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INCOMPRESSIBLE FLOW IN POROUS MEDIA WITH FRACTIONAL
DIFFUSION

ANGEL CASTRO, DIEGO CORDOBA, FRANCISCO GANCEDO AND RAFAEL ORIVE

ABSTRACT. In this paper we study the heat transfer with a general fractional diffusion term of an
incompressible fluid in a porous medium governed by Darcy’s law. We show formation of singular-
ities with infinite energy and for finite energy we obtain existence and uniqueness results of strong
solutions for the sub-critical and critical cases. We prove global existence of weak solutions for dif-
ferent cases. Moreover, we obtain the decay of the solution in LP, for any p > 2, and the asymptotic
behavior is shown. Finally, we prove the existence of an attractor in a weak sense and, for the
sub-critical dissipative case with a € (1,2], we obtain the existence of the global attractor for the
solutions in the space H® for any s > (N/2) +1 — a.

1. INTRODUCTION

We use Darcy’s law to model the flow velocities, which yields the following relationship between
the liquid discharge (flux per unit area) v € RV and the pressure

v=—k(Vp+g7T),

where k is the matrix medium permeabilities in the different directions respectively divided by the
viscosity, T is the liquid temperature, g is the acceleration due to gravity and the vector v € RV is
the last canonical vector ey. While the Navier-Stokes and the Stokes systems are both microscopic
equations, Darcy’s law yields a macroscopic description of a flow in the porous medium [I]. To simplify
the notation, we consider k = g = 1.

In this paper we study the transfer of the heat with a general diffusion term in an incompressible
flow. The system which we consider is the following (for more details see [18]):

(1.1) %—f—kv-VT: —vA°T,
(1.2) v=—(Vp+1T),
(1.3) dive =0,

where v > 0, and the operator A® is given by A* = (—=A)*/2. We will treat the cases 0 < o < 2
and denote it by DPM. The case o« = 1 is called the critical case, the case 1 < a < 2 is sub-critical
and the case 0 < o < 1 is super-critical. Roughly speaking, the critical and super-critical cases are
mathematically harder to deal with than the sub-critical case.

In [9] P. Fabrie investigates a system of partial differential equations describing the natural convec-
tion in a porous medium under a gradient of temperature, which is obtained by coupling the energy
equation and the Darcy-Forchheimer equation. He proved existence, uniqueness and regularity of the
evolution problem as well as the existence of stationary solutions for the two-dimensional case. More-
over, a regularity theorem is established and a uniform estimate in time of the second-order space
derivatives of the solutions of the three-dimensional case is given. In [I1I] the authors consider the
large-time behavior of solutions to the system

vy + v+ Vp — Ra*yT = 0,
dive =0,
Ty — AT + VT — vg =0,

Date: April 4, 2008.

Key words and phrases. Flows in porous media

2000 Mathematics Subject Classification. 76505, 76B03, 65N06.

The authors were partially supported by the grant MTM2005-05980 of the MEC (SpAIN) and S-0505/ESP /0158 of
the CAM (Spain). The fourth author was partially supported by the grant MTM2005-00714 of the MEC (SPAIN).


https://core.ac.uk/display/51407729?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://arXiv.org/abs/0806.1180v1

2 A. CASTRO, D. CORDOBA, F. GANCEDO AND R. ORIVE

describing the natural convection in a porous medium filling a bounded domain in R3. The asymptotic
behavior of the solutions was studied using the concept of an exponential attractor, i.e. a compact
finite-dimensional set invariant under the flow associated with the system, and uniformly exponentially
attracting all the trajectories within a bounded absorbing set. The main results include the existence
of exponential attractors as well as their strong continuity in a singular (adiabatic) limit v — 0. In
[17], using a different method (Galerkin), it was established a global existence and uniqueness result
for the strong solutions of the three-dimensional Bénard convection problem in a porous medium.
Furthermore, a Gevrey class regularity is obtained for the finite-dimensional attractor of the system.
Later, in [19], the authors deduce the H' x H? regularity of the attractor. Combining this with a
Fourier splitting method, they were able to establish the real analyticity of solutions in the attractor.

More recently the Boussinesq approximation of the equations of coupled heat and fluid flow in a
porous medium is studied in [§]. This system corresponds to (LI)—(L3]) with a = 2. They showed that
the corresponding system of partial differential equations possesses a global attractor. They give lower
and upper bounds of the Hausdorff dimension of the attractor depending on a physical parameter of
the system, namely the Rayleigh number of the flow.

Next, we rewrite the system ([LI)) to obtain the velocity in terms of 7. The 2D inviscid case is
shown in [7]. Due to the incompressibility condition, we have that Av = —curl(curlv). Then by
computing the curl of the curl of Darcy’s law ([L2]), we get

0T 0T o*r  9°T
Ay=|——— —— ——— —
5$13x3 6:526:53 8x% ax%

Taking the inverse of the Laplacian

1 / 1 o*r  9*r 9T 9T
v=—— ) y T a9 .9 dy
A ) |z —y| \Or10z3" Ox20x3 022 023

and integrating by parts we obtain

2 1
(1.4) v(z,t) = —=(0,0,T(x,t)) + — PV K(x —y)T(y,t)dy, z € R3,
3 47T R3
where ) ) )
T1T3 _T2T3 225 — T — Th
K(z) = (38153 32203
@ = (5t )

In sections 2 through 4 we consider the case where the spatial domain can be either the whole RV
or the torus TV with periodic boundary condition.

In section 2 we obtain results of existence of strong solutions of the system (LI)—(T3]) under the
hypothesis of regular initial data Ty € H® with s > 0 and « € (1,2]. The case a = 2 was studied also
in [8]. For the supercritical case a € [0, 1), there is global existence for small initial data Ty € H*®
with s > N/2 4+ 1. Also, in the critical case a = 1, the existence of strong solutions is obtained as in
[3, [15] for the critical dissipative quasi-geostrophic equation.

In section 3 we present results of global existence of weak solutions. We prove a generalization
of the classical Leray-Prodi-Serrin condition for the uniqueness of the solutions and obtain global
existence and uniqueness for the subcritical case. In section 4, we obtain the decay of the solutions of
CI)-(@C3) in RY and TV for the LP-norms.

