z, s) is a vector function in F(«,C,1/(p— 1))
for a constant C' which depends only on «, 8, L, N, and p.
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Remark 6.1. Let p € M3(Q) and let F, F € F(c1,c2,0) be two functions such
that for every s € RM F(z,s) = F(x,s) p-a.e. in {w > 0}, where w is the solution of
problem (3.3). If in problem (6.2) we change F by F we obtain an equivalent problem.
In particular the function F(z, s) can be defined arbitrarily in the set {w = 0}.

Let us introduce now a notion of convergence in the space M§(Q2) x F(c1, c2,0),
with ¢y > 0,c0 >0,and 0 <o < 1.

DEFINITION 6.2. Let (u,) be a sequence in ME(QY), let (F),) be a sequence in
Flei,e2,0), let p € ME(Q) and F € F(c1,ca,0). We say that the pairs (jin, Fr) v-
converge (in Q) to the pair (u, F) if the following property holds: for any open set Q' C
Q, for any sequence of functionals (f,) with f, € (Wol’p(Q’,RM) niLy (', RM)Y,
which converges to some f € (WyP(Q,RM) N LE (Y, RM)) in the sense of (Hor)
(according with Definition 5.1), and for any sequence (un) of solutions of problems
(5.2) satisfying (6.1), all cluster points of the sequence (u,) in the weak topology of
Whp Q' RM) satisfy problem (6.2).

The most important property of the v convergence is the following result.

PROPOSITION 6.3. Let ((pn, Fp)) be a sequence in ME(Q) x F(eq,c2,0) which
yA-converges to a pair (pu, F). Then for any open set Q' C Q and for any se-
quence (f,), with f, € (WyP(¥,RM) N Ly (', RM)), which converges to some
fe (WP, RM)n L2 (Y, RM)) in the sense of (Ha), the unique solution u, of
the problem

up € Wy P (', RM)n LE, (2, RM),

(6.3) / a(xz, Duy,)Dv dx +/ Fo(x,up)vdu, = (fn,v)
Vve Wy P(@,RM)nLE (2, RM)
converges weakly in Wol’p(Q’7 RM) to the unique solution u of the problem

ue Wy(Q,RM) N Ly (0, RM),

(6.4) / a(x,Du)Dvdz+/ F(z,u)vdp = (f,v)
Vv e W, P (@, RM)n LE(Q, RM).

Proof. By using u,, as a test function in (6.3) and by taking into account Lemma
5.2, we deduce that the sequence (uy,,) satisfies (6.1). This implies in particular that
there exists a subsequence of (u,) which converges weakly in Wy (Q,RM) to a
function u € WO1 P(Q,RM). By the definition of y“4-convergence, the function u
satisfies (6.4). Since this problem has a unique solution, the whole sequence (uy,)
converges to u. ]

The following theorem gives a compactness result for the y4-convergence.

THEOREM 6.4. Let (i) be a sequence of measures in M§(Q) and let (F,,) be a
sequence in F(L), with L > 0. Then there exist an increasing sequence of integers
(nj), a measure p € ME(Q), and a function F € F(a,C,1/(p — 1)) such that the
pairs (fin;, Frn;) yA-converge to (u, F) in Q0 (according to Definition 6.2), where C' is
a positive constant which depends only on o, B, L, N, and p.

Remark 6.5. The compactness result stated in Theorem 6.4 can be proved un-
der more general assumptions on (F,). Namely, if the sequence (F,) belongs to
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F(c1,¢2,0), for some constants ¢; > 0, ¢co > 0, and 0 < o < 1, then there ex-
ist an increasing sequence of integers (n;), a measure p € M{(Q), and a func-
tion F € F(c},ch,0') such that the pairs (un,,F,,) v*-converge to (u, F) in €.
The positive constants ¢; and cp depend only on «, 3, ¢1, co, N, p, and o; while
o' =min{o,1/(p—0)}.

In order to simplify the exposition of the proof, we shall prove only the compact-
ness result as stated in Theorem 6.4 (the proof of the general case stated in Remark 6.5
being analogous). Before proving Theorem 6.4 we need additional information on the
behavior of the sequence (u,) of solutions of problems (5.2). To this aim we shall
compare (u,) with the sequences (w,.,), ¥m € C(, RM), of correctors for the
p-Laplacian, studied in section 4.

In Lemma 6.6 and Propositions 6.7 and 6.8, we shall consider an open set ' C Q,
a sequence of measures (p,, ), a sequence of functions (F},), two sequences of functionals
(fn), (gn), two sequences of functions (uy), (z,), a measure p, two functionals f, g,
and two functions v and z such that

(ttn) v~ Br-converges to p,

fusgn € (W "(2, RM) N Ly (2, RM))’,
(6.6) f,9. € (WoP (0, RM) 0 LE (Y, RM)Y.,
fn — f in the sense of (Hqr),
gn — ¢ in the sense of (Hq),
Up, 2p € WHP(Q,RM) N LE (Y, RM),
u,z € WHP(Q/, RM) N LA (Y, RM),
Up — u in WHP(Q RM),
2, — 2z in WhP(Q RM),
[y alz, Duy,) Dvd:wrfg, (2, up)vdpy, = (frn,v)
©8) \m e WhP (!, RM) ﬁL” (2, RM),

: Jo a(x, Dzy,) Dv dz + [ Fn ar 2p)V dpin, = (fr, )
Youe WP (0, RM) N Lﬁn(Q/,RM).

LEMMA 6.6. Assume that (6.5), (6.6), (6.7), and (6.8) hold. Then for every
function ¢ € C (), with ¢ > 0, we have the estimates

(6.9) lim sup ( |D(un—u)\pcpdx—|—/ lun|Podun) < C’/ |u|Po du
1% o

n— o0 Q
and
lim Sup( |ID((un, — 2n) — (u— 2))|Podx + [ty — zn|Pe dun>
(6]_0) n— oo Q/ B Q/

<o(f u|%du+/9/|z|psadu)””(/ﬂ, u— sl dn)

where C' is a positive constant which depends only on «, B, L, N, and p.

Proof. By Theorem 4.4 we have that u and z belong to W' (Q, RM)NLE (Q, RM).
Let p € C° (), with ¢ > 0, let w,, and w be the solutions of problems (3.5) and (3.3).
By Proposition 3.6 there exists a sequence (¢,,) in C§°(Q,RM) such that (w,,)
converges to u — z strongly in W,22(Q) N LE(SY). Thus, taking (un — 2n — Wptm)e

loc
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as a test function in the difference of the equations in (6.8), we get

//[a(a:,Dun) —a(x, Dzp)|D(up, — 25, — Wpihy ) dz
o11) b IBaea) — B 20— 20— )
= 7//[0‘(177 Dun) - a(:z:, Dzn)](un — Rn wn'l/)m) ® Dy dx

+ <fn — 9n, (un — Zn — wnwm)<p> = Om,n-
Let us estimate the terms which appear in (6.11). By using assumption (i) and
Proposition 5.4, the sequences (|a(z, Du,) — a(z, D(u, — w)|?") and (|a(z, Dz,) —
a(x, D(z, — 2z)|P") are uniformly integrable and pointwise convergent respectively to

la(z, Du)[?" and |a(z, Dz)[?". Therefore they converge strongly in L* (€, MM *N) and
hence, from (6.11), we deduce

//[a(m, D(un —u)) — a(x, D(zn — 2))]D(tn — 20 — (u — 2))g d
[ Fuwn) = Pl ) = 20 di
= Ommn — //[a(ac, Du) — a(x, Dz)|D(up — 2 — W ) dx
+ //[a(x, D(u, —u)) — a(xz, D(zy, — 2))|D(wntm — (u — 2))pdz

