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INVARIANT COMPLEX STRUCTURES ON 6-NILMANIFOLDS:
CLASSIFICATION, FROLICHER SPECTRAL SEQUENCE AND
SPECIAL HERMITIAN METRICS

M. CEBALLOS, A. OTAL, L. UGARTE, AND R. VILLACAMPA

ABSTRACT. We classify invariant complex structures on 6-dimensional nilman-
ifolds up to equivalence. As an application, the behaviour of the associated
Frolicher sequence is studied as well as its relation to the existence of strongly
Gauduchon metrics. We also show that the strongly Gauduchon property and
the balanced property are not closed under holomorphic deformation.

1. INTRODUCTION

Let g be a Lie algebra endowed with an endomorphism J: g — g such that
J? = —1Id. The endomorphism .J is a complex structure if the integrability condition

[JX,JY] = JJX, Y]+ J[X,JY] + [X,Y]

is satisfied for any X,Y € g; equivalently, the ¢-eigenspace g1,9 of J in gc = g®r C
is a complex subalgebra of gc. Nilpotent Lie algebras g admitting a complex struc-
ture were classified by Salamon [28] up to dimension 6. More recently, Andrada,
Barberis and Dotti classified in [2] the 6-dimensional Lie algebras g having a com-
plex structure J of abelian type, that is, the complex subalgebra g; ¢ is abelian, or
equivalently [JX, JY] = [X,Y] for any X,Y € g.

A related question is to determine the complex structures on a given Lie algebra
g up to isomorphism in the following sense. Two complex structures J and J’ on g
are equivalent if there exists an automorphism F': g — g of the Lie algebra such
that J = F~' o J’ o F. The latter condition is equivalent to say that F, extended
to gc, satisfies F(g{ o) C glJ:O. If C(g) denotes the space of complex structures on g
then C(g)/Aut(g) parametrizes the equivalence classes of complex structures on g.

A classification of abelian complex structures in dimension 6 is given in [2]. Some
partial results on nilpotent Lie algebras can be found in several papers [6, 19, [30, 31],
although to our knowledge there is no complete classification of complex structures
on 6-dimensional nilpotent Lie algebras. This is our first goal here.

The classification of complex structures on nilpotent Lie algebras provides a
classification of invariant complex structures on nilmanifolds. Let M = I'\G be a
nilmanifold, i.e. a compact quotient of a simply-connected nilpotent Lie group G
by a lattice I' of maximal rank. If J is a complex structure on the Lie algebra g of
G, then it gives rise to a left-invariant complex structure on G which descends to a
complex structure on the quotient M in a natural way. Several interesting aspects
of this complex geometry have been investigated, as for instance the Dolbeault
cohomology [7, 13, 26], complex deformations [6], [8 20l 27] or the existence of
special Hermitian metrics [16] [30]. Recently, it is proved in [4] that the canonical
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bundle of any complex nilmanifold is holomorphically trivial and some applications
to hypercomplex geometry are given.

As a first application of the classification of complex structures we study the be-
haviour of the Frolicher sequence [I7]. Recall that the Frolicher sequence E,.(M, J)
of a complex manifold (M, J) is the spectral sequence associated to the double com-
plex (QP9(M, .J),d,0), where 0 + 0 = d is the decomposition, with respect to .J, of
the exterior differential d. The first term FEy (M, J) is precisely the Dolbeault coho-
mology of (M, .J) and after a finite number of steps the sequence converges to the
de Rham cohomology of M. The first examples of compact complex manifolds for
which Fy % E were independently found in [9] and [2I]. The examples in [J] are
complex nilmanifolds of complex dimension 3, which is the lowest possible dimen-
sion for which the Frolicher sequence can be non-degenerate at E5. More recently,
Rollenske has constructed in [25] complex nilmanifolds for which the sequence {E, }
can be arbitrarily non-degenerate. The behaviour of the Frolicher sequence has been
studied for some other complex manifolds [I4] 29], but as far as we know its general
behaviour for complex nilmanifolds has not been studied, although some partial re-
sults can be found in [I0} [IT], [12]. Here we study the Frolicher spectral sequence for
general invariant complex structures on a 6-dimensional nilmanifold. A remarkable
consequence of this study is the existence of a compact complex manifold on which
the 90-lemma fails but E; = E., and the Hodge diamond is symmetric.

As a second application of the classification of complex structures we consider
strongly Gauduchon (sG for short) metrics in the sense of Popovici [22, 23]. Any
balanced Hermitian metric is sG and any sG metric is a Gauduchon metric [I8].
In [24] the relation between the degeneration of the Frolicher sequence at Ey and
the existence of sG metrics is studied, showing that these two notions are unrelated.
We study the existence of sG or balanced metrics on 6-nilmanifolds in relation to
the general behaviour of the Frolicher sequence. Moreover, Popovici proved in [23]
that the sG property of compact complex manifolds is open under holomorphic
deformations, and conjectured in [24] that the sG property and the balanced prop-
erty of compact complex manifolds are closed under holomorphic deformations. We
construct a counterexample to both closedness conjectures.

The paper is structured as follows. In Section Pl we first review some general facts
about complex structures on a 6-dimensional nilpotent Lie algebra g. By [28] such
g must be isomorphic to b,...,big, by oOr bg'ﬁ (see Theorem 2] for a description
of the Lie algebras). Of special interest is b5 because it corresponds to the real
Lie algebra underlying the Iwasawa manifold, whose complex geometry is studied
in [19]. For the first sixteen classes the complex structure is necessarily of nilpotent
type in the sense of [13]. We classify the non-abelian nilpotent complex structures
on 2-step and 3-step nilpotent Lie algebras in Sections 2.I] and 2.2 respectively.
Then, using the classification of non-nilpotent complex structures obtained in [31]
as well as the classification of abelian structures given in [2], we present in Tables 1
and 2 of SectionBlthe complete classification of complex structures on 6-dimensional
nilpotent Lie algebras up to equivalence.

Since J equivalent to .JJ' implies that the terms in the associated Frolicher se-
quences are isomorphic, as an application we study the general behaviour of the
Frolicher sequence E,.(T'\G, J) in Section @l (see Theorem F1] for details). We find
that Fy % FE if and only if the underlying Lie algebra g = hi13,h14 or h15. More-
over, by = Fy % FE3 = E for any J when g = hi3 or hi4. In contrast, his
has a rich complex geometry with respect to Frolicher sequence because it admits



complex structures for which Fy % Ey = E, By = Fy * E3 = E, or even
Ey % FEy 2 F3 2 Eo. In Example we give a family J; of non-equivalent
complex structures on hi5 along which the Frélicher sequence has these three be-
haviours. We also show that a nilmanifold with underlying Lie algebra hg has a
complex structure with degenerate Frolicher sequence and satisfying h? = h%? for
every p,q € N, which provides an answer to a question recently posed in [3] (see
Proposition E3]).

In section Bl we study the existence of sG metrics on 6-dimensional nilmanifolds
endowed with an invariant complex structure and show that the underlying Lie
algebra must be isomorphic to b, ..., hs or hi4. It is also proved that the existence
of sG metric implies the degeneration of the Frolicher sequence at Es. Using [32] we
give in Proposition [0l a classification of complex structures having sG metrics but
not admitting any balanced metric, as well as a classification of nilpotent complex
structures admitting balanced metric (see Table 3). Based on the complex geometry
of the Lie algebra b4, in Theorem [£.9] we show that neither the sG property nor
the balanced property of compact complex manifolds are closed under holomorphic
deformation.

2. NILPOTENT COMPLEX STRUCTURES ON 6-DIMENSIONAL
NILPOTENT LIE ALGEBRAS

Given a Lie algebra g, let g be the dual of the complexification gc of g. If J: g — g
is an endomorphism such that J2 = —Id, then there is a natural bigraduation
induced on \* g = ®p.q AP(g*), where the spaces A"(g*) and A”"(g*), which
we shall also denote by g'® and g!, are the eigenspaces of the eigenvalues +i
of J as an endomorphism of g, respectively. Now, if d: A" g: — A gt is
the extension to the complexified exterior algebra of the usual Chevalley-Eilenberg
differential, then it is well known that J is a complex structure if and only if
70,2 0 d|g1,0 =0, where 7 3: A’ 9 — A%?(g*) denotes the canonical projection.

We shall focus on nilpotent Lie algebras (NLA for short). Salamon has proved
in [28] the following equivalent condition for the integrability of J on a 2n-dimensional
NLA g: J is a complex structure on g if and only if g"* has a basis {w/}}_, such
that dw! = 0 and

do? € T(W',...,w’™Y), forj=2,...,n,

where Z(w?, ..., w/™1) is the ideal in A* g& generated by {w!,... ,w/™1}.
Recall that a complex structure J on a 2n-dimensional NLA g is nilpotent [13]
if there exists a basis {wj}}‘:l for g'0 satisfying dw' = 0 and

(1) dwj6/\2(wl,...,wj_l,wT,...,wj_l), for j=2,...,n.

An important special class of nilpotent complex structures is the abelian class con-
sisting of those structures J satisfying [JX,JY] = [X,Y], for all X,Y € g, or
equivalently d(g"®) ¢ A"'(g*). They are also characterized by the fact that the
subalgebra g'? is abelian.

In six dimensions, the classification of NLAs in terms of the different types of
complex structures that they admit is as follows.
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Theorem 2.1. [28, B0] Let g be an NLA of dimension 6. Then, g has a complex
structure if and only if it is isomorphic to one of the following Lie algebras:

hl = 07070707070)7 blO = 05070512713514)7

b, = (0,0,0,0,12,34), b1 = (0,0,0,12, 13,14+ 23),

by — (0.0.0.0.0,12 + 34), bis — (0.0.0.12,13.24),

by = (0,0,0,0,12, 14+ 23), by — 0,0,0,12,13+14,24§,

bs — (0.0.0.0.13+ 42, 14 + 23), bis — (00,012 14,13+ 42),

hs = (0.0,0,0,12,13), bis = (0,0,0,12,13 + 42,14 + 23),
by — (0.0.0.12,13,23), bis — (0.0.0.12,14,24),

bs = (0.0,0.0,0,12), b, = (0.0,0,12,23, 14" 35),

ho = (0.0.0.0,12, 14+ 25), bie = (0,0.12,13,23,14 + 25).
Moreover:

(a) Any complex structure on by, and b3s is non-nilpotent;

(b) For 1 <k <16, any complex structure on by is nilpotent;

(¢) Any complex structure on b1, bs, hs and by is abelian;

(d) There exist both abelian and non-abelian nilpotent complex structures on
b2, ba, bs and b1s;

(e) Any complex structure on bg, bz, bio, b11, bi2, bis, bia and bhig is not
abelian.