Since we are dealing with a dissipative system, we study in section 5 some attracting properties of
the solutions of (CI)—(T3) in TV with a source term f time independent:

oT
(15) E—FUVT—FVAO‘T:JC
It is easy to see that T', the mean of the solution T of (L)), satisfies
d— —
iy S
dt !

where

T(t) = /T(x,t)dx, and f= /f(x)dx

T~ TN
Therefore, without loss of generality, we can assume that f and T" are always mean zero. In particular,
we prove the existence of a global attractor in the set of the weak solutions with the weak-topology
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of L? (0,00, L*(T")) and a global classic compact attractor, connected and maximal in H*® with

s> N/24 1 — « in the topology of the strong solutions.
In section 6 we present results of local existence and blow up of solutions with infinite energy for
v =0 and for v > 0 in the case a = 1, 2.

2. STRONG SOLUTIONS

Here we show global existence results of the DPM system (LI)-(3]) in the sub-critical case. We
use a maximum principle for the LP norm of the solutions of DPM,

(2.1) ITOle < I Tollzs with 1< p < o0,
which is a consequence of V - v = 0 and the following positivity lemma (see [20] and [@]):

Lemma 2.1. For f,A%f € LP with 0 < a <2 and 1 < p, it is satisfied

(2.2) /|f|p_1sign(f)Ao‘f dz > 0.

Theorem 2.2. Let To € H° N L? with s > 0 and N/(a —1) < p < oo. Then, there exists T €
C([0,00); H?), solution of DPM with 1 < o < 2.

Proof. For a solution of DPM we have
T, = — div(vT) — vA*T.
We use the equality 9, = A(R;), where R; is the Riesz transforms (see [23]), to get

S INTIE = = [ A TAS (Ri(uT) do = V| A E TR,
Holder inequality and the Calderon-Zygmund inequalities for the Riesz transforms (see [23]) give
S IATT s < AT A E )] g2 — M T,
By the estimate for the operator A® applied to the product of functions (see [24]) for s > 0
23) Il < OOl I luell + ol 1A% lin) 1< < Soo 2=t

we have for ¢’ = p,
1d
2dt

with (1/p) + (1/q) = (1/2). Now, since v satisfies (L4, again we apply the Calderon-Zygmund

inequalites obtaining

IAT (|22 < CIATE T pa(loll o |A T E T o + [ 7] 2o [|AH R 0] o) — v AT E T2,

[vllee < CITllze, A" F0]a < CIAF 72T 1o,
and (1) gives
1d a s+1—2 s+5
§E”AST”%2 < O Tollr AT 2T 2 A2 T || o — v ASFE T .
The inequality for the Riesz potential (see [23])
1 1
(2.4) Ha(lee <CIfllry, 0<B<N, 1<r<gqg<o, p == %, Is = A",
for r =2 and 8 = N/p, yields
IASH T2 T || a < CIASFI 20T o,
We take p > N/(a — 1), and therefore 1 + 8 < a, so that
[ASTEZZ D Lo < | ASTE T | AT 127,
with v = (2 —a +28)/a < 1. Applying the last two inequalities we obtain

1d

s s+ 1 s 1— s+
5 g IV Tz < ClITolla A TET| AT Y — v AT E T e,
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and Young’s inequality gives

AT 7 < C, [ Toll o) [ AT 72

N —
&|&

Furthermore, we have
[AT || L2 (t) < [[A°Tol| L2

From this a priori inequality together with the energy estimates argument we can conclude the global
existence result. =

Theorem 2.3. Let 0 < o <1 be given and assume that To € H*, s > (N — «)/2+ 1. Then there is
a time T = 7(||A®Th||) so that there exists a unique solution to DPM with T € C([0,7), H®).

Proof. Since the fluid is incompressible we have for s > (N —«)/2 +1

5 dt||AST||L2 = /ASTAS(UVT) dr — v||A*FT2 T2,

— /AST(AS(UVT) — oA (VT))dx — v||A*TET|2,
< C|IAT| 2| A*(VT) — vAS (V)| 2 — v[|AFE T 2.
Using the following estimate (see [13])
1A°(fg) = FA* (Do < C (IVFlle A gl + [A° fllzellgll=) 1 <p<oo,

we obtain for p = 2
S SIATIR. < CIVollaw + VTl A TS — VA T
Applying Sobolev estimates we get
5 SIATIR: < CUTollzs + AT ) [T — v A3 T3,
and taking e = s+ § — ﬂ — 1 it follows

(2.5) ||AST||L2 < C( + D(IToll72 + AT L) 1A T

2 dt
Local existence is a consequence of the above a priori inequality.

Let us consider two solution T and T2 of DPM with velocity v! and v? respectively, and equal to
the initial datum T (z,0) = T?(z,0) = Tp(x). If we denote T =T — T? and v = v! — v2, we have

1d|
2dt

For o = 0 Calderon Zygmund and Sobolev estimates give

IT||3: < — /TU VT dz — v||[AZT)2..

3 ST < CITIRNVT o < CITIZNT e

Inequality (Z5) implies that |7 g (t) is locally bounded. Furthermore, we can conclude

ITI[Z-(t) < [IT][7-(0) eXp(C/O 1T 7+ (0)dor),

which yields uniqueness.
The case a > 0 is treated differently, we have

ST < T oIV T 2o — AT T,

with ¢ = 2N/(N — «), and p = 2N/a. Since (24) we obtain

||| < CIAST| g2, VTV < CIAFF 3T L2 < O T 1o
and finally
LIT13e < SUTT e

N =
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Remark 2.4. For the supercritical cases (0 < o < 1), we have the same criterion as [7] for the
formation of singularities in finite time. In fact, we have that T € C([0,7]; H®) with s > N/2+1 for
any T > 0 if, and only if,

/ IVT|| Baro(t) dt < oo.
0

For small initial data we obtain the following global existence result for the supercritical case.
Theorem 2.5. Let v >0, 0 < a < 1, and the initial datum satisfies the smallness assumption
[ Tollzre < % s>N/2+1,
for C' a fized constant. Then, there exists a unique solution of (LI)—3) in C([0,00); H?).

Proof. We multiply (1) by A?*T and, by the Sobolev embedding, we get
1d s s s+<
sz IA T)72 < C(|Vollpe + VT || ) AT (|72 = v[|AF 2T 72
< O(IT g2 + ATl ) AT |72 — v A2 T3

with s > 2. Thus, we have

1 d s k=3 S S s+5
5 77 ITIZ: + [ATN72) < VAT Za + C(IT 2 + ATl 2) AT 72 — v A3 T 7.
Since
[A°T |72 < |ART| 22 + A2 T3,
we obtain L d
§E(IIT||%2 + AT ||72) < AT |72(CUI T2 + AT 2) —v) <0
by the assumption of the smallness of the initial datum. .

In the critical case a = 1, we state the following regularity result.