* // [Fn(x’ un) - Fn(x7 Zn)]wn"/}m@ dpiy .
Since
/ [a(z, Du) — a(z, Dz)|D(un — 25, — Wpthm )@ dT = Opmn

by properties (i) and (ii) of a and properties (II) and (III) of F,,, we get

a/ |ID(un — 20 — (u— 2))[Podx +o¢/ [tn — 2n|P@ dpn

Q Q

< 5/ (h+ |D(un — u)| + [ D(zn — 2))P | D(tn — 20 — (1 — 2))| |D(wnthm — (u— 2))|@ dz

Q/
+L/ (‘u’ﬂ‘ + |Zn|)p72|un - an |wn¢'m‘$0d/1n + Om,n
Q/
= ﬂ/ (ID(un = w)| 4 [D(zn — 2))P 2| D(tn — 20 — (u— 2))| |D(wntm — (u — 2))|@dz
QI

‘L / (lnd + 120"t — 2] [l din + O
Q/
(6.12)
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Using Young’s inequality and then Holder’s inequality in (6.12), we obtain

ID((tn — 20) — (u— 2))Ppdic + / i — 2P0 i
Q/ Q/

p—2 1

< C(/Q,(|D(Un —u)| +[D(zy — z)\)”godx)E (/Q/ |D(wntm — (u — z))|p<pdx)pﬁ

p—2
+C(/ (|un| + |Zn‘)p90 d:un) o (/ |wnwm‘p90 d,un) v + 0m,n~
Q QO
(6.13)
Taking z, = z = 0 (and then g, = 0), in estimate (6.13), by Young’s inequality, we
get

D~ w)Podo+ [ Junl?p di,
Q Q
< C [ ID@atn ~)Pode +C [ JwntmPodiin + o,
Q/ Q

which by Lemma 4.3 implies (6.9).

Finally, in order to get (6.10), it is enough to apply, in estimate (6.13), estimate
(6.9) for u, and z,, and Lemma 4.3. |

The following proposition gives a first version of the limit problem satisfied by wu.

PROPOSITION 6.7. Let us assume (6.5), (6.6), (6.7), and (6.8). Then there exists a
wu-measurable vector function H, uniquely defined p-a.e. in Q' such that the function
u satisfies the problem

uwe Whr(Q,RM)n LE (Y, RM),

(6.14) / a(x,Du)Dvdx + | Hvdp = (f,v)
’ Q/

Vv e Wy P (@, RM)n LE(Q, RM),
and
(6.15) |H| < ClufP™ p-a.e. in €.

Moreover, for every ¢ € C2°(Q',RM) we have

Hwodp
(6.16) Q’
= lim a(x, D(u, —u))¢ ® D(w, —w)dz + /

n—ool [,

Fn(:L', Un)wn¢ dﬂn:| )

where w, and w are the solutions of problems (3.5) and (3.3).

Proof. Given ¢ € C°(Q), RM), we take w,,¢ as the test function in the equation
satisfied by u,, (see (6.8)) and we get

/ a(x, Duyp)é @ Dw, dz + / a(x, Duy) D wypdx

’

(6.17)

+ Q Fn(xyun)wn(bd,un = <f’ﬂ7w"¢>
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By Remark 5.5 we have

lim ((fn,wnqﬁ) 7//Q(I,DU")Dd)wnd$) = (f, we) —/ a(x, Du) D¢ wdz.

n— o0 ’

Let us define a distribution T in € by

(T,¢) = lim [/ a(z, Dup)é ® Dw, da

n—00

—/ a(x,Du)¢®Dwdw+/ F (2, up)wn¢ dy,

’

for every ¢ € C°(Q/,RM). Since the norm of w, in Wy () N L%, (Q) is bounded,
by (6.1) and property (V) we have

/ la(z, D) || Dwy | do + / (B (s )] it < C,
Q Q

and hence T is continuous with respect to the uniform convergence and it can be

represented by a vector Radon measure (T4, ..., Ths) such that
M
(618) T.o) =Y. [ odt;  voeCE@.RY),
i=1 7
where ¢1, ..., ¢pr are the components of the vector function ¢. Thus taking the limit

in (6.17) we obtain
(6.19) // a(z, Du)D(we)dzx + (T, ¢) = (f,we).

Since by conditions (ii) and (iv) and Proposition 5.4, a(x, Duy,) — a(x, D(u, — u))
converges to a(x, Du) strongly in LP (Q, MM *N) we can write

(T,¢) = lim [//a(ax,D(un —u))¢ @ D(w, —w)dzx + /

n—00 Fn<x’un)wn¢dﬂn]
(6.20)

’

Let us prove (6.16). For every ¢ € C>°(Q', RM), with ¢ > 0, by assumptions (V) and
(v), Proposition 5.4, Holder’s inequality, Lemma 4.3, and estimate (6.9), we have

(T, )| < Chmsup[/,(k(x) + 0D (un — w)[PH)[D(wy — w)||¢| da

n—oo

Q/

IN

Climsup [ DG, = P 10w~ w)lolda -+ [ funl~ o] du)

n—oo

(6.21)

IN

Climsup[(/ﬁ/ D — u)|7|6) dm)%l (/Q D (wn — w)|7]¢| d:c)%

n—oo

(] ot dun) ™ ([ 1wk ana) )
o[ wiolan) ™ ([ wiiolan)’

IN
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Let us denote by |T;| the total variation of the measures T;, i = 1..., M. Taking
into account that for every open subset A of Q' we have

ITi|(A) = sup{(Ti, ) : ¢ € C5°(A), sup|p| <1},

by (6.21) we get

(6.22) i) < of [ ran) 7 ( / wlPdy)”

for every open subset A of €. Since |u|Pu, |wPu, and |T;| are finite measures, (6.22)
holds for every Borel subset of €’. This implies that the measures T} are absolutely
continuous with respect to the measure |w|Pu, and hence to the measure wpy. Since
wp is a o-finite measure we can apply the Radon—Nikodym derivation theorem and
we find a wy-measurable vector function H = (Hy, ..., Hys) such that

Ti(A) = /AHiUIdM

for every Borel subset A of Q' and i = 1,..., M, so that, by (6.20) and (6.18), (6.16)
holds. We can suppose that

(6.23) Hi(x)=0 for pra.e. x in {w = 0} Vi=1,...,M.

Thus by (6.22) we get

[mtan < o [ ran) ™ ([ upan)’

for every Borel subset A of . Using Young’s inequality, we obtain

1 P
[ ittwdn < o(o [ urdu+ S [ uran)
A p'er Ja D Ja

for every Borel subset A of ' and for every ¢ > 0. Thus (first reasoning for ¢ € Q
and then arguing by density) we get

1

per’

p i w(x p
(6.24) Hi@)lw(r) < O @)l + = (@)

for p-a.e. z in ' and for every € > 0. If z € Q' satisfies w(x) > 0 and (6.24) holds

true for any e, by choosing ¢ = |u(ac)|%/|w(a:)|p771 in (6.24) and taking into account
(6.23), we get

|H;(2)] < Clu(x)P™, pra.e. x € Q,

and hence (6.15) is proved. Condition (6.14) follows from (6.19), (6.18), and the
density result given by Proposition 3.6. Finally the vector function H is uniquely
determined p-a.e. in Q' by (6.14) and (6.15). Indeed, by (6.14) H is uniquely deter-
mined p-a.e. in {w > 0}, and by (6.15) we have H = 0 p-a.e. in {|u| = 0}q/. Then
the conclusion follows by Lemma 4.5. O

