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Abstract

In this paper we pursue the study of the problem of controlling the maxi-
mal singular integral T* f by the singular integral T'f. Here T is a smooth
homogeneous Calderén-Zygmund singular integral of convolution type. We
consider two forms of control, namely, in the L?(R™) norm and via pointwise
estimates of T*f by M(Tf) or M?(Tf), where M is the Hardy-Littlewood
maximal operator and M? = M o M its iteration. It is known that the parity
of the kernel plays an essential role in this question. In a previous article
we considered the case of even kernels and here we deal with the odd case.
Along the way, the question of estimating composition operators of the type
T*oT arises. It turns out that, again, there is a remarkable difference between
even and odd kernels. For even kernels we obtain, quite unexpectedly, weak
(1,1) estimates, which are no longer true for odd kernels. For odd kernels we
obtain sharp weaker inequalities involving a weak L! estimate for functions
in L LogL.

1 Introduction: the model examples

In this paper we prove new estimates for the maximal singular integral associated
with a singular integral of Calderén-Zygmund type. We start by considering two
model examples, the Hilbert transform and the Beurling transform. The Hilbert
transform is the linear operator defined for almost every x € R by the principal
value integral

oy

Hf(x)=puw. i

where f is a function in some LP(R),1 < p < 0o, and the maximal Hilbert transform

/ @ 4,
ly—z|>c Y — T

The Beurling transform is the one complex variable analog of the Hilbert trans-
form, that is,
f(w)

5 dw,

Y

H* f(z) = sup

>0

, reR.

Bf() = po. /

c (w—2)
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where f is in some LP(C),1 < p < oo, and the maximal Beurling transform is

f(w)
/W_Z|>6 (o o) dw|, zeC.

Our motivation comes from classical Cotlar’s pointwise estimate

T (f)(x) < C (M(Tf)(x) + M(f)(x)) (1)

where T' is any Calderén-Zygmund singular operator, not necessarily of convolution
type, and M is the standard Hardy-Littlewood maximal function. (See the original
result in [Cot] and the modern treatment in [GrMF, p. 185]). It has been shown in
[MV] that it is possible, in some cases, to improve this estimate by removing M (f)
in the right hand side of (1). For example, for the Beurling transform one gets

B*f(z) = sup

>0

B*(f) < CM(Bf). (2)
It follows from the same paper that the analogous estimate for the Hilbert transform
H*(f) <CM(Hf) (3)

does not hold. In this paper we show that the right substitute for the inequality
above is
H*(f) < CM?*(Hf) (4)

where M? = M o M is the iterated Hardy-Littlewood maximal operator.

The crucial property to derive (2) is the even character of the kernel defining
B. For further developments in this direction see [MOV], where one characterizes
those even smooth homogeneous Calderon-Zygmund kernels for which the pointwise
estimate (2) holds with B replaced by the convolution operator T associated with
the kernel. One characterizing condition is the L? estimate,

17" fll: < CITfll2,  f € LAR"), (5)

an apparently weaker condition. Another description is expressed in terms of a
purely algebraic condition involving the spherical harmonics expansion of the kernel.
In particular, even higher order Riesz transforms 7" do satisfy (2), with B replaced
by T.

The first purpose of this paper is to pursue this point of view in the case of odd
smooth kernels, for which the model example provided by the Hilbert transform
points towards pointwise inequalities of the type (4). The main result is given in
Theorem 1 (see Section 2 below) where the pointwise inequality (4), with H replaced
by T', is shown to be equivalent to the L? estimate (5) and, as in the even case, to
a purely algebraic condition in terms of the spherical harmonics expansion of the
kernel.



The second purpose of this paper is to gain a better understanding of why (3)
fails and to provide appropriate sharp substitutes. The failure of (3) is related to
the endpoint boundedness properties of the composition of the maximal singular
integral operator and the singular integral operator itself. For instance, for the
Hilbert transform we are referring to the operator of the form

f— (H" o H)(f) = H*(Hf). (6)

We show in Section 9 that, indeed, this operator is not of weak type (1, 1) and, as
a consequence, (3) cannot hold. On the other hand, we show that H* o H satisfies
an “Llog L” type estimate, namely, that there is a constant C' such that

[{z € R: H*(Hf)(z) > t}] go/q>(|f(;ﬂ)l> dz, t>0 (7)

R
where ®(t) =t log(e + t). This estimate seems to be the right replacement for (3),
because of the presence of M? in (4) and because it is well known (see [P2]) that

\{xeR”:MQf(m)>t}\SC'/RHQDOJC(:)') dz . (8)

We remark that, since ||[M?|| ;1. = oo, the preceding inequality is sharp.

In fact, we show that the above “Llog L” phenomenon holds for arbitrary Calderén-
Zygmund singular integral operators, not necessarily of convolution type. Specif-
ically, if 7) and 7% are such operators, then 77 o 75 and even 77 o T} satisfy
inequalities similar to (7) (see Theorem 2 in Section 2 below). However, there are
special situations, always associated to even kernels, in which one gets a weak type
(1,1) inequality. For example, for the Beurling transform B one has

e BENE >0 [17G1aae, >0,

dA being two dimensional Lebesgue measure. The explanation is that even operators
enjoy an extra cancellation property smoothing out the composition.

2 Main results

2.1 The pointwise estimate for odd kernels

Let T" be a smooth homogeneous Calderén-Zygmund singular integral operator on
R™ with kernel

K@) =2 ere {0}, )

e
where € is a (real valued) homogeneous function of degree 0 whose restriction to
the unit sphere S"~1 is of class C*°(S™™!) and satisfies the cancellation property

/|:1 Qx)do(z) =0,
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o being the normalized surface measure on S™ !. Recall that T'f is the principal
value convolution operator

Tf(a) = po [ S0 =) K(y) dy = iy T*F(a), (10)

where T is the truncation at level € defined by

= [ e pKwy.

It is well known that the limit in (10) exists for almost all x for f in LP(R"),1 <
p < oo.

The operator T is said to be odd (or even) if the kernel is odd (or even), that is,
if Q(—z) = —Q(z), x € R\ {0} (or Q(—z) = Q(x), x € R"\ {0}).

Let T* be the maximal singular integral

T f(z) =sup|T°f(z)|, =e€R"
e>0
Consider the problem of controlling 7% f by T'f. The most basic form of control
one may think of is the L? estimate

17" flla < CITfll2,  f € L*R"). (11)

Another way of saying that 7™ f is dominated by T'f, much stronger, is provided by
the pointwise inequality

T"f(z) < CM(Tf)(z), =eR", (12)

where M denotes the Hardy-Littlewood maximal operator. A third form of control,
weaker than (12), but which still implies the L? inequality (11), is given by the
condition

T"f(z) < CM*(Tf)(z), x€R", (13)

where M? = M o M is the iterated Hardy-Littlewood maximal operator. It was
shown in [MV] that the Hilbert transform does not satisfy (12), but does satisfy a
pointwise inequality slightly weaker than (13) (see [MV, p.959]).

In this paper we prove that if 7" is an odd higher order Riesz transform, then
(13) holds. In [MOV] it was shown that even higher order Riesz transforms satisfy
the stronger inequality (12). Recall that T is a higher order Riesz transform if its
kernel is given by a function €2 of the form

P
Qz) = %, x € R"\ {0},
with P a homogeneous harmonic polynomial of degree d > 1. If P(x) = x;, then
one obtains the j-th Riesz transform R;. If the homogeneous polynomial P is not
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required to be harmonic, but has still zero integral on the unit sphere, then we call
T a polynomial operator.
Condition (13) clearly implies the LP inequality

IT*fllp < ClITfllp,  feLlP(R?) 1<p<oo.

As we said before, the Hilbert Transform does not satisfy (12). Therefore the pres-
ence of the iterated Hardy-Littlewood maximal operator in the case of odd kernels
is in the nature of the problem.

Our main result states that for odd operators inequalities (11) and (13) are equiv-
alent to an algebraic condition involving the expansion of €2 in spherical harmonics.
This condition may be very easily checked in practice and so, in particular, we can
produce extremely simple examples of odd polynomial operators for which (11) and
(13) fail. For these operators no alternative way of controlling 7* f by T'f is known.
To state our main result we need to introduce a piece of notation.

Recall that €2 has an expansion in spherical harmonics, that is,

Qx) = ZPJ(:B), re S (14)

where P; is a homogeneous harmonic polynomial of degree j. If 2 is odd, then only
the P; of odd degree j may be non-zero.

An important role in this paper will be played by the algebra A consisting of the
bounded operators on L*(R") of the form

A + S,

where )\ is a real number and S a smooth homogeneous Calderén-Zygmund operator.
Our main result reads as follows.

Theorem 1. Let T' be an odd smooth homogeneous Calderdon-Zygmund operator
with kernel (9) and assume that 2 has the expansion (14). Then the following are
equivalent.

(1)
T f(z) < CM*(Tf)(x), xcR",

(i)
IT*fll: < CITfll2,  f € L*(RY).

(iii) The operator T' can be factorized as T = Ro U, where U is an invertible oper-
ator in the algebra A and R is an odd higher order Riesz transform associated
to a harmonic homogeneous polynomial P which divides each P; in the ring of
polynomials in n variables with real coefficients .



Two remarks are in order.
Remark 1. As in [MOV], (ii7) can be reformulated in a more concrete fashion
as follows. Assume that the expansion of €2 in spherical harmonics is

Qz) = Pojra(e), Pojr1 #0.

J=Jo

Then (iii) is equivalent to the following
(iv) For each j there exists a homogeneous polynomial Qa;_2j, of degree 2j — 2jg

such that Pyjy1 = Pajor1 Qoj—2j, and 3707, vojr1 Qaj-2;0(§) #0, € 5"
Here for a positive integer j we have set

.o I
v=1me F(é) ) (15)

2

~—

The quantities ; appear in the computation of the Fourier multiplier of the higher
order Riesz transform R with kernel given by a homogeneous harmonic polynomial
P of degree j. One has (see [St, p.73])

RFe) = T8
4K
Throughout this paper the Fourier transform of f is f(¢€) = [ f(z)e ™¢dx, € € R".
The proof that (7i7) and (iv) are equivalent is exactly as in [MOV].
Remark 2. Condition (7i7) is rather easy to check in practice. For instance,
consider the polynomial of third degree

f), felL*R).

P(z) =214 (n+1) (2§ — 3z123) , €5,

The polynomial operator associated with P does not satisfy (z) nor (i7), because the
definition of P above is also the spherical harmonics expansion of P and, although
x; divides the two terms, a calculation shows that v + 3 (n+1) (£2 — 3&3) vanishes
on the sphere. On the other hand, if —1 < A < 1 the polynomial operator associated
with the polynomial

P(x)=z1+A(n+1) (2§ = 3z123) , ze€85"",

does satisfy (i) and (éi). Thus, as in the even case, we conclude that the condition
on 2 so that T satisfies (i) or (ii) is rather subtle.

For the proofs we will rely heavily on [MOV] and the reader will be assumed
to have some familiarity with that paper. The strategy for the proof is essentially
the same as in [MOV], but two main differences arise, which require some new
ideas. In the even case, in the proof of “(iii) implies (7)” (“the sufficient condition™)
for polynomial operators associated with a homogeneous polynomial of degree 2V,
the differential operator AV plays an essential role. In the odd case the natural
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substitute for A? is a pseudo-differential operator, which is non local. Thus one loses
the support of certain functions. This is a new difficulty which must be overcome.
A second difference is that one cannot hope to have the subtle L*° estimates of
[MOV], which have to be replaced by BMO estimates. This is, in some sense,
favorable, because proofs are simpler at some points, just because an L*> estimate
is not possible and must be replaced by a straight BMO estimate.

