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Asymptotic behavior of an elastic beam fixed on a small
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Abstract. We study the asymptotic behavior of the solution of an anisotropic, heterogeneous, linea-
rized elasticity problem in a cylinder whose diameterε tends to zero. The cylinder is assu-
med to be fixed (homogeneous Dirichlet boundary condition) on the whole of one of its
extremities, but only on a small part (of sizeεr

ε) of the second one; the Neumann boundary
condition is assumed on the remainder of the boundary. We show that the result depends
on r

ε, and that there are 3 critical sizes, namelyr
ε

= ε
3, r

ε
= ε, andr

ε
= ε

1/3, and in
total 7 different regimes. We also prove a corrector result for each behavior ofrε. c© XXXX
Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

Comportement asymptotique d’une poutreélastique fix́ee sur une petite partie
de l’une de ses extrémit́es

Résum é. Nous étudions le comportement asymptotique de la solutiond’un problème d’élasticité
linéaire anisotrope et hétérogène dans un cylindre dont le diamètreε tend vers zéro. Le
cylindre est fixé (condition de Dirichlet homogène) sur latotalité de l’une de ses extrémités,
mais seulement sur une petite partie (de tailleεr

ε) de l’autre base ; sur le reste de la
frontière on a la condition de Neumann. Nous montrons que lerésultat depend derε, et
qu’il existe 3 tailles critiques, à savoirrε

= ε
3, r

ε
= ε et rε

= ε
1/3, et au total 7 com-

portements différents. Nous donnons un résultat de correcteur pour tous les comportements
der

ε. c© XXXX Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

Version française abr égée

Dans cette Note, nous étudions le comportement asymptotique de la solution d’un probleme d’élasticité
linéaire anisotrope et hétérogène posé dans un cylindreΩε = (0, 1)× εS ⊂ R

3 dont le diamètreε tend vers
zéro et dont l’axe est le premier axe de coordonnéesOx1. A l’une de ses extrémités (x1 = 1) le cylindre
est fixé (condition de Dirichlet homogène) sur la totalit´e de la baseΓε

1 = {1} × εS, tandis qu’à l’autre
extrémité (x1 = 0), il est seulement fixé sur une petite partieΓε

0 = {0} × εrεS0 de la base, partie qui
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Figure 1.

est bien plus petite queε car rε tend vers zéro. Sur le reste de la frontière deΩε, on a la condition de
Neumann (voir Figure 1). PourA tenseur d’ordre 4 coercif à coefficients continus dansΩ (Ω = (0, 1)×S),
et f ∈ L2(Ω)3, h ∈ L2(Ω)3×3

s donnés, on définitAε, F ε etHε par (1) et (2) et on définitUε comme la
solution du problème d’élasticité (3).

Le but de cette Note est de décrire le comportement asymptotique deUε et de donner un résultat de
correcteur poure(Uε) quandε et rε tendent vers zéro. Ce résultat est décrit dans le Théor`eme enoncé dans
la version anglaise ci-dessous, qui fait apparaitre 3 tailles critiques, à savoirrε ≈ ε3, rε ≈ ε et rε ≈ ε1/3,
qui séparent 4 zones correspondant àrε ≪ ε3, ε3 ≪ rε ≪ ε, ε ≪ rε ≪ ε1/3 et ε1/3 ≪ rε 6 C, donc
au total 7 cas différents. Le résultat de convergence est donné par (5), oùu est défini par la solution de (4),
tandis que (6) est un résultat de correcteur poure(Uε).

Quandrε ≪ ε3, l’ensembleΓε
0 = {0} × εrεS0 est si petit que la condition de Dirichlet imposée à

Uε pourx1 = 0 disparaı̂t complètement à la limite. Quandε3 ≪ rε ≪ ε, l’ensembleΓε
0 est suffisamment

grand pour qu’à la limite on aitζα(0) = 0 pourα ∈ {2, 3}. Quandε≪ rε ≪ ε1/3, on a en outreζ1(0) = 0.
Finalement, quandε1/3 ≪ rε, l’ensembleΓε

0 est si grand que toutes les conditions de Dirichlet possibles
sont satisfaites à la limite, c’est à direζα(0) = ζ1(0) = dζα

dy1

(0) = c(0) = 0 (voir la version anglaise pour
les définitions des espaces fonctionnels qui interviennent dans le problème limite (4) et pour les définitions
de ces fonctions).

