-

View metadata, citation and similar papers at core.ac.uk brought to you byﬁ CORE

provided by idUS. Depésito de Investigacion Universidad de Sevilla

1106.1391v3 [math.AG] 22 Mar 2012

arxXiv

On the modules of m-integrable derivations in
non-zero characteristic

Luis Narvaez Macarro*

Abstract

Let k be a commutative ring and A a commutative k-algebra. Given
a positive integer m, or m = oo, we say that a k-linear derivation § of
A is m-integrable if it extends up to a Hasse-Schmidt derivation D =
(Id,D1 = 6,D2,...,Dm) of A over k of length m. This condition is
automatically satisfied for any m under one of the following orthogonal
hypotheses: (1) k contains the rational numbers and A is arbitrary, since
we can take D; = %; (2) k is arbitrary and A is a smooth k-algebra.
The set of m-integrable derivations of A over k is an A-module which
will be denoted by Idery(A;m). In this paper we prove that, if A is a
finitely presented k-algebra and m is a positive integer, then a k-linear
derivation § of A is m-integrable if and only if the induced derivation
dp + Ay — A, is m-integrable for each prime ideal p C A. In particu-
lar, for any locally finitely presented morphism of schemes f : X — §
and any positive integer m, the S-derivations of X which are locally m-
integrable form a quasi-coherent submodule Iders(Ox;m) C Ders(Ox)
such that, for any affine open sets U = Spec A C X and V = Speck C
S, with f(U) C V, we have I'(U, Iders(Ox;m)) = Idery(A;m) and
Iders(Ox;m)p = Iderog ;(, (Oxp;m) for each p € X. We also give,
for each positive integer m, an algorithm to decide whether all derivations
are m-integrable or not.

Keywords: derivation; integrable derivation; Hasse—Schmidt derivation;
differential operator
MSC: 14F10; 13N15; 14B05

Introduction

Let us start by recalling the algebraic interpretation of the integration of a vector
field. Let X be a complex algebraic variety and x an algebraic vector field on X,
or, equivalently, a C-derivation § : Ox — Ox of the sheaf of regular functions.
Let us denote by X[t] = AL x X, Cle] = C[t]/(t?), X[e] = SpecCle] x X and
0 : X[e] = X the map of schemes determined by (and determining) §: any
section f of Ox is mapped to the section f + §(f)e of Ox[e].

If X is nonsingular, we can consider the flow © : &Y — X" associated with
X", where U C X[t]** = C x X" is an open neighbourhood of X = {0} x X?".

*Partially supported by MTM2007-66929, MTM2010-19298 and FEDER.


https://core.ac.uk/display/51405601?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://arxiv.org/abs/1106.1391v3

It turns out that for any holomorphic (or algebraic) function f on an open set
V C X2 the function ©*(f) = fo© is given by

(t,p) € YV )CCXan»—)Ztléz(f)(p) eC

=0

for |t| small enough. Hence, the formal completion of © along X,

0 :U =
X[t} — X" comes from the purely (formal) algebraic map X[t [] — X
sociated with the ezponential map e*® : Ox — Ox[[t]] attached to x (or

defined as '
s N0

for any regular function f on some Zariski open set of X.

The exponential map e is a lifting of ¢ (it coincides with 6 mod ¢?) and
it can be regarded as the algebraic incarnation of the integration of the vector
field x.

The exponential map of a vector field makes sense not only over the complex
numbers, but over any field of characteristic zero, and in fact it also works if X
is eventually singular. However, it does not make sense over a field k of positive
characteristic.

Nevertheless, the notion of Hasse-Schmidt derivation allows us to define
what integrability means for a vector field in such a case (see [1, []). Given a
commutative ring k and a commutative k-algebra A, a Hasse—Schmidt derivation
of A over k (of length o) is a sequence D = (Id, Dy, D3, D3, ...) of k-linear
operators of A which appear as the coefficients of a k-algebra map ® : A — A[[t]]
such that ®(a) = a mod ¢ for all a € A: ®(a) = a + Di(a)t + Da(a)t? + - -
That property is equivalent to the fact that the D, satisfy the Leibniz equality:

Do =1d, D;(ab) = Z D,(a)Ds(b) Va,be A, Vi>1.
r+s=1

A E-linear derivation § : A — A is said to be (co-)integrable if there is a Hasse—
Schmidt derivation D of A over k (of length co) such that Dy = §, or in other
words, if the k-algebra map & : a € A+ a + §(a)e € Ale] = A[[t]]/(t?) can be
lifted up to a k-algebra map ® : A — A[[t]]. The set of k-linear derivations of A
which are integrable is a submodule of Dery(A), which is denoted by Idery(A).

