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Abstract

Some results on the existence and uniqueness of mild solution for a system
of semilinear impulsive differential equations with infinite fractional Brownian
motions are proved. The approach is based on Perov’s fixed point theorem and
a new version of Schaefer’s fixed point theorem in generalized Banach spaces.
The relationship between mild and weak solutions and the exponential stability
of mild solutions are investigated as well. The abstract theory is illustrated with
an example.
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1 Introduction

Differential equations with impulses were considered for the first time by Milman and
Myshkis [23] and then it was followed by a period of active research which culminated
with the monograph by Halanay and Wexler [15]. Many phenomena and evolution pro-
cesses in physics, chemical technology, population dynamics, and natural sciences may
change their state abruptly or be subject to short-term perturbations. These perturba-
tions may be seen as impulses. Impulsive problems arise also in various applications in
communications, mechanics (jump discontinuities in velocity), electrical engineering,
medicine and biology. A comprehensive introduction to the basic theory is well devel-
oped in the monographs by Benchohra et al. [2], Graef et al. [14], Laskshmikantham
et al. [17], Samoilenko and Perestyuk [35].

Random differential and integral equations play an important role in characteriz-
ing many social, physical, biological and engineering problems; see for instance the
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2 Stochastic differential equations

monographs by Da Prato and Zabczyk [11], Gard [12], Gikhman and Skorokhod [13],
Sobzyk [36] and Tsokos and Padgett [37]. For example, a stochastic model for drug
distribution in a biological system was described by Tsokos and Padgett [37] as a closed
system with a simplified heart, one organ or capillary bed, and re-circulation of a blood
with a constant rate of flow, where the heart is considered as a mixing chamber of con-
stant volume. For the basic theory concerning stochastic differential equations see the
monographs by Bharucha-Reid [3], Mao [22], Qksendal, [26], Tsokos and Padgett [37],
Sobezyk [36] and Da Prato and Zabezyk [11].

The study of impulsive stochastic differential equations is a relatively new research
area. The existence and stability of stochastic impulsive differential equations were
recently investigated, for example in [8,14,18-20,27, 34, 38, 39].

This paper is concerned with a system of stochastic impulsive differential equations
of the following type:

((dz(t) = (Ax(t) + f1(t, (1), y(t))dt
+> o) (t,x(t)), y()dBf (1), t € [0,T),t # ty,
=1
dy(t) = (Ay(t) + (¢, x(t), y(1)))dt
+> of(ta(t), y()dBl (1), t € Jt £y, (1.1)
Aw(t) = I(a(t)), t=t, k=12 .m
Ay(t) =Ti(y(ts), t=tx k=12,...,m
z(0) =z,
\ y(t) = Yo,

where X is a real separable Hilbert space with inner product (-, -) and induced norm |||,
A:D(A) C X — X is the infinitesimal generator of a strongly continuous semigroup
of bounded linear operators (S(¢))i>0 in X and f*, f2:[0,7] x X x X — X are given
functions, Bf? is an infinite sequence of mutually independent fractional Brownian
motions, | = 1,2,..., with Hurst parameter H, I, I, € C(X,X) (k = 1,2,...,m),
of,0f : Jx X x X = L)(Y,X). Here, L§)(Y, X) denotes the space of all Q-Hilbert-
Schmidt operators from Y into X, which will be also defined in the next section.
Moreover, the fixed times t), satisfy 0 < t; < t2 < ... < t, < T, and y(t; ) and y(¢;)
denote the left and right limits of y(t) at t = t.

o(t,x,y) = (o1(t,z,y), 0o(t, z,y),...), L9

lott )l = X252 ot 2. 9) 12, < o0 (12

where o(-,-,-) € £2, and ¢? is given by

B ={6=(8)m 0.TIXXxX = LYY, X) ot 9)|P = 3 65t 2, 0)]13 < oo}
j=1
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We denote a A b = min(a, b) and a V b = max(a, b). It is obvious that system (1.1) can
be seen as a fixed point problem for the model

da(t) = Acz(t) + f(t, 2(1))dt + ial(t,z))dBlH (t), t € [0,T],t # ty,

Ad(t) = L(:(t0), t=t k=12...m (1.3)
2(0) = 2,
where
=[50 ] 4= 2] e = | BEI0I | = [0
and 2y = [53 } .

In the deterministic framework, the above system was used to study initial value
problems and boundary value problems for nonlinear competitive or cooperative differ-
ential systems from mathematical biology [24] and mathematical economics [16] where
the model is usually considered in the operator form (1.1).

Some results on the existence of solutions for differential equations with infinite
Brownian motions were obtained in [7,38]. Existence and uniqueness of mild solu-
tions to neutral stochastic delay functional integro-differential equations perturbed by
a fractional Brownian motion can be found in Caraballo and Diop [10].

Very recently, for A =0, X = R" and B}? a standard Brownian motion, problem
(1.1) was studied by Blouhi et. al. [4]. In [5,6,31,32] the authors present existence and
uniqueness results for systems of semilinear differential equations without impulses.
Recently, Precup [31] proved the role of matrix convergence and vector metrics in the
analysis of semilinear operator systems.

The aim of this paper is to study existence, uniqueness and exponential stability
of mild solutions of semilinear systems of stochastic differential equations with infinite
fractional Brownian motions and impulses. The paper is organized as follows. In
sections 2 and 3 we introduce all the background material used in this paper such
as stochastic calculus and some properties of generalized Banach spaces. In Section
4 we state and prove our main results by using Perov’s and Schaefer’s fixed point
theorems in generalized Banach spaces. Finally, sections 5 and 6 are devoted to prove
the relationship between mild and weak solutions, and exponential stability of solutions
for Problem (1.1). Some application examples are finally considered in the last section.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are
used throughout this paper.



4 Stochastic differential equations

Let (2, F,P) be a complete probability space with a filtration (F = F;);>0 satisfying
the usual conditions (i.e. right continuous and Fy containing all P-null sets).

For a stochastic process x(,-) : [0, 7] x @ — X we will write z(¢) (or simply x when
no confusion is possible) instead of z(t,w).

Definition 2.1. Given H € (0,1), a continuous centered Gaussian process BY is
said to be a two-sided one-dimensional fractional Brownian motion (f Bm) with Hurst
parameter H, if its covariance function Ry(t,s) = E[BY(t))B(s)] satisfies
1
Ru(t,s) = St + s = [t =) t.s€[0,T].

It is known that B (t) with H > % admits the following Volterra representation

t
BH(t) = / Ky (t,s)dB(s) (2.1)
0
where B is a standard Brownian motion given by

B(t) = B"((Ky) '€oa).
and the Volterra kernel the kernel K (¢, s) is given by

t 3 fu\H—3
Kanlt,) = st [ =" 5 (1), vz
s s
_ H(ZH-1) : a
where ¢y = /22020 and B(-,-) denotes the Beta function, K(t,s) = 0if t < s,

B(2H—2,H—
and it holds

oKy, . (t\"z -
W@’ s) = ch (g) (t—s)" 2,

and the kernel K7, is defined as follows. Denote by &£ the set of step functions on
[0,T]. Let H be the Hilbert space defined as the closure of £ with respect to the scalar
product

<X[0,t]7 X[O,S]>7~l = RH (t7 S)?
and consider the linear operator K3 from & to L*([0,T]) defined by,

(K3t /¢> 2581 i

Notice that,

(Kaxoan)(s) = Ku(t, s)xo(s)-
The operator Kj; is an isometry between £ and L*([0,T]) which can be extended to
the Hilbert space H. In fact, for any s,t € [0, 7] we have

<KI*{X[O,t]7 K;IX[O,tDL?([O,T]) = <X[O,t]7 X[0,5]>H = RH(tu 8)-
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In addition, for any ¢ € H,

/OT ¢(s)dB" (s) = /OT(KEgb)(s)dB(s),

if and only if Kj¢ € L*([0,T]). Moreover, the following useful result holds
Lemma 2.1. [25] There ezists a positive constant c¢i(H) such that for any ¢ €
LYH([0,T)) it holds

HeH -0 [ [ 1606Ely - At < ooy (22

Next we are interested in considering an fBm with values in a Hilbert space and
giving the definition of the corresponding stochastic integral.

Definition 2.2. An F;-adapted process ¢ on [0, T| xQ — X is an elementary or simple
process if for a partition v = {to =0 < t; < ... < t, =T} and (Fz,)-measurable X -
valued random variables (¢g,)1<i<n, Ot satisﬁes

Z¢Z X(ti—1,L] )a fOTOStST, w € .

The Ito integral of the simple process ¢ is defined as

/ éu(s)dBY( Zw (BI(£) - B (1)), (2.3)

whenever ¢, € L*(Q, F;, P, X) for all i < n.

