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Abstract

A complex scalar ) is said to be an extended eigenvalue of a bounded linear operator 7' on a complex Banach
space if there is a nonzero operator X such that 77X = AXT. Such an operator X is called an extended
eigenoperator of T' corresponding to the extended eigenvalue A.

The purpose of this paper is to give a description of the extended eigenvalues for the discrete Cesaro
operator Cp, the finite continuous Cesaro operator C and the infinite continuous Cesaro operator Cy
defined on the complex Banach spaces 7, LP[0,1] and LP[0,00) for 1 < p < oo by the expressions
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It is shown that the set of extended eigenvalues for Cj is the interval [1,00), for Cy it is the interval (0, 1],
and for C it reduces to the singleton {1}.

(Coof)(2):

arxXiv

Keywords: FExtended eigenvalue, Extended eigenoperator, Cesaro operator, Shift operator, Euler
operator, Hausdorff operator, Rich point spectrum, Bilateral weighted shift, Analytic Toeplitz operator,
Analytic kernel.

2000 MSC: ATB37, 47B38, 47A10, 47A62

*Corresponding author
Email addresses: lacruzQus.es (Miguel Lacruz), fernando.leonQuca.es (Fernando Ledén-Saavedra),
srdjan.petrovic@wmich.edu (Srdjan Petrovic), o.zabeti@gmail.com (Omid Zabeti)

Preprint submitted to Journal of Functional Analysis March 20, 2014


https://core.ac.uk/display/51406131?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://arxiv.org/abs/1403.4844v1

Contents

1 Introduction

2 The finite continuous Cesaro operator on Hilbert space

3 Extended eigenvalues for operators with rich point spectrum
4 The finite continuous Cesaro operator on Lebesgue spaces

5 The discrete Cesaro operator on sequence spaces

6 Extended eigenvalues for bilateral weighted shifts

7 Extended eigenvalues for analytic Toeplitz operators

8 Factorization of extended eigenoperators in Hilbert space

9 The infinite continuous Cesaro operator on Hilbert space

10 The infinite continuous Cesaro operator on Lebesgue spaces

El B B Bl B E B Bl @ ==

11 Some open problems

1. Introduction

We shall represent by B(F) the algebra of all bounded linear operators on a complex Banach space E.
A complex scalar A is said to be an extended eigenvalue of an operator T' € B(E) provided that there is a
nonzero operator X € B(F) such that TX = AXT, and in that case X called an extended eigenoperator of T
corresponding to the extended eigenvalue A. We shall represent by {T'}’ the commutant of an operator T, i.e.,
the set of operators that commute with 7', or in other words, the family of all the extended eigenoperators
for T corresponding to the extended eigenvalue A = 1.

Recently, the study of the extended eigenvalues for some classes of operators has received a considerable
amount of attention [2, (3,15, 13, [14, 117, [18, [22].

The purpose of this paper is to describe the set of the extended eigenvalues for the discrete Cesaro
operator Cj, the finite continuous Cesaro operator C7, and the infinite continuous Cesaro operator Cy
defined on the complex Banach spaces 7, LP[0,1] and LP[0,00) for 1 < p < oo by the expressions

(Cof)n): = —= 3" f(h) (11)

k=0

n

@n@: =1 [ e 12)

Cuha) =5 | C i (1.3)

It is shown that the set of extended eigenvalues for Cy is the interval [1, 00), for Cy is the interval (0, 1],
and for C is the singleton {1}. The notion of an operator with rich point spectrum is introduced and it
is shown that the geometry of the point spectrum for such an operator determines its extended eigenvalues.
Then, it is shown that both C; and Cj have rich point spectrum. Further, it is shown that a bilateral
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weighted shift whose point spectrum has non empty interior and the adjoint of an analytic Toeplitz operator
with non constant symbol are further examples of operators with rich point spectrum. Then, this result
is applied to obtain information on the extended eigenvalues of those operators. Finally, a factorization is
provided for the extended eigenoperators of a Hilbert space operator under certain conditions.

The paper is organized as follows.

In section ] we show that every A € (0,1] is an extended eigenvalue for C; on L?[0,1] and the Euler
operator is a corresponding extended eigenoperator. Moreover, any extended eigenoperator for C; on L2[0, 1]
factors as the product of the Euler operator, a Toeplitz matrix, and a power of a backward unilateral shift
of multiplicity one.

In section [B] we introduce the notion of an operator with rich point spectrum. We show that if A is an
extended eigenvalue of an operator T with rich point spectrum then A multiplies int o, (T), the interior of
the point spectrum of T, into clos o, (T"), the closure of the point spectrum of T. We show that both C and
(¢ have rich point spectrum and we apply this geometric result to prove that for every 1 < p < oo we have

1. if X is an extended eigenvalue for C; on LP[0,1] then 0 < A <1,
2. if X is an extended eigenvalue for Cy on ¢P then \ > 1.

In section [ we show that every A € (0,1] is an extended eigenvalue for Cy on LP[0,1] and that a certain
weighted composition operator is a corresponding extended eigenoperator.

In section [f] we show when p = 2 that if A is real with A > 1 then ) is an extended eigenvalue for Cj.

In section [6] we show that if the point spectrum of a bilateral weighted shift W has non empty interior
then W has rich point spectrum, and as a consequence, the set of the extended eigenvalues for W is the unit
circle.

In section [ we show that a result of Deddens [7] about extended eigenvalues of an analytic Toeplitz
operators can be regarded as a special case of our main result in section [Bl

In section ] we show under certain conditions that if A is an extended eigenvalue for an operator T on
a Hilbert space then there is a particular extended eigenoperator X, corresponding to A such that every
extended eigenoperator X corresponding to A factors as X = XoR for some R € {T}'.

In section [@ we show that the family of the extended eigenvalues for Co, on the complex Hilbert space
L?[0, 00) reduces to the singleton {1}.

In section [I0l we show that the family of the extended eigenvalues for C», on the complex Banach space
LP[0,00), for 1 < p < oo, reduces to the singleton {1}.

2. The finite continuous Cesaro operator on Hilbert space

Brown, Halmos and Shields [6] proved in the Hilbertian case that C} is indeed a bounded linear operator,
and they also proved that I — C7 is unitarily equivalent to a unilateral shift of multiplicity one.

Recall that a bounded linear operator S on a complex Hilbert space H is a unilateral shift of multiplicity
one provided that there is an orthonormal basis (e,) of H such that Se,, = e, for all n € N. It is easy to
see that the adjoint of a such a unilateral shift satisfies S*eg = 0 and S*e,, = e, for all n > 1.

Consider a unilateral shift of multiplicity one S € B(L?[0,1]) and a unitary operator U € B(L?[0,1]) such
that I — C} = U*SU. We have Cy = U*(I — S*)U, and since the extended eigenvalues are preserved under
similarity in general, and under unitary equivalence in particular, it follows that the extended eigenvalues
of (' are precisely the extended eigenvalues of I — S*, and the extended eigenoperators of C; are in one to
one correspondence with the extended eigenoperators of I — S* under conjugation with U.

We shall use repeatedly the following elementary, standard fact.

Lemma 2.1. The point spectrum of S* is the open unit disc D. More precisely, every A € D is a simple
eigenvalue of S*, and a corresponding eigenvector f is given by the expression

F=3 N (21)
n=0



Now we are ready to describe the set of the extended eigenvalues for I —S*. Our first goal is to show that the
interval (0, 1] is contained in the set of the extended eigenvalues for I — S*, and to exhibit a corresponding
extended eigenoperator. We shall prove that a particular extended eigenoperator is the Euler operator.

It is convenient now to have a digression about the Euler operator and the discrete Cesaro operator. We
follow the discussion in the paper of Rhoades [19]. Recall that the discrete Cesaro operator Cj is defined
on £? by the sequence of arithmetic means (LT]).

Let A € C. The Euler operator E) is defined on ¢2 by the binomial means

B0 =Y ()=o), nen (2.2

k=0

Let (ur) be a sequence of complex scalars and let A denote the forward difference operator defined by

Ape = p = Hiet1- (2.3)

A Hausdorff matriz is an infinite matrix A = (a,) whose entries are given by the expression

n n—k :
<k<
nk = (k:)A we HOsk<m, (2.4)
0 ifk>n.

The sequence (ug) is called the generating sequence for the Hausdorff matrix A and it is determined by the
diagonal entries of A. The Hausdorff operator associated with a Hausdorff matrix A = (a,) is defined by
the expression

(Af)(n) =) anrf(k). (2.5)

The discrete Cesaro operator Cp, with generating sequence p, = (n + 1)71, and the Euler operator E),
with generating sequence p, = A", are two examples of Hausdorff operators. Rhoades [19] notes that E) is
bounded for 1/2 < A < 1. We show in Proposition 2.5 below that E) is bounded also for 0 < A < 1/2.

There is a strong connection between Hausdorff operators and the discrete Cesaro operator. Hurwitz and
Silvermann [10] showed that the commutant of Cy is precisely the set of all Hausdorff operators, whereas
Shields and Wallen [20] showed that the commutant of Cy is the weakly closed algebra with identity generated
by Co.

Proposition 2.2. If 0 < A < 1 then X\ is an extended eigenvalue for I — S*, and moreover, the Fuler
operator Ey is a corresponding extended eigenoperator.