When A is a smooth k-algebra over an arbitrary commutative ring k or
when k contains the rational numbers, any k-linear derivation § : A — A is
(0co-)integrable. The modules Idery(A), and more generally, the Hasse—Schmidt
derivations of A over k seem to play an important role among the differential
structures in Commutative Algebra and Algebraic Geometry (see [17], [12]).
They behave better in positive characteristic than Dery(A) (see for instance
[11] or [13]) and one expects that they can help to understand (some of) the
differences between singularities in zero and non-zero characteristics, but they
are difficult to deal with. For instance, it is not clear at all that (co-)integrability
is a local property (in the sense that can be tested locally at the primes ideals
of A).



For a given positive integer m, the m-integrability of a k-linear derivation
§: A — Ais defined as the existence of a k-algebra map ® : A — A[[t]]/(t™+!)
lifting the map 0 defined above. The set of k-linear derivations of A which
are m-integrable is a submodule of Dery(A), which is denoted by Idery(A;m).
One obviously has Dery(A) = Idery(A;1) D Idery(A;2) D Idery(A4;3) D -+ D
Iderg(A; 00) = Iderg (A).

This paper is devoted to the study of the modules Idery (A4;m), for m > 1.

One of the main difficulties when dealing with m-integrability of a derivation
is that one cannot proceed step by step: a derivation § can be (m+r)-integrable,
but it may have an intermediate m-integral D = (Id, D1 = §, Da, ..., D,,) which
does not extends up to a Hasse-Schmidt derivation of length (n+r) (cf. Example
3.7 in [12)]).

Our main results are the following:

(I) If A is a finitely presented k-algebra and m is a positive integer, then the
property of being m-integrable for a k-derivation § of A is a local property,
i.e. ¢ is m-integrable if and only if the induced derivation &, : A, — A,
is m-integrable for each prime ideal p C A. As a consequence, for any lo-
cally finitely presented morphism of schemes f : X — S and any positive
integer m, the S-derivations of X which are locally m-integrable form a quasi-
coherent submodule Iders(Ox;m) C Derg(Ox) such that, for any affine open
sets U = SpecA C X and V = Speck C S, with f(U) C V, we have
LU, Iders(Ox;m)) = Idery(A;m) and Iders(Ox;m), = Iderog ,, (Ox p;m)
for each p € X (see Theorem and Corollary [(2.3.7)). We have then a

decreasing sequence of quasi-coherent modules
Derg(Ox) = Iders(0x;1) D Iders(0x;2) D Iders(Ox;3) D -

and all the quotients Derg(Ox )/ Iders(Ox; m) are supported by the non-smooth-
ness locus of f: X — S.

(IT) For a given k-algebra A and for any positive integer m, there is a constructive
procedure to see whether all k-derivations of A are m-integrable or not. In
particular, if A and k are “computable” rings, then the above procedure becomes
an effective algorithm (although of exponential complexity with respect to m)
to decide whether the equality Idery(A;m) = Dery(A) is true or not (see [Z3)).

Let us now comment on the content of this paper.

In section 1 we review the notion of Hasse-Schmidt derivation and its basic
properties. We study logarithmic Hasse—Schmidt derivations with respect to an
ideal I of some ambient algebra A and their relationship with Hasse—Schmidt
derivations of the quotient A/I. In the last part we focus on the description of
Hasse—Schmidt derivations on polynomial or power series algebras.

Section 2 contains the main results of this paper. First, we define m-
integrability and logarithmic m-integrability and give a characterization of (m+
1)-integrability for a Hasse-Schmidt derivation of length m. In section we
give some criteria for a derivation to be integrable, based on and extending pre-
vious results of [9] and [I5]. Next, we study the behaviour of m-integrability
under localization, for finite m, and prove (I) above. In the last part we prove
the results needed to justify procedure (II) above.



