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Abstract

In this paper we study the evolution of multiple fluids with different constant densities
in porous media. This physical scenario is known as the Muskat and the (multi-phase)
Hele-Shaw problems. In this context we prove that the fluids do not develop squirt
singularities.

1 Introduction

We consider the dynamics of the two interphases between three incompressible and immiscible
fluids in a porous medium without surface tension. The free boundaries are prescribed by the
jump of densities between the fluids. Although the present paper is devoted to the evolution
of two interphases in R®, the same approach can be performed when additional phases are
considered in R? or R3. The governing equations for the 2D incompressible porous media are
identical with those modeling the dynamics in a Hele-Shaw cell (see [17]).

The precise formulation of this problem is as follows [I]: the scalar density p = p(z,t)
of the fluid is convected by the incompressible velocity flow u = (uq(x,t), us(z,t), ug(x,t))
which satisfies Darcy’s law i.e.
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pt+u-Vp=0 (Conservation of mass)
V-u=0 (Incompressibility) (1)
u=—Vp—(0,0,p) (Darcy’s law)

where the scalar p = p(x,t) is the pressure and the acceleration due to gravity is taken equal
to one to simplify the notation.
Darcy’s law yields the velocity in terms of the density by means of singular integral
operators as follows:
2

u(z,t) =PV | K(z—y)py,t)dy — 5

- 3 (0,0,p(x)), = €R3, (2)

where the kernel K is given by

K(2) 1 <3:E1:E3 Toxsy 223 — 2% — :E%)

AN AT AT

1


https://core.ac.uk/display/51407716?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://arxiv.org/abs/0911.4109v1

The integral operator is defined in the Fourier side by

_ G163 Lafs G +E&
u(€) = (T3 T30 — )P(E)
ST 1ElP T 1EP
that shows that the velocity and the density are at the same level in terms of regularity.
The fluid is characterized by three different constant values of density p! < p? < p?

pl in Ql = {33‘3 > f($1,$2,t)},
p(x1, 2, 23,t) = ¢ p> in Q% = {f(x1,22,1) > x3 > g(x1,72,1)},

p? in Q2 = {g(xy,10,t) > 23},

where f(z1,z2,t) > g(z1,22,t). The moving surfaces
S¢(w1,29,t) = {(21, 20, 73) € R® : 23 = f(w1,22,1)}

Sg(x1,22,t) = {(21, 22, 23) € R3: x5 = g(x1,22,t)}

have the property (see below in section 2) that they can be parameterized as a graph for all
time. Since the flow is incompressible the velocity of each interphase is continuous in the
normal direction to the moving surface. Moreover, from the formulation it implies that the
pressures are equal across the surfaces. The system is highly non-local in the sense that the
equation for the moving surfaces involves singular integral operators and they are coupled
together. Within the formulation we can recover the dynamics of a single interphase by
taking p! = p? or p? = p?, which has been shown to be well-possed in the stable scenario
with a maximum principle (see [7] and [§]). This case is known as the Muskat problem [16]
(in 2D is also known as the two-phase Hele-Shaw) which has been broadly studied in [4], [11],
[10], [18], [7], [8] and reference therein.

The aim of this paper is first to show that for multiple interphases, in the stable case
(pt < p? < p*), the system is well possed in a chain of Sobolev spaces. In the unstable case
(p* > p? or p? > p? ) there is Rayleigh-Taylor instability [7] and the system is ill-possed.
Secondly we rule out a squirt singularity in the three phase system, i.e. that both interphases
can not collapse in such a way that a positive volume of fluid between the interphases it gets
ejected in finite time. Lets assume that both surfaces collapse at time 7" in a domain D such
that

lim [f(x1,20,t) — g(x1,22,8)] =0 for (z; —F1)%+ (22 — T2)? < a?

t—T—

where the constant a > 0 and the point & = (Z1,Z2,73) € D are fixed. Consider the domain
Q(t) denoted by

Q(t) = {($1,$2,$3) : (‘Tl - %1)2 + (1'2 - E2)2 S (R(t))27 g(l'l,l'g,t) S 3 S f(flfl,.’,l'g,t)}
with 0 < R(t) < a and a section of its boundary given by
S(t) = {(x1,22,23) : (z1 — T1)* + (w2 — T2)* = (R(1))?, g(x1,22,1) < 23 < f(a1,22,1)}