Let (X, (-,"), |- |x), (Y;(-,-),| - |v) be separable Hilbert spaces. Let L(Y, X) denote
the space of all linear bounded operators from Y into X. Let e,,n = 1,2,... be a com-
plete orthonormal basis in Y and @ € L(Y, X) be an operator defined by Qe, = \,e,
with finite trace trQ = > 2, A, < oo where A\,, n = 1,2,..., are non-negative real
numbers. Let (87),en be a sequence of two-sided one—dlmensmnal standard fractional
Brownian motions mutually independent on (2, F,P). If we define the infinite dimen-
sional fBm on Y with covariance () as

= Z \//\_nﬁf@)em (2‘4>

then it is well defined as an Y-valued @-cylindrical fractional Brownian motion (see [9])
and we have

E(B"(£),2) (B¢ (s).y) = R (t,5)(Q(2).y), 2,y €Y ands,t € [0,T]
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such that )
Rigy = SUEPT+ s P+ [ = PThan ts € 0,7)

1=l
5”_{0, j AL

In order to define Wiener integrals with respect to a @) — f Bm, we introduce the space
Ly = L)Y, X) of all Q—Hilbert-Schmidt operators ¢ : Y — X. We recall that
¢ € L(Y, X) is called a Q—Hilbert-Schmidt operator, if

lelig = lle@'2IEs = tr(vQyp) < o

where

Definition 2.3. Let ¢(s),s € [0,T], be a function with values in LH(Y,X). The
Wiener integral of ¢ with respect to fBm given by (2.4) is defined by

/ o(s)dB" (5 / VA(s)endB

-3 / VALK (e,) ()45, 29

Notice that if .
Z ||¢Q1/2€TLHL1/H([O,T};X) < 00, (2.6)
n=1

the next result ensures the convergence of the series in the previous definition. It can
be proved by similar arguments to those used to prove Lemma 2 in Caraballo et al. [9]
and Lemma 2.1 in Blouhi et al [4].

Lemma 2.2. For any ¢ : [0,T] — L} (Y, X) such that (2.6) holds, and for any o, B €
0, T] with a > 3,

8 2
E / o(s)dB (s)

where co(H) is a constant depending on H. If, in addition,

A 2
< ¢o(HYH(2H — 1)(a — B)*1- IZ |6(s)Q %€, ds. (2.7)

n=17%

Z |pQ?e,|x is uniformly convergent for t € [0,T],

n=1

then,

8
¢(s)dB" (s)

< co(HYH(2H — 1)(a — B)*H~ 1/ |p(s ||LO ds. (2.8)
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Corollary 2.1. Let (F;)i>0 be a right-continuous complete o-algebras filtration gener-
ated by a sequence of fBm Bf!|1=1,2,..., mutually independent, and consider another
sequence of (F;)-adapted processes ¢. Denote

k t
M) =3 [ awidBl @), ke N,
1=1 70
and assume that
00 LT T
S [ ] 10y ol ly - - 2dydz < .
=1 /0 /O
for allt > 0. Then, M* is a convergent in L*(Q2, F;,P; X)

k t
Proof. Let M*(t) = (Z/ (bl(y)dBlH(y)) for any ¢ € [0,7]. By Lemma 2.2, we have
=170

that
n t m t 2
B - oB = E|Y [ awdsiw) - [ awis)
1=1 70 =170 X
nvm t 2
= E ou(y)dB (y)
l:rL/\Zn1+1/0 l l X
nvm T
< a(HEE =11 3 [ a0
l=nAm+1 0

as n, m — oo where c3(H) > 0. Consequently M"(-) is a Cauchy sequence with respect
to the norm sup E|- |% and the limit is M. Then we can conclude
0<t<T

lim sup E|M"(t) — M(t)|% =0, (2.9)

n—o0 OStST

and observe that

oo T T
Sl e gl = P2y < oo,
=1 /0 /O

Then M in L*(Q, F;, P; X). ]

The following result is one of the elementary properties of square-integrable stochas-
tic processes.
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Lemma 2.3. (It Isometry for Elementary Processes) Let (¢;)ien be a sequence of
elementary processes. If

0 T ,T
S [ ] 10y 6@l ly - - 2dydz < .
=1 /0 /O

then

> /0 ¢i1(y)dB/ ()

2

E

N g g 2H—2
< HEH-Y L [ 10l o ly—=R -2y
(2.10)

X

k T
Proof. Let M* = Z / ¢1(y)dBf (y). We will first prove by induction that
1=1 70

2

E

3 / &y dBY (y)

. g ’ 2H—-2
<HeH-1Y | [ 16l ol ly - s2-2dyez. 210

holds for all £ € N.
Observe that if £k = 1 we have
2
E|M, = E
X

/0 ¢1(y)dB{ (y)

= B ([ ow@tadst,w, [ eweiadto)

2
X

T
/0 61(y)Q2e,dB ()

= Y ([ R0Qe 615, 0) [ (5 (6@ ()d5,,6))

n=1

Then

2
E
X

/0 ¢1(y)dBy (y)

T T
<HeH -1 [ [ 10wl - Pz (212

Therefore the result holds for £ = 1.
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Suppose now that (2.11) holds for a fixed integer number k£ > 1, and let us prove
it for £k + 1. Indeed, since (qbl)fjll is a set of elementary stochastic process, and on
account of the induction hypothesis we have

E+1 2

T
B = B /0 oi(y)dBE ()
=1

X
2

=E ZZ/O ou(y)dB['(y)| +E

X

2

/0 ¢k+1(y)d31i1(y)

X

n 2E< i /OT &u(y)dBH (y), /OT ¢k+1(y)dBf+1(y)>

T T
<SS HCH-D [ [ ol o)y ly - o2y

=1

T T
+HEH =1 [ [ ona ey lden(:)lzgly — 2 dyds
0 0

+ 2E< i /OT du(y)dB/ (), /OT ¢k+1(y)dBf+1(y)>

T T
meH =) [ [ oyl iyl - Py

l

T T
+HEH =1 [ [ 100l by ly - o dyd:
0 0

1

n

+28 < DD B E)" = B (1)), Y ai( Bl (E:) — B,ﬁil(fi_l))>.

=1 k=1 =1

Thanks to (2.11) and the fact that (B)F*! is a set of independent standard fractional
Brownian motions, it follows

k1 2

S / ou(y)dBE (y)

and hence the formula is true for £ + 1 as we wished. From Corollary 2.1, we know
that M* is convergent in L?(Q, F;,P; X), and thanks to the continuity of the norm,

> /0 &(y)dB{ (y)

o0 T T
< SHea-1 [ [ a6l — Py

=1

k+1

E < H(2H — 1 T T -
<3 HeH -1 [ [ by lo gy - 2=

X

lim M*

k—o0

2
B fim M

2
= lim F
X k—o0
X
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and, consequently,

> /0 ¢i1(y)dB/" (y)

X

E

3 ' ' 2H—2
<3 HEH-) [ [ 160 1ol =" =

]

3 Fixed point results

Let us recall in this section some useful definitions and results concerning fixed point
theorems. It is worth mentioning that the classical Banach contraction principle was
extended to contractive maps on spaces endowed with vector-valued metric space by
Perov [29] in 1964 , Perov and Kibenko [31] and Precup [30].

For x,y e R", x = (z1,...,2,), ¥y = (Y1,---,Yn), by © < y we mean x; < y; for all
i=1,...,n. Also |z| = (|x1|,. .., |z,|) and max(z, y) = max(max(z1,y1), ..., max(T,, y,)).
If c e R, then z < ¢ means x; < cforeachi=1,...,n.

Definition 3.1. Let X be a nonempty set. A wvector-valued metric on X is a map
d: X x X — R"™ with the following properties:

(i) d(u,v) >0 for all u,v € X; if d(u,v) =0 then u = v;
(11) d(u,v) = d(v,u) for all u,v € X;
(111) d(u,v) < d(u,w) + d(w,v) for all u,v,w € X.
The pair (X,d) a said to be a generalized metric space.
For r = (ry,...,7m,) € R}, we will denote by
B(zg,7) ={z € X : d(xg,x) < r}
the open ball centered in xy with radius r and
Bz, r) = {z € X : d(zg,z) <71}

the closed ball centered in xy with radius r. We mention that for generalized met-
ric space, the notation of open subset, closed set, convergence, Cauchy sequence and
completeness are similar to those in usual metric spaces.

Definition 3.2. A generalized metric space (X, d), where d(x,y) := ,

is complete if (X, d;) is a complete metric space for every i =1,...,n.
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Definition 3.3. A square matriz of real numbers is said to be convergent to zero if
its spectral radius p(M) is strictly less than 1. In other words, this means that all
the eigenvalues of M are in the open unit disc. (i.e. |A| < 1, for every A € C with
det(M — XI) =0, where I denote the unit matriz of My x,(R)).

Definition 3.4. A non-singular matric A = (aij)1<ij<n € Muxn(R) is said to have
the absolute value property if
ATHAI< T,

where

Al = (laij)1<ij<n € Muxn(Ry).

Lemma 3.1. [33] Let M be a square matriz of nonnegative numbers. The following
assertions are equivalent:

(i) M is convergent towards zero;
(i1) the matriz I — M is non-singular and

I-M)'=T+M+M+...+ M+ .

(111) |A| <1 for every A € C with det(M — \I) =0
(iv) (I — M) is non-singular and (I — M)™' has nonnegative elements;

Some examples of matrices convergent to zero are the following:

1) A= (g 2),Where a,b € R, and max(a,b) < 1

2) A—(g b_c),Wherea,b,c€R+anda+b<l, c<1

3) A:(Z :Z),Wherea,b,c€R+ and |a —b| <1, a>1,b> 0.

We recall now a fixed point theorem in a complete generalized metric space due to
Perov.

Theorem 3.1. [29] Let (X, d) be a complete generalized metric space withd : X x X —
R™ and let N : X — X be a mapping such that

d(N(x), N(y)) < Md(z,y)

for all z,y € X and some square matriz M of nonnegative numbers. If the matriz M
is convergent to zero, that is M* — 0 as k — oo, then N has a unique fized point
. € X such that

d(N* (), 2,) < M*(I — M) d(N (o), z0)

for every xy € X and k > 1.
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Next we state the version of nonlinear alternative Leary-Schauder type theorem in
generalized Banach space [4].