Proof. First of all, for £ = 0 we have

oo

Exeo =Y _(1—X)ep.

n=0

Then, it follows from Lemma 21l that (I — S*)E\eq = AE)\(I — S*)eg. Next, for & > 1 we have

S*Exer = Z (Z) N (L= N)"Fe,y

n=~k
> 1
=Ner 1+ <”Z ))\’“(1 —\)HiRe,
n=k
so that
* k — [(n n+1 k n—k
(I—S*)Exer=—Ner1+ Y P Il G LRV PGPV oS
n==k
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Using Pascal’s identity (”Z 1) - ( ) (k " 1) leads to
(I —S*)Exer, = —Nep_1 + Z [( ) ( )(1 —)\)] MNe(1 = N ke,
> (i

:7>\ en_ 1+Z ))\k-i-l )n—ken

. n ki1 yyn—(k—1)
;<k_1)/\(1 \) en

0o n - o
> (k—l)kk A=A e

= /\(E)\ek — E,\ekfl)
= )\E)\(I — S*)ek,

so that (I — S*)Exer = AEN(I — S*)ey, for all k € N, as we wanted. O

Our next goal is to describe the collection of the extended eigenoperators for I —S* corresponding to an
extended eigenvalue A\ € (0, 1]. It is convenient to have a digression on Toeplitz operators. We shall follow
the discussion about Toeplitz operators in the paper of Sheldon Axler [1]].

Let (an)nez be a two sided sequence of complex scalars and consider the infinite matrix A = (ank)
whose entries are given by the expression a,, = ay—. We say that A is the Toeplitz matriz associated with
the sequence (&, )nez. The Toeplitz operator associated with a Toeplitz matrix A = (a,) is defined on the
complex Hilbert space ¢? by the expression

= Z an—if(k). (2:6)
k=0

Consider the unit circle T = {z € C: |z| = 1} and define a function ¢: T — C by the Fourier expansion

i ane™. (2.7)

n=—oo

It is a standard fact that a Toeplitz matrix A induces a bounded operator if and only if ¢ is essentially
bounded, and moreover,

[A]l = sup{|¢(2)]: z € T} (2.8)

Halmos says |9, Problem 33] that Fourier expansions are formally similar to Laurent expansions, and the
analogy motivates calling the functions of H?(T) the analytic elements of L?(T). Thus, ¢ is analytic if and
only if o, = 0 for all n < 0. Also, ¢ is called co-analytic provided that a,, = 0 for all n > 0.

It turns out that AS = SA if and only if A is an analytic Toeplitz operator, and that AS* = S*A if and
only A is a co-analytic Toeplitz operator.



Lambert [13] observed that if X € B(H) is an extended eigenoperator for an operator T' € B(H)
associated with an extended eigenvalue A € C, and if R € {T'} then the product X R is also an extended
eigenoperator for T' associated with .

Let A be a co-analytic Toeplitz operator. Since A commutes with S* and since (S*)™ commutes with S*,
it follows that A(S*)™ commutes with I — S*. Since E} is an extended eigenoperator for I — S* associated
with the extended eigenvalue A, it follows from Lambert’s observation that EyA(S*)™ is also an extended
eigenoperator for I — S* associated with the extended eigenvalue A. The following result shows that these
are all possible extended eigenoperators for the operator I — S*.

Theorem 2.3. If0 < A <1 and X is an extended eigenoperator of I —S* associated with \ then there is a
two sided sequence (aun)nez of complex scalars with g # 0 and «, = 0 for all n > 1, and there is an ng € N
such that X admits a factorization

X = E\A(S™)"™, (2.9)
where Ey is the Euler operator and where A is the co-analytic Toeplitz matriz associated with (o, )nez.

Proof. We have (I —S*)Xeyg = AXep and (I —S5*)Xe, = \M(Xe, — Xen_1) for all n > 1. Since X # 0, there
is some n € N such that Xe, # 0. Let ng = min{n € N: Xe,, # 0}.

First step: Let us suppose that ng = 0 and notice that Xeq is an eigenvector of I — S* corresponding to
the eigenvalue A, so that according to Lemma 2.1l there is a nonzero complex scalar Sy such that

o0

Xeg=P0 Y (1—\)"en. (2.10)

n=0

We claim that there is a sequence of complex scalars (8, )nen With Sy # 0 and such that for every n € N,

n
Xen = Zﬁn—kEkek- (2.11)
k=0
We proceed by induction. If n = 0, this follows trivially from equation (ZI0). Then, suppose that n > 1
and the complex scalars (g, ..., 8,—1 are constructed in such a way that
n—1
Xen_1 = Z Brn-1-rExer.
k=0

Notice that

n—1
[S* = (1= NI Xep =AXen 1 =X Bu_1-Exex
k=0
n—1
=[5" = (1 =N1] (Z ﬂnlkEAekH) )
k=0
so that
n—1
Xen = Bno1-rExers1 € ker[S* — (1 — \)I].
k=0

Finally, according to Lemma 2.1 there is a complex scalar §,, such that

n—1
Xe, — E Bn-1-kErer+1 = BnExeo,
k=0



and the claim follows. Now, let (ay,)nez be the two sided sequence defined by a—,, = 3, for all n > 1 and
ap, = 0 for all n € N, and let A be the co-analytic Toeplitz matrix associated with the sequence (ay,)nez.
We have that X = E)A, so that equation (Z.9) holds with ng = 0.

Second step: Suppose that ng > 1. Notice that Xe, = 0 for all 0 < n < ng and Xe,, # 0. Thus,
(I —S%)Xen, = MXep, and (I — S*)Xe, = AN Xe, — Xep—1) for each n > ng, or in other words, (I —
S*) X S™ey = AXS™eg and (I — S*) X S™e, = A\(XS™e, — XS™e,_1) for each n > 1. This means that
X 5™ is a nonzero linear operator as in the first step of the proof. Therefore, there is a sequence (ay,) of
complex scalars with ag # 0 and such that X.S™ = E) A, where A is the Toeplitz operator associated with
the sequence (). Finally, since Xe, =0 for 0 < n < ng, it follows that X = E) A(S*)"°. O

We finish this section with the consideration of the question of boundedness for the Euler operator E).
We already mentioned that Rhoades [19] noted that Ey is bounded for 1/2 < A < 1. He proved that in fact
we have ||Ey|| = A™'/2. We show in Proposition 25 below that Ej is also bounded for 0 < X\ < 1/2 and
moreover, ||[Ey|| < (1 —A\)~/2. Since we could not find a proof of this fact in the literature, we include an
argument that is based on a criterion due to Schur. A proof of this criterion, different from the original one,
can be found in the paper of Brown, Halmos and Shields [6], where it is applied to show the boundedness
of both the continuous and the discrete Cesaro operators.

Lemma 2.4 (Schur test). If anx >0, if pr > 0, and if a, 8 > 0 are such that

%)
Z ankPrk < QPn, (2.12)
k=0
%)
n=0

then there is a bounded linear operator X with || X||> < af and such that for all n € N,
(XS)(n) =Y anf (k).
k=0

Proposition 2.5. If 0 < X\ < 1/2 then the Euler operator Ey is bounded with ||Ey| < (1 — X\)~1/2.
Proof. We shall apply the Schur test to the infinite matrix

N\\ki1 _ yyvn—k
ani; = (k:)A A=N"7 i#0<k<n, (2.14)
0, if k>n.

If we set pr = 1, then it follows from the binomial theorem that

n

ki:()ankpk = ¥ <Z> AF(L = AR = 1

k=0
On the other hand, using the geometric series expansion (1 — \)~! = Z A" we get
n=0
D DR
dNF B — (n—k)! ’

so that

> =~ (n _ e = n! e

n=~k n=~k
e gk
= Towd— N =AML= )T <@ -0



and we conclude that E is bounded with |Ey|| < (1 — X)~Y/2, as we wanted. O

We shall use an elementary fact that can be stated as follows.
Lemma 2.6. Let A be a nonzero complex number. Then |A| + X — 1| <1 if and only if X € (0,1].

Proof. Let us prove the nontrivial implication. If A € R and A > 1 then we have |A| + |1 — A =2\ —-1>1,
and if A € R and A < 0 then [A|+]1—A =1—-2X>1. Also, if A\ € C and Im\ # 0 then [A] + |1 — A > 1
because A and 1 — A are linearly independent over R. O

Proposition 2.7. If A € C\(0, 1] then the Euler operator Ex is unbounded.

Proof. We have for every n > 0

n

Ejen=Y (Z) ML= A" ey

k=0
Using the Cauchy-Schwarz inequality gives

| Benl = Z( Pt
k=
n
> LS (e
1/2

(n+1)Y/ — k
RCFEE

(nt D172

If A # 0 then it follows from Lemma that || EXen|| — oo as n — oo. Finally, if A = 0 then according to
equation (2:2) we have (Eyf)(n) = f(0) for all n € N| so that the constant sequence Eyf belongs to the
complex Hilbert space ¢? only when f(0) = 0. O

3. Extended eigenvalues for operators with rich point spectrum

We say that an operator 7" on a complex Banach space has rich point spectrum provided that int o, (T") # 0,
and that for every open disc D C 0,(T), the family of eigenvectors

| ker(T - 2) (3.1)

zeD

is a total set. We shall see below that two examples of operators with rich point spectrum are the finite
continuous Cesaro operator and the adjoint of the discrete Cesaro operator. There are other natural examples
like a bilateral weighted shift whose point spectrum has non empty interior, or the adjoint of an analytic
Toeplitz operator with non constant symbol.

Recall that if ¢ is a bounded analytic function on ID then the analityc Toeplitz operator T, is defined on
the Hardy space H?(D) by the expression T,,f = ¢ - f. Deddens [7] studied intertwining relations between
analytic Toeplitz operators. Bourdon and Shapiro [5] generalized his work later on and they applied it to
study the extended eigenvalues of an analytic Toeplitz operator.