Remark 2.2. Here we use the usual notation, i.e. for instance hy = (0,0,0,0,12,34)

means that there is a basis {e/}5_, satisfying de' = de* = de® = de' = 0,
de® = e' Ne?, deb = e® A e*; equivalently, the Lie bracket is given in terms of
its dual basis {e;}%_; by [e1, ea] = —es, [e3, ea] = —eq.

Let g be a Lie algebra endowed with two complex structures J and J'. We recall
that J and J’ are said to be equivalent if there is an automorphism F': g — g of
the Lie algebra such that J' = F~' o J o F, that is, F is a linear automorphism
such that F*: g* — g* commutes with the Chevalley-Eilenberg differential d
and F commutes with the complex structures J and J’. The latter condition is
equivalent to say that F'*, extended to the complexified exterior algebra, preserves
the bigraduations induced by J and J'.

Notice that if g}]’o and g}]’,o denote the (1, 0)-subspaces of g associated to J and
J’, then the complex structures J and J’ are equivalent if and only if there is a
C-linear isomorphism F™: g},’o — glJ’,O such that do F* = F* o d.

In dimension 6, by Theorem 211 if the NLA g admits complex structures then all
of them are either nilpotent or non-nilpotent. The classification of abelian complex
structures up to equivalence is obtained in [2], whereas the non-nilpotent complex
structures are classified in [3I] (see Section [ for details). Therefore, it remains to
study the equivalence classes of non-abelian nilpotent complex structures. In order
to provide such classification, our starting point is the following reduction of the
nilpotent condition ().

Proposition 2.3. [30] Let J be a nilpotent complex structure on an NLA g of
dimension 6. There is a basis {w’ }5?:1 for gh0 satisfying
dw' = 0, )
(2) dw? = ew!!, ) ) ) )
dw? = pw'? + (1 —e)Aw!t + Bw'? + Cw?' + (1 — €)Dw??,
where A, B,C,D € C and €,p € {0,1}.
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Here w/* (resp. w/*) means the wedge product w? A w* (resp. w? A wF), where
w¥ indicates the complex conjugated of w*. From now on, we shall use a similar
abbreviated notation for “basic” forms of arbitrary bidegree.

Notice that in the equations (2) the complex structure is not abelian if and
only if p = 1. Next we study the 2-step and 3-step cases in Sections 2] and 2.2
respectively.

2.1. Non-abelian complex structures in the 2-step case. Any 6-dimensional
2-step NLA g has first Betti number at least 3, and if it is equal to 3 then necessarily
the coefficient € in (2) is non-zero. We consider firstly € = 0, i.e. the Lie algebra has
first Betti number > 4, and we will finish the section by considering the remaining
case € = 1.

The following proposition provides a further reduction of the equations (2]) when
€ = 0 and the structure is not complex-parallelizable. Recall that J is complex-
parallelizable if [JX,Y] = J[X,Y], for all X,Y € g, or equivalently d(g'®) C
A>"(g*). These structures are the natural complex structures of complez Lie alge-
bras, and in six dimensions they correspond to e = A = B = C = D = 0 and the
possible Lie algebras are by (for p = 0) and b5 (for p = 1).

Proposition 2.4. Let J be a complex structure on a 2-step NLA g of dimension 6
with first Betti number > 4. If J is not complex-parallelizable, then there is a basis
{wi}3_, for g*° such that

(3) dw' = dw® =0, dw®=pw?+w't+Aw? + Dw??,

where p € {0,1}, X € R such that A > 0, and D € C with Im D > 0. Moreover, if
we denote x =Re D and y = IJm D, then:

(i) If A = p, then the Lie algebra g is isomorphic to
i.1) ba, fory>0;

) bs, forp=y =0 and x # 0;

) ba, forp=1,y=0 and x # 0;

) be, forp=1and x =y =0;

(ii) If A # p, then the Lie algebra g is isomorphic to
(ii.1) B, for 4y* > (p — A?)(4x + p — \?);
(ii.2) ba, for 4y® = (p — N*)(4a +p — N?);
(i.3) bs, for 4y% < (p— A2)(4z + p — A2).

Proof. In [30l Lemma 11] it is proved that under these conditions there is a basis
{o7}3_, for g"? such that

(4) do' = do* =0, do® = po'?> + o' + Bo'2 + D%,

where B, D € C and p € {0, 1}.

If B # 0 then we can take any non-zero solution z of zZ5:

|B]
tions (@) reduce to @) with A = |B| with respect to the new basis {w! = zo!,w? =
zo? W = |22 0},

Consider now B = X with A € R=% in @). If D # 0, then with respect to the
new basis {w! = —Do? w? = o' + Ao?,w? = D03} we get @) with D instead
of D.

Finally, the second part of the proposition follows directly from [30, Proposi-
tion 13]. O

= z, and the equa-
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From now on we consider p = 1. By Proposition 24] any two complex structures
on the Lie algebra hg are equivalent. Thus, it remains to classify up to equivalence
the non-abelian structures J on ho, h4 and h5. Any such J is identified with a triple
(1, A\, D) through equations @) with p =1, A > 0 and Jm D > 0.

We will say that two triples (1, A, D) and (1, )\, D’) are equivalent, denoted by
(I, A, D) ~ (1, N, D’), if the corresponding structures J and J’ are equivalent. So,
the problem reduces to classify triples (1, A, D) up to equivalence.

Lemma 2.5. Let us consider two triples (1,\, D) and (1,t, E) as above.
(i) If D =0 then, (1,t,E) ~ (1,\,0) if and only if t =X and E = 0.
(ii) If D # 0 then, (1,t,E) ~ (1,\, D) if and only if there exist non-zero
complex numbers e, f such that E = De/e and

%) (@ - 1) (Dé — De)? = (\f — tf)(ADef — tDef).

Proof. The structure equations corresponding to the triples (1, A, D) and (1,t, E)
are

dw! = dw? =0, dw®=w?+ W w4 Dwﬂ,

do' =do? =0, do®=0c"2+ o'+t + EUQQ,
where A\t > 0 and Jm D, Jm E > 0. Then (1,¢, E) ~ (1, A\, D) if and only if there
exists an automorphism of the Lie algebra preserving the complex equations, i.e.

there is (m;;) € GL(3,C) such that o = Z?Zl m;j w! and

3
do' = mijdw!, i=1,2,3.
j=1

These conditions are equivalent to

ol =aw! +bw? o?=cwt+ fuw? o2 =maw +mapw? +ew?,

and

I) e=af—bc

1) e=la]*+tac+ E|cf?,
(6) II) Xe=ab+taf + Ecf,

IV) 0=ab+tbc+ Ecf,
V) De=|b?+tbf+ E|f|%

A~ N N~

Notice that mi3 = mo3z = 0, e # 0 and the coefficients mg3; and mgs are not
relevant.

It is straightforward to see that coefficient f must be non-zero (otherwise \ = ¢
and D = FE) and so we can express a as

e+ bc

f
First of all, let us suppose that D = 0. Replacing a in (IV) and using (V) we
obtain that b = 0 and therefore £ = 0 by equation (V). Combining (I) and (III) we
get that A\f = tf. Since A and ¢ are real non-negative numbers, we conclude that

A=t ie (1, 0) defines an equivalence class for every A > 0. This completes the
proof of (i).

a =
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We suppose next that D # 0. In order to solve (@) we transform it into an
equivalent system by doing the following substitutions. Replacing a in equation
(IV) and using (V) we can express

_ be
c=——.
De
Next, in (IT) we can substitute a and ¢ and use again (V) to obtain that
De = Fe,
which implies in particular |[D| = |E|. Notice that since D # 0 we can assume
E # D by Proposition 241 Now, ¢ = —b/FE. Proceeding in a similar way in
equation (IIT) we get
o M —tf
 1-D/E’

Finally, using the expressions of a, b, ¢ above, equation (V) is equivalent to (&)).
Therefore, given e, f € C— {0} satisfying De = Eeé and (), it is always possible to
find a,b, ¢ € C such that system ({@]) is satisfied. O

Remark 2.6. As a consequence of Lemma (ii), when D # 0 a necessary
condition for (1,t, E) to be equivalent to (1,\, D) is that |D| = |E|. Moreover,
to find an equivalent complex structure (1,¢, F') it suffices to find ¢ > 0 and e, f €
C — {0} satisfying (@), because E is necessarily given by F = De/e.

Corollary 2.7. Let E # D. If (1,t,E) ~ (1, \, D) then, t = \ if and only if E = D.

Proof. By hypothesis D cannot be zero, so we are in case (ii) of Lemmal[25 Suppose
first that A =t in (@), i.e.

(Dé — De)? <@ - 1> = \(f — f)(Def — Def).

The right hand side of the previous equality is a real number. If it is zero then
e = |f|? (otherwise De = Dé would imply E = D); thus, e is a real number and
since E = De/e we conclude that D = E. On the other hand, if it is a non-zero

real number, then @ —1 must be a real number and then e € R and again D = E.

Conversely, let us suppose that £ = D # 0. In this case e € R and by (B) we
can express it as

2 AF=tf)ADf —tDf)
e=11]? - L .

(D—D)?
Notice that by hypothesis D # E = D. To ensure that e € R it must happen that
(M =tf)(ADf —tDf) € R or equivalently,

[f*(\* = *)(D — D) = 0.
As f(D — D) # 0 the only possibility to solve the previous equation is A =¢. [

From the previous results it follows that it remains to consider the case when
D # 0 and X # t. The next lemma provides a simplification of equation (&).

Lemma 2.8. Let us suppose that A #t, D =x +iy # 0 and e € C — {0}. Then,
(I, \,D) ~ (1,t,De/e) if and only if

(7) 4o — (2 = N (4o + 12 — X?) > 0.
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Proof. By Lemma 28] (ii), we know that (1,\, D) ~ (1,t, De/e) if and only if (&)
is satisfied. This condition reads, with respect to H = De, as
(F — HY? (DIf? — H) = AN — )M — t1).
Taking real and imaginary parts in the expression above we obtain
AH3(Hy — x|f[?) = [fP(? = N)H3 + |f*(t* + N*) HY
(8) —2\(ff — f3)HT — ANH Ha f1 fo,

4H3(y|f|? — H2) = 2X\Hy [tH1(f? — f3) 4+ 2tHaf1f2 — M| fIPH1],

where H = Hy + iHs and f = f; + ifs. Observe that Hs # 0, otherwise we get a
contradiction using the first equation of (&).