In Section 3 we first compute some concrete examples and illustrate the
nonlinear equations one encounters when computing systems of generators of
the modules Iderg(A;m). In the second part we state some questions, which
seem to be important for understanding the relationship between the modules
of m-integrable derivations and singularities.

I would like to thank Herwig Hauser and Orlando Villamayor for many
helpful and inspiring discussions, and also Herwig Hauser for proposing the
last two examples in section 3. I would also like to thank Herwig Hauser and
Eleonore Faber for some comments and suggestions on a previous version of this

paper.

1 Notations and preliminaries

1.1 Notations

Throughout the paper we will use the following notations:

-) k will be a commutative ring and A a commutative k-algebra.

DNy :={neN|n>1}, N:=NU{oo}, Ny := Ny U {oo}.

) IfneNy, [n]:={0,1,...,n}, [n]+ := [n] " N4 and [o0] := N.

) Ifn e Ny, A, := A[[t]]/(#" ) and A = A[[t]]. Each A, is an augmented
A-algebra, the augmentation ideal ker(A,, — A) being generated by t.

-) For n € Ny and m € [n]4, let us denote by 7, @ A, — A, the natural
epimorphism of augmented A-algebras.

DIfa=(a1,...,aq) € N suppa = {r € {1,...,d} | ar # 0} and |a| :=
a1+ -+ ag.

-) The ring of k-linear differential operators of A will be denoted by Diff 4 (see
[5]).

-) For A = k[z1,...,z4) or A = k[[z1,...,24]], we will denote by 0, : A — A
the partial derivative with respect to z,.

1.2 Hasse-Schmidt derivations

In this section we remind the definition and basic facts of Hasse-Schmidt deriva-
tions (see [0],[10], §27, and [14], [T7], [12] for more recent references). We also
introduce the basic constructions that will be used throughout the paper.

(1.2.1) DEFINITION. A Hasse-Schmidt derivation of A (over k) of lengthn > 1
(resp. of length o) is a sequence D = (D;);c[n) of k-linear maps D; : A — A,
satisfying the conditions:

Do=1da, Di(xy) = Y Dp(z)Ds(y)
r4+s=1

for allz,y € A and for all i € [n]. We denote by HSy(A;n) the set of all Hasse-
Schmidt derivations of A (over k) of length n € N and HSy(A) = HS;(4; 00).

(1.2.2) The D; component of any Hasse-Schmidt derivation D € HSy(A;n) is
a k-derivation of A. More generally, the D; component is a k-linear differential
operator of order < ¢ with D;(1)=0fori=1,...,n.



(1.2.3) Any Hasse-Schmidt derivation D € HSy(A;n) is determined by the
k-algebra homomorphism ®p : A — A,, defined by ®p(a) = Y., D;(a)t’ and
satisfying ®p(a) = a mod ¢. The k-algebra homomorphism @ can be uniquely
extended to a k-algebra automorphism CT)D 1 A, — A, with &)D (t) =t

;IV)D <zn: aiti> = i @(ai)ti.
i=0 i=0

So, there is a bijection between HSy(A;n) and the subgroup of Auty_ais(An)
consisting of the automorphisms ® satisfying ®(a) = @ mod t for all a € A and
®(t) = t. In particular, HSj(A;n) inherits a canonical group structure which
is explicitly given by DoD" = D" with D} = 37, ., D;o D}, the identity
element of HS;(A4;n) being (Id4,0,0,...). It is clear that the map (Ida, D;) €
HSk(A;1) — Dy € Deri(A) is an isomorphism of groups, where we consider the
addition as internal operation in Dery(A).

(1.2.4) For any a € A and any D € HSy(A;n), the sequence ae D defined by
(a®D); = a'D;, i € [n], is again a Hasse-Schmidt derivation of A over k of length
n and Puep(b)(t) = ®p(b)(at) for all b € A. We have (aa’)eD = ae(a’eD),
leD = D and Oe D = the identity element.

(1.2.5) For 1 <m < n €N, let us denote by Ty, : HSy,(A;n) — HSx(A;m) the
truncation map defined in the obvious way. One has . p = mpmoPp. Trun-
cation maps are group homomorphisms and they satisfy 7,,,,(a®D) = a®7,,, D.
It is clear that the group HSy(A; 0o) is the inverse limit of the groups HSy (4; m),
m € N.

