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Splash singularities for the one-phase
Muskat problem in stable regimes
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Abstract

This paper shows finite time singularity formation for the Muskat problem in a stable
regime. The framework we exhibit is with a dry region, where the density and the viscosity
are set equal to 0 (the gradient of the pressure is equal to (0,0)) in the complement of the
fluid domain. The singularity is a splash-type: a smooth fluid boundary collapses due to
two different particles evolve to collide at a single point. This is the first example of a
splash singularity for a parabolic problem.

1 Introduction

This paper establishes some scenarios where the 2D Muskat problem produces splash sin-
gularities; that is to say, we prove that a free boundary evolving by the Muskat problem
collapses at a single point while the interface prevails smooth. The situation is stable; we
show geometries for initial data where the Rayleigh-Taylor condition holds.

The singularities we construct are “splash” singularities in which the interface self-intersects
at a single point at the time of breakdown T as in Fig. 1. Our previous papers [6] and [7]
showed the existence of a splash singularity for the water wave problem. The strategy there is
to start with a “splash” singularity at the time 7T} then solve water wave equation backwards
in time. This yields a solution to the water wave equation in a time interval [T, — €, T] that is
well behaved at any time [T, — €, T%) but exhibits a splash at time T. In our present setting,
we cannot use that strategy because the Muskat problem in the stable regime is parabolic
and therefore cannot be solved backwards in time. The importance of this issue is made
clear by the fact that water waves can form a “splat” singularity [7] whereas Muskat solution
cannot [14]. (A “splat” occurs when, at the time of breakdown, the interface self-intersects
along an arc). On the other hand, an analysis of the Muskat problem has in common with
our previous work on the water waves a conformal map to the “tilde domain”, see [7].

Recall the Muskat problem, which describes the evolution of two fluids of different nature
in porous media. Both fluids are assumed to be immiscible and incompressible, been the most
common example for applications the dynamics of water and oil [3]. In two dimensions, the
two fluids occupy the connected open set D(t) and R?~\ D(t) respectively. The characteristics
of the fluids are their constant densities and viscosities. Then the step functions p(z,t) and
u(x,t) represent the density and viscosity respectively on the media given by:

_ po, T € D(t)7
plo,t) = { o, ©€RZN D),
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Figure 1: Splash singularity

_ Mo, T € D(t)v
wla,t) = { o, T €R2\D(t),

for z € R, ¢t > 0 and po, Py, fo, fip constant values. The main concern is about the dynamics
of the common free boundary 0D(t), which is given by using the experimental Darcy’s law:

Here v(z,t) = (vi(x,t),v2(x,t)) is the incompressible velocity
V-vu(z,t) =0, (2)

and p(z,t) is the scalar pressure. Above, the permeability of the media and the gravity
constant are set equal to one without loss of generality.

The Muskat problem is a long standing matter [24] of recognized importance, specially
because of its analogies with the evolutions of fluids in Hele-Shaw cells. In that setting the
fluids are confined inside two closely parallel flat surfaces in such a way that the dynamics is
essentially bidimensional. The Hele-Shaw evolution law is given by

gu({jj,t)'l}(.%,t) == —Vp(l’,t) - (0,p($,t)),

where b is distance among the surfaces. Therefore, it is possible to observe that for both
different scenarios comparable phenomena and properties hold [27].

A main feature of the problem is the appearance of instabilities, which have been shown
in different situations [25],[28]. From a contour dynamics point of view, the system of equa-
tions for the free boundary is essentially ill-possed from a Hadamard point of view [27],[11].



Although taking into account surface tension effects the system becomes well-possed [16][2],
still it shows fingering [I7] and exponential growing modes [22].

On the other hand, the Muskat problem is well-possed in stable regimes without surface
tension [I],[I0],[13]. This situation is reached for the problem when the difference of the
gradient pressure jump at the free interface is positive [I]. Then it is said that the Rayleigh-
Taylor condition holds. In such case, linearizing the contour equation it is possible to get the
following [11]:

ftL(av t) = _UAfL(av t), (3)

where (a, f¥(a,t)) represents the free boundary (o € R), o is the Rayleigh-Taylor constant
and the operator A is the square root of the negative Laplacian. Then, the fact that ¢ > 0
turns the Muskat problem into a parabolic system at the linear level. This fact has been used
to prove global in time regularity and instant analyticity for small initial data in different
situations [27],[11],[17],[9], [4],[21].

For the case of equal viscosities (o = 7ip), the Rayleigh-Taylor condition holds when
the more dense fluid lies below the interface and the less dense fluid lies above it [I1]. In
this situation, the regime is stable if the free boundary 9D is represented by the graph of
a function («, f(«,t)). In particular, it is possible to get a decay of the L* norm [12] as
follows:

1 (7 1
I1£=57 | fodallim() < o=~ [ fodalime,
for f(a+ 2m,t) = f(a,t) and with f(a,t) € L*(R)
I7(®) < follae (1 + €Y, € = Cfo) >0,

It is easy to check that above formulas provide the same rate of decay than equation
for fI at the linear level. On the other hand, the L? norm evolution allows to control half
derivative for f¥ due to the identity

t
P21 (2) +2f’/0 IAY2 FE1Z 2 (s)ds = 11 £ 1172,

meanwhile at the nonlinear level the following equality

0+ 2 [ [ [ (1 (B2 daasas = .,

(07

does not give a chance of gaining any regularity [9].

