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Abstract As a sequel of [4], this paper is devoted to the computation of the
digital fundamental group 7¢(0/S; o) defined by loops in the digital object O
for which the digital object S acts as an “obstacle”. We prove that for arbitrary
digital spaces the group 7¢(0/S; o) maps onto the usual fundamental group of
the difference of continuous analogues | Aous| — | As|. Moreover, we show that
this epimorphism turns to be an isomorphism for a large class of digital spaces
including most of the examples in digital topology.

Introduction

This paper deals with a notion of digital fundamental group for complements of
objects in binary digital pictures. The interest of such a notion is found in the
theory of 3d image thinning algorithms. After applying a 3d thinning algorithm, the
“tunnels” in the input and output digital pictures must agree in number and position,
and this can be correctly specified by saying that the algorithm preserves the digital
fundamental groups of both the object displayed in the picture and its complement
(see Criterion 2.3.2 in [7]).

The first notion of a digital fundamental group was given by Khalimsky [6] for a
particular type of digital spaces, which are based on a topology on the set Z" for every
integer n > 0. This way, Khalimsky deals with sets of pixels regardless of considering
them as digital objects themselves or as complements of other objects. However,
Khalimsky’s fundamental group is not suitable for other kinds of digital spaces often
used in image processing, as the («a, #)—connected spaces defined on the grid Z", where
(a, B) € {(4,8),(8,4)} if n = 2 and («, ) € {(6,26),(26,6), (6,18),(18,6)} if n = 3.
Later on, Kong [7] gave a different notion of a digital fundamental group for a large
class of graph—based digital spaces, including the (a, #)—connected spaces. As usual
in the graph—theoretical approach to Digital Topology, Kong’s digital fundamental
group involves a different definition for objects and their complements in a given
digital space. Namely, if O C Z" is an object in the (a, 3)-connected digital space,
Kong defines the digital fundamental group of the complement of O in that space as
the fundamental group of the object Z" — O in the corresponding (3, a)-connected
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digital space. Nevertheless, this notion is restricted to 2d and 3d digital spaces and
seems not generalize to give higher digital homotopy groups.

Recently, the authors [4] have introduced a fairly general notion of digital funda-
mental group that includes, as particular cases, the corresponding notions for both
objects and their complements in a digital space. More precisely, in [4] we define the
digital fundamental group 7¢(O/S, o) of a set of pixels O regarding to an object S,
which plays the role of an “obstacle” that the loops in O cannot cross; and then, for a
digital object O in a digital space X, the particular cases 7¢(0,0) = 7¢(0/0, o) and
74X —0/0, o) correspond to the digital fundamental groups of the object O and its
complement in X, respectively. This approach presents, at least from a theoretical
point of view, several advantages over the notions of Khalimsky and Kong. Firstly, it
can be readily generalized to define higher digital homotopy groups (see [4]), as Khal-
imsky’s notion; and, secondly, this group is available on a larger class of arbitrarily
dimensional digital spaces than both Khalimsky’s and Kong’s digital fundamental
groups.

The group 7¢(0/S, o) was introduced within the framework of the multilevel ar-
chitecture for Digital Topology given in [3]. That architecture provides a link between
the discrete world of digital pictures and Euclidean spaces, where the “continuous per-
ception” that an observer may take on a picture is represented via a polyhedron called
its continuous analogue. In general, this link can be used to obtain new results in
Digital Topology, by translating the corresponding continuous results (for instance,
we use it in [2] to prove a general Digital Index Theorem for all («, 3)-connected
spaces on Z> and also for digital spaces defined on the grid Z", for n > 3). Moreover,
this link can be also used to check that a new digital notion is an accurate counterpart
of the usual continuous one. So, we give in [4] an isomorphism from the digital fun-
damental group 7(O, o) = 7{(O/0, o) of an object O onto the classical fundamental
group of its continuous analogue.

As a sequel, we extend in this paper the results in [4] to the more elaborate case
of the digital fundamental group 7¢(X — O/O, o) of an object’s complement. More
precisely, for an arbitrary obstacle S # (), we give in Section 3.1 an epimorphism
from the digital fundamental group 7¢(0/S, o) onto the fundamental group of the
complement of the obstacle’s continuous analogue. Although there is strong evidence
that this epimorphism is not injective in general, we show in Section 3.2/ that it is
actually an isomorphism for a large class of digital spaces, including those most used
in image processing. This supports also for complements of objects the suitability of
our definition of the digital fundamental group «¢ in [4].

For the convenience of the reader we review the basic notions of the multilevel
architecture quoted above and the definition of the group 7¢(O/S, o) in Sections [1
and 2, respectively.

1 Preliminaries

In this section we briefly summarize the basic notions of the multilevel architecture
for digital topology developed in [3] as well as the notation that will be used through
all the paper.
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In that architecture, the spatial layout of pixels in a digital image is represented
by a device model, which is a homogeneously n-dimensional locally finite polyhedral
complex K. Each n-cell in K is representing a pixel, and so the digital object displayed
in a digital image is a subset of the set cell, (K) of n-cells in K’; while the other lower
dimensional cells in K are used to describe how the pixels could be linked to each
other. A digital space is a pair (K, f), where K is a device model and f is weak lighting
function defined on K. The function f is used to provide a continuous interpretation,
called continuous analogue, for each digital object O C cell, (K).

By a homegeneously n-dimensional locally finite polyhedral complex we mean a
set K of polytopes, in some Euclidean space IR?, provided with the natural ordering
given by the relationship “to be face of”, that in addition satisfies the four following
properties:

1. If o € K and 7 is a face of ¢ then 7 € K.

2. If o,7 € K then 0 N7 is a face of both ¢ and 7.

3. For each point z in the underlying polyhedron |K | = U{o;0 € K} of K, there
exists a neigbourhood of x which intersects only a finite number of polytopes in
K; in particular, each polytope of K is face of a finite number of other polytopes
in K.

4. Each polytope o € K is face of some n-dimensional polytope in K.

Given a device model K and two polytopes 7,0 € K, we shall write v < o if
v is a face of o, and 7 < ¢ if in addition v # . A centroid-map on K is a map
c: K — | K| such that ¢(c) belongs to the interior of o; that is, ¢(c) €6= 0 — 0o,
where 0o = U{v;~v < o} stands for the boundary of o.

Remark 1.1 A homegeneously n-dimensional locally finite polyhedral complex K
can be regarded as an abstract cellular complex whose cells are the polytopes in K. So,
for simplicity, K will be called a polyhedral complex, and its polytopes will be simply
referred to as cells in this paper. Moreover, the abstract complex K can be endowed
with the structure of a locally finite topological Ty space with base B = {U,; « € K},
where U, = { € K;a < }. Actually, this topological space (K, B) is a quotient of
the Euclidean polyhedron | K| by the map ¢ : | K| — K that assigns the cell o to
each point x € &.

Example 1.2 In this paper it will be essential the role played by the archetypical
device model R", termed the standard cubical decomposition of the Euclidean n-space
IR". The device model R" is the complex determined by the collection of unit n-cubes
in IR™ whose edges are parallel to the coordinate axes and whose centers are in the set
Z". The centroid-map we will consider in R™ associates to each cube o its barycenter
¢(0), which is a point in the set Z". Here, Z = %Z stands for the set of points
{r € R;z = 2/2,z € Z}. In particular, if dimo = n then ¢(o) € Z", where dimo
denotes the dimension of 0. So that, every digital object O in R™ can be identified
with a subset of points in Z". Henceforth we shall use this identification without
further comment.

Before to proceed with the definition of weak lighting function, we need some
notions, which are illustrated in Fig. [1l for an object O in the device model R2.
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Fig. 1. The support of an object O and two types of digital neighbourhoods in O for
a cell a. The cells in O together with the bold edges and dots are the elements in

supp(0).