(1.2.6) DEFINITION. Let ¢ > 1 be an integer or ¢ = oo, and D € HS;(A;q).
For each integer m > 1 we define Dim] as the Hasse-Schmidt derivation (over
k) of length mq determined by the k-algebra map obtained by composing the
following maps:

A2y Ay = A/ @) 25 Ay = AL/ (7).

In the case ¢ =1 and D = (Id 4, 9), we simply denote §|m] := D[m].
If D= (Ida, Dy, Dg,...) € HS(A;q), then

m 2m

— <~
D[m] = (Id4,0,...,0,D1,0,...,0, D2,0,...) € HSt(A; mq).

The map D € HSi(A;q) — D[m] € HS(A; gm) is a group homomorphism and
we have (a™ e D)[m] = a ® D[m], (14 D)[m] = Tgm,¢m(D[m]) for a € A,1 <
7 <q

(1.2.7) DEFINITION. For each n € N4 and each E € HSy(A;n), we denote
UE)=01if E1 #0, {(E) =n if E is the identity and {(E) = mazimun of the
r € [n] such that By = --- = E, = 0 otheruwise.

(1.2.8) DEFINITION. Let I C A be an ideal and m € N. We say that:

1) A k-derivation 6 : A — A is [-logarithmic if §(I) C I. The set of k-linear
deriations of A which are I-logarithmic is denoted by Dery(logI).



2) A Hasse-Schmidt derivation D € HSp(A;m) is called I-logarithmic if
D;(I) C I for any i € [m|. The set of Hasse-Schmidt derivations D €
HSy(A;m) which are I-logarithmic is denoted by HSk(logI;m). When
m = oo it will be simply denoted by HSy(log I).

The set Derg(log ) is obviously a A-submodule of Dery(A). Any ¢ €
Dery,(log I) gives rise to a unique § € Dery(A/I) satisfying dom = mod, where
m : A — A/I is the natural projection. Moreover, if A = kf[z1,...,24] or
A = k[[z1, ..., z4]], the sequence of A-modules

0 s I Dery(A) 2% Dery (log I) 22% Dery (A/I) = 0

is exact.

(1.2.9) In the same vein, the set HS;(log I;m) is a subgroup of HSy(A;m) and

we have Ae HSy(log I;m) C HSk(log I;m), HSk(log I; m)[n] C HSy(log I; mn),

n € N. A D € HSi(A;m) is I-logarithmic if and only if its corresponding k-
algebra homomorphism ®p : A — A, satisfies ®p(I) C I, := ker m,,, where

Tm @ Am — (A/I),, is the natural projectionl]. Moreover, a I-logarithmic
Hasse-Schmidt derivation D € HSy(log I;m) gives rise to a unique D € HSy(A/I;m)
such that D;om = w0 D; for all i € [m], and the following diagram is commuta-
tive

A%Am

T

A/ —=2(A)T),, .

The map I1,,, : D € HSg(logI;m) — D € HSy(A/I;m) is clearly a homomor-
phism of groups and II,,(aeD) = 7(a)eIl,,(D). So, its kernel contains the
subgroup I e HSj(A4; m) generated by the ae FE, with a € I and E € HS;(4;m).
It is also clear that Ty, o Iy, = I, 0 Ty, and (I, D)[n] = Hpp (D[n]).

(1.2.10) Let S C A be a multiplicative set. For each k-linear differential opera-
tor P: A — A, let us denote by P: S:lA — S71A its canonical extension. We
know that the map P € Diff 4/, — P € Diff g-14/;, is a ring homomorphism.
Let m > 1 be an integer or m = oo and a C A an ideal. Here is a summary of
the basic facts of the behaviour of Hasse-Schmidt derivations under localization:

-) For any D = (D;) € HSg(A;m), the sequence D := (E) is a Hasse-Schmidt
derivation of STtA (over k of length m) and the following diagram is commu-
tative

P~
S1A—2 (5-14),,.

Moreover, if D is a-logarithmic, then D is (S~'a)-logarithmic.

1Observe that ker 7, = I A, when I is finitely generated or m is finite.