The case of a drop on a solid substrate in porous media have been studied in [23]. This
case considers the dynamics of one fluid, also known as the one-phase Muskat problem. The
authors show local well-posedness on the problem with estimates independent of the contact
angle.

In [8] it is shown solutions of the Muskat equation for initial smooth stable graphs with
precise geometries which enter in unstable regime becoming non-graph in finite time. The
pattern is far from trivial and recently it has been shown to be richer for the inhomogeneous
and confined problems (see [20] and references therein). In particular the significance of a



turnover (non-graph scenario) is that the Rayleigh-Taylor condition breaks down. Further-
more, [5] there exist smooth initial data in the stable regime for the Muskat problem such that
the solutions turn to the unstable regime and later the regularity breaks down. Therefore
global-existence is false for some large initial data in the stable regime as the time evolution
solutions develop singularities.

In this paper we show that the Muskat problem can develop singularities in stable regimes.
The singularity is a splash, where for the free boundary given by

0D(t) = {z(a,t) = (z21(a, t), 22(, 1)) : @ € R}, (4)

there exist a blow-up time Ty > 0 and a point 2, € R? such that z, = z(ay, Ts) = z(ao, T)
for a; # as. In particular the curve is regular, and satisfies the chord-arc condition up to
the time Tj:

2(a, t) = 2(B,1)] = Cea(t)|r = B, Vo, B€R,  Cea(t) >0, t€][0,T5).

Free boundary incompressible fluid equations can develop splash singularities. This sce-
nario have been shown for the incompressible Euler equations in the water waves form [6],[7]
which considers the evolution of a free boundary given by air, with density 0, and water, with
density 1, and irrotational velocity. This type of singularities can also be shown for the case
with vorticity [I5]. Although for the case of two incompressible fluids with positive densities,
this setting has been recently ruled out [I§]. For Muskat this type of singularities does not
also hold in the case in which po = fiy and po # 7y [19].

In this work we show finite time splash singularities with py = 715 = 0:

otttz ={ o) TR @

considering the one fluid dynamics with R2\. D(t) a dry region. We also yield some geometries
for the interface where the Rayleigh-Taylor condition is satisfied, getting rid of unstable
situations. The main theorem of the paper is the following:

Theorem 1.1 There exist an open set of curves O C H?, satisfying the chord-arc and
Rayleigh-Taylor condition, such that for any zg € O the solution of Muskat (IJ24)5]) with
z(ar,0) = zo(«) violates the chord-arc condition at a finite time Ts = Ts(2z9) > 0. In addition,
this holds in such a way that z(a1,Ts) = z(ae, Ts) with a; # ag. At the time Ty the Muskat

system (IJA415) breaks down.

In the rest of the paper we show the proof of above result splitting it in several sections.
In section 2 we construct a family of curves z! for which there is a unique self-intersection
point z, where x5 = 2/(a;) = 2!(an) with a; # as and Bazll(ozl) = 8azl1(a2) = 0. Plugging
these curves in Darcy’s law, we get that the Rayleigh-Taylor condition holds. Furthermore,
the velocity indicates that the self-intersection point is going to disappear going backward
in time. A more general scenario can be found in section In section 3 we show how to
make sense the problem with a self-intersecting point, transforming the Muskat problem into
a new contour dynamics equation we call P(Muskat). Up to the time of the splash we can
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recover Muskat from P(Muskat), but at the time of splash P(Muskat) makes sense and it is
possible to go further in time. In section 4 we prove local existence of the P(Muskat) system.
In section 5 we show a stability result for P(Muskat). Finally, in section 6 we show how the
family of curves z!(a) together with the existence and stability for P(Muskat) allow us to
conclude the proof of theorem

2 Self-intersecting stable curves with suitable sign of velocity

In this section we show that there exits a family of splash curves such that the Rayleigh-Taylor
condition hold and with velocities which separate the splash point running backward-in-time.
First we use Hopf’s lemma to achieve the Rayleigh-Taylor condition. Taking divergence
in Darcy’s law we have
Ap($, t) =0,

for any x € D(t). In addition, the continuity of the pressure on the free boundary [10] and
the fact that
_VP(x? t) = (07 O)

for any z in the interior of R? \. D(t) allow us to get

p(z(a,t),t) = 0.
On the other hand we consider velocities with mean zero vorticity 0,, va—0,,v1 which provides
v € L2(D(t)) and finite energy settings. Approaching to infinity in D(t) yields

lim ov(z,t) =0,

Tro—r—00

and therefore Darcy’s law gives

lim 9y, p(z,t) =0,

To—r—00

lim 0Oy,p(x,t) = —po.

To—r—00

It is possible to find that p(z,y) ~ —poxa + ¢(t) when z9 — —oo and to conclude that
the pressure is positive in D(¢) by the maximum principle for harmonic functions. In this
situation we can apply Hopf’s lemma to obtain that

—Vp(z(a,t),t) - 0+ z(a,t) > c(t) > 0, (6)
where 91z(a,t) = (—0az2(a,t),0az1(,t)) is the normal vector pointing out the domain
D(t).

Next we deal with curves z!(a) with a splash point z;, = 2/(a;) = 2/(ag) for a1 # as

where
Do (1) = 02l () = 0.

