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Abstract

The existence of infinite dimensional closed linear spaces of holo-
morphic functions f on a domain G in the complex plane such that
T f has dense images on certain subsets of G, where T is a continuous
linear operator, is analyzed. Necessary and sufficient conditions for T°
to have the latter property are provided and applied to obtain a number
of concrete examples: infinite order differential operators, composition
operators and multiplication operators, among others.
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1 Introduction

In this paper we are concerned with the existence of holomorphic functions
that, under the action of certain operators, have dense images on prefixed
subsets of the domain of definition. A classical interpolation theorem due to
Weierstrass (see [17, Chapter 15]) asserts that, if (a,,) is a sequence of distinct
points in a domain G of the complex plane C without accumulation points
in G and (b,) C C, then there is a holomorphic function f in G such that
f(an) = b, for all n. In particular, if we choose as (b,) an enumeration of
all complex rational numbers, one obtain a function f such that the sequence
(f(ay)) is dense in C. Equivalently, if A is a subset of G that is not relatively
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compact, then there is a holomorphic function f in G with dense image f(A).
Kierst and Szpilrajn [15] started the study of this kind of phenomenons under
the point of view of the topological size, showing the residuality of the subset
of such functions f for certain sets A. In [4] and [5], holomorphic operators are
introduced in this topic, see below. In this paper, we try to find an additional
linear structure —not only a topological structure— in the set of functions with
dense images when certain operators act on them.

Let us fix the notation that will be used along this paper. Firstly, N will
be the set of positive integers and Ny = NU {0}. The symbol (n;) will stand
for a strictly increasing sequence in Ny. If A is a subset of C then A, A%, 0A
denotes, respectively, its closure in C, its interior in C, and its boundary in
the extended complex plane C,, := C U {oco}. As usual, D is the open unit
disk {z € C: |z| < 1} and T = 0D is the unit circle. If f is a complex valued
function defined on a set A C C, then ||f||4 := sup,c. |f(2)]. If G is a domain
(:= nonempty, connected open subset) of C, then H(G) denotes the space
of holomorphic functions on G. It becomes a completely metrizable space
(hence a Baire space) when it is endowed with the compact open topology
[14, pp. 238-239]. We denote by K(G) the family of compact subsets K of G
such that G'\ K has no non-relatively compact connected components, and by
K1(G) the subfamily of compacta K C G such that C\ K is connected. It is
always possible to construct an exhaustive sequence (K,,),, of compact subsets
of G ~that is, U, ey, Kn = G and K, C K}, for all n € Ny contained in (G)
9]. If (A,)n>0 is a sequence of subsets of G, then it is said that (A,,),>o tends
to 0G provided that, given a compact subset K C C, there exists ng € Ny
such that K N A,, = () for all n > ng. The symbol NRC(G) will stand for the
family of all subsets of G which are not relatively compact in G.

In 1995, it was proved [4] that, if A € NRC(G), then there are many
functions f € H(G) such that fU)(A) = C for every j € Ny, and in 2002,
this result was extended [8] by considering sums of infinite order differential
operators and integral operators instead of the differential operators D7 f :=
fU). In fact, it was proved that for these operators 7' on H(G) the set

M(T,A):={f € H(G): (Tf)(A) =C}

is residual (in fact, Gs-dense). In [5], the study of this boundary behavior on
plane sets was translated to large classes of operators. Following [5], a —not
necessarily linear— continuous operator 7' : H(G) — H(G) is a dense-image
operator (in short, a DI operator) if the set M (T, A) is residual in H(G) for
any A € NRC(G). Hence, we can say that the topological size of M (T, A) is
large for these kinds of operators.



In this paper we are interested in the algebraic size of M (T, A), where now
T is continuous and linear. Our aim is to determine when M (T, A) is large
also in this sense, see below.