Theorem 2.6. Let T be a solution to the system (LI)-([L3). Then T verifies the level set energy
inequalities, i.e., for every A >0

to
/Tf(tg,x)dx—i—/ /|A1/2T>\|2dxdt < /Tf(tl,x)dx, 0<t; <ts
RN " gn RN

where T\ = (T — N)4. It yields that for every to > 0 there exists v > 0 such that T is bounded in
C’Y([to, OO) X ]RN).

With this result we show that the solutions of the diffusive porous medium with initial L? data
and critical diffusion (—A)/2 are locally smooth for any space dimension. The proof is analogous
to the critical dissipative quasi-geostrophic equation that it is shown in [3]. Analogous result can be
obtained using the ideas of [15] to show that the solutions in 2D with periodic C*° data remain C*
for all time.

3. WEAK SOLUTIONS

In this section we prove the global existence of weak solutions for DPM with 0 < o < 2. First we
give the definition of weak solution.

Definition 3.1. The active escalar T(x,t) is a weak solution of DPM if for any ¢ € C°(]0,7] x R)
with o(x,7) = 0, it follows:

31) 0= /To(x)tp(a:,O)dx—i—//T(a:,t) (Oupl(, 1) + v(@, ) - Voola 1) — vA (. 1)) dad,
RN 0 RN
where the velocity v satisfies (L3) and is given by (L2).

An analogous definition is considered in the periodic setting taking ¢ € C*°([0, 7] x T).
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Theorem 3.2. Suppose Ty € L*(RY) and 0 < o < 2. Then, for any T > 0, there exists at least one
weak solution T € C([0,7]; L2(RN)) N L2([0, 7]; H*/2(RN)) to the DPM equation.

Proof. To prove the theorem we modify the system ([I)—-(L3) with a small viscosity term and we
regularize the initial data. In particular, for € > 0, we consider the family T, of solutions given by the
system

oT,
a—: +v. - VI, = —vA°T, + eAT,,

(3.2) Ve = — (Vpa + "/Ta) ,
dive, =0
Ta(xao) = ¢€ * TOa

where * denotes the convolution, ¢ (x) = e~ N ¢(z/e) and
o€ CE®RY), 620, /WW 1

As we show in the previous section there is a global solution of 2) with T. € C([0, 7]; H*(RY)) for
any s > 0. We multiply by 7. to get

1d
5 g; (ITelZ:) + VAT |7 <0,
and integrating in time
(33 T +20 [ IAPT (s < [Toll
0
In particular we find
(34) T. € C([0,7]; LA(RY)) and  max [|T(t)]|7> < | To]|Z2-

We pass to the limit using the Aubin-Lions compactness lemma (see [16]):

Lemma 3.3. Let {f-(t)} be a sequence in C([0,7]; H*(RY)) such that
i) max{[|f-()]|lg-: 0<t<T}<C
ii) for any p € C(RYN), {pf.} is uniformly Lipschitz in the interval of time [0, ] with respect
to the space H"(RN) with r < s, i.e.,

lefe(ta) = ofe(t)llar < Cslta —ta] 0 <ty 82 <.
Then, there exists a subsequence {f-,(t)} and f € C([0,7]; H*(RY)) such that for all X € (r,s)

ax |lofe; (t) —pf Bl — 0 asj— oo
First, by B4) we get T. € C([0,7]; L*(RY)) and 4) in the space L?(R"). Next, we prove that the
family 7. is Lipschitz in some space H"(R") with r > N/2+ 2. Since T} is a strong solution of (B:2)

and continuous it follows
to d
—T.dt
/t LT

(3.5) ||soTe<t2)—soTa<t1)||H_r=‘ H < max {A@)} — ],
1 H—-"

t1<t<to

where

At) = || div(eveTo) | - + || div()veTe |l g+ + VAT - + || AT -
Applying the property that the Fourier transform of the product is the convolution of the respective
Fourier transforms, we have

| [ el =Tt —man| <€ [ (61" + i eOIT¢ = mldn < 1+ 1€lplnn 1T o

and it yields
(1+1¢)?

1/2
Wdf) < O(r,0)||Toll z2-

ATl < O ([
RN

Analogously,
leAT. - < C(r, )| Tol 2
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We have
div ()0 | - < C) | div(@)0eT: | 1o < C) || TVl o Tell e < O, @) 21T 2,
and by ([34) and the fact that the velocity satisfies (4], it follows:
[div(@)veTell -+ < C(r, )| ol Z2-
In a similar way

| divipoT) - < lpveTellmr < Cls, @I Tol2.

From (33), the condition i¢) of the Aubin-Lions lemma is satisfied. Therefore, there exists a
subsequence and a function 7' € C([0, 7]; L2(RY)) such that

(3.6) T. = Tin L? ae. t and max leT-(t) — T ()| gr — 0 as A € (—7,0).

We pass to the limit in the weak formulation of the problem (B32), i.e.,

0= / T (2, 0)p(x, 0)dz + / / Te(x,t) (Orp(, t) + ve(x,t) - Vo(z,t) — vA“p(z,t) + eAp(x,t)) dadt,

RN 0 RN

and we obtain

0= /To(x)go(x,O)dx—i—/T/T(x,t) (Orp(z,t) — vA%p(z,t) dxdt+11m// (ve - Vp)dadt.

Next, we decompose the non-linear term

/ /TE(UE -V)dzdt = / /(TE —T)(ve - Vp)dzdt + / / T (ve - V)dadt.
0 RN 0 RN 0 RN

Using the Fourier transform in the first term we have

/ / (T. — T)(o° - V)dud| < / ol g0 | (T2 = T)V gl g -aradt
0

0 RN

T

o (72 = T)Vepl - / (el + 1A°/2e] 12 .
0

IN

Due to B3) and F4) we get
[ (ells + 147200 12) dt < ()| Tl
0

Then, by (B:6) we have

lirr(l)// (ve - V)dzdt = // (v- V)dzdt

0 RN
and we conclude the proof of theorem .

Remark 3.4. Analogous result of theorem[3.4 follows, with a similar argument in the torus TV, with
periodic boundary conditions.

We continue this section mentioning the existence result of weak solutions obtained for the non-
homogeneous equation (LH).

Theorem 3.5. Let 7 > 0 be arbitrary. Then for every Ty € L? and f € L?(0;T; H=%2), there exists
a weak solution of (I3) satisfying T (x,0) = To(x) and T € C([0,7]; L?) N L2([0, 7]; H*/?).
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The proof is similar to theorem [3.2]

Although weak solutions may not be unique, there is at most one solution in the class of “strong”
solutions in the sub-critical case. This fact is well known for the quasi-geostrophic equation (see [4])
and it is a generalization of the classical Leray-Prodi-Serrin condition, related to the uniqueness of
the solutions to the 3D Navier-Stokes equation (see [25]).