Deddens showed that if there is a non zero operator X that intertwines two analytic Toeplitz operators
T, and Ty, that is, such that XT, = T X, then

(D) C clos p(D). (3.2)

Bourdon and Shapiro observed that, as a consequence of this, if A is an extended eigenvalue of an analytic
Toeplitz operator T,,, where ¢ is not constant, then there is a non zero operator that intertwines T, and
T,, so that

(1/A) - (D) < clos (D). (3-3)
8



Bourdon and Shapiro say that then the geometry of ¢(ID) quickly determines the extended eigenvalues of
T, (for instance, if A is an extended eigenvalue of the shift operator T, € B(H?*(D)) then it follows from
Deddens result that (1/A) - D C closD, and therefore [A| > 1.)

We prove in Theorem B3] that, in general, if an operator has rich point spectrum then the geometry of
its point spectrum determines the extended eigenvalues. The precise statement of this result is provided
below. Then, we apply Theorem 3] to show that if X is an extended eigenvalue for C; on LP[0, 1] then A is
real and 0 < A <1 (Corollary L5]) and if A is an extended eigenvalue for C§ on ¢P then A is real and A > 1
(Corollary B.3).

As another consequence of our general result, in section [6] we get that if A is an extended eigenvalue of
a bilateral weighted shift W whose point spectrum has non empty interior then |A| = 1.

Finally, if A is an extended eigenvalue of an analytic Toeplitz operator T}, on the Hardy space H*(D)
with non constant symbol then Deddens result (83]) can be derived as a consequence of Theorem B.1]

Theorem 3.1. Let us suppose that an operator T on a compler Banach space has rich point spectrum. If
A is an extended eigenvalue for T then we have

A-intop,(T) C closop(T). (3.4)

Proof. Let X be an extended eigenoperator of T' corresponding to the extended eigenvalue A, that is, X # 0
and TX = AXT. Let z € int 0,(T") and let n € N such that D(z,1/n) C 0,(T). Since X # 0 and T has rich
point spectrum, there exist z, € D(z,1/n) and f, € ker(T — z,)\{0} such that X f, # 0. Hence,

TX f = A\XTfn = Aen X fn,

and since X f,, # 0, this means that Az, € 0,(T"). Taking limits as n — oo yields Az € closo,(T'), as we
wanted. O

The following result will be applied at the end of the next section to the finite continuous Cesaro operator
and in section [B] to the adjoint of the discrete Cesaro operator.

Theorem 3.2. Let T be a bounded linear operator with rich point spectrum and such that o,(T) = D(r,r)
for some r > 0. If \ is an extended eigenvalue for T then A is real and 0 < X < 1.

Proof. Let u = 1/A. We must show that p is real and p > 1. First of all, consider the open half plane
0, ={w e C: Rew > 1/(2r)}, and notice that z € D(r,r) if and only if 1/z € Q,.. According to Lemma 3.1
we have pw € Q, for every w € Q,. This means that the map ¢(w) = pw takes Q, into Q,, and it follows
from continuity that ¢ takes the closed half plane Q, into itself. Now start with a point w € Q, N R and
iterate the map ¢ to get a sequence of points (u"w) in €2, so that Re(u™w) > 1/(2r), or in other words,

n 1
Re Kﬂ> ] >~ >0,
1] 2rw|p|™

Finally, write y = [u[(cos @ + isin @) for some 0 < 6 < 27. Observe that cosnf > 0 for all n € N, and this
can only happen if 6 = 0. This shows that u is real. It is clear that ;1 > 1 because if © < 1 then ¢ maps 2,
outside Q,; for instance p(1/(2r)) = u/(2r) < 1/(2r), and this is a contradiction. O

The following result will be applied in section [6] to a bilateral weighted shift.

Theorem 3.3. Let T be a bounded linear operator with rich point spectrum such that for some 0 < r < R,
{zeC:r<|z|<R}Cop(T)C{zeC:r<|z| <R}

If X\ is an extended eigenvalue of T then |A| = 1.



Proof. Consider the region 2 = {z € C: r < |z| < R}. It follows from Lemma [3.T] that the map o(z) = Az
takes (2 into €2, and it follows from continuity that ¢ maps € into itself. Start with 2o € € and iterate the
map @ to obtain a sequence of points (A"zp) in €, so that for all n € N we have

r <A™ fz0] < R,
and notice that this can only happen if |\| = 1. O

The following result provides a sufficient condition for a general operator to have rich point spectrum.
We apply that condition in the next section to show that the finite continuous Cesaro operator C; on L?[0, 1]
has rich point spectrum. We also apply our sufficient condition in section [ to the adjoint of the discrete
Cesaro operator, Cj on ¢¢, and in section [f] to a bilateral weighted shift W whose point spectrum has non
empty interior. Finally, in section [7] we apply a suitable modification of that condition to the adjoint of an
analytic Toeplitz operator, T where ¢ is non constant.

Lemma 3.4. Let T be a bounded linear operator on a complex Banach space E and let us suppose that there
is an analytic mapping h: int o, (T) — E with h(z) € ker(T — 2)\{0} for all z € into,(T) and such that
{h(z): z € into,(T)} is a total subset of E. Then T has rich point spectrum.

Proof. Let D be an open disc contained in 0,(T") and let g* € E* such that (h(z),g*) =0 for all z € D. We
must show that then g* = 0. We consider the analytic function ¢: int 0,(T') — C defined by ¢(z) = (h(z), g*).
We have by assumption that ¢ vanishes on D. Then, it follows from the principle of analytic continuation
that ¢ vanishes on int 0,,(T"). Since the family of eigenvectors {h(z): z € into,,(T)} is a total set, it follows
that ¢* = 0, as we wanted. O

We finish this section with a more general formulation of Theorem [B1 for intertwining operators.

Theorem 3.5. Let T, S be two bounded linear operators on a complex Banach space, and suppose that there
is some X that intertwines T, S, that is, X # 0 and XT = SX. If T has rich point spectrum then

int 0,,(T") C clos 0, (S).

Proof. Let z € int 0,(T") and let n € N such that D(z,1/n) C 0,(T). Since X # 0 and since 7" has rich point
spectrum, there exist z, € D(z,1/n) and f,, € ker(T — 2)\{0} such that X f, # 0. Hence,

SX fn=XTfn=2.Xfn,
and since X f,, # 0, this means that z, € 0,(5). Taking limits as n — oo yields z € clos g, (5). O
Notice that Theorem [B.1] becomes a special case of Theorem since A is an extended eigenvalue for T’
if and only if there is some non zero operator that intertwines AT and T.
4. The finite continuous Cesaro operator on Lebesgue spaces

Now we focus on the extended eigenvalues and extended eigenoperators for the Cesaro operator C
defined on the Lebesgue spaces LP[0,1] for 1 < p < co by the integral means ([.2)). Leibowitz [15] showed
that C; is indeed a bounded operator on L?[0, 1] and he computed its spectrum and its point spectrum.

Theorem 4.1. If0 < A <1 then X is an extended eigenvalue for the Cesaro operator C1 on LP[0,1] and a
corresponding extended eigenoperator is the weighted composition operator Xo € B(LP[0,1]) defined by

(Xof)(x) = 2=V f (@), (4.1)
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Proof. First of all, let us show that Xy is indeed a bounded linear operator. We have for every f € LP|0, 1]
1 1
| 1an @ ds = [ a0 e do
0 0

1 1
) / YDV ()P dy < A / F)P dy,
0 0

and this shows that X; is bounded on L?[0, 1] with || Xo| < AY/?.
Now let us show that X is an extended eigenoperator of C associated with the extended eigenvalue .
Let n € N and notice that Xoz" = z("1=Y/A 5o that
A
_A (nH1=N)/A

Ci Xoz" = C (n4+1-2)/X _
LRo® L n+1 n+1

X().In = )\X()Cll'n,

and since the linear subspace span {": n € N} is a dense subset of LP[0, 1], it follows that C; Xy = AX(C1,
that is, Xy is an extended eigenoperator of C; associated with the extended eigenvalue A. o

Our next goal is to show that if A is an extended eigenvalue of the finite continuous Cesaro operator

Cy € B(LP[0,1)]) then A is real and 0 < A < 1. First we show that Cy has rich point spectrum. Let

1 < p,q < oo be a pair of conjugate indices, that is,
1

S 4s=1

p

| =

Leibowitz |15] proved the following result about the point spectrum of Cf.

Lemma 4.2. The point spectrum of the Cesdaro operator Cy on LP[0, 1] is the open disc D(q/2,q/2). More-
over, each z € D(q/2,q/2) is a simple eigenvalue of C1 and a corresponding eigenfunction is given by

h.(z) = 20-2)/%,
The following theorem was conjectured by Borwein and Erdélyi |4] and it was proven by Operstein [16].

Theorem 4.3. (Full Miintz theorem in LP[0,1].) Let 1 < p < oo and let (r,) be a sequence of distinct real
numbers greater than —1/p. Then the linear subspace span{z", z™ ... a™ ...} is dense in LP[0,1] if and
only if

oo

o+ 1/p
; T (4.2)

Theorem 4.4. The finite continuous Cesaro operator Cq on LP[0,1] has rich point spectrum.