Assume that G C C is a simply connected domain, and denote by I the
identity operator on H(G). Let (p,) C Aut (G) := {automorphisms of G} be
a run-away sequence, that is, for any compact subset K C G there is m € N
with K N, (K) = @. In 1995, Montes and the first author [7] showed the
existence of an infinite-dimensional closed linear subspace F of H(G) such that
for any f € F\{0} theset { fop, : n € N}isdensein H(G). In particular, one
obtains that for every prescribed set A € NRC(G) there exists a subspace F' as
above such that F'\ {0} C M(I, A). To see this, observe that, for any sequence
(a,) C A with a, — t € 0G and any 2y € G, there exists a run-away sequence
(on) C Aut (G) with ¢,(20) = a, (n € N). Indeed, the case G =D, 2 = 0
is clear, just by considering ¢,(2) = (2 + a,)/(1 + @,z); then (¢,,) C Aut (D)
is run-away because lim,,_, |a,| = |t| = 1 (see [6]). For the general case it
suffices to take ¢, = h™' o1, o h, where h : G — D is an isomorphism with
h(zo) = 0 and (¢,,) C Aut (D) is run-away with ¢,(0) = h(a,) (n € N).

Unfortunately, if G C C is a domain with finite connectedness such that
its complement has more than two components then it supports only finitely
many automorphisms [13], so there are no run-away sequences. Hence the
above reasoning does not work in general.

These facts motivate the following natural question: If G C C is any
domain, T is a continuous linear operator on H(G) and A € NRC(G), does
an infinite-dimensional closed subspace F' of H(G) exist satisfying F'\ {0} C
M(T,A)?

In the Section 2 of this paper we will provide general and, in some sense,
minimal conditions on T for the existence of such a subspace F', even without
loss of residuality for each M(T, A), see Theorems 2.1-2.2. Several classical
examples —including differential, composition and multiplication operators—
will be analyzed in Section 3.

2 Existence of large subspaces

Firstly, we need to introduce a sort of “continuity near the boundary” for
operators, compare with [5, Condition (P) before Theorem 3.4].

Definition 2.1. We say that a continuous linear operator 7' : H(G) — H(G)
is boundary pointuise stable if and only if the following property holds: For



each compact set K C G there exists a compact subset L C G such that for
each point a € G'\ L and each positive number ¢ > 0 there are a set B € K1 (G)
with B C G\ K and a number ¢ > 0 such that, if f € H(G) and || f||z < 0,
then |T'f(a)| < e.

For instance, using Cauchy’s integral formula for derivatives it is easy to
verify that the derivative operator D (D f := f’) is boundary pointwise stable;
see Section 3 for more examples. Note that the notion of stability in [5,
Condition (P)] is slightly more restrictive (the set B is a closed ball there)
than the one defined here, but it is easy to check that all results in [5] hold
with this new definition.

We are now ready to state the first of our main results.

Theorem 2.1. Let G C C be a domain, T : H({G) — H(G) a continuous
linear operator and A € NRC(G). Suppose that T satisfies the following
conditions:

(A) T is boundary pointwise stable.

(B) For every compact subset K C G there ezist a point a € A\ K and a
function h € H(G) such that Th(a) # 0.

Then there ezists an infinite-dimensional closed linear subspace F of H(G)
with F'\ {0} € M(T, A).

Proof. Firstly, we fix a dense subset (g,)n>0 of C, a sequence (0,,)m>0 of posi-
tive numbers such that ) o, < 1, and an exhaustive sequence of compact
subsets (K;);>0 C K(G). Without loss of generality we can assume that
D c Ky C G. Fix also a bijective mapping i : (m,n) € N2 — i(m,n) € Ny
such that 7 is nondecreasing in m and n. Finally we define the sequence (p;)i>o
as Pi(m,n) = ¢n for all m > 0.

1. Given M, := K, let Ly be the compact subset given by the stability of
T. By (B) and the exhaustivity of (Kj), there exist ko € Ny, a point ag and a
function hy € H(G) such that ag € A\ Ky, C G\ Lo and Tho(ag) # 0. Let
go := 1. By (A), there exist a compact set By C G\ My with By € K1(G)
and a Jy > 0 such that for each function f € H(G) we have that || f||5, < do
implies |T'f(ag)| < g9 = 1.