Theorem 3.2. Let C' C E be a closed convex subset and U C C' a bounded open neigh-
borhood of zero (with respect to topology of C'). If N : U — E is compact continuous
then

i) either N has a fized point in U, or

ii) there exists x € OU such that x = AN (z) for some X € (0,1).

4 Existence and uniqueness of mild solution

Let Jy = (tg,trs1], k= 1,2,...,m. In order to define a solution for Problem (1.1),
consider the following space of pice-wise continuous functions

PC = {z: Ox[0,T] — X, v € C(J;, L*(Q, X)), k=1,...,m such that
x(tf,.) and x(t;,.) exist with z(¢;,.) = z(t,.) and
sup Ellz(t,.)||* < co almost surely},
te[0,7
endowed with the norm

1
|zllpe = sup (Ellz(s,.)[*)z.
s€[0,7T

It is not difficult to check that PC' is a Banach space with norm || - || pc.
First, we will list the following hypotheses which will be imposed in our main theorem.
In this section, we assume that there exists M > 0 such that

|1S()|| < M, forevery te0,T].
(H;) There exist functions a;, b; € L'([0,T],R") such that
[f'(t e y) = 679k < a®)le —Tx +hi@®ly -7k, i=1,2
forall x, y, 7,y € X.
(Hs) There exist functions «a, 3; € L*([0,T],R") such that
o (t, 2, y) = o' (£, Z, D) < cus(t)|z — Tl + Bi(®)]y — Ul

and
The function o : J x X x X — L§)(Y, X) satisfies

> [ loits.as) ) gy ds < o (@)

forall z, y, 7, y€ X and a.et € J.
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Now, we first define the concept of mild solution to our problem.

Definition 4.1. An X — valued stochastic process u = (x,y) € PC x PC' is said to be
a solution of (1.1) with respect to the probability space (2, F,P),if:

1) u(t) is Fy-adapted for allt € Jp = (tg, tir1] k=1,2,...,m
t) is right continuous and has limit on the left almost surely;

0) (900, yo)

4) u(t) satisfies for all t € [0,T) and almost surely that

N

(
u(
3) u(

(

/

z(t) = S(t)xg—i-/o St —s)f'(s,x(s),y(s))ds

T / S(t — 8)oi (t, 2(5). y(s))dBY (5)
=1 /0
+ Y St—t)l(z(t), P—as, tel]

(4.2)
y(t) = S(tyo+ / S(t — 5) (s 2(s), y(s))ds
Py / (t — )02 (t,2(s), y(s))dBY (s)

+ Y St—t)h(y(ty), P—as, te.

\ O<tp<t

Notice that, thanks to (4.1) and the fact that H € (1/2,1), (2.6) holds, which
implies that the stochastic integrals in (4.2) are well-defined since S(-) is a strongly
continuous semigroup, for every ¢ € [0,7], and that this concept of solution can be
considered as more general than the classical concept of solution to equation (1.1). A
continuous solution of (4.2) is called a mild solution of (1.1).

Definition 4.2. The map f: J x X — X is said to be L*-Caratheodory if
i) t— f(t,u) is measurable for each u € X;
ii) u s f(t,u) is continuous for almost all t € J;
i) for each q > 0, there exists a; € L*(J,RY) such that
E|f(t,u)|% < ay ,for allu € X such that Elul% < q and for a.e. te€J.

Let us now prove the existence and uniqueness of mild solution for (1.1) by using
Perov’s fixed point theorem.
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Theorem 4.1. Assume that (Hy) and (Hy) hold. Then, problem (1.1) possesses a
unique mild solution on [0,T].

Proof. The proof will be split into several steps.
Step 1. Consider the problem

(da(t) =(A:v(t>+f1(t z(t),y(t))dt
+Zal ta(t), y(8)dB(t), t € [0,1],

dy(t) :(Ay(t)+f2(t (t), y(t)))dt (43)
—l—Zal (t, 2(t), y(8))dB/ (t), t € [0, 1],

x(0) —iCo,

L 9(0) = o

Let

=11 Qx[0,t] — X, v € C(J1,L*(, X)) :  sup Elz(t,-)|5 < oo},

te[0,t1]

Consider the operator
P°: Dy, x Dy, — Dy, x Dy,

defined by
P'(z,y) = (P (2,y), P (2.y)), (z.y) € Dy, x Dy,

where

Pa) = SOm+ [ S =97 (s.a(),y(s)ds
#3 [t oot tas) e)dBI o), e .0,

PY(z,y) =S®m+ASWﬂﬁ%w@w@Ms
+Z/ S(t — s)oi(t,x(s),y(s))dB (s), t€0,t].
1=1 0

\

The operators in (4.4) are well-defined. In other words, given (z,y) € Dy, x Dy,
we see that PY(z,y) € Dy, x Dy, as well. We will use Theorem 3.1 to prove that PY
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possesses a fixed point. Let (x,y),(Z,y) € Dy, X Dy, then for each t € [0, ;] we have
[PP(x(t), y(t) = P{(z < ) 7%
'/ S(t— ) (s, 2(s), y(s))ds + Z/ S(t — )0 (t, 2(s), y(s))dBH ()

2

/St—s (s,Z(s), (s ds—Z/St—salsx() 7(s))dB} (s)

X

<2

/ S(t — 8)(/M (s, 2(5),y(s)) — F1(5,7(5), 5(s)))ds

0 X

2

(t =) (01 (s, 2(s),y(5)) = 01 (5,7(5),5(5)) )dB," (s)

X

Lemma 2.3 and assumptions (H), (Hy) imply

BIPYa(t),y(8)) — PR, 5O
<20, / () El(s) — T(5)% + by () Ely(s) — 9(s) [2ds

2cp H(2H — 1137~ 1/ MQdS/ ai(s)Elw(s) —T(s) 3 ds

+2cy H(2H — 1)1~ 1/ M?ds ﬂl (s)Ely(s) —y(s)[xds
0

/ )e8) gup E|x(3)_g;(s)|xds
sE[O,tﬂ
/a(S)em(s)e_Ta(s) sup Ely(s) — 7(s)[xds
s€[0,t1]

t

s/ )er sl — 7|2 + /a(S)e”‘(s)dsHy—@Hi
0

Ta(s 1 ' Tals
<1 (e ))dsHa:—:cHz—i-—/( Y)Y dslly — |2
< 10z = 7|2 4 ey — sz

Therefore

e OB Ly (x(t), y(1) — Ly(@(@), 70)% < Lz =72+ L]y - 72,

where || - ||« is the Bielecki-type norm on Dy, defined by

lz[|? = sup Bla(t, ) e ™

te(0,61]

where

&(t):/o a(s)ds, t€0,t],
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and
a(s) = max{2M?t1a;(s)+2cy H(2H—1)27 Moy (s), 2M?t1by (8)4+-2c H(2H —1) 127 M?B,(s)}.

Hence
|P(z,y) — PX(@9)|I7 < Lz—7]2+ Ly — 7l

Using the fact that for all a,b > 0 we have va + b < v/a + Vb, we conclude that
1Po,y) — P@ . < lle —all. + %y — il
Similar computations for Nj yield

1Pz y) = Y@ DIl < Zle ==l + Zly -7l

Thus
|1P°(z,y) — P°(z. 7). = (’hPO(((x y)) gg,g;d‘:)
L 11 Hf_fH*
< JT (1 1) (Hy _gH*) '
Hence

1Pe.0) = @Dl < <=M (“‘"’”‘?”*),

ly = 9ll.
for all (z,v), (Z,y) € Dy, x Dy, where

If we choose a suitable y/7 > 2 such that the matrix

| Mo s
N

is non singular and

<1,

then et jg nonnegative, I — H ;’_"B”

Mo\ ! M, M
]’ _ 16 — ]’ + )18 + 76 + .
VT N T

From Lemma 3.1, we obtain that \‘}'B converges to zero. As a consequence of Perov’s

fixed point theorem, PY has a unique fixed (z,y) € D;, x D;, which is the unique
solution of problem (4.3). Let us denote this solution by (z1,y1).
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Step 2. Now consider the problem

(dalt) = (Aa() + (0, 2(6),y(0)d
+ 32 ol 2(0), ), ¢ € (1,83,

dy(t) = CAylt) + (0, 2(6), y(0) ) (45)
32 060, (B 1), 1 € (11,8,

o) = nlt) + L))

Lt =)+ Tin(n)

Let

Dy, = {z€C((t,ts], L*(2, X)) such that x(t],.) and x(t],.) exist with z(¢;,.) = z(t;,.) and
sup Eln(t, )} < oo},
te(tr,t2]

Set
Cl - Dto ﬂ Dt1

Consider the operator P : C x C7 — 1 x (' defined by
Pl(l"y) = (Pll(x7y)7p21(xuy))7 (Z’,y) € Cl X Cl

where

Pi(z,y) = S(t—tl)[l‘l(h)+11(x1(t1‘))]+/ S(t = 5)f'(s,2(s), y(s))ds

t1

+;ASW@dWWMMMf®tehm

Py(x,y) = S(t—tl)[yl(tl)+11(y1(t1_))]+/ S(t = 5)f*(s,2(s), y(s))ds

t1

+Z/tl S(t — s)oi(t,x(s),y(s))dB{ (s), t€ [t1,ts].

