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Abstract.— In this paper, we characterize those Complex
Filiform Lie Algedbras of dimension 8 which are derived jfrom other
Solvadble Lie Algedbras of higher dimension. This result and the
previous one gilven in C{810 allow wus to find a complete Llist of

Characteristically Nilpotent Filiform Lie Algedbras of dimension 8.

1.- Introduction and Notations.

There does not exist, at present, any classification of
complex Nilpotent Lie Algebras (NLA) of dimension éreater than 7. Goze
and Ancochea, by the introduction of a new invariant which they call
the “"characteristic sequence", which corresponds to the maximal
dimensions of Jordan blocks of a certain nilpotent matrix,
obtained the classification of complex Filiform Lie Algebras (FLA) of

dimension 8 ([1]). These FLA, as it is known, are a subset of NLA.
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However, the importance of these authors’ work is not only
to have obtained this classification, but, above all, to have devised
techniques which can be applied in any dimension, which, apart from
the fact of having permitted Gémez Martin to classify FLA of dimension
9 ([5]), totally solved the problem of this classification of FLA of
greater dimension, although, of course, this requires hard and
complicated calculations which are impossible without the wuse of a

computer.

Therefore, although the classification of Lie Algebras (LA)
of dimension greater than 7 has not been obtained yet, except for FLA,
the main problem which is now considered is the search for new
results, rather than the classification itself, such as the attainment
of new invariants or the description of the irreducible components of
varieties of LA. For this purpose, Valeiras proved recently that the
variety of NLA of dimension 8 has 8 irreducible components and that
only the two first of them meet the open set of FLA ([9]).

The main purpose of this paper is, therefore, starting from
the classification of FLA of dimension 8 by Goze and Ancochea, to
characterize two groups of these LA, according to whether or not they
are derived from other Solvable Lie Algebras (SLA) of higher
dimension. This characterization we propose could be interesting in
the sense of knowing which of these FLA are also Characteristically
Nilpotent Lie Algebras (CNLA) since, as we previously proved in an
earlier paper ([8]), if a PFLA is not derived from any LA then it is a
CNLA. This theorem will allow us to write the s of
Characteristically Nilpotent Filiform Lie Algebras (CNFLA) of
dimension 8.

A complex FLA may be derived from an SLA of higher
dimension. In ([8]) we proved the following:
(1.1) Theorem: A complex FLA of dimension n is either derived from a
SLA of dimension n+l1 or not derived from any LA.

From now on, we write (A,B,C) = 0 to represent the Jacobi

identity
[(a,B],C] + [[B,C],A] + [[C,A],B] =0

and we denote by M a FLA of dimension n ([8]), that is, a complex NLA
admitting a basis
(1) (XX, ....X )
such that X = =M=l
(2)




s

and
= < j <
(3) (X, %] X, 3m< IS In
Moreover, since (xs,xj] =0 1 < j<n and [xs,x Ji=haa xz
n

ma € C), if we consider the change of basis given by

X' = X-(1:< §5< a=1) ; X t=i Xt da X

J J n n 4
then it results that [XB’,X;] =0 (1 <j=<n). So, a basis (1) can be

always chosen in a suitable way verifying
(4) [xa,xj] =0 1u<e)s<an

Moreover, & will denote a complex SLA of dimension n+l
such that
(5) {X.,-..x, U}
is a basis, where {x‘,xh,...,xh} is the basis (1) mentioned above, and
U a derivation of M such that

n
(6) [X,0] = hz A K
¥ =4
with (X, X, U) =0, 12 jh<n.

The FLA M is said to be derived from the SLA & if [@,8] =M,
where [R,82] represents any linear combination of all brackets among
fields of the basis (1).

Characteristically Nilpotent Lie Algebras are those LA in
which all their derivations are nilpotent. The first examples of CNLA
given in the literature were of LA that are not derived from any LA,
until Luks gave an example of a CNLA which is derived from a LA of
dimension 18 ([7]). However, it is very easy to give examples of
Nilpotent Lie Algebras (NLA) which are derived and not CNLA.