We devote Sections 4, 5 and 6 to the proof of the sufficient condition ((#77) implies
(7)). In Section 4 we prove that the odd higher order Riesz transforms satisfy (7).
Section 5 is devoted to the proof of the sufficient condition for polynomial operators.
The drawback of the argument used is that we lose control on the dependence of the
constants on the degree of the polynomial. The main difficulty we have to overcome
in Section 6 to complete the proof of the sufficient condition in the general case, is
to find a second approach to the polynomial case which gives some estimates with
constants independent of the degree of the polynomial. This allows the use of a
compactness argument to finish the proof. As in the even case, the approach in
Section 4 cannot be dispensed with, because it provides certain properties which are
vital for the final argument and do not follow otherwise.

In Section 7 we prove the necessary condition, that is, (i7) implies (éi7). First
we deal with the polynomial case. Analysing the inequality (i) via Plancherel at
the frequency side we obtain various inclusion relations among zero sets of certain
polynomials. This requires a considerable computational effort, as in the even case.
In a second step we solve the division problem which leads us to (iiz) by a recurrent
argument with some algebraic geometry ingredients . The question of independence
on the degree of the polynomial appears again, this time related to the coefficients
of certain expansions. Section 8 is devoted to the proof of the combinatorial lemmas
used in the previous sections.

2.2 Composing maximal singular integrals with singular in-
tegrals

In the previous section we discussed several estimates for operators of the form
H* o H or B* o B. We now extend these results by considering general Calderén-
Zygmund singular integral operators. Our point of view is strongly motivated by
a celebrated result of R. Coifman and C. Fefferman from the seventies, Theorem 6
below. We recall that A, is the class of weights U,>1A,.

Theorem 2. Let Ty and Ty be two the Calderon-Zygmund singular integral opera-
tors.

a) If 0 < p < oo and w € Ay, then there is a constant C' depending on the Ay
constant of w such that

/n(Tf o L)(f) (@) w(z)dz < C | (M*(f)())" w(x)dx, (16)

Rn



and

1 R 1 W o
50 w({z € R : (T7oT)(f)(x) > t}) < C Sup @w({w €R": M (f)(@(;i})

where ®(t) = tlog(e +t) and [ is a function for which the left hand side is finite.
b) The estimates (16) and (17) hold with T} o Ty replaced by Ty o Ty in the left
hand side.

Corollary 1. Let T and T5 as above and let w € A;. Then there is a constant C
depending on the Ay constant of w such that
o (‘f(tm)‘) w(x)dx, t>0 (18)

w{z e R: Ty o Tr(f)(z) >t}) <C /
R

where ®(t) = tlog(e +t).
The estimate (18) holds with T} o Ty replaced by Ty o Ty in the left hand side.

As we mentioned before, for general Calderén-Zygmund singular integral oper-
ators T} and T, their composition T} o 75 is not of weak type (1,1). This should
be compared with the case of Fourier multipliers 7}, when the multiplier m satisfies
the classical Mihlin condition. Indeed, by classical well known results, if 7,,, and
T,,, are two multipliers the composition operators 7,,,, 0 T},, = Ty m, is also of weak
type (1,1), and hence is an algebra [GrCF, 2.5.5]. Indeed, suppose that T,,, and
T, are two multiplier operators such that each multiplier m;, 7 = 1,2, is bounded,
belongs to C1z1*! in the complement of the origin and satisfies the classical Mihlin

condition,
c

(0%m;)(£) < G §7#0

for any o such that [a| < [§] + 1. Now consider as above the composition operator
Tn, © Ty, , which is another multiplier operator with multiplier m,my. Then since
myme satisfies again Mihlin’s condition by the Leibnitz rule, then T, o T,,, is of
weak type (1,1). We recall here that in either the case of the Hilbert transform
(Theorem 7) or the Riesz transform ([MV]), where the multipliers are smooth, 7,
cannot be replaced by T, ~in the above result.

The Beurling transform, being an even smooth Calderén-Zygmund operator,
should enjoy an extra cancellation property that allows for an improvement of The-
orem 2. This can be readily verified for the operator B* o B, where B denotes
the operator whose kernel is the complex conjugate of the kernel of the Beurling
transform. Since B is precisely the inverse of B, the pointwise inequality (2) implies
immediately that B* o B is of weak type (1,1).

It turns out that the operator B* o B is also of weak type (1,1), in striking
contrast with the fact that H* o H is not. This is more difficult to prove and follows
from the pointwise inequality

B (B(f)(z) < C (B*)"(f)(z) + M(f)(z)) , =z€C, (19)
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because B? = Bo B is again a smooth Calderén-Zygmund singular integral operator
and hence its maximal operator is of weak type (1,1). This will be shown in Section
10. Indeed, we prove there a more general result which reads as follows.

Theorem 3. Let R be an even higher order Riesz transform and let T be an even
smooth homogeneous Calderon-Zygmund operator. Then there exists a smooth ho-
mogeneous Calderon-Zygmund operator S such that

R (T(f))(x) < O(S*(f)(@) + M(f)(z)) =€ R

The operator S is defined by the identity RoT = S+ clI, where ¢ is an appropriate
constant.
In particular, the operator R* o T is of weak type (1,1).

3 Some preliminaries

3.1 Sharp maximal operators

For § > 0, let Ms be the maximal function

1/5
M) = (AP ) = (s o [ 1 )
Also, let M# be the usual sharp maximal function of Fefferman and Stein [FS],

1
# = nf — ~
M*(f)(x) = sup f|Q|/Q!f( ey~ supm/u ~ foldy,

Q3> ¢

where as usual fo = | I, f 0 y) dy denotes the average of f over Q).
We also consider tLe followmg useful variant of the above sharp maximal operator

MF f(z) = M*(|f°)(2)"°.

The main inequality between these operators to be used is a version of the

classical one due to C. Fefferman and E. Stein (see [Jo| for a proof simpler than the
original, or [GrMF, p. 148]).

Theorem 4. Let w be an A, weight and let § > 0.
a) Let 0 < p < oco. Then there exists a positive constant C' depending on the Ay
condition of w and p such that

/ (M3 () w(a)da < / (M () wia)dr,

for every function f such that the left hand side is finite.



b) Let ¢ : (0,00) — (0,00) satisfy the doubling condition . Then, there exists a
constant C' depending upon the A, condition of w and the doubling condition of ¢
such that

supcp(t)w({y eR": Msf(y) > t}) <C iggcp(t)w({y eR™: MF f(y) > t})

t>0

for every function such that the left hand side is finite.

3.2 Orlicz spaces and normalized measures

We need some few facts from the theory of Orlicz spaces that we will state without
proof. For more information about these spaces the reader may consult the recent
book by Wilson [W] or [GrMF, p. 158]. Let ® : [0, 00) — [0, 00) be a Young function.
The ®-average of a function f over a cube @ is defined to be the Lg(p) norm of f
with p the normalized measure of the cube @ and it is denoted by || f||o,. That is,

Iflag = intr>0: 0 [ @ (L) ar <y

In this paper we will consider the Young functions ®(t) =t (1+log* t) ~ t log(e+1)
and W(t) = e’ — 1. The corresponding averages will be denoted by | - oo =
|- leaog )0 and || - [[w.o = || - llexpr,o Trespectively. We will use the following well
known generalized Holder’s inequality

|Q|/ﬁf D) dr < C 1 lowp 2.0 19l 2008 .- (20)

In particular, we obtain the following inequality, which will be used later on in this
article,

107 . 1K) = bl 70) dy < Clbllowol lisina @

for any function b € BM O and any non negative function f. This inequality follows
from (20) combined with the classical John-Nirenberg inequality [JN] for BMO
functions: there is a dimensional constant ¢ such that

y) — bg|
dy < 2
|QL/ (mmmMo> y<

which easily implies that

16 = bellesp 2.0 < bl Brro-

In view of this result and its applications it is natural to define as in [P2] a
maximal operator

Mgy f(2) = Sup 11l 2og 1),
S
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where the supremum is taken over all the cubes containing x. (Other equivalent
definitions can be found in the literature.) We will also use the pointwise equivalence

Moy f (x) = M*f(z). (22)

This equivalence was obtained in [P1] (see [CGMP] for a different argument) and it
relationship with commutators of singular integrals and BM O functions was studied
in [P2] and [P3]. The sharp endpoint modular inequality for M?, already mentioned
in (8), will play an important role.

Finally, we will employ several times the following simple Kolmogorov inequality.
Let 0 < p < g < 0o, then there is a constant C' = C,, ;, such that for any measurable

function f
HfHLP(Q,l%‘) < C HfHLq,oo(Q7%).

3.3 Cotlar’s pointwise inequality for Calderon-Zygmund op-
erators

By a Calderon-Zygmund operator we mean a continuous linear operator
T : C(R") — D'(R™) that extends to a bounded operator on L*(R™), and whose
distributional kernel K coincides, away from the diagonal, with a function K satis-

fying the size estimate
c

|z —y|"

K (z,y)] <
and the regularity condition

T — z|°
’K(LC,Z/> _K(Zuy)| + |K(y,£ll') _K(y7"7’)| < C|x|—y|”|+57

for some € > 0 and whenever 2|z — z| < |v — y|. The kernel of 7" is K in the sense
that

Tf(x)= [ K(x,y)f(y)dy,

Rn

whenever f € C§°(R") and = ¢ supp(f). Let T* be the maximal singular integral

T f(x) =sup|T°f(z)], =z e€R"

e>0

where T is the truncation at level € defined by
= [ Ky
Yy—x|>€

We refer to [GrMF, p. 175] for a complete account on these operators. In the same
reference, p. 185, it can be found an improvement of Cotlar’s inequality (1) that
will be useful for our estimates. It reads as follows.
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Theorem 5. Let T and T* as before and let 0 < & < 1. Then there is a positive
constant C' = Cs such that

T*(f)(z) <CM;(Tf)(x) +CMf(x), xeR™ (23)

Observe that by Jensen’s inequality, (23) is an improvement of (1). Also, it
should be mentioned that A. Lerner has improved this estimate in [Le2].

The ideas leading to Cotlar estimate (23) were crucial to derive the good-A
inequality relating 7 and M found by R. Coifman and C. Fefferman in [CoF]. In
particular we will use in Section 10 the following result.

Theorem 6. Let T be any Calderon-Zygmund operator. Then
a) If 0 < p < 00 and w € Ay, then there exists a positive constant C depending
upon the A condition of w such that

/ T f(z)]Pw(x)de < C M f(x)P w(z) dz. (24)
n Rn

b) Let ¢ : (0,00) — (0,00) doubling. Then, there exists a positive constant C
depending upon the A condition of w and the doubling condition of ¢ such that

iggs@(t)w({y eR":|T"f(x)| > 1}) <C sup p)w{y e R" - Mf(x) > t})

Also we will use a local versién of (24) in the proof of (26) in Lemma 2 below:
if 0 <p<oo,wée Ay, and @Q is an arbitrary cube, then there exists a constant C
depending upon the A, condition of w such that

/ |T* f(2)|P w(x)de < C / M f(x)P w(z) de, (25)
2Q 2Q

for any function f supported in ). The proof of this estimate is an adaptation of
the proof in [CoF] by considering everything at local level. However, it should be
mentioned that a different approach to the above theorem, which may be found in
[AP], yields the local version. It is based on the combination of the well known
good-\ inequality of Fefferman-Stein Theorem 4, which is much simpler, and the
pointwise estimate (27) from next lemma which will be used in the paper. This
procedure has been applied in [LOPTT] into the context of multilinear Calderén-
Zygmund singular integral operators to derive sharp results.