We show that this configuration provides a sign for the velocity at x,. Taking the trace of
Darcy’s law to the surface and multiplying by 9+ 2!(a) we have that

pov(2'(@)) - 052 (@) = —Vp(2' (@) - 952 (@) — podazi(a).



Thanks to our choice of the splash curve it must be satisfied
v(Z ) - 02N w) = —pg ' V(R () - -2 (i) > ¢ >0, i=1,2, (7)

where again we have used Hopf’s lemma (@ It is clear that implies that the velocity
separates the splash point backwards in time.
In figure 1 we give a graphic sketch of the kind of splash singularities we are considering.
Theses splash curves yield the simplest scenario we can consider. In section [7] we show
the existence of different geometries that give rise to a splash singularity for the one-phase
Muskat problem.

3 Transformation to a non-splash scenario

This section is devoted to transform the system into a new contour evolution equation where
we handle the splash singularity. We consider solutions of Muskat satisfying (1}2}l415) for
regular z(a, t) satisfying the chord-arc condition. Taking limit as © — z(«,t) from D(t) we
find
v(z(a,t),t) = u(a,t),

where
(o, t) za(a,t)

2 Jza(a,t)]?

BR stands for the Birkhoff-Rott integral, which is given by

u(a,t) = BR(z,w)(a, t) + =

zZ\Q — zZ\o — 1
BR(at) = BR(z,w)(a, £) — %PV /R (’z((a’ ';)) = z((a _g’ ?;‘2 wla—B,0)d8,  (8)

and w is the amplitude of the vorticity concentrated on the free boundary:

(Ozyv2 = Ozy01)(, 1) = (B, 1)0(x = 2(B, 1)).

By approaching to the contour in Darcy’s law and taking the dot product with z,(c,t) it
is easy to relate the amplitude of the vorticity and the free boundary by an elliptic implicit
equation:

w(a,t) = —2BR(z,w)(a,t) - Buz(a,t) — Q%aazz(a,t). 9)

We have the dynamics given by the following contour equation
zt(a,t) = u(a, t) + c(a, t)0a (e, t) (10)

where ¢ represents reparameterization freedom. See [10] for a detail derivation of the system.
In a periodic setting in the x1 direction, we will transform the system with the conformal
map:

P(w) = (tan(w/Q))l/z, w e C.



Above, the branch of the square root is chosen in such a way that crosses the self-intersecting
point of the z!(a) curve from before section. Therefore P(z!(c)) becomes a one-to-one curve.
We then consider by this new transformation the curve Z(a, t) = P(z(a,t)). This provides
easily
Za(a,t) = VP(z(a,t))za(a,t),

and
Zi(a,t) = VP(z(a,t))ze(a, t) = VP(2(a,t)) (u(a, t) + cla, t)zo(ay t)) =
= VP(z(a,t))u(a,t) + c(a, t)Za(a, t).
For the potential ¢(z,t) (Vé(z,t) = v(z,t)) we define in the tilde domain ¢(Z,t) = ¢(z,1).
Then

v(z,t) = Vé(,t) = (V) (P(x), )V P(z) = VP(2)" (V) (P(), ).
Taking limit we find
u(ent) = VP(2(a, ) (V) (P(2(r, 1)), t) = VP(2(a, ) (v 1),
where (o, t) = V(3(a, t),t). Tt yields
Z(a,t) = Q*(a, t)ia, t) + c(a, t) Za (e t), (11)

where Q? is given by
VP(z(a, t))VP(z(e, 1)) = Q*(e, 1)1,

and [ is the 2 x 2 identity matrix. In other words

dP 2 dP 2
2 _ _ —1/2
QX t) = |5 (e )| = | T (P (e, )] - (12)
Next we consider the velocity © defined on the whole space by
. - 1 (7 — 2(a — B,1))* .
t) = )= —PV —6,t)d
(1) = Vi@ = =PV [ (e Aua)ds,

where
(8551{}2 - 6@261)(1‘,'” = @(ﬁ,t)é(:i‘ = 2(5>t))7

in a distributional sense. Approaching to the free boundary it is possible to obtain

w

U= BR(Z,& —Za-
m (Z,0) + 2’%‘22&

In order to close the system we integrate Darcy’s law to find

pod(z(a,t),t) = —p(z(a,t),t) — poza(a,t) = —poze(a, t),

due to the continuity of the pressure at the free boundary and the vacuum state. The
conformal map P provides

pod(2(a, 1), 1) = —poPy ' (2(,1)). (14)



Taking one derivative and identity allow us to find

po(BR(Z,@) - %o + g) = —p0da(Py1(2)).