As we mentioned above, in ([8]) the following two theorems
are proved:
(1.2) Theorem A necessary and sufficient condition for a FLA M to be
derived from the SLA & is that ol 0.
(1.3) Theorem A complex FLA M is a CNLA if and only if M is not
derived from any LA.

So, to separate FLA of dimension 8 into two groups according
to whether or not they are derived from another SLA (Theorem (1.1)) we
will use a method previously indicated by us for the case of NLA of
dimension 7 ([4]). This proceedure, which we called the "method of
determination of the vanishing of the coefficient a“", can be applied
to FLA. It consists of a set of iterative calculations based on all
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possible Jacobi identities of the kind (X, Xy U) = 0 with 1 < i,j
8, from which we can determine whether the coefficient a“ vanishes or
not. This in turn determines, by theorem (1.2), whether the FLA M is
derived from the SLA & with {Xt,..,Xa,U) as a basis.

These iterative steps are the following:

1.— Using the Jacobi identity (X‘, Xh , U) =0 with h; Z il
4

deriving from such identity the set of equations obtained by setting
to zero the coefficient of each field Xf

2.- Using each equation obtained in this way to express in

terms of the others the coefficient a,Lj whose pair of subindices is

the greater (in lexicographic order). (For instance, from the
equation a__ - a -a - a_ = 0 we will have a =a -a -a_).

22 14 44 1?7 3 44 22 14 47?

3.— Replacing in (6) the coefficients au with their

corresponding values obtained previously in step 2.

4.- Repeating the former three steps with U, Xz and Xh with
2
hz > 2 in the first place. Secondly, with U, Xh and Xh with hﬂ >33
8

and so on, until terminating this proceeding with U, }(“__1 and Xn.

5S.— Finally, observing if in the new expressions (6)
obtained in this way the coefficient a, appears explicity or not;
this will indicate, according to theorem (1.2) whether the FLA T which
we are studying is derived from another SLA & of dimension one more

than the dimension of M.

In the case that the FLA M is derived from another SLA of
dimension one greater than the dimension of M, we can obtain the
simplest SLA & by taking aji= 1 and the rest of the coefficients
aq = 0 (i,j = 1). Moreover, we can check that in FLA of
dimension £ 9, either directly or by suitable changes of base, it is
always possible to get
(7) [Xh , U]l = a, Xh with:-he=.1,.2,...;+0
(although this is not proved in the general case of dimension M = n).

2.— Division of complex FLA of dimension 8 into two groups depending




e

We separate FLA of dimension 8 into two groups depending on
whether they are derived from another SLA, starting from the
classification of these FLA by Goze and Ancochea ([11). This
classification (which is indicated in an Appendix at the end of this
paper) contains a list of 13 isolated FLA and 7 one-parameter families
of FLA.

By the method mentioned above, we find that 6 of the 13 FLA
and 2 of the 7 families are derived from SLA of dimension 8 whereas

the other 7 FLA and the 5 families are not.

So we obtain the following

Theorem 1.- The complex PLA of dimension 8 with laws u:, u:, p:,
<4 S,0 a 2,0l 10,00 14 18,0 15,0 41?7 .
Hgr Hy' + Hgr Hg' s Hq S R and Hg are not derived

from any other LA.
Proof:

By appliying the method mentioned above to each of them we
obtain the following results:

(2.1) The FLA of dimension 8 with law y: is not derived from any
LA, since:

