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We consider the evolution of an interface generated between two
immiscible, incompressible, and irrotational fluids. Specifically we
study the Muskat and water wave problems. We show that start-
ing with a family of initial data given by (a,fo(a)), the interface
reaches a regime in finite time in which is no longer a graph. There-
fore there exists a time t* where the solution of the free boundary
problem parameterized as («,f(a,t)) blows up: [|0,fl[;=(t*) = . In
particular, for the Muskat problem, this result allows us to reach an
unstable regime, for which the Rayleigh-Taylor condition changes
sign and the solution breaks down.

1. Introduction

Here we study two problems of fluids mechanics concerning the
evolution of two incompressible fluids of different characteristics
in 2D. We consider that both fluids are immiscible and of differ-
ent constant densities p! and p?, modeling the dynamics of an
interface that separates the domains Q!(¢) and Q2(¢). That is,
the liquid density p = p(x.t),(x,t) € R> x R, is defined by

_ ol XGQI(Z‘)
p(x,t) = {pz, xe Qz(t) —R2— Ql(t), [1]

and satisfies the conservation of mass equation
pe+v:-Vp=0, V-v=0, [2]

where v = (v (x,t),v,(x,t)) is the velocity field. With a free bound-
ary parameterized by

V(1) = {z(at) = (1 (ad) 22 (ad)): @ € P},

we consider open curves vanishing at infinity

lim (z(at) — (@.0)) = 0,

or periodic in the space variable
z(a + 2kn t) = z(a,t) + 2kz(1,0).
The scalar vorticity, V* - v, has the form
V4 -v(xt) = w(at)dx —z(ant)), [3]
i.e., the vorticity is a Dirac measure on z defined by
<Vi-vp>= Aw(a,t)n(z(a,t))da,
with 7(x) a test function. The system is closed by using one of the

following fundamental fluid motion equations:
Darcy’s law

gv = —Vp—gp(0.1). [4]

or
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Euler equations
p(vi+v-Vv)=-Vp—gp(0,1). [5]

Here p = p(x.t) is pressure, g gravity, p viscosity, and x permeabil-
ity of the isotropic medium.

The Muskat problem (1) is given by Egs. 1, 2, and 4, which
considers the dynamics of two incompressible fluids of different
densities throughout porous media and Hele-Shaw cells (2, 3). In
this last setting, the fluid is trapped between two fixed parallel
plates that are close enough together so that the fluid essentially
only moves in two directions (4).

Taking p' = 0, Egs. 1-3 and 5 are known as the water waves
problem (see ref. 5 and references therein), modeling the
dynamics of the contour between an inviscid fluid with density
p? and vacuum (or air) under the influence of gravity.

Condition 3 (deduced by [4], assumed for [5]) allows us to
write the evolution equation in terms of the free boundary as fol-
lows. One could recover the velocity field from [3] by means of
Biot-Savart law

ves) = VEAT (VL - v) () = % A %w(a;)da,

applying the Dirac measure with amplitude w. Taking limits on
the above equation approaching the boundary in the normal
direction inside €, the velocity is shown to be discontinuous
in the tangential direction, but continuous in the normal, and
given by the Birkhoff-Rott integral of the amplitude w along the
interface curve:

1 at)— )L
BR(z.0)(a!) = 5PV A %w(ﬁndﬁ,

where PV denotes principal value. This fact yields the curve
velocity from which one can subtract any term c in the tangential
without modifying the geometry of the interface

z;(at) = BR(z,w)(a.t) + c(a.t)0,z(a.t). [6]

Understanding the problem as weak solutions of [1, 2, and 4] or
[1-3 and 5], the continuity of the pressure on the free boundary
follows. Therefore, taking limits in Darcy’s law from both sides
and subtracting the results in the tangential direction, it is easy
to close the system for Muskat (in this paper we consider two
fluids with the same viscosity):

o@t) = ~(p? = ") ). 7]
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In a similar way for water waves, Euler equations yield

__ . o (el
w(at) = =20BR(z,w)(at) - 0,z(at) — 9, 20T (a.t)

+ 0, (cw)(at) + 2¢c(a,t)d,BR(z,w)(a,t) - d,z(a t)
—2g0,2,(at). [8]

Then, the two contour equations are set by [6 and 7] and [6 and 8].

