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Abstract

In this paper we show a structural stability result for water waves. The main moti-
vation for this result is that we would like to exhibit a water wave whose interface starts
as a graph and ends in a splash. Numerical simulations lead to an approximate solution
with the desired behaviour. The stability result will conclude that near the approximate
solution to water waves there is an exact solution.

1 Introduction

The water waves problem models the motion of an incompressible fluid with constant
density p in a domain (¢) with a free boundary 9€(¢), which satisfies the Euler equation
with the presence of gravity and whose flow in potential. The system, in R?, can be written,
after some computations, as an equation for the free boundary,

00(t) = {z(a,t) = (z1(a, t), z2(a, 1)) : @ € R}, (1)

and an equation for the amplitude of the vorticity, w(a,t), in the following way
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zt(a,t) = BR(z,w)(a,t) + c(a, t)zo(a, t), (2)
w2
wi(a,t) = —2BRy(z,w)(a, 1) - za(a,t) — (W>a(a,t) + (cw)ala,t) .

+2¢(a, ) BRo (2, w) (e, t) - zo (e, ) — 2(22)a(a, t),
where BR(z,w) is the classical Birkhoff-Rott integral

y4yes —Z 1
BR(z,w)(a,t) — %PV /R (|Z((a’ ’;)) - Z(é tt)))|2 w(8,1)dB. (4)

The function c¢(«, t) is arbitrary since the boundary is convected by the normal component
of the velocity of the fluid. Also, we notice that, in order to get an explicit equation for dyw,
we need to invert the operator

I+T =1+2(BR(2,), 2)
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and we have taken the acceleration due to gravity and the density p equal to one.

Once one has solved this system for (z,w) the velocity of the fluid and the pressure in the
domain €2(t) can be recovered by using Biot-Savart and Bernoulli laws. For details see [3].

In the last two decades these equations have been intensively studied. For an extensive
survey about analytical results on water waves see the monograph [9].

In this paper we are concerned with the problem of the existence of water waves which
start as a graph and become a splash curve in finite time. Roughly speaking, a splash
curve is a smooth curve that collapses with itself in a single point such as the curve of fig.
A rigorous definition can be found in [3] where the existence of splash singularities has
been shown. Coutand and Shkoller [5] have proven the existence of splash singularities in
presence of vorticity. Fefferman, Ionescu and Lie [6] have proven the non existence of splash
singularities for internal waves, i.e. for an interface between two incompressible fluids.

FLUID REGION

Figure 1: Splash singularity. A smooth interface that collapses in a point.
We are interested in the following statement:

Conjecture 1.1 There exist initial data zo(a), wo(a) of solutions of the water wave equations
such that at time 0 the curve zo(«) can be parameterized as a graph, the interface then turns
over at a finite time T1 > 0, and finally produces a splash at a finite time Ty > Tj.

We should remark that this conjecture is a combination of the scenarios in theorems [3),
Theorem I.1] and [4, Theorem 7.1] and is supported by numerical evidence that we can see
in Fig. This numerical simulation was carried out using the method of Beale, Hou and
Lowengrub [1J.

The proof of this conjecture could follow along these lines. First of all, we will move
backwards in time, O being the time of the splash, T — T3 the time of the turning and 75 the
time in which the solution can be parameterized as a graph. Also we write the water waves
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Figure 2: Evolution from a graph to a splash.

equation in a new domain given by the projection of Q(t) by the conformal map

P(w) = (tan (%))1/2, w e C,

whose intention is to keep apart the self-intersecting point by taking the branch of the square
root above passing through this crucial point. The equation in this new domain can be
written as follows:

Z(a,t) = Q*(a,t)BR(Z,@)(a, t) + &(a, t)Zala,t), (5)

where
2
Hont) = Pa( b)), Q¥ant) = | 2L (P (30 1)))

T and o € T.

(From now on we will omit the superscript tilde in the notation).
We start computing a numerical approximation of a solution to the water waves equation
that starts as a splash, turns over and finally is a graph. Such a candidate is depicted



in Fig. With this aproximation we can construct explicit functions (z,+) that solve the
system

vt = Q*(2)BR(z,7) +bxa + f

2 2
Y= ~2BR(x,7) - — (Q@)al BRI — (S0R7) (6)
+2bBRo(2,7) - 2o + (07)a — 2(Py H(2))a + g
where f and g are errors that we hope are small. By using the computer we are able to

give rigorous bounds for these errors. The question we want to answer is if there exists an
exact solution (z,w) of the water waves equation close to these functions (x,~). That means
we need to prove the following theorem:

Theorem 1.2 Let
D(Q, t) = Z(Od, t) - Q?(Oz, t)? d(Oé, t) = w(a, t) - ’Y(aa t)7 D(a7 t) = (p(Oé, t) - ¢(a= t)
where (x,7,1) are the solutions of

( vy = Q*(x)BR(z,7) + bxa + f

a+m [T @ Lo
b = 2Wt[JQ%ﬂ%%V»|Cﬁda—/;@fBR@vﬂmhh@w
a+7r 1:,3
/ fopepda [wm| (7)

Y +2BRi(x,7) o = (2 (xz)) o| BR(x,7)|? + 26BRy(2,7) - o + (b7)a
— (42%) -2B @)a+g

2 (a, a,
{ Y(a,t) :%W—bs( JO)|za (o, t)],

where (z,w) are the solutions of with f =g =0, @ is the function

Qe t)ew(at)

Neatort)] Al D)]

and E is the following norm for the difference

T 2
Qo
204D + ldl3 + DI, )

E&ﬁE@Dﬁp+

777‘06|

Then we have that

G| < COE0 + B @) + )
where
C(t) = CEW@), 1zl sy s IV sy (8, ICH sy (8), 1 ()] £oe (£))
and

3(t) = (11 5y ) + gl ey )+ (IS yssg (O + Nlgllaiy (8))%, K big enough
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depends on the norms of f and g, and E(t) is given by

£(t) =22 (1 / Qo 510k Pda -+ | P(:) )

4
|2al®
+ [Jwl|F2(t) + + t
leollZ (£) + llll? oy () m(Q20) () ;g: m(g)()

where the L norm of the function

F(z) = A , a,BeT

|2(c; t) — z(a = B,1)

measures the arc-chord condition,

w

‘Za|

2
0 'BR(z, W)+ (VQ)(2) -zt + (VP ) () - 2t

LZ

2|2q/? “

is the Rayleigh-Taylor function,
m(Q%c.)(t) = min Q*(a, t)o. (o, t),

a€eT
and finally

m(q')(t) = min =(a,t) ¢’

forl=0,...,4, with

— (0.0) 1_<11> 2_(*11> 3_<—1—v 4_<1—ﬁ
- ) I q - \/57 \/i ) q - \/57 \/i ’ q - \/57 \/5 I q - \/57 \/§ 9

(9)
which are the singular points of the transformation P.

Remark 1.3 We can absorb the terms in E(t) by E(t) raised to an appropriate power and
terms in (z,v) by performing the splitting ||z|| = ||z — x| + ||x|| (or the analogous one for a
different variable) for any norm or any quantity that appears in E(t).

Theorem |1.2| was announced in [2].

If we knew C(t), f(t), g(t), k or bounds on them, a priori, then we could provide bounds on
E(t) at any time 7. We point out here that E(t) controls the norm ||0n2% () — 9pz' ()| L.
Let T, be a time in which the approximate solution is a graph, i.e. dyz'(a,Ty) > 0 Vo
Now, 1f E(T,) < da2'(a, T,) then

BazH (. T;) > 102" (0) = Bu* (@) £ + Do (0, Ty) > 0,

and this shows that z is a graph. In other words, the possible set of solutions of the water
waves equation is a ball centered at (z, 7, () with the topology given by E. All of the elements



of this ball are graphs, therefore the solution is necessarily a graph. Thus, the problem is
reduced to study and find bounds for C(t), f(t), g(t), k.

The recent developments of computer architecture have boosted their use in mathematics,
giving birth to a full set of new results only achievable by this enormous power. However, it
has the drawback that floating-point operations can not be performed exactly, resulting in
numerical errors. In order to overcome this difficulty and be able to prove rigorous results, we
use the so-called interval arithmetics, in which instead of working with arbitrary real numbers,
we perform computations over intervals which have representable numbers as endpoints. On
these objects, an arithmetic is defined in such a way that we are guaranteed that for every
reX,yeY

rxy € X +Y,

for any operation *. For example,

We can also define the interval version of a function f(X) as an interval I that satisfies that
for every x € X we have f(z) € I.

The article is organized as follows: in sections 2 and 3 we give some details about how to
control the errors f, g and the constants that arise in Theorem by using the computer.
Finally, in section 4 we give a complete proof of Theorem

2 Bounds for f(t) and ¢()

2.1 Representation of the functions and Interpolation

The first thing one has to decide is how to represent the data and how to pass from
the cloud of points in space-time obtained by non-rigorous simulation to a function defined
everywhere in [—7, 7| x [0,T]. We need to interpolate in some way.

In our case, we chose to represent the functions = and v by piecewise polynomials (splines)
of high degree (10) in space, and low degree (3) in time. To do so, we first interpolate in
space for every node in the time mesh. The interpolation is made via B-Splines. Since the
interpolation is reduced to solve a linear (interval) system Ac = y, where A is constant in
time and space and y depends on the values of the function at time ¢ since the mesh in space
is constant, we precondition by multiplying by the non-rigorous inverse of the midpoints of
the entries of A. We remark that the system is interval-based because we need to produce
a curve that is a splash (i.e. there have to be two points aq, @y such that we can guarantee
zo(a1) = zo(az). Finally, the system is solved using a rigorous Gauss-Seidel iterative method.
We also remark that the need for interval-based calculations is only strictly necessary at time
t = 0 since it is the only point in which we have to guarantee some equality. By working
with multiprecision (1024 bits) we can get widths in the coefficients of the order of 10730,
In order to perform interpolation in time, we fix the values of the function and its time
derivative at the mesh points. This gives us lots of systems of 4 equations (the values of



the function and its derivative at both endpoints) and 4 unknowns (the 4 coefficients of the
degree 3 polynomial) but with an explicit formula for each of them. With this method, our
spline will be C! in time but it might not be C2.

2.2 Rigorous bounds for Singular integrals

In this section we will discuss the computational details of the rigorous calculation of
some singular integrals. In particular we will focus on the Hilbert transform, but the methods
apply to any integral kernel whose main singularity is homogeneous of degree -1. Parts of the
computation (the N part) are slightly related to the Taylor models with relative remainder
presented in M. Joldes’ thesis [§].