The first two notions formalize two types of “digital neighbourhoods” of a cell
a € K in a given digital object O C cell,(K). Indeed, we call the star of a in O
to the set sty(a; O) = {0 € O;a < o} of n-cells (pixels) in O having « as a face.
Similarly, the extended star of o in O is the set sti(a;0) = {o € O;ano # 0} of
n-cells (pixels) in O intersecting .

The third notion is the support of a digital object O which is defined as the
set supp(O) of cells of K (not necessarily pixels) that are the intersection of n-cells
(pixels) in O. Namely, a € supp(O) if and only if & = N{o;0 € sty(a;O0)}. In
particular, if « is a pixel in O then « € supp(O). Notice also that, among all the
lower dimensional cells of K, only those in supp(O) are directly joining pixels in O.

To ease the writing, we shall use the following notation: supp(K) = supp(cell, (K)),
stn(a; K) = sty (a; cell, (K)) and st’(a; K) = st (a; cell,(K)). Finally, we shall write
P(A) for the family of all subsets of a given set A.

Definition 1.3 Given a device model K, a weak lighting function (w.1.f.) on K
is a map f : P(cell,(K)) x K — {0,1} satisfying the following five axioms for all
O € P(cell,(K)) and o € K:

(1) object axiom: if o € O then f(O,«) = 1;
(2) support axiom: if a ¢ supp(O) then f(O,a) = 0;
(3) weak monotone aziom: f(O,a) < f(cell,(K), a);
(4)
(5)

weak local axiom: f(O,a) = f(sti(a; O), a); and,

complement connectivity aziom: if O' C O C cell,(K) and @ € K are such
that st,(c; O) = sty(a; 0, f(O',a) = 0 and f(O,«) = 1, then: (a) the set
of cells a(0";0) = {w < a; f(O',w) = 0, f(O,w) = 1} is not empty; (b) the
set U{w;w € a(0’;0)} is connected in da (or, equivalently, the set a(O’;O)
is connected in the topological space (K,B) given in Remark [1.1); and, (c) if
O C O C cell,(K), then f(O,w) =1 for every w € a(0’; O).

If f(O,a) =1 we say that f lights the cell « for the object O.

A w.lf. f is said to be strongly local if f(O,a) = f(stn(a;0), ) for all @ € K

and O C cell,(K). Notice that this strong local axiom implies both axioms (4) and
(5) above.

A weak lighting function f on a device model K can be regarded as a mapping that
assigns a subset {a € K; f(O, «) = 1} of cells of K to each digital object O C cell, (K).
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In this sense, lighting functions are particular examples of “face membership rules”
as introduced by Kovalevsky in [10]. Our contribution in this point are the axioms
(1)—-(5) in Def. 1.3 These axioms are intended for limiting the set of Kovalevsky’s
face membership rules to those that do not lead to topological properties which are
contradictory with the natural perception of digital objects (see [5]). Indeed, the
intuitive ideas underlying axioms (1)—(4) above are the following. Axiom (1) says
that to display a digital object O on a computer screen all its pixels must be lighted.
By axiom (2) only the lower dimensional cells in supp(O) can be lighted in order to
connect immediately adjacent pixels of O. And axiom (3) states that a cell which is
lighted for any digital object must be also lighted for the object cell,(K) consisting of
all the pixels in the digital space; that is, if a cell a connects some pixels in a given
object, then « is connecting the same pixels in cell, (K) too. Axiom (4) as well as the
strong local axiom say that our perception of a digital object O is local, and so the
lighting of a cell o depends on a “digital neighbourhood” of & in O. Finally, the rather
complex axiom (5) is needed to avoid certain problems related to the connectivity of
an object’s complement (see [3], 4, 5] for details).

The following property, which will be used in Section 3.2 is immediate from
Definition [1.3.

Lemma 1.4 Any digital space (K, f) is strongly local at each vertexr and at each
top dimensional cell a € K; that is, f(O,a) = f(stu(a; O),a) for any digital object
O C cell,(K) and dima =0 or dima = dim K.

Given an arbitrary digital space (K, f), we shall derive from the lighting function f
a “continuous interpretation” for any digital object O C cell, (K), called its continuous
analogue. For this we use a fixed, but arbitrary, centroid—map ¢ : K — | K| on the
device model K to introduce several other intermediate models for O as follows.

The device level of O is the subcomplex K(O) = {a € K;a < o € O} induced by
O. Notice that K(O) can be considered as a device model itself.

The logical level of O is an undirected graph, Eé, whose vertices are the centroids
of n-cells in O and two of them ¢(c), ¢(T) are adjacent if there exists a common face
a < o N7 such that f(O,a) = 1.

The conceptual level of O is the directed graph Cé whose vertices are the centroids
c(a) of all cells o € K with f(O,«a) = 1, and its directed edges are (c¢(«), c(3)) with
a < f.

The stmplicial analogue of O is the order complex .Aé associated to the directed
graph CJ. That is, (c(ag), c(ay), ..., c(ay)) is an m-simplex of AL if ¢(ap), c(on), . . ., e(am,)
is a directed path in C(J;; or, equivalently, if f(O,q;) =1, for 0 < ¢ < m, and
ayp < ap < -+ < . That is, .Aé is obtained by “filling in” all the triangles,
tetrahedra, etc... in the conceptual level Cé. Finally, the continuous analogue of O is
the underlying polyhedron |.AL| of A.

The following result is straightforwardly checked from the definitions.

Lemma 1.5 For any digital object O in a digital space (K, f), the map

fo : P(cell,(K(0))) x K(0) = P(0) x K(O) — {0,1}
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given by fo(O',a) = f(O,a)f(O,«), for O' C O and o € K(O), is a w.lf. on the
device model K(O). So, we call the pair (K(O), fo) the digital subspace of (K, f)
induced by O.

Remark 1.6 (1) Notice that the simplicial analogue .Aé of any digital object O C
cell, (K) is always a full subcomplex of the first derived subdivision K!) of K induced
by the chosen centroid-map ¢. Moreover, axiom (3) in Def. 1.3 yields that AL C
Afeun () and so AL is also a full subcomplex of .Afell“ (K)-

(2) Let (K(O), fo) be the digital subspace induced by a digital object O in a digital
space (K, f). If O" C O, one easily checks the equality Aé‘? = Aé N Aé,, since all
these are full subcomplexes of K (1. In particular Afo = Aé; that is, the continuous
analogue of an object does not change when it is considered as the ambient digital
space.

(3) Given a locally finite topological Ty space X, Kong and Khalimsky construct
in [9] a polyhedral analogue | K(X)| for X. It can be easily checked that, for any
digital object O in a digital space (K, f), our continuous analogue |.Ap| coincides
with the polyhedral analogue | K(Xo)| of the set Xp = {a € K; f(O,a) = 1} of cells
which are lighted for O endowed with the relative topology of the abstract complex
K in Remark 1.1.

For the sake of simplicity, we will usually drop “f” from the notation of the levels
of an object. Moreover, for the whole object cell,(K) we will simply write L, Cx
and Ag for its levels.

Example 1.7 (1) Every device model K # () admits the weak lighting functions fax
and g given respectively by:

() fmax(O, @) =1 if and only if @ € supp(O)
(b) ¢(O,a) =1 if and only if a € supp(O) and st,(a; K) C O

In Fig. 2 are shown two objects, O and cell(R?), in the device model R? and
their levels for these lighting functions. More precisely, Figs. 2(a) and 2(b) show
the 2-cells (grey squares) of the object O and the low-dimensional cells (bold edges
and vertices) that the w.lLf’s fi.x and g light, respectively, for O. As these sets,
{a € R% frax(0,a) = 1} and {a € R% ¢g(O,a) = 1}, do not agree, all the levels of O
in the digital spaces (R2, fmax) and (R2, g) are distinct, in particular | Af>| # | A% .
On the other hand,

{a € R?; fuax(celly(R?), a) = 1} = {a € R?; g(celly(R?), a) = 1}

(see Figure 2(c)), and so all the levels of the object cell;(R?) are the same in these
two digital spaces.