In order to study the dependence of the function H on the function u, let us
consider a sequence of functionals (g,,) and a sequence of functions (z,) which satisfy
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(6.6), (6.7), and (6.8). By Proposition 6.7, applied to (z,), we get that there exists a
wy-measurable vector function H', uniquely defined p-a.e. in €', such that

2 € Whe(Q, RM) L (Q, RM),

(6.25) / a(z, Dz)Dvdz + | H'vdp = (g,v)
o0 Q

Vo e WyP(Q,RM) N LE (Y, RM),

(6.26) |H'| < ClzP71, pa.e. in
and
Hwodu
(6.27) &
= lim a(x,D(z, — 2))¢ @ D(w,, —w) dx + Fo(x, zn)wnd d,un} )
n—ooljar Q

The following proposition compares the function H with the function H’.
PROPOSITION 6.8. The vector functions H and H' satisfy

p—2
6.28 H-H| < C(lu|l+ 1z p”ju—zﬁ, -a.e. in Q
1
and
6.29 H—-H)u—2) > alu—2zP -a.e. in .
(6.29) ( ; J

Proof. Let us first prove (6.28). Consider ¢ € C°(€,RM) and let w,, and w be
the solutions of problems (3.5) and (3.3). By (6.16), (6.27), and by assumptions (ii)
and (III), we have

‘/,(H - H')waﬁdu’
< ‘/Q/(a(x, D(un — ) — a(z, D(zn — 2)))é @ D(wn — w) dz

+| / (B, un) = Fa(a, 20))wn6 djin

+ on,
<C . (h + |D(up — )|+ |D(2zn — z)|)p_2\D((un —zn) — (u— 2))| |D(wy, — w)||P| dz
40 [ (Gl + a2 = zal [0 it + 01
Q/

<C Q/(|D(un —u)|+ |D(z, — z)|)p_2|D((un —zn) — (u—2))||D(wy, — w)| |¢| dz
40 [ (Qual + 2l = 2l [0 i + 0.
Q/

(6.30)
By using Holder’s inequality, (6.9), applied to u,, and z, and (6.10), we get

‘/I(H ~ H')wé du’

-2

< o [ e+ [ Pitan) ™ ([ i) ™7 ( [ orolan)”
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Then we conclude as in the proof of Proposition 6.7 and we obtain (6.28).
In order to prove (6.29), let us consider a function ¢ € C*(Q), with ¢ > 0.

Using (un — 2zn )@ as a test function in the difference of the two equations in (6.8), we
obtain

//[a(x7Dun) - a(anzn)]D(Un — Zn)(p dx
+/l[a(1', Dun) - a(1'7 Dzn)](un — Zn) ® Dy dx

+/,[Fn(xvun) - Fn(fﬂ, Zn)](un - Zn)‘p d,UJn = <fn - gna (un - Zn)S0>
We can rewrite this formula as
/ ([a(w, Duy,) — a(z, Dzyp)|D(up, — 25) — a|D(up, — zn)|p)g0dx

(6.31) +« |D(up — 2zp) P dx + / [Fr(zyun) — Fn(z, 20)](Un — 2n)@ diin
e

+ [ ot Dus) = ala D2, = ) © D = (f = gl = 20)0)

By assumption (IT) and Theorem 4.4, we have

o [ 1D(un— 2n)Pod+ / o (2 4m) — B (2, 20))(tem — 20 )0 lf
Q/

’

> a |D<u—z>|%dx+a/ i — 2P du + o
Q Q/

Moreover, by Remark 5.5, the sequence (a(x, Du,,)—a(z, Dz,)) converges to a(x, Du)—
a(x, Dz) pointwise a.e. in Q' and weakly in LP (', M**¥). Then by condition (i)
we can apply Fatou’s lemma to the first integrand of (6.31) and, taking the limit, we
obtain

// ([a(e, Du) — a(x, D2)|D(u — 2) — a|D(u — 2)P)pda
+a |D(u—z)|p<pda:+oz/ lu — 2P du
o o
+ [ lae.Du) ~alw D2))(u=2) © Deda < (7 =g.(u=2)¢).
that is,
| . Du) — e DND(etu =) data [ Ju=sPedn < (=g (0= 20

Thus by (6.14) and (6.25) we get

| =m0 =2gdn = o [ ju=sPods
for every ¢ € C°(€), with ¢ > 0. This implies (6.29). d

Proposition 6.8 will imply that the function H defined by (6.16) depends on
u only through its pointwise values, i.e., there exists a function F(z,s) such that
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H(z) = F(z,u(x)) p-a.e. in Q. This construction allows us to define the function
F(z,s) only on the pairs (z, s) such that s = u(z), where wu is the limit of a sequence
of solutions of problems (5.2). We shall prove a penalization result (Theorem 6.9)
which shows that, in some sense, it is possible to obtain any real number s as the
“limit” of a sequence of solutions.

THEOREM 6.9. Let s € RM. For every m € N, let s™ be the unique solution of
the problem

st e Wy P(QRM)n Lk (Q,RM),

/a(m,DsZ’)Dvdw —I—/Fn(a:,s;”)vdun
Q Q
(6.32)

= m/(|wns|p_2wns — [sTP25™) 0 da
Q

Vo e WyP(Q,RM)n Lk (Q,RM).

Then there exists an increasing sequence of indices (n;) such that for every m the se-
quence (sﬁJ )jen converges to some function s™ weakly in Wol’p(Q7 RM). The sequence
(s™) converges to ws strongly in Wy'P(Q, RM) N L2 (Q, RM) and satisfies

lim m [ |s™ —ws|Pdx = 0.
m— 00 Q

Moreover, there exists a unique wpu-measurable function H]", with

(6.33) |H| < Cls™ P71, p-a.e. in €,
such that the function s™ satisfies the problem
s™ e Wy P (Q,RM) N L (Q,RM),

/ a(x,Ds™)Dvdx + | HI'vdu
o Q
(6.34)

= m / (wnt P 2wntp — ™ 25™)o da
Q

Vv e Wy P(Q,RM) N L5(Q,RM).
The sequence (HI™) converges in Lﬁ/(ﬂ, RM) to a function H, which satisfies

(6.35) |H,| < C|s™ P, p-a.e. in Q.

Proof. Let s € RM and let s™ € Wy?(Q,RM) N L7 (Q,RM) be the solution of
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problem (6.32). Taking (s]' — wy,s) as the test function in (6.32) we get
/ (a(z, Ds}') — a(z, D(wns))) D(sp — wys) dx
Q

+/ (F(z,s7) = F(x,w,5))(sp' — wns) diin

(6.36) ©

+m/(|3,T|p72s,’,’f — wns[P 2w, 8) (8™ — wy,s) dv
o

= —/ a(x, D(wy,s))D(sp' — wps) dx — / F(z,wns)(sp' — wps) diiy.
Q Q

Using assumptions (i) and (iv) of a, (II) and (V) of F,, and (4.3) we obtain
a/ |D(s — wy,s)|Pdx + a/ |sit — wpsPdp, + m22_p/ [s7 — wy,s|Pdx
Q Q Q

< [ (ko) + 11D~ DGt = )+ L a5 = sl
Q Q
(6.37)

Then, by Young’s inequality and the fact that [, [Dwy, [Pdz+ [, [wn[Pdp, is bounded,
it is easy to see that there exists a constant C' such that

/ |D(sf—wns)|pdac+/ |sﬂ—wns|pd,un+m/ |spt — wpslPdx < C|s|P.
Q Q Q
(6.38)

Then there exists an increasing sequence of indices (n;) which, by a diagonal pro-
cedure, we can assume independent on m, such that for every m € N the sequence
(52”; )jen converges to some function s™ weakly in VVO1 P(,RM). Moreover, by The-
orem 4.4 we have

(6.39) / |D(s™ — ws)|Pdx —|—/ |s™ — ws|Pdy + m/ [s" —ws|Pdx < C|s|P.
Q Q )

This implies that (s™) converges weakly in W, * (€2, RM) to ws. In particular [s™ —ws
converges to zero weakly in VVO1 ?(Q), and by Theorem 3.5 we get

lim |s™ — ws|wP"'dpy = lim / [s" — ws|dv = 0.
Thus up to a subsequence (s™) converges to ws v-a.e. in  and hence by Lemma 4.5
p-a.e. in 2. Moreover, since by (6.39) (s™) is bounded in L£ (€2, RM), it converges to
ws weakly in L? (Q,RM).