Let us suppose that we have a function f given explicitly by a spline (piecewise polyno-
mial) which is C*~! everywhere and C* except at finitely many points (the points in which
the different pieces of the spline are glued together). We need to calculate rigorously the
Hilbert Transform of f, that is

fi = PV [ f@ 1w,

T Jr Ztan( zy)

and we want to approximate it by a piecewise polynomial function with less regularity,
plus an error that can be bounded in H?,0 < ¢ < ¢ < k and in L*. Let us assume that the
knots of the spline are o, i = 0,..., N — 1 and that we fix z € [o;, a;11] where the indices
are taken modulo N and the distance between the indices is taken over Zy. We can split our
integral in

i) =2 [ L =S, PWV Z/‘”“ @)= ),

T Jr 2tan( 5 ) o 2tan( 2y)

_PV G+ f (g (y PV it f(z) — f(y)
Z / 2tan )dy+ Z /a 2tan y) dy

lj—i[>K © li—i|<K 2

= Hf(2) + HfV(x).

Now, if we want to express H f'(z) as a polynomial, it is easy since the integrand does
not have a singularity. Hence

HiF (@)= > /%+1 étan v (y))dyz ? 2 /%1 Fi(z,y)dy

lj—i[>FK © % priKE
S /“J“Z%m@_m (v =" ()" + Bl y)dy = Pla) + B(a),
li—i|>K Qj n,m

where F accounts for the error and is a polynomial with interval coefficients. Typically,
we will use as the points for the Taylor expansions z*(i) = «a; since we will compare the
resulting polynomial with another one of the form }_,b;(z — z;)’ and we will also choose



y*(j) = % This choice is useful for two reasons: first, we will only have to integrate
half of the terms since the rest will integrate to zero; and second, the error estimates will
be better for this choice of y*(j) in the sense that the coefficients will be smaller. All the
computations will be carried out using automatic differentiation. We should remark that we
can get estimates for the error F in any of the above mentioned norms without having to
recompute it since the relation

QH fF(2) — 9P (x) = DE(x)

holds for every g < k.
Now, we move on to the term H fV(z). In this case, we perform a Taylor expansion in
both the denominator

2 tan <33;y> = (z—y)+clx—y)®, c= small (interval) constant

and the numerator

F@) = 1) + = ) 0) + 5~ 92 ) + =) ),

where 7 belongs to an intermediate point between z and y, which we can enclose in the
convex hull of [a;, a;y1] and [aj, oj41] where the convex hull is understood in the torus.
Since typically K will be very small (compared to N) there is no ambiguity in the definition.
Finally, we can factor out (z — y) and divide both in the numerator and the denominator.
Since we know f(y) explicitly, we can perform the explicit integration and get a piecewise
polynomial as a result.

2.3 Estimates of the norm of the Operator I + 7T

In this subsection we will outline how to compute the norm of the operator I + T =
I+ 2(BR(z,),2q). Since the operator T behaves like a Hilbert Transform plus smoothing
terms, we will describe how to calculate rigorously with the help of a computer an estimate
for the norm of its inverse. The procedure is more general and can be applied to a bigger
family of kernels. Let T = R/27Z, and let A(x), B(x) be real-valued functions on T. Also,
let E(x,y) be a real-valued function on T x T. We assume A, B and F are given by explicit
formulas such as as perhaps piecewise trigonometric polynomials or splines, and E(z,y) is a
trigonometric polynomial on each rectangle I x J of some partition of T x T. We suppose
A, B, E are smooth enough.

Let H be the Hilbert transform acting on functions on T, i.e.

Hf@):fjfécm(g)ﬂx—ymy

Assume that A and B have no common zeros on T.
Let

Sf(x) = Ax)f(x) + B(x)Hf(z) + /T E(z,y)f)dy, f € L*(T).



Thus, S is a singular integral operator.

We hope that S~! exists and has a not-so-big norm on L?, but we don’t know this yet.

Our goal here is to find approximate solutions F' of the equation SF = f for suitable
given f € L?(T), and to check that ||SF — fllz2¢ry < 0 for suitable 6. Our computation of F
will be based on heuristic ideas, but the computation of an upper bound for ||SF — f[12(r)
will be rigorous. In our case, A(z) =1, B(z) = 1.

To carry this out, let Hy C Hy C L%*(T) be finite-dimensional subspaces, e.g. with H;
consisting of the span of wavelets (from a wavelet bases) having lengthscale > 2%i. Here
Ny > N + 3 (say). Let m; be the orthogonal projection from L?(T) to H;, and let us solve
the equation

7T1‘5’7T1F :7T0f. (10)

If f is given explicitly in a wavelet bases, then is a linear algebra problem, since
w1571 is of finite rank, and its matrix (in terms of some given basis for H;) can be computed
explicitly.

o If mof ¢ Range(m.S71), then our heuristic procedure fails.

o If myf € Range(m1S71), then we find F € Hy such that mSmF = mpf, i.e. mSF =
o f.

We then have

ISE = fllzery < I = m)SE|2ery + (I = m0) fll 22y,

and both norms on the right-hand side may be estimated explicitly.
Now, our goal is to make a heuristic computation of an operator of the form

5f(x) = A@)f(f) + B(x)Hf(z) + /T E(z.y)f(y)dy

such that SS — I has small norm on L?(T).

Here, we will make a heuristic computation of S; later we will give a rigorous upper
bound for the norm of S — I on L?(T). By a heuristic computation of S we mean a heuristic
computation of A, B and E.

We first find A and B by setting

N i AA-BB =1
(A+iB)(A+iB)=1= { AB+BA —0
Then, this means that
SS = (AA - BB) + (AB + BA)H + Smoothing terms = I + Smoothing terms

. So, fr0£n now on, we suppose that A and NB are known. For the operator I +7T, this means
A=1/2,B=—1/2. We want to compute E. Now, let {¢,} be some orthonormal basis for



L?(T), for example a wavelet basis. By the previous methods, we can try to find functions
¥, € L?(T) such that Sty — ¢y has small norm. We carry this for v =1,..., N for a large
N. We now try to make F satisfy

A(2)b(@) + Bla)Hoy(z) + /TE(x,y)qﬁl,(y) — (@) for v =1,... N. (1)
Thus, we want

| BGnontdy = (.(0) = Aw)oufe) = B@)Ho, () = 0F @), v=1o.,N. (12)

Note that w# can be computed explicitly.
Since the ¢, (all v) form an orthonormal basis for L?(T), it is natural to define

N
E(z,y) =Y v¥ou(y).
v=1

This can be computed explicitly, and it satisfies . Thus, we can compute
SS=(A+BH+E)A+BH+E)
= AA+ ABH + AE + BHA+ BHBH + BHE + EA + EBH + EE
= AA+ ABH + AE + BAH + B[H, A — BB + B[H, B|H
+BHE + EA+ EBH + EE
= (AA - BB) + (AB + BA)H + {AF + B[H, A] + B[H, B|H
+BHE + EA+ EBH + EE} (13)

We claim that all terms enclosed in curly brackets are integral operators of the form

5#1a) = | B¥@.r)is
for an E# that we can calculate. Let us go term by term

e AFE has the form S#, with E#(x,y) = A(x)E(z,y).

e B[H, A] has the form S#, with E#(xz,y) = 5= B(z) cot (£5Y) (A(z) — A(y)).

Note that if A is a piecewise trigonometric polynomial and C*, then E# can easily be
computed modulo a small error in C*~1.

e B[H, B]H has the form S#, with

B (2, y) = LJTQB(:E)PV/cot <x - Z) (B(z) — B(2)) cot (z - y) dz.
_ 4;23(:,;)131// {cot ($ X Z) (B(z) — B(2)) — 23'(95)} cot (Z;y> dz.
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e BHFE has the form S#, with
1 _
E*(z,y) = 2B(:17)PV/cot <‘r Z) (2,y)dz.
T

E
= ;TB(x)PV/cot < ) ( E(z y)) dz.

e EA has the form S#, with E#(z,y) = E(z,y)A(y).
e EBH has the form S#, with

Bt (5, y) = 1PV/E(x,z)B(z) cot (Z > y) dz.

%PV/{ (z,2)B(2) *E(Jz,y)B(y)}cot (z ; y> dz.

e EE has the form S#, with E#(z,y) = [ E(z, 2)E(z,y)dz.

This proves the claim.
Letting £7 f(x fT (y)dy be the operator in curly brackets in , we see
that

SS = (AA— BB) + (AB + BA)H + &7,

and that the function E#(z,v) can be computed modulo a small error in CY(TxT). Therefore,
we obtain an upper bound for the norm of SS — I, namely

max |AA — BB — 1| + max |AB 4+ BA| 4+ max {max/ |E#(az,y)|dy,max/ |E# (x, y)|d:c} :
@ Y

Defining Se,r := SS — 1 , we obtain an explicit upper bound ¢ for the norm of S, on
L?(T). We hope that § < 1. If not, then we fail.
Suppose § < 1. Then

SS =TI+ Sy = SS(I+ Sepy) P =1,
so we obtain a right inverse for S, namely S (I + Serr)™ !, which has norm at most
I1S(1 =), (14)
where ||S|| denotes the norm of S as an operator on L%(T). Recall

34() = A() () + 0+ [ B
Therefore,
131 < max] o) + max 5]+ mo {ma [ 1B )y ma [ 1Bl
Plugging that bound into , we obtain an explicit upper bound for the norm on L? of

a right inverse for S. Similarly (by looking at SS instead of SS), we obtain an upper bound
for the norm on L? of a left inverse for S.
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Remark 2.1 To estimate e.g. max, [ |E¥#(z,y)|dy it may be enough just to use the trivial
estimate

max/ |E7 (2, y)|dy < 27 max |E¥ (x, y)|
T z,y

xT

Remark 2.2 (Time dependent solutions) Fort € [to,t1] (a small time interval), let

Sif(z) = Az, t) f(x) + Bz, t)H f(z) + /’[r E(x,y,t)f(y)dy,
where (for each t),A(-,t), B(-,t), E(,-,t) are as assumed above.
If A, B, E depend in a reasonable way on t, then one shows easilly that

ISt — S|l < n for all t € [to, t1].

We can make n small by taking t1 close enough to ty. Suppose we prove that |]St_01|| < Cy
by the previous methods. Then, of course we obtain an upper bound for ||S; || valid for all
t e [to, tl].