XU} = @g=z Xe +7a X + a Xoutt%a X + a XS S hva X
4 Py T 18 '8 14 4 15 & 16 o 17 i
[X ,U] = 0
2
[Xa’U] = anz X2
[X‘,U] = (aus x a17) Xz+ (aaz 47 a17) Xa
[X,U] = a_ X+ 3/5a_ 5X +:(a._+ a ) X
5 52 2 1?7 “a 82 17 <
[XG,U] = (3/5 a, + a . +5375 a . + 6/25 %j) Xz +
Fhfa-Srea SN - 1/5+a X = (Fa. cETar c)EX
52 i85 8 47 < 82 i7 -
[X7,U] Sgha= X2 £ =(3/5 a_ ta + 6/25 aid) X8 +
+=i{a + a AR S W G i LYY X + (a + a )X
52 i5 ic < i d 5 82 17 [
[xa’U] = 2az Xz +(avz_ a14) Xn+(3/5 852~ a14+ i a15+ o2 a!.d) X‘ &
ARa + d./Sma s ) X-==a PG o X
52 ic - i0 -3 82 7
(252) The FLA of dimension 8 with law y: is not derived from any

LA, since:
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[x, .0
(X, .0]
[X, . U]
(X,.U]
(X, U]
(X,.U]
[X,.U]
(X, .0]

(2.3)

(X, .U]
[X,.U]
(X, .U]
(X,,U]
[X,.U]
[X,.U]
(X, .U]
[X,.U]

(2.4)

(X, ,U]
(X, .U]
(X, U]
[X,.U]
[X,.U]
[X,.U]
(X, .U]
(X, . U]

(2.5)

(X,.U]
(X, U]
(X, .U]
(X,.U]
(X, U]
(X,,U]

aREX RS B A Xest-tea X + a X + a X

12 2 18 8 i4 < i5 5 ic6 < i7 7

0

a X

82 2

a X (e ain o) LD S

ic 2 a2 17?7 8

a X shavs (A% sr S Qv R

52 2 82 1?7 <
+ + + + +

(ai‘? a!.c 314) Xz (a52 ai? ats) x8+ (382+ a17) X5
Kot + + +

a?z 2 a17 XB (aGZ a15 ai'?) X‘ 25 (382+ a!.'?) Xd

a + = = = + -

a2 Xz (a72 atd) XB (a!.d a14) X‘ asz X5 aﬂ.d s 3 82 X7

The FLA of dimension 8 with law u: is not derived from any
LA, since:

X +:a X + a X +a XEs chlal X +a X
2 148 '8

a2 14 < 15 & 16 © 17 7
0
a X
82 2
a Riiti(a +.a )i X
16 "2 82 17 a
a X + (a brra- = o)E X
52 2 82 17 <
+ + + X+ {(@asE3ia X
(aﬂ a“) Xz (asz aw) ] (az 17) 5
a X + a Xyss=ted(al EauS X Sit E%(a + a ) S
72 - a 7 8 52 15 < 82 17 S
a Ko s(ia) =ra; )" Xe——=a X + a X —a Xosa X
82 2 72 ic 8 14 ¢ 52 & 16 o 82 7

The FLA of dimension 8 with law H: is not derived from any

LA, since:
a X + a KXot oa X + a Xiisena X + a X
12 2 418 a8 i4 < i85 5 i6 S 7 7
0
a X
82 2
a Xsr+(a diasas) X
io 2 82 417 8
a X + (a HEara)E X
52 2 82 17 <4
(a +a ) X + (a +@a rt+@as) Xsy e (xa Ha )X
ic i¢ 2 52 15 17 8| 82 17 5
a - ~Xood (a4 ra stasy) X - Haslacad a ) X
72 2 52 i5 47 < 82 10" TS
a X +=al Xeii— (al +rast )i X #4ra Xe—pa X3 a X
82 2 72 a8 14 ic < 52 5 i S az v

The FLA of dimension 8 with law p:'a is not derived from any
LA, since:

a X2+aix+a Kt X ra Xk X

i2 a8 b: ] i4 4 i5 5 ic6 -] 17 7
0
a X
82 2
a a > ey X
17 2 82 8
{a=ta o roXe -t (1 =F a) a > Sl X
ic 17 2 17 a8 82 <