Now, we proceed by induction to construct sequences (d,),>0 C (0, 4+00),
(kn)nzo C No, (Bn)nzo C ICl(G), (an)nzo C A and (hn)nzo C H(G) AS—
sume that dg,01,...,0,-1, ko, k1,...,kn_1, Bo,B1,...,Bn_1, ag,a1,...,0,_1,



ho,h1,...,h,_1 have been already determined, and let M, be the compact
set M, = K, U (U?_S Bj). Let L, be the compact subset given by the

stability condition as applied on M,,. Again by (B) and the exhaustivity of
(K;), there exist k, > k,_1, a point a, and a function h,, € H(G) satistying
a, € A\ Ky, C G\ L, and Thy(a,) # 0. Let ¢, := 1/2". By (A), there exist
aset B, C G\ M, with B, € K{(G) and a ¢, € (0,6,_1) such that, for each
function f € H(G),

75, <60 = [Tf(@n)] < 5 (1)
Pn

- Thy,(ay,)
Tg,(a,) = py for all n > 0.

Now, we define g,(z) : -hn(2) (z € G). Then g, € H(G); and

2. Consider the set M := DU (UJO.';O Bj>. Observe that, by construction,

the sets By, Bs, ..., B,, ... are closed, pairwise disjoint, tend to G and belong
to IC1(G). From this, we derive that M is a relatively closed subset of G
and that G, \ M is connected and locally connected in G, the one-point
compactification of G. Furthermore, since (M,,) is exhaustive —because (K,,)
is- and B, C G\ M, (n > 0), we conclude that for every compact subset
K C G there exists a neighborhood V' of the infinity point of G, such that no
component of M intersects both K and V. On the other hand, given m € N,
the functions €, : M — (0,+00) and F,, : M — C defined as

Om if 2eD
Em(Z> = 6i(m,n) if ze€ Bi(m,n) and n € Ny
OmOi(kny if 2 € Bijpny and k,n € Ng with & # m,
zZm if 2eD
Fm(z) = gi(m,n)(z) if ze€ Bi(m,n) and n € Ny
0 if 2 € Bjn and k,n € Ng with £ # m,

are continuous on M. In addition, F), is holomorphic in M°. Hence, the Ner-
sesjan tangential approximation theorem (see [11, p. 157] or [16]) guarantees
the existence of a function f,,, € H(G) such that

|fn(2) — Fin(2)] < €m(2) for all z € M.

Thus, we have to our disposal a sequence of functions (f,,)m>0 C H(G)
satisfying the next properties:

| fin(2) = 2™l < 0m for allm >0 (2)
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[fm(2) = Gitmam ()]
[ fm (2)]

JFrom (1), (3), (4), and taking in mind that T'(fm — Gignm))(@immn)) =

Tfm(az(m,n)) - Tgi(m,n)(ai(m,n)) = Tfm<az(m,n)) — Ditmmn) = Tfm<a7,(m,n)) — Qn,
we obtain

Bitmomy < Oi(mn) for all m,n >0 and (3)

Bigom) < OmOikny for allm,n >0 and all k # m. (4)

1 1
and 0 0
T )] < o <20 (mun> 0, k #m). (6)

Note that in the last inequality the homogeneity of T" has also been used.

3. Let E be the linear span of (f,,)m>0 and denote by F its closure in
H(G). Obviously F'is a closed linear subspace of H(G).

¢ From the property (2) and by using a well known basis perturbation the-
orem (see [10, p. 46]) as in [7, Second step of the proof of Theorem 1.2] it
can be shown that (f,,), is a basic sequence in L?(T), the Hilbert space of
all square-integrable complex functions on T endowed with the norm || f||s :=

. 1/2
<% 02” |f (e”)Pdt) . Therefore the functions f,, are linearly independent,

so F' is an infinite-dimensional vector space. In addition, (f)m>0 is equi-
valent to the basic sequence (z"),>0. In particular, the linear mapping
Sy gmfm € X = > jemz™ €Y is a topological isomorphism. Here
X and Y are, respectively, the closure in L?(T) of the linear span of (f,,) and
of (2™).