-) The map ©,, : D € HS,(A;m) — D € HS,(S~1A4;m) is a group homomor-
g
phism, ©,,(aeD) = ¢ e0,,(D) and the following diagram is commutative:

HSg (log a; m) _ Om HSy (log(S~ta);m)

lnm lnm

HS1(A/a; m) —ZHS (ST A/S a; m).

Moreover, Timn 0 Om = Op o Ty and (0, D)[n] = O, (D[n)).

The extension of Hasse-Schmidt derivations to rings of fractions is a partic-
ular case of the formally étale extensions (cf. [§] and [15], th. 1.5).

1.3 Hasse—Schmidt derivations of polynomial or formal
power series algebras

Throughout this section we assume that A = k[z1,...,24] or A = k[[z1,...,z4]]-
The Taylor differential operators A(®) : A — A, o € N%, are defined by:

9@ +Th,...,za+Ta) = ZA(O‘)(Q)Taa Vg € A.

It is well known that {A(O‘)}Mgi is a basis of the left (resp. right) A-module of
k-linear differential operators of A of order < i. So, if D € HS;(A;m), there are
unique C? € A, « € N¥, 0 < i < |a| € [m]4, such that D; = ZOQMQCQA(Q),
i € [m]4+. On the other hand, there are unique ¢,; € A, i € [m]4, 1 < r < d,
such that

q)D(zr) ::L'T+Zcm'ti, 1<r<d
=1

In fact, any system of ¢,; € A, i € [m]4, 1 < r < d, determines uniquely such
a homomorphism of k-algebras A — A,, and so a Hasse—Schmidt derivation
D € HSi(A;m).

The following proposition gives the relationship between the C? and the c,;
above. Its proof does not contain any surprise and it is left up to the reader.

(1.3.1) PROPOSITION. With the above notations, the following properties hold:

T
~—~

1) ¢vi = Di(zy) = C! , with e, = (0,..., 1,...,0), for all i € [m]y, r =

1,....d i
2)

gee ey

- Y || & e

{er}tresuppa \ TESUPP A | B1+-+Ba,=cr k=1
er>an,le|=i Br>0

for all a € N, |a| € [m]4, 0 <i < |al.

The above proposition is a particular case of Theorem 2.8 in [3]. For the
sake of completeness we include, without proof, the following result.



(1.3.2) PROPOSITION. Let Ct € A, a € N¢, 0 < i < |a| € [m]4, be a system
of elements of A and define Do = 1d4, D; = ZO<\a|§z‘ C:A e [m]y. The

following properties are equivalent:

(a) The sequence D = (D;)ic[m) is a Hasse-Schmidt derivation of A over k
of length m.

(b) For all i € [m],i > 2, for all o € N% with 2 < |o| < and for all B,y € N¢
with 0 = B+, |8, |v] > 0 we have C’Z = ZC’%C’Q, where the summation
indexes are the (j,1) with j > |8|,1 > |y| and j +1=1.

Let us notice that, if the equivalent properties of the preceding proposition
hold, then the C!, with 2 < |a| < i are determined by the Cé with1 <|8] <5<
i— 1. This applies in particular to the symbol of the D;, o(D;) = Zm‘:i Ciee,
which only depend on Dy (compare with Proposition 2.6 in [12]).

(1.3.3) DEFINITION. The Taylor Hasse-Schmidt derivations of A are the

A®) = (1dy, A AP AP ) eHSL(A), 1<s<d,

—
where AES) = AO i 0) for eqch i > 1.

(1.3.4) PROPOSITION. Assume that R = k[z1,...,x4], S C R is a multiplica-
tive set and A = ST'R or A = k[[x1,...,24]]. For any ideal I C A, the group
homomorphisms Tl,,, : HSy(log I;m) — HSx(A/I;m), m € N, (see are
surjective.

PROOF. Let us prove the proposition in the case A = S™'R, the case A =
k[[x1,...,24]] being completely similar. Let us call ¢ : R — A7 : A —
A/l 7 + Apm — (A/I)y, the canonical maps and let E € HSi(A/I;m) be
any Hasse—Schmidt derivation. Let a,; € A be elements such that

Op(r(o(x,))) =m(o(z,) + Y mlan)t’ € (A/Dm, r=1,....d,

i€[m]

and let ¥ : R — A,, be the k-algebra map defined by

U(z,) =o(z,)+ D apit' € Ay, r=1,....d.
i€[m]

Since ¥(f) = o(f) mod t for each f € R, we deduce that ¥(s) is invertible for
all s € S and the map W induces W : A — A,,. It is clear that \T/(a) =a modt
for each a € A and wmo\f/ = ®gom. So, U induces a I-logarithmic Hasse-
Schmidt derivation D € HSy(log;m) such that IL, (D) = E (see [(1.2.9)).
Q.E.D.