For these models, the well-posedness turns out to be false for
some settings. Rayleigh (6) and Saffman and Taylor (2) gave a
condition that must be satisfied for the linearized model in order
to exist a solution locally in time: The normal component of the
pressure gradient jump at the interface has to have a distinguished
sign. This quantity is known as the Rayleigh-Taylor condition. It
reads as

o(at) = —(Vp2(z(at).t) — Vp' (z(at).t)) - 0xz(at) > 0,

where Vp/(z(a.f)t) denotes the limit gradient of the pressure
obtained approaching the boundary in the normal direction inside
().

An easy linearization around a flat contour (a.f(a.t)), allows us
to find

1
fi= EH (w)

where H is the Hilbert transform which symbol on the Fourier
side is given by H = —i sign (£). The equations

o =—(p*—p") Kigdaf , (linear Muskat)
U

w; = 2g0,f, (linear water waves)

show the parabolicity of the Muskat problem when the denser
fluid is below (p? > p!) and the dispersive character of water
waves.

1. There is a wide literature on the Muskat problem and the
dynamics of two fluids in a Hele-Shaw cell. There are works
considering the case of a viscosity jump neglecting the effect
of gravity (7, 8). Local existence in a more general situation
(with discontinuous viscosity and density) is shown in ref. 9
and also treated in ref. 10. A different approach to prove local
existence can be found in ref. 11 for the setting we are con-
sidering in this paper. The Rayleigh-Taylor stability depends
upon the sign of (p?> —p')d,z;(at) (11) indicating that the
heavier fluid has to be below in the stable case. If the lighter
fluid is below, the problem has been shown to be ill-posed
(11). Global-existence results for small initial data can be
found in refs. 7 and 11-14. For large initial curves and para-
meterized by (a.f(a,t)), there are maximum principles for the
L*> and L? norms of f, and decay rates, together with global
existence for Lipschitz curves if ||0,f][;.~(0) < 1 (15, 16, 17).

2. The water waves problem has been extensively considered (see
refs. 5 and 18 and references therein). For sufficiently smooth
free boundary, the Rayleigh-Taylor condition remains positive
with no bottom considerations (19), a fact that was used to
prove local existence (19). The Rayleigh-Taylor stability can
play a different role for the case of non-“almost”-flat bottom
(20). Recently, for small initial data, exponential time of
existence has been proven in two dimensions (21) and global
existence in the three-dimensional case (two-dimensional in-
terface) (22, 23).

2. Rayleigh-Taylor Breakdown for Muskat
This section is devoted to show the main ingredients to prove the
Theorem 2.1. We consider the function

Castro et al.

F@z)(ap) = L apf eER,
l2() —z(a = B)I*
and in the periodic setting
F)(ap) = A1°
"7 2(cosh(zy(a) —z2(a = ) — cos(zi (@) —zi(a = p)))”
apfeT, 91

where x| = dist(x,2zZ). If F(z) € L*(R?), then the curve z sa-
tisfies the arc-chord condition. We say that the Rayleigh—Taylor
(R-T) of the solution of the Muskat problem breaks down in finite
time if for initial data z,, satisfying 6(a,0) = (p* — p')d,z, (2,0) > 0
there exists a time #* > 0 for which o(a,t*) is strictly negative in a
nonempty open interval.

Theorem 2.1. There exists a nonempty open set of initial data in H*,
satisfying Rayleigh—Taylor and arc-chord conditions, for which the
Rayleigh—Taylor condition of the solution of the Muskat problem
[1, 2, and 4] breaks down in finite time.

After choosing the appropriate tangential term and a integra-
tion by parts, the contour equation reads

2ty =2 — 'pv A Crlad) =20BD) (5 - ar) — a,2(8.0))dp.

l2(at) = z(B1)?

