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Abstract

The Muskat problem involves filtration of two incompressible fluids throughout a
porous medium. In this paper we shall discuss in 3-D the relevance of the Rayleigh-
Taylor condition, and the topology of the initial interface, in order to prove its local
existence in Sobolev spaces.

1 Introduction

The Muskat problem (see ref. [13] and [2]) involves filtration of two incompressible fluids
throughout a porous medium characterized by a positive constant x quantifying its porosity
and permeability. The two fluids, having respectively velocity fields v/, j = 1,2, occupy
disjoint regions D’ (D? = R3 — D!) with a common boundary (interface) given by the surface
S = 0DJ. Naturally those domains change with time, D/ = DJ(t), as it does its interface
S = S(t). We shall denote by p/ (j = 1,2) the corresponding pressure and we will assume
also that the dynamical viscosities u/ and the densities p/ are constants such that p' # u2,
pt# p?

The conservation of mass law in this setting is given by the equation V -v = 0 (in the
distribution sense) where v = vy p1 + v2xp2.

The momentum equation was obtained experimentally by Darcy [I0, 2] and reads as
follows

J o . .
%’U] = _v]}j - (0707 pjg)a j: 1727

where g is the acceleration due to gravity.

One can find in the literature several attempts to derive Darcy law from Navier-Stokes (see
[18] and [I5]) throughout the process of homogenization under the hypothesis of a periodic,
or almost periodic, porosity. In any case the presence of the porous medium justify the
elimination of the inertial terms in the motion, leaving friction (viscosity) and gravity as the
only relevant forces, to which one has to add pressure as it appears in the formulation of
Darcy’s law. There are three scales involved in the analysis, namely: the macroscopic or bulk
mass, the microscopic size of the fluid particle and the mesoscopic scale corresponding to the
pores. In the references above one find descriptions of the velocity v as an average over the
mesoscopic cells of the fluid particle velocities. Taking into account that each cell contains
a solid part where the particle velocity vanishes, it is then natural to get the viscous forces
associated to that average velocity, which is a scaled approximation of the laplacian term
appearing in the Navier-Stokes equation.

In this paper we shall consider the case of an homogeneous and isotropic porous material.
Porosity is the fraction of the volume occupied by pore or void space. But it is important to
distinguish between two kind of pore, one that form a continuous interconnected phase within
the medium and the other consisting on isolated pores, because non interconnected pores can
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not contribute to fluid transport. Permeability is the term used to describe the conductivity
of the porous media with respect to a newtonian fluid and it will depend upon the properties
of the medium and the fluid. Darcy’s law indicates such dependence allowing us to define
the notion of specific permeability x and its appropriated units. In the case of anisotropic
material £ will be a symmetric and positive definite tensor, and then the methods of our proof
can be modified to get local existence, but for a non homogeneous medium the properties of
the tensor k() will have to be conveniently specified in order to have an interesting theory.

The Muskat and related problems [14] have been recently studied [3] [16] 8, [0l 5]. The
first natural question asks for the evolution (existence) of such system, at least for a short
time ¢ > 0, and the persistence of smoothness of the interface S(t) if we begin with a smooth
enough surface at time ¢ = 0. One can deduce easily from this formulation that in the
occurrence of such smooth evolution both pressures, modulo a constant, must coincide at the
interface:

Plse) = PPlsq-

Therefore we look at the case without surface tension (see article [I1] where the regularizing
effect of surface tension is considered). The normal component of the velocity fields must
also agree at the free boundary:

(' —v?) 17 =0 at  S(t)

where 17 is the inner unit normal to S at the domain D7 (v? = —v!'). Furthermore the
vorticity will be concentrated at the interface, having form

curl (v) = w(2)dS(2)

where w is tangent at S at the point z and dS(z) is surface measure.

The main purpose of this paper is to extend to the 3-dimensional case the results obtained
in [5] for the case of 2 dimensions, namely proving local-existence in the scale of Sobolev spaces
of the initial value problem if the Rayleigh-Taylor condition (R-T) is initially satisfied (see
[14]) where this issue is studied from a physical point of view). In our case that condition
amounts to the positivity of the function

o= (Vp*—Vp') (v ="

at the interface S. Let us indicate that the R-T property also appears in other fluid interface
problems such as water waves [6].

Together with that hypothesis, one also assume that the initial surface .S is connected and
simply connected. In the presence of a global parametrization X : R? — S, the preservation
of that character will be controlled by the gauge

o — B
[ X () — X(B)|

a —
, |F(X)||pe = sup —’ A < 0.
o

F(X) (o B) = S 1X(0) — X(8)]

Section 2 of this paper contains the deduction of the evolution equations for the interface
S. In section 3 we prove the existence of global isothermal parametrization as a consequence of
the Koebe-Poincare uniformization theorem of Riemann surfaces in the geometric scenarios
considered in our work, namely: either double periodicity in the horizontal variables or
asymptotic flatness. Let us add that given the non-local character of the operator involved,
to obtain a global isothermal parametrization is an important step in the proof, whose main
components are sketched in section 4.



In closing our system (section 2) we need to control the norm of the inverse operator
(I+AD)~! where D is the double-layer potential and |A| < 1. It is well known from Fredholm “s
theory that those operators are bounded on L?(S). However since the surface S = S(t) is
moving, a precise control of its norm is needed in order to proceed with our proof. That is
the purpose of section 5 where the estimates for the double-layer potential are revisited.

In sections 6 and 7 we develop the energy estimates needed to conclude local-existence.
Let us mention that at a crucial point (more precisely just at that step where the positivity
of o(a,t) (R-T) plays its role), we use the pointwise estimate 0(z)Af(z) > 1A0%(z) of [,
with A = /—A.

In the strategy of our proof it is crucial to analyze the evolution of both quantities ¢ and
F' (section 8) at the same time than the interface X and vorticity w. There are several pub-
lications (see [I] for example) where different authors have treated these problems assuming
that the Rayleigh-Taylor condition is preserved during the evolution. Under such hypothesis
the proof can be considerably simplified, specially if one also assume the appropriated bounds
for the resolvent of the double layer potential respect to a moving domain, or the existence
of global isothermal coordinates, etc... It is our purpose of going carefully over such items
what is responsible for the more delicate and intricate parts of this paper.

2 The contour equation

We consider the following evolution problem for the active scalars p = p(x,t) and p = p(z,t),
z €R3 and t > 0:

pr+v-Vp=0,

M+ v VM = 07

with a velocity v = (v1,v2,v3) satisfying the momentum equation

pv = —Vp— (0,0, p), (2.1)

and the incompressibility condition V - v = 0, where, without loss of generality, we have
prescribed the values kK = g = 1.
The vector (u, p) is defined by

Ly g 1
(Myp)(ajl,ajg,ﬂfg,t) = { EZ2:Z2;: T E 328; = R3 \Dl(t)a

where p! # p?, and p! # p?. Darcy’s law (2.0)) implies that the fluid is irrotational in the
interior of each domain D7 and because of the jump of densities and viscosities on the free
boundary, we may assume a velocity field such that

curlv = w(a, t)d(z — X (o, t)),

where D7 (t) = {X(a,t) € R3: a = (a1, a2) € R?}, ie.

< curlv, p >= / w(a,t) - p(X(a,t))da, (2.2)
R2
for any ¢ : R® — R3 vector field in C°(R3).
The incompressibility hypothesis ( < V-v,¢o >= — < v,V >= 0 for any ¢ € C(R?))
yields
UI(X(av t)v t) : N(Oé, t) = Uz(X(av t)v t) : N(Oé, t)a



with N (o, t) = 9a, X (0, t) A 0ay X (a, 1), and equation (Z2) gives us the identity
wla,t) = (V}(X(a,t),t) — v (X(a,t),t)) A N(a,t).
Defining the potential ¢ by v(z,t) = Vé(z,t) for z € R\ 0D’ (t), we get
o, t) = ¢*(X (o, 1),1) — &' (X (1), 1),

Doy Ui, t) = (V3(X (1), 1) — v(
Do e, 1) = (V¥(X (1), 1) — v(
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Then, one has the equality
w(a7 t) = (,02 (X(Oé, t)? t) - UI(X(a7 t)? t)) A (801X(a7 t) A aOézX(a7 t))

and therefore
(0, t) = Oy 201, )y X(0,8) — Doy 01, )0y X (a1, 1), (2.3)

implying that V - curlv = 0 in a weak sense.
Using the law of Biot-Savart we have for x not lying in the free surface (x # X (a,t)) the
following expression for the velocity:

1 x— X(B,t)
0= =5 [ e N
It follows that
Xi(a) = BR(X,w)(a, t) + C1(a) 0, X () + C2() 0y X (), (2.4)
where BR is the well-known Birkhoff-Rott integral
1 X(a) — X(B)
BR(X,w)(a,t :——PV/ ANw(B)dpS. 2.5
Next we will close the system using Darcy’s law:
Since
Vo =uv(z,t) — Qa,t)N(a,t)o(z — X (a,t))
we have

< Adp>= - < V4,V >= / Q, )N (0 1) - Vp(X (v, 1)) dor,
RZ

taking ¢(y) = —1/(4w|x — y|) one obtain ¢ in terms of the double layer potential:

b(x) = —ﬁ /R 2 %  N(0)Q(a)da.
Darcy’s law yields
Ap($v t) = —div (,u(x, t)v(x, t)) - amgp(l‘, t)7

that is
Ap(z,t) = P(a,t)o(x — X (a,t)),

where P(a,t) is given by

P(avt) = (:u2 - Nl)U(X(a7t)7t) ’ N(avt) + (P2 - pl)Ng(a,t),



implying the continuity of the pressure on the free boundary.
Next if  # X (a,t), i.e. x is not placed at the interface, we can write Darcy’s law in the
form

pd(w,t) = —p(z,t) — pr3
and taking limits in both domains D’ we get at S the equality
(/L2¢2(X(O‘7 t)v t) - /LIQSI(X(O[? t)v t)) = _(102 - pl)X3(a7 t)'
Then the formula for the double layer potential gives

X(e) = X(B)

2 1
K 0o, t) — (2 - /ﬂ)ﬁPv /R N(B)QUB)AS = — (b — p')Xs(at)

2 2 [X(a) - X(B)P
that is
Qa,t) — A,D(Q)(on t) = —24,X5(a 1), (2.6)
where
D) = 5PV [ = NGRS, 27)
2 1 2 1
p= H and Ay = ﬁ

And the evolution equation are then given by ([23))-(271), where the functions C; and Cy will
be chosen in the next section.
Furthermore, taking limits we get from Darcy’s law the following two formulas:

O, Qa,t) + 2A, BR(X,w) (o, t) - Oy, X (e, t) = —2A4,04, X3(, 1), (2.8)

O Qa,t) +2A, BR(X,w) (0, t) - Onn X (0, t) = —2A4,00,X3(cx, 1). (2.9)

3 Isothermal parameterization: choosing the tangential terms

Although the normal component of the velocity vector field is the relevant one in the evolution
of the interface, it is however very important to choose an adequate parameterization in
order to uncover and handle properly the cancelations contained in the equations of motion.
Fortunately for our task we can rely upon the ideas of H. Lewy [12], and many other authors,
who discovered the convenience of using isothermal coordinates in different P.D.E. namely for
understanding how a minimal surface leaves an obstacle, but also in several fluid mechanical
problems.
Let us recall that an isothermal parameterization must satisfy:

|Xal (Oé,t)|2 = |Xa2(()é,t)|2, Xal (Oé,t) ’ XOQ (Oé,t) =0,

for t > 0.
Next we define

Ci(a) = = / o = b1 BRg, - X, = BRgy - Xp, g

= o Jis o AP Xl o)
_i/ a2_B2BRﬁ1'X52+BRﬁ2'Xﬁ1dB .
2m Jgz |o — BJ? | X, 2 ’



and

— — B - X, — B - X
Ch(a) = —2 / az — fp BRg, - Xp, — BRy, - Xp, g
_i/ ar — B BRﬁl'X52+BRﬁ2'Xﬁ1d5 .
21 Jgz o — BI? | X, |2

That is Xy = BR+ C1 X,, + C2X,, and
Xalt - BRO!l + ClXaloq + C2X0c10c2 + Clqual + C2a1 Xocza

Xazt - BRQQ + C].XalOCQ + C2X062062 + Clochal + CQ(XQX(XQ'
Denoting f = (| Xa,|? — | Xay[?)/2 and g = X4, - X4, we have

ft == (BRal 'Xal _BROQ 'Xa2)+01fa1 +O2fa2+(02a1 _Cla2)g+201a1 f—l_(clal _C2a2)|Xa2 |2

The expressions for C1 and Cs yield the vanishing of the sum of the first and the last
terms in the identity above. Therefore we get

ft = leoa + C2fa2 + (C2a1 - Claz)g + 201a1f' (3’3)

Similarly we have
9t = (BRuy Xy +BRay Xay) +C1001 +C290s +(Clay +Coas)9—2C20, f+(Cras +Coa1 )| Xas |2,

and
gt = Clgoa + C2ga2 + (Clal + CQOlz )g - 2C2a1 f (34)

The linear character of equations [B.3)) and (3.4 allows us to conclude that if there is a
solution of the system X; = BR+ C1X,, + C2X,, and we start with isothermal coordinates
at time ¢ = 0, then they will continue to be isothermal so long as the evolution equations
provide us with a smooth enough interface.