\

As in Step 1, we can show that P! is well defined and the integral equation possesses
a unique fixed point (x,y) which is a solution to problem (4.5). Denote this solution

by (9527 ?/2)-

Step 3 We continue this process taking into account that (Zm, Ym) = (T [t 11: Y |ft,17)
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is a solution of the problem

((dx(t) = (Az(t) + f1(t z(t), y(t

0 (4.6)
+3 op(ta(t), y()dB (1), t € (tw, T),
I=1
r(ty) = 2m(ly) +£m(xm(tm))a
Lyt = ym(tn) + Ln(ym(t1))
Let
Dy, = {x€C((tm,T], L*(Q, X))such that z(t],.) and z(t],.) exist with z(¢..,.) = z(t,n,.) and
sup E\x( )% < oo almost surely},
te(tm, T
Set
Cm = Mo Dy

Then, there exists a fixed point (2,,(t), ym(t)) of P™ = (P", P3*) : Cpy xCyy = Cpy X Cpy.
The unique solution (x,y) of problem (1.1) is then defined by

/

Pl (z,y) = S(t—tm)[wm(tm)—I—Im(xl(tm))]_|_/t S(t — s) f' (s, x(s), y(s))ds
#3 [ Ste = mbe te) oo DaB o), 1€ 7]

Py(r,y) = S(t—tm)[ym(tm)+Im(y1(t;n))]+/t S(t — s)f2(s, x(s), y(s))ds
3 [ (= 90 5(5) 6 DAB ).t € o T

(xl(t)vyl(t))v lf7 te [Oatl]a
(Z‘(t),y(t)) _ (x2(t)a92<t))v 1f> le (t1>t2]7 (47>

(merl(t)v merl(t))? 1f7 te (tma T]
and the proof is finished. n
The second result in this section dealing with the existence of solutions to our

problem will be obtained by applying the Leary-Schauder fixed point theorem. To this
end we first need to introduce the following hypotheses:
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(Hs3) There exist functions @;, b;, ¢; € L*([0,T],R*) such that each
Fit,y)|x < @)y +bi0)]ylx +ealt), i=1,2.
for all z,y € X, and a.e. t € J.
(Hy) There exist functions @; € L'([0,T],RT) and 5,,¢; € L'([0,T],RT) such that
lo* (8, 2, 9)||* < @)z + Bi(Olylx +@(t), i=1,2
for all z,y € X, and a.e. t € J.
(Hs) The semigroup {S(t)}i>o is compact in X
(Hg) there exist constants di, A, > 0 and di, A\, > 0, k= 1,...,m such that
[Te(2) % < dilolx + M
L) < dilylx + M
for all x, y € X.
(H7) f% ¢* are L?>-Carathéodory maps.
We now prove our second goal of this section.

Theorem 4.2. Assume conditions (Hs) — (H7) hold. Then, problem (1.1) has at least
one solution.

Proof. We transform problem (4.3) into a fixed point problem (4.3). Consider the
operator N : PC x PC — PC x PC defined by

N(ZE,y) = (Nl(m7y)7N2($ay))7 (l‘,y) € PC x PC

where )

N (2. ) :S®m+ASWﬂﬁ%w@w@Ms

+3 [ (=)ot a(s).u(s)aBl ()
=1
+ Z S(t — ty) Ik (2(tr)) [0, 7]

No(z,y) = S(t)y0~|—/0 S(t—s)fQ(s,m(s),y(s))ds
+Z/ﬂ%W%M%WWW@
- Z (t — te)Te(y(te)), tel0,T).

O<trp<t
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Clearly, the fixed points of N are solutions to (1.1). In order to apply Theorem 3.2,
we first show that IV is completely continuous. The proof will be carried out in several
steps.

Step 1. N is continuous.

Let (zn,ys) be a sequence such that (z,,y,) — (z,y) € PC x PC as n — oo, and
observe that thanks to (H3) — (Hg) and (Hy), Iy, Ix, k = 1,2,..,m, are continuous.
Then

[N1(@n(t), ya (1) — Ni(2(t), (1)) %

S(t = 5)(0 (s, 2a(s), yu(5))0i (5, 2(5), y(5)))dB[ (s)

2

X

/ S(t— 8)(/M (5, 20(5), yn(5)) — L1 (5. 2(5), y(s)))ds

X
2

ZSt—tkaxntk ZSt—tka x(ty))

0<trp<t 0<trp<t

X

Thus, we deduce

E|Ni(2a(t), yn(t)) — Ni(z(t), y(1))[5
< 3MPcy(H)H(2H — 1)T2H1/0 Ello'(s,xn(5), yn(s)) — o' (s,2(s),y(s))[*ds

+3M2/0 E|f'(s,2a(s), yn(s)) = (s, 2(5), y(s))[x ds

4302 Z B\ (2, (tr) — Te(z(t)%-

O<tp<t

By the Lebesgue dominated convergence theorem, we have

sup BNy (2 (1), ya (t)) — Na(2(t), y (1) X

teJ

<n / B0 (5, 2n(5), 4 (5)) — 0 (s, 2(5), y(s))|*ds
302 / IS (5, 2a(8), n(s)) — £1(5,2(5), y(s)) [2ds

+3M> " E|Li(z(tr)) — In(x(tk))% — 0 as n — oo,
k=1

where

ey = 3M?cy(HYH(2H — 1)T*1 1,
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Similarly

sup E|Na (2 (), ya(t)) — Na(2(t), y(1)|x

teJ

<on / E0%(s, 2n(5), yn(5)) — 0(s, 2(5), y(s)) | *ds

+2M2/ E|f*(s,2a(s), yn(s)) = f*(s,2(5), y(s))[x ds

0

+3M? Z E\Te(yn(tr) — Te(y(te))|5% — 0 as n — oo.
k=1

Therefore, N is continuous.

Step 2. N maps bounded sets into bounded sets in PC' x PC. Indeed, it is enough
to show that for any ¢ > 0, there exists a positive constant x such that for each
(z,y) € By ={(z,y) € PCx PC: |[z]lpc < ¢, |lyll < ¢}, we have

IN(z, y)llpc < k= (K1, K2).
Then, for each t € J and thanks to Lemma 2.2,

EINi(z(t),y(t)[x < 4M?Elaolx +4M?|crl| g + 4MPeo(H)H(2H — 1) T [e ||
HAMP (Y (dRElxfx + M)

0<tp<t

Ve /0 (co(H)H(2H — DT, (s) + @, (s)) E|a(s) 2 ds

LA / (colHYH(2H — 1)T* 15, (s) + Bu(s)) Ely(s) [eds

IA

AMP?E|xo|3% + 4M?||c1||pr + 4M?co(H)H (2H — 1)T* 7|8, || 11
HAME > N,

+4.M3 /0 (co( HYH(2H — 1)T*" '@, (s) 4+ @y (s))qds
A /0 (co( HYH(2H — 1)T* 15, (5) + b (s))qds

—|—4M2 Z qu = K1.

0<tp<t
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Similarly, we have
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E|Na(z,y)[x < 4MElyolx +4M?||ca|pr + 4MPeo(H)H(2H — )T 2| s

+4.M3 /0 (co( H)YH(2H — 1)T* 1 a,(s) + ax(s))q ds
+4M3 /O t(CQ(H)H(QH — 1)T*1B,(s) 4 by(s))qds

+4M? Z drq = Ko.

O<tp<t

Step 3 N maps bounded sets into equicontinuous sets of PC' x PC.

Let B, be a bounded

set in PC x PC asin Step 2. Let 7,72 € J, 71 < 7o and u € B,.

Then, for i=1,2, we obtain

E|N;(12, x(72), y(12)) — Ni(m1, 2(71), y(m)) [%
< 70(S(r2) = S(m))IPElwol%

+7E

+7E

+7E

+7E

+7E

+7E

/OTI(S(TQ - 3) - S(Tl — S))fi(sax(s),y(s))ds

2

X

/ " Sy — 5)fi(s, 2(s), y(s))ds

T1

X
2

5 [ 5= = S(r = el(s.al) v

X
2

> / " S(n — 5)0i(s, 5(s), y())dBH(5)
Z (S(m1 —t) — S(m — tp)) I (x(ty))

2

Y (S(r— )l (t)

T1<tp<T2

X
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From Lemma 2.2 we deduce

E|N;(1y, 2(12), y(12)) — Ni(m1, (1), y(11)) %
< 70(S(re — 7)) — Id))|*Elxol%

+77 /OT1 1(S(r2 = 5) = S(r1 = 8) [P E|f*(s, 2(s), y(s)) |k ds

#7072 = ) [ 157~ PELS (5,2(5) () s

T1

+Tep(H)H (2H — 1)~ /Oﬁ 1S(72 = 5) = S(11 = 8)|* Ello" (s, 2(s), y(s))[|I*ds

T (HVHEH — Din -7 [ 7180 - P Elo'(s,(s).5)ds

T1

+7 ) IS(e =) = L) IPElLu(x(t) %

0<trp<mo

+7 Z 15 (2 — ti)) 1P BT (1)) %

T1<tp<T2

From (Hj) — (H4) and (Hg) we have

E\Nz‘(ﬁ,l’(Tz),y(Tz)) - Ni(Thi’?(Tl)’y(Tl))‘?X
<7S(rs — 1) — Id|PElaol%

-walﬂwm—@—sm—@W@@ﬁh@&+@@EM@&+wﬂws

1 =) [ 18t = P (@ Bl + B Ely(s) i + i) ds

T1

+7co(HYH(2H — 1)73H 71 x
xlﬂwm—@—Sh—@W@@Mﬁ@&+E@EM@&+M@ws
+T7co(H)H(2H — 1) (15 — 7)* 71 x
XZQMﬂﬁ—ﬁWGM@EM@&+E@WW@&+@@D%

1

HT 0 S0 = 71) = L) (dBlat) e + M)

0<tr<m2

73 1180 — )| (diBla(t) e + )

T1<tp<T2

Now, it is straightforward to see that the right-hand side tends to zero as 7, — 73 — 0
since the compactness of S(¢) for ¢ > 0 implies the continuity in the uniform operator
topology (see [28]). This proves the equicontinuity.
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Step 4 (N(B,)(t) is precompact in X x X.