We rewrite above identity as

Sla,t) = —2BR(Z,@)(a,t) - Zala,t) — 2%6,1(132—1(5(@,@)). (15)

Next we will pick a tangential component to get |Z,| depending only on the variable t.
Identities and give

Z(o,t) = Q*(a, t)BR(%,0)(a, t) + é(a, t) Za(a, t), (16)
for ¢ = Q*@/(2|Z4|%) + c. This provides

Sy 35(Q2BR)(B,t)-Md5— ) 95(Q*BR)(B,t)- 2(8,1)

—7 |2ﬂ(57t)|2 -7 ‘Zﬁ(ﬁat”z

We end up with a contour equation given by (15{16}[17]).
Finally we will find the Rayleigh-Taylor condition in terms of 2. We define p(Z,t) = p(z,t)

to obtain with Darcy’s law

éla,t) =

dg. (17)

27

—Vp(E,t) = poVe(Z,t) + poV Py L&)
Approaching to the free boundary, we find easily

G(a,t) = =Vp(2(a,t),t) - 25 = poBR(Z,®) - 2 + poV Py H(Z(a,t)) - 2+ (18)

4 Local-existence in the tilde domain

This section is devoted to prove local existence for Z solutions of with Z € C([0, T]; H)
with £ > 3. We show the proof for £ = 3 with the rest of the cases being analogous. In order
to simplified the exposition we suppress the time variable and the tilde in the equation. We
follow the same strategy as in [10]. We define

1 1 -1 1 -1 -1

which are the singular points of the P~ conformal map. We set z(«,t) to hold Z(a,t) # ¢'
for 1 =0,...,4. In order to get this we fix D(0) so that g—i(w) # 0 for any w € D(0) without
loss of generality. We will check that this property remains true for short time. Next we

define the quantity

q0:(070)7 qlz( )7 q2:( )7 q3:( )7 q4:(7 7)7

4
B L Al 1 1
Bu(ert) = Bt = Ilfn 0)+ 1P 0) + S + 3 oy (09



where

_ 161
() = z(a = B)I"

a,p € [—m, 7,

and

m(Q)(t) = min Q*(a, (e, t),  mlg)(t) = min |=(a 1) — ¢'|.

a€cT

We shall show a proof of the following result:

Proposition 4.1 Let z(a,t) be a solution of (15{16]J17). Then, the following estimate holds:

S < CED)

for k > 3. The constants C' and p depend only on k.

Below we will show the proof for £ = 3, being the rest of the cases analogous. These
a priori estimates will lead to a local existence result for the contour equation in the tilde
domain.

We refer the reader to [I0] in order to obtain

4
d
gt (B0 4 IF@I () + s + 3 s
as a similar approach can be made. Next we check
||a3z|\L2 _ 2/83 ) - 98 2(a)da.

We can estimate most of the terms as in [I0]. We also quote [6] for dealing with the Q2
factor. This term do not introduce any unbounded character as

Q%) e < C (B (t))".

We will show how to deal with the unbounded and therefore singular terms. We find

d
10221172 (8) < C(BR®)? + 1,

z\a) — zlo — 1
- i @t [ e

for

We get [ < C(Eg(t))P + 11 where

ZJ‘ o
II = / 3 2(a) - |Z:((a))|2QQ(a)H(agw)(a)da.

Identity H(0,) = A allows us to rewrite 11 as follows
1

= 322207 ()d%w(a)da.
11 = ’ZQ(Q)P/A(% a Q) (@) w(a)d

9



Next we can use formula to split further 11 = I11 4+ IV where

I = |z PRI /A (022 22Q%) ()02 (BR(2,w) - 24)(a)da,

o
and

—9onu=L
1V = 20 [ 6@k @) @07y () )i

The term I11 can be estimated as K3 in pg. 514 of [10]. An analogous approach provides
2
1T < C(BUY — oy [ Q@)BR(w)(0) - 24 (@)022(0) - AGE2) @)de (0

For IV we consider the most singular terms as the rest are bounded: IV < C(Ex(t))P +V
where

- /A (Oaz - 22 QN)(@)(VPy )(2(@)) - 32(a)da

|Za |2

Then we split further V. =VI+VII 4+ VIII 4+ IX by writing the components of the curve:

2 —1
= \zi(zlot(;\? /A(agzlaa@@?)(a)ajlP2‘1(z(a))82Z1(a)da,

2poptg "

VII =
| 2o ( |2

/ AD3 2100207 (@)0s, Py (2(0)) DB 22 (a)da,

VIIT = — 2;’0(20; : / A(DP 229021Q) ()05, Py (2(0)) 03 21 (a)dor,

2p0p0 " _
IX = - \zfii(iv / A(D2220221Q)()05, P5 (2(a)) 03 20 (a) dar.

The commutator estimate

1A(gf) = gAfllL> < Cllgll o5 112

yields

VI< OBt + 2”““°|2 / Q%(0)05, Py (2(0)) 002 (@) 21 ()A (03 21) (a)dor,  (21)

|za(

and

-1
IX < C(Ey(t))P — ‘QZZ(E’;% / Q2()0z, Py (2(0)) 0021 ()2 22 () A(B2 22) (a)dar.  (22)

Similarly for VII:

VII < C(Ex(t))? + 2p0u0|2/Q2 )0z, Py ( (« ))8a22(a)8gzg(a)A(agzl)(a)da.

|za(

10



Identity
Oaz2(0) D3 22(0t) = —0a21 ()05 21 () + |9252() 2,

provides

VII < C(Ey(t))P — 2poptg” / Q2()0z, Py L (2(0)) 0021 ()2 21 () A(B3 21 ) (a)dar.  (23)

2o () ?

Proceeding in a similar manner we can get

VIIT < C(Ey(t) + 2”“02 / Q%(0)05, Py (2(0)) a2 ()22 () A (B 2) (@) dev.  (24)

Adding the inequalities , , and it is easy to get

V < B ) — 200 / Q) VP (2(a)) - 7 ()83 2(a) - A(822) () dor

|za (a0 |2

Above inequality together with let us obtain

1T < C(Ey(t)) ’Z ’2/Q2 32(a) - A(832)(a)da

with o given in .