Our goal is to prove that F'\ {0} € M(T,A). Let f € F\ {0} and let

f= Z Qi frm its representation on L?(T). As f # 0, there exists some k > 0

m=0
such that oy # 0, in fact we can suppose that ay = 1 because if f € M(T, A)
then \f € M (T, A) for all A € C\ {0}.

N
Since F = FE, there is a sequence (hl = Z aﬁl) fm) C FE converging
m=0 >0
to f in H(G) and we always can assume that oc,(el) =1 (1 >0). Indeed, if this

where not the case, we would decompose h; = hj + (a,(f) — 1) fx; then each h}

has the desired property for its kth-coefficient and h; — f in H(G) because

(oz,g) —1)fx — 0 (I — o0) compactly, which in turn is true since (f;;,), is a basis

of L*(T), from where one derives in particular that a,(f) — o =1(l — ). As



Bi(kny is compact, there is an integer [ > 0 such that ||h; — f|
hence, by (1) and the linearity of 7', we have

Bi(k,n) < 62([{?,%) ’

1 1

T hi(aieny) — T f(@igen)| < i) < o

Then, by (5), (6) and the triangle inequality,
T f(ain) — @nl < |Tf(@ikn)) — Thil@igen)] + [Thi(aign) — gnl
Ny

1
< o T filaiem) = tal + Y 08T fru(aigrn))|

m=0
m#k
N
1 1 1 C
< 4 O] - - =
mk

where C' is a finite constant (to be determined later) not depending on n.
Hence

nh_)nolo (Tf(ai(km)) — qn) = 0.

Finally, (g,) is a dense subset of C, so {1 f(a;xn) : n € N} (C (T'f)(4)) is
also dense and we have that f € M(T, A), as desired.

It remains only to determine the constant C' above. Since (h;) tends to f
uniformly on compacta in G as [ — oo, we have that, in particular, h; — f
uniformly on D, hence h; — f in L*(T), so S(h;) — S(f) in L*(T). Therefore
the sequence (S(hy));>0 is bounded in L*(T), or equivalently, there exists a

1/2
constant M € (0,4o00) such that (anozo \0@(7?|2> < M for all [ € Ny, where

we have set anQ := 0 for m > N;. Thus, we get

Z|oc$9|@ms<2|a£?|2> (zga) MM (e
m=0 m=0 m=0
m#k

m=0

Consequently, it is enough to choose C' := M + 2, and we are done. O

As a consequence of Theorem 2.1 we obtain the next general statement, in
which it is asserted that, under pointwise stability, the properties “M (T, A) is
not empty”, “M (T, A) is topologically large”, “M (T, A) is algebraically large”
(for any A € NRC(G)) are equivalent. In addition, it is provided a condition
—see (a) below— that is easy to check and is equivalent to the mentioned ones.



Theorem 2.2. Let G C C be a domain and let T : H(G) — H(G) be a conti-
nuous linear operator that is boundary pointwise stable. Then the following
conditions are equivalent:

(a) T collapses at no point outside some compact set, that is, there is a
compact subset K C G with the property that for every a € G\ K there
exists h € H(G) such that Th(a) # 0.

(b) For every A € NRC(G), there exists an infinite-dimensional closed li-
near subspace F' of H(G) with F'\ {0} C M(T,A).

(c) For every A € NRC(G), the set M(T,A) is not empty.

(d) The operator T is dense-image.

Proof. Tt is trivial that (b) implies (¢) and that (d) implies (¢). That (c)
implies (d) is due to [5, Theorem 3.4].

Assume now that (c) holds and, by way of contradiction, that (a) is not
true. Then we can select an increasing exhausting sequence (K,,),>¢ of com-
pact sets in G as well as a sequence of points (a,),>o such that a, € G\ K,
(n > 0) and Th(a,) = 0 for all h € H(G). In particular, for A := {a, : n €
No} and h € M(T, A), we would have Th(A) = {0}, which is absurd. Thus,
(c) implies (a).