3 Bounds for C(t) and k

3.1 Writing the differential inequality as a differential system of equations

The calculation of a bound for C(¢) requires more effort than the previous one since one
needs to calculate the terms one by one and add all their contributions to C(t). For example,
in order to calculate the evolution of the norm ||D| g« (t) a systematic approach is to take k
derivatives (k ranging from 0 to 4) in the equation for the evolution of z (7| with f = g = 0),
take another k derivatives in the equation for z (7| with arbitrary f,g) and subtract them.
Let us focus from now on in the term Q(z)?BR(z,w) — Q(x)?BR(x,~) and its derivatives.
One notices that in order to write a term in the variables (z,w,¢) composed of a factors
minus its counterpart in the variables (x,, ) in a suitable way (i.e. as a sum of terms that
only have factors z,v, 1, D, d, D) then the number of terms is 2* — 1. The way of writing it
is the classical way of adding and subtracting the same term with the purpose of creating
differences of terms and eliminate all the occurrences of the variables (z,w,¢). An example
for the Birkhoff-Rott operator (with ) = 1) is given next. We should remark that the
computation and bounding of the Birkhoff-Rott is the most expensive one, the rest of the

12



terms being easier.

7" ) Tafa) - 2P
O B e CILE
+gp [ A=A —CTOD (u(3) - as
" % (\z(a) _12(5);2 " 2@ _1:,;(5”2) (z(a) = x(8))"(8)dB
i % <\z(a) —1z(5)]2 () _lx(ﬁ),z) (2(e) = 2(8)) " (w(B) = +(8))dB
o [ (rmsmn - b)) ¢~ #6) - @) - o)) ()8

o - 2(a) — 2(B) — (z(a) — x L(w(B) -
+27F/(|z(a)—z(6)|2 yx(a)—x(5)|2>( (@) = 2(B) = (z(a) = z(8))) " (w(B) —¥(8))dB

After having seen this, it is clear that a tool that can perform symbolic calculations (derivation
and basic arithmetic at least) and the correct grouping of the factors is required since the
performance at this task by a human is not satisfactory. We developed a tool in 900 lines
of C++ code that could do all this and output the collection of terms in Tex. We show
an excerpt of the terms concerning the fourth derivative of BR(z,w) — BR(x, 7). The total
number of terms in that case is 2841.

21 (0ABR(z,7) — 04 BR(z,w)) =

841‘05 —(941‘06_ Lda_ 1 da
+ [(@a(a) - dhata— )l I p—T
r(a) — 0*x(a — Ld(a - ! B 1 dor
+/( a(a) — a(a — B))=d( 5)<|gg(a)—$(a—ﬁ)|2 |f<v(0é)—2‘(0<—5)2>
do(a) — 0te(a — Ly(a - : B 1 “
+/(8a (@) = Gaz(ar = 5)) 7 B)<|m(a)—:v(a—5)|2 !Z(a)—z(a—5)|2>d
+4 / (9ar(0) = Ol = B)) Oacllex = B) o :Ul(a T

1 . 1 2>da
[z(a) —z(a = B)I"  [z(@) = z(a = )]

2

+4 / (O3x(a) — x(o— B)) " Oad(c — B) (

_8 / (Oaz(a) — Raa(a — B))=d(a — B) (,x(a) - xl(a - 5>y2>
x (ax(a) — daz(a — B)) - (D(a) — D(a — B))da

2
_ 8/(6§x(a) — 93x(a— B))td(a— B) <]m(a) _ a:l(oa — 5)’2>
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X (Opx(a) — Ogx(a— P)) - (z(a) — z(av — B))dax

2
_ 8/(33$(04) — 93x(a— B))td(a — B) (]a:(a) — xl(oa — 5)’2)
X (9aD(a) = daD(a = B)) - (D(a) — D(a — 8))da

2
— 8/(82%(04) — daa(a = ) td(a - p) (’x(a) — ggl(a - ﬁ)’2>

X (z(a) —x(a = pB)) - (OaD(a) — 0 D(a — 3))dex

— Sr(a) — Bx(a — B)td(a — ! 2— ! :
8 [ (Gka(e) — 03a(a ~ B) d(a - 9 ((,x(a)_x(a_ﬁ)yﬂ (|Z(a)_z(a_m‘2> )
X (OaD(a0) — 0o D(a — B)) - (D(a) — D(ax — 3))dex

+ 2831 more terms...

However, there is a significant way to reduce the number of terms in the estimates: writing
the equation in complex form instead of vector form. Thus, we can write the evolution for z
in the following way:

0 z"(ayt) = % /T @) i z(ﬁ,t)w(ﬁ’t)dﬂ + c(a, t) 02" (e, t)

In this formulation, the fourth derivative accounts for only 140 terms. We present the

first 10 below.

2 (0ABR(w,v) — 94BR(z,w))

=72 /(agx(a) — Oaz(a = B))(Oaz(a) — daz(a — B)) (x(a) — ;(a - ﬁ)>4

X (BaD() — 9o D(a — B))d(a — B)dax

—72 /(agx(a) — 93a(a = B))(Oaz(@) = daz(a — B)) <x(@) - i.(a - 5)>4

X (OaD(a) — aD(a = B))y(a — B)da

— 72 /(aa:c(a) — Qa(a — B))(93D(a) — D2 D(a — B)) < 1(a — 6))4

X (BaD() — 9o D(a — B))d(a — B)dex

4
— 72/(6aac(a) — Opx(a — ﬁ))(@iD(a) - OiD(a ) < 1(04 _ 5))
X (OaD(a) — 0o D(a — B))y(ax — B)dcx

=36 [(GRD(@) - 8D(a ~ ) (2uD(@) - 2uDla ~ ) (

z(a) — z(a —

14



1

z(a) —x(a —

4
-85 [(@D(e) - RDla - 5)) (BuDla) - duDlar ~ ) ( 5)) Ao~ Bda

1 3 3 a3 o — o) — o — o — o
+8/<$(a) ( 5)) (02D(a) = 9, D(a = 8))(0aD(a) — 9 D(a — B))d(av — B)d

w8 [ (s ﬁ))g (03D(a) - 02D(a — ))(0D(a) — 8D(a — B))r(a — B)da
+24/ <x<a> —i<a —ﬂ))
”4/ <x<a> —i<a —5))

+ 130 more terms...

3

@) —02D(a — B))(8aD() — BaD(ar — B))dpd(cr — B)dar

(02D(a)
3
(02D(a) = 92D(a = B))(9aD(er) = 8aD(a = §))day (e — B)da

The final observation is that if we consider £(¢) as a scalar, we might not get suitable
estimates. In order to get better estimates, we will modify the energy into a “vectorized”
version &,(t), which we will also denote by £(t) by abuse of notation. This new vectorized
energy will be as follows

1Dl
1D1
e
D 13
EO=| Ydlp |-
Il
ldl 5z

where the homogeneous spaces H* have their norm defined by £l 6 = 0% £|| 2. With this
vectorized system, we avoid both the bounding of any given norm by the full energy and any
constant factor arising from interpolation between two Sobolev spaces. Thus, our constant
C'(t) will roughly be of a size comparable to the largest eigenvalue of the linearized system.

3.2 Estimates for the linear terms with @) =1

Since we expect £(t) to be small, the terms that affect more to the evolution of £(t) are
the linear ones. We now report on the non-rigorous experiments over the linear terms to
obtain an approximate bound of the behavior of the full system (i.e. an approximation to the
largest eigenvalue of the linearized system). We remark that a multiplication of the estimates
by a constant, even a small factor 2 for example, has a big impact on the system, rendering
the estimates useless and the estimations not tight enough, because the type of estimates we
are going to get are exponential in the product of the time elapsed between the splash and
the graph and the constant. Therefore, we should be very careful and fine estimates have to
be developed.
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First of all, we will work with () = 1 and later move on to the case @) # 1. We will adopt
the following convention to denote the different Kernels (integral operators) that appear:

ORi (0 8) = oy =gy Oor(®) — 2u(B)" (O (e) — ()"

x (0%(a) — 03(8))" Ok () — Dl (8)) 2l ()
O34 (0.8) = s (D) = B ()" (ORa(o) — 02 (5)"
x (0(a) — 0 (9) " (Dhr(ar) — Da(B)"

The operators for which by # —1 will act on D or its derivatives whereas the operators
for which by = —1 will act on d or its derivatives. We now describe how to split the Kernels
in such a way that they can be computed. For the case where by # —1 we illustrate this by
splitting 6(2):8,0,07 but the technique can be applied to any Kernel.

e [ €860 (D(@) - D(3)as /K 1B)8 - o [ Kla,9(8)D(8)a5
1 D(a) — D(B) D(a )—D(ﬁ)
+%Cl(04) WV(ﬁ)dﬁwL%cz(a) m(aﬂﬂﬁ)dﬁa (15)
T3 Ty
where
0 ) = 1 B c1(@) 1))
HOD = G =20 rt (252)  21am (%52)
1) = 73
CQ(Q) .Z,C;a((aa))

We can think of ¢;(«) and ca(«) as the Taylor coefficients of O(a, 8) around g = a. We
can bound the terms in ((15]) in the following way:

T4<Oz) =
T3<Oé) =

2()[H(Dy)(e) — DH(7)(a)]

c1(a)[A(Dy)(@) = DA(7)(a)]

We have then the estimates

16



ITallr2 < llezllzee (1Dl 27l zoe + Dl 2| H ]| )
1Tl 2 < lledllze (1Dl r2lvallze + [[Dallz2vllee + DN 2 A ) [ zo)-
We now move on to T7. We will estimate it in the following way:

[ 1iD@a= o [ 1D@)P [ K. 801(8)d5da < - IDIE: | [ KC.50(8)d

To estimate the kernel 75 we will use the Generalized Young’s inequality [7]:

Lo°

IO = 1z [ [ [ Kl 2(5) D68 Ko @) D@ dpdode.
Defining

K(B.0) = | K(a,B)v(B)K(a,0)v(0)da,

we have that

11D} = 15 | [ K(5.0)D(8) D@ ddo

— 1z [ 0O ([ K000V ) ds

1 -
ialDlis | [ Koo

1 - -
< 5CIDIR € = max {mgx [ 1K)l [ IK(B,U)Idﬁ}
T o

IN

We finally show how to estimate the Kernels with b = —1. We will do this by showing
how to estimate @(1)&(1)’0 but the technique can be applied to any Kernel.

o [enseaenas = o [ Kapaas

2
T

1 1

+27rcl<a>/ztan(‘lﬂd(md5’

T
where
- 1 B c1(a)
K(a, ) = (z(a) — z(B)) 2tan(°%5>
1
Cl(a) = ma(a)‘

We can easily estimate these two terms applying to 77 the same estimates (Young’s inequality)
as for Th in the previous case and by noting that T is 1c;(a)H(d).
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3.3 Estimates for the linear terms with Q) # 1

To perform the real estimates, where ) # 1 we will use the estimates from the previous
sections. We will explain how to pass from the former ones to the latter ones. We will
illustrate this by computing the linear terms of the Birkhoff-Rott operator.