For a 27 periodic interface, removing the principal value at
infinity, the equation becomes

2w =220
sin(z, (@) — 2, (a - ) (0,2(a) — d,2(a — )
X / cosh(z (@) —z,(a— ) — cos(z: (@) —z1 (@~ F)) 7
[10]

From now on, we shall use the periodic configuration.
The steps of the proof are as follows:

1. First, for any initial curve z,(a) = z(,0) in H* that satisfy R-T
(P* = p")0421(,0) > 0
and the arc-chord condition then the solution to the Muskat
problem z(a,f) becomes analytic for 0 < ¢ < T. Moreover,
z(at) is real analytic in a strip
S(t) ={a+il: ] < ct}

for t € (0,T) where ¢ depends only on

. : aazl(a?o)
f(0) = inf ————=.
nf(0) = i 1 (a0

The proof follows by controlling the quantities extended on
S():

Fz)(a+i.p1)

and g(a + i t) by using [9] and formula
glaet) = [ fsintei (@) - 2 (@ = o)) /lcoshza(e)
—zy(a = pi)) — cos(zy(at) —zi(a - B.1))]dp,

respectively. The norms
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IF@lL=(s)(6) = sup  [F(z)(a+ilp)l,
a-+ileS(t). peT

z112,,0 () = /zrxiict,t 2da,
12122 5, (0) ; |k )

Z112, 0 (&) = llz1125, ) (£) + / dhz(a +ictt)|*da,
205 5) (1) = N2l 5, () g‘, | 10z )

forjeN,

aotZI ({l + l.é/,t) )

lnf(t) = inf ﬁ(m

a-+ileS(t)
Then the quantity
I (6) = 120Z005) () + IF@)eo(s) ()

+1/(inf(£) — ¢ = K[[S(@) 25 (8))
satisfies

d k

7 lzllrr (@) < Clizlikr (2),
for C, K, and k universal constants. It yields

llzllrT(0)
(1= Cllzlllr (0)r) /%

llzllrr(t) <

providing control of the analyticity and T = 1/(C||z|l%(0)).

. Second, there is a lower bound on the strip of analyticity,

which does not collapse to the real axis as long as the
Rayleigh-Taylor is greater than or equal to 0. Then there is
a time T and a solution of the Muskat problem z(a.t) defined
for 0 < ¢ < T that continues analytically into a complex strip
if (p?> — p')d,z; > 0, where T is either a small constant or it is
the first time a vertical tangent appears, whichever occurs first.
We redefine the strip
S(1) = fa +ig:|¢l < (). 0 <h(0)}.

and the quantity ||z|2 = ||z||12,{4<s) + IF (2)ll=(s) with this new
S(t). For an h(t) decreasing [the expression of /() is chosen
later], we consider the evolution of the most singular quantity

; / \0z(a £ ih(t), 1)]da.
Taking a derivative in ¢, one finds
%2 [ 10tzta = inw)pda <"
) [ Mot i) - (et i) da
— 100 () [ Al0i)(a) - Ez(a)da
2y / 3z ih(D)) - (e + ih(1))da.
-
Estimating in a wise way, one obtains
ZE [ 10ttt in(0)pda < It o)
— 100 () [ Aloi)(a) - Rela)dar+ (CINEOR)

45 (0) / A@2) (@ L ih(t)) - Pz(a + ih(t))da.
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Therefore, choosing

h(t) = h(0) exp(~10C /O el ()

eliminates the most dangerous term. The other terms are ea-
sily controlled, giving finally

5 X [ otztaino)pda < CIEIE 0.
+

which allows us to reach a regime for which the boundary z
develops a vertical tangent at time 7.

. Third, it is shown the existence of a large class of analytic

curves for which there exist a point where the tangent vector
is vertical and the velocity indicates that the curve is going to
turn up and reach the unstable regime.
For the equation
z(at) = u(at) = (ui(at)us(at)),
that is,
a.0,zi(a) >0 if a#0,

€.0,2,(0) > 0,

b.0,2,(0) = 0,
d.0.u,(0) <0,

for analytic functions z,(a) and z,(a) such that z(«a) satisfies
the arc-chord condition. Here we consider the periodic case
(being analogous for an open curve vanishing at infinity).