Substituting the second equation of (&) in the first one and replacing H by De,
we can express the system (8] as

e}(t? — A?) + dyeres + €3(t? — X2 + 4x) = 0,
2Hs(y|f|> — Ha) = X [tH1(f? — f3) + 2tHof1fo — A fIPH1],

where e = e + ies.

To solve the first equation in (@) as a second degree equation in e; we need the
discriminant to be greater than or equal to 0, i.e. 4y? — (12 — \?)(dx + 1% — \2) > 0,
which is precisely condition ().

Now, suppose that (@) holds. Then we obtain that

e :7626 e==¢e 7ﬁ +’L
1 )\2—152, 2 )\2—t2 5

where 8 = 2y++/4y2 — (12 — A2)(4z + t2 — A2) and e5 is determined by the second
equation in (). O

Corollary 2.9. Let us suppose that X\ #t and D = x + iy # 0. If ([0 holds then
B (222 2B - 12) ))

(1,A, D) ~ (LLD (52 TOT- e B r (e
where 3 = 2y + /4y? — (12 — X?)(4z + 12 — \2).

Comparing the inequalities (ii.1) and (ii.2) in Proposition 2Z4] with the condi-
tion (7)), we observe that for ho and b4 it is possible to take ¢ = 1 in the previous
corollary in order to get equivalences with the complex structures (i.1) and (i.3),
respectively. Therefore, using Corollary 2.7 we conclude:

Proposition 2.10. Let us consider the family of complex structures
(10) dw' = dw? =0, do®=w?+wr +w2+Dw? TJmD>0.
Then:

(i) Any non-abelian complex structure on b is equivalent to one and only one
structure in ([IQ) with Jm D > 0;

(ii) Any non-abelian complex structure on by is equivalent to one and only one
structure in ([IQ) with D € R — {0}.

The classification of complex structures on h5 requires a more subtle study.
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Lemma 2.11. Any non-abelian complex structure on by which is not complex-
parallelizable belongs to one of the following families:

(1) dw' = dw? =0, dw?= w12+wli;|—/\wlé+iyw2?, where 0 < 2y < [1—\?|;
(M) dw! =dw? =0, dw®=w'?+w! + (z +iy)w??, where 4y*> <1+ 4x.
Moreover,

(1) the structures in family (I) are non-equivalent;
(i) the structures in family (II) are non-equivalent;

(iii) a structure (1, A, 1y) in family (1) is equivalent to a structure in family (IT)
if and only if 2A% € [0,1) and 2y € [A\%,1 — \?).

Proof. Let us consider a complex structure given by (1, A\, D = x 4+ iy) on b, i.e.
dy? < (1 =2 (da +1 - \?),

according to Proposition 24 (ii.3). If A2 > 2z, then (1, ), D) ~ (1,V/A2 — 2x,i|D|)
because () expresses simply as 4| D|? > 0 and it trivially holds. On the other hand,
if A2 < 2z, then (1,\, D) ~ (1,0, E), where E is given in Corollary 2Z-0] because in
this case 4y? + A2 (4x — A\?) > 0, that is, condition (7)) is satisfied.

To study further equivalences, it is clear that structures in family (I) are non-
equivalent and the same holds for structures in family (II). Now let us consider the
triples (1, A,iy) and (1,0, E). Then, () expresses simply as

(11) 4y? > 4

Condition for family (I) implies that 4y? < (1 — A\?)?, which is equivalent to 4y* —
M <1 —2)% so if 24 > 1 then () does not hold. Now, if 0 < A\? <
then the condition for family (I) is equivalent to y < % — ’\72, and therefore when
2y € [A\2,1—)2) the triple (1, \,iy) in family (I) is equivalent to the triple (1,0, E =

—3(A? = \/4y? — M i) in family (II). O

Proposition 2.12. Any non-abelian complex structure on §5 which is not complezx-
parallelizable is equivalent to one and only one structure in the following families:

@) dw' =dw? =0, dw?=w?+w'l+A w2+ Dw??,

0<2ImD <A, 0< X<l

37 or

where Re D = 0 and
0<2ImD <[1-)N], § <A

(1) dw' = dw? =0, dw®=w?+w+Dw?  where 4(Jm D)? < 1+4%Re D.
To finish this section, it remains to study the case of 2-step NLAs g with first
Betti number equal to 3, which corresponds to e =1 in ([2)).

Proposition 2.13. Let J be a nilpotent complex structure on an NLA g given
by @) with e =1, i.e.
dw' =0, dw? = wli, dw® = pw!? + Bw'?+ C’wﬁ,

with p € {0,1} and B,C € C such that (p,B,C) # (0,0,0). Then g is 2-step
nilpotent if and only if B=p =1 and C = 0. In such case g is isomorphic to bz
and all the complex structures are equivalent.
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Proof. Let Zy, Za, Z3 be the dual basis of w',w?, w®. Tt is clear that [g, g] has dimen-
sion at least 2 and is contained in (i(Zy — Z3), Re Z3,Im Z3). Since Re Z3,TIm Z3
are central elements and

[Z(ZQ — ZQ), Zl] = (p — B)Z Zg + CZ Zg,

we conclude that g is 2-step nilpotent if and only if B = p and C' vanishes.
Let (p, B,C) = (1,1,0) and let us consider a basis {e!,...,e®} for g* given by

wl = %(62 +iel), w? = %e?’ +ie* and w? = €% +ie®. Now, the Lie algebra g is
isomorphic to bh7. (I

2.2. Nilpotent complex structures in the 3-step case. In this section we clas-
sify, up to equivalence, nilpotent complex structures on 3-step NLAs g of dimen-
sion 6. In this case the coefficient ¢ = 1 in the equations (2]) given in Proposition[2.3
The equivalence of complex structures in terms of the triple (p, B, C) is given in
the following lemma.

Lemma 2.14. Let g be an NLA endowed with a nilpotent complex structure (2])
with e =1 and (p, B,C) # (0,0,0). Then:

(i) If the structure is abelian, then there is a basis {w? }?:1 for g"0 satisfying
either

(12) dw! =0, dw?=w', dw?®=w?,

or

(13) dw! =0, dw? = wli, dw? = w'? + cw?,

where ¢ € R, ¢ > 0.
(ii) In the non-abelian case there is a basis {w’ }?:1 for gb0 satisfying

(14) dw! =0, dw?= wli, dw’ = w2 + Bw'? + cwﬁ,

where B € C and ¢ € R such that ¢ > 0.

Moreover, for any possible choice of parameters B and ¢, each structure in ([2),
(@) and [@d) defines an equivalence class of complex structures.

Proof. If the complex structure is abelian then the pair (B, C') # (0,0) since p = 0.
If B = 0 then it is clear that one arrives at equation (I2)). If B # 0 then with respect
to the basis {zw!, |2]? w?, % w3}, where z is any non-zero solution of % zZ= % z,
the equations (2] reduce to the form (I3).

For the proof of (ii), we observe that with respect to {zw!, |2|?w?, z|z|? W},
where z # 0 satisfies Z |C| = z C, the equations () reduce to (4.

Finally, the non-equivalence of the different complex structures defined in ([I2),
@3) and ([I4) follows by a similar argument to the first part of the proof of
Lemma O

The following result provides a classification of abelian structures in the 3-step
case in a slightly more straightforward way than the one given in [2].

Corollary 2.15. Let J be an abelian structure on an NLA g given by [I2) or (3.
Then, g is isomorphic to 15, except for c =1 in which case g = bo.
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Proof. For the equations (3], let us consider a basis {e!,...,e5} for g* given by
wl = —el +ie?, w? =22 +2ie* and w? = 2e° 4+ 2(c+ 1)ieb. Then, e!,e?,e? are
closed, de* = e'2, de® = (¢ — 1)(e'® + e*?) and de® = e'* + 23, Thus, if ¢ # 1 then
the Lie algebra g is isomorphic to h15; otherwise, g = hgo. Finally, it is easy to check
that the Lie algebra g underlying (2 is also isomorphic to bis. O

Notice that the family (Id]) includes the case h7 precisely for p = B =1and ¢ =0
as it is shown in Proposition 213l Next we determine the Lie algebras underlying
the complex equations ([4]) in the remaining cases. They all have first Betti number
equal to 3 and are nilpotent in step 3. Also notice that the dimension of their center
is at least 2.

Proposition 2.16. Let J be a nilpotent complex structure on a 3-step NLA g given
by ). Then g has 3-dimensional center if and only if |B| =1, B# 1 and ¢ = 0.
In such case g is isomorphic to bhie.

Proof. Let Z1,Zs, Z3 be the dual basis of w',w? w®. Then, Re (Z3) and Tm (Z3)

are central elements. Let T = A\ Z1 + A\ Z1 + AaZs + A2 Z5 be another non-zero

element in the center of g, where (A1, A2) € C% —{(0,0)}. It follows from (1)) that
0 = [T, Zl] = /_\1Z2 — 5\122 - (AQ - BS\Q)Zg - CXQZ:;,

which implies A\; = 0, cAg = 0 and A\y = B\y. Therefore, ¢ = 0 and |B| = 1 in order

the center to be 3-dimensional, because otherwise the equation Ao = By would

have trivial solution. Moreover, B # 1 because g is nilpotent in step 3.

Finally, since |B| = 1 and B # 1, let us consider the basis {e',... e} for
g* given by: el +ie? = i(B - 1)w!, €® = w? +w? et = 52Ei(w? + Bw?),
€5 +ief = (1 —Re B)w3. Then, we can write the differential of w? in the form

S (B —1) 1-ReB 5
d3:1/\23221( 1) A (w2 + Buw?
w® =w" A (w®+ Bw?) 5. BY T B i(w”+ Bw?) |,
which implies that e!,e?,e? are closed, de* = e'2, de® = e'* and de® = €24, i.c.
9= b O

Next we establish the conditions for the coefficients B and ¢ in terms of the
dimension of g% = [g, [g, g]]-

4

Lemma 2.17. Let J be a complex structure on a 3-step NLA g given by ([I4).
Then:
(i) If c=|B — 1| #0, then dim g% = 1.
(ii) If ¢ # |B — 1], then dim g = 2.
Proof. From (4] we have that
g2 = [Zg — Zg,g] = <(1 — B)Zs + CZ3, cZs3+ (1 — B)Z3>
It is clear that dim g = 2 if and only if (1 — B)(1 — B) — ¢® # 0. O

Notice that if ¢ = |B — 1| # 0 then g is isomorphic to hig, h11 or hi2. Since
the case ¢ = 0 # |B — 1], |B| = 1 corresponds to g = h14 by Proposition 216 we
conclude that for ¢ # |B — 1| and (¢, |B]|) # (0,1) the Lie algebra g is isomorphic
to i3, h1a or hys.