Proof. Notice that o,(C1) = D(¢/2,¢/2) is open and connected. Also, the mapping h: 0,(C1) — L0, 1]
defined by h(z)(z) = 20172/ is analytic, and h(z) € ker(C; — 2)\{0}. It is a standard consequence of the
full Miintz theorem that the family of eigenfunctions {h(z): z € D(q/2,q/2)} is total in L?[0, 1]. Indeed, it
suffices to consider a sequence of distinct real numbers (z,) with ¢/2 < z, < ¢ and such that lim z,, = g as
n — 00, since the sequence of exponents r,, = (1 — z,,)/z, clearly satisfies the condition (@2]). The result
now follows from Lemma [3.41 O

Corollary 4.5. If X is an extended eigenvalue for Cy on LP[0, 1] then X is real and 0 < A < 1.

Proof. This is a consequence of Theorem now that we know that C; has rich point spectrum and that
its point spectrum is the open disc D(q/2,q/2). O
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5. The discrete Cesaro operator on sequence spaces

We shall prove in this section that the set of the extended eigenvalues for the discrete Cesaro operator
is the interval [1,00) when p = 2 and that it is contained in the interval [1,00) when 1 < p < oo. Let
us recall that the discrete Cesaro operator Cy is defined on the complex Banach space ¢P by the sequence
of arithmetic means (LI)). Rhoades [19] showed that Cj is indeed a bounded linear operator whose point
spectrum is empty and he proved the following result about the point spectrum of the adjoint operator Cj.

Theorem 5.1. The point spectrum of C§ on the complex Banach space €7 is the open disc D(q/2,q/2).
Moreover, every z € D(q/2,q/2) is a simple eigenvalue for C§ and a corresponding eigenvector is the
sequence h(z) = (hn(2))nen defined by the relations

ho(2) =1,  ha(z) =[] <1 - é) forn > 1. (5.1)
k=1

Our first goal is to show that if A is an extended eigenvalue for Cy on ¢P then A is real and A > 1. Notice
that the method that we applied to C; in section Bl does not apply to Cy because the point spectrum of Cy
is empty. We consider instead its adjoint C§.

Theorem 5.2. The adjoint of the discrete Cesaro operator C§ € B(£?) has rich point spectrum.

Proof. Notice that 0,(Cg) = D(q/2,q/2) is open and connected. It is easy to see that the mapping
h: op(C§) — £% defined by equation (5.1) is analytic, and h(z) € ker(Cy — 2)\{0}. It is a standard fact
that the family of eigenvectors {h(z): z € D(q/2,q/2)} is total in ¢9. As a matter of fact, the family of
eigenvectors { f(1/k): k € N} is total in 7, because f,,(1/k) # 0 if and only if n < k. The result now follows
at once from Lemma [3.4 O

Corollary 5.3. If A is an extended eigenvalue of Cy on £P then X is real and A > 1.

Proof. First of all, we have A # 0 because Cj is injective. Also, notice that A is an extended eigenvalue for
Cy if and only if 1/X is an extended eigenvalue for C, and therefore it is enough to show that if \ is an
extended eigenvalue for Cjj then A is real and 0 < A < 1. This becomes a consequence of Theorem now
that we know that C§ has rich point spectrum and that its point spectrum is the disc D(q/2,q/2). O

Our next goal is to show in the Hilbertian case p = 2 that if A is real and A > 1 then A is an extended
eigenvalue for Cy. Kriete and Trutt [11] showed that Cp is subnormal using the following construction. Let
1 be a positive finite measure defined on the Borel subsets of the complex plane with compact support and
let H?(u) be the closure of the polynomials on the Hilbert space L?(u). Consider the shift operator M,
defined on the Hilbert space H?(u) by the expression (M., f)(z) = zf(z). Kriete and Trutt [11] showed that
there is a is a positive finite measure defined on the Borel subsets of the complex plane and supported on D,
and there is a unitary operator U: £2 — H?(u) such that

I—-Co=U"M_U,
or in other words
Co=U*(I - M,)U.

Then, the extended eigenvalues of Cy are the extended eigenvalues of I — M, and the corresponding extended
eigenoperators of Cy are in one to one correspondence with the extended eigenoperators of I — M, under
conjugation with U, that is, if a non-zero operator X satisfies (I — M,)X = AX (I — M.) then the operator
Y = U*XU satisfies CoY = \Y ).

Theorem 5.4. If A > 1 then X\ is an extended eigenvalue for I — M, and a corresponding extended eigen-
operator is the composition operator X defined by the expression

(XP)(z) = f (% ¥ §) . (5.2)

12



A—1 " A—1
Proof. Let f, = Xz2" = (T + ;) . We have f,11 = <T + ;) fn so that

and it follows that
(I = M) fn = AMfn — fat1)
so that

(I -—M)Xz"=I—-M,)fn

= )‘(fn - fn+1)
= MXz2"— XM,2")
= AX(I — M,)=",

and since the family of monomials {z": n € N} is a total set in H?(u), it follows that (I — M,)X =
AX (I — M,). O

Corollary 5.5. If A > 1 then \ is an extended eigenvalue for the discrete Cesaro operator Cy on 2.

6. Extended eigenvalues for bilateral weighted shifts

The third author [18] showed that the set of extended eigenvalues for an injective unilateral weighted
shift is either C\ID or C\{0}. We consider in this section the extended eigenvalues for a bilateral weighted
shift W on an infinite dimensional, separable complex Hilbert space H, that is,

We, = wnenti, n € 7, (6.1)
where (e)nez is an orthonormal basis of H and the sequence (wy,)necz of non-zero weights is bounded.

Theorem 6.1. Let us suppose that an operator T on a complex Banach space is similar to oI for some
complex number a.. If X is an extended eigenvalue for T then Ao is an extended eigenvalue for T.

Proof. Let S be an invertible operator such that o7 = S~!TS. Let X be an extended eigenoperator
associated with an extended eigenvalue A of T. We have

TX =AXT = \NXS9)(S™'T), (6.2)
so that
T(XS)=ANXS)(S™'TS) = Xa(XS)T. (6.3)

Notice that X.S # 0 because X # 0 and S is onto. This means that A« is an extended eigenvalue for T’
and X S is a corresponding extended eigenoperator. O

Theorem 6.2. If W is a bilateral weighted shift then every A € T is an extended eigenvalue for W.

Proof. Notice that if W is a bilateral weighted shift and if # € R then W is unitarily equivalent to e??W.
Hence, it follows from Theorem 6.1 with a = € and A = 1 that €* is an extended eigenvalue for . Thus,
the unit circle T = {\ € C: |\| = 1} is contained in the set of extended eigenvalues for W. O
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Shkarin [22] constructed an example of a compact, quasinilpotent bilateral weighted shift W so that the
set of extended eigenvalues of W is the unit circle.

Now we consider the point spectrum of a bilateral weighted shift. We shall follow the discussion in the
classical survey on weighted shift operators by Allen L. Shields [21]. Let us consider the quantities

ry(W): = lim_>sup|w0 w1 |V (6.4)
ry (W): = li}n_l}i@gf lw_y - w_p ™. (6.5)

It turns out that when r3 (W) < 75 (W) we have
{z € Cord (W) <[z <ry (W)} C op(W) (6.6)
ap(W) S {z € C:rf (W) < |2| <y (W)}

Also, every z € C with r§ (W) < |z| < ry (W) is a simple eigenvalue of W and a corresponding eigenvector
is given by the expression

760+Z w - en+z — €_n. (6.8)

Theorem 6.3. Let W be an injective bilateral weighted shift on an infinite-dimensional, separable complex
Hilbert space and suppose that 5 (W) < ry (W). If X is an extended eigenvalue for W then |\| = 1.

Proof. This result becomes a consequence of Theorem if we can show that W has rich point spectrum.
First of all, the interior of the point spectrum of W is the open annulus

G={z€C:ry(W) < |z| <ry (W)} (6.9)

Notice that this annulus is connected. Consider the analytic function h: G — H defined by equation ([83).
We have h(z) € ker(W — z)\{0}. We must show that the family of eigenvectors {h(z): z € G} is a total
subset of H. Take any vector g = > bpe, € H and suppose that (f(z),g) = 0 for all z € G. We ought to
show that then g = 0. Consider the complex function ¢: G — C defined by ¢(z) = (f(z), g), so that

S 1 = b
=D bpwo -+ Wy — — " eqG. 6.10
p(z) 0+nz::1 wo -+ W 1z”+nz::1w,1~-~w,nz z (6.10)
Thus, ¢ is analytic and it vanishes identically on G. Hence, b, = 0 for all n € Z, that is, g = 0. o

Let A € T and let us consider the diagonal operator Xy = diag (A\™"™),cz. We have

> wo -+ Wy—1 > AT
Z) :€0+;W€n+;m€7n :h()\z),
and it follows that
W Xoh(z) = Wh(Az) = Azh(Az) = Az Xoh(z) = AXoWh(z),

and since the family of eigenvectors {h(z): z € Q} is a total set, it follows that WXy = AXW, so that X,
is an extended eigenoperator for W associated with the extended eigenvalue A. Notice that X is a unitary
operator since |A| = 1.
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7. Extended eigenvalues for analytic Toeplitz operators

Now we focus on Deddens result (33]) and we show that it can be viewed as a special case of Lemma .11
We first show that the adjoint of a non trivial Toeplitz operator has rich point spectrum. The following
result is a generalization of Lemma [3.4] that suits the case of the adjoint of an analytic Toeplitz operator.

Lemma 7.1. Let T be a bounded linear operator on a complex Banach space E and suppose that there is an
open connected set G C C, an analytic mapping h: G — E and a non constant analytic function ¢: G — C
so that

1. h(z) € ker[T — ¢(2)]\{0} for all z € G, and
2. {h(z): z € G} is a total set.

Then T has rich point spectrum.