Lemma 2. IfT is a Calderon-Zygmund singular operator, then

M#(Tf)(x) < CM*(f) (), (26)
and, for 0 < < 1,

M (Tf)(x) < Cs Mf(x). (27)

It is well known that inequality (26) holds with the right hand side replaced by
the larger operator M,(f) with p > 1 (see, for instance, [GrMF, p. 153]). However,
this is not sharp enough for many purposes and an excellent alternative is given by
(27) which can be found in [AP]. We sketch the proof of inequality (26) in Section
10.
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4 0Odd higher order Riesz transforms
In this section we prove that if T" is an odd higher order Riesz transform, then
T f(z) < CM*(Tf)(x), xcR", (28)
By translating and dilating one reduces the proof of (28) to
[T £(0)] < CM*(TF)(0),

where

T'f(0) = — fW)K(y) dy

ly[>1

is the truncated integral at level 1. Recall that the kernel of our singular integral is

Ko~ 20) _ P@

e el

where P is an odd homogeneous harmonic polynomial of degree d > 1. The argu-
ment proceeds along the lines of the even case, but, as we said above, two important
differences arise. The first is that, for odd d, (—A)%? is not a differential operator
and this complicates the situation. We will work with the pseudo-differential oper-
ator (—A)Y2AN | where d = 2N + 1. The definition of (—A)"/2 on test functions ¥
is (—A)Y20 = > i1 R;j(0;¥), where the R; are the Riesz transforms normalized so

that ﬁjﬁ/(&) = —i&;/|€| ¥(E) . The kernel of R; is then px;|x|™""!, where p is a con-
stant which depends only on the dimension n and whose concrete value is irrelevant

in this paper. On the Fourier transform side we then have (—Z)l\/Q\I/(f) = |§|(I\f(§)
The idea is to obtain an identity of the form

K(z)xgmp(z) = T(0)(2), (29)

where B is the open ball of radius 1 centered at the origin and b is a certain function.
To this end, consider a fundamental solution of (—A)Y2AN that is, a function F
such that (—A)Y2ANE = §, where § is the Dirac delta at the origin. One can
take E as a solution of ANE = ¢, /|z|""!, where the constant ¢, is chosen so that
T (6) = _ )
cn/|z["1(€) = 1/|€|. The formula ¢, = DLy
that E can always be taken to be radial (see Section 8 for a precise expression).
Consider the function

wil be used in Section 8. Notice

p(x) = B(@) Xpm5(®) + (Ao + Ar |2 + .. + Agw [2]*Y) x5(2), (30)

where the constants Ay, Ay, ..., Aoy are chosen so that the derivatives of ¢ up to
order 2N extend continuously to the boundary of B. Then, in computing the dis-
tributional derivatives of ¢, one can apply 2N + 1 times Green-Stokes’ Theorem
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and the boundary terms will vanish. This is most conveniently done by applying
N times Corollary 1 and one time Lemma 1 in [MOV]. The conclusion is that, for
some constants o; and [y,

(=80 28N = () (L0 ) + (an + cnlel -+ anleP (o))
=Y R, (cn (1-n) JTJ'HXBC(@ + (Buxj + Boz|zP+ - + ﬁij|x|2N2)XB(x)>

(31)
where the last identity is a definition of b. Since
p=Ex(-A)ANg,
taking derivatives of both sides we obtain
P(D)p=P(0)Ex (=A)V2AN .
To compute P(0)E we take the Fourier transform

PO)E() = P(i€) B(¢) = Tf(ﬁf |

On the other hand, as it is well known ([St, p. 73]),

P@) . _ . PO
PO ) =0 g

See (15) for the precise value of 74, which is not important now. We conclude that,
for some constant ay depending on d,

P(z)

P(O)E = aq p.v. 2

Thus b
P(0)¢p = aq p-v. @, (—A)2AN o =a, T(D).

|x|n+d

The only thing left is the computation of P(0) ¢. We have, by Corollary 1 in [MOV],
P(8) ¢ = ag K(z) xpn5 + P(O)(Ao + Ay 2> + ... + Ay [2*2) () x5()
= Qaq K(I) XR”\E )
where the last identity follows from the fact that, since P is harmonic,

PO)(|z/¥)=0, 1<j<d-1. (32)
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The identity (32) is a special case of a formula of Lyons and Zumbrun [LZ] which
will be discussed in the next section (see Lemma 2).
Once (29) is at our disposition we get, for f in some LP(R™), 1 < p < o0,

71(0) = = [ Xenpl) K 70 dy
—— [ 10w 1) dy
~ [ 7s0)dy
= [ rrwbmay + [ Trwp

Rn\2B

= [ 50 00) ~ by + b [

2B

Tf(y)dy + / T (4y)b(y)dy

R"\2B
=1+ 1I+1I1I.

Notice that byp is a dimensional constant, because of the definition of b. In partic-
ular, it is independent of f. Hence

(11| < C M(T[)(0)

To estimate the local term I we remark that b € BMO(R™). This follows from
the fact that b is a sum on j of the j-th Riesz transform of a bounded function
(depending on j). Hence we can apply (21) to get

1| < Clbllsaoll T fllLgog )28
< CTflpaogry2n
< C M*(T[)(0),

where we have used (22) in the last inequality.
To estimate the term 1] we first prove the decay estimate

C
|b(z)| < PR |x| > 2. (33)
.From the decay of b we obtain
1
111 <cC \Tf(x)]degCM(Tf)(O),

|| >2

using a standard argument which consists in estimating the integral on the annuli
{2F < |x| < 28+1}. Let us prove (33). From the definition of b we see that b = by +bs,

15



where

by =Y Rj(ay)
j=1

each a; being a bounded function supported on B with zero integral (indeed, a; is
odd).

If |x| > 2, then, since the kernel of R; is p ;x| for some numerical constant
p depending on n,

fw%mwzp/° T ) dy

yl<1 |$ -y (34)
! /|y<1(|$ — y|ntt - ’x|n+1) aj(y) dy .

Thus
C

Ryfa)(@)] € T ol > 2.

and hence b, satisfies the decay estimate (33) with b replaced by by. That this is also
the case for b; was shown in [MV]. We repeat the argument here for completeness.
One has

n

PYi PYi
ZR (‘y’nil Xe5 (Y ZR * 1 — ZR |ni1 Xz ()

j=1

j=1

where dy is the Dirac delta at the origin. If |x| > 2, then

Y Li—Yj Yj
Ry( X (y))(z) = p lim dy
|y P e e L 7] e
Ti— Y, T Y,
— i J J J J du .
BT P e e Y

Hence

Y C dy C
R, x5 (y))(z S—/ < ;
oy e WD S st [Tyt = Japee

which completes the proof of (33).
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5 Proof of the sufficient condition: the polyno-
mial case

This section does not differ substantially from its analogue for the even case. Nev-
ertheless, we will present the argument in detail for the reader’s sake, because it is
technically sophisticated and we would like to describe clearly the changes that have
to be made.

Let us assume that 7" is an odd polynomial operator. This amounts to say that
for some odd integer 2N + 1, N > 0, the function |z[**™! Q(z) is a homogeneous
polynomial of degree 2N + 1. Such a polynomial may be written as [St, p.69]

|x|2N+1 Q(:}j) = P1(17)|ZE|2N + ...+ PQj+1(ZL‘)|JZ|2N_2j + ...+ P2N+1(‘T) ’

where Py, is a homogeneous harmonic polynomial of degree 25 +1, 0 < j < N.
In other words, the expansion of Q(z) in spherical harmonics is

Qx) = Pi(z) + Ps(x) + ... + Ponya(z), |z|=1.

As in the previous section, we want to obtain an expression for the kernel K(z)
off the unit ball B. For this we need the differential operator Q(0) defined by the
polynomial

Q(z) = 1 Pi(2)|z]™N + ... 4+ Y251 Pojrr (@) |2V + 4 yons1 Pana(2)
If E is the standard fundamental solution of (—A)2AN | then
Q)E =ipv. K(z),

which may be easily verified by taking the Fourier transform of both sides (K is the
kernel of T').
Take now the function ¢ of the previous section. We have ¢ = E* (—A)Y2AN
and thus
QD)p = Q)E  (=A)PAN o = pu. K(x)xb="T(b),

where b is defined as i (—A)Y2AN . On the other hand, by Corollary 2 of [MOV]
Q(0) p =i K(x) xgm\5 + Q(9)(Ao + Ay |z|? + ... + Aoy |2|*™M) () x(z).  (35)
Contrary to what happened in the previous section, the term
S(x) == —Q(0)(Ag + Ay x> + ... + Aoy |2|"™)(z)

does not necessarily vanish, the reason being that now () does not need to be har-
monic.
Our goal is to find a function § € BMO(R™), satisfying the decay estimate

C
6(z)] < Erh [ > 2, (36)
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and

S(x)xs(x) = T(B)(x). (37)
By (35), the definition of S(x) and (37), we then get
i K(2)xgn\p(7) = T(b)(x) + T(B)(x) = T(y)(x), (38)

where v = b + (3 belongs to BMO and satisfies the decay estimate (36) with [
replaced by 7. Once this is achieved the proof of (i) is just the argument presented
in Section 4.

To construct [ satisfying (36) and (37) we resort to our hypothesis, condition
(7i) in the Theorem, which says that T'= R o U, where U is an invertible operator
in the algebra A, R is a higher order Riesz transform and the polynomial P which
determines R divides Py;41, 0 < j < N, in the ring of polynomials in n variables
with real coefficients. The construction of 3 is performed in two steps.

The first step consists in proving that there exists a function g, in BMO , sat-
isfying some additional properties, such that

S(x)xs(r) = R(P1)(z). (39)

It will become clear later what these additional properties are and how they are
used. To prove (39) we need an explicit formula for S(x) and for that we will make
use of the following formula of Lyons and Zumbrun [LZ].

Lemma 3. Let L be a homogeneous polynomial of degree | and let f be a smooth
function of one variable. Then

LOS0) =Y g 80w (F2) 0, 7=l

v>0

An immediate consequence of Lemma 1 is

Lemma 4. Let P11 a homogeneous harmonic polynomial of degree 25 +1 and let
k be a non-negative integer. Then

k!

) 2k _o929+1 ™t
Poyia (D) (Jaf) = 2% e

P2j+1<£L') ‘l”z(ki%;l) Zf 2] +1< k,

and
Pya(9)(J2*) =0,  k<2j+1.