Then by using the divergence free vector field u it follows that

d /
7 Vol Q(t) = /S o [R(t) — u-v]d (Area)
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where v is the unit normal to S(¢). If the integral fOT |u| oo dt is bounded then we can choose
a time to € [0,7) and take

T
R(t):—a—/ |u|poe dT for to <t <T
t

such that 0 < R(t) < a for all t € [ty,T). Consequently % Vol Q(t) > 0 for all t € [ty,T)
which prevents a collapse (squirt singularity) forming in between the moving surfaces (for
more details see [5]). For a general n-dimensional definition of a squirt singularity see [6].
Therefore, the third part of the paper is devoted to show a bound of the velocity of the fluid in
terms of C''Y norms (0 < v < 1) of the free boundary. The estimate is based on the property
that in the principal value (2]) the mean of the kernels K are zero on hemispheres. This extra
cancellation was used by Bertozzi and Constantin [2] for the vortex patch problem of the 2D
Euler equation to prove no formation of singularities. For this system the convected vorticity
takes constant values in disjoint domains and is related with the incompressible velocity by
the Biot-Savart law (see [I4] for more details). Let us point out that the system we are
dealing with is a more singular one. Also, we quote the work [15] of Mateu, Orobitg and
Verdera where this cancelation was used in quasiconformal mappings theory.

Finally we would like to emphasize how the character of the kernels becomes crucial here
since for analogous active scalar models we can not obtain this result. For the 2D surface
quasi-geostrophic equation (SQG) [3] the kernels are odd (Riesz transforms) and for the
patch problem [12] the velocity is not in L, it is in BMO (see [19] to get the definition and
properties of the BMO space). Furthermore in the case of regular initial data for SQG and
the system (II) the problem is also open [9].

The structure of the article is as follows. In section 2 we derived the equations of both
interphases that are coupled together and in section 3 we show that the system is well-possed
in Sobolev spaces. Finally, in section 4, we give a proof of boundedness of the velocity in
terms of the smoothness of the interphases.

2 The evolution equation of the moving surfaces

The goal is to obtain the dynamics of a fluid that takes three different constant values of
density p', p? and p? as follows

ptin {xs > f(x,t)},
p(x17$27$37t) = p2 in {f(l'vt) > T3 > g(l‘,t)}, (3)
o> in {g(z,t) > 23},
with f(x,t) > g(x,t) for all z = (z1,79) € R2. Hence
Vo= (0" = p") (O, f, 00, f, —1)0(x3 — f(2,)) + (p° = p°) (0219, O g, —1)8(m3 — g(x, 1)),

where 9§ is the Dirac distribution defined by
< hd,n >= / h(x)n(z, f(z,t))dx,
R2
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for n(x1,x9,x3) a test function.
For a divergence free velocity field, Darcy’s law provides

U = (amA_lawsp, 8902A_15m3p, _8901A_1am1p - 8902A_18w2p)7 (4)

and therefore

w(x1, T2, T3,t) = —

<

P’ - plpv/ (Y192, V(@ —yt)y)
r2 (Y2 + (23 — fz —y,1))?]*/2
N / (y1,92, Vg(z = y,t) - y)
dm r2 [|y? + (23 — g(z —y,1))?]3/2
for f(x,t) # x3 # g(x,t). Taking x3 — f(x,t) yields
p* = p' (y1,92, V(@ —y,1) - y)
O R e WY -y ) ey s
p3—p2PV/ (y1.92, Vg(z —y,1) - y)
A r2 [[y[? + (f(2,t) — gl — y,1))23/2
without considering tangential terms. In any case the evolution of the surfaces are given by

the normal velocity, the tangential terms are related with the parameterization of the free
boundary [I3]. Consequently

(‘Taf(xﬂt))t : (_8x1f7 _8x2f7 1) = u(a:,f(a:,t),t) ' (_8x1f7 _8x2f7 1)7

and therefore

dy,

dy

dy,

PPyt (Vf(@,t) =V (z—y,t)) y)
o) <E PV [ e s g o
+p3—p2 Vf(z,t)-y—Vgla—yt)y y
4 r2 [[y2 + (f(z,t) — gle —y,1))232 7
In a similar way we obtain
Pl (Vg(z,t) = Vg(x —y.t) - y)
oln ) == /Rz (yl? + (g(z,t) — g(z —y,1))?]3/2 )

+

2 1 . _ _ .
P> =0 PV/ [Vg(x,t) y—Vflx—yt)y dy.
]R2

4 lyl? + (g(z,t) — f(z — y,1))?]3/2

This coupled system describes the evolution of the moving boundaries S¢(x,t) and Sy(z,1).