+ +
%z xz (as.c a17) Xu teldeta) ae e i a



= B - s X
[Xv’U] W a?z Xz s (acz a15) Xs 3 aw X¢ et ax? X5 % %27
[XBIU] o agz Xz A (a7z_ 2 a14 = a15) xs i (adz_ (2+O() a:u_ ald) X4 =
- (2+a) a“s )(5 + aaz X_’
(2.6) The FLA of dimension 8 with law y: is-not derived from any
LA, since:
[X ,U] = a X8 tEda Xi-Erea X e X +a X + a X
ES 12 2 18 k:} i4 < i5 5 1o S i7 4
[X ,U] = 0O
2
[X ,U] = a X
8 azira
[X4'U] st a” Xz % g2 Xa
[X ,U] = a X a X
5 ic 2 82 <
[X ,U] = a_X + (a +a_) X +a Xt shas X
S S2 2 16 17 a8 i7 < 82 ©
[X ,U] a Rt (@ I=a e gty iarla e X 4y 2. Ll it V) ¢
7 72 2 G2 i5 S 7 5 82 o
[X ,U] = a it (@patatan )X =abrifariizal =2 N a J2) e Xa—=a X + a X
[:} B2 2 72 14 a G2 i5 16 < 16 5 a2 7
(2%7) - The FLA of dimension 8 with law y:’a is not derived from any
LA, since:
[X ,U] = a X. +a X st a X+ t:a X oshaa X + a X
i i2 2 18 a i4 4 i85 5 ic S 17 7
[X.,U] = 0
2
[X ,U] = a X
8 82 2
[X ,U] = a Xom=ka X
< 17 2 82 a
[X ,U] = a X gt a X + a
5 52 2 4147 a a2 <
[X ,U] = a X s+i(a stias) Xoi+ia X a
(-3 S2 2 5. 17 8| 4 < 82 ©
[X ,U] = a XooSh (ain=-a. )= Xt e(at - toa )X og Xeotras X
7 72 2 G2 ic 8 52 1?7 < 17 5 82 <
PETUl=="a X =Hsfasr=ra oifa-)EXEEr S (AR A et D ra e — S A ) =X o
8 82 2 72 i4 ic 8 2 ib ic 17 <
(@ == ) e gy X
52 16 7
(2.8) The FLA of dimension 8 with law p:°'°‘ is not derived from
any LA, since:
[X ,U] = a Ki=dtlva Xt X + a Xesid-a Xoas-=a X
ES i2 2 418 a 14 4 i85 5 i6 S 17 7
[X,,U0] = 0
2
[X ,U] = a X
a8 82 2
[X ,U] = a Xoatiza X
< 42 2 82 a
[X ,U] = a Xo o+ a X + a X
5 52 2 42 a8 82 4
[X ,U] = a_ X + a X =+ a X a
S G2 2 52 a 42 4 82 &5
[X ,U] = a X=Sm fa X- Strak EX -8 g > TS - T ¢
? 72 2 o2 8 52 4 4 5 82 o©
[X ,U] = a Xkt (@Bh= APER= T oasen) Aegitg(at Sogal et as ) ey o
a8 82 2 72 17 iG 14 a8 (-3 17 i5 4
Holfas——ra )X CEias T gl ) Xereke gy
52 ic 13 47 -] 8 7
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(2.9) The FLA of dimension 8 with law H:‘ is not derived from any
LA, since:
+ X gt X
[X‘,U] axz Xz + au xa & 314 X¢ 28 ass Xs a16 S a17 4
[xz,U] 0
[X ,U0] aks X
a8 82 2
[X ,U0] Ans X oetea SieX!
4 42 2 82 8
[Xs'U] a:sz xz 5 a2 Xs it aaz X‘
Ty
[xo’U] acsz Xz % asz Xs % a¢z X4 aazxs
i
[X_’,U] a?z Xz * 62 xs * a:sz X4 + a4z Xs aazx«s
- - - + - +
[xn'U] aaz Xz X (avz a:? a’.‘) Xa 3 (a.sz aa.s) X4 (asz azo) Xu
+ (a - a ) X + a X
42 S S 82 ?
(2.10) The FLA of dimension 8 with law “:s,q is not derived from
any LA, since:
+ + +
[Xi,U] asz xz 2% ass xs & a14 X4 % 315 Xs aac Xd 317 X’a aua Xa
[X_,U0] 0
2
[X ,U] auy ik
8 82 2
[X ,U] ¢ e e e X
4 42 2 82 a|
[X ,U] a Xa & (a- +Hiol#4a X)X E& £ a X
S 52 2 42 i8 8 82 <
|- RRL g | ase o Slasis e ac e ans e T s (A b e (M RS2 o) IS asin) SR a X
S o2 2 52 47 i8 8 42 i8 < 82 5
[X_,U] ac- XA =" )l A=2al BN aLE
? 72 2 c2 ic a8 52 4147 i8 <
+ (a + (2+3a) a ) X + a X
42 i8 5 82 ©
[X ,U] a. - Fimefa—ro @ == a ) Xt (a e s ta) dasE—a s ) T
[-] a2 2 72 i5 ic a| G2 ic 47 <
+ (a 2 ak—dava ) X e (al +E& (2t Ba)Fa ) X+ a X
52 i8 17?7 S 42 i8 S 82 7
NOTE: In this algebra it is verified that
a‘z=3/2 ot =1 e lia. —2/3 )
{2--1.T) The PLA of dimension 8 with law H:s,a is not derived from
any LA, since:
[X ,U] a i okt Xo=ti-a X-osta Xi- Era X2+ @ X
4 i2 2 i8 a| i4 <4 i85 5 ic S 17 ?
[x ,U] 0
2
[X ,U0] a X
8 82 2
[X ,U] a X + a X
< 42 2 82 a
[x ,0) as - Xiidea X + a X
-] 52 2 4“2 a8 az <
[X ,U] a X + a X + a X + a
[-3 o2 2 52 a 42 - 82 &
[xv'U] 222 xz 3 %52 xa 2 %2 X¢ e 2 xs aazxc
!xﬂ'U] aei xz 23 (avz_ a a&?_ a16_ ails) xs o (ac - ag'.v— agc) X4 3
& X + a X + a X
52 S 42 S |2 ?
(2.12)