First of all, the total number of terms will increase by a factor 2, since we will have

Q*(2)BR(2,w) — Q*(2)BR(z,7)) = (Q°(2) — Q*(x))(BR(2,w) — BR(,7))
nonlinear
+Q*(2)(BR(2,w) — BR(x,7))
calculated before
+(Q%(2) — Q*(x))BR(z, )

new terms

In order to calculate the old terms with @ # 1, the only thing we have to do is to
incorporate a factor of 9*Q?(x)(a) in the estimates. The new terms can easily be calculated
using that, up to linear order

@) - @) = 5 (M0 — L) Do),

4 Proof of Theorem

In this section, we will prove the stability Theorem
The equations are:

2t :QEBR—FCZQ
o =0 [ @R [ @R,
SPLASH s | “‘ 1261
Wi +2BR; - 2o = —(Q%)a \BR\Q—i—QcBRa Zo + (cw)
Q2w2 -1
(i), =257 00
(2 = Q*(x)BR(x, )+bwa+f
a+T 2 2
b = BR)y——>d BR)g——=d
= /_ﬂ(Q - /_w(Q i
APPROX a+7r / fa / fﬁ,
Y +2BRi(x,7) xo = (x) ]BR x 7)\2+2bBR (,7) - Ta + (07)a
( AP ) "

18



where

a—m)i )
BR(2,w)(a) = —PV / REC S0 = s,

f will be the error for z and g will be the error for w.

4.1 Computing the difference z — r and w — v

We define now:

D=z—2, d=w-—7v, D=p—1
The energy

E :1 D2 T Qg 84D2 d2 D2
() =5 | IDIl72 + 02|10 D1 + |ldlgz + DI 5.4

—T ’20‘2

and the Rayleigh-Taylor condition

w ' 1
= (BR,+ -2-BR + X :
< t + |Za’ ) 2o + 2‘2a|2 <Zat + ‘Za|Zo¢Oé) Za
2

VQ-zy — (VP ')(2) - 2y

«

+Q’BR+

2eal

Note that o, > 0. We shall show that

G| < COE0 + @) + o)
where
C(t) = Cllzll sy 05 [V s g s 101 a0, I1E (@) |2 (2))
and

5(8) = (1710 0+ 191 oy )% + (171 o0y, )+ gl 013 (£))% F ig enough
depend on the norms of f and g.
Remark 4.1 From now on, we will denote E(t) + E(t)* by P(E(t)).
$41D|2, < CP(E(t)) + 6(t) is left to the reader. We compute

2 ™ 2 T 2
1 d/ ’84D|2 / (ngz)t|a4D|2+/ Q 84D84Dt

2dt x| a|2 7z 2 ‘Za|2 “ | a|2 7z

The first integral is easy to bound by C'P(E(t)), we proceed as in the local existence
Theorem 1.7 in [3]. We split

[T R am
I= 8D8Dt—11—|—12+13

22:
—TI"CY|
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where

m 2
I = / Q2 gzaéDai(QzBR(z,w) — QiBR(x,’y))dOé

—T ’204‘2

m 2
I = / Q3 UzaéD(?i(cza — bxy)da

—T ’Za|2

T 2
Igz/ ek 0,02 DI fda

—T |Za|2
We have:

I < 1/” : JZ|64D]2da+1/7r S 10t fPda < CP(E() + 192l 5
T2 ) gzl 2 ) plzal® B 2

Thus, we are done with Is. We now split

I =lot—+ 11’1 + 1172 + 1173 + 1174

= [ Q- 0A D@ (Q)BR(=w) — 9 (Q2)BR(x,~))da

—T |ZOé‘2
e L (7 (0hele) ~ el 9)*
ha= [ AR (Qg% /. : ;((Z)) - zﬁ ﬁ)l2)) wlo = f)dp

e L [T @Gaz(e) — Qala =)t .
@ 271'/ lz(a) — z(a — B)|? Y 5)d5> d

™

—1 [T (2(a) — z(a— B))*
(@ [ TR ) - sla - 8) - @hx(@) - Okete -~ Bt~ H)a

T Jor |2(@) —z(a = B)*

T (z(a) — z(a — 1
@z [T IR (0(a) — a(a - 9) - (Obete)  Obata — At - 5)d5 )
ha= [ @52 0,04 DOL(Q2BR(z, 0w) — Q2BR(x, dl7))da

where l.o.t stands for low order terms, nice terms easier to deal with.

Iy =lo.t + I1 1,1 where

Lii=2 / T MD(VO()  9LBR(-.w) - VQ() - L BR(x,~))do

- ‘ZOé|2 :

T 2
=2 / @ 0.0 DVQ(2) - 92 DBR(z,w)do

- ‘Za|2

+2 /7r Q: 0.0 D(VQ(2) - 022BR(z,w) — VQ(x) - 0z BR(x,~))da

—T ‘ZCV|2
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s QQ
< 2/ o0l da |[VQ()BR(: )1~
e bounded as for local existence

™ 2 m 2
[ oo+ [ 50vQ() 0laBR(:,w) - VQ() - OfaBR(z. ) da

—T |ZOJ,2 —T |Za‘2

l.o.t in D and d
< CP(E())

which means I7; is done.
From now on we will denote

As(a) = 2(a) — 2(a — B)

Lo =I121+ 1122+ 1123+ 1124 where

(M 21/7r ApdpD*(a)
-71,2,1/7r ‘ZQPUZ%DQQW 1A @ w(a — B)dBda

_ [T Q 4 21/7T 41 1 _ 1 B
11’2’2_/W|za|20z8aDQ22w B80T ()[R0 T [Aa(a) ) L@~ Pdbda

g 2 T 4.1

—x zal®” o Jor |Apz(a)?

T 2 T 4 .1
Iioa =/ &U IAD(Q? — Qi);ﬂ/ M’Y(a — B)dBda

- ‘ZOLP : -7 ’Ag(l)(a)‘

@ i L [ A
har= [ s, | S e - e

_ LT T a0 D () (Qi(a)ox(0)w(B) — Qi(B)o=(B)w(a)
~ Jzal?2m /-ﬁ/—waaD [Aa—pz(a)? < 2

| Qer0)ol) + QA | o

this is zero as in local existence (BiD . BiDL =0)

STy = / " 0D [T Bap0aD7(a) <Q§(a)0z(a)ww)— 2<ﬂ>az<ﬁ>w<a>>

21 Jor |2al® Jor |Ba—pz(@)]? 2
N— ———

Hilbert transform
applied to cr)iDJ‘(a)

= 11’271 < CP(E(t))
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For I 2 o we can make a trick to get less derivatives in x.

g1 2 3
Loo=1Iig0+ 0o+ 1122
A64x

T 4 A 84 1
Ba=s | QP 0,04 Do )(1—1)i/_ 259 45 4

2272 ) r J2a 2ol Jzal? g
=0
ETE N 0. 00D [ Agdtat(a) L E—————
122 = 9r | T2 Tz P |Agz(a)]? \Za(oz)’zﬁQ |2a|*B
=0
1 1 To " X
_ 4D Cao w(a)dBda
Bse@P  Joa(@PB * ealis | | ©

0 4
Hao=g- [ e atd [ as0iet(o) (g -~ w0~ 9) —wlo) dada

227 0n | TealP” - |Apz(a)
1 1
We use that 5 — 5| < |xa\2—|— ’ZO;| | Dyl to find that
|| |24l |za|?|zal
IDEZEZ}Z\Ieb Control of ”xHHO
3 1 (7 Q2 42 6 2 ‘ma“"’za‘ 4
Ioo <~ 50210aD1> + Q: |3 ozl lwliee | 55 ) DallZe A7
4 J_x |24l |zal?|zal
< CP(E(t))

We can use that

1 1 Za Zaa [ k
_ < — F( o
‘(\Aﬁz(a)IQ eal@)PR? " \45)‘—”z”0251/2“ Az IFENE
and that

‘ _ 1 +Zoc'zaa_< 1 - 1 +xa'xaa>'
[Apz(@)]* [za(@)?B%  |2al*B [Agz(@)? |za(a)?82  [zal*B

1 k k
<l IICQIIchzBmIIDIICHIIIF( 2o [[1F (@) |00

to find

2 1 i g 4 12
1—17272 S 87['2/ > ’202|8QD\

—7r‘04

+ Ol|Q: g lloz | o< N1zl E2 (I | DI

|05 |22 | F () oo 1 () e

C2+% ’

N T PR
(/da(/ E dﬁ)) < Cljoka| 2.

22
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We split further in 1117272 = 1'11”2172 + 1117’2272:

1,1 1 T Q4 4 4 L 1 1
har=50 | g% _fﬁa (a ><1Aﬁz<a>12 - \Aﬁxm)\?)
% (w(a — B) — w(@) + wa(a)B) dfda
12 1 ™ Q! 1 T 4 1 B B
a5z | e oipente) [ asiket @) (15 o = ey ) e

Inside of the § integral in I11 ’21 o there is no principal value, so the appropriate estimate
follows:

I}y, < CP(E(t)
1
2?8 [eal?B

For I 11222 we proceed as for I 127272. We decompose adding and subtracting

Thus, we are done with /1 2. We decompose 123 = 111’2’3 + 112’273 + Ii273‘

™ Q2 T
Ilyy = / B Za4DQ [ apiat(e)
1 1 Lo - Taa
— + d(a — B)dBdo
(mgx(a)r? PP T e 46) o= B)df

™ 2 ™
2 _ Q3 4p 28 o) 1 / Apd(a)
11,273 - /_ﬂ— ‘ a’2 Za Q ‘.CL' ’2 27T . 62 dﬁda

™ 4.1
Iilgz/ Q2 a4DQ2 / Aﬁ(daa{ﬁ )(Oé)

77r‘ Oé|2 72 BZ

dBdo

]aza|2 o

It’s easy to obtain:

1 (M Q?
Has < 3= [ 1goslobDldo+ ClQul ool Il Nl P @)l ol osl10821
Oé

x|
< CP(E(t))
112’273 < CP(E(t)) analogously since ||Ad||p~ < C||d|| g2
I} 55 < CP(E(t)) using ||A(dOhz™)|r2 < Clld| g2 || s

We are done with I 2 3. To deal with I 24 se use that

Q% — Q%2 =2Q((1 —t)z +tx)VQ((1 — t)z + tx) - D(a) for t € (0,1).
Then it is easy to find

L4 < CP(E(t)),
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and we are done with /7 2. We decompose I7 3 as

Lig=IL3i1+hz2+Iiz3+Ii34+135+ 1136

T ™ 1
Lz = / @ 0.0 DQ*— -1 / MAgZ(OZ) - ApdiD(a)w(a — B)dBda

Tl gz
™ 2 e A
noa= [ Loape T [ Wmﬁﬁz(a)'Aﬁaifﬂ(a)d(a—ﬂ)dﬁda
s 2 T A
11733 —/ |Q’2 Z84DQ2 - /7r |AZZZ((?’)4A6D . Aﬁ@éSE(OZ)’V(Oz - B)dﬁda
AzDL(a
L34 = / ’2 0.0t DQ?— /7r wAﬁm(a) - AgOp()y(o — B)dBdor
haa= [ 2 |2 0D~ [ Agrt(@)Ase(a) - Aska(an(a - )
1
( i~ \Aﬁx<a>|4> Ao
T 2 T A 1
noo= [ z;cfzaim@ =y Wmﬁﬂw(a)'Aﬂﬁiw(a)v(a—ﬁ)dﬁda

Lisj, Jj=2,3,4,5,6 are easier to deal with (It can be done as before). Therefore we
focus on Iy 3 1.