Proof. Since 1) is a non constant function, it follows from the open mapping theorem that (G) is open.
Now it follows from the first condition that (G) is contained in 0,(T"), so that int 0,(T") is non empty.
Then let D C 0,(T) be an open disc, let Go = ¥~ '(D) and let us show that the family of eigenvectors
{f(2): z € Go} corresponding to eigenvalues 1)(z) € D is a total subset of E. Let ¢g* € E* be a functional
such that (f(z),¢*) = 0 for all z € Gy. We must show that then g* = 0. Consider the analytic function
¢: G — C defined by ¢(z) = (f(2), g*). We have by assumption that ¢ vanishes on Gy. Now it follows from
the principle of analytic continuation that ¢ vanishes on G. Since the family of eigenvectors {f(z): z € G}
is a total subset of F, it follows that ¢* = 0, as we wanted. O

Theorem 7.2. If the symbol ¢ is not constant then the adjoint operator T3 has rich point spectrum.

Proof. Tt suffices to show that T} satisfies the conditions of Lemma [Tl Recall that the reproducing kernel
K, is the function defined for every z € D by the expression

Ka(w) = 5 _1%, (7.1)

and it has the property that (f, K.) = f(z) for all f € H?(D). It is easy to see that for all z € D we have
T,K,. = o(2) K. (7.2)

Then, consider the analytic function f: D — H?(D) defined by f(z) = Kz. We have T} f(z) = ¢(Z)f(z), so

that the first condition in Lemma [T]is satisfied by the analytic function ¥(z) = ¢(2z). Moreover, it is clear
that the family of eigenvectors {f(z): z € D} is a total subset of H?(DD). O

Deddens results (3.2]) and [B.3) now follow easily.

Corollary 7.3. If there is an operator X that intertwines two analytic Toeplitz operators T, and Ty, that
is, such that XT, = Ty X, then (32) holds.

Proof. Taking adjoints yields T2 X* = X*T7 with X* # 0. This means that X intertwines 7] and T, and

from Theorem [3.5] we get int 0, (7)) C closo,(T;). We have on the one hand (D) C int 0, (7};) and on the

other hand clos 0, (T,) C o(T;) = clos p(ID), so that ¥(D) C clos (D), as we wanted. O

Corollary 7.4. If the symbol ¢ is not constant and if X is an extended eigenvalue of Ty, then (3.3) holds.
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8. Factorization of extended eigenoperators in Hilbert space

Now we consider the problem of describing, for an operator on a complex Hilbert space, the family of all
the extended eigenoperators corresponding to an extended eigenvalue.

Notice that if X is a particular extended eigenoperator for an operator 7' corresponding to an extended
eigenvalue A € C and if R € {T'}’ then X(R is an extended eigenoperator for T corresponding to A. It is
natural to ask whether or not all the extended eigenoperators arise in this fashion. We provide a factorization
result in Theorem BTl under certain conditions that are fulfilled by any bilateral weighted shift whose point
spectrum has non-empty interior.

Our result is based on the construction of an analytic reproducing kernel space H for an operator 1" with
the nice property that the shift operator M, is bounded on H and that T* is unitarily equivalent to the shift
operator M, on the space H. The construction in the particular case of the operator 7' = I — C§ appears in
the paper by Shields and Wallen [20] and also in the papers by Kriete and Trutt [11, 12].

Then we apply this result to show that if W is a bilateral weighted shift whose point spectrum has non-
empty interior then W has the property that every extended eigenoperator X corresponding to an extended
eigenvalue A € T factors as a product X = XoR, where Xy = diag (A\™")nez is a unitary diagonal operator
(a particular extended eigenoperator) and where R € {W}.

We also discuss the applicability of this result to the finite continuous Cesaro operator or the adjoint of
the discrete Cesaro operator.

Let us recall that an analytic reproducing kernel space on an open set G C C is a Hilbert space H of
analytic functions f: G — C such that the point evaluations f +— f(w) are bounded linear functionals.
If H is an analytic reproducing kernel space on G then for each w € G there exists K,, € H such that
f(w) = {f, Ky) for every f € H. The function K: G x G — C defined by the expression K (z,w) = K, (2)
is called the reproducing kernel of H. It follows from the reproducing property that

K(Z’w) = Kw(z) = <KwaKz> = <K2,Kw> = Kz(w) = K(waz)

Since K is analytic in z, it follows that K is co-analytic in w, and K is said to be an analytic kernel.
If ¢: G — C is an analytic function such that ¢ - f € H for every f € H then ¢ is called a multiplier. It
follows from the closed graph theorem that the operator M, defined by M, f = ¢ - f is bounded.

Theorem 8.1. Let T be an operator on a complex Hilbert space H, let G C C be an open connected set and
suppose that there is an analytic mapping h: G — H such that

(i) dimker(T — z) =1 for every z € G,
(ii) h(z) € ker(T — 2)\{0} for every z € G,
(iii) {h(2): z € G} is a total subset of H.

Then there exists an analytic reproducing kernel space H on G with the property that M, is bounded on H,
and there exists a unitary operator U: H — H such that T* = U*M,U.

Proof. Let f € H and let f: G — C be the analytic function defined by the expression f (z) = (f,h(Z)).
Let ‘H be the Hilbert space of all functions f provided with the norm ||f|| = || f]|. It is clear that the map
U: H — H defined by U f = f is a unitary operator and that for every z € G we have

(UT"f)(2) = (I f, h(Z))
= (f,Th(z))
= (f.Zh(2))
= (2f,h(z))
= (M.Uf)(z).
It follows that UT* = M,U, so that M, is bounded on H, and T = U*M,U. O
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The following result about multipliers is an important tool for the proof of Theorem It is stated as
Lemma 5 in the paper of Shields and Wallen [20].

Lemma 8.2. If p € H*(G) then the multiplication operator M, defined by M, f = ¢- f is a bounded linear
operator on H with || Myl = ||¢]|co-

Another tool for the proof of Theorem is a result that has been extracted with slight modifications
from the proof of the main theorem in the paper by Gonzédlez and the second author [§].

Lemma 8.3. Let T € B(H) be an operator as in Theorem [81 and let X € B(H). The following are
equivalent:

(a) TX = XT,

(b) there is a bounded analytic function ¢: G — C such that for all z € G,

Xh(z) = p(2)h(z). (8.1)

Proof. First of all, if TX = XT then TXh(z) = XTh(z) = 2Xh(z), so that Xh(z) € ker(T — z) and it
follows from (i) that there is a function ¢: G — C such that Xh(z) = ¢(2)h(z). We claim that ¢ is analytic.
Let zp € G and let g € H\{0} such that (h(zp),g*) # 0. Then we have

(Xh(z),9)
(h(2),9)
so that ¢ is analytic at zg because it is the quotient of two analytic functions where the denominator does

not vanish in a neighborhood of zp. Also, it is clear that ¢ is bounded with ||¢|e < ||X||. Conversely,
suppose (b) holds. We have

p(z) = (8.2)

TXh(z) = p(2)Th(z)
= z2p(2)h(2)
= zXh(z)
= XTh(z).

Finally, it follows from (iii) that TX = XT. O
The next result is the key to the factorization of an extended eigenoperator.

Lemma 8.4. Let T be an operator as in Theorem [l and let A\ be an extended eigenvalue of T. Let us
suppose that \ satisfies A - G C G and let X be a corresponding extended eigenoperator. Then there exists
an analytic function ¢: G — C such that for all z € G we have

Xh(z) = p(2)h(Az). (8.3)

Proof. First of all, since X is an extended eigenoperator corresponding to A and since h(z) is an eigenvector
corresponding to z, we get

TXh(z) =AXTh(z) = A\zXh(z)

for every z € G. This means that Xh(z) € ker(T — Az), and it follows from (i) that there is a function
¢: G — C such that Xh(z) = p(2)h(Az). We claim that ¢ is analytic. Indeed, let zp € G and let g € H
such that (f(Az0),g) # 0. Then

(Xh(z),9)

p(z) = B0 g) (8.4)

so that ¢ is analytic at zg because it is the quotient of two analytic functions where the denominator does
not vanish in a neighborhood of z. O
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We say that an analytic reproducing kernel space H is dilation invariant provided that, for every A € C
such that A\G C G, the composition operator Y, defined by the expression

(Yof)(z) = f(A2). (8.5)
is a bounded linear operator on .

Lemma 8.5. Let us suppose that the model space H of Theorem[81l is dilation invariant, let A be a complex
scalar such that \G C G, let Yy be the composition operator defined on H by equation (83), and set
Xo =U*YoU. Then X is an extended eigenvalue for T and Xy is a corresponding extended eigenoperator.

Proof. We claim that Xoh(z) = h(\z) for every z € G. The result then follows easily because
TXoh(z) =Th(\z)
= Azh(Az)
= AzXoh(z)
= )\XoTh(Z),

and from (iii) we get TXy = AXoT. Now, for the proof of our claim, observe that UXy = YU, so that
UXoh(z) = YoUh(z) = Uh(Az), and the claim follows. O

Theorem 8.6. Suppose that the model space H of Theorem [81l is dilation invariant and that the extended
eigenoperator Xo of Theorem [810 is bounded below, i.e., there is a constant ¢ > 0 such that || Xof] > c|| f]|-
If X is an extended eigenoperator for T corresponding to X\ then there exists R € {T'}' such that X = XoR.