The fact that one can always prescribe such coordinates at time ¢ = 0 follows from the
following argument: In the double periodic setting we have a C? simply connected surface,
homeomorphic to the euclidean plane R?, which, by the Riemann-Koebe-Poincare uniformiza-
tion theorem, is conformally equivalent to either the Riemann sphere, the plane or the unit
disc. The sphere is easily eliminated by compacity, but we can also rule out the unit disc
because the double periodicity assumption in the horizontal variables imply the existence of
an abelian discrete subgroup of rank two in the group of conformal transformations, and that
event can not happen in the case of the unit disc.

Therefore we have an orientation preserving conformal (isothermal) equivalence

$:R*? — 5.

Since S is invariant under translations 7, (z) = z + 27v, v € Z? x {0} it follows that f,(2) =
¢~ o1, 0¢(z) must be a diffeoholomorphism of C = R? and, therefore, it has to be of the
form

fu(z) =a,z+b,, forcertain a,,b, €C.

Clearly the family f, is generated by f1 = f(1,0,0)» f2 = f(0,1,0)- Let

f1(2) = a1z + by, Ja(2) = agz + by



we claim that a; = az = 1. Suppose that |a;| < 1 then we get f'(2) = alz+bi(1+ a1+ ..+
a?_l) a sequence converging to lflal contradicting the discrete character of the group action.

On the other hand, if |a;| > 1 then since

z bl

fil(z) = f=1,00)(2) = — — —

ai ai

we get a contradiction with the sequence f; "(z). Therefore we must have a; = e2™ for some
0 <6< 1. Assume that 0 < § < 1 then

1— e27rin0

F(2) = 270 by (1 20 o PR 2y 2O

That is the sequence f"(z) is bounded, |f™(z)| < |z| + %, and therefore it contains a
converging subsequence contradicting again the discrete character of the action. That is, we
must have f1(z) = z + by and, similarly, fa(z) = z + be, allowing us to conclude easily the
double periodicity of the isothermal parameterization ¢.

In the asymptotically flat case we start with an orientable simply connected surface S so

that outside a ball B in R? it becomes the graph of a C2-function x3 = ¢(z1, 22) satisfying that
(_v%l) J—

VIHVe?

|DYp(z)| = o|z|~V), for every N and |a| < 2, in particular, the normal vector

v(z) is pointing out vertically \/% > L for |z| big enough.
1+[Ve]2 7 2

It is then well known that one can find isothermal coordinates whose first fundamental
form (e, B)(da? + d3?) converge asymptotically to the identity.

Again by the uniformation theorem S must be conformally equivalent to either C or the
unit disc. But since outside B the surface S is conformally equivalent to C — B({z3 = 0}
it cannot be also conformally equivalent to D — K, for any regular compact set K contained

in the unit disc D, because the harmonic measure of the ideal boundary is 1 in the case of D
and 0 for R2.

4 QOutline of the proof.

The proof of local existence requires the following;:
1) A connected and simply connected surface S = S(t) parameterized by isothermal
coordinates
X:R* - R X =X(at)

with normal vector N(a,t) = X,, A Xq, and gauge
F(X)(e, B) = |Bl/1X (@) = X (= B,
such ||F(X)||p= < oo and |||N|7|z~ < oo.
2) The positivity of

o(a,t) = —(Vp*(X(a,t),t) — Vp' (X (e, 1), 1)) - N(a,t)

4,
= (1 — p) BR(X,w)(a, 1) - N(a, t) + (p* — p') N3 (v, 1), )

where the last equality is a consequence of Darcy’s law after taking limits in both domains
D7. This is the Rayleigh-Taylor condition to be imposed at time t = 0, being a part of the
problem to prove that it remains true as time pass.



3) The estimates on the norm of (I —AD)~!, |A\| < 1, D = double layer potential (section
5) allows us to obtain the inequalities:

190l i1 < PUX (71 + IE QT + 1IN Iz,
loll e < PUIX Nz + IGO0 + N7 200),
for k > 3, where P is a polynomial function and the norm || - || is given by
XN = 1X1 = aallzs + | X2 — azllzs + [ Xl 22 + V(X — (@, 0)[[Fx-1,

as in () below, and || - || 5 denotes the norm in Sobolev’s space H.
4) A control of the Birkhoff-Rott integral BR(X,w):

IBR(X, )l e < CP(IX [y + 1F(X)[Zoe + 1IN [2o0).

for k > 3.
5) Energy estimates: The properties of isothermal parameterizations help us to reorganize
the terms in such a way that

%HXlli(t) < P(IXR@) + [FCONZ< (8) + NNz (8)

IS 0) o
> v [ R ok X ) A, X) e e

where k > 4, [VX(a)]? = (|00, X()]? + [0y X ()[?)?/? and A = (=A)/2 = (Ry(da,) +
R2(0a,)). Then the pointwise inequality

~ a0

OA(0) -

together with the condition o > 0 allows us to get rid of the dangerous terms in the inequality
above (i.e. those involving (k+1)-derivatives of X) to obtain the estimate

%IIXHi(t) < P(IXIR@) + IFCONZ~ (0) + NNz (8)-

6) Finally we need to control the evolution of ||F'(X)||z~(t) and inf(t) = 1n[£2 o(a,t)
aE

which is obtained via the following estimates
d _
aHF(X)H%oo (t) < POIXNEE) + [1FONZ () + [Nz (2)
d 1 1 2 2 -1
— (=) < 7 s PUXN1(E) + [1F X)) [Zoo (&) + [N Ml zoe (2))-
dt “inf(t) (inf(t))
7) All those facts together yield the inequality

d
dt

—E(t) < CP(E(1)),
for the energy:

E(t) = || XI[Z (&) + [1F(X)[Ze0 (8) + [Nl zow (£) + (inf(2)) ™

where k > 4, C' is an universal constant and P has polynomial growth (depending upon k).



At this point it is not difficult to prove existence of a solution, locally in time, so long as
the initial data X (0) is in the appropriate Sobolev space of order k, k > 4, and the Rayleigh-
Taylor and not-selfintersecting conditions (o9 > ¢ > 0, ||F(X(0))||r~ < o0) are satisfied.
Finally let us point out that since our existence proof is based upon energy inequalities an
extra argument is needed to prove uniqueness. Nevertheless that task is much easier than
proving existence ( the interested reader may consult the forthcoming paper [7] where the
details of the proof have been written for several important cases, namely, Muskat, Water
waves and SQG patches).

Let us remark that, at the end, we have to work with a coupled system involving the
evolution of the surface X, the ”vorticity density” w, the Rayleigh-Taylor condition o, the
non-selfintersecting character of S quantified by the gauge F'(X) and the tangential parts
C1Xq, + C2X,, of the velocity field.

This paper is a continuation of [5] where the two-dimensional case was considered. Many
of the needed estimates can be obtained following exactly the same methods that where used
in [B] for the lower dimensional case. Therefore, in order to simplify our presentation, we shall
avoid here many details which were carefully proven in that quoted paper. This is specially
the case of section 6 (control of the Birkhoff-Rott integral), section 8 (energy estimates) and
also for the approximation schemes which are identical to those developed in [5]. Therefore in
the following we shall focus our attention on the more innovative parts of the proof, namely
the evolution of the Rayleigh-Taylor condition, the non-selfintersecting property of the free
boundary and the needed estimates for double layer potentials.

5 Inverting the operator: The single and double layer poten-
tials revisited

Along this proof we need to consider the properties of single and double layer potentials,
which are well-known characters in finding solutions to the Dirichlet and Neumann problems
in domains D of R".

For our purposes those domains will be of three different types, namely: bounded, pe-
riodic in the "horizontal” variables or asymptotically flat. We shall also assume that their
boundaries are smooth enough (says C?) and do not present self-intersections. Therefore one
has tangent balls at every point of the boundary, one completely contained in D and the other
in D°. We shall denote by v(z) the unit inner normal at the point z € 9D, then under our hy-
pothesis we have that, for » > 0 small enough, the parallel surfaces 0D, = {z+rv(x)|x € 0D}
are also C? surfaces with curvatures controlled by those of dD. Furthermore the vector field
v can be extended smoothly up to a collar neighborhood of 9D allowing us to write the
following formula:

2U u
Au(x) = () — h(x) g (@) + Asula)

where A denotes the ordinary laplacian in R™, A; is the Laplace-Beltrami operator in 9D,
h(z) is the mean curvature of D at the point x and u is any C?-function defined in a
neighborhood of 9D.

For convenience we will use the notation Dy = D, Dy = D¢, S = 0D and v;(z)(j = 1,2)
the inner normal at x € S pointing inside D;. Let dS be the surface measure in S induced
by Lebesgue measure in ambience space, then given integrable functions ¢, on S we have

the integrals
1

|z —yl|">

wmz%éwm ds(y)

9



0 1

T%(W)ds@)

W (z) =cn/scp(y)

representing the single (respect. double) layer potential of 1 (respect. ), where ¢, is the
normalizing constant so that Wg becomes a fundamental solution of A in R™, n > 3.

For x € S let us denote Wi (x), Vi(x) (resp. Wa(x), Va(x)) the corresponding limits of the
potentials inside Dy (resp. Dg), we have:

1

Wi(z) = 5(e(x) — /S (y) K (2,y)do(y)) = 5 (p(z) — Dp())

N

Wala) = 3(00) + [ WK @.0)dow) = 5(o@) + Dela)

S—Z(a:) = _%(7/}(%)+/S¢(y)K(y,x)do—(y)) _ _%w(w) D)
S—Z(:C) B _%Mx) N [gwy)K(yw)da(yb = —%(w(:f:) — D*(x))
where
PV SR Pt (')
K(z,y) = ZCna—Vy(W) =T

It is well known that in those scenarios considered above the boundary operators D (and
D*)are smoothing of order —1 and therefore compact. Furthermore all their eigenvalues
are real numbers having absolute value strictly less than 1. Therefore, by the standard
Fredholm theory, the operators I — AD, I — AD* are invertible when |A| < 1. However, in our
case the domains are moving and the evolution of their common boundary S involves such
inverse operators, making it necessary to estimate their norms in terms of the geometry and
smoothness of S.

Although there is a vast literature about single and double layer potentials, we have not
been able to point out a precise statement giving the information needed for our results.
Therefore in this section we provide arguments to prove that the norms of such inverse
operators growth at most polynomially P([||S|||), where |||S]|| is just ||S]||c2 plus a term of
chord-arc type controlling the non-self-intersecting character of the boundary, namely we add
the term 7(S)~!, where r(S) is the sup over all the positive r so that S admits tangent balls
of radius r in both domains D;:

18I = 11Sllge + (r(S) ™

We shall write P(|||S]||) to denote < C(]||S]||P) for certain positive constants C,p which
are independent of the characters whose evolution is being controlled, but the size of both
constants may change along the proof and we shall make no effort to obtain their best values.
We will consider the case of bounded domains in R™, n > 3, because the needed modifi-
cations when n = 2, namely taking log |z| as fundamental solution for the laplacian, as well
as the changes for the periodic or asymptotically flat domains, are left to the reader.
Let D and D* be the potential defined above with kernel
9 1 (z —y,v(y))

C = C
“ov(y) [z —yln2 T e —ylm

K(‘Tvy) -

and K (y,z) respectively. In the study of the inverse operators (I — AD)~!, |A| < 1 it is
convenient to consider first the particular values A = +1.

10



Proposition 5.1 The following estimate holds
(I £ D)~ 25) = P(IIS]])-

Since the boundedness of (I & D)~ in L?*(S) is well known from the general theory,
we can simplify the proof considering only functions f € L2(S) whose support lies inside a
region of S where the normal v(x) is close enough to a fixed direction. Then for a general
f an appropriate partition of unity would allow us to add the local estimates, so long as the
number of pieces is controlled by |||S|||. We shall use the following observation of Rellich
(lemma [5.2]) whose proof is immediate

Lemma 5.2 . Let u be a harmonic function and h a smooth vector field in the domain D,
then we have:

i) div (|Vul?h) = 2div ((Vu - h)Vu) + O(|Vu|*|Vh)|),
0
i) / )\ VuPdo =2 [ 2%vu-hydo + O(/ V2| Vh)).
oD op Ov D
Given a function f € C!(S) we may define V,f choosing at each point x € S an or-
thonormal basis {eq,....,e,—1} of the tangent space T,.(S) (we can consider also V. f to be
the gradient naturally associated to the induced Riemannian metric by the ambience space).
In both ways, although different, we have that |V, f| = A f is an elliptic pseudo-differential
operator of order 1 in S. Solving the Dirichlet problem Au =0 in D, u|g = f we obtain the
operator D, = %|g which is also a pseudo-differential operator of order 1 in S.