By Proposition 6.7, for every m € N, there exists a wu-measurable vector function
H, uniquely defined p-a.e. in Q, which satisfies (6.33) and such that s™ is the solution
of the problem (6.34). By Proposition 6.8, for every m, k € N, we have

p—2
(6.40)  |H™ — HE| < C(|s™] + |s*)" "1 [s™ — s*|7T,  peace. in Q.

This implies that there exists a function Hg, which satisfies (6.35), such that H"
converges to Hg p-a.e. in ). Moreover, by Proposition 6.8, for every m,k € N, we
have

(H™ — HF)(s™ — s%) > a|s™ — s*|P, p-a.e. in €,
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and then, taking the limit as k — oo, we obtain
(6.41) (H* — H5)(s™ —ws) > a|s™ —ws|?, p-a.e. in Q.

Now, taking (s — ws) as a test function in (6.34), we get

/ (a(z, Ds™) — a(z, D(ws)))D(s™ — ws) dz + / (H — Hg)(s™ — ws) du
Q Q
—i—m/ﬂ(\smP’_ s™ — |lws|PT%ws)(s™ — ws) dx

S /Q a(x, D(ws))D(s™ — ws) dz — /Q H,(s™ — ws) dp.

Then by (6.41), assumption (i), and the inequality (4.3), we obtain

a/ |D(sm—ws)|pdﬂc—|—a/ |s™ — ws|Pdp
Q Q

< —/ a(z, D(ws))D(s™ —ws)dx — | Hg(s™ — ws)dp.
Q Q

609

The conclusion follows by the weak convergence of (s™) to ws in W, P(Q, RM) N

L2 (Q,RM). O

We are now in a position to prove Theorem 6.4.

Proof of Theorem 6.4. We start by defining the sequence (n;), the measure p,
and the function F. By Theorem 3.4 we can suppose that there exists a measure
p € Mb(Q) such that the sequence (u,,) 7~ “7-converges to a measure . This measure

will be the measure which appears in the statement.

For any ¢ € Q™ let ¢™ be the solutions of the problems
gy € Wy (Q,RM) N LE(Q,RM),

/a(ax,Dq;”)Dvdx—F/F,L(m,qzl)vdun
Q Q
(6.42)

—m / (wnglP~2wng — g2 Yo d
Q

Vv e Wy P(Q,RM) N LE(Q,RM).

By Theorem 6.9 and a diagonal argument, there exists an increasing sequence (n;)
such that for every ¢ € QM , the sequence (qﬁi) converges weakly in WO1 P(Q,RM) to
a function ¢™ € W) *(Q, RM) NLE(Q,RM) when j tends to infinity, and the sequence
(¢™) converges strongly in W * (€, RM) NLA(Q, RM) to quw when m tends to infinity.

Moreover, there exists a sequence (H;") in Lﬁ/(Q,RM ) such that the sequence (¢g™)



Downloaded 09/30/16 to 150.214.182.15. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

610 JUAN CASADO DIAZ AND ADRIANA GARRONI

satisfies the problem

q" € Wy (Q,RM) N Ly (Q, RM),

/a(m,qu)Dvdx—i—/H;”vdu

Q Q

(6.43)

= [ (wadl? g~ lg" P20 do
Q

Vo e WyP(Q,RM) N LE(Q,RM)
and such that it converges strongly in Lﬁ/ (2, RM) to a function H, which satisfies
(6.44) |H,| < ClwqP™?, p-a.e. in Q.

Applying Proposition 6.8 to ¢7* and (¢’)” and then taking the limit in Hg" and H},
we also have

p=2 1
(6.45) |Hy(2) — Hy(2)] < C(lal + |¢'))"" " lg — ¢'| 7T w(z)P~?
Vq,q € QM, prae. xzin Q

and

(Hy(z) — Hy () (g —¢") > alg— ¢ |Pw(z)? Vq,¢ € QM. pae. zin Q.
(6.46)

We define a function G : Q x QM — RM by
(6.47) G(z,q) = Hy(x) VqeQM, pae. zin Q
and then we extend G to Q x R™ by continuity (see (6.45)). The function G satisfies

Gla.s) < Clsf tul@p, 1
(648) 1§ |G(x,s) = Gla,s")| < ClJs| + |s')757F [s1 — sal FTw(a)P,
(Glz,s) - Gla,s))(s — &) > als — &/ Puw(a)?

for every s and s/ in RM™ and for p-almost every x in , and it is a Carathéodory
function with respect to the o-finite measure wu. Therefore, there exists a Borel
function F : @ x RM — RM gsuch that

F(z,s) =G (l‘, w?x)) Lws03(2) + als|P 251 {0y VseRM, p-ae. xinQ,
(6.49)

so that, by (6.48), F € F(«,C,1/(p — 1)).

In order to prove Theorem 6.4 it remains only to show that the pairs (i, Fy,)

yA-converge to (i, F). To carry this out, consider an open subset €’ of Q and a

sequence of functionals (f,;), with f,, € (Wol’p(Q’,RM) N Lﬁ"v(Q’,RM))’, which
J

converges in the sense of (Hq/) to a functional f € (Wy* (€, RM) N Ly (Y, RM)Y.

We have to prove that if u,, € Wy P(Q,RM)nLE (2, RM) satisfies (5.2) and (6.1)

J
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(with n replaced by nj;), then any cluster point u of u,, in the weak topology of
WhP(Q/ RM) satisfies (6.2). To simplify the notation, let us assume that the whole
sequence (up,) converges weakly in W7 (Q/, RM) to u.

By Proposition 6.7, there exists a function H € Lﬁ/(Q’7 RM) such that u satisfies
(6.14). Estimate (6.28), applied with u, and z, replaced by u,; and G+ gives

p=2
[H = H'| < Cjul+[g™])""  lu—g"|77,  pae in®

and therefore, taking the limit as m tends to infinity we obtain

—2

|H = F(z,qu)| < C(jul + lqu])"" ju— qu|™,  jrae. in @,

which implies that for any step function { = Z:’; q:1p,, with B; Borel subset of €
and ¢; in QM, we get

p=2
|H — F(z,¢w)| < C(Jul + |Cwl)”" Ju— (w71, pace.in Q.

Finally, Proposition 3.6 and the continuity property (III) of F' imply that H(z) =
F(z,u(x)) p-a.e. in €', which concludes the proof. |

7. Corrector. In this section, we shall fix the sequence (u,) in M5(Q) and
the sequence (F,) in F(L), with L > 0, and we shall assume that (p,) 7~ “¢-
converges to g and the pairs (un, F,) y3-converge to (i, F), where u € Mb(Q)
and F' € F(a,C,1/(p —1)). This implies that in Theorem 6.9 the solutions s7" of
the problems (6.32) converge weakly in W, * (€2, RM) to s when n tends to infinity
without extracting any subsequence. Let us define R™ : Q x RM s MM*N by

(7.1) R (z,s) = Ds;' — D(sw).