Proof. First of all, apply Lemma [R4] to find an analytic function ¢: G — C such that for all z € G,
Xh(z) = p(2)h(Az2). (8.6)
Notice that Xh(z) = ¢(2)Xoh(z), and since Xy is bounded below, we get
[Xh(z)[ _ 1 [[Xh(z)] _ 1
[Xoh(2)]| — ¢ [h(z)]| ~ ¢

so that ¢ is bounded. Then, consider the analytic function ¥ (z) = ¢(z). Thus, ¢» € H*(G), and according
to Lemma [B] the multiplication operator My, defined by My f = 1 - f is a bounded linear operator on H.
Next, consider the operator R = U*MjU. We claim that for all z € G we have

Rh(z) = ¢(2)h(z). (8.7)
Indeed, from the definition of R we have
URh(z) = MjUh(z),
so that for all z,& € G we get
[URK(2)|(§) = [MyUR(2)](£)

=¥(2) - [UA(©)](Z)
= ¢(2) - (UN(E), Uh(2))
= ¢(2) - (Uh(2),UR(8))
= ¢(2) - [UR(2)](9),



so that URh(z) = ¢(2)Uh(z) for all z € G and the claim follows. Finally, it follows from equation (8.7) and
Lemma B3 that R € {T'}'. Moreover, Xh(z) = ¢(z)Xoh(z) = XoRh(z) for all z € G, and it follows from
(iil) that X = XoR, as we wanted. O

Let W be an injective bilateral weighted shift on an infinite-dimensional, separable complex Hilbert space
H, so that for every n € Z we have

Wen = wpenii, (8.8)

where (e,)nez is an orthonormal basis of H and the sequence (wp)nez of non-zero weights is bounded.
Recall that the point spectrum of W is the open annulus G = {z € C: r§ (W) < |z| < ry (W)}. Also, recall
that every z € G is a simple eigenvalue of W and a corresponding eigenvector is given by

i60+zw0 en+zw . € _n. (8.9)

It is easy to see that conditions (i), (ii) and (iii) of Theorem [R] are satisfied. Then, let A € T and
consider the unitary diagonal operator Xy = diag (A™")nez. A direct computation shows that that X is an
extended eigenoperator for W corresponding to the extended eigenvalue A, and moreover, Xoh(z) = h(Az).
Therefore, the model space ‘H of Theorem is dilation invariant, and the operator X is bounded below.
Thus, we get the following

Corollary 8.7. Let W be an injective bilateral weighted shift on an infinite dimensional, separable complex
Hilbert space and suppose that rgr(W) <ry (W). Let X be an extended eigenoperator for W correponding to
some extended eigenvalue A € T. Then X admits a factorization

X = XyR,

where Xo = diag (A" )nez s a unitary diagonal operator (a particular extended eigenoperator for T') and
where R € {W}'.

Let us see if Theorem B.1] can be applied to C;. Let G = {z € C: |z — 1] < 1} and let h: G — L?[0,1] be
the analytic mapping defined by the expression

h(z)(z) = 2172)/2, (8.10)
We have already seen that the conditions (i), (ii) and (iii) of Theorem [8] are fulfilled. Then, let 0 < A <1
and consider the weighted composition operator X, defined on L?[0, 1] by the expression
(Xof)(x) = 2a0=VAf (1),

We know that X is bounded with || Xo| < A2 and that Xoh(z) = h(\z). Tt follows that the model space
‘H is dilation invariant. However, we cannot apply Theorem because X is not bounded below. Indeed,
if Xy is bounded below then there is a constant ¢ > 0 such that || Xof|| > c||f|| for all f € L?[0,1], so that

1 b3
2 7 TXoh(2)|I2
UFEI

TSI
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Z
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2Re —= +1

z
2(—1>\+1Relz>+1
z
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A A
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and this is a contradiction.

Let us see if Theorem BJ] can be applied to the adjoint of the discrete Cesaro operator. We consider
the operator T'= VC;V* € B(H?*(D)) and the analytic mapping h: G — H?(D) defined by the expression
h(z) = Vg(z), so that h(z)(€) = (1 — £)(1=2)/ Tt is easy to see that h is analytic on G and that the
conditions (i), (ii) and (iii) of Theorem [l are satisfied. However, we cannot apply Theorem because
the model space H fails to be dilation invariant. Indeed, if H is dilation invariant then for every 0 < A < 1
there is a constant ¢ > 0 such that ||h(Az)]] < ¢||h(2)]|. When A = 1/2, we set z = 1/(n + 1) and we get

h(2)(§) = (1 = &)™,
h(z/2)(§) = (1 - >,

so that for every n € N we have

11 =& ) < 1A =" F2m)-
Use the binomial theorem to get

(1-gr =§<—1)k(2)sk.

0

It follows from Parseval’s identity that

11 = &) 32y = kﬁ; (Z)2 - (2:)

Then we have

2 11 = €)*" 132 py
- H(lfg)nH%{z(]D))

(o)
()
(4n + 2)!nln!
(2n+ 1)1 (2n+ 1)! (2n)!

but using Stirling’s formula, the last expression is approximately 227%2, and this is a contradiction.

9. The infinite continuous Cesaro operator on Hilbert space

As we mentioned in the introduction, in this section we show that, in contrast with the operator Cq, the
set of extended eigenvalues for the operator C is as small as it can be, that is, it reduces to {1}.

There are several examples of Hilbert space operators with this property in the literature. It is worth
mentioning some of them. Biswas and the third author 3] showed that if @ € B(H) is a quasinilpotent
operator then the set of extended eigenvalues for a + @ for every complex number a # 0 reduces to {1}.
They also showed when dim H < oo that the set of extended eigenvalues for T' € B(H) reduces to {1} if
and only if o(T) = {a} for some complex number « # 0. Finally, an example was given by Shkarin [22]
of a compact quasinilpotent operator on a Hilbert space whose set of extended eigenvalues reduces to {1},
answering at once two questions raised by Biswas, Lambert and the third author [2].

Brown, Halmos and Shields [6] proved that C', is indeed a bounded linear operator, and they also proved
that I — C% is unitarily equivalent to a bilateral shift of multiplicity one.
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Recall that a bounded linear operator U on a complex Hilbert space H is a bilateral shift of multiplicity
one provided that there is an orthonormal basis (e,,) of H such that Ue,, = e,41 for all n € Z.
Consider a bilateral shift of multiplicity one U € B(L?[0,1]) and a unitary operator V € B(L?[0,1]) such
that I — C% = V*UV. We have
Coo =V*I -U")V,

and it follows that the extended eigenvalues of C, are precisely the extended eigenvalues of I — U™, and
that the extended eigenoperators of C, are in one to one correspondence with the extended eigenoperators
of I — U™ under conjugation with V.

Lemma 9.1. Let X be an operator satisfying (I —U*)X = AX (I —U*), and let ... X_1, Xo, X1, X2,... be
the rows of the matrix of X. Then
Xps1 = (AU +1 - X) Xo,,

for all n € Z. Consequently, for any m,n € N,
Xman =AU +1-=XN)" X,,.
In particular, if m =0, X,, = (AU +1—\)" X, for all n € N.

Proof. Taking adjoints we obtain X*(I —U) = A(I — U)X* so that X*e,, — X*enq1 = A — U)X "¢, and
therefore X*e,, 11 = (AU +1—X)X*e,. Hence, X;,11 = X*ept1 = AU +1-N)X*e,, = N\ U+1-N)X,. O

Theorem 9.2. Let U be a bilateral shift of multiplicity one, and let X be a complex number with \ # 1.
Then the equation (I —U*)X = AX (I —U") has only the trivial solution X = 0.

Proof. Let A be a subset of the interval [0,27) such that [Ae®® +1 — \| > 1 for all t € A. Each row X,, of
the matrix for X is a doubly infinite, square summable sequence of complex numbers, so it can be identified
with a function in L?(T), with these complex numbers as its Fourier coefficients. Since every point on the
unit circle is of the form e® for a unique t € [0,27), the set A corresponds to a subset A’ of T. We will
show that X is equal to 0 almost everywhere on A’. Indeed, if that was not the case, there would exist a
set Ag C A of positive measure and a constant ¢ > 0 such that |Xq ()| > c and |Ae? +1— | > 1 + ¢ for all
t € Ap. It would then follow that for every n € N,

2
1|17 = / X (1) 2 dt

2

:/ [(AU +1—X\)" Xo(t)]? dt
0
2 )

:/ (e 41— N)" | Xo(t))? dt
0

2/ (A + 1 — A)" [2IXo(6)P dt
Ao

2/ (1+c)2”02dt—>oo, as n — oco.
Ao

Now we turn our attention to the set B C [0,27) such that [Xe®® +1 — A| < 1 for all t € B. Once again,
Xy is equal to 0 for almost every ¢t € B. Otherwise, there would be a set By C B of positive measure and a
constant d € (0,1) such that |Xo(¢)| > d and d < [Ae® +1 — | <1 —d for all t € By. It would then follow
that for every negative integer n,

IXal® = JoT IXa ()2 dt =[5 [Xa(O)? dt = [ |Xo(8)2Ne™ + 1= A2 dt

> [, (1 = d)*™ dt — 00, asn — —o0.

21



Thus, the function Xy is zero almost everywhere on AU B. The complement of this set in [0, 27) consists of
two points. These are the points of intersection of the unit circle and the circle with center (1 — A)/A and
radius 1/|A|. The only exceptions occurs when A = 1 and A = 0. In the former case, the two circles coincide,
and in the latter [Ae®® + 1 — A| =1 for all ¢ € [0, 27). However, the case A = 0 has been ruled out since the
kernel of I — U™ is trivial.