Lemma 5.3 Let f € L%(S) having support on the region
vector m), then we have:

2 < (w(z),n) <1 (for a fived unit

/]D,,f]Zda:/\VTﬂZda
S S

where the constants involved in the stated equivalence ~ are P(|||S]]]).

Proof: Let u be harmonic in D so that u|s = f. Under our hypothesis about f and since
|Vul? = |Dyul? + |V,ul? and V,u is a local operator (supp s(V,f) C supp (f)), lemma
yields:

1
—/ IV, f2do < /(V(a:),n>\VTu\2da§3/ \D,,u]zda—l—2/ V| Dyuldo
2 /s S S S

from which we easily obtain

/ . fdo < P(S]]) / D, f*do.
S S

To get the opposite inequality we proceed as before, but since D, f is not local, an
extra argument is needed to control the contribution of the region outside supp (f). Let us
introduce surface discs B,(x) = {y € S[lz —y|| <7}, 2 € S, 0 <r <[[|S]||”! and domains
Ar(z) = {y+ pv(z)ly € By(x),p < r}. Given R = 1|[|S|||~* there exists a fixed unit vector
71 so that % < (v(y),n) <1, for every y € Br(z) and also a smooth vector field h such that
hlap@) =1, supp (h) C Agg(w) and g|h(z)| < (h(z),v()), [[VA|[> < P(lISIIDIIA].

In order to obtain the estimate

/ D, fdo < P(||S]]) / IV, fPdo
S S

11



we may assume, without loss of generality, that supp (f) C Bgr(z), for some x € S, and then

prove that
/ D, fPdo < P(ISII) / IV, fPdo,
Br(yo) S

uniformly on yg € S.
With the vector field h defined above in Asg(y) let us apply Rellich’s estimate to get

| 1D via)dota) = [ @IV -fPdo —2 [ DofVes-hdo +O( [ [VuP ()
S S S D
where u satisfies Au =0 in D, u|g = f. We get easily
/ |D, f*(h, v(x))do(x) = O(/ IV, f|2do + / |Vu|?|Vh|dz).
Br(yo) S D
Then the proof will be finished if we can show that
[ 1vulEvhidz < PAISID [ V. 52do

To see it let us consider the parallel surfaces S, = {x + rv(z)|z € S} (0 < r < |||S]||) and

observe that
/ uldo, ~ / u*(x + rv(z))do
-\ S

and

/S[u2(x—|—r1/(x))—u2(x)]d0(:n) :/S/O Vil (x + tv(z)) - v(z)dtdo
= u u(y) - v u? ul2(y))?
=2 [ utyvut)- v <2 2)H([ vuPw)

o=

where L, = {x + pv(z)|x € S,0 < p <r}.
Taking F(x+rv(z)) = f(x)X(x) (XY= smooth cut-off) as a comparation function, Dirich-

let’s principle and Poincare’s inequality give us the estimate
[ v < [ 1vre e[ 1902+ [ 1) = o( [ Vs
D D S S S

Therefore

/ o, [ rtanas < [ Pao (| ) INZER

(SIS

An integration in r, 0 <r < R = |||S]||~! yields

/ e < R [ wia (| ) INEER

That is
/ uldr < C’R/ |V, f|*do.
r S

12



To conclude let us observe that

2 2 2 2 1 u?
[ 1vuvnl - /A VA = 5 [ (Al = 2A(TRY) + 5 [ a2(Va)

_ 2 (IVh]) 2

_5/5 - |Vh|do ——/f d+2/DuV|hl
27 1 Ou o i 2 2

g(/sfda) (/|5| Vh|2do) +C/Sfdo—+0 w2,

Lr

Proof of Proposition 5.1t As before let f € C1(S), supp (f) C Ug and let u be its single

layer potential:
fy)
wx)=c¢, | ————=dS(y
@) =en ||t gdsw

Then taking derivatives on each domain D; with respect to the normal direction and evalu-
ating at S we get:

ou 1 .
o —§(f(x) +D*f(x)),
ov 1 .
Ty —§(f($) — D" f(x)).

By lemma we know that

/y—\ da~/yv ol daN/]—\ do

where the constants involved in the equivalences ~ are all controlled by above (respect.
below) by P({[|S||]) (respect. 1/P([[|S]l]))-
Since 88_1/1}1 + 59—;’2 = — f those estimates imply that

. * * 1
min([|f — D" fl[2, [|f + D" fll2) > IS
ie. |[(I£D)~Y| = P(|||S]||). Then using an appropriate partition of unity, that estimate
extends to a general f € L%(S). q.e.d.
Next we shall consider Sobolev spaces H*(S), 0 < s < 1, defined in the usual manner
(i.e. throughout local coordinates charts). We have also elliptic pseudo-differential operator
A% = (=A)2 in such a way that

AW Es(s)y = M f1p2 + 1A f] 2
Then H5(S) = (H*(S))* allows us to consider the negative case by duality under the

pairing

/ pvdo, e H™S, e’
S

and

lolls = s / dido

|| gs=1

Since both D and D* are compact and smoothlng operators of degree —1, the commutators
[A%, D], [A*, D*] are then bounded in L?(S) (0 < s < 1) with norms controlled by |||S]|l,
allowing us to extend proposition 5.1l to the chain of Sobolev’s spaces:

Corollary 5.4 The norm of the operators (I £ D)%, (I £ D*)~! in the space H*(S), —1 <
s <1, is bounded by P(|||S]]).

13



5.1 Estimates for (I + \D)~!, |A\] < 1.
With the same notation used before we have:

1—)\8V+1+)\8V 1
2 81/1 2 81/2 2

LAV 1-aov 1
2 8y1 2 61/2 2

V(z) = cn/s %dS(y).

|z —y||"—2

where

Then the identity ¢ — AD*¢ = 0 yields

0:(1—A)/ Va—VdS+(1+>\)/ vVoas—a—xn [ v+ 1+>\/|VV|2
ap, O oDy Ov2 Dy

which implies ¢ = 0. Similarly for ¢ + AD*¢ =0, -1 < A < 1.
Remark: This observation can be improved applying the following fact (whose proof we
skip because it will not be used in our theorem):

/\Vu]2:/ |Vu)?
D1 D2

where, again, the ~ is controlled by P(|||S|||). In particular it implies that the spectral radius
of the operators D, D* is less than 1 — (P(|||S||]))~!

Theorem 5.5 The operator norms ||(I-+AD) | gss), [|(I+AD*) sy, Is| < 1, |A| < 1,
are P(|||S]|]) (growth at most polynomially with |||S|||).

Proof: The identity (I —D)~}(I — D) = I + (1 — A)(I —D)~'D shows that the conclusion
of the theorem follows easily when |1 — A| < (||| ST and similarly when |1 4+ A\| < m.
Therefore, without loss of generality, we may assume that

b
P(IISIIN

Assume now that ¢ € H_%(S) satisfies that ||¢||H,% =1 and

L—|Al =

1

10 = 20"+ = BisTy

Then the single layer potential

V(2) = e /S W)

|z —yl">

satisfies the inequality

. v
v -0 < pram

On the other hand one have

* o o 2 2
/SV(QS—/\D $)ds = (1 A)/Dl vV +(1+>\)/D2|VV|

14



implying the estimate

* _ 2 _ 2 #
/SV(<25+)\D ¢)ds_(1+A)/Dl IVV]2 + (1 A)/Dz V" < PAIST)

Then adding both inequalities together we would obtain

1
Vodo < —————
/s 7 < BS

which is impossible because of the following:

Lemma 5.6 If V is the single layer potential of ¢ then

B o(2)p(y)
/5 V(2)g(2)dS (x) = /5 /5 A as (@S (y) > (|||5|||>”¢”2 -

Proof: Let us observe first that

/é.‘/9||$—y||”_2d (z)do(y) = / |£|2|¢d (€)|?d¢ > 0,

where QT(E’ denotes the Fourier transform of the measure ¢dS supported on S. This implies

that
o) = [ [ A0 as@)as)

is an inner product satisfying:

(6, )] < (¢, B) 2 (1), ) 2

and we wish to show that
(0, 0) = [0l _,

H3(S)

To see it let us observe first that given ¢ € H ~3 (S) then its single layer potential u|S belong
to the space H2 (S) satisfying:
, < PAlS1Del

H™2(S)

which can be proved easily using local coordinates. As a consequence we have

[ [ as@ast) < PUISIDIGIR,

In the opposite direction, since H~* = (H*)* we have
6ll+ = sup [ o) (a)do(a).
feHs JS
Let us assume, for the moment, that given f € H® there exists g € H*~! so that

f(@) = e /S L) YT

|z —yl"=?

and || f||gs = ||g||gs—1 (where we have used again the symbol = to denote equivalence modulo
a factor P(||[S]]]))-
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Then
H(bHHfs = sup <¢7g>7

gl gs—1=1

,s—lz—%weget

N[ —

and taking s =

. < P(|lISI1)(¢, ) 2.

2

18115 < PAIISID(@, @) 2 g.9)% < IS0 02 lgll,,-

5 —

To close our argument it remains to solve the equation

f(2) = e /S L) YT

||z —y||"~2

i.e. to prove that given given f € H* there exits ¢ € H*~! satisfying the relation above.
To see that let us consider the solution of the Dirichlet problem:

Au=0 i Dy
uls = f

and the equation

ou
o D
o g g

ie. g=(UI— D*)_l(—2g—,ﬁ). Then we claim that such g verifies the identity

F@) = /S 950,

|lz — yl["—2

This is because the function

Vi) = e | W)y

s |z —yl"—2
is harmonic in D; and satisfies

oV ou
—2— =g—D'g=—-2—
81/1 g g 61/1’

which implies that V = u in Dy and, therefore, taking limits up to the boundary we obtain

(@) = /S I g0,

||l =y |2
To finish the proof of theorem let us consider for every 7, 0 < 7 < 1, the identity
(I =XD)™ AT = AT(I = AXD)"' + (I = A\D)"'C.(I — X\D)™!

where the commutator C; = [DA™ — A7D] is a pseudodifferential operator of order 7 — 2
whose bounds are controlled by |||S]|||. Then

_ _ ot 1 _
I = XD) "l < 1(Z— AD) I,y + I[N (1= XD) U]
1
<NANL, y + I = AD)y A f)
ol
< WAl +1IAR 51y < PAISIDIS e

q.e.d.
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Remark 5.7 In the particular case of the sphere S = S"~1 (n > 2) the estimate of lemma
5.6 becomes an identity:

6(@)ot) :
Jos Jo s T S50 =l
form >3, and
. . o
[ [ esle sloterowaswiast) = elalf,
forn = 2.

Proof: We present the details when n > 3. The case n = 2 follows similarly. Let ¢(z) =
> arYi(z) where Yy, is a spherical harmonic of degree k normalized so that |[Yy||p2(gn-1) =1

then we have ’ ’
Qg
laol* + = ||<25||2 < oo.

=1 2k +n

) —
/Sn 1/Sn . ||g;_y||n T dS (2)dS (y) = 0

Taking the Fourier transform and using Plancherel we get

(v) B —
/Sn 1/5n ) ||$_y||n T4 (2)dS () —/Rn |£|2ka5(g)1gd5(g)dg

But it turns out that

Claim: If k # j then

YedS(€) = 2mi k)¢ Jn+2k 2(|g|)yk( )

€]

where J, designs Bessel’s function of order v, implying the claim.
Therefore our estimate diagonalizes:

1
| gEhidsr =c [ 110 )P

and the following well known identity for Bessel’s functions

oo J2
[Ty
o T 2p

allows us to finish the proof.

5.2 Estimates for () and w.

In the following we shall consider asymptotically flat domains leaving to the reader the details
of the periodic case. Since we have controlled the norms of the operator relating €2 and X,
we are in position to obtain the following inequality:

12 e < PAXIE + I1FCONZo + [N z0), (5.1)
for k > 4, with P a polynomial function. Then Sobolev’s embedding implies

ol e < PUIX R 1 + IF )T + NN o), (5.2)
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for k > 3. We will present the proof (5.I) when k = 4, because the cases k > 4 can be
obtained with the same method.
Theorem .5l in ([2.6]) yields

1901 = (1 = AuD) " (=24, X5) | 1 < CIN(I = AuD) |l | X5l < P[IS]D1X3 e
implying that
120l < PAIXNE + IECONZee + 1IN lze).

Next we will show that
102,202 < PUIXN + IIFX) 70 + [N zoo) 1920 11 (5.3)

which together with the estimate for ||Q| 1 above will allows us to control 92,2 in terms of
the free boundary.
In order to do that we start with formula (2:8]) to get 8319 =L+Ih+I3+1,— 2Ap8§qX3

where
_ _Au X(a) = X(a—B) o — .92 a
I PV /2 X(a) ( I A w( B)dp 8a1X( ).