3 Well-posedness in the stable scenario p' < p? < p?

Let us define the function d(f, g)(x,y,t) by the formula

1
d(f> g)($>y>t) = [|y|2 T (f(:E,t) — g(l’ _ y,t))2]1/2

which measure the distance between the contours f and g. Therefore we consider f(z,t)

approaching the value Cy, as |z| — oo to avoid that the surfaces collapse at infinity.
The section is devoted to prove the following theorem:

Va,y e R2




Theorem 3.1 Let fo(z) — Coo, go(x) € HF(R?) for k > 4, d(fo,g0) € L and p3 > pa > p1.
Then there exists a time T > 0 so that there is a unique solution to (@) and (7)) given by
(F(2,), (1)) where f(z,t)—Coo, gla,t) € CL([0, T); HE(R)), f(z,0) = folx) and g(z,0) =
90().

Proof: We shall show that the following estimate holds

©B(1) < OB + 1) (s)

for universal constants (C,p) and the function E(t) defined by

E(t) = [If = Cooll e (t) + lgll g (8) + (S, 9) | L= (2)-

Applying standard energy estimates argument permit us to conclude local existence. This
is based on introducing a regularized version of the system (@) and (7)) that allows to take
limits satisfying uniformly the a priori bound (8]).

To simplify the exposition we shall consider p?> — p' = p? — p? = 47 and k = 4, being
the rest of the cases analogous. Some of the terms can be estimated exactly as in [7] and
therefore we shall show below how to deal with the different ones.

We have

L oo o (VI@-Vie=w)y ,
it = Ol = [0 =Copy [ v

Yy
# U@ - cavse) BV [ WP+ (@) — 9@ — )P

) o Vg(x—y)-y
/R2(f( ) = C) PV /R2 [yl2 + (f () — gla —y))2]3/2
=1L+ I, + Is.

For I; we decompose further: I; = J; + Jy + J3 where

B e (V@ -y
h= /y|<1 JRUCEGS TP+ (F(@) — fla—g)2pre ™

— z) — Vi) -y .
B [ @OV [ =
and
- 2 Vifz—y)-y .
Js3 = /y>1(f( ) (70<>)13v/y|>1 Hy,”(f(x)_f(x_y))z]mdyd .
Since

1
O f () — O flz —y) = /0 V0, f(x + (s — L)y) -y ds,



we get

— Cx| [V f(z + (s — 1)y)]
d ! drdy < C||f — Cooll 22|V £ 211
nef o L T fre gty < O = Ol 91
In the term J5 integration by parts yields
—fl@—y)(Vf@) -Vflz-y) -y
— Coo 2 dxd
/y>1 /R2 | Hy!2 ((f(z) = fz —y))2]>/2 i

3 L (@) = fle = Il (TS @) + TS @ = )],
—2/y> ™ [ W@~ [1+<<f<:c>—f<a:—y>>2\yr-2]5/2 dody

< C|f = Cool2ellVFl3e < ClIf = Cooll 22|V 1142

In a similar way for J3 we have

_ e g 2 @)~ f )
5= [ U@ - couE - -0, = dady
(

WP+ @) — Flz—9) PP
et o (@)~ F—y) Vi) -y
*3/y>l ) = ol =) = O e — 5 — e

_ lyl? o
/ ol= e YT @ - fe - Y
< C vaHL‘X’ + 1)||f CooHLz

The term I is estimated as follows

— 9@ - y))(VF() - Velz—y) -y,
w2 futre |y|2 U@ —g@—pppr
N 3/y>1 /R2 dody + 3/y<1 /R2 dedy
IZSS/yx‘ 3 3/ fl 2V f(@)| + [Vg(a — y)|)dady
/|<1 R2 £ (’Vf( N+ Vgl —y))(d(f, 9)(33ay))3da:dy

< C|If = Coollz2(IV Fllze + [V gllze)(ld(f, 9)l[7 + 1)

For I3 we write

2lyl? — (f(z) — g(z — y))? .
= [ [ e "R (@) - gle — )R

_ 33U @) —g@—y)(Vf() - Vylz —y) -y,
N KGRI TR+ (@) — gy e W




and proceeding as before we find

I < Ollf = Cooll2 9l 2 (IV fllzoe + Vgl o + 1)(|[d(f, 9)lI7 + 1)