We conclude that, unless A = 1, X is the zero function in L?([0,27)) and, by Lemma [I.1] the same is
true of X,, for any n € Z. Consequently, X = 0 and the theorem is proved. O

10. The infinite continuous Cesaro operator on Lebesgue spaces

Let 1 < p,q < oo be conjugate indices, that is,

1 1
S p =1
p q
Our aim in this section is to show that the set of extended eigenvalues for the infinite continuous Cesaro
operator C, on the complex Banach space LP[0, 00) reduces to the singleton {1}.
Before we present our result we define a sequence of functions {e, }nez in L7(0,00). This construction
is modeled after the one in [6] for the case ¢ = 2. Let eg = x(o,1), and let

en=(1-2/qC%)"ey, forneN.

Next, we define an operator R on the linear span of {e,}nen by

Ri) =~ (1))

and define e_,, = Re,—1(z), for n € N.

Proposition 10.1. Let the sequence of functions {e,}nez be defined as above. Then {en}nez is a linearly
independent set of functions in L1(0,00) and its closed linear span is L1(0,00). Further, the operator
1—2/qC% shifts this sequence, i.e., (1 —2/qC%* Ye, = eny1 for all n € Z. Finally, for any v € (0,1) there
exists K = K(v) such that |lex|| < Ky~ if n >0, and |le,|| < K™ if n < 0.

Proof. We start with the observation that the Cesaro operator C, is a bounded operator on LP(0, 00), so its
adjoint C%, is bounded on L%(0,c0). Therefore, e,, € LI(0,00) for n > 0. Furthermore, it is straightforward
to verify that ||Reyl|lq = |lenllq, 50 en € LI(0,00) for n < 0 as well.

Next we will show that {e, }nez is a total set in L9(0, 00). First we notice that for n > 0, each function
ey, vanishes outside [0, 1], and for n < 0 outside of (1, +00). In both cases it suffices to demonstrate that if a
bounded linear functional vanishes on all {e,,} then it must be the zero functional. Further, each functional
on L9(0,1) can be represented by a function g € LP(0,1). So, suppose that g is such a function and that
fol eng =0 for all n > 0. Let g, = (I — C% )" e, for n > 0. It was proved in [6] that {g,} is an orthonormal
system in L?(0,1). Further,

neoge s (-2 - S0 -9 '

o) fol gng = 0 for all n > 0. Thus, any bounded linear functional that vanishes on {e,} must vanish on
{gn}, hence on L?(0,1), and it must be zero. When n < 0, we will assume that g € LP(1,00) and that
[  e—ng =0 for all n > 1. However, using the substitution ¢ = 1/z,

/100 e_n(z)g(x)dr = — /OO e, 1 (1/2)g(z) dx

- / e, (0301 /1) dr.
0
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So, the previous case implies that t~2/Pg(1/t) is the zero function, whence g = 0.

Next we consider the set F defined as follows. A function f € L7(0,00) belongs to F if there exists a
sequence of complex numbers {c, }nez such that f =3 _, cne,. Since {e,}nez is a total set, F is dense
in L%(0,00). Now we will show that if f € F, there is exactly one sequence {cy, }nez. In order to do that it
suffices to demonstrate that, if ZkeZ crer = 0 then ¢ = 0 for all k € Z. Notice that

q oo q 1] oo q o | =1
E Cker =/ E Cke =/ E Cke +/ E Ckek
0 U P 1

q

kez kez k=—o00
-1 q 0o q
= E cker| + E ckek||
k——oo k=0

so we can consider separately n > 0 and n < 0. We start with n > 0. Let o € D(q/2,q/2) and f.(z) =
(=)o Since || f|, > |f01 ffal/llfallp for any f € L9(0,1) and f, € LP(0,1) it follows that

/01 (ickek> fo=0.

k=0
/Olekﬁ/ol (120;0) eoﬁ[)leo<1§0;)fj,

Further, (1 —2/¢Cx)* fo = (1 — 2/q@)" fo + vk, where vy, is a function that vanishes on (0,1). Thus,

1 oo k
/ ck<12a> fa=0.
(O— q

Notice that, if £ >0

k

It is easy to see that fol fo # 0, so we obtain that
00 k
2
ch <1 — —a) =0.
k=0 4

This implies that the analytic function Y- (1 —2z/¢)"* vanishes in the disc D(g/2,¢/2), whence ¢; = 0 for
all k. This settles the case n > 0 and we turn our attention to n < 0. We will use the identity

e_n(x) =", (1)) (10.1)
which holds for all n € N, and follows directly from the definition of e_,,. Suppose that there exist complex

numbers {ci} such that
oo

Z CLE_Lk|| = 0.

k=1
Using (I0.0]), it follows that

oo | © q
/ Z cre~ e, (1/2)| dx = 0.
b lk=1
With the substitution ¢t = 1/ we obtain
1|00 a
/ Z Ckekfl(t) dt = 0,
0 k=1

23



so the result follows from the previous case.

Our next step is to establish the desired estimate on the norm of e,,. To that end, we notice that the
spectrum of 1 — (2/¢)C* is the unit circle. Thus, if v € (0, 1), the spectral radius of v(1 — (2/¢)C*) is less
than one. It follows that this operator is similar to a strict contraction, hence power bounded. That is,
there exists K > 0 such that for n > 0, ||(y — (2v/q)C*)"|| < K. Therefore,

2 _\" 1\" 1\"
|en||H(1—coo) o g(—) K||eo|K<—) |
q Y v

As we had already noticed, ||e_,|| = ||en—1]| so the analogous estimate for e, indexed by negative integers
follows.

Finally, we will prove that (1 —2/qC% )e,, = en41 for all n € Z. For n > 0 this is just the definition of
en, so we focus on the case n < 0. We will show that, for n > 0,

(1 - 2CC’:O) R (1 - 2CC’:O) en = Re,,. (10.2)
q q

Once this is established the result will easily follow. Indeed, if n > 1 then

2 2
(1 - —C;) €_p = (1 - —C;O) Rep—1
q q
9 -1
R<1 _C;o) €n—1
q
= Ren72 =€ _n+1-
2 2
1—-C% )e_1(z)=(1—=C% | Reo(z
(202} (- e
= _ (1 _ gcgo) 35—2/qeO (l)
q T
1 2\ [t 2ey(1
oy (D) (2) [l
T q) Js t

Since eg = X(0,1), if 0 < 2 < 1 then eo(1/x) = 0 and the domain of integration is reduced to (1, +o0). Thus,

we obtain 2
2 o 2/
() [
a/ J1 t
If © > 1 then eg(1/x) = 1 so we obtain

2 o 4=2/q
—xm (—) / L dt = 0.
a/)Ja

We conclude that (1 —2/¢C%)e_1 = ep.
Thus it remains to establish the identity (I0.2)). Let f be any function in L?(0, co) that vanishes outside

the interval (0,1). Then
2 2
(-2 n(i-2ez) 1=
q q

When n =1

= g 2/af (l) + Ex—2/q @ dt (10.3)
€z q 1/x
2 [t 2af(1/t 4 [ t=2/a >
+—/ Mdt—j/ ar [ L9 gy
qJz 3 q Jg t 1/t S
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If 0 < x < 1 the first two terms are equal to 0, and in the remaining two, the domains of integration are
changed. We obtain

t q

2 [T A )
/1 dt /1 dt d

q 2 t 1/t S

Now the substitution u = 1/t followed by the change in the order of integration in the second term yields
2 w2/ f f
[ [ 2
_2 / WL _ 2 / () / LAy
q.Jo

S
2 2/’Jf() f() 4 2
o g, 2 9 s
q/o u B qQ/o s 2 =0

If > 1, we will obtain that all the terms in (I03) except for the first cancel. Once again, we use the
substitution « = 1/t in the last two terms and obtain

xmHaf (%) 22 [T IO 4 (10.4)

q 1/x t

Further, after interchanging the order of integration in the iterated integral, it becomes

1/z s ,2/q 00 1/x 2/q
/ &ds/ L ﬁds/ L
0 s 0o U 1)z S 0 u

_ /1/I f(S) gSQ/qu+ > f(S) gz72/q ds
o 2 2 ’

S 1/I S

so it is easy to see that we have the announced cancelation. Combining these two cases we conclude that

(1-2ca)r(1-2e)s=ns
q q

whenever f vanishes outside (0,1). In particular, if f = e,, for n > 0, we obtain (I0.2]). O

Proposition 10.2. Let {e,}nez and F be as in Proposition[I01] and let 0 < 6 < 1. Let Wy : F — L9(0, 27)
be a linear transformation defined by

glnl

Woen = T gymactizoirar ©

"t forn € Z,

and extended linearly. Then there is a constant K = K(p,q) such that, for any 6 € (0,1) and any f € F,
(IWafll < K| f||. Consequently, Wy extends to a bounded linear operator Wy : L1(0, 00) — L7(0, 27).