We assume that z(a) is a smooth odd curve satisfying the
properties a, b, and c. Differentiating the expression 10 for
the horizontal component of the velocity, at @ = 0, it yields

(0,111)(0) = / “leos(zy () 0,21 ()
1 sin(z, (8))0k2, (8))/[eosh(z3(8)) — cos(z, (8))dp
- / " sin(z, (8)) 3,21 (B)[sin(z, (8))dez: (B)

v

— sinh(z3(8)) (9,2 (0) - 0uz2(8))]/[(cosh(z: (8)
— cos(z () PIdp.

Integration by parts provides

[ "[sin(z, (8))332, (8))/[cosh(z,(B)) — cos(z, (5))]dp

U

- / " cos(z (8))[(0.21(8))?)/[eosh(z:(8)) — cos(z, (8)))dp

Y

+ / " sin(z, ()02, (8) sin 2, (8)) 2,21 (B)

Y4

+ sinh(z(8))3,2:(6)/(cosh( (8)) — cos(z (4)))dp.
Therefore, it is easy to obtain that
(0u1)(0) = 0,22(0) [ sin(zy () sinh(z2 )]/ (coshz»(4)
— cos(z1 (4)10,z1 (BB
=20,2,(0) [ [sinz (4) sinhz2(8)) /[ (cosh(z» )

— c0s(21(8)))*]0az1 (B)dp
[11]

Expression 11 allows us to determine the sign of (d,u;)(0).
One could take

zy(B) = —sin(f) + p

Castro et al.
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and construct the function z,(f) in the following way: Let 3,
P, B3, and p, be real increasing numbers less than z. We pick
z,(f) £ 0for p, < p < z,(f) <c<0forp, <p<p,,and
z;(p) a smooth function with the following properties
a.z5(p)isodd, b.(94z3)(0) > 0,
c.z;(p) > 0if f€(0.61),  d.z;(p) <Oif p € (B.5].

Also, z5(p) is 2z-periodic. For z,(8) = bz;(f), 0 < p < fp,, and
b > 0, the velocity satisfies

(aaul)(()) < 2(00‘22)(0)
X ( A . [sin(z, (#)) sinh(z())]/[(cosh(za ()
— c08(z1(P)))*)0az:1 (B)dp

+ ﬂ”[Sin(Zl(ﬂ))Sinh(zz(ﬁ))]/[(COSh(Zz(ﬁ))

—cos(zlw)))ﬂaazl(ﬂ)dﬂ)

= 2(0422)(0) ( / " sin(z (8)) sinh(bz3(6))/[(cosh(bz5 ()

0
—COS(Zl(ﬂ)))Q}daZI(ﬂ)dﬂ+A),

where A < 0. The constant b large enough yields (d,u,)
(0) <o0.

Rectifying the curve on the interval [3,,5;], it is easy to obtain
a smooth curve. Finally, convolving with the heat kernel the
vertical component, the curve z(a) is approximated by an
analytic one.

. Fourth, with the initial data found in 3 and no assumption

on the R-T condition, we use a modification of Cauchy-
Kowalewski theorems (24, 25) to show that there exists an ana-
Iytic solution for the Muskat problem in some interval [-7,7]
for a small enough T > 0. Here we are forced to change sub-
stantially the method in ref. 26 because, in this case, the curve
cannot be parameterized as a graph, so we have to deal with
the arc-chord condition. Then, with {X, },.,, a scale of Banach
spaces given by real functions that can be extended analytically
on the complex strip S, = {a +i{ € C: |{| < r} with norm

i, = If (a £ir)Pda+ [ |03 (a £ ir)[*da,
2/ /

and z°(a) a curve satisfying the arc-chord condition and
2a) €X, +, for some ry > 0, we prove the existence of a time
T > 0and 0 <r < r, so that there is a unique solution to the
Muskat problem in C([-7,T];X,). This result allows us to
find solutions that do not satisfy the R-T but shrink the strip
of analyticity. We extend Eq. 10 as follows:

zi(a+iCt) = Gz(a+ilt)),
with
2 p)

G()(at) = %

/ sin(zy (at) —zi (@ = B.1))(9.2(at) = 9uz(a = Bit))
1 cosh(zy(at) =z (a = pit)) — cos(zy (at) —zi(a = B.1))

dp.