Thus Sobolev inequalities yields

G~ Cuclifalt) < OB + 17

The analogous estimate for g is
d
Sl () < CBE) + 17+,

To estimate the higher order derivative, we consider the quantity

2 oz w fll72(t) = Lo+ Is + I,

2 dt
where
(Vi) - V(e —y) -y
L= [ ool (v [ T o= fa )
Vf(z)-y .
= [ ot (pv [ 00— o)
and

Lt Vole - ) -y )
[ s (ev [ R r——E e

The estimates for I are obtained in [7].
We split Is and consider the most singular terms which are

4 Yy
n= [ ohs@val s py | WP+ (@) - g(e —y) P v

- 4 i V(@) y(f(z) — gz —y) (05 flx) — 0 gz —y))
I = 3/ O d >/ (97 + (F(@) — 9(z — )22

dydz,

and

ol V(@) y(f (=) — gl — ) (0n f () — Durgle — 1)
si=0 [ alse | 9P+ (@) - g - )72 dydz

For integral J; we find that
@) — gle (V1) = Vole ) -
= L O S day
< O, FI2 (19 Fllz= + [Vl ) (ld(f, )l +1)-




For J5 it follows
Js = / 1\y! 3/ |05, @)V f(2)](105, ()| + |85, 9(x — y)|)dzdy
ly|>

/ » / 08 F@IVF @102, £@)] + 104, 9(x — »))(A(F, 0)(, 9)) dady
< ClO, £l 0V Fllooe (102 £z + 102, gll o)1, ) + 1),

Similarly we obtain

Jo=C . lyl™ 6/ 102, F(@)IIV £ (2)|(100, £ ()] + 105, 9(x — y)|) dwdy

e / / 9 F@) IV £ @) (100 f@)] + 100, g(@ — )V (AU, 9) () dady
lyl<1
< C1O Flu2 I 1Lz (10, Fll s + 9o gll =) (1d(F, )G + 1)
and finally
108, FI32 (1) < C(B(D) + 17

Analogously we get

d
S8, I3:(0) < C(B() + 17+,
and therefore using (@) it follows
d
EHf_COOH%{‘l(t) < C(B(t) + 1)P*. (11)
In order to estimate the H* norm of g we proceed as for the surface f to obtain
d
Sloll3e(6) < B + 1, (12)

Next, we analyze the evolution of the distance between the surfaces. For the quantity
d(f7 9)(517711) we have

4 (@)~ gl = g ) (fe) — e~ )
g 9@ 0.1) TP + (@) — g — )72 (13)
< (U, )@ 5. )2 (L fole () + e 1))

We now estimate || fi||z(t), being equivalent to control ||g¢||z(t). We consider for fi(z,t)
the following splitting:

B (Vf(z,t) = Vi —y1)-
[7_PV/]RZ Hy‘2+(f(x7t) —f(l'_y t))

e
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Vf(ﬂf, t) Y
Is = PV/ dy,
R2 HyP + (f(.’,l',t) - g(.’L’ - y7t))2]3/2
Vyg(z —y,1) -y
Iy = —PV/
’ w ([P + (f(,6) = g(x —y, )PP
Let us decompose further: Iy = J; + Jg + Jg where

_ (Vf(@,t) - Vi@ —yt) -y
= /y|<1 [y + (Fa,0) — f(@ — g )PP

dy.

Y

Js =V - PV d
i f@) /|y>1 (Y2 + (f(x,t) — fz—y,1))?]3/? Y
and v 9
Jo = —PV e dy.
’ /y|>1 P + (F,t) — fla— g, 0232
Hence

| <C / BT e < I
yI<

We rewrite Jg as

T T e L I L e
o=V /| WP L+ G — =g R P

and considering the function Q(a) = [1 + a?]3/2, the mean value theorem gives

o [y 30+ BB~ fe—y)
Js =V i@0) /| W+ (F@.0) = F(x — 3, D)2 2R Y

where 0 < 3 < |f(z) — f(z — y)|ly|~!. Therefore

|Js| < Cl[Vflizeellf — Coolloe-
In a similar manner as for J3, integrations by parts in Jy yields
[ Jo] < C([IV fllzee + DIIf = Cooll Lo