In order to distinguish the underlying Lie algebras, we use the following argument
for g = b, 10 < k < 15. Let a(g) be the number of linearly independent elements
7in A*(g*) such that 7 € d(g*) and 7 A7 = 0. This number can be identified with
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the number of linearly independent exact 2-forms which are decomposable, that is,
a(hr) =3 for k =10,12,13, a(hg) = 2 for k = 11,14 and «a(hy) =1 for k = 15.

If 7 is any exact element in \*(g*) then 7 = pdw? + fi dw? + v dw? + 7 dw?, for
some p, v € C, and by ([4) we have

A direct calculation shows that
AT =2 (v’ (1 - |Bf? =) +c (vV’B+°B)) w'?12,
Thus, if we denote p = e v and ¢ = Jm v, then 7 A 7 = 0 if and only if
(15) (1—|B]*~c*+2c%Re B) p® — (4¢Im B) pg+ (1—|B|*~c*— 2¢Re B) ¢* = 0.
i

Observe that the trivial solution p = ¢ = 0 corresponds to 7 = 2i Jm pw'!, accord-
ing to the fact that a(g) > 1.

Proposition 2.18. Let J be a complex structure on a 3-step NLA g given by (I4)
with ¢ = |B — 1| # 0. Then:
(i) g = b1o if and only if B=10;
(ii) g = b1y if and only if B € R—{0,1};
(iii) g = hi12 if and only if Tm B # 0.
In particular, all the complex structures on h1o are equivalent.

Proof. Since ¢ = |B — 1] # 0, it follows from Lemma 217 that g is isomorphic to
b10, 11 or bia.

Firstly, g 2 by if and only if the coefficients in equation ([T vanish. In fact,
for h1p we have by Theorem Bl that v dw® + v dw? € (e!?,e!3,el4) for any v € C
so any pair (p,q) € R? solves the equation (IH]), which implies the vanishing of
its coefficients. Conversely, if the coefficients 1 — |B|? — ¢ + 2¢%Re B, ¢Jm B and
1 — |B|? — ¢ — 2¢Re B are all zero then neccesarily B = 0 and ¢ = 1, that is,
dw' = 0, dw? = w!! and dw® = (W' — w!) A w?, and therefore the Lie algebra is
isomorphic to hig.

On the other hand, notice that if ¢ = |B — 1| # 0 and (B,¢) # (0,1) then (3]
is a second degree equation in p or ¢. Since its discriminant is a positive multiple
of (Jm B)?, if Jm B # 0 then we get two independent solutions and a(g) = 3, that
is, g 2 h1o. Finally, for Jm B = 0 the equation (&) provides one solution and
a(g):27 Sogghll' O

Proposition 2.19. Let J be a complex structure on a 3-step NLA g given by ([I4)
with ¢ # |B — 1| such that (c,|B|) # (0,1). Then:
(i) g = b1 if and only if * —2(|B|* + 1)c® + (|B]*> = 1)? < 0;
(i) g = 14 if and only if ¢* — 2(|B|* + 1) + (|B)* — 1)? = 0;
(iii) g = bys if and only if ¢* — 2(|B|?> + 1) + (|B]* = 1)%2 > 0.

Proof. Since ¢ # |B — 1| and (¢, |B|) # (0,1), it follows from Lemma 217 and
Proposition 2I0] that g is isomorphic to hi3, h14 or bhis.

Notice that the condition (¢, |B|) # (0,1) implies that the coefficients of p? and
q? in equation (I5]) cannot be both zero, so () is always a second degree equation.
Let

A=c"—2(B*+ 1)+ (|B]* - 1)%
Since the discriminant as a second degree equation in p is equal to —4¢*A and
the discriminant as a second degree equation in ¢ equals —4p?A, the number of
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independent solutions of equation ([IH]) depends on the sign of A. Thus, for A <0
there exist two such solutions and thus g = hi3, for A = 0 there exists only one
such solution and g = h14, and finally for A > 0 there is no solution and a(g) = 1,
which implies that g = hi5. 0

3. CLASSIFICATION OF COMPLEX STRUCTURES

As a consequence of our previous study, in this section we present in Table 1 the
classification of nilpotent complex structures up to equivalence on 6-dimensional
NLAs. In the table the closed (1,0)-form w! does not appear, and the coefficients
c,A € RZ% and B, D € C with Jm D > 0.

In Table 1 we have also included the classification of abelian structures J on 6-
dimensional NLAs obtained in [2]. In the 3-step case we use directly the equations
given in Lemma[2.14 and Corollary 218l but in the 2-step case we have written the
complex structure equations of any abelian J in a form that fits in our Proposi-
tion 2.4l More precisely, in the 2-step case we consider first the following reduction
of the equations [B]) of any abelian complex structure.

Corollary 3.1. If J is abelian and g is 2-step then there is a basis {oﬂ}g?:l for gt°
satisfying one of the following equations:

(i) dw! = dw? = dw?® = 0;

(ii) dw! = dw? =0, dw® =w' + Dw?, with D € C, |D| =1, Jm D > 0;

(iif) dw' = dw? =0, dw® =w'' +w'? + Dw??, with D € C, Jm D > 0.
Proof. Suppose p = 0 in @). If in addition A = 0, then in terms of the basis
{VID] w', |D|w?, |D|w®} we obtain (i) or (ii), whereas if A # 0 then we get
equations (iii) with respect to {w!, Aw?, w3}. O

Next we illustrate how to rewrite the complex structure equations of any abelian J
on the Lie algebra b5 in a form that fits in our Corollary Bl By [2, Theorem 3.5]
there is, up to isomorphism, one family J;, t € (0, 1], of abelian structures given by

1
Jeet =e2, Je?=et, Je® == e,

t
where {e!,...,e%} is the real basis of b5 in Theorem Il Let us consider the basis
of (1,0)-forms {o!,02,03} given by 0! = el —iJie! = el —ie3, 02 =€ —iJie? =

e? —iet and 0% = 2i(e® — iJie®) = 2ie® 4+ 25 Hence, the complex structure
equations for J; are

_ Z _ Z _ _
do' =do? =0, do3 =o't —-o'? — —g?t — 522,

t t
Now, by [30, Lemma 11] there exists a (1,0)-basis {w’}3_, satisfying
dw! = dw? =0, dw? = W' + w12 + Dwﬁ,

with D = %. Notice that D € [0, 1) because ¢ € (0,1]. Therefore, any abelian
complex structure on b5 is given, up to isomorphism, as in Table 1.

For completeness we include Table 2 with the classification of non-nilpotent com-
plex structures on 6-dimensional NLAs obtained in [3I]. For any of such structures
there exists a (1,0)-basis {w!,w?, w3} satisfying the following structure equations:

(16) dw' =0, dw?=w 4w dw® =iew' £ (W'? —w?),

where € € {0, 1}.
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g | Abelian structures (p = 0) Non-abelian Nilpotent structures (p = 1)
by | dw? =0, dw® =0 —
dw? =0, dw® =Wl + Dw?, | dw? =0, dw® = w2 + Wl + w2 + Dw??,
" | 3mp =1 JmD >0
b3 | dw? =0, dwd = W't +w?2 —
dw? =0, dw? =0, dw® = w? + W'l + w'? + Dw?,
ba dw? = W'l + w12 + iwﬁ D e R—{0}
dw? =0, dw® = w'?
dw? =0, dw® = w2+ W'+ Aw'2 + Dw??,
dw?* = 0, with (A, D) satisfying one of:
bs | dw® = W' + w2 + Dw??, e A=0<JImD, 4ImD)? <1+4%ReD;
Delo,d) e0< A<l 0<ImD<d, ReD=0;
el<N2<1,0<ImD <2 ®eD=0;
eX2>1,0<TImD < 2L ReD=0.
be — dw? =0, dw’ = w? + W'l 4 w'?
by o do? = ') duwd = W2 4+ 12
bs | dw? =0, dw® = w!! —
ho | dw? = W'l dw? = w2 4+ 2! o
b1o — do? = W'l dud = W2 4 21
dw? = W', dw® = w2 + Bw'? 4 |B—1|w?,
b o BeR—{0,1}
dw? = W', dw® = w'? + Bw'? + |B—1|w?l,
1z o JmB#£0
dw? = w'l, dw® = W' + Bw'? + cw?!,
b13 — c#[B—1|, (c¢B])#(0,1),
A —=2(|BF+1)c*+ (B -1)2<0
dw? = W', dw® = w'? + Bw!'? + cw?!,
b4 — c#|B—1], (¢|B]) #(0,1),
A —2(|B?+ 1)+ (|B?-1)2=0
dw? = W', dwd = w?! dw? = W', dw® = w2 + Bw'? + cw?!,
bis | dw? = W', dw® =w? +cw?, | ¢#|B—-1|, (¢|B]) #(0,1),
c#1 A —2(|BP+1)2+(|B2P-1)2>0
o B do? = W, dwd = W2 + Bw!'2,

B|=1, B#1

dw''=0; \,c>0; B,DeC.
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Table 2: Classification of non-nilpotent complex structures

g Complex structures
hio | dw! =0, dw? =w' + w3, dwd = :l:i(wlé - wﬁ)

his | dw! =0, dw? =w® +w!, dw?® =iwl! +i(w!? —w?h)

4. FROLICHER SPECTRAL SEQUENCE

In this section we study the behaviour of the Frolicher sequence for 6-nilmanifolds
endowed with an invariant complex structure. Recall that given a complex mani-
fold M, the Frolicher spectral sequence EF9(M) is the spectral sequence associated
to the double complex (QP4(M),d,d), where @ and d come from the well-known
decomposition d = 9 + 0 of the exterior differential d on M [I7].