The FLA of dimension 8 with law y’: is not derived from any
LA, since:



lxx’U] =85 Xz + 3.a XB i 237 X4 7 axs Xu M s xd i a7 Xv it agu X‘
[x ,U] = 0
2
[Xa,U] = a Xz
[RglE=ra. X +tia X
“ 42 2 82 a8
XeSUle=-a—=1X "+ .a XA X
5 52 2 42 8 82 <
= +
[Xa'U] sz xz (asz u am) Xa : 32 X‘ * %32 er
X = + +
[ _’,U] a?z Xz (acz axa) xs +(asz+2 asa) X‘ = a«z xs g asz xa
[Xa'U] STy Xz e (au Tho s aus) Xs & (acsz+ Been axv) X4 u
(a S ARG MR e QU R+ a X n
52 i8 -] 42 S 82 ?
Corollary 1.— There exist exactly 12 CNFLA of dimension 8. These are
o At 2 8 < S,0 8 2,0 10,0
the following: m_, Mo, Hgr Moo Ho' o Hge K. M
44 18,0 15,00 and 17
A Hy -
Proof:
It is an immediate consequence of Theorems 1 and (1.3).
(]
A . . -] 7,00 12
Theorem 2.- The complex FLA of dimension 8 with laws Hge Hg' s Hy
y:““, :‘, “:a’ “:p and y:° are derived from SLA of dimension 9.