For Ig we split

IgZPV/ dy—l—/ dy:K1+K2
ly|>1 lyl<1

We deal with K7 as we have done with Jg to get

K| < [[VFllze(Ilf = Coollze + Coo + llgllzo)-



For K5 it is easy to obtain
|Ka| < |V £llpoolld(f, 9)[[F -

We control Iy as the term I3 and therefore

o] < Cllgllzoe (IV fllze + [IVgllze + 1)(Ild(Sf, 9l + 1)

The above estimates together with (I3]) yields

L 0(1,0) (e, .1) < d(1,) e,y OB + 1)

and integrating in time

t+h

A(f.9)(@,y.t +h) < d(f. )@,y exp ([ C(E(s) +1)ds),

t
for h > 0. Hence

t+h
dCf )z (¢ + 1) < ld(F )l () exp ([ C(B(s) + 1)Pds).

t

The above estimate applied to the following limit:

%Hd(f, Dl (t) = hlin(}+ d(f, g)llLe= (t + h})l — ld(f, 9)|| o= ()

allows us to get finally

d
g 1d(f, 9)llze=(t) < C(E(E) +1)7. (14)
Combining estimates (II), (I2]) and (I4)) we conclude that (&) holds for universal constants

C and p.
For uniqueness we proceed as in [7] which leads to the desired result.

4 Bound for the fluid velocity: even kernels

In this section we prove the following lemma:

Lemma 4.1 Let f,g be solutions of the contour system (@) and ([{). Then the velocity of
the fluid satisfies the following bound

1 1
[ul[ee < C<1 ot ;hﬂ(l +IVIler + IVyller) (15)
15
+In(1+ [If = CoollLe + Coo + [V fll2 + llgllze + HV9||L2)>,

where 0 <y < 1 and the constant C = C(p', p?, p®) depends on p*, p? and p>.

10



Proof: We shall denote z € R? and T = (x,23) € R®. In order to acquire the above
inequality, we can split p as follows:
p=p"Xaorm + P X + P xazw + (0° — PP)xas) + P Xa- @)

where

QO (t) = {z3 > M}, Q7 (t) ={zs < —M},
Q') = {M > x3 > f(x,1)}, Q*(t) = {f(x,t) > 23 > —M}

and
(1) = {g(=, )>rc3> —M}
(t

for M = ||f — Cosllzo (t) + Coo + llgllLee (£) +
From (@) we check that

(8I3A_1ax178x3A_1ax27 _(8I1A_1a:c1 + asz_laxz))(XQi(t)) =0.
Thus the Fourier transform yields

=T(p" xar(1) + P X2 + (P° — P*)Xa3(1))

2 (16)
- 3(0, 0. 0" xa1(t) + P x02() + (0° — P*) X3 (1))
where )
T(h(@) =PV | KE-Dh@)dy, TR
and

_ T173 _wow3 223 — 2% — 23
K@) =|(3 3
@ = (o S

Then we have to deal with

P'T(xorwy),  PT(xorw) and  (p* — p*)T(xas@))-

We will consider T'(xq1()) since the other terms are analogous. We proceed as in [2]. The
key point is that the kernels in T are even. Therefore in the principal value the mean
of the kernels are zero on a hemisphere. We consider the three different coordinates of
T(xa1) = (11, T, T3). Then for a fixed T € R? we have

(@) = 3 py (21 —gl)(f:a )
4 Q1 (1) Iz -7

We take a distance ¢ given by
B 1
31+ IV Eler + IVallen)/r

Then if d(Z, Q' (t)) > § we consider Q'(t) = U'(t) U U?(t) for

Utt) = Q' n{(z1 — y1)* + (z2 — yo)? < L?},

11



and
U%(t) = Q' n{(z1 — 11)* + (z2 — y2)* > L},
where L = 2(1 + [|f — Csollze + Coo + [V fllz2 + |9l + IVl £2).
The splitting Ty = I + I for

= 3 (1 —y1)(x3 —y3)
I = —PV
1) 4 /Ul() z -7 .

Ih(T) = ipv/ (21 = y)(@3 — s)
4 U() Iz -7

gives

V2L
L@ < 0/5 rldr < CIn(V2L/5).

We write Is = limp_. 1 If such that

3 €rg —
o3 / oy, (3= ) 0o
U (1)

4 T —7[3

where
Ua(t) = Q' n{L? < (z1 —y1)? + (v2 — y2)* < R?}.