Finally we obtain

IR0 < OO~ 20 [ QHapo(ieta) - M@ @

From the a priori energy estimates we have that m(Q?c)(t) > 0 which together with the
pointwise inequality 2fA(f) > A(f?) yields

Lol < CEOY ~ 15 [ QP aota)A (e @)

Integration by parts for the A operator gives the desired estimate.

|za |2

5 Stability for the Muskat problem
This section is devoted to show the proof of the following result:

Proposition 5.1 Let x(a,t) and y(a,t) be two curves which satisfy the contour equation

(15(16))17). Then, the following estimate holds:

d
S e =yl () < Csup Es(z, 1) + sup Es(y, )|z — yllm (2)-
[0,7] (0,7

Above E3(z,t) and Es(y,t) are given by (19). The constants C' and p are universal.

11



Proof: In order to simplified the exposition we suppress the time variable and we denote
f'=fla=B), f=fla) fo=f—f and [ = [p.

We consider two solutions of the system x(«, t) and y(«,t) in C([0, T]; H3(T)) with v and
¢ its vorticity amplitudes given by . We will also denote by @2, 5, BR,, BR, and
Cz, ¢y the factors Q?, Birhoff-Rott integrals and parametrization constants associated to x
and y respectively (see , and ) During the time of existence T' > 0 one finds
supp ) £3(z,t) and supyy ) E3(y,t) bounded so that we will write

C(sup E3(x,t) 4+ sup E3(y,t))’ <C
[0,T] [0,T7

by abuse of notation.
For the function z(a,t) = z(a,t) — y(a, t) one finds

1d
2dt” ||L2:/Z'tha211+f2+f3+f47

where

I = /z (Q% — Q})BRydor, I = /z -Q2(BR, — BRy)da,

I35 = /z (e —cy)aada, Iy = /z - CyZada.
Then for I; we find
I < |12l Q7 — @il 2| BRe |l 12 < Clz][31.-

In Is we split further as follows:

1/2 QQ/ = 'dBda, I —1/2 QQ/ st aBda
o v et 2 T o v ) I el T

Iy — / 2+ Q2BR(y, w)do,

where w = v — (. In I 1, for the integral in 3, we find a kernel of degree —2 applied to z thus

Ly < Cll2l3p.

x + A
122_/ Qy/ y| ~dBda,

we recognize again a kernel of degree —2 apphed to z above so that

Since

Ly < Oliz| 7.
For Iy 3 it is easy to check that BR has a kernel of degree —1 and therefore

Iy 3 < Cllz| p2[|w]| 2

12



In order to deal with ||wl|z2 we write

w+ 2BR(2,w) - 7o = 2BR(Y,C) - Yo — 2BR(x,C) - 70 + 2%(VP;1(y) Yo — VP () - 24).
Bounds for the operator (I + 2BR(x,-) - x4)"! (see [10]) allow us to get

e < CIZBR) - o~ 2BR(.C) -0 + (VB () v = TP5 (2) 2012
We proceed as before to obtain

12BR(Y,¢) - Yo — 2BR(2,() - w0 + %(VP{l(y) Yo = VP () za)llz2 < Cllzllan,

giving

Iz < Cllzll3p,
as desired. Next we move to I3. We split further to deal with ¢, — ¢, considering ¢, — ¢, =
G1 + G where

and
Go=— [ [ @BRIG)- 225 ~ 0u(@iBR)(3) - L2 .

Then we decompose further, to find |G1| < |G11| + |G12| + |G1,3] + |G1.4] + |G1,5| where

Gll_/a (Q2 — Q2)BR,) - " |2da G172:/8Q(Q§)(BRIBRy)-;ana,
/Qa (BR. ~BR,) . Pd, Gra= /a (@}BRy)- 1, Pda
1 1

Above we use « variables instead of 3 for the sake of simphclty. We can proceed as before to
get

For the most delicate term we have to split further: Gi13 = G131+ G132+ G133+ G134+
G135+ G136, Wwhere

1
Glglzl/cf/ T Tt dBda, Ghas = /Q / = 1. ¢ 4da
2w Y] z=? |zal® o V) Ha- |2 \y |2 |z a|2 “ ’

/
2 Lo 2 ¢ x
s =57 [ O | 1 /s, Graa= g [ @ fout [ ) s

13




1 xt T
Gi35 = —W/QZ/ 2 Opz_(dBda,

[zt |zal?
1
G136 = —W/Qz

We estimate first the less singular terms, which can be controlled as before as follows:

and
1

1
Yy—
1T Doy — Wy_ '8ay—C/] | ’2 dfda.

One could rewrite G 31 as follows:

L
Gi31 = Q2 > ﬂ' To wpdBda,
> P

to find a kernel of degree 0 applied to w,. This yields

Gzl < Cllwllre < Cllzll g

Similarly

.
G135 = /QQ/ ol a z_ - Opz_('dBda,

e[ Jzal?

and a kernel of order —1 applied to 0,z yields
G135 < Cllz]lm-

It remains to deal with G'1 3.3 where we simply integrate by parts to obtain
x
G133—// |2Q§|xa‘27')dﬁda.
(6%