Sauf quandrε est de taille critique (c’est à dire quandrε ≈ ελ avecλ = 3, 1 ou1/3), la forme bilinéaire
B qui intervient dans (4) et la fonctionP ε qui intervient dans (6) sont nulles. Mais pour ces trois tailles
critiques,B est une forme bilinéaire coercive (enζα(0) pourλ = 3, enζ1(0) pourλ = 1, et enc(0) et
dζα

dy1

(0) pourλ = 1/3, voir (7) de la version anglaise), de sorte que pour ces tailles critiquesrε ≈ ελ, B est

une pénalisation, par rapport au casrε ≪ ελ, des nouvelles conditions de Dirichlet qui apparaı̂tront pour
rε ≫ ελ, ce qui rétablit une certaine continuité dans la transition.

La présente Note est la généralisation au cas de l’élasticité linéaire de l’étude menée dans [2], [3] pour
le problème de diffusion analogue quand le paramètretε qui intervient dans ces travaux esttε = 0. Les
démonstrations détaillées seront données dans [4].

1. Position of the problem and notation

In this Note we study the asymptotic behavior of the solutionof an anisotropic, heterogeneous, linearized
elasticity problem posed in a thin cylinderΩε whose diameterε tends to zero and whose axis is the first axis
of coordinatesOx1. On one of its extremities (x1 = 1) the cylinder is fixed on its whole basisΓε

1 whereas
on the second one (x1 = 0) it is fixed only on a small partΓε

0 of it, of diameterεrε much smaller thanε.
The Neumann boundary condition is assumed on the remainder of the boundary ofΩε. Mathematically the
problem can be formulated as follows.

Forε > 0, we considerrε a positive parameter which tends to zero withε. LetS0 andS be two bounded
smooth domains inR2, with 0 ∈ S. We defineΩ = (0, 1)× S, Ωε = (0, 1)× εS andΓε = Γε

0 ∪ Γε
1, where

Γε
0 = {0} × εrεS0, Γε

1 = {1} × εS. Observe that the size ofΓε
0 is much smaller than the size of the basis

{0} × εS sincerε tends to zero. The thin cylinderΩε is represented in Figure 1 in the case whereS0 and
S are both balls ofR2.
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An elastic beam fixed on a small part of one of its extremities

The elements ofR3 are decomposed asx = (x1, x
′), x1 ∈ R, x′ = (x2, x3) ∈ R

2. We denote by
{e1, e2, e3} the canonical basis ofR3 and byL(R3×3

s ) the space of linear maps ofR
3×3
s into itself (or in

other terms of fourth order tensors), whereR
3×3
s is the space of the3 × 3 symmetric matrices. We adopt

Einstein’s convention of repeated indices. Greek indices (α andβ) take only the values2 and3, while latin
indices (i andj) take the values1, 2 and3.

We considerA ∈ C0(Ω;L(R3×3
s )) such that there existsm > 0 with

A(y)ξξ > m|ξ|2, ∀ξ ∈ R
3×3

s , ∀y ∈ Ω,

and we defineAε ∈ C0(Ωε;L(R3×3
s )) by

Aε(x) = A(x1,
x′

ε
), ∀x ∈ Ωε. (1)

We also considerf ∈ L2(Ω)3 andh ∈ L2(Ω)3×3
s , and we defineF ε ∈ L2(Ωε)3 andHε ∈ L2(Ωε)3×3

s by

F ε(x) = f1(x1,
x′

ε
)e1 + εfα(x1,

x′

ε
)eα, Hε(x) = h(x1,

x′

ε
), a.e.x ∈ Ωε. (2)