The following result gives an approach in LP(Q, MM *¥) of the gradient of the solution
uy, of problem (5.2).

THEOREM 7.1. Let Q' be an open subset of Q. Let (uy,) be a sequence, with u, €
Whe( @, RM)NLE (', RM), which converges to a function u weakly in WP (€, RM)
and satisfies (6.1). Suppose there exists a sequence (f,), with f, € (Wy™P() N
LE (), which converges to f € (WyP(Q) N LE (Q))" in the sense of (Har) and
such that uy, satisfies problem (5.2).

Then, for every function ¢ = 22:1 sil, with s; in RM and K; closed subsets of
' such that w =0 p-a.e. on K; N K; for i # j, we have

limsup lim |Du,, — Du — R} (2, C)|Pdx

m—oo M7 [

gc(/K|u|pdu+/K|w<|pdu)“(/Kuwcv’du)”ll,

where K = Uim K; and C is a positive constant which depends only on «, 3, and L.

Remark 7.2. The heuristic idea of Theorem 7.1 is to show that the sequence
of the gradients of w,, is, except for a sequence which converges strongly to zero in
LP(Q,RM), equal to the gradient of u plus a sequence of nonlinear functions of the
variables x and wu(x). This explains the nonlinearity of the function F. If it were
possible to apply (7.2) by replacing ¢ by u/w, we would get

(7.2)

p
lim Hmsup/ ‘Dun —Du—R (m, ﬁ)‘ dz = 0.
Q w

—X n—oo
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But the choice { = u/w in (7.2) is not possible since we do not know, a priori, if
R™(x,s) is a Carathéodory function; so RI*(x,u(z)) may not even be measurable.
We avoid this problem using the function w( to approach uw. This approach is always
possible by Proposition 3.6 part b.

Remark 7.3. When we consider R"(x, (), the value of ¢ on K; N K}, i # j, is not
relevant. Indeed by taking in (7.2) u, = u = 0 (then f, = 0) and ¢ = slx,nx, we
deduce

m—00 n—oo

lim sup lim sup/ R™(z,s)dc =0 VsecRM,
KinK;

Remark 7.4. If K is a compact subset of €' such that u(K) = 0, estimate (7.2)
with ¢ = 0 implies that Du,, converges strongly to Du in LP(K,RM).

Proof of Theorem 7.1. Let s € RM and let K be a closed subset of . By Lemma
6.6, for every ¢ € C°(Q,RM), with ¢ > 1x in ', we have

limsup/K D ((un — s™) — (u — s™))|P da

n—oo

p=2 1
<[ wredut [ 1smpeda) ([ - smrodn)TT
Q/ Q Q

If ¢ now decreases to 1k, by the fact that (s™) tends to sw strongly in Wol’p(Q, RM)N
L7 (€, RM) and from (7.3) we deduce

(7.3)

lim sup limsup/ |D((up, — sp) — (u—5™))|P da
m—oo  n—00 K

(7.4)

SC’(/K|u|pd,u—|—/K|sw|pd,u>“(/Ku—sw|pdu>pll.

Moreover, by inequality

le1]P — |€2[P] < p(I&a|P~Y + &P~ Y6 — & V&L, E € MMXN,

we get
[ID((un = 55) = (w = 5™ DI = |D((n = 5) = (= sw)) |

< p(ID((un = 51 = (=™ )P~ +[D((un = 537) = (= sw))|"~ ) [D(s™ = sw)],
and then by the strong convergence of (s™) in W,"*(Q, RM) we deduce

dr = 0.

Mm—00 1 o0

lim limsup/ '|D((un —st) = (u—38"))|Pde — |D((un — s)') — (u— sw))|P
K
Thus by (7.4) and the definition of R, we get

lim sup limsup/ |D(up —u— Ry (z,5))|" do
m—oo  n—o0 K

(7.5)

p—2 1

SC(/K|u|pdu+/K|sw|pd,u)ﬁ(/K\u—sw|pd,u)pj.
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Consider now ¢ = 22:1 silg,, with s; € RM and K; closed subsets of €' such
that w = 0 p-a.e. on K; N Kj, for ¢ # j. By Lemma 4.5, we also have |u| = 0 p-a.e.

on K; N Kj, for i # j. Then, if K = Uézl K;, by using (7.5) and Holder’s inequality
we get

limsuplimsup/ |Duy, — Du — R (,Q)|P dx
K

m—0o0 n—oo

< 1imsup1imsup2/ |D(upn, —u — R (2, 8:)) P do
£ K;

- OZ:(/K ful? dpe -+ /K |w8i‘pd”) o (/K u — wSi‘pd:“) o

:C(/Klulpdu+/K|WC|pdu)ﬁ</K\u—wCV’dM)ﬁ,

which concludes the proof. 0

8. Particular cases. In this section, we shall prove that some assumptions on
the function a, as homogeneity or linearity, are inherited by function F. In [6] we
construct an example which shows that the function F' in general can be nonlinear
and nonhomogeneous.

Homogeneous case. Let a be a function which satisfies conditions (i)—(v), as at
the beginning of section 5. Let us assume in addition that a satisfies the following
homogeneity condition:

(vi) for a.e. z € Q, for every t € R, and for every & € MM*N,

a(z, t8) = [tP~>ta(x, t€).

Moreover, let (u,,) be a sequence in M (), and let (F),) be a sequence of functions
in F(L) which satisfies the following condition:
(VIT) for every x € €, for every t € R, and for every s € RM,

Fo(x,ts) = |[t|P72tF,(z, 5).

Under these assumptions we have the following result.

THEOREM 8.1. If the function a satisfies conditions (i)—(vi) and the sequence
(Fy) satisfies conditions (I)—(VII), then in Theorem 6.4 the function F' can be chosen
satisfying

F(x,ts) = [t|P"2tF (x, s)

for every x € Q, for every t € R, and for every s € RM,
Proof. Assumptions (vi) and (VII) imply that for every ¢ € R and for every
q € QM| the solution ¢™ of (6.42) satisfies

(tg)m = tq,, p-a.e. in €,

where (tq)7" is the solution of problem (6.42) with ¢ replaced by tq, which converges,
according with Theorem 6.9, to some function (tq)™ weakly in W, (Q, RM) for every
m € N. Then taking the limit as n — oo we have

(tg)™ = tq™, p-a.e. in Q.
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Therefore, the functions H* and H{} defined by (6.43) satisfy
Hiy =tH}", p-a.e. in

for every t € R and for every ¢ € QM. Thus, using that for every ¢ € QM, the
function G(x,q) in the proof of Theorem 6.4 is defined as the limit in m of HJ",
the continuity of G(z, s) with respect to the variable s and that the function F(z,s)
satisfies (6.49), we conclude the proof. O
In this special case we have the following result for the correctors defined by (7.1).
THEOREM 8.2. Assume that the function a and the sequence (F,,) satisfy, respec-
tively, properties (vi) and (VII). Then, the function R defined by (7.1) satisfies

(8.1) R (x,ts) = tR (x,8)

for almost every x € Q, for every s € RM, and for every t € R..