On the other hand, a routine computation gives

: gtk 2+ k-1 :
A (| ]2F :41]—.<2 . ) xQ(k’J), j<k, 40
(o) =4 G (2707 ) (40)
and 4
N(z)**)=0, k<j. (41)
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By Lemma 2, (40) and (41) we get that for some constants c; ; one has, in view of
the definitions of Q(z) and S(x),

2

—1N—-1—j
Crg P () |2 (42)
k=0

Il
=)

J

Therefore it suffices to prove (39) with S(z) replaced by Pajiq(z) |z]|?* ,for 0 < j <
N — 1 and each non-negative integer £ < N — 1 — j. The idea is to look for an
appropriate function v such that

P(0)i)(x) = Pajsi (x) |2 xp(x). (43)

Let 2d + 1 be the degree of P. Assume for the moment that (43) holds and 1) is
good enough. Then
= Ex (=A)PAN,

where E is the fundamental solution of (—A)Y2A%. Hence

P(D)) = P(O)E  (=A)V2A%) = cp.v. mﬁ(r—xwll « (=A)2A% = R(B3),

where 3 is defined as ¢ (—A)Y/2A%) = ¢ Z R;0;(A%)) . The conclusion is that we
i=1
have to solve (43) in such a way that 9;A%) is a bounded function supported on B
with zero integral, 1 < ¢ < n. If this is the case, then (; is in BMO and satisfies
the decay estimate |3;(z)| < C|z|™" ! if |z| > 2, as we proved before (see (34)).
Taking Fourier transforms in (43) we get

i(=1)PE) V(&) =i(=1) Poja (9) A" (XB(€)) - (44)
Recall that for m = n/2 one has [GrCF, B.5]

G0 = o ) e g

€[
where J,, is the Bessel function of order m. Set
J
Gﬂé)z%, EER", A>0.

In computing the right hand side of (44) we apply Lemma 3 to L(x) = Pyji1(x) |z
and f(r) = G (r) and we get

1/+1

zvv

P(&)¥(€) = (2m)™(— J““*dZ

v>0

A (Pyjr(§) [€177) Grugajsrsan—v([€])
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owing to the well known formula (e.g. [GrCF, B.2|)
——G\(r) = =Gy (r), r>0, A>0.

Since Py;11(€) is homogeneous of degree 25 + 1, VP 1(§) - & = (25 + 1) Pajy1(€),
and hence one may readily show by an inductive argument that

A (P2j+1<§> |f’2k) = ajty Poj1(€) \5]2(]“7”) ,

for some constants a;i, . Thus, for some other constants a;, , we get

Z A jky P2]+1 |§’2 (k=) Gm+2j+1+2k u(f) . (45)

v>0

By hypothesis P divides P5;;1 in the ring of polynomials in n variables and so

Poj1(§) = P(§) Q2j—24(§)

for some homogeneous polynomial (Q9;_24 of degree 25 — 2d. Cancelling out the
factor P(£) in (45) we conclude that

D) = Qaj-nalé Zajku €125 G sajron—u(€])

Since [GrCF, B.5]

—

(1= 2 x8(2)(€) = ex GmialE])

we finally obtain

k

V(@) = Q2j-2a(0) Dy A (1= [a)P 47 xp(2) |
v=0

for other constants aji, . Observe that i restricted to B is a polynomial which
vanishes on 0B up to order 2d + 1 and v is zero off B. Therefore, 9;/A%) has zero
integral, is supported on B and its restriction to B is a polynomial, 1 < ¢ < n. This
completes the first step of the construction of .

The second step proceeds as follows. Since by hypothesis 7' = R o U, with U
invertible in the algebra A, we have

R(ﬂl) = R O U(Uﬁlﬂl) = T(Uﬁlﬂl) .

Setting
6 = U_lﬁl ) (46)
we are only left with the task of showing that

3 € BMO(R")
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and that, for some positive constant C',

C
6 < o el 22, (47)

Since U™t € A, for some real number A and some smooth homogeneous Calderén-
Zygmund operator V',
U't=XI+V.

Thus
B=A+V(5).

n
By construction, (; = ZRiai, where each a; is a bounded function supported

i=1
on B with zero integral. By (34) [, satisfies (47) with § replaced by (. Clearly,
B € BMO and so we only have to get the decay estimate (47) with V(3;) in place

of 4. In fact,
V() = Z V R;a; = Z Aia; + Z Via,
i=1 i=1 i=1

because each V R; € A and thus V R; = \;I +V; for some real number )\; and some
smooth homogeneous Calderén-Zygmund operator V;. Following the argument we
used in (34) with V; in place of R; we finally get (47).

6 Proof of the sufficient condition: the general
case

In [MOV] several facts about the convergence of the expansion (14) of € in spherical
harmonics were established. In particular, since € is infinitely differentiable on the
unit sphere and has the spherical harmonics expansion

o) = Poya(a). (48)

one has that, for each positive integer M,

D@+ DM [Py floe < 00,

j>1

where the supremum norm is taken on S™~!.
By hypothesis there is a homogeneous harmonic polynomial P of degree 2d + 1
such that Pyjy1 = P Q2j_24, where QQ9j_2q is a homogeneous polynomial of degree
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2j —2d. As in [MOV], one shows that the series }; Q2;-24(z) is convergent in
C>(S"~1), that is, that for each positive integer M

DM 1Qs)-dlle < o0 (49)

j=d

The scheme for the proof of the sufficient condition in the general case is as in
[MOV]. Nevertheless, we will have to overcome several new difficulties, which are
not substantial but still require significant work.

Taking a large partial sum of the series (48) we pass to a polynomial operator T
(associated to a polynomial of degree 2N +1), which still satisfies the hypothesis (ii7)
of the Theorem. Then we may apply the construction of Section 5 to Ty and get
functions by and fBy. Unfortunately what was done in Section 5 does not give
any uniform estimate in /N, which is precisely what we need to try a compactness
argument. The rest of the section is devoted to get the appropriate uniform estimates
and to describe the final compactness argument.

By hypothesis, T' = RoU, where R is the higher order Riesz transform associated
to the harmonic polynomial P of degree 2d + 1 that divides all Pj;,4, and U is
invertible in the algebra A. The Fourier multiplier of T is

i P2g+1(5) _ Z Y25+1 QQJ 2d 5) £ cR” \ {0}

Y2j+1 Y2d+1
perR A |5|2d+1 S paa €T

Therefore the Fourier multiplier of U is

QQ 2d 5)
72d+1 Z’YQJ-H yg‘gj 2d (5())

j>d
and the series is convergent in C°°(S™1) because y9;11 = (25 +1)7"/2 [SW, p. 226].
Set, for N > d,

12\ 72d+1 Z 72]+1 62|z_]|2]2d2§)’ f c Rn \ {O} ]

If

Z ’x‘2j+1+n reR \{0}’
and T is the polynomial operator with kernel Ky, then Ty = Ro Uy, where Uy is
the operator in the algebra A with Fourier multiplier uy (). From now on N is

assumed to be big enough so that uy(€) does not vanish on S"~!. In fact, we will
need later on the inequality

0N @I < C, [l =1, 0<|a|<2(n+3), (51)
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which may be taken for granted owing to the convergence in C*(S™™!) of the se-
ries (50). In (51) C' is a positive constant depending only on the dimension n and
on .

Notice that Ty satisfies condition (7i7) in the Theorem (with 7" replaced by Ty ),
because puy(§) # 0, || = 1, and so we can apply the results of Section 5. In
particular,

1 KN(£)XR”\§("L‘) = TN(bN)(:L‘) + TN(ﬁN)(:E) )

where by and [y are respectively the functions b and (3 appearing in (38). It is
important to remark that by does not depend on 7. As (31) shows, the function by
depends on N only through the fundamental solution of the operator (—A)Y2AN.
The uniform estimate we need on by is given by part (i) of the next lemma. The
polynomial estimates in N of (ii) and (éi7) are also central for the compactness
argument we are looking for, and they were not present in the corresponding lemma
for the even case (Lemma 8 in [MOV]).

Lemma 5. There exist a constant C' depending only on n such that
(i N
by(§)] < C, £eR,
(ii)
lox [l Bro < C (2N +1)*",
and
lon]l2 < C (2N +1)*",

where ||-||garo and ||-||2 denote respectively the BMO and L? norms on R™.

Proof. We first prove (i). Let hq,..., hq be an orthonormal basis of the subspace of
L?(do) consisting of all homogeneous harmonic polynomials of degree 2N + 1. As
in the proof of Lemma 6 in [MOV] we have h? 4 --- + h2 = d, on S""!. Set

_ L h
72N+1\/E ’

and let S; be the higher order Riesz transform with kernel K;(z) = H;(x)/|x [N 1.
The Fourier multiplier of S7 is

H;(z) (x), zeR",

E|€T4N+27 0#£ER )
and thus
d
d osi=1
j=1



By (29), we get
Kj(z) xgmp(®) = S;(bn)(2), z€R", 1<j<d,
and so

by = iSj (Kj(l‘) XRH\E(x)) : (52)

We now appeal to a lemma of Calderén and Zygmund ([CZ]) and we readily get (4)
(see [MOV]).

We now turn to the proof of (i) in Lemma 5. In view of the expression (52)
for by, we obtain, by the standard L> — BMO estimate,

lon|lBro < Cd 112522 HKJ’HCZ ||KjHLoo(Rn\§) .

Recall that the constant of the kernel K (x) = Q(z)/|z|" of the smooth homogeneous
Calderén-Zygmund operator T is

ITllez = [1Klloz = 1€le + 2] VE(2)]|o -
As it is well known, d ~ (2N + 1)"2 [SW, p. 140]. On the other hand
1Kllez < [[Hjlloo + [IVHjllo

where the supremum norms are taken on S"~!. Clearly

1l = ~ (2N + 1),

L, <
Yon41 VA T Va4t
For the estimate of the gradient of H; we use the inequality [St, p. 276]
IV Hjlloo < C 2N+ 1) [|Hj|l,,

where the L? norm is taken with respect to do. Since the h; are an orthonormal
system,
1 . @N41)m

Vdyony 2N+ 102/
Gathering the above inequalities we get

1H;ll2 =

2:2N—|—1.

1Klloz < C (2N +1)"/2+2.
On the other hand, [|Kjl|j0c®mnp) < 2N + 1)"/2 and therefore
lon|lBaro < C (2N 4 1)" 2 (2N + 1)V**2 (2N 4+ 1)"2 = C (2N + 1)*".

The estimate (iii) in Lemma 5 follows from [|bx [z < C'd maxi<j<a || Koz | Kl p2@n5),
| K|l L2em\ By < C || Hj||oo and the previous inequalities. O

24



Our goal is now to show that under condition (#ii) of the Theorem we can find
a function v in BMO(R") such that

v K(2)xgmp(2) = T(y)(x), =eR", (53)

and having a decay as in (36) with /3 replaced by ~. If T' is a polynomial operator
this was proven in the preceding section for a v of the form b+ ( (see (38)). The
plan is to produce a different approach to this result, which has the advantage that,
when applied to T, gives a uniform BMO bound on vy = by + On.