As a consequence of Steps 2 to 3, and at light of the Arzeld-Ascoli theorem, it is
sufficient to show that N maps B, into a precompact set in X x X. Let 0 <t < b be
fixed and let € be a real number satisfying 0 < € < t. For (z,y) € B, we define

Nilwa) = SO+ [ S =) (sl u(s)ds
+Z/ S(t — s)oi(t, x(s),y(s))dBH (s)
+ ) St —t) (= ()

0<tp<t—e

= S(e)S(t—e)z + S(e / St —s—e)f(s,x(s),y(s))ds
Z [ st = gttt x(o)ue B
- Z S(t — ti) (2 (1).

0<tp<t—e

Since S(t) is a compact operator, the set

He = {N“(z,y)(t) = (N{(z,9)(1), N5(2,9)(1)) (2,y) € By}

is precompact in X x X for every e such that 0 < € < ¢t Moreover, for every (z,y) € By,
and 7 = 1,2 we have

E|Ni(z,y) — Ni(z, )| < 3/t (@i(s)a + bi(s)g + ci(s))ds
+3M?cy(H)H(2H — 1)T?H 1 /t_ (qi(s)q + B;(s)q + ci(s))ds

+3M7 Y (drg + M)

t—e<ty <t

Therefore, there are precompact sets arbitrarily close to the set H. = {N(x,y)(t) =
(N (2, y) (1), N5 (2,y)(1)), (z,y) € By}

Hence, the set H = {N(z,y)(t) = (Ny(z,y)(t), Ny(x,y)(t)), (z,y) € B,} is precom-
pact in X x X and the right-hand side tends to 0 uniformly in ¢ as ¢ — 07. Hence
we can conclude the relative compactness of N(B,)(t) for t > 0. By the Arzela-Ascoli
theorem, we conclude that N : PC' x PC' — PC x PC' is a completely continuous
operator.

Step 5 A priori bounds on solutions.
The set

U={(z,y) € PCx PC: x=ANi(z,y) andy = ANy(x,y)for some 0 < A < 1}
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is bounded.
Let (z,y) € PC x PC be a solution of the abstract nonlinear equation x = ANy (z, y)
and y = ANy(x,y) for some 0 < A < 1. Thus, for t € [0, 4],

Bz < 3M2E|xo|§(+3M2/O (@ () Bla(s) +Bi(s) Ely(s)l + ex(s) ) ds

t
3P HEH - DA [ (@Bl + 5, () Elu(s) +i(s))ds
0
3M2E|zo|? + 3M?||ey||pr + 3MPey(H)H(2H — 1277y 11

+3M? /Ot <02(H)H(2H — 1?25 q (s) +61(5)>E\x(s)]§ds

IN

30 [ (o) = 1P875,(6) + Bi(s)) Blu(s) s

Bl < A+ / By(s) Ela(s) [sds + / Co() Ely(s) [ ds

and similarly

t t
Elyk < Aot / By(s) Ela(s) s + / Col) Ely(s)[
0 0
where for each 7 = 1,2
Aj = 3M?E|2)* 4+ 3M?||¢;|| 1 + 3MPco(H)H(2H — 1)t 71E | 11

B;(s) = 3M? <02(H)H(2H )21, () + Ei(s))> s€[0,t]

and
Cj(s) = 3M2(ca(H)H(2H = 128775 (s) + ().

and z} = x¢ and 22 = yp.
From these previous expressions we easily deduce
t
sup (Bl + Ela(r)fi) < K+ | Kl sup (Elo(i) + Ely(ml )ds
re|0,t 0 n€|0,s

where

Ky = A1+ Ay, Ks(s) =max{B;(s) + Ba(s),Ci(s) + Ca(s)}.

Using now the Gronwall inequality

sup (Bl + Blolr)R) < Koew ([ Kals)ds) = ¥y

rel0,t]
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whence

sup Elz(t)x < Mo, and sup Ely(t)x < M,
t€[0,t1] t€[0,t1]

where M, depends only on t;. For t € (t1,,], we have
w(t) = St —t)[x(tr) + Lz ()] + /tt S(t = s5)f'(s,2(s),y(s))ds
+i /tt S(t — s)o} (t,x(s),y(s))dBf (s).
—1 Jt
Then, by a similar argument we obtain

Elz(t)x = E\S(t—tl)[ﬂfl(h)+11(x1(t1_))]+/ S(t =) (s, 2(s),y(s))ds

t1

+l§_: / S(t — 8)ai (¢ 2(s), y())dB ()%

< 180 — )P (Blar (1) + L (1) ) + Bl / S(t — ) (s, 2(s), y(s))ds[
By / S(t — $)oi (1, 2(5), y(s))ABI (3)]%
< 4M2(M2 + di Blz(ti]3 + ) + 4M2/t (61(5)E]:c($)|§( + by (s)E|y(s)|3 + cl(s)>d5

MR =D [ (@6 Bl + By (o) +71()) s
< Aot [ Bao)Ela(s)ids + [ Calo)Ely(s)ds

t1 t1

Then we deduce

Elyk < Ait / By(s) El(s) ds + / Ca(s) Ely(s) P

t1 t1

where
As = AMP(M + ) + 4M2||er|| 11 + AM2eo(H)H(2H — 1)£27113, | 11,
and

Ay = AM2(DI° 4 X) + AM2||es|| 11 + AM2eo(H)H (2H — DE | 11
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and
By(s) = 4M2d, + 4M? (CQ(H)H(2H — 122115, (s) + @u(s ))

Ba(s) = 4M? + (cz(H)H(QH— 12620 1,(s) + (s )) s € (t,ta],

and

Cy(s) = 4M? (@(H)H(QH ~1)22H-1F (s) + l_)l(s)>, s € (t, b,
Cu(s) = 4M%d; + 4M? (CQ(H)H(ZH — 122115 (5) + 52(s)>, s € (t, b,
Combining E|z(t)|% and E|y(t)[%,

swp (Ely(rf + Ele(r)fy) < K+ /th4<5) sup (Ela(n)fi + Ely(n)f ) ds

rE€[t1,t] neE(t,s]
where
K3 = A5+ Ay, Ky(s) = max{B;(s) + By(s),Cs(s) + Cy(s)}.
Using once more the Gronwall inequality,

s (EWOR + ElOR) < Koew / Ki(s)ds ) =T,

tG(tl,tg]
Consequently, there exists a constant A/, which only depends on t;, ¢, such that

sup Elz(t)|3 < My, and sup Ely(t)[% < M.

te(tl,tg} te(tl,tg}
If we iterate this procedure in every interval (¢;,t;,1] we can prove that there exists a
positive constant M;, which only depends on ¢;,;,1, such that

sup Elz(t)|> < M,;, and sup Ely(t)|% < M;, i=0,1,2,...,m—1.
p |(>|X ) p Yy X ) ) Ly &y ’

t€(tistita] te(tistit]

Set
U={(z,y) € PCx PC: |zl]lpc <M", |ylpc <M}
where o
M*=sup{M;: i=0,1,2,...,m—1}.

Then, U is an open subset of PC' x PC' and it is straightforward to see that there is
no (z,y) € oU such that x = AN;(z,y) and y = ANy(z,y) for some 0 < A < 1. By
Theorem 3.2, N possesses at least one fixed point (x,y). O

Remark 4.1. We can replace conditions (Hz) and (Hs) by the following hypotheses
(H) there exist integrable functions 1 : [0,T) — R* and ¢ : [0,00) — (0, 00) which
are continuous and nondecreasing such that, for allt € [0,T] and z,y € X,
E|f'(t 2, )* < n@e(Ell|® + Ellyl*), Elo'(t,z,»)|* < n)(Elz]* + Ely|*),

where
o

ol(t,x,y) = Zaftxy i=1,2.
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5 Weak solutions

In this section we prove that mild solutions to system (1.1) are also weak solutions.
First, we recall the definition of weak solution according to Da Prato and Zabczyk [11].
To shorten the notation, we will use (.,.) instead of (.,.) below since no confusion is
possible.

Definition 5.1. An X - valued stochastic process u(t) = (x(t),y(t)),t € [0,T] is called
a weak solution of (1.1) if for each p € D(A")

Theorem 5.1. Assume conditions (H3) — (Hg) hold. The mild solution of (1.1) is
also a weak solution.