(1.3.5) PROPOSITION. Assume that R = k[z1,...,24], S C R is a multiplica-
tive set and let a C R be a finitely generated ideal. For any (finite) integer
m > 1, the map

1
(s,D) € S x HSy(loga;m) — — e0,,(D) € HSx(log(S™*a);m)
s



18 surjective.

PrOOF. Let E € HSy(log(S1a);m) be any (S~ 'a)-logarithmic Hasse-Schmidt
derivation. Since m is finite, there are a;; € R, 1 <i=1<d,1<j <m and
o € S such that

(I)E(E):ﬂ+(ﬂ)t+...+(%)tm€(SilR)n,“ 1=1,...,d.
1 1 o o

Let us consider the k-algebra map ®° : R — R,, given by
@O(xi) =x; +a;1t + aaith + -+ O’m_laimtm ER,, 1=1,...,d

and the corresponding Hasse-Schmidt derivation D° € HSy(R;m) with ®° =
®po. It is clear that (%) oF = 0,,(D%. Let fi,..., fu € a be a finite system
of generators. Since 0,,(D?) is (S~'a)-logarithmic, we deduce the existence of
a7 € S such that 7®po(f;) € Apa for all [ = 1,...,u. So, D := 7eD" is
a-logarithmic and E = (=) €©,,(D). Q.E.D.

Proposition is false for m = oo, as shown for instance in example 1.4
in [15].

(1.3.6) COROLLARY. Assume that A is a finitely presented k-algebra and let
T C A be a multiplicative set. Then, for any (finite) integer m > 1, the map

1
(t.E) € T x HS(A;m) = ~ 00, (E) € HS(T~" A;m)

18 surjective.

PROOF. We may assume that A = R/a with R = k[z1,...,24] and a C R
a finitely generated ideal. Denote by 7 : R — A the natural projection and
S = 7 YT). We have T7'A = S7'R/S7!a. Let us look at the following

commutative diagram

S x HSy(log a;m) —= HSk(log(S~1a); m)

\Lﬂ'xl—lm lnm

T x HSk(A;m) ——— HS,(T~14;m).

The vertical arrows are surjective by Proposition|(1.3.4)l To conclude, we apply
Proposition |(1.3.5)] Q.E.D.

2 Integrability

2.1 Integrable Hasse—Schmidt derivations

In this subsection, A will be again an arbitrary k-algebra.

(2.1.1) DEFINITION.  (Cf. [1, [9]) We say that a k-derivation 6 : A — A
is n-integrable (over k), with n € N, if there is a Hasse-Schmidt derivation
D € HS;(A;n) such that Dy = 6. A such D will be called a n-integral of 6. The
set of n-integrable k-derivations of A is denoted by Idery(A4;n). We simply say
that 0 is integrable if it is co-integrable and we denote Idery(A) = Ider(A;00).



More generally, we say that a Hasse-Schmidt derivation D' € HSg(A;m) is n-
integrable (over k), with m,n € N,n > m, if there is a Hasse-Schmidt deriva-
tion D € HSi(A;n) such that TmD = D'. A such D will be called a n-integral
of D'. The set of n-integrable Hasse—Schmidt derivations of A over k of length
m is denoted by THS,(A;m;n). We simply say that D' is integrable if it is
oo-integrable and we denote THS,(A; m) = IHS;(A; m; 00).