Finally, suppose that (a) is true, that is, there is a compact set Ky C G such
that, for every a € G'\ K, there exists a function h € H(G) with Th(a) # 0.
Fix a set A € NRC(G) and a compact set K C G. Since Ky U K is compact,
we have that there exists at least one point a € A\ (KoUK). Then a € G'\ K,
so we can find h € H(G) with Th(a) # 0. Moreover, a € A\ K, so condition
(B) in Theorem 2.1 is fulfilled. Since 7" is boundary pointwise stable, from the
mentioned theorem we obtain (b). O

Theorem 2.2 motivates the following definition.

Definition 2.2. We say that a linear continuous operator 7' on H(G) has
large dense images, or that T is an LDI operator, if for each A € NRC(G)
the set M(T,A) is residual and contains, except for the zero function, an
infinite-dimensional closed linear subspace F' of H(G).

Remarks 2.3. 1. The condition (a) in Theorem 2.2 is easily satisfied. For
instance, it suffices that the range of T' contains the constants.

2. The notion of LDI operator can be stated, equivalently, in terms of se-
quences, as follows: T is an LDI operator if and only if for each sequence
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(an)n C G tending to OG the set M (T, (ay),) is residual and there exists
an infinite-dimensional closed subspace F' such that F'\ {0} C M(T, (ay)n).
Just take into account that M (T, B) C M(T,A) if B C A and that every set
A € NRC(G) contains a sequence tending to the boundary.

3. In the terminology of the recent paper [12] (see also [1] and [2]), an operator
T on H(G) is LDI if and only if, for every A € NRC(G), the set M (T, A) is
residual and spaceable.

3 Examples of LDI operators

1. Let G C C be a domain. If ®(z) = > .,a,2" is an entire func-
tion of subexponential (exponential) type, that is, lim, .. (n!|a,))"/" = 0
(lim sup,,_, . (n!|a,|)/™ < 400, resp.), then ®(D) =" _ a, D" defines a con-
tinuous linear operator on H(G) (H(C), resp.) [3, §6.4], where D° = I. By
using Cauchy’s estimates we can show that ®(D) is boundary pointwise stable
(take L = K in Definition 2.1, and choose as B a small closed disk around a);
and it is clear that if ® # 0 then the range of ®(D) contains all constants.
Hence, by Theorem 2.2 and Remark 2.3.1 we obtain the following.

Theorem 3.1. If ® # 0 is an entire function of subexponential type and
G C C is a domain, then the differential operator ®(D) is LDI. If G = C,
then the same holds even if ® is of exponential type.

In particular, if ®(2) = 1 (®(z) = 2, ®(z) = € with b € C\ {0}, resp.), we
obtain that the identity operator I (the differential operator D, the translation
operator 7,f(2) := f(z +b), resp.) has large dense images (in the translation
case, we are assuming that G = C). In the case that G C C is a domain
such that b + G = G (for instance, G = {z : |3z| < r}, b € R) we can show
that 7, is boundary pointwise stable, just by taking L = —b+ K, 6 = ¢ and
B € Ki(G) with a4+ b € B C G\ K in Definition 2.1. And it is evident
that all the constants are in the range of 7,. Hence, by Theorem 2.2, 7, is an
LDI operator. This can also be derived from Theorem 3.2 or Theorem 3.5, see
below.

It is not possible to apply Theorem 2.2 to the antiderivative operator D, ¥
on H(G) (N € N, a € G, G simply connected) defined as D;¥f = [the
unique function g € H(G) such that DVg = f and g(a) = (Dg)(a) = --- =
(D¥~1g)(a) = 0]. This is so because D, ¥ is not boundary pointwise stable.
We do not know whether D,V is an LDI operator. Nevertheless, these ope-
rators are DI (see [5] or [8]). The same problem arises if we consider the
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general case of the Volterra operator V,, generated by an analytic function
¢ : G x G — C,namely, V,,f(z) :== [~ p(z,t) f(t)dt.

2. f o € HG,G) :={f € HG) : f(G) C G}, then the composition
operator defined as C, : f € H(G) — f oy € H(G) is a continuous linear
operator. We recall that a self-map ¢ : X — X on a topological space X
is said to be proper whenever the preimage under 1 of any compact subset
is again a compact subset. This topological property characterizes the LDI
composition operators, as the following theorem shows.