Y
A / Oy X () — 0y X(a — )
R2

I
L=V Je TIX (@) —X(a— )P

Aw(a = B)dp - 0o, X (),

3A X(a) — X(a—
==ty [ At |X<(a>)— X<(a - g)w

with A(a, f) = (X (a) — X(a— ) - (Oay X () — Oy X (v — ), and

Aw(a = B)df - 0a, X (a),

A X(a) - X(a - §)
=522V J X(e) = Xta = BF

A Ogyw(ae — B)df - Doy X ().

Our next objective is to introduce the operators 7T (Q.5]) defined at the appendix, in the
analysis of those integrals [;. Formula ([2.3) gives us w = 0n, (200, X) — 04, (204, X) and
from standard Sobolev’s estimates we get

12 < PUXNE + IFX)NZoe + NN o) 1QMlr, 7= 1,2,

and similarly with Is.
Regarding

[4:/ dﬂ—i—/ dg=J1+ Jo
18|>1 1B1<1

we integrate by parts in J; to obtain

A X(a) — X(a—pP)
Jy = o /IB>1051( ) Aw(a— B)dS - 9y X (a)

~or X (a) — X(a— B)]P

_ A X() - X(@—p) | )
21 Jig1=1 X(a) —X(a—p)P " (a = B)dl(B) - Oay X ().

From this last expression it is easy to deduce the inequality

Ji < C|F(X) |3 | X — (a0, 0)]|%1 (/ w(a = B)|

g1 BB T / o e PIE)

providing us with an appropriated control (see appendix for more details).
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Next let us consider Jy = Ky + Ko + K3 + K4 where

A X(a) = X(a - §) i Xl s (o
Kl_2WPV/|5<1rX<a>—X<a—5>\3Aa‘”Q( B)0% X (0 = )P - 0u X (21,

_A X(a) = X(a— B) |
B 5PV [ TR0~ e = 00 Xl = )5 01, X(c),

A X(o) = X(a = p)
K3 = ——“PV/
27 Bl<1 X (a) = X(a—B)3
X(e) = X(a = p)
Ky=—2tpy /
Bl<1 | X (@) = X(a—p)3
Then the terms K; and K3 are handled with the same approach used for I ( i.e. ([@I3) in

the appendix) and we rewrite K5 in the form

_ A X(o)—X(a—p)
e = 27T//3|<1 [ X () =X (a=p)P

to show that it can be estimated via an integration by parts in the variable 5; using the
identity

A Oy U — )0ny Oy X (v — B)dS - Ony X (),

ANOZ U — B)Oay X (o — B)dp - Ony X ().

A Oory Oy U= B) (O X (= B) = Oy X () )P - Oory X (),

a1 Ooa U= ) = =03, (Das U v =)

and the fact that the kernel in the integral Ks has degree —1.
It remains to deal with K4: to do that let us consider K4 = L1 + Lo where

A X(@)=X(@=B) o g N X (e AN X(n
Ll - 27TPV/|B<1 |X(Oé)—X(Oé—5)|3 /\aalg( ﬁ)(aazX( ) aoer( ﬁ))dﬂ 8011*)(( )7

and

—ﬁ X(a)—X(a—B) 2 o — ) o
L= 5PV [ TR pPh e = - Ne)

The term L; can be controlled like K5, and L9 can be rewritten in the form:

4 X(0) - X(a-f)  VX(a) -4
Ly “PV/6|<1<

om X(a) - X(a— AP  [VX(a)- 5|3)8319(0‘ — BB - Nia),

showing that it can be estimated as we did with 7; (O8], that is we obtain (B.3]). Similarly,
equation (2.9) yields

102,22 < PAIXNE + IFX) [T + NN 1z ) 191,

and then the inequality 2||0a, 00, z2 < |02, Q|2 + (02,92 gives us the desired control
upon ||| g.
Next we will show that

195, Q12 < PUXIE + [F oo + [N | zoo) 192 2 (5.4)

allowing us to use the estimates for ||Q2|| 2 above. In order to do that we start with formula
23) to get 8219 = Ooy [1 + Oay L2 + 0oy I3 + Oy Iy — 2Ap821X3 where the most singular terms
are given by

4, X(@=X@=8) s
Js = 2va/w o)~ Xa )P (e~ s 3B, X (),
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2 a) — o2 o —
o éxpvép%kéx—zg%ﬁwmAw@—ﬁﬂﬁﬂmex
=PV [ BB ey el )8 - X(0),

with B(a, 8) = (X (a) — X (o — B)) - (0%, X () — 02, X (o — 3)), and

Aupyy [ K@) =X(@=p) oy
Jo = 27TPV/11§2 ‘X(a)—X(a—ﬂ)‘S/\aalw(a B)dB - Oay X (cv),

and where the remainder terms can be estimated with the same method used before.
Now we write

J3 = %ﬂ(aaz (QaalX) - aal (Qaa2X)) ’ agé1)(

to obtain:
”Ji’»”L2 < CH7-1( Ocz(Qaa1X) 8a1(Qaa2X))”L4”821X”L4'

Next let us observe that in the proof of estimate (@3 one can replace L? by LP for 1 < p < oo
(see [I7]). In particular we have

193]l 22 < P(IX — (@, 0)llgrs +IF Ol oo+ N[ zo0) (1200, X | pa+ 1900, X [l 24+ llw] ) 192, X 2,

and then Sobolev’s embedding in dimension two: (||g||z+ < C||g||g1) yields the desired control.
Regarding J4 we follow the approach taken before for 73 but using now the L* norm. That

is we split
hz/ w+/ df = Ks + Ky
18]>1 [Bl<1
and since w(a— )|
w
K5 < X = (@ 0B PO [ e — )l 44
s>1 1Bl
that term can be estimated as above.
Next we introduce the splitting K¢ = L3 + L4 where
Ly=22 [ (92, X (a)-02, X (a—B))] . L) Aw(a—B)dB O, X ()
-0 a— - w(a— Oy ),
2T o fia 1 [X(a)=X(a=B)F  [VX(a)-BP 1
A 02 X(a) — 02 X(a— B)
L,==-tpPVv e u Aw(a— B)dB - 00, X ().
2 Jg T IVX(a) - BF (&= P)df - 0o, X (@)
We have
_ w(a—p
Ly < CIX = (0.0)fas (1F e +1X = 01N ) [ 5Pl
<

(see appendix for more details), giving us the appropriated estimate. Regarding L, we use
identity (.16l which after a careful integration by parts yields

A, 8- V5((02, X (a) — 02, X(a — B)) Aw(a — B) - 9oa X (a))
La=gp V/ﬁm ONLE i
DA, [ 1B, X(0) — 98, X(a — B) Aw(a — ) - 0 X()
o /m 1 VX(a) AP A(B)
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helping us to prove the inequality
IZall 2 < P(IX = (@, 0)ll2 + [1F(X)|zee + [N 2o ) (105, X [l o @]l s + ]| 2)-

Clearly J5 can be approached with the same method used for J4. Regarding the term Jg we
have to decompose further: first its most singular terms which are given by

Ay X(a) = X(a =) 3 X(a— BB B X(a
=GPV | R Ry fefe — )00 X~ 0)d8 00, X ),

A X(a)=X(a@=B) B .
Ls= 3" PV/|B<1 Xa) = Xia—p)p /O 0ea e = )0 X e B)dpB - Oy X (cv),

A X(a) = X(a—B) Uor — 352 - ‘
Lr = 2va/ﬁ|<1 o A 020 = )32, 90 X (0 = B)d8 - 0 X 0),

A X(o) = X(a=B) .3
ng——“PV/ A 05 Qv — )0, X (v — B)dS - Opy X ().
2" g TX (@) = X(a— ) " O @~ B0 X (@ = 5)5 O X(e)
Second let us observe that the remainder is easy to handle; the terms Ls and L7 can be
estimated as we did with K; and K3 using the L* norm and, finally, Lg and Lg are like Ko
and K respectively. Putting together all these facts we obtain (G.4]).
Similarly to the case of lower derivatives, equation (229]) yields

120 s < PIXIE + 1E 200 + [N oo ) 192]] 272
To finish it remains to show the corresponding inequality for derivatives of fourth order:
1200 < PIXIE + 1E )N Z00 + [N oo ) 1920|225 (5.5)

Identity (28) allows us to point out the most singular terms in 92 S

_ A X(@)-X(@=-f) = _ 9t X(a
M= ZwPV/Rz X(a) - X(a-p)P " (= 9)5 0o, X0,

A 05, X (@) — 93, X (a - B)
Mo =50 PV /R X(0) - X(a-pPF w(a = B)dB - 0, X (),
Ma = =2V [ Ol D) o = Ml = 48 O X

with C(a, B) = (X(a) — X(a — 8)) - (9%, X (@) — &3, X (a — B)), and

A X(a) = X(a—B) 8 (o — ' N
M, = 27T131//R2 o la— i Okl = )8 -, X (a),

Then in order to estimate M; we start with [|[M; |2 < CK||84, X||z2 where

K = suplpy [ X=X

TR (@)~ X — g "l ~ s

Following ref. [8] we have:
K <014 034 03+ 04 + Os5

where
X(a) = X(a - B)

PV ] o1 X (@) — X(a— B)P

01 = sup Nw(a — B)dp

(87

)
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2 =p /6|<1 e \;(?i()a—_ﬁi'ﬂ(z_—vﬂﬁga) 2 hwla - 5)d :
0y =s| [ VX0 Moy ~ ey e )
ov=sw| [ A e ) s,
05 = sup (PV /|5<1 % A w(a)dﬂ‘.

An integration by parts in Oy yields

Qo —
Or <CIVX P s [ O as [ e pjais)
a Jigis1 18] 18l=1
<OIVX|[Loo |F(X)[700 12| o<
and Sobolev’s embedding allows us to conclude.
Regarding Os we have

Oy <|X = (2, 0) | | F(X) [ ol /m |8P0ag|
<

and then the estimate, |w||os < Cllw| g2 for 0 < 6 < 1, gives the desired control. Using
[OI5) and after some straightforward algebraic manipulations we get a similar inequality for
O3. Next we have

)

_ -0
O4 < CIIX — (@, 0) e 1IN~ 7 e lwlles | / BI~0dp
18]<1
giving us also the same estimate. Furthermore it is easy to prove that Oy = 0.

Next we consider the term My with the splitting: My = Q1 + Q2 + Q3 where

_ Ay 9, X (a) =93, X (o — )
21 Jigs1 1 X(a) = X(a—B)PP

Q1 Aw(a — B)dS - Ony X (),

A (wla = p) —w(a))df - 0o, X (a),

A, / 93 X (o) — 93 X(a—p)
1BI<1

*T o X(a) — X(a—B)P
A 04, X(0) =08 X(a=p)
@ = 27TPV/|5<1 1X(a) — X(a— B)P df N w(a) - Do, X ().

The term @)1 can be estimated as before, regarding ()2 we can use the identity
1
9 X(a)— 93 X(a—pB) = /0 VO X(a+(s—1)B)ds- B

and the control of @3 can be approached as we did with the operator in (@.7)). Similarly with
M3, whether M, is analogous to Jg, and all these observations together allow us to obtain

G3).
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6 Controlling the Birkhoff-Rott integral

Here we consider estimates for the Birkhoff-Rott integral along a non-selfintersecting surface.
Let us assume that V(X (a) — (a,0)) € H*(R?) for £ > 3, and that both F(X) and |N|~*
are in L™ where

F(X)(o, 8) = [8]/IX () = X(a = B)|  and  N(a) = 0o, X () A Do, X ().
The main purpose of this section is to prove the following estimate:
IBR(X, )| gr-1 < PIX[7 + [1F(X) oo + [N lzo0), (6.1)

for k£ > 4. Here we shall show it when k = 4, because the other cases, k > 4, follow by similar
arguments. We rewrite BR in the following manner:

X(e) — X(B)
2 | X(a) = X ()

which together with the estimates about € in section 5 and also about the operator 77 in the
appendix, yields

BR(X,w)(a,t) = _LPV/R N (852 (QaB1X) - 851 (9852)())(5)(157

47

IBR(X,w)[z2 < POIXIIZ + 1 FX)NZoe + [IN]7HIzo)-

To estimate derivatives of order 3 we consider 93 (BR(X,w)), and observe that the most
dangerous terms are given by

_ 1 (03, X (a) — 93 X (o — B)) Aw(a — B)

h=—5r V/Rz X(a) — X(a - A)F 46,
a)—X(a—PB))(02 X(a)—d? X(a—

I = %PV | (X(@)=X(a=p))rw(a—p) Fa) =X |X5(l))(—;(§(_5))|5 X 6))dﬁ

I3 =

Lpy [ )Xl AL )y
R2

dw X () = X(a = B)P
In the appendix we find all the ingredients needed to estimate these terms I; while the
remainder in ag’éi(BR(X ,w)) is easily bounded, namely: in I3 we can recognize an operator
with the form of 7; in (@.3]), so the estimate for w in section 5 gives the desired control for
I3. Regarding I; we may use the splitting Iy = J; + Jo where

1 [ (08,X(e) =03, X (o = B)) A (w(e) —w(a = B))

=0 ) X(a) —X(a_B)F

dg,

_ wla) (93, X (@) — 3, X (o~ )
e e R o ot

Then the identity 03 X (o) — 03 X(a—f) = - fol VO3 X (a+ (s —1)B)ds allows us to find in
J1 a kernel of degree —1 which we know how to handle (see appendix). One use the estimate
for 73 (O.7) to deal with Jo and we proceed similarly to control Is.
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7 In search of the Rayleigh-Taylor condition

As it was pointed out in section 4 (outline of the proof) our approach is based on energy
estimates and a crucial step is to characterize those terms involving higher derivatives which
are controlled because they have the appropriated sign. In our terminology they constitute
the Rayleigh-Taylor condition, which is supposed to holds at time 7" = 0, being an important
part of the proof to show that it prevails under the evolution.