In the thin domainΩε we consider the elasticity problem






Uε ∈ H1

Γε(Ωε)3,
∫

Ωε

Aεe(Uε) : e(U
ε
)dx =

∫

Ωε

F εU
ε
dx+

∫

Ωε

Hε : e(U
ε
)dx, ∀U

ε
∈ H1

Γε(Ωε)3,
(3)

where
H1

Γε(Ωε) =
{

U ∈ H1(Ωε) : U = 0 onΓε
}

;

observe that in the above formulation, as well as in the remainder of the present Note, complex numbers
never appear, and thatU

ε
(and lateru, v, w) denotes the test function associated to the solutionUε, and

not its complex conjugate. Observe also that the solutionUε of (3) satisfies a non homogeneous Neumann
boundary condition on the part∂Ωε \ Γε where it is not fixed, since integrating by parts

∫

Ωε
Hε : e(Uε)dx

(whenh and thereforeHε is sufficiently smooth) produces both body forces and surface forces. Similarly to
the body forcesF ε we could have introduced explicit surface forcesGε on∂Ωε \Γε, but we have preferred
not to include them for the sake of simplicity.

It is well known that problem (3) has an unique solution (see,e.g., [5]). The aim of the present Note,
which announces our paper [4], is to describe the asymptoticbehavior of the solutionUε and to give a
corrector result fore(Uε) asε tends to zero. The result depends on the behavior ofrε and exhibits 3 critical
sizes, namelyε3, ε, andε1/3, so that there are 7 different regimes:rε ≪ ε3, rε ≈ ε3, ε3 ≪ rε ≪ ε, rε ≈ ε,
ε ≪ rε ≪ ε1/3, rε ≈ ε1/3, andε1/3 ≪ rε 6 C, whererε ≪ ελ stands forrε/ελ → 0 (and equivalently
ελ ≪ rε for rε/ελ → +∞), while rε ≈ ελ stands forrε/ελ → ρ, for someρ with 0 < ρ < +∞.

To express the results and to make the proofs, we will use two changes of variables. The first change of
variables is given by

y = yε(x) with y1 = x1, y
′ =

x′

ε
,

which transforms the variable domainΩε into the fixed domainΩ. This is the usual change of variables
used to study equations in thin cylinders (see, e.g., [6], [9], [10], [11]). Whenrε = 1 andS0 = S (but
the same proof works forrε = C independent ofε such thatCS0 ⊂ S), it was used successfully in [6],
[9], [10] to pass to the limit in (3). But whenrε tends to zero withε, this first change of variables does not
provide the information we need about the behavior ofUε in the part ofΩε close toΓε

0. Thus we introduce
a second change of variables given by

z = zε(x) with z =
x

εrε
,

which transforms the variable domainΩε into a variable domainZε, the limit of which is the half spaceZ =
(0,+∞) × R

2. Observe that the Dirichlet boundary condition is now imposed on the fixed part{0} × S0

3



J. Casado-Dı́az et al.

of the boundary ofZε. This change of variables provides a suitable rescaling near x1 = 0. It was used
successfully in [2], [3] to study the diffusion problem similar to (3) in the geometry that we consider
in the present Note (and even in a more complicated one, whereΩε is made of union of two cylinders
{(−tε, 0) × εrεS0}∪{(0, 1) × εS} and where the Dirichlet condition is imposed onx1 = −tε andx1 = 1;
the geometry considered in the present Note corresponds totε = 0; a problem of conduction in a notched
beam of the same type was solved in [1] by using the same changeof variables).

We denote byD1,2(Z) the Deny’s space

D1,2(Z) =
{

p : p ∈ L6(Z), ∇p ∈ L2(Z)3
}

.

We will also use the functional spaces (already used in [7], [8], [9], [10])














BNb(Ω) =
{

u : ∃ζα ∈ H2(0, 1), ζα(1) =
dζα
dy1

(1) = 0, uα(y) = ζα(y1), ∀α ∈ {2, 3},

∃ζ1 ∈ H1(0, 1), ζ1(1) = 0, u1(y) = ζ1(y) −
dζα
dy1

(y1)yα

}

,











Rb(Ω) =
{

v : v1 ∈ L2(0, 1;H1(S)),

∫

S

v1(y1, y
′)dy′ = 0 a.e.y1 ∈ (0, 1),

∃c ∈ H1(0, 1), c(1) = 0, v2(y) = c(y1)y3, v3(y) = −c(y1)y2

}

,















RD⊥
2 (Ω) =

{

w : w1 = 0, wα ∈ L2(0, 1;H1(S)),

∫

S

wα(y1, y
′)dy′ = 0, ∀α ∈ {2, 3},

∫

S

(y3w2(y1, y
′) − y2w3(y1, y

′)) dy′= 0 a.e.y1 ∈ (0, 1)
}

.