Iz :I11,31+11231+I§31
s 2 ™ A ZL a
Ifs, —/ Q: 0.0t DQ*— . / (B(ﬁlAgz(a)w(a - B)

2z
77T|O¢‘

O (a )8 oz (o B)w(a);g) - Ad2D(a)dBda
(

Oaz(@)F "
{51 = /7r Q: 0.05DQ? 1Mw(a)a4D(a) _ /7T Oaz(a — B) — Onz(@) dBda

Tl O 7
™ 2 1 ™ 4
3 _ Q3 1 2L Gaz”(a) / Ap(daz - 9,D)(a)
s = [ e DO et || S o

In T 1173’1 we find a commutator, which can be handled as before. It is also easy to estimate

2
131
To deal with I 3311 we remember that

Oaz() - 02D(a) = 0pz(a) - O22(a) — Ouz(a) - Oiz(a) — .D(a) - Diz(a)
= —30%2(a) - 93 2(a) 4+ 3022(a)02x(a) — DuD(a) - Odx(a)

o
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That allows us to decompose further
daz(a) - 02D(a) = —30%2(a) - 93 D(a) — 302 D()d3 () — D () - Dtz ()
which yields
Ii?),l = ]f,7§,1 + If:??,l + If:g,l
=2 [ 2. G ) [ S0z B,

L e PR E 7z [ 0az(e)|4 /32
52 _ 3 [T QF 4D Dozt () /” Ap(02D - 93z) ()
=1 [ et e g dhda
3,3 _3/7r Q3 ip daz™ () /7r Ag(0aD - Op) ()
B3 =1 | D @ | po ddda
We use that
T 2., 93 2
H/ A,B(aaZﬁfaD)(a) < C|0a (032 - 93D)||}. < CP(E()
—T L2

to control I f ; 1- f 3,1 follows similarly. We control I3 1 3 1 using that

H/ Bo(0eD 065 g5 < o (0D - 3k

52

< |00 Dlf7e 105217 + 102 Dll7 o 052172 < CP(E())

This allows us to finish the estimates for Ifg’ ; and Ii&l. We are done with [ 31 and I; 3.
We now decompose I 4.

hy=1Iis1+Tiao+T1a3+ 1144

T 2
Ligg = / ek 0,04D - Q2BR(z,04d)dBda

2Z
77r|04|

Q2 /7r gD (a) 4
has= [ %50 AsD"(a) _
1,4,2 /ﬂ PRE D-Qi— o ) ] fﬁz(a)Pa(ﬂ(a B)dBda

— " Qg 4 Q/W 1 4 — 1 — 1
1—1,4,3/7r |Za‘20z3aD Qz2ﬂ_ 7WAB37 ()07 (o = B) Agz(a))? [Agz(a)]? dfdo:

s 2
Tioa = / Q- ;91D (@ — Q2)BR(x,8'y)da

—T |ZOé|2 :
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We control I 42, I143 and Iy 44 as before. We further split

1 2
Lagr=ILigg+ a1 +1has+ s

T 2
T Q3 4.2 4 1 oz (a) 4
I 41 —/7r ‘Za|2az(9aD Q7 (BR(z,@a ) — 2|8 (o )|2 H(0.d)) | da
T 2 1
2 _ Q 4 8042 (a) z 4 z 4
Rur= [ fimesoip- 0] <2r el \%a) = <2r awa‘*d»do‘

T 2 L
5 Q: aip. e (@) @
Ii4n = /_H a2 0:0D EN H<(2Za| 2|xa|

T N2 i 254,
Ii4,1 _/ @ 0,04D - Oa2 (a)H (Qza

x| oz|2 72 |za 2|z Q‘xa’

There are commutators in [ 11 g1 and I 12 4,1 S0 they are easy to estimate. To get the estimate
for Ii471 we bound

(=) %)

We now remember the following formulas:

2 2 2 112
Qz Qg: 4_112 2
< 0, < CEA(t
‘ 20za]  2|zal | | a’yHLQ - ()

L2

at the level of D(«)

w
— z _
¥ 2‘2:0[’ C’zfl‘
2
=
= b
Q)b 2‘$a’ S|:L‘Oz|

These yield

Iy =5+ inl T If;il + lo.t,

where

T 1
S=[ Q%.9'D- WH(aﬁp)(a)da

oo /7T Q? 0.0 aaZL(oz)H (QZVQ(Z) -5§zw ~ Q:VQ() - 8§:C7> o

|2 7z |24l |24l |z

77r|01

™ Q2 8aZJ‘ a
it = [ E0.0i0 2 (33 (clzal — bolral) do

| a’2 72 |2
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S is going to appear later with a negative sign and therefore cancel out. I1 741 can be
bounded as before since it is low order.
We show how to deal with I i’il‘ We compute

D (clzal) = —03 ((QZBR) ) i Oalbslzal) = =0, ((QIBR) |xa|>

Then, in 92(c|za|) — 02 (bs|za|) We consider the most singular terms

|2al

D% (clzal) — OL(bs|zal) = Ty + Jo 4+ J3 + Jy + J5 + Lo.t.
Ji = —2Q.VQ(2) - 0 2BR(z,w) - —% +20Q,VQ(z) - 9 xBR(z,7) - —

‘a| |2
84

Jzal

JL [T Agrha) zale)

=@ [ RS el Apoleteyelor - 5)d3

1 (™ Agz— () T4
_Q2 / |Aﬂgﬂ?(()’)4 ]a:( |)Aﬁx( ) -Ag@ix(a)’y(a—ﬁ)dﬁ
+ Q2BR(z,047) -

|zl

84

[7al

~(Q?BR)a7?7 + (Q2BR)a

= —QIBR(z,04w)

‘Zoz

Js will be given later. In J; and Jo we find 4th order terms in derivatives in z and x so
they are fine. In J3 we find inside the integrals

Apgzt(a) - za(@) = (2(@) = 2(a = B) = Bza(@))" - za(@) (16)

Asat(a) - zala) = (w(a) — o(a — B) — Bra(a)* - zala) (17)

This implies that we find ”Hilbert” transforms applied to four derivatives of x and z. We
are done with Js3.

In J4 we also find them inside the integrals and so it is easy to check that we
have kernels whose main singularity is homogenous of degree 0 applied to four derivatives of
Oiw and 9%v. This implies that we have a Hilbert transform applied to 93w and 93+ so we
are done with Jy. The most dangerous term is J5 which is given by

Asdh(a) zala) 1 [T Asdhart(a) zala)
) d . _ B\
Q%/w Bpe(@P o] T AT Qagy / Bpa@P  Jaa] 1@ PP
We split further

Js = Js51+ J52
2 1 2a() T [ wla—PB) w(a) 4
"% / (!Agz(a)P ~ [ealP4sin® (,6’/2)) Apdaz (@)

Q2 — 1 zo(a) /7r <7(04—5) _ v(a) >A58§3#(a)dﬁ

o1 |xa |Agz(a)]?  |z4|24sin? (8/2)
=~y (@) A0k @) + Q2 2 () AR @)
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In J5; we find a Hilbert transform applied to 04zt and 9izt so it is fine. We split

further:

Js2=Js21+ J522+ J523

s = (@5 ) - @27 ut) ) At a)

2 |zal?

Jsos = A (Q?lza(a)wm)aém) 22l @it

“2 |Za‘3 £2 ’Zoz|3

1z.(cx
J572,3 =-A <Q§2 ‘Z( lg)w(a)ﬁéDL>

Js2.1 can be estimated as before (there are more derivatives: 5 in total, but they are in
x). In J5 22 we find a commutator. Finally:

™ 1
12, <cp@ww) - [ @oip 2 n (A (@21 Zagwagm» da

EN “2 |24l

We use that H(A) = —0, and 2z, - 92D+ = —z2 - 92D to obtain:

1 [7 2o w ZJ'
Ifxil < CP(E(t)) — 5] Q%0.0LD - |zi|)a <|Qa|2a4 | a|) do
1 (" zt
<orew 3 [ toatp- T Lo, (7)) ie

Easy to estimate by CP(E(t))

™ 1 1
_1 QZ ZQUJ Dz(a)aa(aéDzoc)da

2 |2al? 20| |20

Integration by parts

Then we are done with If’fl, If471, I, I14 and I4.
To finish with [ it remains to control I5. We split it as:

I, = 12’1 + 1272 + lo.t

™ 2
I, = / RE 008 D(cd 2 — b3 x)da

—T ’ZOé|2

I o =

)

™ 2
/ 25,0 D (0 czq — O2bay)do
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The low order terms are easier to deal with. We further split I3 ;.

Is1=IDjy1+1212+ 1213

™ QQ
127171 = / 0,C OiDagD do
N——

—7r‘ a|2

Integration by parts

_ N Q2 4 5
127172 = 2026 ( - bs) 8aac do
—r |2al ~—~

5 derivatives, but in =

™ 2
Ipig— / -, 91 Db.0% da

—T ‘ZCV|2

Error term

We find I 1 < CP(E(t)) + ¢d(t). We decompose I 5.
Ino=1Is91+ 1222+ 1223

s Q2
1221 —/ [PAB 0.0 D(d%c — 02b,) - zpdax

—7r|0¢

s Q2
12,2,22/ 5 0,08D Db, O Ddor
—r |2al <~

5 derivatives in x

m 2
Iy93 = —/ @ 008 Dbz o dar

—T |Z04‘2

Error term
We deal with I3 21 more carefully. We use that

D - 26 =022 2o — 0hx - w0 — Oiz - D,
= 3032022+ 3031 -0%c — 9z - D,
= 303D 0223032 -0°D — 01z - D,

to obtain

_ 7l 2 3
Ipor =191+ 1591+ 159,

™ 2
1217271 = —3/ Q‘Q 0.03D - 92202 (c — by)da

—7'(’06

s 2
I35, =-3 / @ 0.031 - 02D (¢ — by)da

—T ’za‘Q

T Q2
15’2,1 = —/ % 5,0% - 0,DI%(c — bs)da

’ ‘ ’2
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We can integrate by parts in all of the above terms to get low order terms. We are finally
done with 1.