Proof:

By applying the method mentioned above to each of them we
find that each of them is respectively derived from a SLA of dimension
9, with basis {Xi, ""Xh' U}, verifying [Xi, u] = a Xt (1SS 8)
where the coefficients a for each of them are the following:

FLA a a a a a a a a obs.
— ES 2 8 < - -3 ? a
-
He 1 7 6 5 4 3 2 1
p:'°‘ 1 8 7 6 5 4 3 2
u:f 1 8 7 6 5 4 3 2
y:"“ 1 9 8 7 6 5 4 3
16
et 3 DA% D h e IR A5 SE1D, 10 (*)
u:° 1 10 9 8 7 6 5 4
p:" 1 11 10 9 8 7 6 5
s 1 8 7 6 5 4 3 2




(%)

not

11

2]

(31

[4]

(51

(6]

In fact,

obtain these coefficients directly, but instead obtain the

if we apply the method mentioned above to this FPLA we do

following expressions:

[(XSUE= 1 3:X + 2% [X.,U] = 27 X
i 41 8 2 2
[X ,Ul'= 24 X [X ,U] =21 X
a8 8 < <4
(X 0F= 2 xSy fax (XS] =% % #1580 %
[X,,U] = 2% + 6X +12% XUl = Sox. B Brx o+ o %

Starting from these and by a suitable procedure we can obtain new

fields %, deduced from fields &, such that [Yi,U] = K Y.
L 1
(with g € C ); in fact, if we call respectively

we obtain:

¥ R X2 X ; Y= X =X
1 ES 8 -] -1 ] 5
Y= 2% =3 % ; i R ENs
S 4 (-] ? - ?
Y o= ¥ i= 6 XEiH 6 X
] < [-} a
[Y,,0] =3¢ [Y,,U] =18 Y [Y U1 =T152%"
[v,.0] = 12 Y, [Y 70150 Sy
| |
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APPENDIX

Algebras de Lie Filiformes Complejas de dimensidn 8

- = i <
et e e (e e et
[x,.x1 =X
(XX =% +iax
4 -] 2 : |
e A =
(X, 21 = - (2/5) %
[X,.X] =X + (3/5) X
(X,,X] = - (2/5) X
[(X_.X] = X + (1/5) X,
[X,X]1 =X + (1/5) X
2 = 2
ut L IR X X 32 S8
[X,.X,1 =X
[X,.X] = X
XX ] =i X,
[x.x1 = X
[x,.x1 = X,
X X =% + X + X
S e 2 8 -]
(X, X=X % X
7 a : ] 3 S
8 =
M (XAl <l S
[X X=X
x,.x1= X
[x,. X1 = - X
(XS] = X
X, X1 =X + X
S 8 2 5
B XX
? 8 8 [
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i

S IR X R =X 3<iz<s8
-] 4 * | B §
[X X=X
L3 e 2
[Xs’xa] = X8 oanes - C
X =g
S 8 <
[XoXd] =a XF X+ X
i 4 a 2 8 S
11 =5
xX.,x]=Xx_ Ji<a =
= <
[x,xa] xL_Z 4=< g
(X Xaf =Xt X
L/ 8 2 5
12 =
i add i E el Sules
[X,X] =X 4 <i<
a [ B §
A XX P 3<ic<8
8 41 1 { oy’ §
X ,X])] =a X
5 [:]
[XG,X7] - Xz a e C
[XG.XB] = (1+a) X
[X,X ) = (1+a) X+ X
14,00 = =
Tt ExLx Ko oAl =iy
[X ,X] =a X
-] 2
[Xd,){7] = Xz oiier G
(XX ] = (1+a) X
[X7,Xa] = (1#a) X
1.4 XX =X 3<iz<8
8 4 L L e §
[X ,X] = X
5 -] 2
XX o] =Xk X oire = C
(-3 -] 2 8
[X,X] =a X + X + X
k4 -] 2 a| <
e e i 9. 3<iz<a8
i 19 { e 3
[x,.%1 = X
(x,,x1 = X
[X,.X1 =X + X
Lo e = < i <
: [X,X]=X_, 3=i<38
(X, X ] = X
[X7,Xa] = Xz 28 Xs
19 [XeXi)E=aX Jimrin<ug
4 19 | B §
(XX 1= X
[x,.,x1= X
19 = < <
[x’.,xi] X _, =542 =8
X X)) =aX
et = < < 8
ek T 3
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