Let us introduce the notation

HXNE = IXIZ + 1FCONZe + 1INz

where

X1k = 1 X1 — callzs + 1 X2 — @ollps + [ Xsllz2 + (| V(X = (o, 0)) |31, (7.1)

and
IV(X = (0, )1 Fe1 = V(X = (,0))[[72 + 105, (X — (,0))[|72 + 185, (X — (,0))]|72-

In order to justify the formula

d 23/2 o(a,t)
— X2 < — / 08 X(a,t) - AOF X)(a,t)d
X k() < ;:Q(MJFM) e VX (0, )8 (a,t) - A0y, X)(a, t)dox

+ P(|I1XT][£(2),

(here k > 4, although for the sake of simplicity we will present the explicit computations when
k = 4, leaving the other cases as an exercise for the interested reader), it will be convenient to
make use of the following tools, giving us different kind of cancelations, and which constitute
our particular bestiary of formulas for this paper:

From the definition of the isothermal parameterization we have the identities:

’aOCIXF = ’aazXFv (72)
Doy X - 00y X =0, (7.3)
which yield
1
§A(’aa1X‘2) = ‘80118&2)(‘2 - ailX ’ 8§2X7 (7.4)
O X - 00, X = =302 X - 02 X + (02,271 00,) (|00, Oa, X | — 02, X - 02,X), (7.5)
95, X 0, X = =302, X - 02X + (02,0700, )(|100y 0, X |* — 92, X - 92, X). (7.6)

Using (73) and (4] we obtain:
o X+ Oy X = =202 X - 00y 00y X — 02,00, X - 02 X o
- (aalaazA_laal)(|aa1aa2X|2 - ailX ' 822)()7
05, X + 00y X = =202 X - 00,00, X — 02,00, X - 02, X

- (7.8)
- (aa18a2A 18&2)(|aa18a2X|2 - ailX : 8§2X)'
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And Sobolev inequalities imply that if V(X — (a,0)) € H® then 04 X - 0o, X € H? for
i,7=1,2.

With the help of the estimates above we may now afford the task of determining . There
is a part that may be considered as a mere “algebraic” manipulation to detect the relevant
characters and, in so doing, we disregard many terms because they are of lower order in the
sense of Sobolev spaces. At the end, we shall present how to deal with those lower order
terms, if not for the whole collection of them, at least for the ones that we may consider
to be the most “dangerous” characters. Here it is convenient to recommend the reader our
previous works [8, [5] where similar estimates were carried out.

7.1 Low order norms

Since X;(a) — o, for i = 1,2 at infinity, let us consider the evolution of the L3 norm. That
is
1d

1X1 — a1 |2a(t) = / X1 — (X — a1)Xuedaw = Iy + I + I,
3dt R2

where
I = /2 ’Xl — all(Xl — al)BRlda,
R
Iy = /2 | X1 — a1[(X1 — a1)C100, X1da, I3 = /2 [ X1 — a1|(X1 — 1) 004, Xada.
R R
Then we have
I < || X1 — a1 35 1BR| s < C(| X1 — en[l3s + || BRI| 2 || BRI|72),

and Sobolev estimates, together with (G.1]), yield the appropriate control in terms of P(|||.X|||x)-
Next since 0, X1 — 1 as @ — 0o, we have

I < (|00, X1l Lo | X1 — a1 ||75 ] Cull s,

and it remains to get control of C;. Using ([B.1]) we introduce the splitting C; = Z?:l c’ ,
where

1 — b1 Xp, 2 1 / — b1 Xp
——B d = ——B . d
Cl( ) 27T/R2 |Oé—ﬂ|2 Rﬁ2 |X2|2 57 Cl(a) 271' R2 |Oé—5|2 Rﬁl |X2|2 B’
X3, X
(o) = — 2 02— P2 X045 Cla)= A=D1 BRy, - P as.

27 Je !a—ﬁP | X1 \2 27 Jp \04—5!2 [ X[

We shall show how control C}, because the estimates for the other terms follow by similar
arguments. Integrating by parts one obtain C} = D; + Dy where

—1 a1 — B 1 (a1 —p1) (a2 —B2) X3,
_ dB, Dy=——PV BR d
210 Jr2 |a—p? ) b P2= 0 /1R2 la—p|* \X52]2 v

D= BR-0s, (5 Xpz

| X5, \2

Regarding D we write D1 = Eq + E5 where

-1 b _ A Xo N\
Bi= /w<1 SBRE-p) 852(‘Xﬁ2,2)<a B)dB,
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—1 b1
= ~—— BR(« -0

Then Minkowski and Young mequahtles yield respectively

Xﬁz
| X, 2

)(a—p)as.

X3
IElzs < CIBR-9s, (25 ) s < PUIX ),

1Eallis < CBR-0, (125 ) s < CUBRI 2105, (25 ) 2 < PUIX ),

S \) X5, \2)”

and the desired control is achieved. In the term D we have a double Riesz transform and
the standard Calderon-Zygmund theory yields

[1D2llps < C||BR- lzs < ClllXgo| "Mz I BRI s < P(UIIX]]la)-

X3,

| X5, |2
The estimate for I3 follows on similar path, and the case of the second coordinate is also
identical:

1d

51Xz = asl3a(t) < PAIX ).

Regarding the third coordinate we have a stronger decay because of the asymptotic flatness
hypothesis:

HX3|’L2 / X3BRsdo + XgClﬁangda + X3C28a2X3da
2 dt R2 R2
1
X3BRsdo — —/ (00, C1 + 00y, C2)| X3 dar,
]R2 2 ]R2

therefore the use of Sobolev’s embedding in the formulas for ¢y (B and Cy (32)), together
with the estimates for BR (6.1]), allows us to obtain:

1d

5 77 1Kl () < P(lIX][14)-

Once we have control of higher order derivatives, we can use the estimates of the appendix
to get

5 IV X~ (@, 0)I2(0) < PUIX ).

7.2 Higher order norms

Let us consider now

MH X|Pa(2) /641X-8§13R(X,w)da
/ 9L X -8 (C180, X)dar + / 9 X 0L (CopoyX)da (79
R2
=1+ 1+ I3,

The higher order terms in Iy and I3 are given by

Ji :/Clc‘)ilX-(‘)ngda, J2=/a§1X.aa1X03101da
R2 R2
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Js = / Cy04 X - 0n 0o, Xda,  Jy = / 94 X - 0, X0 Coda
R2 R2
Integration by parts yields
1
J+ J3 = —5 /R(Z(aal(}l + 8a2C2)\8§1X\2da
and therefore
1
Tt Js < 5190y Cill e + (190, Coll o) 105, X 72 < P(IIX [lla)-
Then in Jo we use (T.3)) to get
~ [ 0004, X - 00, X)08, Cuder < 00, (08, X - 50 X) 12105, Cill
Whether in J4 we use (1) to obtain
- /Rzam (8§1X ’ 8a2X)8§102da < 0ay (aélX ) 8a2X)”L2Ha§qC2”L2'
From formulas ([B1]),(B:2]) one realizes that C and Cs are at the same level than Birkhoff-Rott
(23)), and, therefore, we can use the estimates for BR (1)) to control |03 Cllp2, i = 1,2.
Then formulas (Z5) and (Z7) indicate how to estimate ||0, (04, X - 94, X)|| 2, i = 1,2. That

is we have:

Jo + Jy < P([[|X]]]4)-

In I the most singular terms are given by

J5:‘$PV/RZ/RZ@§1X@>-( Xte) = 9 XID) N (B g5,

o)— ol a)—ot
A e
(7.10)
o1 ey K@ = XB) A @Le)B)
e 4wPV/Ra Jo b X SR e
Let us consider now the splitting J; = K71 + K>
K= —goPV [ [ 0 X(@) (04 X (@) - 38, X(9) - e o dads,
_ 1 4 _ a4 ) w(a) —w(B) o
K2—87TPV/R2 /]R N 58, X 0) = 04, X (8) - (sl e
Next we exchange o and § in K7 to get
=PV [ ] 04X A @ X - 04, X(0) - s dads
=55V [ [ 08X () ~ 04, X () A (0, X ) 0, X () - VL dads
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and therefore we can conclude that K1 = 0. In K5 we find a singular integral with a kernel
of degree —2

i [ x| o wlo)=wlB) .
Ky = SwPV/RQaalX( ) /RQaalX(ﬁ)A s,

and as it is proved in the appendix we have

Ko < P([||X][la)-
Let us now decompose Js = K3 + K} + K2 + K} + K2 where

_ A, B) - (95, X (a) =0, X (B))
Ky = EPV/RZ /]R X(a) = X(8)) Aw(B) el dad
X(a

with A(a, 8) = X(a) — X(8) - VX (a)(a - f),
3 i € (00 X ()00, X(5) 04, X(B)

K} = 47T13V/R2 /]R () - X (B))Aw(B) S dodp
) i (@500, X (@) 04, X(0) 00, X(5) - 04, X(8))
- PV/Rz /R (a)—X(8))Aw(B) e dadp

In K3 and K} we find kernels of degree —2 and, as it is shown in the appendix, they behave as

a Riesz transform acting on 8§1X . In K} the kernels have degree —3 and act as a A operator

on 9,,X - 84 X. Then using the formulas ([Z5) and (7)) we get finally the desired estimate.
We will find the R-T condition in J7. Let us take J; = Kg + K7 where

- (X(a) = X(B) VX(a)(a—B) ‘ .
a PV /R2 /Rz (|X(a) —XB)PB  |[VX(a)(a— 5)|3) A (0, w)(B)dBder,

K, = —ﬁpv/ﬂg2 a,‘;)((a)-/R2 ;?éj))(( 6))|3 A (8, w)(B)dBda.

The term K is controlled by (O.8)) in the appendix. Using (.2]) and (Z3]) we get

1 o, X (a
K; = —§PV /R? W +(Oay X (@) A R1(04,w)(a) + Oay X () A Ra(9), w)(e))dav.

Formula (23]) help us to detect the most singular terms inside K7, which will be denoted by
L;,i=1,...,8 and are the following:

— __pv / T ;1;((%)’3 A R1 (0%, 00,000, X)(@)da,
Ly = ——PV 04 X(a)- 2. ;S‘))P A Ry (00,903, X)()de,
_1 pv /]R 2 ‘ ;j}f((a))’g A Ry(02, 000, X)(a)da,

Ly= —PV 04 X(a) - % A Ry (00, 0}, 00, X) (@)do,

_ __pv / 9 X( % A Ro(0 90y 000, X ) (0) e,
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- aoch(a) 5
= PV/ B, X (@) A R3(04,920,, X)(a)da,

_ 0o, X(a) 5
_ pv /R 2 s A a(0, 200, X) (0}

Oay X ()
_ = 4 . 2 4
Lg = 2PV . Oy X () B, X(0)FF A R3(00,Q0,, 00, X) () dar.

In Ly we get a kernel of degree —1 of the form

1 a1 — 51 8a X (a) 4
Li==PV | 9 X(a)- L A (O X (@) — Do, X(B))O% 040, B)dBder,
which can be estimated integrating by parts throughout 8§18a29; also the term Lz follows in
a similar manner. In order to estimate Lo, L4, Lg and Lg we realize that they can be written
like ([@.3) in the appendix plus commutators of the form (@.I). Next we have to deal with L
and Ls: With Lg we proceed as follows

Ly < Ly + 1100, X| 2l 08, X |12 | Ry (95, 000y X) — R1(95, 2)ay X 12

where Zg is given by

Zgzépv 9 X(a) = (R 5. )0, Q) (@)da, (7.11)

RZ |0y X ()2

and the commutator estimates (0.I]) show that it only remains to control Ls. We use now
formula ([Z8) to get Ly = My + My where

= —A,PV / | aaiv)g?i”g(Rlaal)(aing)(a)da,
and
=—A,PV / ’ aai\;g ())’3(31301)(33(33()(,@0)-amX))(a)da.

Then we write My = O1 + O3 + O3 where

64
01 = —A,PV / L (Oy X200y X3 — Oy X300 X2)(R100, ) (% X3)dax
R2 ‘8Q1X’3 !