It is clear that the Iderx(A;n) are A-submodules of Dery(A), Derx(A) =
Idery(A;1) D Idery(A4;2) D Iderg(A4;3) D --- and

Idery(A) C () Iderx(4;n). (1)

neNL

It is also clear that the THSy(A;m;n) are subgroups of THS;(A4;m), stable by
the e operation, THSy(A;m) = THS,(A;m;m) D THSx(A;m;m+1) D --- and

THS;(A;m) C ﬂ THS;(A; m;n). (2)

n>m

(2.1.2) EXaAMPLE. (1) Let n > 1 be an integer. If n! is invertible in A, then
any k-derivation d of A is n-integrable: we can take D € HSi(A;n) defined by
D, = % for i = 0,...,n. In the case n = oo, if Q C A, one proves in a similar
way that any k-derivation of A is integrable.

(2) If A is 0-smooth (i.e. formally smooth for the discrete topologies) k-algebra,
then any k-derivation of A is integrable (cf. [10], Theorem 27.1).

(2.1.3) REMARK. A particularly important case of example [(2.1.2)is A =
klx1,...,2q4) or A = K[[x1,...,24]]. In this case we can do better than in
example and even exhibit a special integral for each D € HSg(A;m),
m € Ni. Namely, consider the Hasse-Schmidt derivation £(D) € HS;(A) de-
termined by the k-algebra map A = k[z1,...,24] — A[[t]] sending each z, to
> icm) Di(z,)t" € A[[t]]. In other words, if e(D) = (D});en, then D} = D; for
all i € [m] and Dj(z,) =0 for all i > m and all r = 1,...,d. It is clear that
£(Id 4, ds) coincides with the “Taylor Hasse-Schmidt derivation” A(*) defined in

(33)
Definition admits the following obvious logarihtmic version.

(2.1.4) DEFINITION. Let I C A be an ideal and n € N. We say that:

1) A I-logarithmic derivation 6 € Dery(logI) is I-logarithmically n-integrable
if there is a D € HSi(logI;n) such that Dy = 6. A such D will be
called a I-logarithmic n-integral of 0. The set of I-logarithmic k-linear
derivations of A which are I-logarithmically n-integrable will be denoted
by Idery(log I;n). When n = oo it will be simply denoted by Idery(log I).

2) A I-logarithmic Hasse-Schmidt derivation D' € HSy(log I;m), with m <
n, is I-logarithmically n-integrable if there is a D € HSg(logI;n) such
that TpmD = D'. A such D will be called a I-logarithmic n-integral of
D’. The set of I-logarithmically n-integrable I-logarithmic Hasse-Schmidt
derivations of A over k of length m will be denoted by THSy(log I;m;n).
When n = oo it will be simply denoted by THSk (log I; m).

10



It is clear that the Idery (log I'; n) are A-submodules of Dery (log I') and Dery(log I) =
Iderk(log I;1) D Iderg(log I;2) D - -

Idery(logI) C ﬂ Idery (log I; n). (3)

neNL

It is also clear that the IHS (log I; m; n) are subgroups of IHS, (log I; m), stable
by the e operation, THSy (log I;m) = THSk(log I;m;m) D THSy(log I; m;m +
1) D--- and

THS, (log I;m) C (] THS,(log I; m; n). (4)

n>m

The inclusions @) and (@) seem not to be equalities in general (see question
(3.6.1)). Nevertheless, we have the following proposition.

(2.1.5) PROPOSITION. The following properties hold:

1) Let n > 1 be an integer. If any k-derivation of A is n-integrable, then
any Hasse-Schmidt derivation D € HS(A;m) is also n-integrable, for all
m<n.

2) If any k-derivation is n-integrable for all integers n > 1, then any Hasse—
Schmidt derivation D € HSE(A;m) is also oo-integrable, for all integers
m>1.

PROOF. For 1) we can mimic the proof of Proposition 1.4 in [12] by using
Theorem 2.8 in [3] (see Remark 1.5 in [I2]). For 2), we apply 1) and we obtain
a sequence E™ € HSy(4;n), n > m, with E™ = D and 7,11, E"*! = E" for all
n > m. It is clear that the inverse limit of the E" (see is a oo-integral
of D. Q.ED.

(2.1.6) LEMMA. Assume that R = k[z1,...,z4], S C R is a multiplicative
set and A = SR or A = k[[z1,...,24]]. Let I C A be an ideal and n > 1
an integer. Then, any Hasse—Schmidt derivation D in the kernel of the group
homomorphism I1,, (see is I-logarithmically (oo-)integrable.