The first term FE; (M) in the sequence is precisely the Dolbeault cohomology
of M, that is, EY"(M) = HZ*(M), and after a finite number of steps this sequence
converges to the de Rham cohomology of M. More concretely, for each r > 1 there
is a sequence of homomorphisms d,.

coo — EPTatTL() Ar, EP (M) N Errra—rt LAy —
such that d, o d, = 0 and E/, (M) = Kerd, /Imd,. The homomorphisms d, are

induced from 9. When r = 1 the homomorphism d;: HZ(M) — Hg“”(M) is
given by di([ap g]) = [0cy 4], for [y, 4] € HEY(M). We will also use that
_ {ap,q € Qp_’q(M) | Oap,q =0, (?ap,q = —Japii,4-1}
{0Bp.q—1 + 0Vp-1,4 1 07p-1,4 = 0} 7
and the homomorphism dy: EYY(M) — EYT>97 (M) is given by da([ap.,]) =
[Oaps1,g-1], for [ap4] € EYY(M) (see for example [11] for general descriptions of
d, and EP9).
Let M =T'\G be a nilmanifold endowed with an invariant complex structure J,

and let g be the Lie algebra of G. In dimension 6, Rollenske proved in [27) Section
4.2] that if g 2 b7 then the natural inclusion

(AN*(g.0) = (@*(a1),)

E59(M)

induces an isomorphism
(17) L Hg’q(g) e Hg’q(M)

between the Lie-algebra Dolbeault cohomology of (g,.J) and the Dolbeault co-
homology of M. Thus, an inductive argument [I2, Theorem 4.2] implies that
the natural map ¢: EP%(g) — EP9(M) is also an isomorphism, and therefore
Eri(M) = EP4(g) for any p,q and any r > 1, whenever g % b7 (see Remark .2l
below). Using this, in the next result we show the general behaviour of the Frolicher
sequence in dimension 6.

Theorem 4.1. Let M = T'\G be a 6-dimensional nilmanifold endowed with an
invariant complex structure J such that the underlying Lie algebra g % h7. Then
the Frolicher spectral sequence EP*1(M,.J) behaves as follows:
(a) If g = b1, b3, be, bs, ho, bio, b11, b1z or by, then By = E for any J.
(b) If g = bo or by, then By = Eo if and only if J is non-abelian; moreover,
any abelian complex structure on ho or by satisfies By ¢ Eo = Eo.
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(¢) If g = b5 and J is a complex structure on by given in Table 1, then:
(c.1) By 2 E2 Eo when J is complez-parallelizable;
(c.2) E1 & Eo if and only if J is not complex-parallelizable and pD # 0;
moreover, E1 % Fy = E, when pD = 0.
(d) If g = bhig or bags, then By % Ey = E, for any J.
(e) If g = b3 or bhi4, then Ey = Ey ¥ E3 = By for any J.
(f) If g = b15 and J is a complex structure on Y15 given in Table 1, then:
(f1) By % By = Ey, when ¢ =0 and |B — p| £ 0;
(f2) By 2 Ey #* B3> Ey, when p=1 and |B — 1| # ¢ #0;
(£3) E1 % Ey % B35 > Ey, when p=0 and |B| # ¢ # 0.

Proof. The proof is straightforward and we only give it explicitly for the case (f),
that is, g = b5, because it is the most intriguing case where different non-trivial
behaviours can be produced.

We will use the notation E‘Tk‘ = @prq=r L1, Since ELI;l = H§R, it is clear that
dim B > by, = dim HE, for all k, and the equalities hold if and only if E, 2 E,
Recall that by(h15) = 3, ba(h15) = 5 and b3(h15) = 6 (see [2§]).

For the calculation of the first term FE;, that is, the Dolbeault cohomology,
by the Serre duality it suffices to study the spaces E{*! = HZ for (p,q) =
(1,0),(0,1),(2,0),(1,1),(0,2),(3,0) and (2,1).

Let J be a complex structure on hi5 given in Table 1. If J is abelian then
(B,c) = (0, 1) or (1,¢) with ¢ # 1, therefore

= ('), HZ" = ("], 65w"),  HZ" = ("),
HOl (W, W2, W), Hy? = (W], "], W),
(18) L i i o ,
Hyt = (1 - 6§)[w'?), [w'?], 5w, [Bw? + w?], 55w™)),
Hgl <5 [ 121] [ 122],[w123],[Bw13§ _szsi]’(;(c)[wwg]%

where 0§ is equal to 0 if ¢ # 0, and equals 1 if ¢ = 0. Since dim Elll‘ =4>3=
b1(h15) we get that By % Eo for any abelian J.
When J is not abelian, i.e. p = 1, the Dolbeault cohomology groups are

Hy® = (W, 8F55t), HRO = (W85, HYO = (),

(19) Hy' = (W], W),  Hz? = ([w'¥, [w*]),
Hy' = ((Be +08)[w!?], [w!® + w??], [Bw'® — w1, 85[w?], 65[w?2)),
Hgl <5 [ ’] [ 122],[60.)123—1—&0132],[3 123 + w? 1] 5c[ 133+w232]>

where 58 has a similar definition as for §§ above. Notice that the coefficient Be+ 6%

is non-zero except for B # 0 and ¢ = 0. Thus, dim E‘l2| > 6> 5 = ba(h15) and so
Ey 2 FE also for any non-abelian J.

In order to prove (f.1) we need to study independently the abelian and the non-
abelian complex structures with ¢ = 0 and B # p on h15. We start with the abelian
ones. In this case, by Table 1 we can suppose B = 1 and from (I8) it follows that

the dimensions of E|12‘ and Ell?" are

dm B =9>5=0b(h15),  dim B’ =12 > 6 = by(his).
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For the following d;-homomorphisms E?’l L et & Y NI E}', the classes

[w3], [w'3], [w3?], [w'33] have linearly independent images. On the other hand, for

EY? SN E}? SN E>? SN E>? the images of the classes [w??], [w??], [w?? 4w313]

and [wl‘o’é‘a’] are also independent. Counting dimensions for E£k| we get that
dmEMN < dimE" —1=3=1b,(h15), dimEP <dimEP —4 =5 =by(h15),

dim BN < dim EP¥ — 6 = 6 = b3(h15),  dim BN < dim Y — 4 = 5 = by(h15),

dim E' < dim P — 1 = 3 = bs(h15).

This implies that Fy = E., because necessarily dim E‘Qk‘ = bi(h15) for all k.

If p=1and ¢ =0, then B # 1 and by ([I9) we have dimE'll‘ = b1(h15) + &5 -
So B = Bl when B # 0. For B = 0, since dy ([w?]) # 0 and dy ([w3123]) # 0, we
conclude that dim B} < dim EI'' — 1 = 3 = by (h15) and dim B! < dim EPPl — 1 =
3 = by (h15), and therefore, ESl =~ Bl if k= 1 or k = 5.

Now, for B # 1 we have that dim EI? = 8 + 68 > 5 = by(hy5), dim E* = 12 >
6 = bs(h15), dim E\* = 8 + 68 > 5 = by(hy5). In order to conclude that Ey 2 Eoy
it suffices to observe that for the following homomorphisms

d d d d
E%l 1 E121 1 E31 E10’2 1 E11,2 1 Ef’Q

the classes [w'? 4+ w??], [w32], (W33 + W??], (W3], [W3%] and [Bw?? + W3] have
linearly independent images.

For case (f.2), we consider p = 1 and |B—1| # ¢ # 0. As dim E‘l1| =3="b1(b15),
we get that Elll‘ ~ Bl Now, for the map Ey? LN E2" we have da([w?®]) =
[(9 (w23 + % wgi)} = W [w!??] # 0, because w'?2 # AP0 + Oy1,1 for any

B2,0 and any d-closed ~1,1. Hence,
ba(h1s) < dim B < dim EP 1 <dim B =1 =6 -1 =5 = by(hy5)

and we conclude that El2 = Ezlf‘ 2% E‘;l & E‘f'. B B
Similarly, dy: Ey> — E3" is non-zero (for instance, da([w31® + Bw??3)) #£ 0).
Thus,

bs(h1s) < dim B < dim EF — 2 < dim B! — 2 =8 — 2 = 6 = bs(hy3)
and we conclude that EL| = EE" = E‘23| = E‘13|. By the same argument
ba(his) < dim B < dim BN — 1 <dim EIY —1=6—1 =5 = by(hy3)

and therefore Eli = Ezl;l‘ % E‘24| & E‘14|. Summing up all the information, we
conclude that By = FEy % E3 = E in case (£.2).

For the last case (f.3), we first observe that d ([w 3) = —clw'?]—- [7 1], Since this
class is zero if and only if cw!?+ Bw? € (A"") = (w'l, Bwu'2+cw?l), ie. |B| = ¢
the map dy : E}"' — E}"" is non-zero. Therefore, dim E£ ' <dimE ‘11| —1=3, 1ie

Elll‘ * E‘z1| ~ E'Y. Moreover, since da([w?]) # 0, we deduce that
by(h1s) < dim B < dim EP' — 1 < dim B —2 =7 -2 =5 = by(h15),

so B ~ Efl 3 Eg‘ 2 Ellz‘. Analogously, do([w3!® 4+ Bw??3]) # 0, which implies
bs(h1s) < dim Y < dim BP' — 2 < dim B! — 2 =8 — 2 = 6 = bs(h15),
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and we conclude that EL| = EE" = E‘23| = E‘13|. We also have
ba(hys) < dim B < dim B} — 1 < dim B/ — 2 =7 -2 =5 = by(bs5),

and therefore Ejfél & Ezl;l‘ o2 Egl‘ 2 E‘14|. Consequently, 1 2 Fy % F3 =2 E, in
case (f.3). O

Remark 4.2. Let (M =T\G, J) be a 6-dimensional nilmanifold endowed with an
invariant complex structure J and suppose that g = bh7. In [27, Theorem 4.4] it is
proved that there is a dense subset of the space of all invariant complex structures
for which the complex nilmanifold admits the structure of principal holomorphic
bundle of elliptic curves over a Kodaira surface, but this is not true for all complex
structures. In fact, the invariant complex structure J may not be compatible with
the lattice T' (see [27, Example 1.14]), so one cannot ensure the existence of the
isomorphism (I), and hence of a canonical isomorphism between EP'4(g,.J) and
EP9(M,J), for any invariant J on the nilmanifold M. However, notice that up to
equivalence there is only one complex structure on b7 and it can be proved that it
satisfies that the sequence degenerates at the first step, i.e. E1(h7) = Eoo(h7).