For 0 < <r and the open set O in S, given by

O={zeX, |z, <R. |IF@)ll.=s) <R}, 2]

Castro et al.

the function G for G: O — X, is a continuous mapping and
there is a constant Cy (depending on R only) such that

C
IGE)I <= lell [13]

1G() = GE)ly < -SF 122 — 21, [14]

“r—r

and

sup  |G(z)(a+il) - Gz)(a+il - p)| < Crlpl.  [15]

a+ileS, peT

forz,Z € O. Forinitial dataz® € X », satisfying arc-chord, we can
find a0 < r{, < ry and a constant R, such that ||zo||,6 < Ry and

[cosh(2Y(a +il) — 25(a +i¢ — B))

—cos(@(a+ig) — Da + it~ P/UBID) > —

—, [16
R [16]
fora+if e S’b' We take 0 < r < rj and Ry < R to define the
open set O as in [12]. Therefore we can use the classical method
of successive approximations:

t
2 () =2° +/ G(Z"(s))ds,
0
for G: O - X, and 0 < ¥ < r. We assume by induction that

l41,(#) <R. and  |IF(Z)l=(s,) () <R

fork<nmand 0 <t < T with T = min(T4,Tcx) and Tk the
time obtaining in the proofs in refs 24 and 25. We get
llz" 11, (£) < R that follows using [13 and 14]. The time T is
to yield [|[F@E")| r=(s,)(t) < R. Then, using the induction
hypothesis and [15], we can control the quantity taking0 < 74 <
(Ry* = R™2)(C% + 2Ry Cg)7L.

5. Fifth, all the results above allow us to prove that there is a
nonempty set of initial data in H* satisfying the arc-chord
and R-T conditions, such that the solution of the Muskat pro-
blem reaches the unstable regime: The R-T becomes strictly
negative on a nonempty interval. We pick initial data as in
3. We apply the local-existence result in 4 to get an analytic
solution z(a,t) on [-7,T]. Then we consider a time 0 < 6 < T
and a curve w$(a,t), solving the Muskat problem with initial
datum z(a, — ) +n5(e). The function 5 has a small H*
norm, i.e.,

los(-. = 8) —z( . = &)+ = llnsllze < e

The time & is small enough so that w(a, — &) satisfies R-T:
(0? — p")0,(@%), (a, — 8) > 0. Then we apply the local-existence
result in 1 that w(a.f) becomes analytic for some time —6 < ¢.
With 2, we assure the existence and analyticity of the solution
even if d,(w§), (a.t) < 0 for some time . Then, we show that
both solutions are close in the H* topology as time evolves.
We can apply to w§ the local-existence result in 4 if it is needed.
Then, with § and e small enough, we find the desired result.

3. Turning Water Waves

In this section, we prove for the water wave problem (p' = 0 and
[1-3 and 5]) that with initial data given by a graph (a.fy(a)),
the interface reaches a regime in finite time where it only
can be parameterized as z(a,t) = (z;(a.t).z5(a.t)), for a € R, with
0,21 (at) <0 for a €1, a nonempty interval. Therefore there
exists a time ¢* where the solution of the free boundary problem
reparameterized by (a.f(a.t)) satisfies ||f ||z« () = oo.

Theorem 3.1. There exists a nonempty open set of initial data
(afo(a)), with fo € H>, such that in finite time t* the solution of
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the water waves problem (p' =0 and [1-3 and 5]) given by
(af(at)) satisfies ||f || = (t*) = oo. The solution can be continued
fort > t* as z(at) with d,z, (a,t) < 0 for a € I, a nonempty interval.