Proof. Assumptions (vi) and (VII) imply that, for every ¢ € R and for every
s € RM (ts)™ = ts™, where s is the solution of (6.32) and (s)™ is the solution of
problem (6.32) with s replaced by ts. Thus the conclusion follows by the definition
of R™. d

Linear case. Let us consider now the linear case, i.e., let us assume, with slight
abuse of notation, that the function a(z,¢) is of the form a(x)¢, where a(z) is a
measurable function from € on the linear applications from MM XN to MM *N which
satisfies these hypotheses:

(i;) there exists a constant o > 0 such that for every ¢ € MM*¥ and for a.e.

x € 2, we have

a(z)€€ > al¢l;

(ii;) there exists a constant 8 > 0 such that for every £ €
x € Q, we have

MMx*N and for a.e.

la(z)¢| < BIE]-

Remark 8.3. Hypotheses (i;) and (ii;) imply (i)—(v) at the beginning of section 5
for p = 2.

Let us denote by F;(L), with L > 0, the class of all vector functions from Q x R
to RM which are linear in the second argument (i.e., of the form F(z)s) and which
satisfy the following two conditions:

(I;) for every s € RM and for every x € Q we have

F(x)ss > als|?;
(I1;) for every s € RM and for every x € 2 we have
|F(x)s| < Lls|-

Remark 8.4. It is easy to see that the class F;(L) defined above is contained in
the class F(L) defined in section 5.

We are now in a position to state the following result.

THEOREM 8.5. Assume that in Theorem 6.4, Au = —div (a(x)Du), with a(x) sat-
isfying (1;) and (i;), and that the sequence (F,) belongs to F;(L). Then, the function
F which appears in the statement of Theorem 6.4 can be chosen in the class F(L'),
with L' > 0 different, in general, from L.
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Proof. We have already shown in Theorem 8.1 that F' is homogeneous in its
second argument. The additivity of F' can be proved essentially with the same argu-
ment. ]

For the corrector result, as in section 7, let us assume that (u,) v~ “-converges
to u and that the pairs (un, F,) y4-converge to (u, F) according with Definition 6.2
(where Au = —div (a(x)Du)). In this case the function R™ : Q x RM — MM*V jg
given by R™(x,s) = Ds™(z) — D(ws)(x), where for every s € RM™, s™ is the solution
of the problem

sp e Hy(Q,RM)n L2 (Q,RM),

(8.2) /a(x)Ds?Dv dx + / Fp(z)stvdp, = m-/(wns—s;")vdx
Q Q Q
Vo e Hg(Q,RM)n L2 (Q,RM).

Clearly, the functions R]" are linear in their second argument, and hence they are
Carathéodory functions. This allows us to improve Theorem 7.1.

THEOREM 8.6. Let €' be an open subset of Q. Let (uy,), with u,, € H* (', R™)N
Lin (Y, RM), be a sequence which converges weakly in H' (', RM) to some function u
and satisfies (6.1). Assume also that there exists a sequence (f,,), with f, belonging to
(Hy(V,RM) n L2 (0, RM))', converging to some functional f € (Hg(Q,RM) N
L2 (€, RM)) in the sense of (Har), such that (uy) satisfies the following problem.:

un, € HY(QY,RM)N L2 (€, RM),

(8.3) /a(a:)Duandx—i—/ Fp()upvdpy, = {(fn,v)
Q Q
Yo e HYQ,RM)N L2 (), RM),

Then, for every function v € HY (Y, RM) N L>(Q,RM) and for every closed set
K C Q, we have

(8.4)  limsuplim sup/ |Du,, — Du — R™(x)y|*dx < C/ lu — wy|? dp.
K K

m— 00 n—oo

In particular, if u/w belongs to L>=(K,RM), then we have
2
(8.5) limsuplimsup/ ’Dun fDufRZ’(x)E‘ dx = 0.
m—oo n—oo JK w

In order to prove Theorem 8.6, we need some preliminary lemmas.
LEMMA 8.7. Let W = sup{||wy || (q)}. Then for every s € RM, the solutions

s of (8.2) satisfy
(8.6) limsuplimsup/ |D s™|?dx < Cﬁ Vk e N.
m—oo  n—oo J{|sm|>26W]s|} k
Proof. For any j € N, let us consider the function ®; : RM — RM defined by
0 if [¢] < 2971W s,
¢l — 277 Ws|

(8.7) B,(¢) = ¢ HTIWs| < [¢] < 2T,

211V 5]
¢ if [¢| > 29W|s].
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Taking ®;(s]") as a test function in (8.2), we get

/Q (x)Ds*D[®, (s dx—|—/ F,(x )d,u,ﬂ—m/ w—wps)®;(sy) dr =0,

which implies

a/ |D s™|* dx
{Isp|=29Ws(}

< a@W£@@Aﬂﬂm+m/B?f%ﬂ%@me
Q

/{21"1W|8<SL“<2"W|8}
<C \Dszl\Zdz—&—m/ |sit — wys| |1 ()] d,
{277 W s|<|s |[<20W s} Q

(8.8)
where we used that |®;(s")| < |®1(s}")| for every j € N, and the fact that, in the set
{2071Ws| < s < 23W| |}, we have D[®;(s™)] = Ds™(2|sm| -2 W |s|) /27 W |s],
and hence |D[®;(s7")]| < 3|Ds}}|.
On the other hand, by (6.38) we can see that for every k € N we have

k
Z/ |Ds™|? da < / |Ds™|2dz < C|s|?
=1 {29 1W|s|<|sm|<2I W |s|} Q

and therefore, for every k € N, there exists j(k), with 1 < j(k) < k, such that

2
/ D Pdr < BF
{25 =1 W || <|sm | <23 (R W |s|}

By (8.8), applied with j(k), we deduce that for any k € N we have

/ |D s™|? dx
{Isp|=2kW|s|}
|

§/ |Ds™|? de < C+——
(s [>20 W s]} k

thus taking the limit as n — oo and using that ®1(ws) = 0, we obtain

+m/ |7 — wys|| 1 (sp)] da,
Q

2
limsup/ |Ds™|?dx < Cﬂ—i-m/ [s™ — ws||P1(s™) — Py (ws)| dx
{lsip 225 W]s} &

n— 00
|2

|s
<
_Ck

+Cm / |s™ — ws|* da.
Since, by Theorem 6.9, the second term on the right-hand side tends to zero when m
tends to infinity, estimate (8.6) is proved. d

LEMMA 8.8. For every function p € H}(Q) N L>(Q), with ¢ > 0, we have

(8.9) limsuplimsup/ |R™(x)[2pdr < C’/ w?edp.
Q Q

m—0o0 n—oo

Proof. Let s € RM, with |s| < 1. Let us define Uy : RM — RM by ¥, (¢) =
¢ — ®r(¢), where ®, is the function defined by (8.7). Taking Wy (s?' — wy,s)p, with
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© € HF ()N L>®(Q) and ¢ > 0, as a test function in (8.2), we have

/ a(x)DsD[Uy (s — wy, )] dx + / a(x)Ds Wi (s — wys) ® Dy dx
Q Q

+m/ (sl — wy8) Vg (s — wy,s)p dx +/ Fo(z)siU (s — wys)e du, =0,
Q Q

where the second term tends to zero when n and then m tend to infinity and where
the third term in the left-hand side is positive. This permits us to write

a/ |D(spt — wns)\2cp dx + / Fo(z)(s)) — wns) k(s — wps)pduy,
{lspr—wns|<28-1W|s|} Q