In [3] the authors posed the following problem: to construct a compact complex
manifold such that Fy = Ey and hi? = h%" for every p,q € N but for which the

d0-lemma does not hold. Since nilmanifolds do not satisfy the 90-lemma, unless
they are complex tori, the following result provides a solution.

Proposition 4.3. Let J be any invariant complex structure on a nilmanifold M
with underlying Lie algebra isomorphic to hg. Then E1(M) = E (M) and the
Hodge numbers satisfy

hy? (M) =1,
h'(M) =2, hI' (M) =2,
h2O(M) =2, hy'(M)=5, §hy*(M)=2,
hO(M)=1, hZ'(M)=5, hy*(M)=5, §hy*(M)=1,
Wy (M) =2, hX*(M)=5, hi*(M)=2,
hyA(M) =2, h2*(M) =2,
hy* (M) = 1.

Proof. Any complex structure J on hg is equivalent to the complex structure given
in Table 1, that is, p = A = 1 and D = 0. Its Dolbeault cohomology groups H}"*
for (p,q) = (1,0),(0,1),(2,0),(1,1),(0,2), (3,0) and (2,1) are

Hy® = (W', W), Hy® = (", "),  Hy" = (")),
Hy' = (W', W), Hy?* = ("], w?]),

Hyt = {12, 621, (w22, w12 4 2], [0 + ™)),

Hgl <[ Q] [ 131] [ 123+w231]7[w123_w232]7[w132]>'

By Serre duality we get the above Hodge diamond which is symmetric. Moreover,
dmEMN =4 =1b(hs), dimE? =9 =1y(hs), dimEP =12 = bs(ps),

so the Frolicher spectral sequence degenerates at the first step. 0
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The following result shows that there are many complex nilmanifolds for which
the Frolicher spectral sequence is stable under small deformations of the complex
structure.

Proposition 4.4. Let M = T'\G be a 6-dimensional nilmanifold endowed with
an invariant complex structure J, and let g be the Lie algebra of G. If g =
b1, b3, b6, bs, b, b10, b11, b12, b1, b1a, b6, b1y or b3, then dim EP9(M,J) is stable

under small deformations of J for any p,q and any r > 1.

Proof. By [26, Theorem 2.6], all small deformations of the complex structure J are
again invariant complex structures. Proceeding as in the proof of Theorem [F.1] it
can be proved that if g % b2, b4, b5 or h15, then dim EP-9(M) does not depend on
the invariant complex structure on M for any p,q and any r > 1, so it is stable
under small deformations of .J. O

Remark 4.5. The 6-dimensional nilmanifolds with underlying Lie algebra isomor-
phic to bha, by, b5 or hi5 are the only ones that have both abelian and non-abelian
complex structures (see Table 1). More generally, let M be a 2n-dimensional nil-
manifold, g the underlying Lie algebra, .J an abelian complex structure and .J' a
non-abelian invariant complex structure on M. It is well known that J is abelian if
and only if there is a basis {w!,...,w"} of invariant forms of type (1,0) satisfying
0wl = 0 for 1 < j < n; therefore, by [7] one has that hg’l(M, J) = n because (1)
holds for abelian structures. However, for J' we have dim Hg’l(g, J') < n and, if

an isomorphism like (I7) holds, then the Hodge number satisfies h%’l(M ,J) < n.
Thus, the existence of .J and J’ on a nilmanifold M might lead to the non-stability
of dim ElO ! under small deformations. A natural question arises in this context:
is the Frolicher spectral sequence stable under small deformations if and only if
the nilmanifold does not admit both abelian and non-abelian complex structures?
Proposition 44l above gives an affirmative answer for n = 3.

Next we provide some examples of explicit families of complex structures on nil-
manifolds corresponding to b5 and b5 along which the Frolicher sequence varies. In
Corollaries[5.IT]and B 12l below, further properties of the Frolicher spectral sequence
on nilmanifolds are shown.

Example 4.6. Let J be a non complex-parallelizable and non-abelian complex
structure on b5 given in Table 1 with non-degenerate Frolicher sequence, i.e. E; 22
E, for J. We will construct a family of complex structures J; by deforming the
previous one, i.e. Jy = J, such that the Frolicher spectral sequence degenerates at
the first step for any ¢ # 0. According to Theorem HIl J has complex structure
equations of the form

dw' = dw? =0, dw®=w'?+ W+ /\wli,

for some non-negative A # 1, where {w!, w? w3} is a (1, 0)-basis for .J. With respect
to the real basis {e!,...,e%} given by

1 i
1 ;.2 1 3 1 2 4 2 5, .6 3
e +i1e” =w e’ —e )+ e +e)=w e+’ =w
I 1+A( ) 1_)\( ) ? )
the complex structure J expresses as

1__,2 3_ 2 2 14\ 4 5_ _ .6

Jet = —e”, Jed = —15e =3 € Je’ = —e®,

Je? = el Jet = — 2 el 4 122 3 Jeb = eb.
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For any t € [0, %), consider the complex structure J; given by

4d(1—X —A2 2d(1—X)? d2(1—X
Joel = (A=A p1 1202 2 2d( )634_8((13)

4
e
a? a a2 ’

2 1-X2 1, 2d1-)*) 4
Jiet = ="' + —5—¢",

3 2d 1 2a 2 (1+N)? 4
Jie? = —g=xz e — gy © «  ©5
4 _ _20=) 1 2d 2 (1=N? 3 4d(1=)\) 4
Jiet = == e t Smet et — e,
5 2d 5  4d*+(1-)*)? 5
Jie’ = =2 € - ey ¢

5 2d 6

6 __ e}
Jie? = =@ — == e

where ao = /(1 — A?)?2 — 4d?, and

t, if A =0,
tA2/4, if A2 € (0,1/2),
H1—A2)/4,  if A2 €[1/2,1),
—t(1—A2)/4, if A2 > 1.

d(t, \) =

Notice that Jy = J. Now, the forms

1 1-22 1, 2dA=>*) 4, : 2
€6 + o2 e* +e”,

2 1-)\(.3 1 2d(1-)) 4 i (2d 1 2 1-X?)2 4
wp= 122 —et) = ML Ay i (Het g2y Ug ) et )

«
3_ .5 _ 2d,6 _ ;1=\ 6
wy =e’ — e’ +i——e’,

satisfy Jywf = iwr for k = 1,2,3, i.e. {w},w? wl} is a basis of type (1,0) for J,.
Furthermore, with respect to this basis the complex structure equations are

dwf = dw? =0, dw?=w?+wt+Aw?+ Dw??,

with D = id(t,\). According to Theorem [L1] the Frolicher spectral sequence
degenerates if and only if D # 0, i.e. if and only if £ > 0. In conclusion, J can be
deformed into a non-abelian complex structure with F; & E..

Corollary 4.7. Let M = T'\G be the nilmanifold underlying the Iwasawa manifold,
i.e. g = hs. Let J be a non complez-parallelizable and non-abelian complex structure
on M given in Table 1 with E1 % E~. Then, J can be deformed into an invariant
complex structure with degenerate Frolicher spectral sequence.

The Lie algebra hi5 has a rich complex geometry with respect to the Frolicher
sequence and in the next example we construct a family .J; along which the three
cases in (f) of Theorem ] are realized.
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Example 4.8. On b5, let us consider the real basis {e,...,e%} given in Theo-
rem [2.I] and the following family of complex structures
Tl — 33— s.in (7 + 3§in t) o2
(5+sint)(11 —sint)

3 3(3 —sint)(11 —sint) ,
Jie? = - - e
(5+sint)(7 + 3sint)

s (11 —sint)(7 + 3sint) 4
Jie? = — - - e
3(3 —sint)(5 + sint)

where t € R. Let
4wl = /(11 —sint)(5 +sint) e! +i+/3(3 —sint)(7 + 3sint) €2,

S8w? = (5+sint)(7 + 3sint)e® —i\/3(5 +sint)(3 —sint)(11 —sint)(7 + 3sint) e?,
and

128w} = (54 sint)(7 + 3sint) [3(3 —sint)\/(11 — sint)(5 + sint) €

i (11 — sint)\/3(3 — sint)(7 + 3sin?) eﬁ} .

Then, {w},w? wi} is a (1,0)-basis for J; satisfying

1 1—sint 5 l+sint o7

dw! =0, dw?=w!', dw}= — wi? + 2w + 7—‘_4 2

If sint = 1, the coefficient of w}? vanishes and therefore J; is an abelian com-
plex structure that is equivalent to the one given by (p, By, ¢;) = (0,1, i) (see
Lemma 2T4). If sint # 1, then we can normalize the coefficient of w}? and the

complex structure equations can be written in form (I4) as

T 4 5 1+ sint 7
do! =0, dw?=w'l, dod —w?4—— 2y TSP er
¢ ¢ ETE T 1 —sint ¢ 2(1 —sint) ¢
i.e. they are determined by the triple (p, By, ¢:) = (1, ﬁ, %) Now, con-

cerning the Frolicher spectral sequence for the family {.J;}:cr, by Theorem [I1] (f)
we get
e If sint =1, then (p;, By, ¢;) = (0,1, 1) and therefore Ey % Ey % F3 & E..
e If sint = —1, then (pt, Bt,c:) = (1,2,0) and Fy % Fy & Fo.
° If|SlHt| §£ 1, E1 gEQ %Eg gEoo

As a consequence of this example, in the following result we show that for r > 2
the dimension of the term FEP(J;) in general is neither upper nor lower semi-
continuous function of ¢. This is in deep contrast with the case r = 1, as it is well
known the upper semicontinuity of the Hodge numbers dim H%(.J;) with respect
to t along a deformation.

Corollary 4.9. Let M be a nilmanifold with underlying Lie algebra bi5 endowed
with the invariant complex structures Jy gwen in Example[J.8 Then,

dim Ey?(Jz) = 3> 2 =dim Ey?(J), dimEy'(Jz) =2 <3 =dim Ey'(J),
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and
dim B5?(Jz) = 2> 1=dim Ey?(J), dimEy'(Jz) =2 < 3 =dim By (J),

for any t € (3,3F). Therefore, the dimensions of the terms Ey'(Jy) and Ey' (J;)
are not upper semi-continuous functions of t, and the dimensions of the terms
ES*(Jy) and ES*(Jy) are not lower semi-continuous functions of t.