(2) Both the w.Lf’s fn.x and g given above satisfy the strong local axiom in
Definition [1.3. Next we give an example of a non strongly local digital space (R", h).
For any integer n > 0, the w.L.f. h is defined on the device model R" by h(O,«a) =1
if and only if: (a) dima = n and a € O; (b) dima < n — 2 and st,(a;R*) C O;
and, (c) dima = n — 1, a € supp(O), and either st (a;R*) C O or there exist
0,7 € st¥(a;R*) — O such that o N7 = 0.



Ayala et al. 7

3

(a) . Ll Cfmax Al
NN N B
mam EJ et ]

(b) LY ct A

(c) Llm> = 9, Claw = C, Al = A%,

Fig. 2. Levels of the objects O and celly(R?) for the w.l.f’s fuax and g in Exam-
ple [1.7(1).

Actually, the family of digital spaces (R",g) with n > 1, for g the w.Lf. in Ex-
ample [1.7, and more precisely a particular class of digital subspaces (called windows)
of these spaces, are the key that allows us to introduce in next Section a notion of
digital fundamental group. At this point, it is worth to point out that g induces in R"
the (2n, 3™ — 1)—connectivity (see [1, Def. 11]); that is, the generalization to arbitrary
dimension of the (4, 8)-connectivity on Z*. On the other hand, fu.y induces in R"
the (3" — 1, 2n)-connectivity (see Fig. 2)).

2 A digital fundamental group

The fundamental group of a topological space X, m (X, xg), is usually defined to
be the set of homotopy classes of loops based at fixed point zg (i.e., maps & : [ =
[0,1] — X with £(0) = £(1) = z0), where an homotopy between two loops &1, &, is
a continuous map H : I x I — X such that H(z,0) = & (x), H(z,1) = &(x) and
H(0,t) = H(1,t) = xy.

In this section we collect the definitions and basic facts involved in the notion
of digital fundamental group as introduced in [4]. These definitions provide suitable
digital analogues for the notions of continuous loop and continuous homotopy, which
are in fact particular examples of digital maps (see Def.2.2). To define them we need
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the following technical notion. We refer to [4] for more details.

Definition 2.1 Let S C cell,(K) be a digital object in a digital space (K, f). The
light body of (K, f) shaded with S is the set of cells Lb(K/S) not lighted for the object
S but lighted for cell,(K); that is,

Lb(K/S) = {a€ K; f(cell,(K),a) = 1,{(S,a) = 0}
= {ae K;cla) € |Ax| — | As|}.

Actually, the notion of light body plays a key role in defining the digital funda-
mental group of an object O with respect to an arbitrary obstacle S (see Def. 2.10).
Indeed, this group will be defined as the set of homotopy classes of digital loops in
Lb(K(O U S)/S); that is, the light body, shaded by the obstacle S, of the subspace
(K(OUS), fous) that the set of pixels O U S induces in the digital space (K, f).

Definition 2.2 Let (K7, f1), (Ks, f2) be two digital spaces, with dim K; = n; (i =
1,2), and let S; C cell,, (Ki) and Sy C celly, (K3) be two digital objects. A digital
(SlaSQ)_map (OI', SlmplY) a d_map) qDSl,Sz : (Klafl) - (K27f2> from (Klvfl) into
(K, f2) is amap ¢ : Lb(K;/S;) — Lb(Ky/S,) satisfying the two following properties:

1. ¢(celly, (Kq) —Sy) C cell,, (Ky) — So; and,
2. for a, # € Lb(K;/Sy) with a < 3 then ¢(a) < ¢(3).

That is, ¢ carries top dimensional cells in Lb(K;/S;) to top dimensional cells in
Lb(K3/Sy) and preserves the face relations (although ¢ needs not be dimension pre-
serving).

Notice that any d-map is a continuous map if we consider Lb(K; /S;) and Lb(Ks/S2)
as subspaces of the abstract complexes K; and K5 topologized as in Remark [1.1. The
following result also holds.

Proposition 2.3 Any d-map ®g, s, : (K1, f1) — (Ka, f2) induces a simplicial map
A(Ps,.s,) : A, \As, — Ag, \ As,, which is defined on the vertices ¢;(a) of Ak, \ As,
by A(Ps, s,)(c1(a)) = ca(Pg, s,(v)). Here ¢; is a centroid-map on the device model
K;, fori=1,2.

In the previous proposition L;\ Ly = {a € Ly;aN| Ly | = 0} denotes the simplicial
complement of the subcomplex Ly C L.

In order to define digital loops and digital homotopies as particular types of digital
maps, next definition provides us with a particular class of digital spaces, called
windows, that will play the same role as the unit interval, I, and the unit square, I X I,
in continuous homotopy. For this, we will use the following notation. Given two points
x= (1, ..., xm),y= (Y1, ,Ym) € R™, we write x Sy if z; <y, for all 1 <i < m,
while z+y will stand for the usual vector addition z+y = (z1+y1, ..., Tm+ym) € R™.

Definition 2.4 Given two points r,x € Z™, with r; > 0 for 1 < i < m, we call a
window of size r (or r-window) of R™ based at x to the digital subspace V.* of (R™, g)
induced by the digital object OF = {o € cell,,(R™);x < ¢(0) = x+ 1}, where (R™, g)
is the digital space defined in Example 1.7. For the sake of simplicity, we shall write
V- to denote the r-window of R™ based at the point z = (0,...,0) € Z™.
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Remark 2.5 To ease the writing, given an r-window V,. of R™, we will identify each
cell @ € Lb(V,/0) with its centroid c¢(a) € Z™ (see Example [1.2)). In particular, if
V, is an r-window of R!, then Lb(V,/0) = {0¢,01,...,09._1,09} consists of 2r + 1
cells (points and segments) which will be identified with the numbers ¢(o;) = /2,
for 0 < i < 2r. And, similarly, for a window V{;, ,,) of R? we identify each cell
a € Lb(V(y, 1,)/0) with a pair ¢(a) = (i/2,5/2), where 0 < i < 2ry and 0 < j < 2r9.

We are now ready to define digital loops and digital homotopies as follows.

Definition 2.6 Let S, O C cell,(K) be two disjoint digital objects in a digital space
(K, f), and o, T two n-cells in O. A S-walk in O of length r € Z from o to 7 is a digital
(0, S)-map ¢, : Lb(V,/0) — Lb(K(O US)/S) such that ¢,(0) = o and ¢,.(r) = 7. A
S-loop in O based at o is a S-walk ¢, such that ¢,(0) = ¢,(r) = o.

The juzrtaposition of two given S-walks ¢, ¢s in O, with ¢.(r) = ¢4(0), is the
S-walk ¢, % ¢g : Lb(V,y5/0) — Lb(K(OUS)/S) of length r + s given by

v Blif2) if0<i<2r
Gr % 05(1/2) = { bs(i/2 —7) if 2r <i < 2(r+s)

Notice that a S—loop ¢, in O is actually a sequence (¢,(7))i_, of adjacent pixels in
O such that each pair ¢, (i —1), ¢, (i) of successive pixels have a common face ¢, (i — 1)
which is not lighted for the object S. In this sense ¢, does not cross the obstacle S.
Similarly, a digital homotopy, as defined below, transforms a S-loop ¢! to ¢? using

adjacent pixels but, in the same way, it is not allowed to cross the obstacle S.

Definition 2.7 Let ¢!, ¢? two S-walks in O of the same length 7 € Z from o to 7. We
say that ¢! ¢? are digitally homotopic (or, simply, d-homotopic) relative {o,7}, and
we write ¢ ~4 ¢Z rel. {o, 7}, if there exists an (r, s)-window V{, 5 in R* and a (0, S)-
map H : Lb(V ) /0) — Lb(K(OUS)/S), called a d-homotopy, such that H(i/2,0) =
®L(i/2) and H(i/2,s) = ¢?(i/2), for 0 < i < 2r, and moreover H(0,5/2) = o and
H(r,j/2) = 7, for 0 < j < 2s. Here we use the identification H(ai,a2) = H(«a),
where c(a) = (a1, as) € 22 is the centroid of a cell & € Lb(V 5 /0); see Remark 2.5

Definition 2.8 Let ¢,, ¢s two S-walks in O from o to 7 of lengths r and s respec-
tively. We say that ¢, is d-homotopic to ¢, relative {0, 7}, ¢, ~4 ¢ rel. {o, 7}, if
there exist constant S-loops ¢, and ¢, such that r + 1" = s + s and ¢, * ¢], ~4

¢s x ¢F, rel. {o,7}.
The following result, whose proof can be found in [4], will be needed in the sequel.