Proof. Let (z(t),y(t)) be a mild solution to (1.1). Then, for each ¢ € D(A*) and
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€ [0,¢], we obtain

/t<()A*>ds—/ 5) 20, A ds—// (s — 1) f1 (7, 2(7),y(1)), A*)drds

/ / (s — 7)ol (7 2(7), y(7)), A*0)dBE (r)ds

E

S

(x(s), A*0) — (S(t)zo, A") —/ (S(s =) fH(r,2(7),y(7)), A"p)dr

0

s/E
0

- Z /OS<S(8 — 7)o} (1,2(7),y(7)), A*p)d B} (1)ds

t
:/E
0

ds

— S(s)z0 /0 S(s — 1) A (r, (7). y(r))dr

= / " S(s — Pl (r, a(r), y(r))ABE (7)ds)ds, A*)| ds
1=1 Y0

=0.
Thus
/0<x(3)714*%0>d3 = / ds—l-// (s —7)f (1,2(7),y(1)), A*p)drds

+ <S(s — 7)o} (1, %(7), y(7)), A"p)dB/ (1)ds
1=1 70 70
— Zﬁj

Similarly,
/0<y(s>,A*so>ds = / t)yo, A ds+// (s — 1) f2(r, (1), y(1)), A*p)drds

+Z/O /0 (S(s — 7)o2(r,2(7), y(7)), A*p)dBH (1)ds
_ ;A_

J=1

B

Now for ¢ € D(A*) and ¢ € [0,#1] we use the fact that £S*(t)p = S*(t)A*p, which
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yields

P = /0 t(S(s)xo,A*g0>ds - /0 t(xo,S*(s)A*@ds

_ / (10, -5 (5)¢)ds
= (S(t)zo — 70, ),

and analogously,
t
Pu= [ (S(s)o A = (S(0)n 0. ).
0

In addition, using Fubini’s Theorem for ¢ € [0, ],
B, - /t/ (s — 1) (7 2(7), y(7)), A*@)drds
_ / / Lo (7 2(r), y(7)), §*(s — T) A" ) drds
= /0 (S(t — 1) fH (7 2(7),y(7)) = fH(1,2(7),y(7)), p)dr

t

- / (St — 1) (ry2(r), y(r)), (7)), o) — / (A (7 2(r),y(r), o)

0

/ / 2 2(7), (), A*pydrds

/0 (S(t — 1) (r, (1), y(1)), y(7))s ) dr — / (2 (r () y(r)), @) dr.

As for the estimates of the third terms we have for ¢ € [0, ¢4]

an

n=> (S(s — 7)ok (r,a(r), y(r)), A" ) B (7)ds

= t t(l 0.5 011(7', x(7),y(7)), S*(s — 1) A* >dBlH(T)dS
> | [t y ¢

= (S(t— 7)o (1, 2(1),y(7)), )dB/ ( o) (r,2(1),y(7)), )dB/ (1),
> /0 y(r z / .

and

P = t S<S(8—T)0'12(T,QT(T), (1)), A*)dB} (1)ds
;/0/0 y ¢

- Z/O (S(t — 7)o2(r, 2(1), y(7)), p)dB( Z/ o (1,2(7),y(7)), ¢)d B (7).
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Now, taking into account all the previous estimates we can write
[ aeias = [ (ss).elds = (S(t)s0 ~ w0, )
0 0
+ [0 = ) (ratr) ) o). o)
- [ e e

00
=

0y / (S(t — 7)o} (r, 2(7), y()), P)d B (7)
-3 [(trste). o). st
1=1 70

= {a(t) — 70, 0) — / (H(r, 2(r). y(r)), @) dr

-2 / (o] (7, 2(7), y(7)), ©)dB{ (7).

0

Finally,
(@(t) o) = (r0.¢) + / (x(s), A*g)dr + / (7 2(r), y(r), g)dr
> / (o2 (7, 2(r), y(r)), £)dBY (7).

and similar computations for y for ¢ € [0,¢] imply

Wthe) = (o) + / (u(s), A" p)dr + / (P (r.2(7),y(r), g
- / (02 (7. 2(r), y(r)). £)dBI (7).

Therefore the mild solution is also a weak solution in the interval [0, ¢,].

We repeat this scheme in every subinterval (¢,,_1,%,]) until we reach the points

31

t € (tm,T]. As the arguments are the same as in the previous case, we prefer to omit

the details.

6 Exponential stability

]

As in this section we are interested in the exponential decay to zero in mean square
of the mild solutions to (1.1), we will assume that solutions are defined globally in time.
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PC = {z: Ox[0,T] — X, z € C(J;,, L*(Q, X)), k=1,...,m such that
z(t),.) and z(t,,.) exist with z(¢;,.) = x(t,.) and
sup Eljz(t,.)||* < co almost surely},
t€[0,T]
endowed with the norm

1
|zllpe = sup (Elx(s,.)|]*)2.
s€[0,7

It is not difficult to check that PC' is a Banach space with norm || - || pc.
Consider the Banach space
PCy, = {y € PC,(R" x Q, X) : y is bounded almost surely},

where

PC*(R+ X Q,X) = {y: [0,00) X ) — X, Yi € C((tk,tk+1),L2(Q,X)), k= 0,1,2. ..
y(t;) and y(t) exist and satisfy y(tx) = y(t;) for k=1,...}

and Yr, = Y|(ty.,tr.1)- Endowed with the norm
lylly = sup{Ely(t)|% : t € [0,00)},

PC} is a Banach space.
For the study of this problem we first introduce the following hypotheses:

(H7) There exist M > 0 and 7 > 0 such that
IS < Me™
for all ¢ > 0.

(Hs) There exist nonnegative numbers a; and b; for each ¢ € {1,2}, and for all 0 <
0 <~ it holds

/ B fi(s, 2(s), y(s)) — Fi(5.7(s), 7(5))Peds < a / 9 Br(s) — 7(s) 2

0

t
+b [ Blyts) - 7s)
0
and -
/ e¥|f'(s,0,0)|5ds < oco.
0

for all z, y, T, y € PC,.



T. Blouhi, T. Caraballo and A. Quahab 33

(Hg) There exist functions oy, §; € C(RT,R*"), i = 1,2 such that, for all 0 < § < ~,
x,y, T,y € PCy and t € R*, we have

/0e‘ssEllai(8>fﬂ(S),y(S))—Ui(87f(8),?(8))ll2ds < ai(t)/ ¢ Ela(s) — T(s)[ds

0

() / 5 Ely(s) — g(s) [%ds
and

[e.e]
/ e E|o'(s,0,0)||?ds < oo, sup t*a;(t) < oo sup t**71Bi(t) < oo,
0 teR+ teR+

(Hio) there exist constants d, > 0 and d >0, k= 1,..., such that
B|ly(z) — (@)% < dyElr — 7[5

Elli(y) — I:(@)|x < dvEly — 7l

and . .
> e EBIL(0)[% < 0o, 4M*) “dy < 1,
k=1 k=1

and . .
> ™ E[T(0)% < oo, 4M?) dy <1
k=1 k=1

forall z, y, T, y € PC,.

Theorem 6.1. Assume (H7) — (Hip) hold and that v > Ay > 0 where

A2 _ maX{4M202(H)H(2,{—I — 1)(52 +61)’ 47_1M2,E02 + Cl) }’
k k
¢; = max{a;, b;}, ¢ = max{sup t2H_10zi(t), sup tQH_lﬂi(t)},
teR4 teR4
and
k :4M2§:Ek k :4M2§:dk izmax( ! 1_)
* < P * s 5 k; 1—]{*’1—]{?* .

Then, there exists a unique mild solution (x,y) to problem (1.1) which converges to

Zero in mean square, i.€.
- E!I:U(t)|!2) <0>
lim = :
t—+o00 <E|]y(t)|]2 0
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Proof. 1t is clear that each mild solution to Problem (1.1) is a fixed point of the
operator N defined in Theorem 4.1. By using (H;) — (Hyo), we can easily prove that
N(PCy) C PCy, and from Perov’s fixed there exists a unique (z,y) € PCj x PC, which
is a fixed point of N. Now, we show that

tEmOOE|N($ VX = tginoo(E|N1(x,y)]§(,E|N2(g;7y)’§()
= lim (Elz(®)[%, Ely(®)[%)
= (0,0).