Theorem 3.6. Assume that o € (1,2], 7 > 0 and T a weak solution of DPM with Ty € L%. Then,
there is an unique weak solution satisfying:

(3.7) T e ([0, 7]; L*) N L2([0,7]; H2) N LP([0, 7]; LY),
forq>N/(a—=1), and p=a/(a— N/q—1).

Proof. We take the difference T = T' — T2 of two solutions T and T? of DPM with same initial
data. Considering v = v! — v?, with v' and v? being the velocities corresponding to T and 72, then

T satisfies or
§+U-VT1+U2-VT+VAQT:0,
or analogously
oT

VT div(vT) + div(v?T) + vA“T = 0.

We multiply the equation by A~'T and integrate by parts in the nonlinear terms to obtain

%HA‘%TH%Q +U|AZ (AT, < /R(Tvz) A(V(ATIT))dz| + /R(Tw) A(V(ATT))dz|.

We take (1/¢q) + (2/p) = 1 and it yields

/R(Tﬁ) A(VATID))da| <[ Lol ]2 V(AT T) Lo

and
< T pallvll Lo [ V(AT | Lo

/(Tlv) (V(ATIT))dx
R
Since V(A1) = (R, R2) we obtain

/R(Tvz) A(V(ATIT))dx /R(Tlv) A(V(ATIT))dx
The inequality for the Riesz potential ([Z4]) gives
I7llze < CIAZ |2 = CIAS 2 (A3T)] 2.
For ¢ large enough, we can get (N/2q) + 1/2 < «/2, and the following interpolation inequality
1A° Fll2 < AL IA7 £l 2"

+ < CUITH Lo + T2 I T Zs-

with s < r, 0 <y < 1, yields
IASFEATET)] g < ATAT L [A% (AR T35,
for v = (& — N/g — 1)/ Finally
d, . _1 o, 1 1 a1 2(1—
FIATTIZ + VA2 (A2 D)2 < C(ITa[lza + [Tz 20) A T 7HA% (AT
and

d,, _1
Pl 2T|7: <

QA

(ITe s + [T 2a) /YA 2T 2,
which allows to conclude the proof. =

Remark 3.7. If we take Ty € L2 N LY for ¢ > N/(a — 1) we can construct, as before, a solution that
satisfies |T||pe < |Tol|La, and in particular we have

T e L>([0,7]; LY).

Then this solution is unique in this space.
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Remark 3.8. Suppose that 1 < a <2 ,v>0,5>0, f€ LPNH*"5(TY) and
a—1
N

1
To € H*NLP(TY), where 0 < = <
p

Then, there is a weak solution T of (LI) such that
T € C([0,7); H¥(TN)) N L2(0, 7 H*T 2 (TV)).

The proof follows applying an analogous analysis as in the proof of theorem [2.2. Moreover, as in
theorem[F8, the uniqueness of weak solutions for the non-homogeneous equation (LA is also obtained.

4. DECAY ESTIMATES

Here, we obtain the decay of the solutions of (LI)-(L3]). The key of the argument is the following
positivity lemma.

Lemma 4.1. Suposse a € [0,2], @ =RN, TV and T, A“T € LP(Q) where p > 2. Then
2 a2\ 2
/|T|”*2TA“de > —/ (A7|T|§) dz.
Q Pa

This lemma is a consequence of different versions of the positivity lemma obtained in [20} [5, [, 12].
The immediate consequence of the previous lemma is the following decay results in the LP space

for solutions of (LI)—(T3)):

Corollary 4.2. Suppose that Ty € LP where p € [2,+00) and T is a weak solution of (I11)-(L3).
(1) If @ =TV and the mean value of Ty is zero, then

2UA¢

IT®llze < IToll v exp (— t) . aelLg)

where A1 > 0 is the first positive eigenvalue of A.
(2) If Q =R, then

] N(p—-2)

dawe|| Ty 3"t 2pa

1T e < [[Tollzr |1+ e ;

N(p—2)|Toll ="
with ¢ depending on o and N.
Proof. We multiply the equation (II)) by |T|P~2T and applying the lemma [Z.I] we obtain

d a, .p

ST, < —2v [1A37% Pda,
In the case Q = TV we get

d (0%

S 1 TOILe +20AT | T < 0,

and the above inequality gives the exponential decay of | T(t)|| L« for g € [1,p].
In the case Q = R, using Gagliardo-Nirenberg inequality, we have

d _PN
ST, < —2vc ( / |T|de>

with ¢ depending on  and N. By interpolation we get
pN [31\;7\7"‘
Il < 171327 ( [ 17140

N(p—2)
N(p—2)+2a

N

with
ﬁ p—
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Therefore,
d p—2 D
ﬁllT(t)ll’ip + 2ev||T|;2°IT|| 7 <0,
since 3 € (0,1) and || T'(t) g2 < || Tol[z> yields
P
d T\
Dy, +aved e
dt L 5-p
I Toll ;-

We integrate
(1-2) (1-1) 2uct
g@;waﬁpﬁ—w%ﬁpﬁ)<———Tf

IToll 2
Again, since § € (0,1), we have
_1 D __
(wwmm)“ R S P 11
= D _ ’
1Zo]ex bmig”
hence
_B
pr - 1 _
POl < [Tl (14 502D P00
Bml

Then, by definition of 3, it follows the polynomial decay. =

Remark 4.3. As a consequence of the previous lemma for the case Q2 = RN, we obtain the following
estimate for the L°°-norm:

1Tz < [[TollLe,

which can be improved as in [6]

_1
I1T#)| e < || Tollze (14 act||To|[Fe) = -

5. LONG TIME BEHAVIOR

In this section we study some attracting properties of the solutions of () with « € (1, 2].

We introduce an abstract framework for studying the asymptotic behavior of this system with
respect to two topologies, weak and strong, depending on the uniqueness of the solution. Each such
system possesses a global attractor in the weak topology, but not necessarily in the strong topology,
and in general, they are different.

First, we recall some definitions of [26]. Let X be a complete metric space. A semiflow on X,
w:[0,00) x X — X is defined to be a mapping w(t,x) = S(¢t)x that satisfies the following conditions:
S(0)z = z for all z € X; w is continuous; the semigroup condition, i.e., S(s)S(¢t)x = S(s + t)z for all
s,t >0 and z € X, is valid.

A semiflow is point dissipative if there exists a bounded set B C X such that for any x € X there
is a time 7(z) such that w(¢,x) € B for all t > 7(z). In this case B is referred as an an absorbing set
for the semiflow S(t).