<C

/ DD = was)lpda
{2F—1W|s|<|sm —wn s|<2FW 5|}

(8.10) +C |D(wps —ws)||D(spt — wps)|pdx
{|sm —wns|<26—1W|s|}

+C |Dws||D(sp — wy,s)|e dzx
{|sm —w, s|<2k—1W|s|}

+ C/ [wns|| Pk (sy — wn$)|e ditn, + Omn-
Q

Since for k > 2
(8.11) ST > 8™ — wps| — [wps| > [s™ — wyps| — Ws| > 2872 s]

in the set {|s™ — w,s| > 2¥~1W|s|}, by Hélder’s inequality, (6.38), and Lemma 8.7,
we obtain

llell Lo
72)|s|2 + O -

DD~ wys)ode < O

/{2“W|s<s;vwns<2kW|s}

By the definition of ¥ and (I;), we have

/ Fo(z)(s — wn8) Vg (s — wns)pdu, > a/ (87 — Wy )W (sh — wy8) @ diiy,
Q Q

> a / T (s — wns) %0 .
Q

Therefore, using Young’s inequality in (8.10) and taking into account that |s| < 1 and
that the third term of the right-hand side of (8.10) tends to zero when n and m tend
to infinity, we get

/ ID(s — wns) P da + / Wi — wns) Pep dn
{lsm —wns|<2F—1W|s|} Q

||<P||L,O<>(Q)+/ |D(wns—w8)‘2@dw+/ wns|2§0dﬂn:| +0m,n
0 Q

(8.12) <C[m

el o< () / 2
< C——F—"F—=+C | w’odu+ omn,
< P . pdu ,
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where in the last inequality we used Lemma 4.2. Thus by (8.12), (8.11), and Lemmas
8.7 and 4.2, we have

[ IRz @sPode = [ D67~ wo)Pods

Q Q

< 2/ \D(szl—wns)|2<pdx+2/ |D(wns—ws)|2apdm
{ls7 —wns| <26 1W 5]} {Isyp—wns| <21V s}

+2/ |Dsm290dx + 2/ |D(ws)|2<pdx
{ls7 —wns|>2F-1W|s|} {lspr—wns|>28=1W|s|}

1 1
<C o (7 7) C/ 2 d m,n;
< CllellLe= () T—2+k3—2 + ngo 1+ Omm

which by the arbitrariness of k implies

limsuplimsup/ |R™(x)s|*pdr < C/ w?pdp.
Q Q

m— 00 n—00

Since
N
R (x)| = max{| R (x)s| : |s| <1} < |R(2)edl,
i=1
where {e; : ¢ <i < N} is the canonical basis of RY, Lemma 8.8 is proved. O

Remark 8.9. If in Lemma 8.8, ¢ belongs to C2°(2), then estimate (8.9) may be
easily deduced from estimate (6.9) in Lemma 6.6. Remark also that Lemmas 8.7 and
8.8 can be easily generalized to the nonlinear case.

Proof of Theorem 8.6. By Lemma 8.8, for every closed K C ' and for every
function ¢ € H'(Q',RM), with ¢ > 0, we have

(8.13) limsuplimsup/ IR ()% dx < C’/ w2 dp.
K K

m—00 n—oo

Indeed it is enough in (8.9) to take ¢ equals to ¢,v, with ¢, € H(Q,RM) N
L (Y, RM) decreasing to the characteristic function of K.
Consider 1 € HY (Y, RM) N L>(Y,RM) and let K be a closed subset of '. By

Theorem 7.1, for any function { = 22:1 silk,, with s; € R and K; closed subsets of
', such that K = Ué:l K; and w = 0 p-a.e. on K; N K, for i # j, we have

/|Dun—Du—an(x)1/)|2dx
K
<2 [ Dun— Du= RP(@)Pdo+2 [ [RZ@PI - (P da
K K
l

g1y <C [ l-uPdus2Y [RI@P - sPde o,

K i=1 " Ki

l
< C/ |u—w§|2du+02/ lwip — s;w|? dp + 0
K i=1 7K

= [ u-wcPau+ € [ v - wf duct onn
K K
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where we used (8.13). In order to obtain (8.4), it is enough to take ¢ = (j, where
(k) is a sequence of step functions such that (w(y) converges strongly to wi in
L2 (Y, RM).

Assume now that u/w belongs to L>°(K,RM) and take ¢ > 0. By estimates (8.4)
and (8.13), we get

/K ’Dun — Du — R?(x)%‘z dz

2
dx

u u

2
g/ ‘Dun—Du—R;n(x) daz—l—/ |R™(x)|?
K K

w—+ e w—+ e w

(8.15)

2
wu u (|2 1
< [ lu-2) g +052H—H / R™(z)[2———— dp + omn
<[ wﬂ‘ " | I LA T
wu 2

2

u |2 w
< PRI S e
*/K w+a’ a “w Lo (K,RM) [ (w+ €)? Hr Om,

By using that u belongs to Li (22, RM) and the dominated convergence theorem, the
first integral of the right-hand side of (8.15) tends to zero when ¢ tends to zero. Since

u —

cw 3 w

(w+e)?2 whewte ~

and hence by the fact that v = wP?~ !y is a Radon measure,

,w2
e ———du< | wdy< +oo,
Jo et s fan < oe

we get that the second integral on the right-hand side of (8.15) tends to zero when &
tends to zero. We deduce (8.5) taking the limit in n, m, and then in e. O

9. Asymptotically equivalent operators. We saw in the previous sections
that the properties of the function F' which appears in the limit problem (6.2) are
strictly related to the properties of the function a which define the differential operator
A. The next proposition shows, in some sense, how the function F' depends on the
behavior of a(z, ) when || is large.

Let @ : Q x MMXN _, MM*N he a Carathéodory function which satisfies condi-
tions (i)—(v), and suppose that the following property

(9.1) lim |a’($7£) _a(x7§)| -0

|€]—o00 |Elp—1

holds uniformly with respect to z in Q. Let A be the differential operator given by
Au = —div (a(z, Du)).

PROPOSITION 9.1. Suppose that the pair (pn, Fy), according to Definition 6.2,
A -converges to (i, F).

If the functions a and a satisfy condition (9.1), then we also have that (un, Fy,)

A -converges to (i, F).

Proof. According to the definition of the 7A—convergence, we have to show
that for any open subset Q' of Q, for any sequence of functionals (f,,), with f, €
(WyP (0, RM) n Lr (€, RM)), which converges to some f & (WP (@, RM) n
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Lr (Y, RM))" in the sense of (Hgr), and for any sequence (u,) which satisfies (6.1)
and

U € WEP(Q,RM) N L1 (2, RM),
(9.2) / a(x, Duy)Dvdx + | Fn(z,up)vdp, = (fn,v)
’ Q/

Vve WP (@, RM)nLE (2, RM),

every cluster point of the sequence (u,,) in the weak topology of WP (Q)', RM) satisfies
problem

ue WhHr(Q,RM) N Ly (O, RM),
(9.3) // a(x, Du)Dvdx + // F(z,u)vdy = (f,v)
Vo e WyP(Q,RM)n LB (Q, RM).
If w,, satisfies (9.2), then it also satisfies
up, € WHP(Q,RM)n LE (2, RM),

/ a((E,D’LLn)D’Ud$+/ Fn(x;un)vdﬂn = <gnav>

Vo e W, (@, RM)nLE (9, RM),

where g,, = f,—div [a(z, Duy,)—a(x, Du,)]. Therefore, once we show that (div [a(x, Du,)—

a(x, Duy,)]) converges in the sense of (Hg) to div [a(z, Du) — a(z, Du)], by the v4-
convergence of (f,, Fy,) to (u, F), we can deduce that u satisfies (9.3).