Proposition 2.9 Let ¢, be a S-walk in O from o to T, and ¢7, ¢. two constant
S-loops of the same length s € Z. Then, ¢% * ¢, ~4 ¢, * @7 rel. {o,T}.

Notice that d-homotopies induce an equivalence relation in the set of S—walks
in O from ¢ to 7. Moreover, from Proposition 2.9 it is not difficult to check that
the juxtaposition is compatible with d-homotopies between S—walks. Thus, the jux-
taposition of S-loops naturally induces a product operation that endows the set of
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classes of S-loops in O based at an n-cell ¢ € O with a group structure, for which
the trivial element is the class of constant S-loops at o, and the inverse of the class
[¢,] is represented by the S-loop ¢! obtained by traversing ¢, backwards; that is,
6,7 1(i/2) = ¢.(r —i/2) for all 0 < i < 2r. So, we next introduce the notion of digital
fundamental group as follows.

Definition 2.10 Let S, O be two disjoint digital objects in a digital space (K, f),
and o an n-cell in O. The digital fundamental group of O at o with obstacle at S is
the set 7¢(0/S, o) of d-homotopy classes of S-loops in O based at o with the product
operation [¢,]-[1s] = [@r*1s]. In case S = (), we will simply call 7{(O/0, o) = 7¢(0, o)
the digital fundamental group of O at o.

Remark 2.11 Definition 2.10 provides an entire family of digital fundamental groups
for a given digital object O when the object S is allowed to range over the family of all
subsets of cell,(K) —O. Particularly interesting are the groups 7¢(0/0, o) = 7¢(0, o)
and 7¢(0/(cell,(K) — O),0) that, respectively, represents the digital fundamental
group of the object O itself and the digital fundamental group of O as the complement
of the object cell,(K) — O.

3 The relationship with the continuous fundamen-
tal group

In [4] we show that the digital fundamental group 7{(O, ) of a digital object coincides
with the classical fundamental group of its continuous analogue | A, |. In this Section
we tackle the problem of computing the digital fundamental group 7{(O/S, ) of O
with a disjoint object S acting as an “obstacle” for the loops in O. The Section
is divided into two parts, in 3.1 we deal with the general case and we produce a
epimorphism

h:m(0/S,0) — m(| Aous | — | As]|, c(0))

onto the classical fundamental group of the complement of the obstacle’s continuous
analogue. The second part 3.2/ provides us with a large class of digital spaces for
which the above homomorphism yields an isomorphism.

We recall that, for a triangulated polyhedron | L|, there is an alternative definition
of the fundamental group m(|L|, zo) that will be more convenient for our purposes.
So we next explain it briefly. For this, we call an edge—walk in L from a vertex vy to a
vertex v, to a sequence « of vertices (vg, vy, ..., v,), such that for each k =1,2,....n
the vertices vg_1,vx span a simplex in L (possibly vg_1 = vg). If vg = v, a is called
an edge—loop based at vy.

Given another edge-walk 3 = (v;)7X" whose first vertex is the same as the last
vertex of «, the juztaposition a x 3 = (v;)!"5" is defined in the obvious way. The
inverse of ais ™! = (v, Upn_1, ..., V).

Two edge-walks o and ( are said to be equivalent if one can be obtained from
the other by a finite sequence of operations of the form:

(a) ifvg_q = v, replace ..., vk 1, Vg, ... by ... Uk, ..., or conversely replace ..., v, ...
by ..., Uk_1,V,...; OF
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(b) if vg_1, vk, k1 span a simplex of L (not necessarily 2-dimensional), replace
ey Uk—1, Uk, Ukt1y - -« DY <oy Uk_1, Uky1, - - -, O conversely.

This clearly sets up an equivalence relation between edge-walks, and the set
m1(L,vo) of equivalence classes [a] of edge-loops « in L, based at a vertex vy, is
given the structure of group by the operation [o] - [5] = [a* §]. This group is called
the edge—group of L.

Each edge-walk « in L defines in an obvious way a continuous path 6(«) in
the underlying polyhedron |L[; and so, we will identify henceforth the edge-walk «
with the continuous path 0(«). Actually this correspondence yields an isomorphism
m1(| L], vo) = m1(L,v9). More precisely,

Theorem 3.1 ([12]; 3.3.9) There ezists an isomorphism O : w(L,vy) — m (| L|,vo)
which carries the class [a] to the class [6(«)].

Corollary 3.2 Let O, S be two disjoint digital objects in a digital space (K, f). Then
m1(Aous \ As, c(0)) = m (| Aous | — | As|, c(o)) for any o € O.

Proof. By Remark [1.6(1) we know that both Apus and Ag are full subcomplexes of
Ap. Then Lemma 72.2 in [13] yields that | Aous \ As| = | Aous \ (Aous N Ag) | is a
strong deformation retract of | Aous|— | As| = |Aous | — | Aous N As | and the result
follows by Theorem 3.1. |

Let (K, f) be an arbitrary digital space. Given two disjoint digital objects O, S C
cell,(K) and any n-cell ¢ € O we next define a natural homomorphism,

h:7l(0/S,0) — 1 (Aous \ As, c(0)) , (1)

from the digital fundamental group of O based at o and with obstacle at the object S
into the edge—group of the simplicial complex Ap_s \ As based at the centroid ¢(o), as
follows. Let ¢, be any S-loop in O. Then, we just observe that the sequence c(¢,) =
(c(¢r(i/2)))?r, defines an edge-loop in Apus \ As. So that, we simply set h([¢,]) =
[c(¢,)]. Notice that h is the generalization to the case S # ) of the homomorphism
used in [4] to show the isomorphism 7¢(0, 0) = 7¢4(0/0, 0) = 7,(Ao, c(0)).

Remark 3.3 The following properties are easily checked

(1) If ¢, and ¢ are two S-loops at o, then ¢(¢,) * c(ps) = (o, * Ps).
(2) If ¢, is a constant S-loop at o then ¢(¢,) is a constant edge—loop at ¢(o).

Lemma 3.4 The correspondence h, given in (1) above, is well defined. Moreover h
18 a group homomorphism.

Proof. Assume ¢, ~4 ¢5 rel. o are two equivalent S-loops in O. Then there exist two
constant S-loops ¢% and ¢ such that r+1" = s+’ and a d-homotopy H : ¢, %% ~4
¢s* ¢ rel. 0. Thatis, H is an (0, S)-map H : (V4 4y, 9) — (K(OUS), fous), where
Vit 4 is a window in Def. 2.4 and (K(OUJS), fous) is the digital subspace of (K, f)
induced by OUS); see Lemma/(l.5. Therefore, by Proposition 2.3/and Remark [1.6(2) we
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get a simplicial map A(H) : .AV(HT/’” — Aous \Ag. Notice that from the definition of
the w.l.f. g in Example1.7(1) it readily follows that AV(TMI,@ is simplicially isomorphic
to a triangulation of the unit square I x I, and hence A(H) yields a homotopy between
the edge—loops c(¢, * ¢7) and ¢(¢ps * ¢%). Finally, the properties in Remark 3.3/ and
suitable equivalence transformations of type (a) yield that ¢(¢, * ¢%) = c(¢,) * c(¢%)
is equivalent to ¢(¢,.), and similarly ¢(¢s * ¢ ) is also equivalent to ¢(¢s). Notice also
that h is an homomorphism of groups as an immediate consequence of property (1)
in Remark 3.3l |

3.1 The general case: epimorphism onto the classical funda-
mental group.

This Section is aimed to show that, for arbitrary disjoint digital objects O,S5 C
cell,(K) in a digital space (K, f), the homomorphism of groups

h:m(0/S,0) — m(Aous \ As, c(a))

is always an epimorphism. For S = (), we proved in [4] that the homomorphism A
above is actually an isomorphism of groups 7¢(O/0,0) = 71(Ao,c(c)). For this we
associate to each edge-loop I' in Ap a family of digital representatives F(I') such
that for each digital (—loop ¢, € F(T') the edge-loop ¢(¢,) is equivalent to I'. In this
section we show that this procedure can be generalized to get a non—empty family
D(T") of S-loops in O of digital representatives for any edge—loop I" in Apus\ Ag. This
immediately yields that the homomorphism A is onto with full generality. However,
the construction of the family D(I") suggests that the homomorphism h need not to
be injective in general. In any case, Section 3.2 provides a large class of digital spaces,
including those often used in image processing, for which A is in fact an isomorphism.