G133 < Cllz|| g

We find as before

Since we are done with G; it remains to deal with Go. Then, the same decomposition is
going to work to control Gy in the same manner than G1, but for the analogous to the term
Gi33:

1 [« 052(B) —03z(B— Nt =
Y e

We can not integrate by parts here as in G133. We decompose further G133 = Gi&g +
G%7373 + G:{’7373 where

Ghas= = [ GO [@32(5) ~ 0525 - 9)*

z5(B)I?
[ (B —¢) B 7(8)
2(8) —x(B =P |zs(8)|*4sin*(3/2)

X

dgdg,

14



Ghas=3 | @91(0) ,jﬁ((ﬁ))|4  A(@s)(8)dB
a+7r zg(B) 1
/Qy (5)’4 A(@gz )(B)dB,
and
Goa="3" / QB ()2 (“))'4 A(0571)(8)dP.

The fact that the kernel in £ has degree —1 allows us to get
|Ga,35] < Cllizlla-

Integrating by parts A as a self-adjoint operator it is easy to obtain
|G 33| < Oz -

All the bounds above for ¢; — ¢, allow us to get
I < Cll2)% + /z 2aGly g
Above we integrate by parts to find

/Z . l’aG%7373dOé = 1371 + 13’2

where
(67

1371:;/(/ 2(8) - 25(8)8) Q3 i 0‘|4 A(Dazt)da

—Tr

and

1 (0%
2= [ [0 waerasia [ Quone 200 aost )08
As before, using that A is self-adjoint it is easy to get
I3 < C|lz| 3

Similarly

1
I3 = 2/ (aQy | ‘4) daztda, where a(a) = / z(B) - x5(B)ds.
The fact that A = H(0,) allows us to find
Isp < Cllz3p,

and finally
I < O

15



At this point it is easy to get
L < Cll=3.

If one gathers above inequalities the following is obtained:
d
Zllzl2 < Cllzl.
Next step is to analyzed
d
auza”%ﬂ = 2/3a2 < Oqztdy = Is + Is + I7 + Iz + I,
where
Iy = 2/za 00 (Q2)(BR, — BRy)da, I = 2/za - Q20,(BR, — BR,)da
I; = 2/za : 80(((@% — Qz)BRy)da, Iy = Q/za . 8a((c$ - cy)ma)da,
Iy = 2/za  Og (cyza)da.

It is easy to get
Is < Oz

For Ig we consider I = Iﬁ’l + I6,2 + 16,3 + IG,4 + I6,5 + 16,6 where

1 zt
Ig1 = ﬂ_/za-Qi/ ’x_Pw;d/Bda, Igo = /za Qz/ T ’2]<adﬁda
C,
Iszs=— [ 20 Q2 fydﬁda Isy = 2o Q2 [ Oayt] - |dBde,
\ —\2 —|2 ly-|?

2
fos =2 [ 202 / $‘4m_-aaz_<'dﬁda,
T |z_|

and

1
s == [ za- QQ/ Oy = g -y ddo,

It is easy to get
Ioo+ Ia + Isg < C|l2||3.

We split further: 16,3 = 16,3,1 + 16,3,2 to find

= o [ [ 2@ - @ asn

/ 2\/
lo 32 = / /| _|2 2+ (Q2)~]dBdo.

and

16



We find as before
Is 31 < Cllzll7.

Changing variables one could obtain

1
Is32 = 477//80(2— :

We are done with Ig 3. The term Ig 5 is decomposed as follows

2 Cat Crt
1 = - o’ 2 - - < « 'aoz —dBd ;
651 w/ ? Qm/ I [zaiasin? (52) o] FaF- e

Op 2t
|lz—|

—[Q2Y + (Q2)'y]dBda = 0.

1
x
16,5,2 = —Q/Za . Qi(ﬁxa . A(za)da.
Tl
Therefore it yields
Iss1 < Cllz7n-

We use the fact that A = H(J,) and the identity

ZTq - 832 =—x4- Biy =—Z24" Ggy
to rewrite
1 i
Is 5.2 :2/,2& . Qiﬂj:‘w [A(zq - 2a) — Ta - A(za)] — 2/za . Qig|j§‘4H(@3x - 2o )da
1
+ 2/za : Qic|§:‘|4ﬂ(za - 02y)do

Since the commutator estimate for A gives
Iss2 < Cll2llipn,

we are done with Ig 5. It remains to deal with I 1 where we have to find the Rayleigh-Taylor
condition. We decompose further

1 x(Jl_

1 xt x
I — = o 2 - « / I — 2 o H o .
6,1,1 7T/Z Qm/ [’3«"—’2 \xa|22tan(ﬁ/2)]wadﬁda’ 6,1,2 /sz ENE (wa )dex

As before

Isi1 < Cllz| 3.

Next we will decompose w,, pointing out first the bounded terms, and dealing later with the
unbounded. We take w, = G3 + G4 + G5 + Gg where

G3 = —2BR, - 92x + 2BR, - 9%y, Gi= —20oBR; x4+ 200BRy - ya

Gs = —2%(aa(VPgl(x))-xa—aa(VPgl(y)).ya), Go = —2%(VP{1(:c)-@ix—VP{l(y)-ﬁiy).