Since €2 has the expansion (48) in spherical harmonics, we have

p2]+1
K (2)xpmp(® Z‘x|2j+1+n Xen\B(7)

= > T0)@)

where T} is the higher order Riesz transform with kernel Py (z)/|z[* T+ and b;
is the function constructed in Section 4 (see (29) and (31)). The Fourier multiplier
of Tj is

Doy (§) P(&) 241 Q2j—2a(§) n
V2541 ’Z-T;ﬁ = "V2d+1 |§’2d+1 ’szzi ’ZJ‘QJ?de ) 5 €eR \{O} :

Let S; be the operator whose Fourier multiplier is

Y2j+1 sz—zd(f) n
Yoar1 [[HT2 S R0, (54)

so that T; = Ro S;. Then

K(z)xgmp() = Y (R0 S;)(b;)

The latest identity is justified by the absolute convergence of the series
> 5a(U 0 85)(by) in L*(R™), which follows, using (iii) in Lemma 5, from the

estimate
> Il b)ll2 < C Y 11Qaj—2dlloe 115l 22 ey

j>d j>d

<C Y [1Qajaalloe (27 +1)*" < 00

j=d
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We claim now that the series > ,(U™" 0.5;)(b;) converges in BMO(R") to a func-
tion —2 7, which will prove (53)_. Observe that the operator U™' o S; € A is not
necessarily a Calderén-Zygmund operator because the integral on the sphere of its
multiplier does not need to vanish. However it can be written as U1 0 S; = ¢;1+V,
where

¢ =2 / (&)™ Qzj—2a(€) do(§)

Yod Jgn-1

and Vj is the Calderén-Zygmund operator with multiplier

_1725 Q2j-24(§)

1(€) oa IE[B2d G (55)
Now
S (U oS b)) =) eibi+ > Vi)
j>d j>d >d

and the first series offers no difficulties because, by Lemma 5 (ii) and (49)

> el Ibillaro < € (25 + 1)72(25 4+ 1) Qaj—zall o < 00

j=d j=d
The second series is more difficult to treat. By Lemma 5 and Lemma 5 (ii) and (iii),

1V; ()l Bao < C|Vjllez 11bs]l Bao
<C(2j+1)™ 1Villez -

Estimating the Calderén-Zygmund constant of the kernel of the operator V; is not
an easy task, because we do not have an explicit expression for the kernel. We do
know, however, the multiplier (55) of V;. We need a way of estimating the constant
of the kernel in terms of the multiplier and this is what Lemma 9 of [MOV] achieves.
The final outcome is

Villez < C 3™ | Pajialle

for some positive integer M depending only on n and the polynomial P. Thus

Vi (o)l 5o < C 3 | Pajiallz

where again M = M(n, P) is a positive integer. Hence the series ) ,(U~"0.S;)(b;)
converges in BMO(R™) and the proof of (53) is complete.

We are now ready for the discussion of the final compactness argument that will
complete the proof of the sufficient condition. We know from Section 5 (see (38))
that

v Kn(2)xpn\5(7) = T (bv)(2) + Tn(Br) () - (56)
On the other hand, by the construction of the function v we have just described, we
also have
N

1 Ky (2)xamz(®) = Tn(yw) (@), v =Y _(Uy' 0 8))(b)). (57)

j=d
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Notice that (51) guaranties that Lemma 9 of [MOV] may be applied to the operator
Tn and so the estimate of the BMO norm of vy is uniform in N. Since Ty is
injective, (56) and (57) imply

by + By =N (58)

and, in particular, we conclude that the functions by + Gy are uniformly bounded
in BMO(R"), a fact that cannot be derived from the work done in Section 5. On
the other hand, Section 5 tells us that vy satisfies the decay estimate (36) with g
replaced by vy, which we cannot infer from the preceding construction of v. The
advantages of both approaches will be combined now to get both the boundedness
in BMO and the decay property for ~.

In view of (57) and the expressions of the multipliers of Uy and S; (see (54)),

N
—~ N L 2541 szde(f) ~
’YN(g) - ]z:; MN(S) Yodt1 ‘6’2]',20{ b](g)a

which yields, by Lemma 5 (i) and (49) for M = 0,

|Q2; 24|00

17w | ooy < ©

<C | Q2;-2d| o

N

j=d

j=d
<C,

where C' does not depend on N. Recall that, from (46) in Section 5, we have

By =Uy'(Bin),

with 1 v = Z R;0;(fn), where fy is a C'! function supported on B. Since
i=1
Bin = pn By = pn (N — b)),
we have, again by Lemma 5 (4),
1Bl ooy < €.
Therefore, passing to a subsequence, we may assume that, as N goes to 0o,
l;]; — ap and ﬁ/ljv — ap, (59)

weak * in L>°(R"™). Hence

bN — (I)o = f71a0 and ﬁl,N — (I)l = .7-"’1&1,
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in the weak * topology of tempered distributions, F~! being the inverse Fourier
transform.

We would like now to understand the convergence properties of the sequence of
the By’s . Since

B (&) = uy' (&) BLn(€),
and we have pointwise bounded convergence of ' (€) towards p~'(€) on R™ \ {0},

we get that By — ' aq, in the weak x topology of L>°(R™). Thus By — U~ 1(®,)
in the weak * topology of tempered distributions. Letting N — oo in (58) we obtain

Y= (I)o + U71(®1>
— (I)O —|— )\Cpl + V(q)l) 5
where ) is a real number and V' a smooth homogeneous Calderén-Zygmund operator.

We come now to the last delicate point of the proof, namely, that one has the
decay estimate

C
@) < e el 2 2. (60)

We claim that, as tempered distributions,

@0 = Z RZ@(SO) + C(SO and <D1 = Z R’Lal(sl) ) (61)
i=1

i=1
where Sy and S; are distributions supported on B and ¢ is a constant depending

only on n. Recall that 3 y = ZRZ@( fn), where fy is a C! function supported
i=1

on B, and, by (31),

n Cn
=1

where Py is a polynomial. Set

Cn

ay = ————Xpe + PnXB-
’:E‘n 1

Hence

Bin() = 1€ Tn(€) and ba () = |€lan(e).

1
By (59), since ag,a; € L and G is locally integrable in R"™ (because we may
assume n > 2),
and N — —,
i

—

ay —

@
€]

28



in the weak * topology of tempered distributions. Hence

ay — a = F ! <‘a§_0’) and fv — S =F! (%) ,

in the weak * topology of tempered distributions. Since each fy is supported on
B we get that S; is also supported on B and we obtain (61) for ®;. On the other
hand, observe that
Cp, Cp, /
PNXB:OZN——_IXBC—>06——_1XBC =,

=" ="

with o/ a tempered distribution supported on B. Set
Cn
SO =a — T XB-
o

The claim now follows from the chain of identities

(I)O = ZRK)AO&)
i=1
n , cn
= ZRlGZ o + ?XBC
P =1
. c . c
=) R0, (0/ — X ) + > Ri; (—n>
2 ) 2
= Z R;0;(50) + CZ R; * R,
i=1 i=1

= Z Rz&,(SO) + 050 .
=1

Therefore,
i=1 i=1 i=1

Write, for each i, V o R; = \; I +V; for some real number )\; and some homogeneous
smooth Calderén-Zygmund operator V;. Thus to get (60) it is enough to show that

[V (9:5)(x)] <

where V' is a homogeneous smooth Calderén-Zygmund operator and S a distribution
supported on B. Regularizing S one checks that, for a fixed x with |z| > 2,

V(0:5)(x) = (85, L(x —y))
(62)



Since S is a distribution supported on B there exists a positive integer v and a
constant C' such that

I(S, ¢)| < Csup sup [0%(y)], (63)

|la|<v |y|<3/2
for each infinitely differentiable function ¢ on R™. The kernel L satisfies
o 9 Cq

55 LE -yl < —=m Wl <3/2
aya ayz (x y)’ - |x‘n+1+|a\’ |y| = / )
and hence, by (62) and (63),
V(0;S < > 9
VYOS < o el 22

which proves (60) and then completes the proof of the sufficient condition in the
general case.

7 Proof of the necessary condition

The proof of the necessary condition is completely analogue to the even case. We
will just start the argument to help the reader in capturing the context.
We first assume that 7T is a polynomial operator with kernel

Qz)  P(z) | B(o) Pyn ()
K(x) = 2| - | | ot || 2N+ r#0,

where P5;41 is a homogeneous harmonic polynomial of degree 25 +1. Let @) be the
homogeneous polynomial of degree 2N + 1 defined by

Qx) = (71 Py(z)]zPN + .+ V2j+1 P2j+1($)|37\2N72j + . 72N+ P2N+1($)) .

Then
P E () = o)

o ’£|2N+1 :

Our assumption is now the L?(R™) control of T* f by T'f (i.e., (4) in the statement
of the Theorem). Since the truncated operator T' at level 1 is obviously dominated
by T, we have

/ (T 1) (x) di < / (T* ) () de < © / (Tf)(x) de.
The kernel of T is (see (35))
K (1) xam5(z) = T(0) () + 5(z) x5(z) (64)

30



where b is given in equation (31) and
—S(z) = Q(I)(Ag + Ay |x* + ... + Aoy 1 |2|*M)(z), x € R".

The reader may consult the beginning of Section 5 to review the context of the
definition of S. In view of (64) we have, for each f € L*(R"),

1S x5 * flla < CIT fll2 + [1b* Tfll2
S CUTfll2 + 10l ITf1l2)
=C ”TfH2 .

By Plancherel, the above L? inequality translates into a pointwise inequality between
the Fourier multipliers, namely,

5xn(©)] < CpoR(e) =c L)

o |E[2N+1 (65)

Notice that @ has plenty of zeros because it has zero integral on the sphere. Our

next aim is to use (65) to show that P;;; vanishes where @) does. For each function
fonR"set Z(f) ={x eR": f(x) =0}.

Lemma (Zero Sets Lemma).
2(Q) C Z(Pyj1), 0<j<N.

Proof. We know that S has an expression of the form (see (42))

2N L—-N-1

S)= Y Y cng Pyale) oY

L=N+1 ;=0

Since xp = G, (2m)™, m = n/2, Lemma 3 yields

Sxp(§) = 5(0)X5(§)
2N L—-N-1
—=o2m)" Y D e (=1)FN Py (9) AMNTTGL(€)
L=N+1 j=0

2N L—-N-1L-N—j;-1
=@ Y > > cngik Pyna(© 1PV TGy w1k (€) -
L=N+1 j=0 k=0

(66)

The function G, () is, for each p > 0, aradial function which is the restriction to the
real positive axis of an entire function [GrCF, B.6]. Set { =1&y, [&] =1, r>0.
Then

[e.9]

(27)%/25/)(\3(7’50) = Z agp1 (&) TP (67)

p=0
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and the power series has infinite radius of convergence for each §y. Assume now that
Q(&) = 0. Then, by (65), Sxp(r&) = 0 for each r > 0, and hence agy+1(&) =0, for
each p > 0. For p = 0 one has a1(&) = P;(&) C1, where

2N
C) = Z CL,0,L—N-1 Gg+L—N(O)-

L=N+1

It will be shown later that C; # 0, and then we get P;(§) = 0. Let us make

the inductive hypothesis that P;(§) = ... = P»—1(§) = 0. Then we obtain, if
J<N =1, as41(8) = Pojr1(&o) Cajta , where
2N
Cojsr= Y crjr-n-j-1Gosr-n4;(0). (68)
L=N+1+j

Since we will show that Cyj11 # 0, Poji1(§) =0, 0<j < N —1. We have

N
0=Q(=&) = 272j+1 Paj1(&0)
=0

and so we also get Pyny1(&) = 0. Therefore the zero sets Lemma is completely
proved provided we have at our disposition the following formula, which in particular
shows that C41 #0, 0<j < N —1.

Lemma 6.

1 (—1)7 .

Cojr1 = =% 7o . , 0<j<N-1.
AT 08 W2+ D(Z +2) 1 1) J

The proof of Lemma 6 is lengthy and rather complicated from the computational

point of view, and so we postpone it to Section 8 . O]

Notice that, although the constants Cy;;; are non-zero, they become rapidly
small as the index j increases and they oscillate around 0.