In order to prove this theorem, we consider a curve z*(a) € H>
with the same properties as in point 3 of the previous section.
Then, we pick z(a.t*) = z*(a) and w(a.t*) = —0,z5(a) as a datum
for the initial value problem. It is easy to find the same properties
for the velocity, because the tangential direction does not affect
the evolution. Picking the appropriate c(a,t) and applying the
local-existence result in ref. 18 (note that in this case it is not
necessary analyticity, just H> regularity), there exists a solution
of the water waves problem with z(a,t) € C([t* — 6. + 8]; H?),
o(at) € C([t* — 6, + 8);H*), and § >0 small enough. Then,
the initial datum (zo(@),wy(a)) = (afy(a),wo(a)) is given by
(z(at* = 8),w(at* = 35)).

4. Muskat Breakdown
In this section, we show that there exists a smooth initial data in
the stable regime for the Muskat problem such that the solution
turns to the unstable regime and later it breaks down. The outline
of the proof is to construct a curve in the unstable regime which is
analytic except in a single point. We show that, as we evolve back-
ward in time, the curve becomes analytic and is as close as we
desired (in the H* topology with k large enough) to the curve
from part 3 of Section 2.

Here we will work in the periodic setting and will consider the
equation

_ sin(z, (£.1) =z (wt))
9280 = [Vew CoSh(2(2.0) = 22(w4)) — cos(z1 (1) — 21 ()
X (02(C.) — 0.z (w.t))dw. [17]

where ¢ € Q(t),
Q(r) = {¢ € C/2kx: |FE| < h(Rz1)},

h(x,t) is a positive periodic function with period 2z and smooth
for fixed time ¢, and

I () = {¢ € C/2kn: ¢ =x +ih(xt)}.

This equation is equivalent to [1, 2, and 4] for holomorphic
functions.

In order to prove the result, we will need the following theo-
rem:

Theorem 4.1. Let h(x.t) be a positive, smooth, and periodic function
with period 2z for fixed time t € [ty — 8.ty Let z(x.ty) be a curve
satisfying the following properties:

* z,(x,ty) —x and z,(x,ty) are periodic with period 2z;

* z(¢ty) is real for ¢ real,

* z({.ty) is analytic in { € Q(t));

* z(¢t) € HX(T'.(ty)) with k a large enough integer.

* Complex arc-chord condition:

| cosh(z,(¢.tg) —z2(Wito)) — cos(zy (ko) —z1(Wito))|
> [[|RE=w)[| + S -w)l*

for ¢, w € Q(t,), where ||x|| = distance (x,2kr).
* Generalized Rayleigh-Taylor condition: RT(,fy) > 0, where

4758 | www.pnas.org/cgi/doi/10.1073/pnas.1101518108

—270:z (¢ 1)
(0:21($0)* + (9:22(¢ 1))

+3 ({PV - [sin(z; (¢.1)
—zi(w.))]/[eosh(z:({ 1) — 22 (w.1))

—cos(z (£ k) —z (w,t))]dw + id,h(c,t)}

RT() = m( S (1 +i6xh(?‘i§,t))‘1)

x (1 + iaxh(ﬂ‘{g“,t))‘l).

Then, for small enough &, there exists a solution for Eq. 17 in the
time interval t € [ty — 8.ty), satisfying

z1(x,t) —x and z,(x,f) are periodic with period 27;

z(¢ ) is real for ¢ real;

z(¢,t) is analytic in ¢ € Q(¢);

z(¢ ) € HY(T',(¢)) with k a large enough integer.

Now, let z(x,t) be the solution of the Muskat problem with
z(x,0) = 2°(x), where z°(x) is the particular initial data from part 3
of the Section 2. We shall define this solution as the unperturbed
solution. Let us denote the Rayleigh—Taylor function

_2”6)@1 (x’t)
(021 (x))? + (22 (60))*

(xt) =

Notice the minus sign in the right-hand side of the previous
expression. One can check the following properties of this
Rayleigh-Taylor function:

1. 69(- t) is analytic on {x +iy: x € T.|y| < ¢} with |69(x + iy.1)
< C, for all x + iy as above and for all r < [0,7];

2. 69(0,0) is real forx € T, ¢ € [0,7];

3. o) has a priori bounded CX% norm as a function of
(x,t) € Tx[0,7] (ko large enough);

. 6%(0,0) = 0;

. 0,69(0,0) = 0;

. 0269(0,0) = —¢, < 0;

. 0,69(0.0) =¢; > 0.