In order to prove that (—div [a(z, Du,) — a(x, Du,)]) converges in the sense of
(Hov), let us consider v, € Wy (¥, RM) N Lr (€, RM) such that (vy) converges
weakly to some v in Wy (Q,RM). Since by Proposition 5.4 the sequence (Du,,)
converges to Du pointwise a.e. in ', by Egorov’s theorem, for every § > 0, there

exists a set £ C ', with |E| < é, such that (Du,) converges uniformly to Du in
O\ E. Thus we get

lim [a(z, Duy,) — a(z, Duy,)]Dv,, dx
n—oo Jao

(9.4)
= /Q/\E[&(I’ Du) — a(z, Du)|Dvdx + lim | [a(z, Du,) — a(x, Duy,)]|Dv, dx.

n—oo E

Let us estimate the last limit in (9.4). By (9.1), for every ¢ > 0 there exists M > 0
such that

ja(z,€) — a(z,€)] < el¢fP™

whenever [¢| > M. Thus, since (v,) and (u,) are bounded in W?(Q/,RM), by
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Holder’s inequality, we get

lim ‘/ [a(x, Duy) — a(x, Duy,)]Dv, dx
B

n—oo

(9.5) < lim |a(x, Duy,) — a(x, Duy)||Dvy,| dz
=0 JEN{|Dun|>M} o

+/ |a(x, Duy) — a(x, Duy,)||Dv,|dz < C(e + Mpil(s(pil)/p).
BA{|Dun | <M}

Now taking the limit as § goes to zero and then the limit as M goes to infinity, by
(9.4) and (9.5) we obtain

lim [a(z, Duy,) — a(z, Duy,)]Dv, de = / [a(z, Du) — a(x, Du)]Dv dz,
n—oo Q, ’
which concludes the proof. 0
COROLLARY 9.2. Let (F,) be a sequence in F(L) which satisfies condition
(VI) and assume that the function a satisfies the following condition: There exists
a Carathéodory function a such that

a(zx, t€)

tg?o |t|P*2t

(9.6) = a(z,¢)
uniformly in x, for every & € MMXV,

Suppose that the pair (p,, Fy,), according to Definition 6.2, v -converges to (i, F).
Then the function F also satisfies condition (VI).

Proof. Tt is easy to see that @ satisfies conditions (i)—(vi) and that condition
(9.6) implies condition (9.1). Thus by the previous theorem the sequence of pairs

(Fo, fin) v*-converges to (i, F') and by Theorem 8.1 the function F satisfies condition
(VI). 0

10. General operators. In this section we shall prove that the results given
in the previous sections hold for a class of more general operators. Actually, let
2 <p< +ooand let b: Q x RM x MMXN s MMXN he a Carathéodory function
such that:

(i') there exists a constant o > 0 such that

(b(,0,&1) — b(w,0,82)) (&1 — &2) > alér — &afP

for every s € RM | for every &1, & € MM>XN and forpa.e. x e
(ii’) there exists a constant 3 > 0 and a function h € L2 (Q) (p/(p — 2) = +c
if p = 2) such that

[b(2,0,61) = b(@,0,&)| < B(A(x) + (1] + [&0)"72)I&1 — &

for every &;,& € MMXN and for a.e. x € (;
(iii') there exists a constant v > 0 and a function k € LP () such that

[b(x, 51,€) — b, 52,6)| < v(k(x) + (|s1] + [s2])? + [§]") min{[sy — s2f, 1}

for every s1, s, € RM, for every ¢ € MM*VN and for a.e. z € Q, where ¢ and

r are constants which satisfy 0 < ¢ < N(p —1)/(N —p) if p < N, ¢ > 0 if
p>Nand0<r<p-—1.
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(iv') b(-,0,0) € LF'(Q).

Under these hypotheses on the operator Bu = —div(b(x,u, Du)), we have the
following generalizations of Definition 6.2 and Theorem 6.4.

DEFINITION 10.1. Let (u,) be a sequence in M5(Q), let (F,,) be a sequence in
Flei,e2,0), let p € ME(Q) and F € F(c1,ca,0). We say that the pairs (u,, Fy,) v5-
converge (in §) to the pair (u, F') if the following property holds: for any open set ' C
Q, for any sequence of functionals (f,), with f, € (Wy (€, RM)n Ly (0, RM)Y,
which converges to some f € (W3 *(?/,RM)n LA (Y, RM))" in the sense of (Hq)
(according to Definition 5.1), and for any sequence (u,,) of solutions of the problems

u, € WhP(Q,RM) N LE (2, RM),

(10.1) / b(x7un,Dun)Dvdaz+/ Fo(x, un)vdpn, = (fa,v)

Vve Wy P(,RM)nLE (2, RM)

satisfying (6.1), all cluster points of the sequence (u,) in the weak topology of
Whr(Q, RM) satisfy the following problem:

ue Whr(Q,RM)n Lk (Y, RM),

(10.2) / b(z,u, Du)Dv dz +/ F(z,u)vdp = {f,v)
Vv e Wy (@, RM) 0 LE(Q, RM).

Remark 10.2. If (u,) is a sequence of solutions of problems (10.1) then the
assertion of Proposition 5.4 can be proved using the same argument.

THEOREM 10.3. Let (i1,,) be a sequence of measures in ME(Q) and let (F,) be a
sequence in F (L), with L > 0. Then there exists an increasing sequence of integers
(nj), a measure p € MG(Q), and a function F € F(a,C,1/(p — 1)) such that the
pairs (pn,, Fy,;) v2-converge to (u, F) in Q (according to Definition 10.1).

Proof. The above hypotheses on b(z,s,&) imply that the application a :  x
MM*N , MMXN defined by a(x, &) = b(x,0, &) —b(x,0,0) satisfies conditions (i)—(v)
in section 5 and then, by Theorem 6.4, there exists an increasing sequence of integers
(nj), a measure p € M{(Q), and a function F' € F(o, C,1/(p—1)) such that the pairs
(tin;, F,) v*-converge to (u, F) in € (according to Definition 6.2). Let us see that
the pairs (i, , Fy,) 75-converge to (i, F) in  (according to Definition 10.1). Let us

consider a sequence of functionals (f,;), with f,, € (WP (¥, RM)N Lﬁnj (,RM)y,
which converges to some f € (W, (¥, RM)n LP (Y, RM))" in the sense of (Hq), a
sequence (u,,) which satisfies (10.1) (with n replaced by n;) and (6.1), and a cluster
point u of the sequence (uy,) in the weak topology of WP (€', RM). We have to
prove that u satisfies problem (10.2). In order to simplify the notation, we shall still
denote by (u,,) the subsequence of (u,;) which converges weakly in W (2, RM) to
u. By (10.1), the sequence (uy,) satisfies

U, € WH(Q,RM) N LE (0, RM),

(10.3) / a(z, Duy;)Dvdx + / F(x,un, )vdp = (fn;,v) = (gn;, )

Voe WP (@, RM)nLE (Q,RM),
J
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where g, = —div(b(z, un,, Duy,) — b(z, 0, Duy,,) — b(x,0,0)). To conclude the proof
it is enough to show that the sequence (gn;) converges in the sense of (Hqr) to the
functional g = —div(b(z, u, Du) — b(x,0, Du) — b(z,0,0)). By (iii’) we have

(10.4) |b(2, n,, Dun,) — b(2,0, Duy,)| < Y(k + [tn, |9 + [ Dt ") Jun, |-

By Remark 10.2, Du,,, converges pointwise to Du, and then the left-hand side of (10.4)
converges pointwise to b(x, u, Du)—b(x, 0, Du), and the power p’ of the right-hand side
is uniformly integrable. This implies that (b(x, uy,, Dun;) — b(x,0, Duy,,)) converges
strongly in LP' (Q') to b(z, u, Du) — b(x,0, Du), which concludes the proof. ad
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