Theorem 3.2. The composition operator C, on H(G) is LDI if and only if
@ 1is proper. In particular, if G = C, we have that C, s LDI if and only if ¢
15 a non-constant polynomial.

Proof. By the last example, the identity operator is LDI. On the other hand,
M(Cy,, A) = M(I,p(A)) for every A C G. But it is easy to see that for a
continuous self-map ¢ : G — G, it is proper if and only if p(A) € NRC(G)
for every A € NRC(G). The part ‘only if’ is trivial because M (T, B) is empty
if B C G is relatively compact in G. As for the case G = C, just take into
account that the Casorati-Weierstrass theorem prevents ¢ to be proper if it is
transcendental. O]

The conclusion of Theorem 3.2 holds specially when ¢ € Aut(G). For
instance, if r > 0, a € [0,27) and we denote rD := {z € C: |z| < r}, then
the rotation operator R, defined on H(rD) as (R.f)(z) = f(ze') is an LDI

operator.

3. Let T be a linear continuous operator on H(G) and ¢ € H(G). Then
the generalized multiplication operator defined as

MyT : f(2) € H(G) — ¢(2)T f(2) € H(G)

is also a linear continuous operator. In particular case T' = I, we obtain the
ordinary multiplication operator M.

Theorem 3.3. Let T be a linear continuous operator on H(G) that is boundary
pointwise stable and satisfies the condition (a) of Theorem 2.2. Let ¢ € H(G)
such that the set Z(1) of zeros of 1 is finite. Then MyT is LDI.

Proof. Firstly, we prove that M,T" is boundary pointwise stable. Let K C G

be a compact set and L be the compact subset given by the stability of T
Then L := LUZ(v) C G is compact. Fixa € G\ L and ¢ > 0. Hence ¢(a) # 0.
By stability, there exist a compact set B € K1(G) with B C G\ K anda § >0
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such that for each f € H(G) with ||f||z < ¢ we have |T'f(a)| < e/|(a)l.
Hence, |MyTf(a)| = |1(a)| - |T f(a)| < e, whence M,T is boundary pointwise
stable.

On the other hand, since Z(¢) is finite and 7" satisfies the condition (a) of
Theorem 2.2, the operator M, T satisfies the same condition. Indeed, replace
the compact set K assigned to T' by the compact set K UZ(1)). Then Theorem
2.2 concludes the proof. n

Corollary 3.4. Let v € H(G), ¢ #0. Then My is LDI if and only if Z ()
18 finite.

Proof. That the finiteness of Z(v) implies that M, is LDI follows from The-
orem 3.3 just by taking 7" = [I. As for the converse, assume, by way of
contradiction, that Z(1) is infinite. Then Z(v) € NRC(G), because ¢ # 0.
But M (M, Z(v)) = @ and this contradicts the hypothesis. O

4. We finish this paper with two assertions involving composition, sum or
multiplication of operators. This allows to construct new operators with large
dense images from known ones.

Theorem 3.5. Assume that T, S : H(G) — H(G) are continuous linear
operators, in such a way that T is LDI and S is onto. Then TS is LDI. In
particular, every onto continuous linear operator is LDI.

Proof. Tt is evident that M (TS, A) = S™Y(M(T, A)) for every set A C G,
so the residuality part is as in [5]. Assume now that A € NRC(G). Then
there exists a infinite-dimensional closed linear space F' C M (T, A) U {0}.
Then, by linearity and continuity, S~!(F) is a closed linear space contained in
M(TS, A)u{0}. If S7'(F) were finite-dimensional, then dim (S(S~!(F))) =
dim (F') would be also finite (note that F = SS™!(F) because S is onto),
which is a contradiction. This proves the first part of the statement. The
second part follows because the operator T'= I is LDI. Il

Theorem 3.6. Let T,S : H(G) — H(G) be two linear continuous operators
with T" LDI. Suppose that for each function f € H(G) and each point t € 0G,
there exists lirrllt(Sf)(z) e C(eC\{0}). ThenT + S (T - S, resp.) is LDL

The proof is elementary and left to the interested reader.
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