17



We split further Gz = Gz 1 + G32
Gs1 = —2BR, - 02z, Gs2=2(BR,— BR,)-0%y

to obtain as before
1G3,2

r2 < Cllzllp.

The term G3; is part of the unbounded characters. We continue by taking G4 = Ga1 +
Ga2 + G434+ Gaa + Gus + Gy where

1 [ Oqzt
Gug=—— [ 22

’ wJ) |x_|?

! !
0l ¢
Lo — y dﬁa
Pt el

1
'}/dﬁ “Ta, Gag= T /8ay£ ) [’

™

2 xt 2 xt yf
G'4,3 = - / W'xa T— '8a2—7/dﬁ; G4,4 = ’/T/ [W "Ta $—7/_W'ya Z/—C/] Oay—dp,

1 ot , 1 xt yt /
G4,5 = _7r/ |x_\2wo‘dﬁ * Lo G4,6 = —W/ [W Lo — W : ya] Cadﬁ-
Next, G4,1 joints the unbounded terms and

Gaz2llrz + |Gaa

2 + |Gz < Cllzl| -

It is possible to obtain a kernel of degree —1 applied to J,2 in G4 3 as follows:

2 [at—at
Guz=— / 740‘5 X T+ Onz_7df.
T |x_|

Therefore
[Gaslle < Cllz] g

1 11
G45=—/x_ xaﬁw&dﬁ-xa

’ T |z_|?

Since

we obtain in an analogous way
1Gasllrz < Cllwllr2 < Cllz] g

For G5 it is easy to get
1G5z < Cllzllmn,

but the term Gg has to be decomposed as follows:

Gog = —20VP (@) - 022, Goo = —22(VP \(2) - VP, (y)) - B2y
1o Ho
Ge,1 remains unbounded and
1Ge,2

2 < Cllzla,
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easily. Thanks to all this decomposition we find
Isi2 < Cllzl 7 + 1615,1,2 + 162,1,2 + 13,1,27
where
/@a-a@m 0 Bup= [ Qe EH (G,
and

/QQZQ- ’ |2 (G671)da

In Ié,LQ and 15’7172 the Rayleigh-Taylor condition will show up. For 137172 we consider the
splitting

/H : )1/8zJ‘[ v 7 |dB - zada
o1 T a|2 T e Jxal?4sin®(6/2) o

2 xL
6,172—/}[@2@-‘ ) —— (8z)xada

a|2 |xoz|2
using that H is skew-adjoint. First term satisfies
2,1 2
16,1,2 < Cllzl5-
For the second one we use the commutator estimates to find

o+

612<CH [ +/HQxZoc'| a|2)A(‘ 7|2a Z - x0)dar,

The fact that H? = —1I yields

@&smw%+/Qﬁf (Bt e

[zal? " |2al?

In the integral above we expand the derivative, to find out that it is possible to integrate by
parts in Jy(2 - £1). This yields

Ig,’12,2 < C’||ZH§{1, and therefore 1627172 < C’HzH?{l

Next we consider

Ié,l,Z = —/Qiza' |z Q‘QH(QBR 32 )do

for which we use the commutator for the Hilbert transform

1H (900 f) = gH(Baf)llL> < Cllgll 1.3 1122,

to find
I§10 < — " |2/Q%a-xi}?fa - H(8?2)do,
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Next we split above integral by components:

/Q 8 Zlaal'QBRxl (8221)(1

() ‘xaP

2
Ié,’12,2 = P/Qiaazlaaﬂszsz - H(92z)da

‘[61,7?72 = o¢|2 /Q a Z28 xlBRle H(aQZl)d
=2 2 020001 BRys - H(8222)d
612 = "o m Q300220001 BRyo - H(0522)dox.

The commutator for the Hilbert transform allows us to obtain

I < Cllalfy + o [ QROuaBRa - H(Ourdhzz)do

|al?

and together with identity

8ax282z2 = — a:mé?gzl — Op2 - 823/
provides
2
Ié,712,2 < CHzH%{l — e /Qi@aleRm - H(0q210% 21 )dar.
(0%
The commutator estimate yields
1612 < Ozl3: - il /Q 00210021 BRys - H(02 21 )da
a

In a similar manner we find

2
Ié:i2 < C||z||%{1 + —|$ z /QiaaZQGQQTQBRxl - H(9%2)da.
«

Adding , , and we find

2
B < Cllalfy - 23 [ @8Rtz do
e

Next
Bra= 22 [ Qra o H(VP; (@) 02 )do.
and a decomposition in components as before provides
1815 < Cllz|3n — 2 |p P/Q?VP (%) - 23 20 - Aza)dav.
Oé

Adding and we find

. 1
Ioa2 < Clizlip + I 1o + 1812 < Cllellzn - 2 o /Qi%za - A(zo)der.
[0
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The positivity of the Rayleigh-Taylor condition for the curve x gives
a2 < Cllellfp,  Ton < Cllzlfpn,  and finally Ig < Cllz]7.

We find easily
I < 2|

For Ig we consider
Iy = 2/za (e — cy)é?glxda + 2/za - Za0a(Cz — ¢y)da,
and integrate by parts to find
Ig = —2/83,2 - Za(cr — cy)dor.