4.2 Computing the difference ¢ — v

From the local existence proof we find the equation for ¢;:

+Q.Qi s~ 2BR- QzQz—c " g e (9

\al = |zl

— / Q2BR - da

EX

We will show how to find the equation for ;. We start from

and therefore

that yields

1/’2 N Q%’Y2 bg’wa|2
<Q2> =0 <4|xa\> ~ 0o < Q2 ) 0 (76s)

The equation for v, reads:

vi = —2BR; - 2o — (Q%)o| BR> + 2b,BR,, - x4

2 b2 2
_ o, (¢> + < 5 > = 2P (2))a + 20 BRa - w0 + (be))a + g

Q2 Q2
Then
w:Q(Q)i‘_inxm +Qg26%_<b‘x )
P T g T ] T e
2
Y z”
Qgp(Qm)t’xa‘ 2zal " Q‘J;amw/ Ja |z ab

Q% 2 2 Y? bg’%z‘Q
—2B tba T « B 2 sB a " Ya — Va | ~Ho - N9
+ 2] Ri-x (Q2)a| BR|* +2bsBRy, - xq — O Q2 + e ).

—2(Py M (2))a + 2be BRa - T + (beV)a + ) — (bs|zal)

We should remark that we have used that

™

1 [7 1
To Tar == | (QiBR)a- zoda + 5= | fartada

27 — T J—x
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and

g T
By(t) = — °BR), - —=d
0= 5 | (@BR), gda
Computing, we find that
3
_vxr X xr xoc
v =@~ S g Q2R % BRPQT 4 Q20,BR, - o
|Za 2| ol |Zal  |Tal |Za

1)
Q2 AW AN Q2

|z
(1)
where
= % pp xb+Q2(b7)+Q2 /f.
T 2|z |z 2|33a|27r |z a|2

are error terms. We consider

=% p ()+QZ<1?§|%!2>

2\xa] 2 Q?
1”7 a 2
B, (t) + bs|lxa|(bs)a — ==b% |20
~ (t) + bs|zal(bs) 0.0 5|zal
Qm,}/ 2 g 2
2‘xa|Bz(t) + bs|@a| By (t) — bs(QzBR)q - |$a‘ 0. bs|7al
= — By(t)¢ — bs(Q3BR)q - m - aabi\wa!
It yields
- . b (Q2BR), - o Gy,
(2)
3
— Q2BR, % — @ IBRI?Q” + Q20 BR, - —2
|zl |Za| |zl

(2)

Q3 2 Q. 1
B 2|xa|8a (Q%) - @(P2 (2))a — (bs|zal): + &

It is easy to check that

(2> = bS(QCZCBR)OZ : % + ngsBRoz : & = —QbSBR : xfa@x(@:c)m

| T |zl [T
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then

Uy == Ba(t)y —

o fon (i) - 02 (- )

3
BRI

~20,BR - " Qua(Qu)a 62 Tl

+ Qg g (@) =,
— (bs|zal)e + &

With this formula it is easy to find that

2dt/|z>| de < CP(E(#)) + c5(t)

In order to deal with II -
IT= [ A9}DODida
—Tr
we take a derivative in « in the equation for w and v to reorganize the most dangerous
terms. If we find a term of low order, we will denote it by NICE. Since the equations for
¢y and 1y are analogous except for the £' term, the NICE terms are going to be easier to
estimate in terms of CP(E(t)) + cd(t).

RN |Za|

®3) a

x T - 2bsBRx7a x xa) ( ab2 a) < BR x)
+(@@nll) - (2sre f20Qn.) —(Shiea) - (EiBrPQ:)
_(bs|xa‘)at+€é

—_—————

3)

—1
¢at - - BCE(t)d}Oz - aa ( Q;% 804 (1!}2>> - Qi BRt |l‘ | (P2 (Z))Oz
—_—

Expanding (3):

(3) = (QzBRt,a|) ~ (Bslal)or

- (@nr), - @nn ()~ (lelBo - @R 22 )
9 To Lo
(ol Ba(0), + @8R (25) +2QuQuBRY - (2 - Q2R ()
We use that
(wa> ::vaa-xj;xj. (xa) :xat-mjxé
‘$a| a |ma’2 |xa|’ |Zal t |xa|2 ‘$a|
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to find

_ 33(@02) (Qw)a 2 J_l‘aa $J‘
%t——Bxit)wa— TN +8a<$a|Qz¢> ~Q2BR; -z . (el B ()
W (5) (6)
L -1
[ a| |Zal |Za| a
(13) (V7) ®)

9) (10) (11)
Q(Qm) +E,

(e

Q3
- <|xa‘

The term (|z4|B(t)): depends only on ¢ so it is not going to appear in computing II.

(12)

(4) = —By(t)1p, is NICE (at the level of 1)

0a(1?)

2|z

is a transparent term which is NICE (even if we have to deal with A'/?)

(%) = -

_ (Qa:)a 2\ _ (Qx)gz Q(Qx)a@ml)a ﬁ (Q)
(6)‘a“<|a:a|@ﬂ’)‘ Zal @ T J7alQa *%(W)

The first term is at the level of 0, so it is NICE. The second term is at the level of 0,
or 1, so it is NICE. We write the last one as

() - e (e ) + vt s e

Qz ‘xa’ Qa: Qz ‘.ZC ’3
The first term is at the level of z, or ¢ so it is NICE. For the second term we have used
that
<xa > | Toa Ty T
ol /o |Zal® |zal
Finally:
2 1
(6) = NICE + Y2,V Q(x) - - o0 Ta
Qz |Zal
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(7) = 2(Qu(Q2): BR)a = = 2(Qu)a(Qu)iBR - =2 +2Q,

|%al Ia

<(Q 2)t

T

) BR -z,

+ 2Qz(Qx)tBRoz T

‘xa’

The first term is at the level of zn, x¢, BR ~ x, so it is NICE. We use that

(Qa:)toz o (Qz)at o (VQ(IL') ‘xa)t . . xfa - . L
ope = e = R = (vaw ) - v ()
Using that
Lo~ Lat _ )
7P *or [ I it

and

(xa> :xatm’i.xé

|zal /4 |20 |? |zl
we find that
0 (- 2) s 3
xa To 1
+VQ(x) el B.(t) + VQ(z) - el 27 ) fa'|a‘2

That yields

(7) = 2(Q2(Q4)¢BR)y—2- = NICE + 2Q,BR - xox; - (V2Q( ) x)

| Oc‘ | T

NICE (at the level of zn,x¢,BR)

J_ Tat a:L To
+2Q4BR-z,VQ(z) - x PRE +2Q.:BR - x,VQ(x) - ﬁBz(t)
NICE (at the level of za,z¢,BR)
Lo 1

part of error terms

Finally:

J_:L'at ZL'

(7) = 2(Qu(Qu)iBR)a —2 = NICE +2Q,BR-2,VQ(z) - z o T 2@(Qa)B

%ol
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Lo

| T

= (@) o (gvn ) - 20,900 R )

| T | Tl

NICE (at the level of z)

Lo

l

|‘Ta‘3

Q- (v2P51<x>

' |xa|

NICE (at the level of zq)

which means

(8) = (QQ( 1(’2))()‘) = NICE —chwg—l(m).gcg”“"““'”““aL

|Zal

(Qz)at

+Qz o] Y+ Qu(Qa)e <|a‘>

(9) = (Qx@x)‘a,) - (@@

|Zal

NICE (at the level of zqo,z¢)

We use to deal with % We find that

© = (@@ a‘) = NICE +QuV Q) -2 2L fﬁ +QuQu (H)

<10>=—(2bsBR‘%Qm<Qx>a> 9, BR - (Q,)2 - (2b BR. ) Qu(@s)

| T o ‘$a| | T

NICE as before

Too * QZQL T
— 2b,BR - 24Q.VQu(z) - - PE —2b,BR - QOxa(VQQm(a:))ma

NICE as before

Therefore

(10) = - <2bsBR- “’“Qz(@m)

|Zal

— NICE — <2b BR- ) Qe(Qz)a

« ‘l’a’

i
— 2,BR - 24QuVQy(x) - xt L0 Ta

SPNE

2$a2 Tao l’J'
()= - ((Q”)ab§|xa|) = (Ba]), Geda BlralGh )

xa(VZQ(x) “Ta) o (Qx)a 2
Qx bs“ra’ + (Q ) b ‘ 04‘
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The fact that the last two terms are NICE, allows us to find that

10 == (L) =3cw - (o), L2 - EreLogr oyt e

Finally:

12)=- (,fj

3
Q) = Z3QPQRIBRE - (R @),

« ~~ ‘a|

NICE
8 Too  To
e Bl Ta - (V2Q(2) - 20) ~Q1BRPVQ() - a5 =
NICE
which implies that
3 4
02~ (L irrQ..) - L (1B R Q) - QUBRPVQ(a) -2 525

We gather all the formulas from (4) to (12) absorbing the error terms by £} whenever we
encounter them.

It yields:
7/)2 1 Taa I‘ 2 1 Taa I 2 1 Tao -SEé
77bozt NICE + Q VQ(‘T) Lo | |3 Q BR; - x aﬁ vap ( ) Lo |£E ’3
1o (15) (15)

+Qu1VQUa) - ai T |‘”§ - 0.(Qn): (

(18) (1) (18)

) 1 2QuBR - 2.V Q(x) - ot el e

|Zal |zal?

iR
+Q.(Q.)i2BR,, - é | <2b BR- > Q2(Qn)a —2bsBR - 24Q,VQ(x) - ot Toe T

%ol |zal?

(14) (17) (16)

(Qz)a b§|xa\2 J_xaa xL Q3
— \% BR a
@ Q0 VoW e e (P

(17) (16) 17)

—Q3|BRIPVQ(x) - at Too” Ty QZBRa-szat'xé%—c‘fl
x T « 3 «

|z a|3 | T

_(bzlxoznoc

(16)
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We compute

(14) = Qu(Qu)r <|a|> + Qu(Qu)i2BRy - 2

[Zal

o (@a)t (@)’ < gl > o (@a)t (Q.)2B %x

Qu 2|zq] Qu |Zal
Qx S — Qx H(@2)a Sza] Qx “(Q2)aB ’w | -2 Qx “(|zal Bx(t))

The last formula allows us to conclude that (14)=NICE. We reorganize using (15), (16),
(17) and (18).