64
Oy = —A,PV / 2 Doy X300y X1 — oy X100y X3) (R1 80y ) (0, X3) e,
R

2 \8a1X]3
O3 = —A,PV / L63 X3(R104,) (92, X3)dov. (7.12)
R2 |aa1X|3 ! !
Next we consider O = P; + P, + P3 with

84

P =-A,PV - ‘801X‘3801X2(R18a1)(aang(?  X3)da
1 X,

Py = A,PV /R o X‘SaQZXQ(Rlaal)(aalxga J)da
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84
Py —A,PV /R 5 X|3aalxg[(Rlaal)(aa2xga§1X3) D0y X3(R100,) (01 X3)da
o

4

ot X,
+ A,PV / . Ta X|3%Xg[ang(Rlaal)(aing,) — (R100,)(0a, X304, X3)]da
R aq

and the commutator estimate allows us to control the term Ps.
Now we use (T.7) to write P = Q1 + Q2 + Q3

64
R2 |8011‘X|3

Q1 = A,PV O, Xo(R100y ) (00 X101, X1)dar

95, X1
Q2 = A,PV /R2 |8a1X|38a1X2(R1801)(8a2X28 2)da

84
Q3 = APPV /R2 |8a1X|3aa1X2(R18°‘1)(10 .t. )d

The term Q3 is easily estimated. Regarding P, equality (Z.H) allows us to write P, = Q4 +
Q5 + Qg where

84
Q4= _APPV/R2 ’a X’36a2X2(R18a1)(8a1X18 1X1)doz,

84
Q5 = —ApPV /R2 ’a X’38a2X2(R18a1)(8a1X28 1X2)d0£,

84
Qs = —A,PV /R2 ’aalX’?)8a2X2(R1801)(1.0.t.)da.
Let us recall the identity P; + P» = (Q4 + Q1) + (Q2 + Q5) + (Q3 + Qs) where Q3 and Qg
are easily estimated. With respect to Q3 + @5 we have
84 X1 4
Qo+ Qs = APV | B X|3801X2[(R18a1)(8a2X28 2) = 00y X2(R10a,) (9, X2)]da
R (e31
64
+ A,PV / .0 X‘gaang [0y X2(R100,) (0, X2) — (R10a; ) (Oay X204, Xo)|dax
R ol

and again the commutator estimates yields the desired control.
Next we have

4

X1
2‘8 X‘38Q2X2[8Q1X1(R16a1)(6 Xl) (Rlaal)(aaleaéle)]dOé
a1

84
+ APV /R g X|3aalx2[(Rlaal)(awxla;ilxl) Doy X1 (R100, ) (82 X1))da
oy

N:
_ApPV/RQ 3 §(I3 9 X1 (R10a,) (82, X1)da.
aq

Qi+ Q1 ZA,)PV/]R

The first two integrals above are easily handled allowing us to get

O = Py + Po+ Py < P(||| X][]4) - Appv/ 0% X1 (R100,)(0) X1)da.  (7.13)

!%X!?’ o
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For the term Os we proceed in a similar manner, first we check that Oy = Py + Ps + Py

64
Pr— APV /R i X|3aa1X1(Rlaal)(aa2X38 J)do,

84
= —APPV /]Rz ‘801X‘38Q2X1(R16a1)(aanga 1X3)d04,

4

X,
Ps =A,PV / .0 X,gale[aa2X3(Rlaal)(a§1X3) — (R100,)(0a, X304, X3)]da
R aq

84
carv [ X‘38a2X1[(R16a1)(8a1X36 1 Xy) — Oy Xa(B100,) (91, Xy)]dar
R ai

We control Py as before. Regarding Py we use (7)) to write it in the form Py = S; + S2 + S3
where:

84
Sl = —ApPV/R2 ’a X‘Saale(Rlaal)@MXl@ 1X1)doz,

0L Xo
Sy = —A,PV /R o X‘3aale(Rlaal)(8a2X28§1X2)da,

9 X,
5, — —ApPV/R2 5 X’?)@ale(Rlﬁal)(lot Yda.

The identity (75 allows us to write P; = Sy + S5 + Sg where:

84
Sy = APV /R i X|36a2X1(R18a1)(8a1X18 Dda,

64
Ss :APPV/RZ 3 X,gaale(Rlaal)(amXQa 2)dor
ai

4

05, Xo
Se¢ = A,PV /}R2 B X,g8a2X1(R18a1)(1.0.t.)da.
a1

Next, we reorganize the sum in the form Py + FPs = (S1 + S1) + (S2 + S5) + (S5 + S¢) where
the term S3 4 Sg can be easily estimated. Regarding S; + 54 we have

4

X,
S\ 4+ Sy = APV /]R 7 X’38Q1X1[8Q2X1(R18a1)(8 X1) — (R10a,)(0ny X108, X1)]dor
(5]

64
+ APV /R g X|38a2X1[(R16a1)(8a1 X108, X1) — Oy X1 (R180,) (91 X1))da
oy

and the commutator estimates gives us precise control.
Let us consider now

% Xo
R2 |8a1 X|3

84
+ APV / . X‘g3a2X1[(Rlaal)(aangaéng) 0oy Xo (R0 ) (01, Xo))da
R (e%}

Sy + S5 = A,PV Oy X 1[0y X2(R104,) (04, X2) — (R10a, ) (0ay X204, Xo)]da

N
_APPV/R2 3 ;‘gailxg(}zlaal)(ailxg)da
[e5]
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Here again the commutator estimate control the first two integrals above, allowing us to
conclude that

N3 Xo(R104,) (05, Xo)da.  (7.14)

02:P4+P5+P6gP(!\]X\]\4)—ApPV/ s
|00, X

Furthermore, inequalities (ZI3]), (ZI4]) and (ZI2]) yield

N:
My = O1 + Oy + Os gP(|||X|||4)—ApPV/ 3 §fl3 L X - (Ry0a, ) (0%, X)da,  (7.15)
aq

and at this point we begin to recognize the Rayleigh-Taylor condition in the non-integrable
terms. Let us return now to the term M5 which can be written in the form

64

4 .
‘ % Xy3 )aal(BR(X,w) Doy X))dar, (7.16)

My = APV/ R (

and whose most dangerous components are given by

Ay 9t X - N 94, X (a) — 94, X(B)
)(a >/Rz S

Or=—3: 1V | Bz ()~ X(B)P

Aw(p) - Opy X (v)de,

4
05 = St pY / Rl(a\an\Nﬂ ) /RZB(%B)(X(CM)—X(B))Aw(ﬂ)-aalX(a)dav

with
(X(a) = X(B)) - (95, X () — 95,X(B))
[ X (o) = X(B)P ’

A op XN X(a) - X
On=—rv [ (g | !X((a))— ng,g A Oy (B) - 0ay X (a)dar,

B(Oé,ﬂ) -

and
or XN
|00, X |

The remainder terms are less singular and can be estimated with the same methods used
before. To deal with O4 we decompose it further O4 = P; + Fk:

Or = A, PV /R R ) ()30, (BR(X,w) - 9%, X)(a)da.

Ay L XN 0, X () — 95, X(B) W — a a
Pr= 47TPV Rl( |00, X |3 )( )/RQ X (a) — X(B)]3 (B)A\ Oy X (B) =0y X () )dBdex,
9, 04 X(a) — 02
P= v [ RO [ e R VO A

where in Py we have used formula ([Z3]) to get w A 00y X = NO,, 2. In the integral (with
respect to ) of P; we have a kernel of degree —2 applied to 4 derivatives, which can be
estimated easily. Next let us consider Ps = Q7 + Qg + Q9 where

A, P XN N ()0, 2a) = N(8)0a, 2B)

Qr=- PV/ B (T ) 00X @) [ = X

dpd
. fda,

4
@s =522V [ RN @) [ (00008 X) (@)~ (00, ON -0}, X)(8)C e 8)dde,

4 |00, X |2

32



and
1 1

T [X(@) - XB)PF VX (a)(a - B)P’

XN
“PV/ Ry (-2 o ! A0, QN - 04, X)(a)dav.

Qo = 0z O x@P

In @7 we have

Q7 < |Ri (=% dp

(94 N(a)@alQ(OZ) — N(ﬁ)aalg(ﬁ)
0P 108, Xlssow | [ X(a) ~ X(5)F

giving us the appropriated control, which can be also obtained in Qg because the correspond-
ing kernel has degree —2. Regarding Q9 we have the expression

_ A 9, XN 1 " 00, ON - 05 X
PV A(0a,ON - 05 X) — A(—5———)|d
A, o4 XN o4 X N
Ep Zaut TN J @ it Eni— .

+ e V/ R ( 00 X JA (O, ENSE )dox

Then we use ([@.2]) to control the first integral above, and since A = R10,, + R20,, ([@4) we
can also take care of the second term.

With Oy one proceed as we did with Jg (ZI0) to get the desired estimate.

Next we use (23)) to catch the most singular terms in Og which are given by

ey oK N. [ (X(@) = X(3) A0 X(3) - 00, X()
si= v [ B [ X(a) = X ()]

47
4
Ss =~ py Rl(m)(a) /RQ(X(OZ) AXENR0 XD 08)07, X (8)da

94, 00, U(B)dax

82 |00 X? [ X (a) = X (B)[?
A op XN X Doy X (B) - 0oy X (cx
Sy = 87T“2PV/ Ry ()@ /R2( (@) - ’gf()i)A N ()’2 (©) 35 0(8)da
4
510 ?2 PV R1(8|805(7X|]V)(a) /R2(X(C¥? ( )(B)A)X(Ba)aéX(a) . aalg(ﬁ)aélaaQX(ﬁ)da-

One may write

84 XN (X(a) B X(ﬁ)) A (8a1X(a) - aoaX(B)) ) 8a1X(B) 4
LG | X(a) - XD Oa Doz HB)dex

expressing the fact that we have a kernel of degree —1 applied to 8§18a2§2 and, therefore, an
integration by parts gives us the desired control as we did before. To treat Sg we decompose
further Sy = T + T5:

S = A” PV
47

4

1= -2y [ R @) [ Dla6)- 0,905)0, X (B)de

where
_(X(0) - X(8)  VX(a)(a - ) )
Ped) = (%) = XF ~ WX@a—p)p " %X ()
and
4
T = ijpv / Rl(?an’N (@), aaiv)%)\?» - Ry(00, 005, X)(a)dov
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In 7} we use the estimate for the operator (O.8]). The term T5 reads as follows:

A, oL X N, N 4

T2 a 47'(' PV/ Rl( ‘8011X‘3 ) ‘8011X’3 ’ R2(a‘x2a‘x1 anll)()da
A, oLX-N N . N9 X
+Epf/mu%#wm%ﬁpm&%m@ﬁ%ﬁy4&%maQV%X’m
A, oL X N N-9L X
47T PV Rl(m)(R2aal)(aa29W)da

The first integral above is easy to estimate, whether for the second one we use (9.1]) and (9.4))
for the third.
For the next term Sy one has Sg = T3 + T, where

A LX N [ (X(2) = X(B)) - 0ua X (8) A (s X () — s X(8)
1= pv [ R [ X(@) - X(B)P %

Q(B)der,

oa XN
Ty = A, [ (B )DL, 2o

Proceeding as before we get bounds for T3 and the double layer potential estimates help us
to control Tj.

For S one can adapt exactly the same approach used for Sg. Finally we have to deal
with O7 which is given by

op X N
@:—&ff/Bmxmiﬁxm@m( )da,
R2 ‘801X‘

after an integration by parts. Let us introduce the splitting O; = Z?,k:l U Jk where

o3 Xk Ng

k 4
— _ A, PV BR:(X,w)0. X;(R10,
U = APV [ B CC0008, X, (Rl (5o
Then the commutator estimates allows us to write U k— V k 1 lower order terms, where

N,

H%WQ@M%&W

:—APV/zm_XwM

Using (73) and (7Z.7) one has
N19), Xo = No0y X1 + Lot
so that V3 becames

BRy(X,w)N.
@:—&fVAJT%j%i%JN&%M%Jmm—&}VAJHM%X%ﬁﬁm

where f is at the level of 82’{2.)( . Integration by parts in the last integral above allows us to
conclude that

BRy(X,w)N.
vi<-arv | B N2 o1 5 (Ry0y) (02, X1 )dex + P ).