Proof. We will show that there exists such a constant K that does not depend on 6 and such that, for any
=12 . cker € LY0,00) and any n € N,

n

E cke\k\eikt

k=—n

K

= U= gymsi/pi/a)

(10.6)

n
§ Ckek
k=—n
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We start with the fact that ZZ:_H cp 0kl ikt g continuous, so its modulus attains its maximum at some
to € [0, 27]. Consequently,

n q o n q
Z Cke\k\eikt :/ Z ck9|k|eikt dt
k=—n 0 k=—n
n q
< 27 Z cke‘k‘eikt"
k=—n
n 9 k -1 9_ —k |9
=27 ch(l——a) —I—ch(l——ﬁ) ,
k=0 q k=—n q

where a = q/2(1 — fe~0) and B = ¢/2(1 — fe'’o). Let

1
g1(z) = (1 - 25) ﬂX(0,1)($)$(17Q)/a7

g2(z) = fax(lm)(x)z72/pf(1fﬁ)/ﬁ,

and g = g1 + g2. Notice that g belongs to L?(0, 00). Indeed, it suffices to establish that
1-— 1—
Re (u) > —1 and Re (—2 — W) < -1

(0%

These inequalities can be reduced to Re(1/a) > 1/¢ and Re(1/8) > 1/q, which in turn is equivalent to
a, B € D(q/2,q/2). Since these are obvious, g € LP(0, c0). Moreover,

o0
lall” = [ lox + el
0

/01

-p 0
1— 25‘ |Bat=e) /P +/ lag—2/P=(1=F)/B|p
q 1

1 1 1
=8P — 4+ —
I TR R TR
Further,
1-— 1
1+Reu =1—p+pRe—
« «
p _
=1 —p+ WRG(O&)
—1-pt+ —2 __Re(1 - 0e)
q|1 — fe—ito |2

P 1 —6costy
==(-1+2
q< + 1—29cost0+92>

D 1— 62
gl —20costy + 62’

and the same equality holds with 3 in place of a. Using the relation a = /3, we obtain that

1 1B[” lae]? Y
lgll = (971+Rep(1aa> + 1+Rep<1ﬁm) (10.7)
1/p
= (7 +1)"" o] (312252 (103)
P 1/p 1+2/p
_ ((6P+1) la
- ( (9-‘,—1);;1) 6(1—0)t/r" (10.9)
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Next,

n
E Ck€k

k=—n

> /°° Z crer g
0

1
2 gl

(o) n 1
= / Z cker g1 + g2|
[ — llgll
co M c© —1
= / ch6k9_1+/ Z Ckek g2
0 k=0 0 k=—n

co M 9 . k oo —1
= / ch (1 — —Coo) eog_1+/ Z ckRe_k,—192
0 k=0 q 0 k=—n

1
gl

1
llgl

o N 9 k o -1 9 —k—1 1
= / cheo (1 — —C’oo) g_1+/ Z c R <1 — —C;) €0 Jz| —
o = q 0o = q llgll
1 n k o —1 —k—1
2 2 | 1
= / ZCkEO <1 — —a) ﬁ—‘y—/ Z Cr€o (1 — —Coo) Rg2| —.
wart q 0o q llgll

It is not hard to see that the operator R* is given by the formula R* f(x) = —z =2/ f(1/x), so

Rga(x) = @™ ?/PX(1,00)(1/2) 2/ PHO=0 = Gy 1y ()2 =P/ = afz(a).

Therefore, the second integral can be written as

a/ol i cweo() <1 - 20) 7k71f5(x) dz

k=—n
1 —1 —k—1
= a/o kzz_n ckeo(x) (1 - zﬁ) fz(z) dz
= 9\ —h-1
=af ) a (1——6>
k=—n q
L 9 \~1 -t 9\ k
—oi(1-33) Xa(i-77)

Since the first integral equals

we obtain that

1
llgll

n k —1 —k
ch (1 — 2&) + Z Ck (1 — EE)
q . q

a8 (1 _ 2E>_1
q ——n

n /P 1/p
o> 1 kit [0+ Dp P 0(1 - 0)
= 1> ™™
k=—n

0 (2m)l/a (67 +1)q a1 +2/P

1/p
P 1 1-2/p 1/p
> (£ 1—-6
> (q) Gy el = 0)

n
k| ikt
E cp8'*le?

k=—n
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If1<p<2then1—2/p<0,so0

o127 > (g)li/p 1162 > (3)172/}7

2172/17.

If p>2then 1—2/p >0, so
|a|172/p > (3)172“) (1 _ 9)172/P

and it follows that, in this case,
o 1=2/7 (1 — 0)/P > (g)H/p (1— )12/ _ (g)“g/p (1),

Therefore, there exists K = K(p,q) such that (I0.6) holds. We conclude that W is a bounded linear
transformation and that ||W] < K. O

Theorem 10.3. Let Cy, be the Cesaro operator on LP(0,00) for 1 < p < oo, and let A # 1 be a complex
number. If X is a bounded linear operator on LP(0,00) such that Coo X = AX Co, then X = 0.

Proof. Let ¢ be the exponent conjugate to p, i.e.,, 1/p+ 1/¢ = 1. Since C, acts on LP(0, 00), its conjugate
operator C% is a bounded operator acting on L%(0,00). Let {e,}nez be set of functions inf L(0,00) as
defined above, let 6 € (0,1), and let W = Wy be as in Proposition I0.21

Next, let M, be the operator of multiplication by e on L%(0,27), and let T be a weighted shift on
L%(0,27) with weight sequence {py,}, i.e.,

0, ifn>0, gt

Le™ = 1, et with u, = = —.
a =16 itn<o, oM

Then
9 9\n+1| )
—_—C* = = Z(n-‘rl)t
(1 qCOO) €n Wen-i-l (1 — o)max{l/pﬁl/Q} €
B 017 int
= [ = gymaxtizmyay M=¢

=I'We,

so W(1 —2/qC* ) =TW. Further if Coo X = AXC then X*C* = AC* X*, so we have
X* (1 - 20;) = (1 - gXQ;) X*.
q q
This implies that (1 — 2/gA\C) X *e, = X*(1 —2/qC% )e, = X*enq1 and, inductively, that
2
X, = (1 — XC%)" X ep, (10.10)
q
for all n € Z. Notice that
2 . s 2o
W(l——)\COO> =W (1—)\+)\— —)\COO)
q q

=1 - NW + AW (1—3(};0) =UW,
q
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where U = 1 — XA + AI'. By the definition of I", we have
Ue™ = [(1 = X) + Me"] e™, if n >0, and

. — —1 . .
Ue™t = {(1 -+ )\56”] e if n <0.

The estimates established in Proposition [[0.1] allow us to obtain an estimate on the operator norm || X*||.
We have

" X*ep 1 oos )
| X*| > H lenl] ” > =7 [X*en]l, if n >0, and
il I Xenll o1 .

As for || X*e,| we have

9_ n
1X*ell = | <1 - —Ac;o> X*eo

9_ n

W — \C* X*

—||W||” ( p °°) ol
1

uUrwxr
1

1o fll
— v

where f = W X*ey. Combining with the prev10us estimates, we obtain that

[ = 1o £l it n >0,

7
K HWH
and

O U™, if n < 0.

WWH
Let

A, ={t€[0,27] : [y(1 = X) + My0e’| > 1},

B, ={tec[0,2n]: [y~'(1 = X) + Ay~ 1/0e"| < 1}
Using the same argument as in the proof of Theorem 0.2 we see that f must be 0 on A, U B,. Since this

must be true for any v € (0, 1), we see that f must vanish on A = U,¢(0,1)4y and B = U,¢(o,1)B,. Thus, f
can be different from 0 only on the complement of AU B. But,

(AUB)® = {t € [0,27] : |(1 = X) + e < 1 and |(1 — X) + geit| > 1)

Let re’ be the polar form of (1 —\)/\. Since we are assuming that A # 1, this complex number is not zero,
so ¢ is well defined. Then

(AU B)°
i 1. 1
={te0,2n]: |r+ 09| < oy and |r + éez(tﬂ”” > W}
={tc 0,27 : r* + 6% + 2rfcos(t — ¢) < |)\|2}ﬁ
1
N {t € [0,2n]: T+9—2+29005(t )ZW}

0 (1 L, 1 1 (1 5
= = —= — - < — < — | — — — .
{t € [0, 2] o <|)\|2 r 92) < cos(t—p) < 50 <|)\|2 e —0 )}



Notice that, as 8 1 1, both bounds for cos(t — ) converge to the same number. It follows that, for a fixed
t € [0,27] there exists © € (0,1) such that, if 6 > © then t ¢ (AU B)°. In other words, if § > O then

F(t) =o.

Let us write X*eg =Y. _,cpen. Then

nez

o0

glnl .
f(t) = (WX*GO)(t) = Z Ck (1 . o)max{l/p,l/q} eznt.

n=—oo

For a fixed ¢ € [0,2n] the power series above is an analytic function of 6, for || < 1, and this function
vanishes on the line segment (0, 1), so it must be zero. Consequently, c_,e~ "t + ¢, e = 0 for every n € N.
Since this is true for all t € (AU B)¢, it is easy to see that ¢, =0 for all n € Z. Thus X*ey = 0 and (I010)
implies that X*e,, = 0 for all n € Z, whence X = 0. O

11. Some open problems

Here is a list of problems that we find interesting and that we have not been able to solve.

1. Show that the co-analytic Toeplitz matrix A of Theorem 2.3linduces a bounded linear operator on £2,
or in other words, show that the supremum in equation (2.8) is finite.

2. Show that if X is an extended eigenoperator for C; on LP[0,1] then there exists R € {C1}’ such that
X = XoR, where X is the weighted composition operator of Lemma (.11

3. Show that if 1 < p < oo and if A is real and A > 1 then A is an extended eigenvalue for Cj on £P.

4. Let T € B(E) and consider the Deddens algebra Dr associated with T, that is, the family of all
X € B(E) for which there is a constant M > 0 such that for every n € N and for every f € E,

[T"X fI| < M|[T"f]]. (11.1)
When T is invertible this is equivalent to saying that

sup ||[T"XT~"|| < oc. (11.2)
neN

The Deddens algebra Dr is a not necesarily closed subalgebra of B(F) that contains all extended
eigenoperators corresponding to extended eigenvalues A with [A] < 1. Show that Do = {Cx}’. A
consequence of this result would be that the set of extended eigenvalues for C reduces to {1}.
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