Yot = NICE — Q2(BR; - v + VPy H(z) - ap) 2222
b2 za)? BR-z4 1?
ot T T

Lo xL Lo xj
+(Q2BR) - a2 ‘t 3 +(Quy +2Q2BR - 1,)VQ(z) - 2 =
Oé

(QXBRP)a  (Blrala
( el G <

We add and subtract terms in order to find the R-T condition. We remember here that

' W ' 1
BR; + —BR, | - — .
< : + ‘Za’ ) ‘|‘ 2‘ a’2 <Zat + ‘Za|zoza) 2o

-Q° <|BR\2 +

2bsBR - > Qx> (Qu)a + EL

|%al

+Q.|BR+ —— 2‘ 2 VQ(Z) 2k 4+ VP (2) - 2t
a
Op = (BRt + iBR ) ‘$i_ + i 2 (xat + wxaa) 'xi_
|$Oz‘ 2|z4| |z
+ Q. |BR + ‘ |2 VQ(ac)-xé;—leD{l(ac)-asaL (20)

In o, there are error terms but they are not dangerous. Then, we find

ot = NICE
1
_ Taa * T
—Q§<<3Rt+|¢|33 ) .x§+2|7|2 (mat+J|xaa> .xj+VP21(x).xj> - |3a
2 J_5Uat 513 (0 1 Y (0 1 xaa'xé
HQeBR)a o ="+ Qs (a| Bl o g (*w)” zal?
(19)
b2z l? BR -z )2 Too  TE
3 2 sla a 1 ‘oo o
B %, Toa ' Fa
@ (1map+ H5el o, B0 L) 90(0) a2
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T (Quy+ 2QuBR - 5)VQ(x) -k Te e

B <Q§(|BR|2)a L (Blzal)a (

|zal?

2b,BR - ) Qu ) (Qu)a +EL

|z

|zl Qx

Line (19) can be written as

We

(19) =

We

We

— (QiBR)amon‘t'xaL +Q2BR xLiw

¢ ’xa|3 * “ a|$a‘ |$a‘3
2 1
z w 1 Laa " Ty
+7 . - =
T 3zal? \ " Tz > SCRNPRE
.l el
= (Q2BR) ok "L 4 (QBR), kT
’xa| |a| |xa|

8

2 L
LIZ‘

2‘xa’2 |z Oc‘g | ol |xa|3

1 Y
= (Q2BR)q - 7y PWE <~Tat xy + e mf;)
o o
2 1
zY 1 1/} 1 L ¢ Taa * Tg
_9
+ 2\$a!2 |-To¢‘3 (xozt $ + ‘ a‘xaa Ty | Taa iL' Q:E(Qm)a a‘ a’ ‘3704’3
1 1 ¢ 2 Qm’y 1
- : ERAEPS S BR :
ol G e | G AR
Y Tao - To
—2Q:(Qz)a i‘ﬁ T; ‘304
(07 (7

expand x4 to find

2 2
((QQ%BRM-@ o) xi)

|Zal? 2|zal?
1 2 1L
e ((QQBR) St g e ) ~2Q.(Qu)aB jf,m
error term: we il:(:)rporate it as £2
denote )
Gal) = (Q2BR)a 3 + 5 00 45 (21)
claim that

Gz(a) = NICE + |z4|H (0a?)

that becomes

(Gz(a))? = NICE
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Then

. l ~
(19) = NICE —2Qx<Qz)aBR-xi‘f,xT; “ﬁf“ +&a

‘We write

(za(@) = Zala = B)) - Za(a)
|z(a) — z(a = B)I?

NICE, we use that |zo|2=Az(t)

_Qi% / (xa(cr:z(;)fﬁi(j(; f);)’fa(a) (l-(a) - J,‘(Oé - ,6))(1'04(04) - xa(a - ,3))7(& - B)dﬁ

~
NICE, we use that |z4|? only depends on time

Gu(a) = 2Q4(Qu)aBR -z +Q§217r/

NICE, at the level of x4

v(a — B)dp

+ Q;QnBR('T’ 704) : ‘Ti— +¢xaa : .Ti;

Hilbert transform applied to v

Therefore

v 2y
G.(a) = NICE +yma|Q§H<< ) bl Te - T

2|24 2| aP
= NICE + |zo|H Zal) NP7 A
(6% 2|Ia’ N 2|$a‘2 o (6%

= NICE -+ [oal H(0at) + H ((bta)a) + 55000 -

— NICE + |20|H(ta) — H (Q2BR)a - 74) + %xaa Cxk

(Ta(a) — za(ar — ﬂ))J— 1w ()
|z(a) — 2(a — B)?

(QiBR)a Lo = 2QIE(Q1)QBR e +Qii /
~~ 2
NICE

el [ (@(e) —z(a = B)* - za(e)

= Qzﬂ/ lz(a) — z(a — B)]*
NICE, extra cancellation in (z(a)—z(a—p8))1 -z ()

s 1 [ (a0) ~rlo— B walo)
T / lz(a) — z(a — B)? V(o — B)dp

NICE, extra cancellation in (z(a)—z(a—8))1 -z (a)

Y(a = B)dB

(z(@) = z(a = B))(xa(@) = zala = B))y(a = F)dB

This means that

1 2.1 . o
(Q3BR)a - o = NICE + - H <Q§W )

|$a‘2
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Taking Hilbert transforms:

1 02t 1 2t .
CH ((Q2BR) o) = NICE — 21?2 (@2%% " To ) _NICE 4+ ~@2%” Ta,
2 ol 27 Jaol?

Using that 022+ - 24 = —02z - 21 we are done. Thus (19) yields

Yot = NICE — Q2 ((BRt + ¢3Ra> CTh

|z

1
X T
+ 5 <:cat+ ¥ xaa> -x§+VP21(x)-xi) —ae o
2|z |Za|

) lzal
bz Tol? BR -z, ? Too mj
-t (1pre+ EEsh o PRt 2 v et

’xa|3

1
+ (Qm’y + 2QzBR . fCa)VQ(x) . .iUL Tat - Ty

“zal?
Qi(’BRP)a (bz|xa‘)a T
- < |$a| + Qx + <2bsBR . >aQ:p) (Qz)a

T

(20)

oL
—2Q.(Q.)oBR - xéiM +502”

PRPE where &2 =E 4+ &2
(03 (03

(21)
For (20) we write

|xt’2 = Qi|BR|2 + b§|$a|2 + QQibsBR " To

+ bz’xa|2 + f2 + 2Q§BR - Tabe + 2bsbe|xa’2 + 2Q§BR : f + 2bswq - f + 2beq f

error terms £3
Lo + 673‘
[Za|  Qulzal

o> QIBR|* | bilwal

= = + + 2Q.bsBR -
Qx|xo¢| |$a| Qx

Now

o (|$t‘2)a fg
(20) = NICE — Qo] (Qa)a + Qx’$a|(62x)a

which means

(\%!2)@ 1 Y Taq xi‘ gg
= C — x)oa x ) : T
(20) + (21) = NICE Ol (Qr)a = 2Q2(Qu)a BR - 23 za] |zaP T Qx,xaﬁQ )
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We write

_ Lo N
Tat = (Tat - xa)m +(Tat - %)W
only depends on ¢t
s 2 L 1 1\ a
= <B ()+— fg E |2dﬂ> 5Ua+((Qg;BR)a'$a‘f‘bxaa-fﬂa‘i‘fa-ﬂfa) |l‘a\2
_ L 2 Ly 1 xj;
- Bx fﬁ ) ap (QmBR)oz “ Ty + 0sTaq - Ty, 3
|$ | |$a|
il %Ly
+ (beIaa cxy + forx ) 5
|Zal

1 T Tp 2 n Q?;’Y 1 xi
— (Bu(t) + — P48 BR)o- 2t + o - ak ) o
< “*%Lfﬁ FRE ﬁ>x +<(Qx Jo Ta ¥ gl e Ta ) [

Gy(a) as in

w 1 (J)c_ b Ll + f L :U(J)z_
Lo * L, 5 \Velaa - Ly a Ly 3
|Zal |Za| |Zal

Writing z; = (Q%BR) 4 bsxo + beo + fo We compute

J_
X
Tat - Ta = Q2BR -z, | Bu(t / fa- ﬁzdﬁ + Gy(a)Q2BR - 2o
NICE ’ ’ a|
error NICE because G4 is nice
w J_ J_ xJ_
T - $LQ2BR + QQBR Ta beToa - xi + fo- xj a
|xa| |z a|2 |Za|? |Zal?
error
—— 27 J_, |z

error

NICE

where £ is an error term. To simplify we write

J_

Tot - Ta = NICE — v ——Taa - Ta QEBR - —%
|z |z a|

Setting the above formula in the expression of (20)+(21) allows us to find

4+ errors

(20) + (21) = NICE + errors
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This yields

oL
Yot = NICE — Q2 ((BRt + Y Br ) ) (xat + ‘f’xaa> + VP;l(:c)) g toa Yo

| T 2|zq|?
bQ\x ]2 BR -z 1/12 T xl
N3 B 2 s|da 23 a 1 Yaa
Q2 (1BRP+ et o, BT ) v ot e
i
+(Quy +2QuBR - 2,)VQ(x) - a0 T 4 g3

|zal®
being £3 a new error term. We now complete the formula for o, in 20) to find

Tao * :L'J‘

wat NICE Qx Oz

|2 a\?’
1
Lzm Xy
(22)
b2|za|? BR -z, wQ | Taa - TE
+Q§<—BR2— g — 2b, )VQ o=
T or i) VOW T,
(23)
1
R
+(Quy + 2QuBR - 2,)VQ(z) - % |t £ © 8
(24)
Expanding
K GG 1% R L
QY 4za)? Q4 Q2
we find
A2 1
vy BR -z, | Taa T
22 3 N — 2b, Loa " Ta
2+ @)= @ (51 + BRra Ly -0, 2T T g gy tee s
Writing

Tat - :1: (QQBR)Q:L' + bsZoo - x + errors

we obtain that

(24) = (Qay + 2QuBR - 24) VQ() - 74,

ol
+ (Qz7+2Q:BR - z,) VQ(x) - x Lbsxagiac—&— eITors
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Thus

2

3 ana'xé
22+ 29+ (20 = @ (5 + Bl ) VL) - Do

[z ?
Qzv +2Q+BR - 2,) VQ(x M + errors
+ (Qu P
2 1 2 1
_ 1 Q77 Taa " Ty (QzBR)q - x5
= Q:VQ(z) -z, (v +2BR - z,) <2|$a|2 PRE + PRE + errors