The reason why Lemma 6 is involved is that one has to trace back the exact
values of the constants Cyj4q from the very beginning of our proof of (64). This
forces us to take into account the exact values of various constants. For instance,
those which appear in the expression of the fundamental solution of (—A)Y2AN
and the constants Ag, Ay, ..., Aoy in formula (30). Finally, we need to prove some
new identities involving a triple sum of combinatorial numbers, in the spirit of those
that can be found in the book of R. Graham D. Knuth and O. Patashnik [GKP].

The remaining of the proof of the necessary condition is basically a plain trans-
lation of what was done in the even case. One first completes the proof of the
polynomial case by an appropriate division process. Then the general case must
be faced. We reduce to the polynomial case by truncating the spherical harmonics
expansion of 2. Denoting by Sy the analogue of S at the truncated level we set
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€ =ré&, with || =1 and r > 0. Rewrite (67) with S replaced by Sy and agy1
by aé\;H :

(zﬂ)in/ZSNXBO“'fO) = Z aé\;fn+1(’£0) PP
p=0

As in the even case, it is a remarkable key fact that for a fixed p the sequence of
the aé\; 1 stabilizes for N large. This fact depends on a laborious computation of
various constants and will be proved in Section 8 in the following form.

Lemma 7. Ifp+1< N, then a}),,, = agﬁl.

If p>0and p+1 < N we set agyyy = ab,, . We need an estimate for the a}),,
which will be proved as well in Section 8.

Lemma 8. We have, for a constant C' depending only on n,

C
pl4r

p
jaspet| < = 3 |Pysille, 0<p<N-—1, (69)
=0

and

|a§;+1| < | Pojsilloc, 1< N <p. (70)

vy

8 Proof of the combinatorial Lemmata

This section will be devoted to prove lemmas 6, 7 and 8 stated and used in the
preceding sections. The arguments are parallel to those of the even case, but many
different computations have to be performed . Owing to the intricate combinatorics
involved we prefer to write carefully down all calculations.

For the proof of Lemma 6 (see Section 7) we need to have explicit expressions
for the constants Cy;41 and for this we need to carefully trace back the path that
led us to them. To begin with we need a formula for the coefficients Ay, in (30) and

for that it is essential to have the expression for a fundamental solution Ey = E}
of (=A)2AN. Recall that AN(Ex)(z) = ¢,|z|'™ in R", where the normalization

—

constant ¢, is chosen so that ¢, /|z[*~1(£) = 1/|¢|]. One has

En(z) = cola 7" (a(n, N) + B(n, N) log|a[) ,

where a and 3 are constants that depend on n and N .To write in close form « and
n—1

2

B we consider different cases. Write m =
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Case 1: n is even. Then

a(n, N) = <1:[(2N—|—1—n—2j) (2N +1 —2(j+1)))
(5
and
B(n; N) = 0.

Case 2: nisodd and 2N 4+ 1 —n < 0. Then

a(n,N) = (1:[(2N+1—n—2j)(2]\/+1—2(j—|—1))>

(2N m =N T2V (N =) ()N (m — N = DN — 1)
B ( (m—N—l)!) (2N —1)! 2(m — 1)!I(2N —1)!
and
B(n; N) = 0.

Case 3: nis odd and 2N +1 —n > 0. Then
2N — 1)\
(N —1)!

and a(n, N) is a constant which we don’t need to precise.
Recall that the constants the constants Ag, Ay, ..., Ao are chosen so that the
function (see (30))

B(n,N) = ((—1)m+12(m — DN —m)!

p(x) = E(x) xpmp(®) + (Ao + A1 [z + ... + Aoy [2*) x5(2),

and all its partial derivatives of order not greater than 2/N extend continuously up
to 0B.

Lemma 9. For L= N +1,...,2N we have

(=D NN ) Ga)

(2N)!(%)

Proof. Let m = (n — 1)/2 and set t = |z|?, so that

AL:Cn

El(z) = E(t) = t" "™ (a4 Blog(t)) (71)

Let P(t) be the polynomial Zi]io Aptt. By Corollary 2 in Section 2 we need
that
PP(1)=E"(1), 0<k<2N.
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By Taylor’s expansion we have that P(t) = Zfivo Ei;(l) (t—1)%, and hence, by the
binomial formula applied to (t — 1)?,

2N

ALzzw(—w—L(i) , 0<L<2N.

; 7! L
=L
Now we want to compute E(1) . Clearly
d ‘ N—m . N—m—i
7 (t )=(N—m)---(N—m—1+ 1)t
and it is zero when m is integer and ¢ > N — m. Notice that the logarithmic term

in (71) only appears when the dimension n is odd (then m is integer) and N > m.
In this case, for each i > N + 1

<i)’ (tN—m logt) = (N — m)!(_l)i—N—l-m—l(Z- N fm—1) N

dt
Hence, for © > N + 1, we obtain
E(1) , i\~ Ntm—1;
=a(n,N)(N—=m)--- (n—m—i+1)+5(n, N)(N—m)!(=1)"" """ (i—N+m—1)!
Cn
Consequently,
Ap L - : (_1)i i
Z:H) a(n,N);(N—m)~~(N—m—z+1) )t

(=D N (0, NY (N —m)! Y (i = N 4 m — 1)1k,
7!
i=L
Let’s remark that for the case n odd and N > m the first term in (72) is zero,
while for the cases n even or n odd and N < m the second term is zero because
B(n, N) = 0. This explains why we compute below the two terms separately.

For the first term we show that
2N

, (=) (i I (N—m\/m+N
Nem)---(N—m—i+1 — (-1
S eme v m e (= (Y G) @)
Indeed, the left hand side of (73) is, setting k =i — L,
12N7L (_1)L+k
EZ(N—m)---(N—m—L—ch) i
s !
LN =—m\ = fm+L—N+k—1
=0T g 2 k

e (MM,

35



where the last identity comes from ([GKP, (5.9),p.159]).
To compute the second term we first show that

i=L

As before, setting k = i — L and applying [GKP, (5.9),p.159], we see that the left
hand side of (74) is

2N—L

1 1
_ _ _ | —
L!;;(wa N+m—1)
2N—-L
L-N+k—1
:(L—N+m—1)!z<m+ k““ )
k=0
(L=N+m—-1)!/N+m
B L OIN—L)"

We are now ready to complete the proof of the lemma distinguishing 3 cases.

Case 1: n even.
Since B(n, N) = 0, replacing in (72) a(n, N) by its value and using (73) we get,
by elementary arithmetics,

Ay o CDRCE VT
P 2N (V) (2N - 1)!
:(_1>L+N( L-N )(2N7L)

2N)!(%)

Case 2: nisodd and 2N +1 —n < 0.
As in case 1 #(n, N) = 0, and we proceed similarly using (73) to obtain

AL

Cn

()G e

NG 6

- 2N)!(%)

Case 3: nisodd and 2N +1—n > 0.
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Replacing in (72) a(n, N) and 3(n, N) by their values and using (74) we get, by
elementary arithmetics,

jj_nL —(—1)L= V=130, N) (N — m)!(L - N;m —1)! (gv_i_jz)

B 2(m — 1)!I(2N — 1)!L! 2N — L

NG 6

N 2N)!(%)

Proof of Lemma 6. Recall that (see (68))

2N

Cyj = cr,ji-N-j—1 Gopr-n15(0).
2
L=N+1+j

Thus, we have to compute the constants ¢y, ;, appearing in the expression (66) for

5/’)5(5 ). For that we need the constants ¢y, ; appearing in the formula (42) for S(x) .
We start by computing Pa;;1(9)AYN 7 (|z|*"). Using (40) and Lemma 4 one gets

_ 22NN — ) (L—1+ % e
P @A™ (1) = (L—N(_j - 1>)!( N—j 2)P2j+1(93)|xl2“ N

ifL-N—j—1>0(and=0ifL—N—j—1<0).

As in (45) (Section 3), we express Pyji1(0)A* N 771Gx (€) using Lemma 3 ap-
plied to f(r) = Gz (r) and the homogeneous polynomial L(x) = P (x) [z[*F~ V=771,
We obtain

3,

0|3

| ) ’ 19\ 2L-N-1-k
Poyia (AN TGy () = 3 S AN (P ) 224N (;a) G

(_1)k+1 '
=3 AF(Pyjir (@) [P N Gaog w1 -#(6)

‘Z‘ (—1)k+14k (L-N—j—-1)! . 2+j+L-N-1
2kl " (L—N—j—1—k)!" k

X Pajy1(§) \5’2(L7N7j717k) Gg+2(L—N)—1—k(§)-
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In view of the definitions of Q(z) and S(x),

S(x) = —Q(9) (Z AL!$|2L> = - Z Ap Z72j+1sz+1(0)AN_j(\ivl2L)

2N L—N-1

PNHILNN — ) (L—1+ o
_ (L-N—j-1)
D I B e k) L
L=N+1 j=0
2N L—-N-1
= D D crgPyn(@)eN
L=N+1 j=0

where the last identity defines the ¢z ;. In Section 5 (66) we set

Sxs(§) = S(0)x5(6)
2N L-N-1
= Z(Qﬂ)n/z Z CL,j (_1)L7N P2j+1(a> A G%(f)
L=N+1 j=0
L—N-1L-N-j-1

crjk Poa(€) [PV Gy i (6)
k=0

= (2m)"/? Z]]:: zf 72

=0

Consequently,

L_N(—1)k+14k (L-N-j-1)! (54+j+L-N-1
ok (L—N—-j—1—k)! k

2NN — ) (L—1+412 5+j+L-N-1
— (RN A 2 \ok( 2 .
Z( ) L72J+1(L—N—]—1—]€)'( N_j ) k

CL,j,k = ZCL,j(—l)

Replacing Ay, by the formula given in lemma 9 and performing some easy arithmetics
we get

2N+ (N — (L1t 2ok (g HI+L=N=1\ (L4+m—N-1\ (N+m
CL,jk :Z(—l)kcn’ysz ( J) ( ij ) ( ' k )( L-N )%N—L)
(L=N—j—1-Fk) 2N)1(E)
2N — )(n—1)(" ) (N (Vi)

= (=1 ke,
TTON LWL N+ 1YL -N—j—1-Fk)

3

The final computation of the Cy;; is as follows.
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2N

Cojr= Y crji-N-jo1 Grsrn+;(0)

L=N-+1+j
= [by the explicit value of G,(0) given in (77) below]
2N

1
= CL,j,L—-N—j—-1-m7_ p— ;
LNz-i-:H-j ’ TSN (S + LN+ +1)

= [by (75)]

N (D) a2 NV )l = D () G ()

(L—N+2—LH@N - D)V /)23t N2 4 L — N+ 5+ 1)

1y Y2j 41 (N — j)i(n —1) (N+%v_1/2)
— 2%+2j+1(N;\;l/2)

S (0 GV
paT, L= N+35 - RN —-L)T(%2+L—-N+j+1)

= [setting L=1i+ N+ j+ 1]
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ZCn’YQj_H(N — j)'(n _ 1)(N+%V_1/2)
2%+2j+1(N7N1/2)

AN+ i+i+2\ (2 +2)+i
()

Z ((+j+24+3)(N—j—i—DID(2+i+2j+2)