The fact that
Is = 2/833; Za(Cz — ¢y)day,

allows us to deal with Ig as for I3 to get
Iy < =3,

Finally, integration by parts provides

I = / zaBncyda < C|2|%1.

6 Applying perturbative argument and concluding the proof

Finally, we will applied a perturbative argument to conclude the proof of theorem Con-
sider a curve z!(a) as in section 2 and P(z!(a)) an initial datum for P(Muskat). Then we
get a solution ¢ (a, t) € C([0,T], H*) given by using section 3. Next we consider a perturba-
tion of z!(a), the curve zg(a), for which the Rayleigh-Taylor and chord-arc conditions holds.
Furthermore, the velocity given by Darcy’s law for zg(«) shows that two different branches
of the interface are going to approach as time goes forward. Next we take P(zp(«)) as an
initial datum for P(Muskat), getting a solution Z(a,t) € C([0,T], H3). The stability result
in section 5 gives

I1Z = 2l z11 () < C(sup B3(Z,t) + sup E3(2',)) || P(20(a)) = P(2 () 1
[0,7] [0,7]

and therefore

12 = |52 () < C(sup B3 (2, 1) + sup E3(2',1)) | z0() — 2'(@)]| 1.
[0,T7 [0,T7
Here we point out that the time of existence in section 3 is independent of the smallness of
lz0(c) — 2'(a)|| 2. Since the transformation P~! is well define for Z and the fact that 2!
self-intersect at a point allows us to conclude that in the evolution of z = P~1(Z) there exists
a finite time such that z has to break down with a splash singularity.
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7 A remark on the family of splash singularities

The scenario in section [2| is the simplest one to obtain a splash singularity. However the
one-phase Muskat problem can develop this kind of point-wise collapse for more geometries.
In order to check that we proceed as follows. Let z(a) be a splash curve with a; # ag such
that z(a1) = z(a2) and |0y2z(a)| > 0 for every . To consider a different situation than in
section 2, we also assume that 0,21(a1) # 0. We make the following distinction between oy
and ag: There exist a neighborhood U,, of a; and a neighborhood U,, of ay such that, if
21(B1) = z1(B2) for B1 € Uy, and P € U,,, then 29(B1) < z2(52). Roughly speaking, we just
mean that z(ae) is the upper splash point and z(«1) is the lower splash point.
Let us analyze the normal velocity at cg and «;. For as we have

(o) la) = ~Vp(s(az)) - nlag) = e,
where n(a) = 0L 2(a)/|0az()]. As in section [2, Hopf’s lemma yields
—Vp(z(az)) -n(az) >0

and we consider

3a21(a2)

——= < 0.

|0az(c2)]
On the other hand, we have

poutas) - nfar) = ~Tpz(an) - a) - po O
with
—Vp(z(a1)) - n(en) > 0,
and Doz (1)
a”1\ 01
——= > 0.
|Oaz(0n1)]|

Then the sign of J,2(a) is bad for our purpose. However we can notice that

dazi(1) _ Oazi(az)
|0az(c)] |O0az(02)|”

and therefore
u(az) - n(ag) > —ulaq) - n(ar).

The last inequality is enough to show that the velocity separates the splash points backward
in time. Unfortunately this is not enough to assure that we can produce a splash singularity
by using the previous analysis. It is possible to find u(a1)-n(aq) negative. Then the solution
would cross the branch of P backward in time. This is a mere technical problem that we can
solve as follow.
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Let’s define a velocity

v(wy, w2, t) = v(21, T2 — 2o t,t) + (O, 2o ),
Mo Mo
a density

0
P(l‘lam%t) = 0(53171'2 - %tat)v

and a viscosity

Therefore

Oupl(wr, w2, t) =(9pp) (w1, 2 — 224, 8) = P20y, p) (21,0 — P2t,8)
Ho Ho Ho
£0

Po Po po
=—v(x1,22 — —,t) - (Vp)(21,22 — —1t,1) — —(O2yp) (w1, 72 — —
( o )+ (Vp)( o ) Ho( 22 P)( o

= —v(wr, w2 — 22) - Vp(ar, w9, t) — L0y, p(1, 9, 1)
Ho Ho
=— <v(w1,x2 - @t,t) + (0, Po)> -Vp(x1, x2,t).
Ho Ho
Thus we have that p satisfies
dp+uv-Vp=0,
and in a similar manner it is easy to get
O +v-Vu=0.
On the other hand
po=-Vp,
where we consider

B($17$27t)::p($17$2'_‘89t7t)
Ko

Then, by using v, p, p and p, we can write our Muskat problem as the system

hp+uv-Vp=0,

Op+v -V =0,
po=—Vp,
Vv =0,

with the boundary condition

To2—r—00

lim <v(:c1,x2,t) - (o,po)) = 0.
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In this new system we find the following: If z(«) is a splash curve such that z(a;) = z(a2)
then

pov(z(en)) - n(ar) = — Vp(z(ai)) - n(aq),
pov(z(az)) - n(az) = — Vp(z(az)) - n(a),

and again we can invoke Hopf’s lemma to obtain that
—Vp(z(a1)) -n(ar) >0, —Vp(z(a2))-n(az) > 0.

Then, the velocity separates the splash point and u(ay) - n(a;)n(a1) points in the opposite
direction to u(as) - n(a2)n(ag). Therefore we can carry out the same analysis we did for the
simpler case of section
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