First, observe that we have

2

IA

Elx(t)[%

ABIS(t)rolf + 4] / S(t — ) (s,2(s), y(s))ds

2

X

4B z/St—sal (5. 2(),y(s))dB{(5)

] 3 8- wh)]

0<trp<t

X

and

2

By < 4E|S(t)olk +4E / S(t — ) (s,2(s), y(s))ds

X
2

+4FE Z/o S(t — s)oi (s, x(s),y(s))dB{ (s)

2

X

+4F Z St —te) In(y(te))

0<trp<t

X

Therefore, by Lemma 2.8 and (Hz),

t
Elz(t)]x < AM?e™™"Elzolx +471M2/ e 1IVE| (s, 2(s), y(s)) i ds

AM2ep(H)H(2H — 127 IZ/ =916 (s, 2(s), y(s)) |2ds

+AM? Y T e B L(x (k) X

0<trp<t
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and, consequently,
t
B0 < AMElaof + 4970 / | (5, 2(5), y(s)) Feds
0

FAMPey(H)H (2H — 1)1~ 12 / &[0t (s, 2(s), y(s)) | %ds

HAM? Z " B I (z(t k))|x-

O<tr<t

Thanks to the fact that Ay —~v < 0 we can choose 6 > 0 such that n = Ay — v+ 60 < 0,
and for these constants we have

t
OBl < AM2e " E|zo|% + 4oy L M2 / e EIf (s, x(s), y(s)) [k ds
0
FAM? ey (H)H (2H — 1)1 —Gtz/ "o} (s, 2(s), y(s))|*ds

+4M3e 0 Z e B\ Ly (z(tr))|%

O<trp<t

t
UM B2 + 4y~ M2 / 003 | f1(s, 2(s), y(s)) [ ds
0

IA

FAM e H(2H — 1)t2H1/0 =03 B0 (s, 2(s), y(s))||2ds

A2 S B ()

O<tp<t

Similarly,

t
BB < e Eluly+ 4 M [ 0B s, a(s),yl) ds
0

t
+4AM3cy(H)H(2H — 1)¢21! / eV B0 (s, 2(s), y(s)) || *ds
0

FAMEN ST BTyl

O<tr<t
4
— 4 Z P
=1
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Now it is easy to see, for any ¢ > 0, that
t
o= [ B () o) s
0
t
< / B 1 (s, (5), y(s)) — f1(s,0,0) + f1(5,0,0) [ ds
0

IN

[ BN 5,5, 0(6)) — 160,00+ [ 0B 5,0,0) s
0 0

t t
< o / 0 Bla(s) %ds + by / =99 Bly(s)|%ds + / 05 B f1(5,0,0) [y ds,
0 0 0

and similarly,

t
P = [ 0Bl (s 0(s),y(s) s
0
t t t
< 0,2/ =5 Bla(s)|%ds + bg/ =5 Bly(s) % ds +/ =D B £2(5,0,0)|%ds.
0 0 0
By condition (Hg) we deduce the existence of positive constants K, K, such that

t
47_1M2/ V=B f1(s,0,0)%ds < K,
0

and

4y~ M /t V=5 £2(5,0,0)|%ds < K,
As for the term P; we have 0
P [ 0Bl o)l
< /t DB ot (s, x(s), y(s)) — a'(s,0,0) + '(s,0,0)|ds
0
< /Ote(”9)8E||01(5793(5),y(8)) —0'(s,0,0)*ds + /Ot B0 (s,0,0)|*ds
< oy (t) /Ot V=95 B2 (s)|%ds + Bi(t) /t =D By(s )|de—|—/ =955 (s,0,0)|ds,

0 0

and similarly,

Py = / =05 Bl 2(s, (), y(s))|ds

IA

t t t
an(?) / 00 Bl ()2 ds + Ba(t) / 00 By (s) 2 ds + / 003 o (5, 0, 0) [ 2ds.
0 0 0
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From (Hy) we deduce the existence of positive constants Ky, Ko, such that

t
AM?co(H)H(2H — 1)t2H-1 / D5 B|ol(s,0,0)|ds < K
0

and

t
AM?cy(H)H(2H — 1)t2H‘1/ =4 F||0%(s,0,0)|%ds < Ko.
0

And for the last terms

P =

<

IN

IN

and analogously

P,

<

e N B L(x(t)) Ik

O<tr<t

e Z " B|I(x(ty)) — 1(0) + I (0) %

O<tp<t

e N EBL(x(t) — L(0)k + e Y "E|L(0)%

O<tp<t O<trp<t

e N e dpEla(ty)k + e Y e EIL(0)]%

O<tp<t O<trp<t

(=0t GG Bla(ty)|% + e % e B|1,.(0)]2
k k)X k X

O<tp<t O<tp<t

e N BT (y(t)x

0<tp <t

07N NG Bla )y + e Y S BIT(0)f

0<tp<t 0<tp<t
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Now, thanks to (Hjp) we have the existence of positive constants K3, K5 such that, for

all t > 0,

e Z O E|L(0)% < K3 and e Z " E|1(0))% < K,

O<trp<t O<trp<t

which further imply

3 t
()% < 4M26_0tE|Io|g(+ZKi+47_1M2al/ T Bla(s) % ds
=1 0

t
+4y " MPby / D5 By(s) % ds
0

t
FAMEey(HYH(2H — 1)y / (=05 o (s) % ds
+AM?cy(H)H(2H — 1)#2H- 15/ S By(s)|%ds

+AMZC0 N 0, Bla(ty) %,

0<trp<t
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and similarly
3 t
TR ly()A < AM2e " E|yol% + Zfz + 47_1M2a2/ e Elu(s)|xds
i—1 0

t
M, / 002 By (s) Peds
0
t
ANy (H)H(2H — 1)1 0y / 005 Bla(s) % ds
0

t
HAMP ey (H)H(2H — 1)1 By / e Ely(s) [ ds
0
HAMELO Y7 By ()|
0<trp<t

Consider functions pu, i defined on [0, 400) by
p(t) =sup{Elz(s)[k :0<s <t} Fi(t) =sup{Ely(s)[x :0<s <t}

Together with (Hy), it follows that, for each t > 0, the constant k. (t) = 4M? Z Y=g, <
O<tp<t

k. < 1. Then

4M? LK, 4y~ M?a t
(v=0)t —0t 2 i 1 (v—0)s
e u(t) < T 7 k*e E|xo|5% + ;1 e + - /0 e "% u(s)ds

—1M2b t
+ 471——161 / 6(770)Sﬁ(8)d5
* 0

2 2H—-1 t
AM2co(HYH (2H — 1)t2H=10 (8) / 05 5)ds
0

+ 1 — k.

H- t
I HH D00 [ -,
— fux 0

_|_

Analogously, the constant k, (t) = 4M? Z "= <k, <1 and we have

0<tp<t

e LK 4y May ff
e (L) < e " Elyol%x + Z 1—k * T / T (e)ds
i=1

- 1—k . 11—k Jo
—1M2b t
+ 4u/ e =057(s)ds
1— ke Jo
AM?co(HYH(2H — 1)t2H1qy [t
+ 2(H) 1( - ) 2/ 0% u(s)ds
— Pk 0

_|_ —

2 2H-1 t
4M 02(H>}Il(2]—;_ 1)t 62 / 6(7*9)3ﬁ<8)d8.
— k, 0
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Therefore,

. - M M ~ K K
O u() + ) < e " Elaofk + T " Elwolx AP ek S
* i=1 ¥

1k, 1k,
4 —1M2 t t
Ry
* 0 0
AM?cy(H)H(2H — 1 !
i 02(1 )_ k( ) (t2H1041<t>/0 6(779)Su(5>d8

n tQH_l,Bl(t)/t (v—0)s ()ds)
0
4’}/71M2 t . t o
+ - (ag/o elr=0)s p(s)ds + by /0 (=0 u(s)ds)
4M?cy(H)H(2H — 1)

t
+ = (t2H1a2(t)/ e =95 (s)ds
1— % ;

I t2H—162(t)/0t (v—0)s ()ds)

the maximum being taken componentwise for each ¢ = 1,2, and

1 1 1
¢; = max{a;, b}, ¢ = max{t*? oy (1), 271 Bi(1) }, z = max{ﬁ, ﬁ}
AM? : K+ K;
TOpu(t) + (1) < e (Blaol + Elwl ) + Y ==
=1
—1 2 ¢
T Ma / 0 ((s) + 7ls) ) ds
k 0
2 = t
;. M Co(H)H(2H — 1)01/ e(1=0)s <ﬂ(8) +ﬁ(8)>ds
k 0
-1 2 t
+ w/ e(1=0)s 1(s) —i—ﬁ(s))ds
k 0
2 —1e t
+ DLRDACHZU0 [Fo0n () + ts)) s,
k 0
where ) o o
A, — maX{4M co(H)H(2H — 1)( + cl)’ Ay M (e + cl)}
k k
and

3

AM? K, + K,
A = TG 9t<E|x0|§< + E|y0|§(> + Z -
=1
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t
() +a0) < Ak Aa [0 (o) () ds,
0
where A; is a suitable positive constant. Gronwall’s Lemma conduces us to
M ult) + (1) < Age,

and, consequently,
p(t) + Ja(t) < Apetd2m 100 = Ajem,

Then
: _ i : 2 _ : 2 _
Jim (1) + (1)) = 0 = Jim Ele()fi = 0. Jim Ely(0)f} = 0.
The proof is therefore complete. O

7 An example

In this section we present an example to illustrate the usefulness and applicability of
our results. We consider with finite or infinite fractional Browian motion.

Example 7.1. Consider the following couple stochastic partial differential equation
with impulsive effects

;

du(t,€) = Fmult, &)+ F(t,ult,§),v(t,£))
to() e, 120, t#h, 0<¢<m
dv(t,&) = Lot €L+ G(t u(t, §),v(t,€))
—i—o(t)%, t>0, t#t, 0<E<m,
u(tZ>€> - ( k> g) (tl;7£)7 k:1,~~ ) Ty (71)
U(t,—l_,é) - (k 5):o_4kv(tk,§), /{::1,---,m,
u(t,0) = wu(t,m)=0,t>0,
v(t,0) v(t,m) =0,t >0,
u(0,§) = wp(§), 0<E<m,
[ v(0,§) = w(§), 0<E<m,

where ay > 0, Bg denotes a fractional Brownian motion, G, F : [0,71] x Rx R — R
are continuous functions.

Let
z(t)(§) = u(t, &), y()(§) =v(t, &) teJ, £el0,7],

L(z(th)) (€) = aru(ty, &), Ln(y(th))(€) = awv(ty,€) € €[0,7], k= ,m,
f(t,z(t),y()(€) = F(t,ult,§),v(t,€)), , £€[0,7],
g(t,z(1),y(t)(§) = G(t,u(t,§), (@f)) , £€0,m].