=0

i+1

= [because F(§+Z+2j +2) —F(§+2j)]£[0(§+2j+k‘)]

ey (N = )in — 1) (VR
C st (NI p(e g
o
;;(Hd+%+%ﬂN—j—%%ﬂHiH%+%+k)
= [using Lemma 10 below |
eyt (N = Din = 1)(Y 57 2N TR +i+1/2)
25 +27 1 (N2 P(2 4 2j) 2N +1)(2j+2)T(2+ N +1/2)
= [substituting the value given in (15) in 79;41]
_. (E>Z (n—1)I(3) (—1)
"\2) TE4+L) 42+ )0(E+25+1)
= [recalling the exact value of ¢,]
1 (1
22 425+ I3 +25+1)

m
Lemma 10. For each j =0,...,N —1
, N+z’+j+ﬂ><@+2j+i>
N—j—1 —1) T N B N+1/2 N
: ( )( N = i 27 TE+i+d)

2 TN - - DIERG LR OV R0 DTG T

1=

Proof. Denote the left hand side by S. Using the identity I'(A) = I'(A — k) (Alzl)k!,
for any non-negative integer k, and elementary arithmetics one gets

N+i+j+2\(2+2+i
N —j i
T2+ + 3G+ +2+ DT E +25 +k)

_(N+z‘+j+g)( N+%-1 ><g+z‘+j—1)(N—7;—j—1)!
N—-j—1 N—i—j—1 i (2] +2)(N —3)’

r(g+N+§)<
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and so
L(2+j+3)
L(5+ N+ 35)(2) + 5N =)
—Jj

N—

(—1) N+it+j+5 N+3%-1 24i4+j—3
P N—-j—1 N—-i—j—1 i

- ecawse (7Y =077

PG+ N+3)(2+ 5 =)
N—-1—j

Cry(NFititE)( Ntg-l —n_j-1
: N—j—1 J\N—i—j—1 i
=0

= [by the triple-binomial identity (5.28) of ([GKP], p. 171), see (76) below]

B LE+j+1) (N+§+j)( N-1 )
D2+ N+3)(25+2)(N—j) 0 N—-j—1

TG4+ (N+§> 2
PE+N+D(2j+2)\N—-j/2N+1°

S:

—_

For the reader’s convenience and later reference we state the triple-binomial identity
(5.28) of [GKP] :

Z(m—r+s) (n~|—r—s><7’+k‘) _ (r)(s) m,n > 0 integers. (76)
k=0 k n—k m+n myA\n

]

Our next task is to prove Lemma 7 and Lemma 8. Setting £ = ¢, in (66) we
obtain
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2N L-N—-1L-N—j—1

S r
N;Bn/go Z Z Z cr,jk Pajy1(réo) |7‘§0|2 N kG”+2 _1-x(r&o)

L=N+1 j=0
[ make the change of indexes L = N + s and |§| = 1]
N s—1s—j-1

j—
ZZ Z CN+s,j,k P2]+1(fo) (s=k)— G"+25 1— k(r)
s—j—1

s=1 j=0 k=
N J
Z Z CNts, i,k P2j41(&0) 7“2(37]6)71Gg+25717k(7°)

N—-1
0 s=j+1 k=

[e=]

2

J

[en]

o0

=2 g (Gt

p=0

In order to compute the coefficients aé\; +1(&o) we substitute the power series expan-
sion of G(r) [GrCF, B.2], namely,

o _ 0 (_1)i r2
or) = ZO (g +1i+ 1) 2%+

(77)

in the last triple sum above.

Proof of Lemma 7. We are assuming that 0 < p < N — 1. It is crucial to remark
that, for this range of p, after introducing (77) in the triple sum above, only the
values of the index j satisfying 0 < j < p are involved in the expression for aévl; 1
Once (77) has been introduced in the triple sum one should sum, in principle, on
the four indexes 4, 7, s and k. But since we are looking at the coefficient of 72! we
have the relation 2(s — k) — 1+ 2i = 2p + 1, which actually leaves us with three
indexes. The range of each of these indexes is easy to determine and one gets

N
: 2i
a2p+1 E Pyj1(&) E E CNts,j, s—(p—i)—1 X coefficient of 7= from G gy, 4(r).
=0 s=p—i+1

In view of (77)
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v (-1
Aopy1 = Z P2]+1 ) Z Z CN+s,j,s—(p—i)— !2i+g+s+pp(g +s+p+1)

=0 s=p—i+1
= [by the expression (75) for ¢ j |

r—j N )Y 1)5_(p_i)_172j+1
:zanP2J+1 50 Z Z 2122+ +s+pp( +3—|—p+1)

=0 s=p—i+1

(i) — . N+s—1+1% 24 i+s—1 N+n_1
98 (p z)lN_ ]n_1< ' 2)(2 ) )( 2 2)
] ) | (L AP

@+%—%XN—wﬂ@—z—ﬁ%N%)

N-‘r%—%) p ( 1)377' F( 'P J
2 ,]+
— (—1)Pt! n(— P
(=) ¢ (N;,%) jgo 5i+1(80) F( i+l 22+2p+1 ;z! p—i—j)

N+s—1+7% 5t+7+s—1
N—j s—(p—i)—1

2_D(N=s)T(2+s+p+1)

=

[]=
0
w| =
L

In Lemma 11 below we give a useful compact form for the last sum. Using it we

obtain
4n_1 . —7
a%ﬂ — (-1 p+1 ]\2[ 2 ZP2 . &) —1)maT(j + )(N—J)! g 1
Cn ( _ Jj+ ( +] + 2)22+2p+1 p Z'(p—@—j)'

N
(=1)PH={(N —p — 1).(p+1—3)!r( +§—z’+%)( N-1 )(g—i—Zp—i—{—l
(N=)IT(N+2+ )T (2 +2p+2—1) N-p-1 p+1l1—j

Easy arithmetics with binomial coefficients gives

(N+ﬂ_l)(N p— 1) (N pll) F(
CAOTW gy TGHIIE+D)

We finally get the extremely surprising identity

aé\;ﬂ B (%)(%)% i (=1)’T(j + %)P2j+1(§0)
Cn  22PID(2 4+ DP(p+3) & N(Z+j+1)

pi (—)T(3+p—i+})
—illp—i— NG +p—i+j+1)’

in which N has miraculously disappeared. Thus Lemma 7 is proved.
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Proof of Lemma 8. We start by proving the inequality (69), so that 0 <p < N —1.
We roughly estimate agpi1 = aé\; 41 by putting the absolute value inside the sums in
(78). The absolute value of each term in the innermost sum in (78) is obviously not
greater than 1 and there are at most p+ 1 terms. The factor in front of Py;11(&o) is
again not greater than 1 in absolute value. Denoting by C' the terms that depend
only on n we obtain the desired inequality (69) .

We turn now to the proof of inequality (70). Recall that

Sn x(ré&)
W Za2p+1 Eo)r*rt!

Sjl

N
Z Z CNts, ik P2j41(&0) TQ(S_k)_ngHs—l—k(T)-

=0 s=j+1 k=0

Replacing G'n 95-1-1(r) by the expression given by (77) we obtain, as before, a sum
with four indexes. Now we eliminate the index i of (77) using s —k+i=p+1.
Hence

N— N s—j—1
gy = Z 5i+1(&o) Z Z CNys gk X coefficient of P2@H1=sHH) from Gnige1x(r)
=0 s=j+1 k=0
N-1 N s—j—1 1—s+k
(—1)P*
= P C Nats
j02“1®82;1§; N d T = s+ R)T(Z + p+ s+ 1)22 w5tk
N-1 N-1-j N stk
( 1)P+
= P CNts n
~ 2j+1 50 kZO s_j§+1 N+s, 3, k‘(p+ 1 —S+k) F(% +p+5+ 1)22p+1+5+k
(DT = D (2 TG + WS 3
= Cp 1 n 2]+1 0
4p(NNQ)QQ—i_1 Jj=0 F<2 +‘7+ k=0 s=j+k+1

(_I)S(N_j)!(zw;j%) (%+jzs—1>

(P+1—s+E)T(E+p+s+1)(s+2—35)(N—s)l(s—j—1—k)!

The second identity is just (77). The third is a change of the order of summa-
tion and the latest follows from the formula (75) for the constants ¢ and some
simplifications.

In view of the elementary fact that

(N — ) N4+s—1+2\/2+j+s—-1\  T(s+5+N)
J N—j k T RT(s+2+j—k)

we get
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Vi x e -an(N

Z (p+1—s+E)TE+p+s+)(s+2—3)(N—s)l(s—j—1—k)! =

1 1
< i T m m .
—~ k! 8§+1F(s+—+]—k)(P+1—s+k)!(§+p+s)(s+§—%)(N—s)!(s—j—l—k)!
N—-1—j N
1 1
< 2 2
- k! Z (s—j—l—k:)‘_e’
k=0 s=j+k+1

where in the first inequality we used that, since N < p,

I'(s+35+N) - 1
NG+p+s+1) " Z+p+s
The proof of (70) is complete. O
Lemma 11. Let N—1 > p > j+1 > 0 be non-negative integers and set m = p+1—1.
Then
N_m(—l)S(%+N+m7LS_1> (§+j+m+s—1)
N —j S
— (m+s+2—3)(N—m—3s)T(2+2m+i+s)

(N —m —1i)! (m—l—z—j)'F(m—l———%)( N-1 )(§+2m+i—1)
T (N —j)! FZ+2m+ o) T(N+24+3) \N—-m—i m+i—j )

Proof. Denote the left hand side by S. Using repeatedly the identity I'(x + 1) =
xT'(z) and arithmetics with binomial coefficients we have

S+N+m+s—1\/(g+j+m+s—1
N —j s
L5 +2m+i+s)
C(N=m—i)l(m+i—j) <g+N+m+s—1)(g+2m—l—i—l)

(N = )ISIT(2 4 2m +1) N—-—m-—i m—+i—j
Then
S:(N m—i)l(m+i—j) (54+2m+i—1 = <_1)8(%+§f$f:_1)
(N_J)ll"( + 2m + 1) m-+i—j — sI(N m—s)(m+s+%—3)
N /n .
_( — i) (m+i— j)! ; T2m+i—1 D(m, i),
(N—])'F( Fomti) \ mAi—j
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where the last identity defines D(m, ). The only task left is the computation of the
sum D(m,i). The identity

1 1 s
n 1 n 1 1 - n 1 )
m+8+§—§ m—|—§—§ m+s+§——

yields the expression

D(m, i) = (m+%_;<N_m>!Nin(_1)s(N;m> <%+x—|_—ﬂml—l-:—1>

s=0
Z+N+m+s—1
m —1)8 2
— s(N —m —s)! (m+2-2)(m+s+2—13)

The first sum in the above expression for D(m, i) turns out to vanish for ¢ > 1. This

is because
sz(—ns N—m\(2+N+m+s—1
—~ s N—-m-—1

N -1
(_1)N—m( +m‘i._2 ):0’

—1

where the first identity follows from [GKP, (5.24), p.169] and the second from the
fact that (’s) = 0 if n is a negative integer. Hence, setting r = s — 1,

_m (—1)°
X ( ) N—-—m-—1 S

<§+N+m+s—1)
D(m,i) = —
(m,i) == SN —m — s)! m+2—Lm+s+2-1)

(Ee N+ (m+1)+r—1
1 N - ( N~ (m+ 1)~ (i~ 1)
(m+3—3) PN = (m+1) =n)i((m+1) +r+5—3)
1

r=0
m Dim+1,i—1).
Repeating the above argument ¢ times we obtain that

1
(m+2—3)m+%+3)---(m+%+i—3)

D(m,i) = D(m+1,0).