In order to define the family D(I") we start generalizing the notion of irreducible
edge—loop introduced in [4].

Definition 3.5 A vertex ¢(;), of and edge-walk I' = (¢(v;))!_, in Aous \ Ag, is said
to be reducible in I' if ¢ > 0 and one of the following properties holds

(1) vic1 =

(2) there exits a vertex ¢(7,) with ¢ < k <t such that v, # ~; and either v;_; < y; <
Yj Or Yi—1 > Y > ;, where j = min{k;i <k <t,79; # 1}

An edge—walk is said to be reducible if it contains a reducible vertex; otherwise we

say that I is srreducible.

The proof of the next lemma is similar to that of Lemma 4.7 in [4] with the obvious
changes.

Lemma 3.6 Any edge-walk T" in Aous \ As is equivalent to an irreducible edge—walk,
T = (c(7,))r, obtained by deleting all reducible vertices in T.

Remark 3.7 (a) If I' = (¢(v))l, is an irreducible edge-walk in Apys \ Ag then
either v;_1 < v > Y1 Or ;-1 > 7 < i1 for all 0 < @ < t. Moreover, in case both
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v and y; are n-cells in O then the length of I' is an even number, ¢ = 2r, and so
Yoi—o > Yai—1 < Yo, for 1 < ¢ < r. In particular, this property holds for any edge—loop
['in Aous \ Ag which is based at a vertex c¢(o) with o € O.

(b) Notice also that for an arbitrary edge-walk I' = (¢(v;))i_, in Aous \ As the
vertex c(7p) is never reducible. And, if T = (c(%;))F, is the irreducible edge-walk
obtained from I' by deleting all its reducible vertices, then v, = 7,.

(c) Let c(¢,) = (c(9r(i/2))), be the edge-loop defined by a given S-loop ¢, in
O. Tt is not difficult to show that the irreducible edge-loop c(¢,) is, in fact, c(¢),) for
some S-loop 95 (s < r) d-homotopic to ¢,.

For arbitrary digital spaces it may happen, for a cell « € K with ¢(a) € Aous\As,
that the set st,(a; O) = ) is empty. This fact makes the search of digital representa-
tives for an arbitrary edge—loop I' in Apus \ As much more intricate than the case
S =0 in [4]. In order to obtain such digital representatives for the edge-loop I we
first set the following

Definition 3.8 Let O, S C cell,(K) be two disjoint digital objects in a digital space
(K, f). We say that a cell @ € K is a singular cell for the pair (O, S), or simply
an (O, S)-singular cell, if c¢(a) € Aous \ As but sty(a;O0) = @ (or, equivalently,
stu(;S) = stu(a; O US)). Otherwise, if c(a) € Aous \ As and sty (o; O) # 0, « is
called an (O, S)-regular cell.

We will also call (O, S)-regular to any edge-loop Q = (¢(w;))i_, in Aous\As whose
vertices correspond to (O, S)-regular cells; that is, w; is (O, S)-regular for 0 < i < ¢t.

Remark 3.9 (a) Notice that all cells a € O are (O, S)-regular for any digital object
S such that O NS = 0. And, similarly, if v is a vertex of K such c(a) € Aous \ As,
then « is (O, S)-regular by Lemma 1.4l

(b) If @ is an (O, S)-singular cell then axiom (5) in the definition of w.l.f. applies.
So, the set a(S;0US) = {B < a;¢(f) € Aous \ As} is not empty and connected
in da. Moreover, from Lemma 4.5 in [3] it is derived the existence of (O, S)-regular
cells in the set a(S;0 U S).

Despite the difficulties above, it is still not hard to define the digital representatives
for the family of irreducible (O, S)-regular edge—loops in Apus \ As. We proceed as
follows.

Definition 3.10 Let Q = (c¢(w;))?", be an irreducible (O, S)-regular edge-loop in
Aous \ Ag based at ¢(o), with ¢ € O. The set D(Q2) of digital representatives of §2
consists of all S-loops ¢, in O for which ¢,.(0) = ¢,.(r) = o, ¢.(i — %) = Wwo;_1, and
¢r (1) € sty(wa; O), for 1 <7 <.

Remark 3.11 For any S-loop ¢, in O, the edge-loop c(¢,) = (c(¢.(i/2)))#, is
(O, S)-regular since ¢,.(i) € O for 0 < i < r. In addition, ¢(¢,) is irreducible in case
¢r(i — 3) # ¢, (i), for 1 <@ < 2r, and thus D(c(¢,)) = {¢,}-

Next we state the crucial property of the digital representatives of an irreducible
(O, S)-regular edge-loop in relation with the homomorphism h : 7¢(0/S,0) —
m(Aous \ As, ¢(0)) above; compare with Proposition 4.12 in [4].
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Proposition 3.12 Let Q = (c(w;))%, be any irreducible (O, S)-reqular edge-loop in
Aous \ As based at c(o), with o € O. For any S-loop ¢y € D(Q) the equality
h([p¢]) = [Q] holds. Moreover, any two S-loops in D(2) are d-homotopic.

Proof. First we show that the edge-loop c(¢¢) = (c(d¢(i/2)))%, defined by ¢; is
equivalent to Q. For this, let D(€) be the set of edge-loops A = (c(\;))%, at c(o)
such that )\0 = )\Qt =0, )\22‘_1 = W2i—1 for 1 S 1 S t, and /\21' S Stn<w2i; O) U {wgi} for
1 < i < t. Notice that D(€) contains the set of edge-loops {c(¢:); ¢: € D(Q)} U {Q}.
Moreover, any A € D(Q) is equivalent to Q. This will be proved by induction on the
number k(A) of vertices ¢(Ay;) in A for which Ag; # wo;. For k(A) = 0 we get A = Q.
Assume that all A € D(Q) are equivalent to Q for k(A) < k — 1, and let A be any
edge—loop with k = k(A). Given any vertex c¢(Ag;) in A with Ag; # wo; (notice that
0 # i # 1) we get w1, woir1 < Wo; < Ag; since 2 is irreducible. Therefore we obtain a
new edge-loop A € D(Q), with k(A) = k — 1, by setting c()\;) = ¢();) for j # 2i, and
¢(Ag;) = ¢(ws;). Moreover, A is equivalent to A (by two equivalence transformations
of type (b)) and hence A is equivalent to 2 by the induction hypothesis.