( ]

Uo(f) =u 075)7 UO(&) = U(O7£) ’ [077T )
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Take K = H = L*([0,7]). We define the operator A by Au = u”, with domain
D(A) ={ueH, v, v €t and u(0)=u(r)=0}.

Then, it is well known that

(o.9]
Az = — Ze’”%(z, en)en, 2z € H,

n=1

and A is the infinitesimal generator of an analytic semigroup {S(t)}i>0 on H, which
s given by

tu = Ze U enen, u € H, and ep(u) = (2/7)2sin(nu),n = 1,2, , is

the orthogonal set of eigenvectors of A. The analytic semigroup {S(t)}i=0, t € J, is
compact, and there exists a constant M > 1 such that ||S(t)]|*> < M.

In order to define the operator Q : K — K, we choose a sequence {0, }n>1 C RT,
set Qe,, = onp€e,, and assume that

o0
= E oy < O0.
n=1

Define the process BY (s) by

BY =Y Vot (ten,
n=1

where H € (1/2,1), and {2 },en is a sequence of two-sided one-dimensional mutually
independent fractional Brownian motions. Assume now that

(i) There exist some positive number dy, dy, k € {1,--- ,m} such that

11u(6)] < dy, | T(€)] < dy
for any € € R.

(ii) The functions f,g:[0,T] x H — H defined by f(t,u)(.) = F(t,u(.)),g(t,u)(.) =
G(t,u(.)) are continuous and we impose suitable conditions on F and G to verify
assumption (H2) .

(iii) Assume that there exists an integrable function n:[0,T] — RT such that
[F(t,,9)1* < nv(l=l® +1y1*), Gt 2,9)1* < n®v(=* +[y*)

for any t € [0,T] and z,y € R, where 1) : [0,00) — (0,00) is continuous,
nondecreasing and concave with

> ds

1 ()

= +00.
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(iv) The function o : [0,T] — Lg (K, H) is bounded, that is, there exists a positive
constant L such that

T
/ HU(S)HiszS <L, YT >0.
0

Thus, problem (7.1) can be written in the abstract form

dr(t) = [Az(t) + f(t,x,y)ldt + o(t)dB§ (t), te J:=[0,T],
+g(t,z,y)ldt + o(t)dB (t), teJ:=10,T],

a(t) — o(ty) = L(x(t)), k=1,...,m;
y((t% - y(t:) = ]l]:(?/(tk)), k=1,...,m; (7.2)
2(0) = o,

Thanks to these assumptions, it is straightforward to check that (Hy) — (Hg) hold true
and, then, assumptions in Theorem 4.2 are fulfilled, and we can conclude that system

(7.1) possesses a mild solution on [0,T].
In the case that we consider the problem fort € [0,00), we observe that

(@) IS0l < e,

(ii') The functions f, g : [0,00) x H — H are continuous and under suitable condi-
tions on F', assumption (H2) holds in [0, +00).

iii’) The function o : [0, +00) — L2 (K, H) is bounded, that is, there exists a positive
Q
constant L such that

| ety ds < L.
0 Q

(iv') There exist some positive number d, k€ {1,--- ,m,---} such that
0] < dyr 110)] < dy and 3 dy < 00, 3 < o0
k=1 k=1
for any £ € R.

Thus the problem (7.1) can be written in the abstract form

(da(t) = [Ax(t) + f(t,z,y)]dt + o(t)dB5(t), te J:=[0,00) ;
dy(t) = [Ay(t) + g(t,z,y)|dt + o(t)dB5(t), te€ J:=[0,00) ;
I(tk—"_)—l‘(tk):]k(l’(tk)), ]6‘21,2,3 (7 3>
yEtZ;) —y(te) = L(y(t), k=1,2,3... '
z(0) = xg,

L ¥(0) = o.
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Corollary 7.1. Let 01,09 : [0, 7] x L*([0,7]) x L3([0,7]) — L*([0, 71]) be defined by

txy:iotxy txy Zaktxy
k=1

where
o (t, x,y)v(s) = agk“/ [sin k22 (t)] f(s)ds + agk/ [cos kK*y(t)] f(s)ds, v € L*([0, 7))
0 0
and
oi(t,x, y)v(s) = b2k+1/ [sin k2x(s)] f(s)ds + bgk/ [cos Ky (s)] f(s)ds, v € L*([0,7]).
0 0
If Y a; < o0, Y. b7 < oo, then for each k € N we have
ok, o € Lo(L*([0,], L*([0, 7))
and

oo
>_lloiC.z )ity < oo, i=1,2
=1

Proof. Clearly, for every k € N, ¢}, o# are linear continuous operators. Let (e;);en be
an orthonormal basis of L%([0, 7])

o (t 2,91,

—Z / (‘\/o——na%+1 /0 fsin K2a(s)|en (8)ds + /s /0  [eos K2y(s)]en(s)ds

2
>dt

< 27 (agqq + az) 20n~

n=1

Therefore

o
||O-Ii(taxay)||L% < W\/Q(a%kﬂ—i-a%k)z On < 00.
n=1

HU;i(t,x,y)H%% < L*<a%k+1+agk)a L*:27T2Z\/0_n.
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We deduce
o
lo' )l = S lloflles
k=1

o
< L. Z(a%kﬂ + a3)
k=1

o
< L*Zai<oo.
k=1
and
o0
lo*te )l = D llotlZy
k=1

oo
< L, Z b < oo.
k=1
Hence

Elloy(t.x.y)|* < Lo Y ai + E(l|z]72 + [lyllZ2) for all o,y € L*([0, 7)),
k=1

and

Elloa(t, 2. y)|* < L.y b + E(l|z]72 + [lyllZ2) for all 2,y € L*([0, 7).
k=1

]

Corollary 7.2. Let K : [0, 7] x [0,7] x R xR = R be a continuous function such that
there exist a,b > 0 such that

|K(t,s,z,y) — K(t,s,Z,9)| < alz —z|+bly —g|, foralz zyyecR.

Then K, : [0, 7] x L*([0,7]) x L*([0,7]) — L& (L*([0, 7)), L*([0,7])) defined by

t
Ko(tn,)f(0) = [ Kt o(s) (o) f(s)ds, £ & (0,7,
0
is a Hilbert-Schmadt operator and there exist a,, 3 > 0 such that

||K*(t, 7x7y)_K<t787j7g)||L% < Q‘HCL’—ZfHLQ—i_ﬁHy_gHLQ fOT each x,2,Y,Y € L2<[077T])
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Proof. 1t is clear that K,(t,z,y) is a bounded linear operator. Let (e;);eny be an or-
thonormal basis of L*([0, 7])

120

=i[ﬂﬁ%hmwwwwwmjw

<Z/( mewwwwauw/mwwwmm@jﬁ

< 47TCLQZJnH£CH2L2 + 47TbQZJnHyH%2 + 22 sup |K(t,s,0,0)] Zan.

n=1 n=1 (t,s)€[0,7] x[0;7]

Thus
Kt 2, y)llg, < anllzllr2 + Ballyllze + 7 < oo,

where

of =xa Y 0w, B =47 Y_on At =2 swp |K(45,0,0] Yo
n=1 n=1 n=1

(t,s)€[0,m] x[0,7]

We can easily prove
IK.(t,, x,y)—K(t,s5,2,9)|7, < alle—z||7+8lly—gll7=  for eachz,z,y,5 € L*([0,7]),

where a = o2, 3 = 2. O
Corollary 7.3. Let {K,}ner : [0, 7] X [0,7] x R x R — R be a summability kernel on

0, 7] i.e it holds
Z ||K R ||L2 < o9,

and K s a continuous functzon such that there exists a,, b, > 0 such that
|K(t,s,z,y) — K(t,s,Z,9)| < aplz —Z| + buly —g|, forallz,z,y,y €R.
If N
Z a? +b?)

Then I, - [0, 7] x L2([0,w]) x L*([0,7]) = L&(L*([0,x]), L*([0,7])) be defined by

Rolt,z9)f /K ts,a(s), y(s) f(s)ds, e L2([0, ),
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1s a Hilbert-Schmidt operator and there exists o, 3 > 0 such that
Z HKn(ta z, y)_Kn<t’ S, j? g)”i% S Oz||l’—{f'||%2+ﬁ|‘y—g”%2 fOT each z, ja Y, g € LZ([07 7T])
n=1

Proof. To prove the result we use the same method in the proof of Corollary 7.2. [

Lemma 7.1. Assume that o satisfies conditions of Corollary 7.1 or (Corollary 7.1
or 7.2), and (iii) or F,G are Lipschitz functions and Iy, I), satisfy (i) or (iv"). Then,
problem 7.2 has at least one solution and problem (7.3) has exponentially stable mild
solutions.

Proof. 1f we use that F, G are Lipchitz functions and assumptions in Corollary 7.2 or 7.3
hold, then by Theorem 4.1, problem 7.2 possesses a unique mild solution. By the same
method we can prove that all the conditions of Theorem 4.2 or 6.1 are satisfied. O]

Remark 7.1. In the case where fo =0, ¢ = ¢> =0, I, = I, = 0 and A = 0, our
example includes the equation for Brownian motion on the group of diffeomorphisms
of the circle (see [1,21]).
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