Proof. Tt follows directly from the proof of Theorem [£1]taking into account that for
t = % the complex structure lies in case (£.3) and for any t € (%, 2) the structures
Ji lie in case (£.2). O

5. STRONGLY GAUDUCHON AND BALANCED HERMITIAN METRICS

Let (M, J) be a complex manifold of complex dimension n. A Hermitian metric g
on (M, J) can be described by means of a positive definite smooth form €2 on M
of bidegree (1,1) with respect to J. We will use this approach in what follows and
we will refer to 2 as a Hermitian structure or as a Hermitian metric indistinctly.

A Hermitian structure Q is strongly Gauduchon (sG for short) if 9Q"~! is O-
exact [22, 23]. In particular, any balanced Hermitian structure (i.e. dQ"~! = 0) is
sG, and any sG metric is a Gauduchon metric [I8], that is, Q"' is d-closed or
equivalently the Lee form is co-closed.

Next we suppose that (M =T'\G, J) is a nilmanifold endowed with an invariant
complex structure. It is proved in [I5] that (M =T'\G, J) has a balanced metric if
and only if it has an invariant one. Moreover, by using the symmetrization process
given in [5] (see also [I5], [30] and [32] Proposition 3.2]) one easily arrives at:

Proposition 5.1. (M =T\G, J) has an sG metric if and only if it has an invariant
one.

Therefore, the existence of sG metrics on (M = T'\G, J) is reduced to the exis-
tence at the Lie algebra level g of G.

Corollary 5.2. Let Q be an invariant Hermitian structure on (M = T\G,J). If
J is abelian, then QU is sG if and only if it is balanced.

Proof. Let g be the Lie algebra of G. First we prove that 5(/\n’k(g*)) = 0 for every

1 <k <n. Let us consider a decomposable form a € /\"k(g*) given by a = S A,

where 8 € A™%(g*) and v € A\""(g*). Since g is nilpotent and J is abelian, one

has that dg =0 and dv € /\Lk(g*)7 so in particular 4 and + are O-closed. Hence,
da = (P) Ay + (=1)"B A (9y) = 0.

Now, the statement in the corollary follows directly from Proposition 5] and from

the previous property for k =n — 2, i.e. A" *(g*)) = 0. O

From now on we consider n = 3.

Proposition 5.3. Let M =T'\G be a 6-dimensional nilmanifold endowed with an
invariant complex structure J. There exists an sG metric on (M =T\G,J) if and
only if the Lie algebra g of G is isomorphic to b1,...,bs or hi,.

Proof. By Proposition ] it suffices to study the invariant case. By [30], the
fundamental 2-form of any J-Hermitian metric is given by

(20) 2Q2 =1 (7‘2wli + s2w?2 + t2w3‘5’) +uw'? — Gw? + 0w — pw?? + 2w — 2t

)
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where coefficients 72, s2, 2 are non-zero real numbers and u, v, z € C satisfy r2s2 >
lul?, s2t2 > |v]?, r?t? > |2)? and 7?22 + 2Re (iuvz) > 2 |u|? + r?|v]? + s2|z)?.

Let us start with the non-nilpotent case. From (6]

200 = (iev Tiz)w'? Tivw'? + (u— 1 — et?)w' + (is® £ £2)w'?? +
v w33 + (i52 ¥ tz)wzsi
and therefore
400N Q = (ie(s*t* — |v]?) £ (tPu+ 20 + vz — iv2)) w12 4 (uv —is®z) w2313,
Direct computations show that d(A*" (g%)) = (w2313). If the Hermitian structure
(J,Q) is sG then
Fie(s*? — [v)?) = t*(u + @) + vz — ivz.
Since the left-hand side is purely imaginary and the right-hand side is real, we get
g y g g

that € = 0 and therefore g = hi,.

For the nilpotent case, let us consider the general complex equations (2)). Now,

the fundamental 2-form of any .J-Hermitian metric is given also by (20). Using [30,
Lemma 17 and Proposition 25], we get

409 A Q= ((1 = e)A(s*t* — |v]?) + B(it’u + vz) — C(it*u — vz)
+ (1 _ e)D(r2t2 _ |Z|2)) w123ii _ 6(S2t2 _ |U|2)w12313.

It is straightforward to verify that d(A>'(g*)) = (pw!2312), and therefore, if the

Hermitian structure (J, Q) is sG then e =0, i.e. g = h; for i = 1,...,6. Moreover,
if in addition p = 1, then any J-Hermitian structure is sG.

In conclusion, if there exists an sG metric then g = byi,...,hs or hjy. The
converse follows directly from [30, Theorem 26] because these Lie algebras admit
balanced Hermitian metrics. (]

Remark 5.4. From the proof of the previous proposition it follows that on b, b4, b5
and bg, if J is a non-abelian nilpotent complex structure then any invariant .J-
Hermitian metric is sG. This is in contrast with b1y, where for any complex structure
the space of balanced metrics is strictly contained in the space of sG metrics, and
moreover there are Hermitian metrics which are not sG. For instance, consider a
Hermitian metric on b4 given by

Q= %wli + 422+ 1)iw? 4 (W 422 1)+ %(wl2 —w?) 4+ 2wt — W),

that is, in 20) we take r = 1, v = 0, u and z real and s? = t? = 2(u? + 2% + 1):
e if u = z = 0 then the metric is balanced;

e if u =0 and z # 0 then the metric is sG but not balanced;
e if u # 0 then the metric is not sG.

Notice that this indicates a contrast between the sG and SKT geometries, since
by [16] the existence of an SKT structure on a 6-dimensional nilpotent Lie algebra
depends only on the complex structure.

There exist compact complex manifolds having sG metrics but not admitting
any balanced metric [24, Theorem 1.8]. Next we show the general situation for
nilmanifolds in dimension 6.
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Proposition 5.5. Let M =T\G be a 6-dimensional nilmanifold with an invariant
complex structure J such that (M = T'\G,J) does not admit balanced metrics. If
(M =T\G, J) has sG metric, then J is non-abelian nilpotent and g is isomorphic
to B, by or bs. Moreover, according to the classification in Table 1, such a J is
given by: ReD + (ImD)? > 1 on hy; ReD > 1 on by; and A = 0,Im D # 0 or
A=0mD=0,ReD >0 on bs.

Proof. Any complex structure on hg or 4 admits balanced metrics. From [32] we
have that only hs and hs have abelian complex structures J admitting balanced
metric. In fact, any such J on h5 admits balanced Hermitian metrics, whereas for b
the complex structure must be equivalent to the choice of (—)-sign in Table 1. From
Corollary (2] it remains to study the non-abelian nilpotent complex structures J
on ho, hy and bs. Since any such J admits sG metrics by Remark [.4] next we show
which of them do not admit balanced metrics.
In the three cases the complex equations are of the form

(21) dw' = dw® =0, dw® =w?+w' + w2+ Dw?.
A similar argument as in the proof of [32, Proposition 2.3] shows that, up to equiv-
alence, the fundamental 2-form of any J-Hermitian metric is given by

ZQ:i(wli+52w22+t2w33)+uw12—ﬁw2i

)

where s > |u|? and t? > 0.
If D=x+ iy and u = uy + iug, the balanced condition is

(22) s% 4z + iy = ug\ + dug A,

We distinguish several cases depending on the values of .

If A # 0 then Q is balanced if and only if u; = y/X and us = (s> + x)/\. The
condition s% > |u|? is equivalent to s* + (22 — A\?)s? + 2% + y? < 0 and it is easy to
see that a non-zero s satisfying this condition exists if and only if the discriminant
of the previous equation as a second degree equation in s? is positive, i.e.

(23) M —42)0? — 497 > 0.

According to Table 1, non-abelian complex structures on hy have A = 1. In this
case ([23) reads as x + y? < 1/4, which means that any J such that x + y? > %
has no balanced metrics. Similarly, for h, any J such that x > % does not admit
balanced metric.

For h5 and XA # 0 we have that z = 0 by Table 1. Thus, there is no balanced
metrics if and only if A* < 4y?. Since y > 0, this is equivalent to A2 < 2y. However,
none of the three cases detailed in Table 1 verifies that A% < 2y, and therefore any
complex structure on h; with A # 0 admits balanced metrics.

Finally, in the case A = 0 on b5 we get that the balanced condition ([22]) reduces
toy = 0and s> = —z > 0. From Table 1 we have that 0 < 144z, i.e. z € (—%,00).
Therefore, if y # 0 or y = 0,2 > 0 then there are no balanced metrics. O

As pointed out by Popovici [24], the degeneration of the Frolicher sequence at F;
and the existence of sG metrics are unrelated. From the study of the sG geometry
above and from Theorem ] we get:

Theorem 5.6. Let M = T'\G be a 6-dimensional nilmanifold endowed with an
imwvariant complex structure J. If there exists an sG metric then the Frélicher
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spectral sequence degenerates at the second level, i.e. Eo(M) =2 Eo(M). Moreover,
if there exists an sG metric and g % Y5, then E1(M) = Ex(M).

Proof. By Proposition 3] the Lie algebra g underlying M = I'\G must be iso-
morphic to hy,...,bHs or hig, so Theorem EI] implies that the Frolicher sequence
degenerates at the second level. The last assertion follows directly by taking into
account Corollary 52l and Table 3 below. O

It is interesting whether this result holds in general, that is:

Question 5.7. Does the Frolicher spectral sequence degenerate at the second step
for any compact complex manifold M of complexr dimension 3 admitting an sG
metric?

In the following table we show the complex structures J, up to equivalence, on
b1,...,06 that admit balanced Hermitian metrics. The classification follows from
the proof of Proposition (.51

Table 3: Classification of nilpotent complex structures
admitting balanced metrics

g | Abelian structures Non-Abelian Nilpotent structures
hi | dw? =0, dw® =0 —
A o dw? =0, dw® = w4+ W' + w2 + (z + iy) w?,
? y>0, z+y?><1
b3 | dw? =0, dw® = W'l — w??
b dw? =0, dw® = w? + W'l + w2 + zw??,
! r<3, x#0
dw? =0, dw? = w'?
dw? =0, dw® = W + W + Aw'? + (z + iy) w2,
dw? =0, with (A, z,y) satisfying one of:
bs | dw® =w'l +w + 2w, e A=y =0,z (-1,0);
0§x<i 00<)\2<%,0§y<%2,:v20;
el <l 0<y< X p=y;
e X251, 0<y< 2 g =0
he — dw? =0, dw® = w'? + Wl + 12

Motivated by [24, Theorem 1.9] next we study the relation between the degener-
ation of the Frolicher spectral sequence and the existence of sG or balanced metrics.
The possibilities are well illustrated in the following deformations of the complex
structure corresponding to A = z = y = 0 on a nilmanifold with underlying Lie
algebra hs.