R2 |aa1 X |3
With the help of (ZH) and (7)) we also get

N18§1X3 = N38§1X1 + Lo.t.
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and therefore

BR3(X,w)N:
vi<-apy [ BRSO 1 x (Ri0,) 0 Xi)da+ PO )

R2 |8a1X|3

Using the two inequalities above we obtain

BR(X,w)-N
Vvl e < —apy [ PR gt X (Rid,)3k, Xoda+ PAIIXN. (747
R (e%}

Next let us observe that
N2(9§1X1 = N18§1X2 + lo.t., N28§1X3 = N38§1X2 +lo.t.,

which implies the estimate

- %8&&(&6&1)@31){2)(1@ + P(|1X|[l2). (7.18)
ay

V24 Vi + Vi< —A,PV
Regarding V> and V3 the identities
N3631X1 = N18§1X3 + lo.t., N3831X3 = N28§1X3 +1lo.t.,

yield

. %8&&(&6&1)@31){3)(1@ + P([|X][l1). (7.19)
a1

Finally (ZI7), (ZI8) and (ZI9) imply

VPV V) < APV

3
BR(X,w)- N
S vk -—apv [ PEED Rl o (Ri0,)08 X)da+ PO
k=1 R2 |a1 |

Now we put together all those estimates ((ZI6) - (ZI9))) to conclude that

BR(X,w) -
Mgg—AuPV/ R(X,w)

N
o WailX - (R180y ) (0, X )dor + P(||| X[]]4),
i

a1

and taking into account (Z.I5) we obtain

L3 =M + My < —

V [ i X - (Rad )04 X)da+ PO (720)

p2+pn 2 [0, X2

Finally we have to work with L5 which can be written in the following manner

Doy X
|Oap X |2

~ 1
Ly =Ly = 5PV /R ) 9, X - A [Ro(05, 005200, X)) — Ra(9}s, 00 ) 0y X der,

where

~ 1
L5:§PV D¢

L 4
R2 a1 |8a2X|3 (RQaaz)(aal Q)d()é

Using the commutator estimate, once more, it remains only to consider l~}5, but let us point
out that replacing the operator R10,, by R20,, the term Ls (TIIl) becomes L. Therefore,
proceeding exactly as we did before, one obtains inequality

~ 1 o
Ly < — PV [ ———8* X (Ry9,,)(0* X)da + P(|||X]||]4). 7.21
° = pam /RZ |00, X371 (F2002) (00, X)dev + P([[1X][]4) (7.21)
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Introducing now the identity A = (R104,) + (R204,) in (20) and ([T21]) we get

L3+ Ls < —

v/ Tt XA, X)da+ P(||X]]]).
R

p2+pn 2 !(%IXP “

Finally all the estimates so far obtained, beginning with (), allow us to write

2
t) < —
3 710X () < ——

In a similar manner, using now equations (2.9),(7Z.6) and (7.8) instead of (28], (Z.5]) and (T.7)

respectively, we obtain

4 4
V/Rz \aalx\?»aalX A0y, X)da + P(|[|X][la).  (7:22)

1
X122 () < — PV | 504 X - A04, X)do + P([[| X]|]4). 7.23
th” 172(t) < e /]Rz G, X 0 (Oa, X)da + P([[|X|[|4) (7.23)

Being these two inequalities ([22]) and (7.23]) the main purpose of this section.

8 Estimates for the evolution of ||F(X)|;~ and R-T.

In this section we analyze the evolution of the non-selfintersecting condition of the free surface
as well as the Rayleigh-Taylor property, but in order to do that we shall need precise bounds
for both VX, and €.

We shall estimate ||V X¢| g+ by means of equality ([2:4)) to get
IVXell e < PUIX (72 + IE )T + [Nz, (8.1)
for k > 2. In fact
VXl < IVBR(X, )| g + [[V(C100, X + C200, X) | 11

and with the help of (G.I) we can handle both terms on the right.
Next we shall consider the norms [|€2|| g+ to obtain the inequality

190 x < PUX R + IFCONZ + [N Hzo0), (8.2)
for k > 3. To do that let us take a time derivative in the identity (2.06)) to get
Q(a,t) — A D(Q) (o t) = Apdi(a,t) — 24,0, X3(e, t),

which yields
196l < CIIT = AD) "l (Hall e + 10: X5 12),

and since we have control of ||(I — A,D)7| ;1 and [|0; X3z it only remains to estimate
||I1]| 1. For that purpose let us consider the splitting Iy = J; + J2 + J3 where

N i Xt(Oé)—Xt(a—,B)
h= 2wPV/Rz X(a) — X(a - B)F

- N = B)a — B)dp,

s =12 [ (@)= X (a=8))-(Xule) ~Xela ) g D

N(a=p)Q(a—p)dp,

1 X(a)=X(a=F) . o
Jg—%PV/W o le— i - Vo = 8)9a — B)ds
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Proceeding as we did with the operator 75 (0.6) ( with X; instead of J,,; X}) one get
11l 22 + [ F2llz2 < PUX a4 [1F(X)[zoe + [[IN]7H|zo0)-

Regarding J3 we split further

Jy = — r— df = K| + Ky
21 Jigi>1 27 Jig<1
Sinee Nifa = 812 - B)
Ki(o)| < |F m/ ANl LAV
Kl < IFOlE [ R

Young’s inequality yields
1K1l 22 < [FX)7 1N 20 < CIF (X7 [Nl 22192 2,4

and since we know that || N¢||z2 < [|[VX||z< ||[VX¢] 12, estimate (8I]) allows us to handle the
terms Kj. The estimate for K5 is similar to the one obtained for Iy (@.I3]) in the appendix.
Next we consider the most singular terms in d,, 1 which are given by

_ —PV/ 80l1‘>("» aOélXt( B)
R2

= Xe gy N A% - pds,

-3 X(a) = X(a = f)
= |, (X(0)=X(0=))(00, X1(0) =0 Xil0=)) g S S5 N(a=5)2a—0) 5,

s = 47

_ 1 X(a) = X(e—B) o — B0 —
o= g7 PV /Rz [ X(a) = X(a—B)]? G Nl = )20 = )5

because the remainder terms are easier to handle. Let us write J; = K3 + K4 where

. i aalXt(a) - 8a1Xt(a - B) ) o — a— _ a a
Ky = 5PV /R R X g (Ve = )9 - 5) — N(@)2(a)ds,

1 8a1Xt(a) — 8alXt(Oé — B)
}Q_E£VAZLM®_XW_W3-NmmmMﬂ
In K3, the identity 9, X¢(ct) — 9o, Xe(a — B) = [} VO, Xi(a + (5 — 1)B)ds - B together with
(B gives us the desired control. Regarding K, we may observe its similarity with 73 (O.7),
so that an application to (8I) yields the appropriated bound; J5 can be treated in a similar
manner and Jg is analogous to J3. By symmetry, one could get the same estimate for d,,11,
so that finally:

1€l < PAIXNT + IFONZ00 + [N zo0)- (8.3)

Next, we will show how to deal with |||/ z2. Using equation (Z8]) one gets
92, = 24,00, 0,(BR(X,w) - 00, X) — 24,03, 0, X3,

and with the help of (8I]), the last term above is properly controlled. To continue we shall
consider the most singular remainder terms. Namely, in —0,, 0;(BR(X,w) - 04, X ), we have:

Ly = —BR(X,w) - 92 X,

1 PV/ 8a1Xt(04) - 8011*Xt(04 - B)
R2

la=1n X(a) — X(a— B

Aw(a — B)dS - 0y X ()
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_3 X(a)—X(Oé_B)
Ly= g PV - A(e, B) X (a) — X(a—B)5

where A(a, 8) = (X(a) = X(a — B)) - (B, Xi(@) — 9o, Xila — B)),

Aw(a — B)dS - Opy X ()

1 X(a) — X(a— )
ba=g.F /R X(a) — X(a — )P

Let us observe that [|L1 ;2 < [|[BR(X,w)|re||02,X¢|/12, where both quantities have been
appropriately controlled before. In Ly and L3 we have kernels of degree —2, and therefore
operators analogous to 73 (@.7) acting on J,, X;. Therefore using (81 its control follows
easily. In L, we use the decomposition

A Oy wi(a — B)dS - Oy X ().

1 1
L, = —PV/ dB + —PV dB = My + M.
2 18]>1 T 18l<1

Thus an integration by parts yields
1Myl 2 < CFX)|[7o0 VX oo ] 2

Formula (23] together with estimates (81]) and (83]), provides the appropriated bound.
Next let us expand (2.3]) to obtain the most singular terms in My which are given by the
integrals:

A X(a) = X(a—5) a2 B '
Oy = 2va/w<1 O o= A 0uu e = 8)28, Xila — 8)d5 - 00, X (a),

4, X(a) — X(a— f)
Or =5, PV /|5<1 X(a) — X(a —B)P

A Ony Ony (0 — B)0n, X (v — B)dS - Ony X (v),

A X(a) - X(a — )
Os = Z_:PV /|B<1 X (o) — X(a— B3 A Oon U = $)0y Oy Xi (0 = B)d - Doy X (),

—ﬁ X(a) = X(a—p) 2 o o . N
o= 27TPV//3|<1 X (a) — X(a—B)3 A Oy (e = B) 0y X (a = B)dB - Oy X ().

Estimate (8I) help us with the terms O; and Os, which can be treated with the same
approach used for I (@O.I3)) in the appendix. Let us write O9 as follows

_ ﬁ/ X(a)=X(a—p)
27 Jigj<1 | X (a) = X (a—B)J3

which can be estimated integrating by parts in the variable 5 using the following identity

a1 Oa (=) = =, (D, Lu(= ).

2 A Oy Oy (=) 0y X (@) = Oy X (= 3))d - Doy X (),

Let us point out that the kernel in the integral Os has degree —1 and, therefore, one can use
[B3) to control it. It remains to deal with O4 which is decomposed in the form Oy = P; + P;,
where

A, X()-X(@=F) o e o
P= 27TPV/6|<1 X(a)—X(a_g)p " Vo (= 5) (00, X (=) 00, X (2))d5 - 0o X ()

. X(@) = X(@=8) 260 313 Nla
P 5BV | TR~ e O e = 8- Nia),
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P is estimated like Oy. We rewrite Py as follows

A < X(a) — X(a—B) VX(a)-B
1Bl<1

_ e _
Pr==g PV X(a) —X(a_B)F  [VX(a) 6P

)02,9(a — B)d5 - N(a),

and this expression shows that the above integral can be estimated like 75 (9.8]).
Using (B3]) we obtain

107, Qllz> < PUIX|T + 1F (X7 + [[IN]7|ze0),
and the identity
92,0 = —2A,,00,0,(BR(X,w) - 00, X) — 2A,02,0; X3,

yields
163,212 < PUIXNT + I FCONZ + (1N lzee),

that is:
192 < PUIXIT + [ F X700 + [N 2o0). (8.4)

Next we consider third order derivatives
95 Q= —2A,02 O(BR(X,w) - 00y X) — 24,03 9, X5.

Since (BI]) gives us control of the last term, we will concentrate in the other one which is a
much more diffecult character. In particular, for —92 8;(BR(X,w)- 94, X), the most singular
component are given by

Ls = —BR(X,w) - 93 X,

1 2 Xi(a) — 02 Xi(a— B) B ' N
o=tV /Rz [ X (a) — X(a—p)3 e g O )

-3 oy XK@ -X@-p) .
P Je PO R (e pyp M T A )

where B(a, f) = (X(a) — X(a = B)) - (03, Xi(@r) — 03, Xe(a = 8)),

—i X(Oé)—X(Oz—ﬁ) 20.)04— ] o
bs = ZwPV/Rz X(a) —X(a_ g Fmwi(a = B)d5 - 0a, X(a).

Inequalities (81]) and (8.4]) show how to handle L;, i = 5,...,8 as Lj, j = 1, ..., 4 respectively,
then a similar approach for 93¢ allows us to get finally (82) for k=3. The cases k > 3 are
similar to deal with.

Our next goal is to obtain estimates for the evolution of || F(X)|/z~ and R-T. Regarding
the quantity F'(X) we have

d _ BI(X (e t) = X(a = B,1)) - (Xi(a,t) — Xy(or — B, 1))
EF(X)(CY,,BJ) - ’X(Oé,t) — X(a —,B,t)‘?’ (85)
< (F(X)(c, 8,6V X[ = ().

Then Sobolev inequalities in ||VX;| re(t) together with (B1]) yield

%F(X)(Oé,ﬁ,t) < F(X)(a, B, )P(IXI7 (1) + |1 FX)IZoo (8) + [N |z (2)),
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and an integration in time gives us

t+h

F(X)(a,B,t+h) < F(X)(a, B, t) exp < P(S)ds),

t

for h > 0, where
P(s) = P(I[X[11(s) + | F(X)[Z (s) + [N ]zo< (s)).

Hence

t+h

|F() e (¢ 1) < [P = (exp ([ P(s)ds).

t
The inequality above applied to the limit:

[E(X) [z~ + h) — [|F(X)[| L~ (£)
h—0t h

allows us to get
d _
g 1Kz () < [ E (X)L OPUXIT + 1FXOIZe + N ze).

Next we search for an a priori estimate for the evolution of the infimum of the difference
of the gradients of the pressure in the normal direction to the interface. Let us recall the
formula

U(a7t) = (:u2 - Nl)BR(X7w)(a7t) ’ N(avt) + (/32 - pl)Ng(a,t),
to obtain

d 1 N at(a,t)
E(U(a,t)) T o2(ant)

with oy(a, t) = I + I where
I = ((:u2 - ,ul)BR(X,w)(oz,t) + (102 - pl)(0707 1)) : Nt(a7t)7

Iy = (u* — p") BRy(X,w)(a,t) - N(a,t).