A semiflow is compact if for any bounded B C X and ¢ > 0, S(¢)B lies in a compact subset in X.

A C X is a global attractor if it satisfies the following conditions: A is nonempty, invariant and
compact; A possesses an open neighborhood U such that, for every initial data ug in U, S(t)ug
converges to A as t — oo:

dist(S(t)uo, A) — 0 ast— oo.

Recall that the distance of a point to a set is defined by
d = inf d :
(2, A) = inf d(z,y)

Now, we state the following result about the theory of global attractors (see [20]):
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Theorem 5.1. Let S(t) be a point dissipative, compact semiflow on a complete metric space X. Then
S(t) has a global attractor in X.

Furthermore, the global attractor attracts all bounded sets in X, is the maximal bounded absorbing
set and minimal invariant set for the inclusion relation.

Assuming in addition that X is a Banach space, U is conver and for any x € X, S(t)x : Ry — X
is continuous. Then, A is also connected.

In the case that U = X, A is called the global attractor of the semigroup {S(¢)}+>0 in X.

5.1. Strong attractor. From Remark 3.8 we see immediately that for any 1 < a < 2 and with
s > (N/2)+1— «, the solution operator of the porous medium equation (LH) well defines a semigroup
in the space H®.

We begin this section with some useful a priori estimates of the solutions (LH) with f € LP.

Lemma 5.2. Let T = T(xz,t) be a solution of (I7), the initial data Ty € LP with zero mean value
and p > 2. Then, |T||Lr is uniformly bounded with respect to | To||lL». In particular,

P VAT p
5.1 TE)||e < | ||Tol|lr — —— P ——1 — »
6.1) 7Ol < (1ol = clllae ) exp { =Lt b4 2l
and there exists an absorbing ball in LP. Moreover, for Ty € L?, we get
e 2 o Iz ap M2 1
(5.2) v [AZT(s)||72ds < { [[Tollze — =5 | exp {=vATt} + =2 4+ —[[A72 f| 2.
¢ 2% 2% v

Proof. We multiply the equation (ILH) by p|T|P~2T with p > 2. Integrating, using lemma E.1] and
applying Holder’s inequality, we get

d o P —
(5.3) ﬁllT(t)ll’ﬁp +20[|ASTE |3 < p|l fllLeITNEL
We denote A1 as the first eigenvalue of A. Since T' is mean zero, we have
[AZTE|2, > AY||T|IY,.

Therefore,

d A

—IT#)llze + =T |zv < |1 f]lzr,

dt P

and integrating we prove the estimate (G1]).
Now, to prove (5:2), we multiply the equation (LH) by 2T and by (&3]

d o
TITONZe + 20N T < 20 £l 22T 2.

Integrating and applying the Young inequality, we get

d a L, a 1
ST+ VIASTIZ: < SIA8 713 < SIS,
Integrating and using that A; is the first eigenvalue of A, we obtain
(5.4) ITW72 < ([1Toll72 — 1715 exp {—vATt} + L 1=y
== L VAT VAL
On the other hand, integrating between ¢ and ¢ 4 1, we have
t+1
o 1 -2
(5.5) IT(t+1))Z2 + V/t IAST(s)|Z2ds < IT@)IZ: + A3 fllz,

and we get the estimate (B.2) by (54). =

Lemma 5.3. Let T = T(x,t) be a solution of (I7), To € H® with zero mean value and s > (N/2) +
1 —a. Then, ||A°T| L2 is uniformly bounded with respect to ||A°Ty||rz and there exists an absorbing
ball in the space H®. Moreover, we have

(5.6) / A S T|2.dt < +oo
0
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and
t4+1 .
(5.7) V/ |AST2T)2, is uniformly bounded with respect to ||A*Tp|| 2.
t

Proof. We have that a € (1,2) and that Ty € H*, where s > (N/2)+1—«. If s € (N/2)+1—a,N),
let r = s. If s € [N, 4+00), let 7 be any real number in ((N/2)+1—«, N). Then, Tp € H®* C H" C L?,
where
1 1 r a—1
p 2 N SN
We multiply the equation (LF), with an initial data Ty belonging to LP N H®, by A?%T with
0 < a < s. By an analogous analysis as in the proof of theorem we get

d a at+< 1 a—< at+ly4 N
FIAT@NZ: + AT T2 < —[[A"% Iz + | T o l|A®T2 T2 T 7.

Then, by @1, T € L>(0,00; LP) and

SIAT@Rs + AT TR < A I + CIATAT .
Now, using the Gagliardo-Nirenberg and Holder inequalities, we have
CIAPTI3 < ZIA ST, + T acT,
and
SINTOIs + SIATTIR < A3 fI + AT,

Next, following from the above inequality and (&2]) the uniform boundedness of ||A*T'(t)|| 2 with
respect to ||[A%Tp||rz can be obtained for a < a/2 from applying the Uniform Gronwall lemma (see

Remark [5.4)).
I£11Z2

«
VAS

I£11Z2

«
VS

a 1 £ « 1 _a a—<
oo+ Dl < 2 (17l - L Yoo gy + 102 o Dpa-s i s a1 )

This estimate can assure us that also it gives us an absorbing ball of the solutions in the space H*
with 0 < a < a/2.

Moreover, we have (B0) and (B7) for 0 < a < «/2. Therefore, with these estimates and a
bootstrapping argument, the uniform boundedness of ||A*T'(t)| .z is indeed valid for any s > (N/2) +
1 — « by using the Uniform Gronwall lemma again. This also gives us, as before, an absorbing set in
the space H?® for any s > (N/2) + 1 — « and the estimates (0.0) and (&7). =

Remark 5.4. (Uniform Gronwall lemma) Let g, h and y be non-negative locally integrable functions
on (to,00) such that

dy

-2 < h,  Vt>to,

at =9+ =%
and

t+r t4r t+r
/t g(s)ds < 1, /t h(s)ds < ca, /t y(s)ds < cs, ¥Vt >to,
where r, c1, ca and c3 are positive constants. Then,
yt+r) < (073—1—02) e, Vt>ty.
The proof of this estimate is shown in [26].

Now, we prove a condition to apply the theorem 5} the continuity of the solutions of (LH) in the
space H?® with respect to t.

Lemma 5.5. Let T = T(x,t) be a solution of (I.0), To € H® with zero mean value and s > (N/2) +
1 —a. Then, A°T € C(0,7; L?).