Example 5.8. Let us consider the Lie algebra b5 with the real basis {e',...,ef}
described in Theorem [ZI] Let us consider the complex structure Jy ¢ given by

Jooe = —e?, Jo,0 e = —2¢e? — e, Jo,0 e’ = —eb,

Jooe? =el, Jo,0 et = —2el + €3, Jo,oe6 = ¢,
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With respect to the (1,0)-basis wf, = e**~1 —iJyee?* !, for k = 1,2,3, the
complex structure equations are given by [Bl) where (p, A\, D) = (1,0,0). Therefore,
there are sG metrics (according to Remark 54 because p = 1), there do not exist
balanced metrics (see Table 3) and Ey % FE; & E (by Theorem BT (c.2) since
pD =0).

We consider the following deformation of Jy o:

Ix0 el = —e?, a0 e =el,
Joed =152 + (14 A)e?), Jroet = 1_‘%\(—261 +(1=N)ed),
Ix0 ed = —ef, Jxoe® =€,

where A2 € [0, 3). The (1,0)-basis w’)f)o = e 1 i J\ 0e? L for k = 1,2, 3, satisfies
@) where (p, A\, D) = (1,1,0). If A* € (0, 1), then there are balanced metrics by
Table 3 and Ey % Ey = E. by Theorem [£1] (c.2).

Finally, let us consider this other deformation of Jy o:

Joze! = ﬁ [(4:17 —1)e? + 21764] , Joz€? =vV1+4dzel + \/% e3,
Joz €3 =—1+4x(2e? + e%), Jozet =21+ 4ze! + \};f—fz e3,
Jop€® =1+ 4xed, Jo,z€® = \/1-1+W e’

where # € (—1,00). The (1,0)-basis wj, = i(e? — iJyq€?), w3, = @(63 -

iJo€?), wi, = €5 —iJo.e” satisfies @) with (p,\, D) = (1,0,z). Using Theo-
rem L] Remark 5.4l and Table 3 we get:

o Ifze (—i, 0) then there are balanced metrics and Ey & E.
e If z € (0,00) then there are sG metrics, there do not exist balanced metrics

and E1 = Eoo

Next we address some problems on deformation openness or closedness of several
properties. Let A be an open disc around the origin in C. Following [24] Definition
1.12], a given property P of a compact complex manifold is said to be open un-
der holomorphic deformations if for every holomorphic family of compact complex
manifolds (M, J,).ea and for every ag € A the following implication holds:

(M, J,,) has property P = (M, J,) has property P for all a € A sufficiently
close to ag.

A given property P of a compact complex manifold is said to be closed un-
der holomorphic deformations if for every holomorphic family of compact complex
manifolds (M, J,)a.ea and for every ag € A the following implication holds:

(M, J,) has property P for all a € A\{ap} = (M, J,,) has property P.

Alessandrini and Bassanelli proved in [I] (see also [I5]) that the balanced prop-
erty of compact complex manifolds is not deformation open. In contrast, Popovici
has shown in [23] that the sG property is open under holomorphic deformations, and
conjectured in [24, Conjectures 1.21 and 1.23] that both the sG and the balanced
properties of compact complex manifolds are closed under holomorphic deforma-
tion.

The following result provides a counterexample to both conjectures. For that, we
start with a nilmanifold M with underlying Lie algebra isomorphic to b4, endowed
with its abelian complex structure, which we will denote by Jy. We know from
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Corollary B2l and Table 3 that the complex nilmanifold (M, Jy) does not admit sG
metrics. The idea is to deform holomorphically Jy in an open disc A = {a € C |
la| < 1} around the origin so that .J, admits balanced metric for any a # 0. To
find such a deformation we will use a result by Maclaughlin, Pedersen, Poon and
Salamon [20] that describes the Kuranishi space of the abelian complex structure
Jo in terms of invariant forms. We will combine this result with our existence result
of balanced metrics (see Table 3).

Theorem 5.9. There is a holomorphic family (M, J,)aea of compact complex man-
ifolds, where A = {a € C | |a| < 1}, such that (M, J,) has balanced metrics for each
a € A\{0}, but (M, Jy) does not admit any strongly Gauduchon metric. In partic-
ular, the sG property and the balanced property are not closed under holomorphic
deformations.

Proof. Let M be a nilmanifold with underlying Lie algebra hy and let Jy be
its abelian complex structure. Recall (see Table 1) that there is a (1,0)-basis
{w!,w?, W} for Jy satistying dw! = dw? = 0 and dw® = W' + w'? + 1w?2. How-
ever, instead of using these structure equations for .Jy, we will consider another
(1,0)-basis given by {n! = 2w! + w? n? = 4iw! +iw? n® = 2iw3} which satisfies
1 2 3 _toar,1om 1o

dn =dn® =0, dn = 3" +277 +2n .
The reason for using these complex structure equations for Jy instead of the previous
ones is that the latter are better adapted to the deformation parameter space of
Jo found by Maclaughlin, Pedersen, Poon and Salamon in [20]. In fact, using
Kuranishi’s method, it is proved in [20, Example 8] (see also [19]) that Jy has
a locally complete family of deformations consisting entirely of invariant complex
structures and obtained the deformation parameter space in terms of the invariant
forms n',n%,n%,n',n?,n. Indeed, any complex structure sufficiently close to Jy has
a basis {uk, u%, u3} of (1,0)-forms such that

pe = '+ iy + @0,
(24) pe = 0+ ei '+ 2307,
wy = 1’ + 40’
where the coefficients @i are sufficiently small and satisfy the condition (1 +
P3)®) = (1 — ®3)(®{ — ®3). Therefore, the Kuranishi space has dimension 4.
Moreover, the complex structures remain abelian if and only if ® = 0 and ®] = ®3.
Next we will find a particular holomorphic deformation for Jy which is not abelian

and having balanced metrics. Let A = {a € C | |a] < 1}. For each a € A, we
consider the basis {pul, u2, 43} of complex 1-forms given by

po =" +an —ian®, pg =07, g =n’.
Note that this corresponds to take ®1 = a, ®} = —ia and &3 = &3 = &3 = 0 in
the parameter space (24]). Notice also that this basis defines implicitly an invariant
complex structure J, on M just by declaring that the forms pl, u2, 43 are of type
(1,0) with respect to J,. Moreover, a direct calculation shows that the complex
structure equations for J,, with respect to this basis, are
(25)  dpy =dpg =0, 2(1—|al*)dpd = 2ap)’ +ip}! + po’ + pl — ilal’u,
for each a € A.
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Recall that by Corollary 5.2l and Table 3, if a = 0 then the complex nilmanifold
(M, Joy) does not admit sG metrics because Jy is abelian.

For each a € A\{0} the complex structure is nilpotent but not abelian. In this
1-lal?

3 3
—— i, instead of py;, so we

case we can normalize the coefficient of pl? by taking
can suppose that the complex structure equations are
97 1 5 T 14 o5
dptg = dptg =0, dpiy = pa’ + e + 5= (" +41a') = S pa
Moreover, with respect to the (1,0)-basis given by {7} = pl —iu2, 72 = —2ai 2,

73 = —2ai p2}, the structure equations for .J, become

drl — dr2 = 0. dr 12 4 11 1 49, 1- |a|2 22
T, =dr = T =T, TS — —T
a a ) a a a a a 4|a|2 a

Now, according to Proposition 2.4 we can suppose that the coeflicient of Tf is
equal to 1/|a| (in fact, any complex structure given by (p, B, D) is equivalent to
(p,|B|, D) where B € C).

In conclusion, for each a € A\{0} there exists a (1,0)-basis for which the complex

equations are of the form (ZI) with A\ = ﬁ and D = -1 Taking x = Re D =

4lal?

1—|a|?

e and y = JmD = 0, one has \? — 4r = 1. Now, following the proof of
Proposition [5.5] since A # 0 the complex structure .J, admits a balanced metric if
and only if ([23) is satisfied. But the latter condition reads

1
N (N2 —4x) = P >0,

so there exists a balanced Hermitian metric for each a € Csuch that 0 < |a| < 1. O

Remark 5.10. It is worth giving a closer look at the failure of the sG property at
a = 0. Let J, be the family of complex structures given by 28] for any a € A =
{a € C | |a| < 1}, and let us consider the real 2-form € of bidegree (1,1) for J,
given by
20 = ir? plt +is? p2? +it?

where 7, s,t € R. Since

4O A O — it” (52 — |af2r?)(ul2125 _ 12312)

2(1 —1af?) ¢ c
the 4-form Q2 is closed if and only if 52 = |a|?r?, i.e. if and only if Q is given by
20 = ir? ,utlli +i|al*r? uié + it? ,uig.

This defines a balanced J,-Hermitian metric for any r, ¢ > 0 and for any 0 < |a| < 1.
However, in the central limit, a = 0 and the form  becomes degenerate, i.e. Q3 = 0,
therefore it does not define a Jy-Hermitian metric because the fundamental form
of any Hermitian structure is always non degenerate.

It is well known that the property of “the Frélicher spectral sequence degenerating
at E1” is open under holomorphic deformations. In [I4] Theorem 5.4] it is proved
that this property is not closed under holomorphic deformations. As a consequence
of Theorems [LIland 5.9 we obtain another example based on the complex geometry
of b4.
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Corollary 5.11. Let (M, Jy) be a nilmanifold with underlying Lie algebra by en-
dowed with abelian complex structure Jy. There is a holomorphic family of com-
pact complex manifolds (M, Jg)een, where A = {a € C | |a|] < 1}, such that
Ey(M, J,) 2 Ex (M, J,) for each a € A\{0}, but E1(M, Jy) 2 Ex(M, Jp).

The upper semicontinuity of the Hodge numbers is crucial in the proof of the
openness of the property “E; = FE..”. Since we proved in Corollary 9] that the
upper semicontinuity fails for E5?, the following result is not so unexpected.

Corollary 5.12. The property of “the Frolicher spectral sequence degenerating at
E5” is not open.

Proof. The family J; given in Example .8 satisfies Fa(J_z) = Ew(J-z), because
J_z is in case (f.1) of Theorem [T} but Ea(J;) % Ex(J;) for t € (=3, 5). O

This result is relevant in relation to Question 5.7 since the existence of sG metric
is an open property. Notice that there is no contradiction because the Lie algebra
in Example is h15 which does not admit any sG metric.
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