First we deal with ||];| L~ using the estimates (81]) for VX, and then we focus our attention
on Iy using the splitting Is = J; + Jy + J3 where

Xi(a) — Xi(a — B)

1
N m " e XK@ X NI

1 X(a) — X(a—
J3 = _EPV/RZ \X((a))—X((a—g)\?’ A wi(a — B)dp.

The terms J; and Js are similar and can be treated with the same method. Let us consider
J1 = K1 + Ko + K3 + K4 where

__i Xi(a) — Xy(a—B)
M= /6|>1 [ X(a) = X(a=B)?

Aw(a—B)dp,
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K 1 / Xt(Oé) —Xt(a_/B) /\(OJ(O() _w(a—ﬂ))d,@,

27 4r Jiger [X (@) — X(a - B)[P

Xi(a) = Xi(a—pB)) Aw(a)ds,

1 1 1
= ‘E/WJ\X(a)—X(a—mrf\VX(a)-ﬁPK

1 Xt(Oé) —Xt(Oé—,B)
Ky=——PV
T an Jpa VX(a) 8P

Aw(a)dp,
First we have

Il < CNFCOI IV Xl lloloa ([ 131745)
giving us an appropriated control. Next, we get

Falle < CIPC e [Vl 1l [ 1375

and an analogous estimate for K3. Therefore, Sobolev’s embedding help us to obtain the
desired control. Regarding K4 we have
1 Xi(a) — Xi(a = B) = VXi(a) - B

Ki=—— dgs.
0 g VX(a) AP hw(a)ds

Inequality ([@.I%) yields

1Kallzo < CIVX | NI e 0]V X /ﬁ| 1Bl
<

and the control ||VX;| s follows again by (81]) and Sobolev’s embedding. Next let us continue
with J3 = K5 4+ Kg where

_ X(a)~X(a—p) o o
K5_47TPV/5|>1 e N 05 (20, X (0= 8) = 05,((200, X)i(a=5))) .

S X(a) - X(a — )
Ko =5V ) 51ct X (@) —X(a - B)P

Integration by parts yields

Awi(o = B)dp,

15 2 < CIF () [700 IV X || zoe (120l oe |V X[l z0e + 1922 [V X | z),

where 47C = f\6|>1 1B|73dB + flﬁ\=1 dl(B), and we may use ([82) to estimate ||| . With
Kg we introduce a similar splitting to obtain

1Ksllze < P(IX — (@, 0)lc2 + |1 EX)l|zee + N7 | zoe) wellos

Then it remains to estimate ||w| s, for which purpose we use formula ([23]) and inequalities
BI)([B2). Therefore we have the estimate:

d 1 1
E(a(a, t)) = a?(a,t) P

X114 (8) + 1 E )|z () + Nz (1)),

and proceeding similarly as we did for F(X) we get finally:

d

o7 e (@) < o Iz O PAX () + IO llze (&) + [IN] [z (£))-
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9 Appendix

Here we prove first some helpful inequalities regarding commutators of Riesz transform (R;,
j = 1,2) with several differential operators. Next we analyze the singular integral operators
associated to the non-selfintersecting surface which appears throughout the paper. But the
main goal of this section, however, is to simplify the presentation of the main result.

Lemma 9.1 Consider f € L*>(R?), and g € CY°(R?) with 0 < § < 1. Then for any k,1 = 1,2
we have the following estimate

(R0 )(9f) = 9(Ri0ay) ()2 < Cliglicrs 11 2 (9-1)
An application of the above inequalities to the operator A = (R104,) + (R204,) yields
[A(gf) = gA(PllLz < Cliglorsl fl 2 (9-2)

For vector fields we have

Lemma 9.2 Consider f,g: R? — R? wvector fields where f € L*(R?) and g € C19(R?) with
0 <6< 1. Then for any k,l = 1,2 the following inequality holds

\ (g A f) - (Riday)(f)da| < Cllgllersllf 172 (9.3)

Proof: Denoting with the integral above and since the operator Ry0,, is self-adjoint we

may write

= [ Al 020 = ga(Rida) (lda+ [ Rl(uu)(021) = ga(Rida) ()l

l

T / F3[(Ria) (01 £2) — 01 (Riy) (o)
RZ

Then estimate (@) yields ([@3)).

Lemma 9.3 Consider f € L*(R?) and g € C'9(R?) with 0 < § < 1. Then for any j,k,1 =
1,2 the following inequality holds

| o R;(f)(Rk0u,)(9f)da| < Cllgllcrs|| 172 (9.4)
Proof: Let J be the integral to be bounded, then we have

J= | Ri(N(Rk0a,)(9f) — 9(Rr0a,)(f)ldex — /R2 [R;(f9) — 9R; (f))(Ri0Oa,)(f)dex

R2
+ / R;(£9)(Riy) (f)dor
R2

Since R;f = —R; and R}0,, is self-adjoint we get

7 =5 | R 00) = o o) (Dlde = 5 [ [y (f9) = aBs (1) e

2 R2 2
An integration by parts in the second integral above yields
1 1
7= [ B2 0) = s(Rida) (e + 5 [ (B0 (F9) = 900 (£ (B) ()
R2 R2
1

“3 /Rz(aalg)Rj(f)Rk(f)da,

allowing us to conclude the proof.
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Lemma 9.4 Let us define for any j = 1,2 and k = 1,2,3 the following operators:

Ti0n,f)(e) = PV [ SRS KO, fa— s (95)

. aank(a) — 8ank(a — ,8) _
Tf)(e) = PV [ SRS S - )8, (9.6
T =P [ S (9.7

X(a) — X VX(«a
Ti0n, 1)) =PV [ (G - SR e Yo, o)dsaa, 09

where VX () - B = Oay X()B1 + 0ay X () Ba. Assume that X (a) — (o, 0) € C?9(R?), and
that both F(X) and |[N|~' are in L> where

F(X)(e, B) = |B]/| X () = X(a = B)| and N(a) = 0o, X(a) N Doy X ().
Then the following estimates hold:

1T1(0a, )2 < P(IX = (, 0)llgrs + [F(X) | zoe + 1IN 2o ) (1 £1122 + 10, Fllz2),  (9-9)

172()llz2 < PUIX = (e, 0)llc2.s + 1F(X)llzoe + [N o) lIF Iz, (9.10)
IT3(H)llze < PUIX = (e, 0)l ez + I1F X zoe + [N Iz ) 1l (9.11)
ITa(H)llze < PIX = (o, 0) ez + [F(X) Lo + NN lzoe) I fl 22, (9.12)

with P a polynomial function.

Proof: To estimate the first set of operators we consider first the splitting

ﬂ(@a.f):PV/ dﬁ—l—PV/ dp =11 + I, (9.13)
’ 18]>1 18l<1

and an integration by parts allows us to write Iy = J; + Js + J3 where

- 8a]Xk(oz—) B
B = o TR XGa !0 P8

B (Xu(@) — Xi(a — B)(X(a) — X(a— B)) - o, X (o — )
"2‘3/6|>1 X(a) - X(a )P

fla=p)dp,

and

- Xi(a) — Xg(a — p)
s = /w:l X(a) — X(a— B)P

The above decomposition shows that

flor—=B)dl(B).

1< X ~ @0l F ([ e

and then Minkowski’s inequality gives the desired control.
Regarding I we write Is = Jy + J5 + Jg with

- Xy(a) = Xi(a— B) = VXy(a) - B
h= /|5<1 [ X(a) = X(a—B)I?

ap + /m:l Fla— B)IdI(B))

oy f (o = B)d,
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1 1
Fo = V) /ﬁklﬂ X —X@ AP ~ WX(a) gp 0ed @~ )5,

B B
Js = VXy(a) - PV /BI<1 Waajf(a — B)dp.

It is easy to see that

Oa; -
11X = 0ol [ e

and therefore that term can be estimated also with the use of Minkowski’s inequality.
Some elementary algebraic manipulations allows us to get

dB, (9.14)

4 O, f (o — B)|
Js < C||X — 20 F(X 4 18] 19, d
P OIX (@0 [ (FOO@ ) + oyl g4
and then the inequality
8] 1

yields for J; the same estimate (O.14)).
The term Jg can be written as

¥(a, B)
Jg=VX - PV O, — B)dg,
s = VXi(a) /ﬁ|<1 S0, o= s
where
(Z) E(Oé, )‘B) = E(a75)7 VA > 07 (ZZ) E(O&, _5) = —E(Oé,ﬁ),
and

(iti) sup [S(a, B)] < 8 VX [Zo0 [IIN] 7| Zoe
[e%

as a consequence of (@.I5)).
Here we have a singular integral operator with odd kernel (see [§] and [I7]) and therefore
a bounded linear map on L?(R?) giving us

196ll 2 < CIVX Lo 1N |70 [10a £l -
For the family of operators 72(f)(«) we use the splitting 7(f) = I3 + I where

. aank(a)—aank(a—ﬂ)
fs= /|g>1 [ X(a) = X(a—B)I?

fla—pB)ds.

Easily we get

B < 20X — (@0l POl [ O Plgs

B>1 1B1P

while for I, we proceed with the same method used with I, replacing now Xy () by 0, Xi (o)
and O, f(a — B) by f(a — f).
Next we shall show that the operator 73 behaves like A = (—A)%. To do that we split it

as Is + Ig where
e[ et
p>1 1 X (@) = X(a—8)
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can be easily estimated by

fla—p
s < [FOO erls@) + [ 02 Plag)
B>1 1B
The other term is written in the form I = J7; + Jg where

1 1
= //3|<1[\X(a) ~X(a-pP  [VX(a)- 5P

The identity

[(f () = fla=p))dB.

1
flo) = fla=3) =B+ [ V(o (s~ 13)ds
allows us to treat J; as we did with J5. To estimate Jg the equality

1 ﬁ 52 )

VX (o) B —%(W) - %(W (9.16)

will be very useful. After a careful integration by parts it yields

) Via-B) B, [ (fa)-fla- )
Jg‘PV/ﬁm VX(a) P /wl VX gp W)

The principal value in Jg is treated with the same method used for Jg and since the integral
on the circle is inoffensive, so long as |[N|~! is in L*°, the estimate for T3 follows.
For the remaining operator one integrates by parts to get T, = Iy + Ig where

=PV /R Pulc, B)f(a— B)dB,  Iy= PV /]R Po(a ) f(a — B)dB

with
Oa,; X () Oo; X (a0 — 3)

IVX(a) B [X(a) = X(a—B)P

Pl(awﬁ):
and
(X(a) = X(a = B))(X(a) — X(a =) O, X(a — B)
[ X(a) = X(a=B)P

VX(e) - B(VX(@) - B) - 0oy X ()
IVX(a)- 8P '

Next we will show how to treat I7, because the estimate for Ig follows similarly. In P; we
introduce the further decomposition: P, = (01 + Q2 where

1 B 1 L 0y = 8an(a)—8an(a—6)
IVX(a) - B} [X(a) = X(a—B)P" X () = X(a=B)?

Q1 = 0a; X ()

And since the kernel Q5 has already appeared in the operator 7Ty, it only remains to control
Jg which is given by

Jo = 0, X () PV /R Q0. B)f (o~ £)dp.

The following decomposition

Ty = 0o, X () /

B + 8an(a)PV/ dB = K, + Ko
18>1

18]<1
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shows that the term K7 trivializes. Regarding K let us write

(A" +[BP’|AP + |B[')(A + B) - (A - B)

Q= ABBR(AP + |BP)

where
A, B) = X(a) = X(a =),  Bla,f) =VX(a)-B.

This formula shows that inside @ lies a kernel of degree —2. Then let us take ()1 = S1 + 59

where
_3BI'B-(A-B) 3B-(A-B)

So = =
’ ER ER
Next we check that the kernel S; has degree —1, and therefore is easy to handle. Finally we
have to consider the kernel S5 appearing in the integral L

B (VX(a)-B) - (X(a) = X(a—B) = VX(a)- )
L =30, X(a)PV /|B<1 SO

flo—B)dp.

To do that we introduce a further decomposition L = My + Ms, with

(VX(a)-B)-(X(a)-X(a=B)-VX(a)-f-58-V>X(a)-B)
M1:38an(oz)/|B<1 X (a) 7 2 fla—p)dp
and
_3 N (VX(e)-8) - (B-V*X(a) - B) o
My =00 XY [ S =

where % B-V2X(a) - B is the second order term in the Taylor expansion of X. It is now easy
to check that

- fla=p
My < O[3 X — (@0 casl N [ e Pas,

Bl<1 181270
Then we also check that Ms is controlled like Jg throughout the estimate
1Mz 2 < CIIVX G0 VX || oo [IN]H[ oo 1/ 22
which allows us to finish the proof.

Remark 9.5 Having obtained the a priori bounds of the precedent sections, we are in position
to implement successfully the same approzimation scheme developed in [5] to conclude local
existence.
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