POROUS MEDIA WITH FRACTIONAL DIFFUSION 13

Proof. By lemma we have that AT € L%(0,7; H?). According to the Aubin-Lions compactness
results (see [22]) we just need to show that AT} € L?(0,7; H~%). From the equation (LX) we get

(5.8) ATl g < (1AM 2 (T0) L2 + AP ET| L2 + |A°7F £ 2.
Using (Z3)) and the integral formulation of the velocity we have
[AY**75 (Tv)|| 2 < O|T || 1o l| A7 2T | s

where (1/p)+(1/q)=1/2. Now, as in the proof of lemma [5.3] we take r < s such that T € H® C
H" C P, with

L or_a-i

2 N N

LP). Since r > (N/2) 4+ 1 — « (see the proof of lemma [5.3)

1
p
Then, considering ¢ = N/r, T' € L*°(0, co;

we have that
ﬁ 2N

r SNi2-2a

*

q= q -

Therefore,
IAYFS=E T o < | A TE T e < CJASHET| e,

applying the Gagliardo-Nirenberg inequality. Thus, coming to (54]), we get
ATy -5 < (CITlle + DIATET| L2 + A2 f] 2.

Finally, by (&) and (5.6]), we obtain
| 8T, gdt < o,
0

and we conclude the proof. =

Lemma 5.6. Assume that the initial data, of a solution of equation (I1), belongs to H® with zero
mean value and s > N/2+1—«. Then, for any fized t > 0, the solution operator S(t) is a continuous
map from H? into itself.

Proof. We consider two solutions 7(!) and T® of the porous medium equation (I5) with two initial
data T," and T.® and velocities v(1) and v, respectively. Let T =T — T® and v = v — (2.
Then, since div(v) = 0, we have for any ¢ € H? that

(5.9) (Ti.0) + v(AT A% p) = —(v- VT®, p) — (v VT, ).
Setting ¢ = T, using that div(v(!)) = 0 and Young inequality, we get
1d a
51Tl + VIIAZ TIZ: < IAT®) Lo | T
such that (1/¢1) + (2/q2) = 1. By Gagliardo-Nirenberg inequality, we obtain
1d a 2(1—a)| x & m(2a
5|7 + VIAETIE: < JAT® | o | T [AZ TS

with a = N/(q1&), where we will be choosing ¢; such that a € (0,1). We use again Young inequality

and we have

1 d 14 a
5Tl + 1A% T2 < c)[ATP L0, |12z,

denoting ¢ = 1/(1 — a). Thus, by the Gronwall inequality, it follows

t
IT(0)]2: < COTY — T332 exp ( / IAT®) ()], ds) .

Ifse ((N/2)+1—«,(N/2)+1—(a/2)), then we take r = s. If s € [(N/2) +1— (a/2), +00), we take
r any number in (N/2) +1—a,(N/2)+1— (a/2)). Then H®* C H". We choose

2N
Q1:2+N—2r—a>1’
then
azwe(&l) and ¢ < 2.

2c 2
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Therefore, using the following Sobolev inclusions
L0, 7 Wha) ¢ 190, 7; H™+2) ¢ L2(0,7; H™2) ¢ L*(0,7; H*T %),
we conclude that .
| IAET@ e < O, T - 1)
Thus, using the Riesz lemm(e)m, it is immediate that the solution operator S(¢) is a continuous map
from H® into itself when s € ((N/2) + 1 — a, a/2].

We finish the proof studying the case s > «/2. We do so by checking directly the Lipschitz
continuity of the solution operator in the space H*. We consider ¢ = A?*T in (5.9), then
1d

(5.10) §E||AST||§2 +U||AFET|2, = —(v- VTP, AT — (WVVT, A%T).

We estimate the two terms on the right-hand side of the variational formula separately. First, we get
(VTP AT < e(w)[|A*2 (v- VTP)| 72 + %IIA”%TII%-
Using similar estimate as ([23) of Kenig, Ponce and Vega (see [14]), we have
1A°72 @OVT) |2 < A 2T Lon [AT® | o2 + [T Lar [|AF 3T L
with (1/p1) + (1/p2) = 1/2 and (1/q1) + (1/g2) = 1/2. We select

2N 2N N B 2N
pl—N_a, b2 = a ql—a_la Q2—N+2_2a
and, using the Sobolev inequalities yields the following estimate
(5.11) (VT APT)| < ()| AT |72 AT E TP 7 + %IIA”%TII%»

We estimate the other term on the right side of (5I0). Since (v) - VAST,A°T) = 0, A® and V are
commutable we have

|(IVT, AT < A* (D - VT) — oD - (ASVT)|| 12| AT 2.
Using estimate of Kenig, Ponce and Vega (see [14]) we have
[A* (™ - VT) — v - (A*VT)| L2 < A0V || Lo [ AT [z + A% D[ L [|AT | Loz,

with (1/p1) + (1/p2) =1/2 and (1/q1) + (1/g2) = 1/2. We take
2N 2N

Pr=az=="" P=0y—

and using the Sobolev inequalities we get
(WOVT, AT < AT ETO 2| AF 2T 2| AT 2
< eI BT AT + TIAT T3,

Therefore, considering this estimate and (&11)) in (&10), we obtain

d (o3 (o3 (o3

ZIAT e + AT < () (A B TD 3 + [AFE T ) AT
So, by Gronwall’s lemma and since

| (1470 + A E T ) i < o
we get
s s4+< 1 s+ 1 s 1 2
IAST (0] 22 < Clo, INFE TSV |2, |ATE TSV | ) [|AS (TS — T2 | e

and conclude the proof of the lemma. .
Finally, we present the existence of the global classic attractor.
Theorem 5.7. Let o € (1,2], v >0, s > (N/2)+1—a and f € H*"*NLP time-independent external

source. Then, the operator S, such that S(t)Ty = T(t) for any t > 0 and T solution of (LX), defines
a semigroup in the space H® and satisfies:

i) For anyt >0, S(t) is a continuous compact operator in H*.
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il) For any To € H®, S is a continuous map from [0,t] into H®.

iii) {S(t)}i>0 possesses an attractor A that is compact, connected and mazimal in H®. A attracts
all bounded subsets of H" in the norm of H", for any r > a — (N/2) — 1.

iv) If a« > (N +2)/4, A attracts all bounded subsets of periodic functions of L? in the norm of
H”, for anyr >a— (N/2) — 1.

Proof. Items i) and ii) are already proven in lemma and lemma [5.5] respectively.