For the second property, we simply observe that the S-loops ¢!, ¢? € D(Q) are
d-homotopic rel. o by the (@, S)-map H : Lb(V1y/0) — Lb(K(O U S)/S) given
by H(i/2,0) = ¢}(i/2), H(i/2,1) = ¢2(i/2) and H(i/2,1/2) = w;, for 0 < i < 2t.
Here, we are using the identification of a cell @ € Lb(V(,1)/0) with its centroid
c(a) = (a1,as) € Z% (see Remark 2.5). n

In order to obtain a family D(I") of digital representatives for an arbitrary edge—
loop T', we construct an auxiliary family pre*D(T") of irreducible (O, S)-regular edge-
loops. For this we shall use of another family of edge—loops preD(I'). This two—
step process starts at the irreducible edge-loop T = (c(¥;))?", obtained from T' by
deleting all its reducible vertices; see Lemma 3.6l Then, the edge-loops in preD(I")
are chosen by diverting T off the vertices ¢(¥,;_;), with an odd index, corresponding
to (O, S)-singular cells. And pre?D(T") consists of the edge—loops obtained from each
A = (c(dq;))2, € preD(T) bypassing each vertex c(dy;), with d9; an (O, S)-singular
cell, along a new edge—walk whose vertices correspond to (O, S)-regular cells in 0dy;.

Indeed, the elements in preD(T') are the family of edge-loops A = (c(6;))%,
in Aous \ As with the same length as T' and such that dy; = 7,,, for 0 <i <r.
Moreover, d9; 1 = 74, whenever 7,, ; is an (O, S)-regular cell; and, otherwise, we
choose d9;—1 € {a < Fy_y; v is an (O, S)-regular cell}, which is a non—empty set by
Remark 3.9(b).

Notice that any A € preD(I") is irreducible. Moreover, the following lemma is

immediate
Lemma 3.13 Any A € preD(T") is equivalent to T', and hence to T.

Proof. Just observe that the substitution of any cell 75, ; by one of its faces induces
two equivalence transformations of type (b) between I' and A. |

If we write preD(T') = {Ay }reyy., @ new family of irreducible edge-loops pre?*D(Ay)
is defined for each Ay, = (c(8;))#, as follows. An irreducible edge-loop Q € pre*D(Ay)
is obtained by removing the reducible vertices from the juxtaposition of edge—walks
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Q= QoxQy x---xQ,, where Qy = (c(dg), (1)), Q = (c(d2,-1),¢(d2,)) and the
component ;, for 1 < j < r — 1, is the constant edge-loop ; = (c(d9;—1)) if
d2j—1 = 02j41. Otherwise, if d9; is an (O, S)-regular cell, in particular if dy; € O (see
Remark 3.9(a)), then Q; = (c(daj-1), c(025), c(d2541)). Finally, if do;_1 is an (O, 5)-
singular cell we pick €2; out the edge-walks obtained from the following lemma for
the (O, S)-regular cells 51 = d;_1 and [y = d9j41.

Lemma 3.14 (c¢f. Lemma 4.8 in [3]) Let O,S C cell,(K) be two disjoint digital
objects in a digital space (K, f), and let « € K be an (O, S)-singular cell. Then, for
any two distinct (O, S)-regular cells

BB € a(S;0U8) ={f <a; f(OUS,3) =1, f(S,58) = 0}

there exist irreducible edge-walks © = (¢(0;))™, in Aous \ As from c(B1) to c(Ps)
such that

(1) for 0 <i<m, 6; <« and it is an (O, S)-reqular cell; and,
(2) © is equivalent to the edge—walk (c(B1), (), c(52)).

Proof. By axiom (5) in Def. 1.3 we know that the set a(S;0 U S) is connected
and so we can choose an edge-walk ® = (c(¢;))!_, in a(S;0 U S) from ¢(f;) to
¢(fB2). By deleting the reducible vertices we can assume that ® is irreducible (see
Lemma [3.6). Notice that ® need not have an even length since 3; and [, may have
arbitrary dimensions. In any case, it is obvious that ® is equivalent to the edge—walk
(e(B), e(a), c(Ba)).

We derive the walk © from ® as follows. First we observe that dima > 2 by
Lemma 1.4 and axiom (5) in Def. [1.3. Then we argue inductively on | = dim «.
For | = 2 we have necessarily dim ¢; < 1. Moreover, if dim¢; = 0 then ¢; is an
(O, S)-regular cell by Remark 3.9(a). If dim¢; = 1 with 0 < i < ¢, the cells ¢; 4
and ¢; 1 are necessarily vertices of the edge ¢; € K. If, in addition, ¢; 1 # ¢;.1 it
follows that ¢; is also an (O, S)-regular cell by axiom (5) in Def. 1.3l Otherwise, if
¢i—1 = ¢iy1, then we can delete the vertices ¢(¢;) and ¢(¢;41) from @ to get a new
irreducible edge—walk from ¢(8;) to ¢(/32) which is equivalent to ® by two equivalence
transformations of type (b). By deleting all the pairs (¢(¢;), c(¢i11)), for which ¢; is
an edge in K and ¢;_1 = ¢;11, we obtain the desired edge-walk ©.

Assume now that © can be derived from ® for any cell @ with dima < [, and
let dim o = [. Following the construction of the family preD(I") we define the edge—
walk @ = (c(¢)))izg by @5 1 = ¢2;1 and also P; = ¢oj, for 0 < 25 < 8, if ¢yj is
an (O, S)-regular cell. Otherwise we choose ¢, € {a < ¢y is (O, S)- regular} It
is easily checked that @’ is an irreducible edge —walk equivalent to ® with its same
length. Moreover, dim ¢; ; < dima, for 0 <2j — 1 <t, and ¢, = 51 and ¢, = S.

We define © by the juxtaposition © = O - - - x O defined as follows. The index
k is the largest integer with 2k — 1 < ¢, and the edge-walks ©;, for 1 < 57 < k, are
given by the next conditions:

L. ©; = (c(¢x 2j— p)) if (/52J 2 = 23;
2. 9; = (cf 2;—2) o 2;—1) o( 23)) if ¢y 2j—2 # ¢/2J and ¢’2j_1 is (O, S)-regular;
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3. ©; is any of the edge-walks given by the induction hypothesis applied to ¢5; ;
and its faces ¢y, 5, ¢h; whenever ¢, , # ¢h; and ¢h; , is an (O, S)-singular cell.

By construction one readily checks that © satisfies properties (1) and (2) in the
lemma. Moreover, after deleting the reducible vertices (if any) in © we can assume
that © is also an irreducible edge-walk. |

Remark 3.15 Observe that, given A € preD(T'), any edge-loop Q € pre?D(A) is,
by construction, equivalent to A, and hence to I' by Lemma 3.13. Moreover, it is
irreducible and (O, S)-regular.

Finally, we define the family D(T") of digital representatives of T" as follows

Definition 3.16 Let I' be an arbitrary edge-loop in Apus \ As based at ¢(o), with
o € 0. We define the set D(I") of digital representatives of I by

- U ( U D<Q>) .
AepreD(T') \Qepre2D(A)

Remark 3.17 (1) Let V be and edge-loop in Apys \ Ag obtained by removing from
I any of its reducible vertices. Then V =T and hence D(T') = D(V). In particular,
D(T') = D(T'), where T is the irreducible edge-loop obtained from I' by removing all
its reducible vertices.

(2) If T'is an (O, S)-regular edge-loop in Apus \ Ag then the irreducible edge-loop
T is also (O, S)-regular. Thus, pre*D(T") = {T'}, and all the digital representatives in
D(T") are d-homotopic by Proposition 3.12.

(3) If ¢, is a S-loop in O, the family D(c(¢,)) of digital representatives of the
(O, S)-regular edge-loop c(¢,) = (c(¢,(i/2)))?", consists of a single element 1), with
s < r, by Remark [3.11. Moreover, ¢ and ¢, are d-homotopic by Remark [3.7(c).

We are now ready to prove

Theorem 3.18 Let (K, f) be an arbitrary digital space. For any two disjoint digital
objects O, S C cell,(K) the homomorphism

h:7m(0/S,0) — m(Aous \ As, c(a))
18 onto.