For a given(u, v, w) ∈ BNb(Ω)×Rb(Ω)×RD⊥
2 (Ω), we denote byE(u, v, w) the second order symmetric

tensor with values inR3×3
s defined by

E11(u, v, w) = e11(u), E1β(u, v, w) = e1β(v), Eαβ(u, v, w) = eαβ(w), ∀α, β ∈ {2, 3}.

2. The result and some comments

The asymptotic behavior of the solution of (3) depends on thesize ofrε with respect toε. Seven regimes
appear in the following Theorem which describes the asymptotic behavior ofUε and provides a corrector
result forUε ande(Uε).

THEOREM LetUε be the solution of (3). There exist a closed linear subspaceE ofBNb(Ω)×Rb(Ω)×
RD⊥

2 (Ω), a functionP ε ∈ L2(Ωε)3×3
s , and a bilinear continuous nonnegative formB onE × E such that,

defining(u, v, w) as the solution of the variational problem






















(u, v, w) ∈ E ,
∫

Ω

AE(u, v, w) : E(u, v, w)dy + 〈 B(u, v, w), (u, v, w) 〉 =

=

∫

Ω

fudy +

∫

Ω

h : E(u, v, w)dy, ∀(u, v, w) ∈ E ,

(4)

then, whenε tends to zero, we have

1

|Ωε|

∫

Ωε

(

|Uε
1 (x) − u1(x1,

x′

ε
)|2 +

3
∑

α=2

|εUε
α(x) − uα(x1)|

2

)

dx −→ 0, (5)

1

|Ωε|

∫

Ωε

|e(Uε)(x) − E(u, v, w)(x1,
x′

ε
) − P ε(

x

εrε
)|2dx −→ 0. (6)
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An elastic beam fixed on a small part of one of its extremities

The definitions ofE , P ε andB do not depend on the forcesf andh which defineF ε andHε, but only on
the setS0, on the fourth order tensorA, and on the behavior ofrε whenε tends to zero, and more specifically
of its behavior with respect toε3, ε, andε1/3, such that there are 7 regimes, which are described now.

• If rε ≪ ε3, thenE = BNb(Ω) ×Rb(Ω) ×RD⊥
2 (Ω), P ε = 0, B = 0.

• If rε ≈ ε3 with rε/ε3 → ρ, thenE = BNb(Ω) × Rb(Ω) × RD⊥
2 (Ω), and definingϕα, α ∈ {2, 3},

as the solution of







ϕα ∈ D1,2(Z)3, ϕα = e
α on{0} × S0,

∫

Z

A(0)e(ϕα) : e(ϕ)dz = 0, ∀ϕ ∈ D1,2(Z)3, ϕ = 0 on{0} × S0,

then one has

P ε(z) = −
1

ε2rε
ζα(0) e(ϕα)(z), a.e.z ∈ Z,

〈 B(u, v, w), (u, v, w) 〉 = ρ

∫

Z

A(0) (ζα(0) e(ϕα)) :
(

ζβ(0) e(ϕβ)
)

dz, ∀(u, v, w), (u, v, w) ∈ E .

• If ε3 ≪ rε ≪ ε, then

E =
{

(u, v, w) ∈ BNb(Ω) ×Rb(Ω) ×RD⊥
2 (Ω) : ζα(0) = 0, ∀α ∈ {2, 3}

}

, P ε = 0, B = 0.