To verify the rest of items we use results of semigroups and the existence of their attractors (see
theorem [5.1]). In particular, we need to prove the existence of a bounded subset By C H*, an open
subset U of H®, such that By C U C H*, and By is absorbing in U, i.e. for any bounded subset
B C U, there is a 7(B), such that S(¢)B C By for all t > 7(B). This fact is proved in lemma [5.5]

Item iv) can be checked easily since for a > (N + 2)/4 we have that a > (N/2) + 1 — « and that
for any Ty € L2,

/||A%T||L2<oo Vr >0,
0

Which together with (5.5) we can conclude the proof. =

5.2. Weak atractor. We obtain the following estimate for the time derivative of a solution of (3.

Proposition 5.8. Let T be the weak solution of (LX) obtained in theorem [T 3 Then,
oT
ot

Proof. For a smooth ¢ and 0 < a < 1 we have

N
€ Liy (0,00 H™) with S +1=0+=, o€ (0,1).

[ aivto-1ie| < 3 [1an@pyat-egl

TN ¢

where R; are the Riesz transforms. Using the inequality (Z3) with (1/p)+(1/q)=(1/2) and v satisfies
that ||A%|| - < ¢||A°T||Lr, for 1 < r < 0o, we obtain

/diV(U'T)w < AT e | T e[ A0 o
RN
By interpolation we get

N 2
TN ze < |IT);2°|IT||° 2 suchthat s=—(1—=).
LN-a o q
Since H*/?2 ¢ WP and
2N
P=7N +2a—a’

we have
[AT || L» < c||A%T||L2 and ||T||LN2TN < c||A%T||L2.

Therefore, we obtain

[ divio- T)g] < AT IAE T AN o
N
Furthermore, using that weak solutions belong to L (0, 7; L2)NL2(0, 7; H? ) by theorem 7] it follows

orT 2
¥ € L7(0,00, H* ).
We conclude the proof defining o = 2/(1+ s), 0 = 1 — a and using the relations of p, ¢, a and s. =

By theorem B35 we have that T is a weak solution of (LX) that satisfies
(5.12) T € L},,[0,00 %) 1 L§5,(0, 003 L2) (1 L, (0, 005 H),
or

(5.13) =

N
€ Li, 0,00 H™7),  with T+1=0+=, o€ (0,1).
T
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We observe that L%OC[O,OO;LQ) is a complete space metric. However, the weak solutions is not
closed in this space. We define the space of generalized weak solutions GW (f) formed by the functions
T € L2 [0,00; L?) such that are generalized weak solutions of (LH) (T' € GW (f)) if T satisfies (LH)
in the sense of distributions and satisfies (&.12) and (E13).

Given T1, T € LP(0,00; X) (X is a Banach space), we consider the metric

.
(514) d(TlvTQ) = Z 2_n min (15 ||T1 - T2||Lp(n7n+1;X))

n=0

for the set GW (f) (similarly for p = oc). This metric is invariant on L2 [0, 00; L?) (see [2]). Then
applying classical compactness results (see [22]) for each f € L>(0, 00, L?), the set GW (f) is a closed

subset of L2 [0,00,L?). Now, we can state the following lemma:

loc

Lemma 5.9. Given f € L®(0,00, L?) and consider the space GW (f) with the metric defined (514,
we have

i) The set {(T, f)} with T € GW(f) and | f|| < Ko in the norm of the space L>=(0,00; L?), is closed
in L2, [0, 00; L?) x L>(0, 00; L?).

ii) The mapping S(t) is a semiflow on L% [0,00; L?) and GW (f) is a positively invariant subset.

iii) S(t) restricted to GW(f) is compact for t > 0.

iv) S(t) restricted to GW (f) is point dissipative.

Proof.

We verify i) considering a sequence {T}, fr} € L? [0, 00; L?)x L>°(0, o0; L?) such that T,, € GW (f,,)
and ||f,|| < Ko. We have that f, — f in L>(0,00; L?) and T,, — T in L? [0,00; L?). From the
estimates of the time derivative of T,, and by the classical compactness results of [22], we easily obtain
that '€ GW (f) by using the weak formulation of the solutions. Moreover, {(T’, f)} is closed.

Next, we use a smoothing argument and the bound on the time derivative of T as in [2I] to show
the continuity of the semiflow. The positively invariant of GW(f) is immediate.

The items iii) and iv) are a consequence of the a-priori estimates and the compactness result of
[22). «

By the above lemma and using the existence results of global attractors for a point dissipative
compact semiflows on a complete metric space (see theorem [B.1l), we prove the following attractor
result:

Theorem 5.10. Let f € L? independent of t and o € (0,2). Then, there exists a global attractor
A, subset of the weak solutions of (L), for the semiflow generated by the time-shift on the space of
generalized weak solutions GW (f). Moreover, A attracts all bounded sets in GW (f).

We note that the weak attractor is defined in a very weak sense and it gives us less useful information
than the global attractor in the classic sense.

2
loc

Remark 5.11. In the case of time dependent external source f € L? (0, 00; L?) it is possible to extend

the results of the previous theorem.

We define fi(1) = f(t + 7) is the time-shift of f and we consider the hull HT(F) of the positive
time translates fi with t > 0 of the external force f € F where F C L} _(0,00; L?) is a set bounded.
Assuming that H* (F) is compact with respect to the weak topology of L?, (0, 00; L?), then there exists
a global weak attractor A, subset of the weak solutions of ([L3), for the semiflow S(t)(T, ) = (Tt, ft).
For more details one can refer to the works [2 21].

6. SOLUTIONS WITH INFINITE ENERGY

For a divergence free velocity field there exists a stream function 1, in the two dimensional case,
such that

v = VL¢ = (—3z2¢, 8111/))

We shall choose a stream function of the form

Y(w1, 20,1) = 22 f (21, 1).
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Taking the rotational over the equation (I2)) we obtain
V X0 = 03,1 —Op, 02 =—A¢Y = —xgaglf = —0y,T.
Therefore, the function 7" has the following expression
T(x1,m2,t) = 2204, f(21,1) + §(22,1)

where we choose
X Lo 5
dlaret) = 22 [ 110 1Oy
Substituting the expression in (1), without diffusion in the two dimensional case, we obtain

(61) 8tfgc:—atg_ffzz+(fr)2+gfz;

(here and in the sequel of the section, we denote with subscript the derivatives with respect to x)
where g satisfies

t
(6.2) o) = 7 [N

and we define f as

x

(6.3) flz,t) = fo(2' t)da'.

—T

Notice that the difference between this system and the one obtained in [7] is that this has the property
of conserving the mean zero value of the initial data. Indeed, integrating equation (6. over the
interval [—7, ) and imposing periodical condition on f,, we have

O | fala,t)da’ = (—fo(m t) +9(t) [ fola')da'.
Therefore, if f, is a solution of equation (G and
fx(2',0)dz’ =0,

—T

we obtain
s

fo(2',t)da’ =0,  Vt>O0.