Proof. Given any edge—loop I' in Apus \ As based at ¢(o), we consider any edge—loop
Q € pre?D(T) which is equivalent to I' by Remark [3.15. Then the result follows from
Proposition [3.12. |

Remark 3.19 To show that the homomorphism A is injective it is required, as a
necessary condition, that ¢' ~; ¢* rel. o for any pair ¢',¢? € D(T') of digital rep-
resentatives of an arbitrary edge—loop I' in Apys \ As (see Proposition 3.12). The
construction of the family D(T") suggests that this fact may not be true in general.
The main problem is that, from the available data, we cannot derive a d-homotopy
between ¢! € D(Q) and ¢? € D(Q?) whenever Q' # Q2 in pre*D(T"). However, we
conjecture that this d-homotopy will be found if, for each (O, S)-singular cell «, the
set U{w;w € a(S;0US)} is required to be simply connected instead of just connected
as we require in Def. [1.3(5b).
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3.2 A case of isomorphism.

For important cases, the family of digital representatives D(I") in Def. 3.16/is dramat-
ically simplified. Recall that, in general, the family D(I") is obtained by a three—steps
procedure that involves the definition of two auxiliary families of edge-loops preD(I)
and pre?D(T). In this Section we will give a large class of digital spaces (K, f) for
which the families preD(I") and pre*D(T) are reduced to singletons; so that, the dif-
ficulties pointed out in Remark 3.19 vanish. This will allow us to show that the
epimorphism A in Theorem 13.18 is an isomorphism for a large class of digital spaces,
which includes those most used in image processing. Namely, we will prove below

Theorem 3.20 Let (K, f) be any digital space which is strongly local except possibly
in 1-cells; that is, for any digital object O C cell,(K) and any cell a« € K with
dima # 1, f(O,a) = f(stu(a; 0),a). Then the homomorphism h : ©4(0/S, o) —
1 (Aous\As, c(0)) is an isomorphism for any pair of disjoint objects O, S C cell, (K).

Corollary 3.21 Let (K, f) be a strongly local digital space. For disjoint digital objects
0, S C celly(K) the homomorphism h is an isomorphism.

Recall that a digital space (K, f) is said to be strongly local if f(O, ) = f(stn(a; O), «)
for all « € K and O C cell,(K); see Def. 1.3 For each pair (p,q) # (6,6), with
p,q € {6,18,26}, it can be found a strongly local lighting function f,, on the device
model R? such that the digital space (R?, f,,) represents the (p, )-connectivity on
the grid Z*; and, moreover, all the (p, ¢)-surfaces, as defined by Kong and Roscoe
in [8], are digital surfaces in (R, f,,); see Theorem 13 in [I]. Notice also that, for
an arbitrary device model K, the digital spaces (K, fmax) and (K, g) given in Ex-
ample [1.7(1) are strongly local. Hence, for these relevant examples, Corollary 13.21
holds.

Moreover, as an immediate consequence of Lemma 1.4, we have also

Corollary 3.22 The homomorphism h is an isomorphism for digital spaces (K, f)
with dim K < 2.

For non strongly local three-dimensional digital spaces we have the following

Lemma 3.23 Let (R3, f) be any digital space with R® the standard cubical decom-
position of the Fuclidean space R®. Moreover, assume | Ags| = IR®. Then the two
following statements are equivalent.

(i) For each O C cell3(R?) and o € R?® with dima = 2, f(O,«a) = 1 if and only if
a € supp(O).
(i) (R3,f) is strongly local except possibly for 1-cells.

Proof. (i) implies (ii). It is clear that o € supp(O) if and only if a € supp(sts(a; O)).
Therefore, for dima = 2 and « € supp(O) we have f(O,a) = f(sts(e; O),a) =1 by
(). Otherwise, in case o ¢ supp(O), then f(O,a) = 0 and f(sts(ce; O),a) = 0 by
axiom (2) in Def. 1.3l For cells a € R® with dima € {0,3} the result follows from
Lemma 1.4l
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(ii) implies (i). For any object O C cell3(R?) and any 2-dimensional cell & € R? one
easily checks that a € supp(O) if and only if stz(a; O) = stz(a; R?). Hence f(O, ) =
0 whenever a ¢ supp(O) by axiom (2) in Def. 1.3 while f(O,a) = f(st3(a; R?), ) =
f(cell3(R?), o) = 1 if a € supp(O). Here we use that | Ags | = IR®. n

Then, we easily derive from Theorem 3.20/ and Lemma 3.23| the following

Theorem 3.24 The homomorphism h is an isomorphism for the non strongly local
digital space (R3, fBM) given in [3].

We point out that the digital surfaces in (R?, fBM) coincide with the strong 26-
surfaces defined by Malgouyres and Bertrand [11].

The rest of this section is devoted to the proof of Theorem 3.20. We start with
the following result, whose proof is immediate from definitions.

Lemma 3.25 Let (K, f) be a digital space which is strongly local at the cell o € K.
Then this cell is (O, S)-reqular for any pair of disjoint digital objects O, S C cell,(K)
for which c(a) € Aous \ As.

Lemma 3.26 Let (K, f) be any digital space which is strongly local except possibly in
1-cells, and let O, S be two disjoint digital objects in (K, f). For any edge-loop T in
Aous \As based at a vertex c(o), with o € O, the set pre*D(T") = {Qr} is a singleton.
In particular, all the digital representatives of I' are d-homotopic by Proposition|3.12.

Proof. Notice that any cell o € K with ¢(a) € Apus \ As and dima # 1 is (O, S)-
regular by Lemma [3.25. So, the construction of the family D(I") is determined by the
vertices c(a) with dim a = 1. More explicitly, if T' = (c(5;))%, is the irreducible edge—
loop in Lemma 3.6 then the family preD(I") = {Ar} consists of a unique (irreducible)
edge-loop Ar = (c(4;))?, obtained by setting d; = 7,; and replacing each vertex
c(F9i_1), With 7y,_; an (O, S)-singular 1-cell, by ¢(d9;—1) where d9;_1 < 7y, is the
unique vertex of 7,, ; which is a (O, S)-regular cell. Here we use axiom (5) in Def. 1.3.
Moreover, pre?D(T") = pre?D(Ar) = {Qr} is also a singleton since, for any vertex
¢(09;) in Ap, with 0 < i < r, such that d9; = 7, is an (O, S)-singular 1-cell, axiom (5)
in Def. 1.3 yields d9;_1 = 09;41. Hence Qr is determined by replacing the edge—walk
(0(527:_1), C((;QZ‘), C<52i+1)) by the constant edgefwalk (C(52i—1))- |

Lemma 3.27 Let (K, f) be a digital space which is strongly local except possibly in
1-cells, and let O, S be two disjoint digital objects in (K, f). Then any edge—loop
[ = (c(v)k, in Aous \ As based at a c(o), with o € O, is equivalent to an (O, S)-
reqular edge—loop T = (c(v}))k, called the regularization of I'. Moreover, if ¥ is
another edge—loop obtained from T' by removing a vertex c(v,;,) via an equivalence
transformation of type (a) or (b), then the regularization of ¥, ¥*, can be derived

from I'* after an equivalence transformation of the same type.

Proof. We construct the edge—loop I'* as follows. If v; is (O, S)-regular we set
vi = ;. Otherwise, dimv; = 1 by Lemma [3.25 and we take ~/ to be the unique
vertex v} < ~; which is (O, S)-regular. Here we use Axiom 5 in Def. 1.3, In order to
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show that I'* = (¢(v}))k_, is an edge-loop equivalent to I' we consider the set Reg(T)
consisting of finite sequences A = (c()\;))k_, such that \; = ~; if ~; is (O, S)-regular
and \; € {v;,7;} otherwise. Notice that {I",*} C Reg(I"). Next we show inductively
that each A € Reg(I") is an edge-loop in Apys \ As based at ¢(o) which is equivalent
to I'. For this, let t(A) be the number of vertices c¢();) with \; # ;. If t(A) =0
then A = T" and the result is obvious. Assume the result holds for ¢(A) < ¢ — 1 and
take A € Reg(I') with ¢(A) = ¢t. Given any vertex c()\;) € A with \; = 7/ <
we consider the sequence A € Reg(T") with S\j = )\ if j # 4 and N = v;. Notice
that 0 < i < nsince 79 = Y% = 0 = Ay = A € O is an (O, S)-regular cell by
Remark 3.9(a). By the induction hypothesis A is an edge-loop in Aous \ Ag based at
c¢(o) which is equivalent to I". Moreover, we have the following possible face relations
between \; = \; (j =i —1,i+1) and X; = 7z (1) A; < Aj, or (2) A; > A;. In the
first case we have that \; = 7 = A;, while in the second A\; > v; > v = A;. In any
case, A is an edge-loop equivalent to A, and hence to T, via two transformations of
type (b).