~N O L

In this setting, we define the following weight functions

hxt) =A™ (2 = 2) + (A7 = (z — 1)) sin? G) for ¢ € [2.1].
[18]

A(xt) = %(A-ITZ + A sin G)) + A2t + Atsin (;)
te 0., [19]

with x € T. First we choose the parameters A large enough and
then 7 small enough, then one can show that

oV t) + ah(xt) —Ath(xt) > ci* forxeTte |21 [20]
and
| 1
(x.t) + 0,h(x,t) — Ah(x,) > EA‘% forxe Tt e (077, [21]

The inequalities 20 and 21 are one of the main ingredients of the
proof of the following results.

Theorem 4.2. Let z(x,t) be a solution of the Muskat equation in the
interval t € [0,7]. Let h(x,t) and h(x.t) as in the expressions 18 and
19, and k a large enough integer. Assume that z(x,t) satisfies

Castro et al.



Bane

/

\

=y

* z,(x,t) —x and z,(x,t) are periodic with period 2z;

1A
e z(¢,t) is real for ¢ real;

e z(¢t) is analytic in ¢ € Q(¢);

* z(¢ ) € HY(T () with k a large enough integer.
* Complex arc-chord condition:

|cosh(z; (1) —zo(w.t)) — cos(z ({1) — 21 (W)
2 [IRE=-w)ll + S -w)[,
for ¢, w € Q(¢).

Here, in the definition of Q(t) and T (t), we use h(x.t) if t € [*,1]
and h(xt) if t € [0,%). Then

1 d 2 2
EE (Aelﬁ(t) |a§z<§,t) - dgg(g’t)‘ dmz:) = _C(AM ’

ift €721

[ 1otaten - datcopane < 2
wel', (1)

and A < 0.

In addition,

%(% (Aemt) |0z(¢1) — 0’5_(4,t)|2d91§) > _CUA)I2.
ifte 0.7
Agm@“ﬁ—@mmwMSﬂ
and A < 7°. +

This theorem implies that for all y > 0 there is £ > 0 such that
[ 1k - dtcopan <
wel (1)

for t € [0.7] if
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[ wtsca) - dzcopanc <e
wel, (t)
and z(x,r) satisfies the requirements of the theorem.

Lemma 4.3. Let z(x,t) be a solution of the Muskat problem satisfying
the requirements of Theorem 4.2 and close enough to the unper-
turbed solution in t € [0,z]. Let h(xt) and h(xt) be as in [18]
and [19] with a suitable choice of A and t. Then z(x.t) satisfies
the generalized Rayleigh-Taylor condition in t € [0,z]. In particular,
the unperturbed solution satisfies the generalized Rayleigh—Taylor
condition in t € [0,7]

Theorems 4.1 and 4.2 and Lemma 4.3 allow us to achieve the
desired result. Indeed we can choose a curve z(x,r) such that

/c (e -zl o) ang <

with 0 < &€ < g (g small enough), satisfying the generalized
Rayleigh—Taylor condition by Lemma 4.3 and satisfying the rest
of the hypothesis of Theorem 4.1. Because 4(0,7) = 0, z(x.f) is
allowed to be nonanalytic at x = 0 [maybe z(x,z) € H*(T) but
z(x,7)@H*1(T)]. By Theorem 4.1, there is a solution z(x.t), ana-
Iytic in Q(¢), for some interval ¢ € [z — §,7] with small enough &
and for all . By Theorem 4.2, we can choose ¢ small enough
in such a way that, by Lemma 4.3, z(x,7 — §) satisfies the general-
ized Rayleigh-Taylor condition. Then we can go further the time
7 — §. Iterating this argument, we find we can extend z(x.f) to be a
solution of the Muskat problem, analytic in Q(¢) for all z € [0,7]
and as close as we want to the unperturbed solution.
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