6.1. Existence. In this section we prove the following theorem.
Theorem 6.1. Let oo € H*(T) with mean zero value and
Mo = max po(2).
Then, there exist a solution f(x,t) of the equation (6.1]) with initial datum fu(x,0) = po(x) such that
fo € C([0,T), H*(T)),
with T = My

In order to prove this theorem, first, we add other diffusion term to the equation (GI). Thus, we
have the following system

(6.4) { Orfe = —0ig — ffau + (f2)* + gfa + V([ faallZ2 + 9°) fawas
fa(2,0) = po(z),
where g satisfies (6.2) and v > 0. In the next lemma, we prove the global existence of the solutions of

©4).

Lemma 6.2. Let g € H3(T) with mean zero value and v > 0. Then, there exist a function f(z,t)
defined by ([63) where fy is solution of the equation ([6.4]) such that

fe € C([0,00), H3(T)).
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Proof. We note that if ¢y has mean zero value then f has mean zero value. Multiplying the equation
©4) by f, and integrating over the interval [—, 7), we obtain

3 s
s lfalle =3 [ (1) + el = vl el B2 + 97 o o

Therefore,

Sl < Sl el el + gl el B — vl frelZa + 2 el o

Using Gagliardo-Niremberg and Poincaré inequalities, we have

1 1
fallzee < CllfallZ2llfazllf2 < CllfaellrL2-
Hence,

Q.|g‘

|1 fallze < CUlfeal 221l fallL2 + gll foll2l| feal 12)

V|| faallLe = v9?|| frallZ2-
And using the Young’s inequality we obtain

el + 2 el + P sl B2) < Coll

N | =

Therefore,

(6.5) fallze < llgollz: exp(Cut),

and
T

(6.6) / fsellbodt < C(lgollz2.nT), VT > 0.
0

Taking a derivative over equation (64)), multiplying by fy, and integrating over the interval [—, )
yield

1d 3 [T

§d_||fma:||L2 +V(||fwa:||L2 +9 )||fa:a:a:||L2 = 5 fw(fm$)2dx+g||fww||%2
Hence,

2dtllfmlle < 2||fw||L°°||fa:a:||L2 + g\l feallTe < O faallZz + gl fozll72)-

Integrating between 0 and 7" we obtain

T T
1 foallzo < |I¢o,xlliz+0(/ ||frr||i2dt+/ 9/l fzall72dt)
0 0

T
< |lgomellZs +C(T) / fvellls,

and we can conclude that || fyzz||z2 is bounded for all T' < oc.
Finally, we estimate ||fzzz|/z2 and ||fzzzz||r2. Taking two derivatives on the equation (G4]), mul-
tiplying by frz. and integrating over the interval [—m, 7] yield

1

2dt||frrr||L2+V(||fzz||L2 +g)||fzzzz||L2 = 3 fr(fzzz)2+g||fzzz||%2

< O(T)HfrrrH%?
Applying Gronwall inequality we have that ||fyzz||z2 is bounded for all T < oo. We obtain that
|| fzzzz||z2 is bounded in a similar form and we conclude the proof.

In order to prove theorem [6.1] we show some estimates, independent of v, of the global solutions of
the equation (G4]) by the lemma [6.2] which allows us to obtain the local existence for the equation
(61). Next, we prove the following lemma.

Lemma 6.3. Let f, be a global solution of the equation (06.4) with initial data @o and M(t) the
mazimum of f.. Then

(6.7) M(t) +g(t) < M(0)

1—M(0)t
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Proof. In this proof we use the techniques of article [7] for the control of the maximum of the solution
of equation (6I)). Let denote xz/(t) to be the point where f, reaches the maximum, then

(M+g)t = M +9M+V(||fww||2 +92)fwm(xM(t)vt)
< M4 gM < (M +g)>°
Since ¢g(0) = 0 we obtain

M(0)
M+9< o

and the proof is finished. =

Proof of theorem Multiplying the equation ([6.4]) by f, and integrating over the interval [—, )
yields

1d
SollfallEe < (M + g)lIfol 3.

Applying lemmal6.3 and Gronwall inequality we have that || f.||z2 is bounded for all T < M (0)~!. Ina
similar way, we can obtain that || foz||z2 and || fzzz|| 22 are bounded for all T < M (0)~! independently
of v.

To finish the proof, we consider a sequence of solutions {f}.~o of the equations

(6.8) Oufe = —gf — ffew+ (f0)? + g fs + el fsallL + (99)°) fea
' fe(x,0) = @ (),

where {p§} is a sequence in H3(T) such that
lim f = o € H?,

€ = ¢ < =
M*(0) = max fzo(x) < M(0) = max po(),

and
ool 2 (my < llollm2(T)-
The above estimates provide that

I[fellgz(ry s bounded VT < M(0)™' uniformly in e.
Using the Rellich’s theorem we conclude the proof taking the limit € — 0. =

Remark 6.4. We shall consider the equation
(6.9) 8tfr:_8tg_ffzz+(fz)2+gfz_VAafra

which is (6.1]) with an extra dissipating term. For this system we have a local existence result similar
to theorem [61l Moreover, we can construct solutions that blow-up in finite time for o = 1, 2 (see
below) which show the ezistence of singularities for DPM with infinite energy. =

6.2. Blow up. Next, we show that there exist a particular solution of the equation ([G9)), with v > 0
and a = 1, 2, which blows up in finite time.
We consider the following ansatz of (G.I)) and (G.3])

(6.10) fa(z,t) = r(t) cos(x),
then r satisfies
t
(6.11) = r(t)/ r?(T)dr + vr.
0
We define the function
t
(6.12) B(t) = / r2(r)dr.
0

Multiplying the equation ([GIT]) by r(¢) we have that 3 satisfies

2
ddigt) —o5) PP | 9,98
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Integrating with respect to the variable ¢ yields
B'(t) = B'(0) = B*(t) — 52(0) + 2v(5 — 5(0)).
Since $(0) = 0 and 3'(0) = r%(0) we obtain

g
r(OF + 203+ PR

If we choose r(0)? > 1?2 it follows

6(2‘:) = T(O)Q — V2 tan (\/ T(O)z — V2 t + arctan(\/%)) — V.
r —v
Therefore, the function
(6.13) Ja(z,t) = r(t) cos(x),
is a solution of equation (61]) and (G9]) which blows up at time

(3 — arctan(——=—))

‘— \/7(0)2—v?
r(0)2 — 2
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