Let us now assume that ¢(;,) can be removed from I' by an equivalence transfor-
mation. Then one of the following cases necessarily occurs

L0 <o <15 Yig—1 < Yip > Vio+1
0 <o < Yig—1 > Vip < Vio+1
Yio—1 = Tio
Yio—1 < Yio < Yio+1
Yio—1 > Yio > Vio+1

6. Yio = Vio+1
Let (1)*....(6)* denote the corresponding statements for the vertices in I'*. The
reader can easily check that (i) = (¢)* if no (O, .S)-singular cell is involved. In case
Yio—1 18 singular then both (2) and (5) yield (3)*, and for the rest of statements we get
(1) = (i)*. If v, is singular the (1) yields v _; = v/ = 7} 1, while (4) = (3)* and
(5) = (6)*, and (i) = (4)* for the other cases. Finally if 7, 41 is singular we derive
(6)* from both (2) and (4), while for the remaining cases (i) = (i)*. m

Ol WD

Proof of Theorem 3.2(). We already know that h is onto by Theorem 3.18. So, it will
suffice to prove that any two S-loops, ¢, %, in O define the same element in 7¢(O/S, o)
provided A((g]) = [¢(6)] = [c(¥)] = h([]).

Since ¢(¢) and ¢(¢) are equivalent edge—loops, there exists a sequence ag, a, . . ., ag
of edge—loops in Apus \ Ag such that ag = ¢(¢), ap = ¢(¢) and «;_1, «y; are related by
an equivalence transformation of type (a) or (b). Moreover, by Remark 3.11], ¢(¢) and
c(y) are (O, S)-regular, and the regularized edge-loops ¢(¢) = af, af, ..., af = c(¢)
define also a sequence of equivalent edge-loops by Lemma/[3.27. Then, Remark [3.17/(3)
and Lemma 3.28 below yields that every S-loop in UF_,D(a}) defines the same element,
in 7{(0/S, ). Hence ¢ and ¢ are d-homotopic by Remark 3.17(3). ]

This lemma is an extension of Lemma 4.14 in [4] which corresponds to the special
case S = 0.

Lemma 3.28 Let O, S C cell,(K) be two disjoint digital objects in an arbitrary digital
space (K, f), and let T = (c(vi))i_, be an (O, S)-regular edge-loop in Aous \ As based
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at c(o), with o € O. Assume that an edge-loop ¥ is obtained by removing a vertex

c(Vip) from T after an equivalence transformation of type (a) or (b). Then, for each

S-loop ¢ € D(I') there exists a digital representative ¥ € D(X) and a d-homotopy
~y, rel. o.

Proof. The hypothesis leads to one of the following cases

(1) 0 <o < t, the centroids ¢(vi,—1), ¢(Vig)s ¢(Vig+1) sSpan a simplex in Aoyus \ As
and Yig—1 < Vi > Vio+1-

(2) 0 < iy < t, the centroids ¢(7iy—1), ¢(Viy), ¢(Vio+1) span a simplex in Apus \ Ag
and Yig—1 > Yip < Vig+1-

(3) ¢(vi,) is a reducible vertex in ~.

(4) iy = Vig+1, and hence the vertex ¢(7;,41) is reducible.

In cases (3) and (4) the edge-loop ¥ is obtained by dropping a reducible ver-
tex from I', so D(I') = D(X) by Remark 3.17(1) and the result follows from Re-
mark 3.17(2). Therefore we concentrate our efforts in proving the lemma for the case
(1) since case (2) is settled in a similar way.

We start by considering the number n(I") of reducible vertices of I' in the set

Vo ={c(v;):0 <j <ipg—2}U{c(v));i0+2<j <t}

Since any reducible vertex in Vi is also a reducible vertex of > we can remove all of
them from both I and X. This way we replace I" and X by two new edge-loops I'' and
¥ respectively such that n(I'") = 0. Moreover, by Remark 3.17(1), D(I') = D(I") and
D(X¥) = D(X'). Hence, by Remark 3.17(2), there is no loss of generality in assuming
'=I"and ¥ =%

Next we consider all possible face relations among the pairs of cells (Y, 2, Vig—1),
(Vigt1s Vigr2) and (Vig—1,Vig+1)- Notice that the two elements in each pair may be
equal, and in case (2) it is also possible that ig = 1 or ¢g = ¢ — 1. The proof requires
in general the four steps below whatever are the face relations we consider. For
illustrating the proof we give a detailed account of these steps for the case (1) and
the face relations

Yio—2 > Yio-1 < Vip > Vio+1 < Vio+2 (2)
and
Yio—1 < Yig+1 - (3)

Step A. Describe the irreducible edge-loops T and 3.

The face relations (II) and (III) yield that I" has not reducible vertices, so that
[ = T is a edge-loop of even length ¢t = 2r by Remark [3.7(a). In addition, the
irreducible edge-loop ¥ associated to ¥ is

Y= (C(%), e ac(%o—2)7 C(%'o—l)a C(%o+2), ooy c(Var))

since ¢(7;,41) is reducible in ¥ by the face relations (II) and (III); see Figure 3.
Therefore, any digital representative of I' is an S-loop of length r, while digital rep-
resentatives of X have length r — 1.
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Y%= 0

b °
Y%=0

Fig. 3.

Notice that under a different set of face relations I' and T may be - distinct. In any
case, the length of I' is always greater than or equal to the length of >, and the same
happens for the digital representatives of I' and X..

Step B. Given a digital representative ¢ € D(I") of I', derive a digital representative
W € D(X) of 2.
Given ¢ = ¢, € D(I), it is not difficult to check from Step A that the S-loop ¥ =
Yr—1, given by ¢._1(j/2) = ¢,(j/2), for 0 < j <ig—1, and ¢,1(j/2) = &.(j/2+ 1),
for 19 < j < 2r — 2, is a digital representative of the edge—loop .

Step C. Obtain a new S-loop 1 d-homotopic to 1 and such that ¥ and ¢ have the
same length.

By Definition 2.8, the S-loops ¢ = 1,1 and 9,_; x1¢{ are d-homotopic, where ¢{
is the constant S-loop of length 1 at o = ¥, _1(0) = ¢,_1(r—1). Then, Proposition 2.9
yields the following d-homotopy

rr ¥ YT g ig ¥ YT * P,y g = U, ,

where i, and ¥ | i are the S-walks in O given by v, (j/2) = ,-1(j/2), for
2 2 2
0<j<igand ¥, i(j/2) =r1((j+1i0)/2), for 0 < j < 2r —ig — 2, respectively,
2

and moreover 1] is the constant S-loop of length 1 at 7 = ,_1(ip/2).

In general, different constant S-loops may be required for other sets of face rela-
tions. Notice also that this step could be not necessary in case the original digital
representatives ¢ and 1 have the same length.

Step D. Describe a d-homotopy between ¢ and 1. As a consequence, the lemma fol-
lows.
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From the face relations (II) and (III) it is not difficult to show that the d-map
given by

¢r(j/2) ifk=0and0<j<2r
ik, ) ¢(j/2) ifk=land0<j<ig—lorig+1<j<2r
575)_ Yio—1 iszlandj:io—l

¥,(j/2) ifk=2and0<j<2r -2

H(

is a d-homotopy between ¢, and the S-loop ¥, ~4 1,_1.
Any other set of face relations leads to a possibly different d-homotopy, anyway
of the same nature as H above. |
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