• If rε ≈ ε with rε/ε→ ρ, then

E =
{

(u, v, w) ∈ BNb(Ω) ×Rb(Ω) ×RD⊥
2 (Ω) : ζα(0) = 0, ∀α ∈ {2, 3}

}

,

and definingϕ1 as the solution of







ϕ1 ∈ D1,2(Z)3, ϕ1 = e
1 on{0} × S0,

∫

Z

A(0)e(ϕ1) : e(ϕ)dz = 0, ∀ϕ ∈ D1,2(Z)3, ϕ = 0 on{0} × S0,

and then settinĝϕ1 = ϕ1 + aα ϕ
α, where(a2, a3) is defined by







(a2, a3) ∈ R
2,

∫

Z

A(0)
(

e(ϕ1) + aα e(ϕ
α)
)

:
(

aβ e(ϕ
β)
)

dz = 0, ∀(a2, a3) ∈ R
2,

then one has

P ε(z) = −
1

εrε
ζ1(0) e(ϕ̂1)(z), a.e.z ∈ Z,

〈 B(u, v, w), (u, v, w) 〉 = ρ

∫

Z

A(0)
(

ζ1(0) e(ϕ̂1)
)

:
(

ζ1(0) e(ϕ̂1)
)

dz, ∀(u, v, w), (u, v, w) ∈ E .

• If ε≪ rε ≪ ε1/3, then

E =
{

(u, v, w)∈BNb(Ω)×Rb(Ω)×RD⊥
2 (Ω) : ζα(0)=ζ1(0)=0, ∀α∈{2, 3}

}

, P ε =0, B=0.

• If rε ≈ ε1/3 with (rε)3/ε→ ρ, then

E =
{

(u, v, w) ∈ BNb(Ω) ×Rb(Ω) ×RD⊥
2 (Ω) : ζα(0) = ζ1(0) = 0, ∀α ∈ {2, 3}

}

,

5
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and definingψ1 as the solution of







ψ1 ∈ D1,2(Z)3, ψ1 = z3e
2 − z2e

3 on{0} × S0,
∫

Z

A(0)e(ψ1) : e(ψ)dz = 0, ∀ψ ∈ D1,2(Z)3, ψ = 0 on{0} × S0,

andψα, α ∈ {2, 3}, as the solution of







ψα ∈ D1,2(Z)3, ψα = z1e
α − zαe

1 on{0} × S0,
∫

Z

A(0)e(ψα) : e(ψ)dz = 0, ∀ψ ∈ D1,2(Z)3, ψ = 0 on{0} × S0,

and then settinĝψi = ψi + bik ϕ
k, where(bi1, b

i
2, b

i
3), i ∈ {1, 2, 3}, is defined by







(bi1, b
i
2, b

i
3) ∈ R

3,
∫

Z

A(0)
(

e(ψi) + bik e(ϕ
k)
)

:
(

b
i

l e(ϕ
l)
)

dz = 0, ∀(b
i

1, b
i

2, b
i

3) ∈ R
3,

then one has

P ε(z) = −
1

ε

(

c(0) e(ψ̂1)(z) +
dζα
dy1

(0) e(ψ̂α)(z)

)

, a.e.z ∈ Z,















〈 B(u, v, w), (u, v, w) 〉 = ρ

∫

Z

A(0)

(

c(0) e(ψ̂1) +
dζα
dy1

(0) e(ψ̂α)

)

:

:

(

c(0) e(ψ̂1) +
dζα

dy1
(0) e(ψ̂α)

)

dz, ∀(u, v, w), (u, v, w) ∈ E .

• If ε1/3 ≪ rε 6 C, then

E =
{

(u, v, w)∈BNb(Ω)×Rb(Ω)×RD⊥
2 (Ω) : ζα(0)= ζ1(0)=

dζα
dy1

(0)= c(0)= 0, ∀α∈{2, 3}
}

,

P ε = 0, B = 0.

Let us make some comments about the statement of this Theorem.
Assertion (6) is a corrector result, since usingU

ε
= Uε as test function in (3) and Korn’s inequality, one

can prove that

1

|Ωε|

∫

Ωε

|e(Uε)|2dx 6 C

[

1

|Ω|

∫

Ω

|f |2dx+
1

|Ω|

∫

Ω

|h|2dx

]

,

and since one can also prove that

1

|Ωε|

∫

Ωε

|E(u, v, w)(x1,
x′

ε
)|2dx+

1

|Ωε|

∫

Ωε

|P ε(
x

εrε
)|2dx ≈ 1.