= Q.VQ(x) - mi‘ (Yy+2BR - z4)

= NICE + errors

3 Daz(a) + errors
|Zal

Finally, we obtain

it = NICE(z,7,14) ~ Q. "2 5 |§f + £
Oé
For ¢ we find
L
Pat = NICE('Z’ W, 90) - zaz zo[a ‘;a )
Zo

since we can apply the same methods as before to the equations with f = g = 0, which
are satisfied by (z,w, ). Then:

IT= | APD-93D; = / AD3D (NICE(z,w, ) — NICE(z, vy, 1)) da

—T

™ 1 el T
— [ A®D <82 < faafa (924 M)) — | A®BDE da =11, + I1, + I

202 | Oc|5 e ‘xa|3

II, <CP(E(t)) because we are dealing with the NICE term
II3 < CP(E(t)) +c6(t) because of the errors

It remains to estimate II5. We consider the most singular terms

Il = 1121 +II22 —1—1123 + lo.t

Zaa " Z Taa * iL'J‘
112,1 = - A(a?) ) <(Q )aaazﬁ (QQ)aa Oy | |3 > do
T 4, . L 4., .1
Ty = — A<agp>< 8” _ 8\|> d
- o Lo
™ oL 1
Iy = _/ A(@fp)( 2920, 700 Za_ 292 xw) o
- |za | |zl
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15, = — ' H(92D) ((Qz)aaaz%
< CP(E(t))+cd(t) as before
For I we decompose further
Il =-S5+ ﬁgg, where

Taa " Ty

1
)da
(6%

- (Q?g)aao'z

|xa|3

—~ g ir- 2t ir-xt
Iloo — — AO3>D 2Zu 2xu d
2,2 /—7r ( (e ) ( 20 ‘Za’?’ z0 |~Ta‘3 o
™ 1
S= [ Q%.9'D- wﬂ(aip)(a)da
- o

We find that

I,y < CP(E(t)) + ¢8(t)

and —S cancels out with S. We are done with 115 >. We write

Zao zj;
- ’Za|3

I3 = H(92D)

—Tr

<Q§af;a

We claim that

2080, = [wal H(9204) — bl H(@24) + errors + NICE(z, 7,4))

In the local existence we get

2
- Qz agz Oz

L
M) da+ lot

|$a‘3

(22)

Q20502 = |za|H(95pt) — clzal H(95) + NICE(z,w, )

This implies

I3 =1I331+1l>39+ 1I>33+ 11234

" 3 3 Zaa * Zi_
112,3:1 = H(aaD) |ZOZ‘H(804§015) 3
—m |Za‘
" 3 4 N Raa” Zi
Ihhgs=— [ H(9,D) | clzalH(00) =3
- |Za|
" 3 Zao Zi_
ILss= [ H(0,D)(NICE(z,w,p)——3
- | 2o
" 3 Laa fUéZ
Ilr34=— H(BQD)Wda + errors
—T «

It is easy to find
II27374 < CP(E(t)) + C(S(t),
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IxalH(ﬁz?l)t)M

do
|xa‘3 )
Taa * Ty

1
— bs|za|H(929) PRE )da

1
M%) o

error terms



112,373 < CP(E(t>)7 l.o.t

In Il 32 we split further:

Il 30 = U21,3,2 + H22,3,2

T . 1
[}y, =~ [ H(OD)zalH(0.D) Zj“; |§“ da
i Zao - 2+ Too - T
55 =~ [ HED)HE) (el S5~ bloa| 552 ) da
—TT (07 o
Then 1 Lo o o 7
Iy 54 = B |H(0,D)| |%¢|W da < CP(E(t))
For II227372:
2 " 1/2(93 1/2 3 Raa Zé_ Laa - ffé
11555 = — A2 () A H(0,D) C|Za|W - bs|$a|W da < CP(E(t))
—TT (07 «
It remains
Ily3,1 = I121,3,1 + 1122,3,1
= [ @D D) e
2,3,1 — ( e’ ) ( e’ t) |Z ‘2 dov
T «a
2 " 3 3 Raa Zi Loaa xfi
1155, = H(0,D) H(951) - da
" -7 —— |2a|? |20 |?
approx. sol.
Then

II;5, < CP(E(t) + cd(t)
At this point we remember that we had to deal with

II= | A@2D)32Dida

—Tr

so in Iy 5, we find one derivative less (or 1/2 derivatives less) and this shows that we
can bound

II; 5, < CP(E(t) + cd(t)
by brute force. It remains to show claim . We remember
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2
Qiax Q2 <BRt + iBR > i_"i_ Qe <xo¢t + 1[)|xoca> : Ii‘

| al 2|5Ua|2 To

VQ(:L’) cxy+ QAVPy () ay

this term is also in H3

BR +

+Q3

2|z ozl2

this term is in H3 so it is NICE

We write
2
z w 1
a2 ( “ﬂ o > o
_ xﬂy w 1
= 5 | (QzBR)q - a: 4+ bsT e - ac + beT e - x + fo- ac + —Taa - Ty
2|24l |24l
2
- $72 <(QxBR)a‘xi_+ (b + v >xaa'xi—>
2|z | T
2’Y 1 1
* glagyz (b 7 4 S
2
= 2% z ((QmBR) Ly 2??’/2330104 : xj) + errors
= =3 xTQG (o) + errors = NICE + errors
()f

Finally, the most singular terms in Q20 are

QZ@Z)
" Jaal

We take 3 derivatives and consider the most dangerous characters:

L =DM+ My+ Ms+ lo.t

L=@Q?BR; -z BR, -zt

— Q2BR(@. ) - ot + LV BR(a, ) - 2t

|z

(@3r0) — Bl a— £) -wale) ,
=Qige / o)~ o —pE e Adb

wai (9h(a) ~ Ohalo — B) -zala)
*rxauw/ |x<> o ppE @A

_ Q3 [T Agz(a) - wa(e)
M3__7r/_ﬂ |Apgz ()] Apa(a) - Agdazi(a)y(a — B)dp

2 Az
B éffr/ AB!A(@;< >|4(  Aga(a) - Apokalara - p)is

In M5 we find
2y

|zal®

My = DA a) +

CIENE A2z - z4) + Lot
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For the second term we use the usual trick
éﬁjx “ Lo = —38230 T
For the first term we remember that

1
]a:a\2 =Alt) = 0 Tar = §A’(t) = (o Tat)a =0

= Taa " Tat + Ta * Taat = 0 = Taaa * Tat + 2Taa * Taat + Ta * Taaat =0

= To " Laoat = _2550434 *Taat — Laaa * Tat

This allows us to control Ms. For M3 we find

2 2
Mz = — |x”};A($a O3 xy) — ?;ﬁg/&(xa 2082) + lot

so it can be estimated in the same way as Ms. There remains M;.
2

waBR(x,Bi’y) it

|Za|

Using that Agzt(a) - 25 (a) = Agz(a) - z4(a) we find

«

My = Q2BR(z,03v) - w4y +

Qv

4
o @)+ Lo (23)

My = —Q%H o3
1= 2 ( Oz’yt) +
We compute

2 2
7’01{(63%) - H (af; <Q§7> ) + NICE
t

= H(93(|zal))e) + H(93(|zalbs)s) + NICE
= ‘$a|H(a§¢t) + H(agat(_(QiBR)a : l‘a)) + NICE (24)

We compute the most singular term in

2 T (DBPr(a) — Bas(a — e
RO~ (Q2BR), ) =~z [ (ol =CerlO D) 2ul), o — s

7920 7r (Aﬁ$(a))l.xa r(a 32(a)y(a —
T /—n [Agz(a)|! Apr(a)Apdyzi(a)y(a — B)dp

extra cancellation

Q2 [" (Agz(a)t - za
_277/_7r |Agz() 2 Iavi(a = B)df + Lo.t. + NICE

extra cancellation

This shows that
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2
020,(—(Q*BR)y - 24) = —Q%TQA(&g’CxL-xa)—i— lot. + NICE

That gives
0201(—(Q3BR)a - wa) = —A (

QQETZ&?’ a) + lot. + NICE

which implies

H(320{(—(Q2BR)o - 74)) = Oa (2?17283 a) + lot. + NICE

Qg (ag:ctmé) + NICE

- 2faq?
Plugging the above formula in we find that
2
o (08) = Jal H(0300) — Q%a (8: - 2f) + NICE
2 2|zl
_ 3.\ Qx’Y 3 (2 oL Qv 4
= [ral H(O}) = 525500 (6a(QxBR) xa) TR (ba Tz )+ Lo.t

+ NICE + errors

As we did before, in 9, (03 (Q2BR)-x7 ), the most dangerous term is given by Q24 H (927),

the tangential terms appear, which implies

0u(O3(@BR) - k) = @3 5 H(9ky) + NICE

and therefore
2 2 2
x 3 _ 3 o Q17 Qz 4 Qx’y 4
o H(Ow) = [eal H(ORw) — ot 5F H(0An) = 5 bl (9%

i‘) + NICE + errors

We use to find

Q2 4
Sl H(0,7)

2
= oo H(@31) — Tob,H(04) -

2
S H(@5m) +

2l IT2b Ou, (8433 x ) + NICE + errors
_ 3 z Qx’Y 4 1
= |2a|H(03301) — bs |$a|H< <2| a|)> 2|$a\2b sOa <8a:£-aza) + NICE + errors

x’Y
) = bokral H(O4 (bskal)) = 5= b0 (0 22

= ‘xa’H(agwt) - bs’xa‘H (%1/1

+ NICE + errors
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We will show that

Qv
~boleal H(OL bokral)) = 5= 00 (0 22

is NICE and then we are done.

bleal HOM b)) — S50 (0 L) = b O bleal?) - 222 L5b.0, (0 -

2zal* 2zaf*

b HO(@2BR)a - 20)) — 22 050,0, (90 22)

2‘$a|2

We repeat the calculation for dealing with the most dangerous terms in

o3 2 _ 4 1 ’7@%
P((QiBR)o - wo) = A | Oz .xO‘Q\x z + Lot

In the Lo.t we use that AgzL(a) - z(a) gives an extra cancellation. We find that

b H (02 (Q2BR)a - 7)) — 2Q“j2b 0, (9% o2

2
= byH(A <a4:&.x Wﬂf)) 97y 4 (6% x )+ NICE

“ a2|$a|2 2| a|2

4,1 ’YQ?: :t) 1
<O T, + lLo.t+ NICE
bs0, <8ax x 2‘%[’2) N ‘2b sO0a (6 a) 0.t NIC

Using that 02zt -z, = —02z - 5 we are done.
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