Then integration by parts gives

3 (x3 —y3) _
IR = —/ -————"nido 5
27 4n Sz TGP @)

and therefore

Ié% — i a:mf(y)(x?» — f( 9 /27r/ $3 - yg)Lyldeyg
4m L<\x yi<r (|2 —y|? + (23 — f( 3/2 flatLy) (z3 —y3)2)3/?

2 / !173 — ys)Ryldeys,

Fat+ry) (B2 + (23 —y3)?)3/2

for 4/ = (cosf,sin ). By the Cauchy-Schwarz inequality we find easily that

3 Ha:c1f”L2 _’_ﬂ_’_ﬂ

R
RERRS 47 L L R’

We take now R to infinity to get |Iz| < C for C' a universal constant.
If d(z,Q'(t)) < 6 we set Ty = J; + Jo where

J(T) = ipv/ (21 —gl)(f?%— y3)dy
4m 01 (H)NBs (7) T — 7|

and

4 QL()NBE(F) Iz -7

12



For J; one can proceed as in [2]. It is clear that J1(T) = 0 if d(T, 9Q'(t)) = d > 6. Therefore
we take d < §. We show the argument for the boundary of Q'(¢) given by x3 — f(z,t) = 0.
The planar section trivializes. Then we define the following set of directions

S(T)={ZcR®: 7| =1, T+rzc Q(t),d<r < 5}

Also, we pick the point @ € R3 on the boundary, az — f(a,t) = 0, such that |[@ — Z| = d. We
define the following hemisphere:

St@) ={zeR?: [z]=1, (-Vf(a,t),1)-z >0}
For the directions Z in the symmetric difference
Dy(7) = (8;(@)\ ST(@)) U (ST (@) \ 5:(2)),
we define the angles ¢(Z) by

(—Vf(a, t)v 1) Z
L+ [V(a, )P 2]

sin p(z) =

It is easy to check that sinp(Z) > 0 gives x5 + 123 — f(z + r2) < 0 and sinp(Z) < 0 gives
x3+rz3 — f(x 4+ rz) > 0. Therefore

|sin (3)] = ‘(—Vf(a,t),l) -(a—7) N (=Vf(a,t),1)- (E—i—r?—a)‘
V1I+|Vf(a,t))?r V14 |Vf(a,t))?r
< d +‘(—Vf(a,t),l) (T+rz—a) n (as — f(a,t)) — (xg +rzs — f(z+1rz,t))
o V1+I|Vf(a,t)?r V1+|Vf(a,t)?r
<94, |f@+rz1) = fla,t) = Vf(a) (z+rz—a)
and finally

_ |14y 1+~
ingz)| < &4 IV leslr vz — a0 d (95l (d 4 r)

T T T r
14+~ 14+~ 14+~ 1+
SEZ_|_Q’YHVJCHC“/(d +r ) Sé_‘_Q’YdiS(l_FQ’Y)El_F(&)W'
r r r Nr r 1)

The above estimate and the fact that

/ (1 —y1)(w3 — y3)da@) _ 0
St (z)

T -7
yield for Jy the following bound

3 & 2w pm/2 dr 3
@< [ Xorsen. @yl coseldpds T < 1421+ 1/7),
d Jo —7/2 r



We write Jo = Ky + Ko where

K@) = ipv/ (o1 =y — )
i oo TP

and

3 _ _
K(7) = —PV/ (z1 gl)(fss y3)d§.
dm U()NBe(z) z -7
Then one can deal as for I; and I respectively to obtain the same estimates.
We write the second coordinate as follows

n@=2pv [ o, W

——-)dy,
4m Qi) !l’—y’g)

to get an analogous bounds.
For the third coordinate we have

_ 2 _ _ 2 _ _ 2
Ty(7) = LPV/ 2zg —yg)” = (11— y1)” — (@2 — 1)
QL ()

T 7P

and we can proceed as before. But for the term I4¥ we have

1 (x3 —y3) y3)
> dr U2 (1) 2 lx—yl?’) L<|z—y|<R |3) ’
1/ x3— M $3—f()
= — P P )
7ol AUy Py D Ry Py ))|x— P

where P(a) = a/(1 4 o?)3/2. The mean value theorem yields
1 _ — M)d
F=— p/(Q)M
am L<|z—y|<R |$ - y|

and using that |P'(a)| < 2 we find easily |I5¥| < 2M/L < 1.
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