If one examines the definition ofE , one realizes that the number of Dirichlet boundary conditions imposed
in the definition ofE increases with the size ofrε. Indeed, in view of the definitions ofBNb(Ω), Rb(Ω)
andRD⊥

2 (Ω), the sole functions which have a trace forx1 = 0 areζα, ζ1, dζα

dy1

andc, whereα ∈ {2, 3} (the

other functions, namelyv1 andwα, have no trace forx1 = 0). Whenrε ≪ ε3, the setΓε
0 = {0}× εrεS0 is

too small and the homogeneous Dirichlet boundary conditionimposed forx1 = 0 to the solutionUε of (3)
completely disappears at the limit. Whenε3 ≪ rε ≪ ε, the setΓε

0 is sufficiently large to impose at the
limit that ζα(0) = 0 for α ∈ {2, 3}. Whenε ≪ rε ≪ ε1/3, one further hasζ1(0) = 0. Finally when

6



An elastic beam fixed on a small part of one of its extremities

ε1/3 ≪ rε, the setΓε
0 is so large that all the possible Dirichlet boundary conditions are imposed atx1 = 0,

namelyζα(0) = ζ1(0) = dζα

dy1

(0) = c(0) = 0.

Except in the three regimes where the size ofrε is critical (i.e. whenrε ≈ ελ, with λ = 3, 1, or 1/3),
one always hasP ε = 0 andB = 0. For these three critical sizes, one can show thatB is a coercive bilinear
form, in the sense that there exists somen > 0 such that































〈 B(u, v, w), (u, v, w) 〉 > nρ
∑

α=2,3

|ζα(0)|2, whenrε ≈ ε3,

〈 B(u, v, w), (u, v, w) 〉 > nρ|ζ1(0)|2, whenrε ≈ ε,

〈 B(u, v, w), (u, v, w) 〉 > nρ

(

|c(0)|2 +
∑

α=2,3

∣

∣

∣

∣

dζα
dy1

(0)

∣

∣

∣

∣

2
)

, whenrε ≈ ε1/3.

(7)

This implies that for every critical sizerε ≈ ελ, the new Dirichlet boundary conditions which appear for
rε ≫ ελ (with respect to those imposed forrε ≪ ελ) are penalized by the value ofρ. This introduces some
type of continuity in the transition of the Dirichlet condition between the two regimes which are separated
by a critical sizeελ. For these three critical sizes, the functionsϕα, ϕ1, ϕ̂1, ψi, andψ̂i are in some sense
generalized capacitary potentials of{0} × S0 in Z, and the bilinear formB is in some sense an asymptotic
trace of some type of capacity ofΓε

0 in Ωε for the weighted energy1

|Ωε|

∫

Ωε
A(x)e(ϕ) : e(ϕ)dx.

The present work is the natural generalization to the elastic case of [2], [3], where diffusion problems
were posed in the union of two cylinders{(−tε, 0) × εrεS0}∪{(0, 1)× εS}, with bothtε andrε tending to
zero (the present geometry corresponds totε = 0). Whentε = 0, the diffusion problem was in comparison
more simple, since only one critical size, namelyrε ≈ ε, appeared in the analysis, separating a pure
Neumann boundary condition [corresponding to the analogueof u satisfyingu ∈ H1(0, 1), u(1) = 0]
for rε ≪ ε and a pure Dirichlet boundary condition [corresponding to the analogue ofu satisfyingu ∈
H1(0, 1), u(0) = u(1) = 0] for rε ≫ ε. These works were related to [1], where a notched beam for
diffusion problems was considered. The present work is alsorelated to [7], [8], where a multidomain made
of an elastic vertical beam of length 1 and of radiusrε and of an horizontal plate of radius 1 and of heightε
was considered.

The detailed proofs of the results of the present Note will begiven in a forthcoming paper [4].
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