To compute D(m +14,0) or D(p+ 1,0) we use the elementary identity

[+ 3 +3) (E )Y
Tlp+2+3)siN—p—1-9s)p+s+2+13) N—-p—-1-s s ’
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from which we get

N—-p—1 (_1)s<%;N+p1+s)
D(p+1,0) = S
; s!(N—p—l—s)!(p—I—s+§+%)
_Tlp+5+3) Z f(E+N+p+s\( N+2-1 p+s+ﬂ—§
I(N+2+3 - N-p—1 N—-p—1-s
B F(p+§+§) & (g+N+p+s)< N+%—3 )( —p - %—%)
I(N+2+3) —~ N-p-1 N—-p—-1-s

:P(p+g+§)( N—%)
I(N+5+5)\N-p—1)’

where in the third identity we applied [GKP, (5.14), p. 164] and the latest equality
is consequence of the triple-binomial identity (76) [GKP, (5.28), p.171] (for k = s,
n=N-p—1,m=0,r=N+p+3 ands:N—%). Consequently,

D(mi)_r(m+g+z‘—§)< N-1 ) 1
’ - n 1 : n 1 n : 3
(N +%5+3) (m+5—35)-(m+5+i-3)

_m+5-3)( N—3
I(N+2+D)\N-—m—i)’

which completes the proof of the lemma . O

9 Failure of the pointwise estimate (3)

In this section we give a proof that (3) is false, more direct than the one in [MV],
and we show the connection with the algebra of operators already mentioned.

Theorem 7. The following pointwise inequality is false for functions in L*(R):
H f(zx) <CM(Hf)(z), zeR. (79)

Remark. Notice that the Theorem implies that there is no good-lambda in-
equality between H*(f) and H(f).

Replacing f by H(f) in (79) and recalling that H(Hf) = —f, f € L*(R), we
see that (79) is equivalent to saying that

H*(H(f))(x) < CM(f)(z), z€eR,
for any f € L*(R).

Lemma 12. The operator f — H*(Hf) fails to be of weak type (1,1).
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Proof. To prove the Lemma it is enough to show that if f = x(o1), then there are
positive constants m and C' such that whenever x > m,

HY(Hf)(x) > ¢ %87

. (80)

Indeed, choosing m > e if necessary, we have

1
sup M {z € R: H*(Hf)(z) > A} > sup A [{z > m : —2= > 0L 2}
A>0 A>0 x

1

=CsupA|[{z >m: 8T A > C sup A (¢ H(A) —m),
A>0 Z A>0

where ¢ is the decreasing function ¢ : (e,00) — (0,e7'), given by ¢(x) = 10%. To

conclude observe that the right hand side of the estimate is unbounded as A — 0:

lim Ao~ '(\) = lim p(A)A = oo.

A—0 A—00

To prove (80) we recall that for f = x (1)

Let m > 1 big enough that will be chosen soon. Take x > m. Hence, by

definition,
1
/ log || dy
ly—z|>mta Y — T |y - 1|

and splitting the integral in the obvious way

-mo1 — & 1
/ log i dy—l—/ log Y dy
o Y—T T —y+1 derm Y —T y—1

<1 y+1 o 1 Y
= log dy+/ log dy = A(z) + B(x),
/m Tty y 2m Y =T Ty —1 )+ Bla)

where both A(z), B(x) are positive. Hence

H*(Hf)(z) =

H*(H[)(x) = A(z).

Since

1 1

log(14+ —-) ~ —
Y Y

as y — oo, there is a constant m > 1 such that whenever y > m

L log(1 + ) _3

2 % 2
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Hence, with this constant m we have

< 1 1 < 1 d 1 oo ]
A(x):/ 10g<1+—) dy%/ —y:—log i ~ ng,
m Tty Y m T+Y Y T T+ylm T
which proves (80).
Notice that B is better behaved :

© < 9dy 1
B < | og Yy [ 2 <l
24m Y — T y—1 2 x

10 Composition of operators : positive results

We first discuss a proof of (26) in Lemma 2 using standard arguments except for a
point that will be supplied. We mention that in [Lel| there is a different argument.

Let z € R™ and let Q = Q(z, ) be an arbitrary cube centered at x and sidelength
r. It is enough to show that there exists C' > 0 such that for some constant ¢ = cq

1
o /Q TF(y) — ¢l dy < C Mf(x). (81)

Let f = fi + fa, where fi = fxaq. If we pick ¢ = (T'(f2))q , we can estimate
the left hand side of (81) by a multiple of

1 1
@/Q|T(f1)(3/)’dy+@/cg\T(f2) — (T(f2))q|dy = T +I1I.

To take care of IT we use the regularity of the kernel in a standard way as in [GrMF,
p. 153]. We omit the details. Hence we have

11 < CMf(x).

To control I we use (25). Hence, since the support of f; is contained in 2Q) we have

o 2
<o [ormmia< o [ agowa< oo [ g < e,

Proof of Theorem 2. To prove a) we use part a) of Coifman-Fefferman’s Theorem 6
and part a) Fefferman-Stein’s Theorem 4:

[ (rrene) us [ (worse) v

<C / (ar# ngf(:c))pw(x)dx <C /n(MQf)pw
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where in the last estimate we have used (26) in Lemma 2. This yields (16) and
concludes the proof of the first part of the theorem.

To prove (17) we use similar arguments except that we use part b) of both
Theorems 6 and 4:

sup gyl € B ¢ 17 0 Bof| > 1) < sup sty € B M) > 1)

< sup ﬁ%)wuy R : MHT)(y) > 1)) < sup ﬁ%)w({y ER": M(f)(y) > 1)),

To prove b) in Theorem 2 we use a similar argument. The main difference is
that we use first Cotlar’s improved estimate from Theorem 5. Indeed, this is used
after an application of Theorem 6 of Coifman and Fefferman:

/n (Tf‘ o TS‘(f)(fc))pw < / (M o T;f(x))pw(g;)dg;

g/ <M0M50T2f(x)>pw(m)dac+ M?f(z)Pw(x)de =1+ 11,
n Rn
We just need to control I. For this we remark that

Mo Msf < csMf(x). (82)

Hence by Fefferman-Stein’s theorem 4

I <Cs /n <M oTQf(x))pw(x)dx < Cs /n <M# oTQf(x))pw(x)dx

<C /n (MQf(x)>pw(x)dx

where in the last estimate we have used (26) from Lemma 2.
We are left with the proof of (82). Let x € R™ and let Q = Q(x,r) be an
arbitrary cube centered at x with sidelength r. We have to show that

1
ol /Q Msf(y)dy < C Mf(2).

Let f = fi+ fo, where f; = f xag. We can estimate the left hand side by a multiple
of

1 1
—/ Ms f1(y) dy + —/ M;sfo(y)dy =T+ 11.
QI Jg QI Jo
To take care of 1T we use that it is roughly constant on @ by [GrMF, p. 299]. Hence

we have

IT < C Msf(z) < C M{(x).
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To control I we use that 6 < 1 and that the maximal operator is bounded on
LY5(R™). We obtain

|Q‘/ @) dy < CM(f)(a).

This concludes the proof of the first part of b) of Theorem 2. The proof of the
second part is similar to the proof of part a), except for the fact that one uses the

method we have just described. We leave the details to the interested reader.
O

Proof of Corollary 1. By homogeneity it is enough to assume ¢t = 1 and hence we
just need to prove

w({y €R™: |T7 0 Tof(y)| > 1}) < C / B(1 ()] w(y)dy.

n

Now, ® = t(log(e +t)) ~ t(1 + log" t) is submultiplicative, that is, ®(ab) <
®(a) ®(b), a,b > 0. In particular, ® is doubling. We have by Theorem 2 and (8)

w{y e R": [Ty o Tof(y)| > 1}) < Csup 11 w{y € R": [T} o Tof(y)| > })

>0 ()
< Csp oru(ly € B M) > 1)
1 /()]
< Cst>o @(1)/ O wly)dy
< Capgm [ AN
= ¢ [ sy,

which completes the proof.
O

Proof of inequality (19). It is enough by translation invariance to consider z = 0 in
(19), that is,
B*(B(f))(0) < C(B*)*(f)(0) + C M(f)(0).
Recall that
B*f(z) =sup|B.f(z)], z€C,

>0
with .
B.f(z) = z—w)— dw.
£ /| e

w?

ol



To prove the inequality at 0 we use that (see [MV]) for any h
B*(h) = M(Bh),

where
1

— / g(w) dA(w)|.
D(z,e)

e

M(g)(z) = sup

e>0

Hence, it is enough to show that

M(Bf)(0) < C(B*)*(f)(0) + C M(f)(0).

By dilation invariance is enough to estimate the integral of B2f on the unit disc D .
Clearly

[ By daw) = [ 1) B w) dA(w),
D
and so we need to compute B?(xp) . For this we use the basic property of B, namely

g 1 0p

which holds for appropriate classes of functions ¢.
Integrating the function xp(z) in Z one gets the function

™

P(2) = 200(2) + Txoe()

and so . 9 .
¥
——B =—=——xpe(2).
“B(o)() = 5 = —xwe(2)
Following the same strategy for the function —Z%X pe(2) we get

1, 3
—;B (xp)(2) = (—25 + ;)XDC

and so
1 5 w 1
—— [ f(w) B*(xp)(w) dA(w) = =2 [ f(w) — dA(w)+3 | f(w)— dA(w).
T De w Dec w
Last term is bounded by a multiple of M f(0) since, after putting the absolute
value inside the integral, one is convolving with a non-negative decreasing integrable

kernel. Alternatively one may just integrate in dyadic annuli centered at 0. For the
first term we simply observe that the function —2% is the kernel of B? and hence

w
=2 [ fw) — dA(w)
Dec w
is the truncation at level 1 of B2f(0) (see the definition just after (10)) . O

o2



Proof of Theorem 3. By dilating and translating it is enough to prove that
[RYT())(0)] < C(IS*£(0)] + M f(0)),

where R' and S? are the truncations of R and S at levels 1 and 2 respectively (see
the definition just after (10)).

Denote by Ky, K and K; the kernels of R, T" and S respectively. Let B be the
unit ball of R™. It was shown in [MOV] that, because R is an even higher order
Riesz transform, its kernel off the unit ball is in the range of R. More precisely,
there exists a polynomial b such that

Ko(y)xpe(y) = R(bxs)(y), y€ER".
Thus, since RoT =S +cl ,

RN T f(0)) = Ko)T f(y)dy

ly|>1

_ / R(bxs)(y)Tf(y)dy

~ [oxa)sswdy + e [ bxat) sy
=1+11.
Clearly, I1 is bounded by C|b|| 5y (M f)(0). On the other hand,

I = / S(bxs) () £ (w)dy

- / S(bx) )y + /( S0x) ) )y

=11+ 1V.
Using Lemma 5 in [MOV] we get that I71] is bounded by
CM fO)([bl () + bllLip,m))

where ||b]|Lipa1,p) is the Lipschitz semi-norm of b on B. Since the kernel K; of S is
smooth off the origin we have

1
S0x)0) = K1(0) [ b+ llimi Olri) . ol > 2,

Thus,

V] < Ol / Ku(y) £ (y)dy] + Cllb] / 7wy,
(2B)¢ (2B)e |y|

< Clbll(152F(0)] + M(0)).

which completes the proof.
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