PROOF. Let us prove the proposition in the case A = SR, the case A =
kl[x1,...,24]] being completely similar. Denote by d, : A — A the induced
derivation by the partial derivative 0, : R — R. We proceed by decreasing
induction on £(D) (see Definition |(1.2.7)). If ¢(D) = n, then D is the identity
and the result is clear. Let m be an integer with 0 < m < n and suppose that
any D' € kerIl, with m + 1 < ¢(D’) is I-logarithmically integrable, and let
D € kerIl, with ¢(D) = m, i.e. D has the form (Ida,0,...,0, Dpt1,...,Dp)
with D,,4+1 # 0, and so D;,41 must be a k-derivation. Since D € kerll,, we
deduce that D;(A) C I for all i. In particular, there are aq,...,aq € I such that

Dm+1 = Zle ar(;T.

The [-logarithmic Hasse-Schmidt derivation E = (a; ¢ A())o -+ o (age AlD)
€ kerIly is an (oco-)integral of D,,41. Let us consider D’ = Do (Toon E[m +
1))7! € kerIl,. It is clear that £(D’) > m + 1 and, by induction hypothesis,
D’ is I-logarithmically integrable. We conclude that D = D’ o (Toon E[m + 1]) is
also I-logarithmically integrable. Q.E.D.
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(2.1.7) REMARK. The proof of the above lemma shows that ker IT,, is generated
by the n-truncations of the (ae F)[m], with a € I, E € HSg(A), m € [n]. In
fact, for n = co we obtain that ker Il is the closure of subgroup of HSy(log I)
generated by the (aeE)[m], with a € I, E € HSi(A) and m € N4, where
we consider in HS;(A) the inverse limit topology of the discrete topologies in
the HSy(A4;m), m € N (see [(1.2.5)). Namely, for D € kerIl, by the same
procedure as in the proof oﬁ/he lemma we construct inductively a sequence
E? = (afeAM)o - o(aleAD) ¢ > 1, af € I, such that £(Do(F9)~!) > g,
where F'4 = E%q|o --- o E1[1]. So Do(F9)~! tends to the identity element as
q — oo and D is the limit of F'? as ¢ — oo.

(2.1.8) PROPOSITION. Assume that R = k[z1,...,24], S C R is a multiplica-
tive set and A = SR or A = k[[x1,...,z4]]. Let I C A be an ideal, m > 1 an
integer, n € N with n > m and E € HSy(A/I;m). The following properties are
equivalent:

(a) E is n-integrable.
(b) Any D € HSi(log I;m) with D = E is I-logarithmically n-integrable.

(c) There is a D € HSy(log I;m) with D = E which is I-logarithmically n-
integrable.

PROOF. The implication (b) = (c) is an obvious consequence of Proposition
and (c) = (a) comes from [(1.2.9)] For the remaining implication (a) =
(b), let Z € HSk(A/I;n) be an n-integral of E and let D € HSk(log I;m) be a
logarithmic Hasse-Schmidt derivation with D = E. From Proposition
there is a U € HSg(log I;n) such that U = Z. Since TpnU = Tl = Tum Z =
E =D, we have Do (TwmU) ™t € kerI1,,, and so, by Lemma we deduce
that D is I-logarithmically n-integrable. Q.E.D.

(2.1.9) COROLLARY. Under the hypotheses of Proposition |(2.1.8), the map
I1,, : THS; (log I;m;n) — THSE(A/I;m;n) is surjective.

(2.1.10) COROLLARY. Under the hypotheses of Proposition|(2.1.8), the follow-

ing properties are equivalent:
(a) THS,(A/I;m;n) = HSE(A/I;m).
(b) THSk(log I;m;n) = HS(log I; m).

PRrOOF. It is a straightforward consequence of the proposition. Q.E.D.

(2.1.11) ExaMPLE. (Normal crossings) Let us take f = ﬁ r;, € A=

klz1,...,2q4) and T = (f) C A. The A-module Idery(logI) is genie:r;ted by
{2101, .., 2c0c,Dct1,-..,04}

and any of these I-logarithmic derivations are integrable I-logarithmically, since

AW 2,6 AW € HS,(logI) fori =1,...,e and j = e + 1,...,n. In particular
Iderg(log I) = Derg(log I) and Idery(A/I) = Derg(A/I).

12



(2.1.12) PROPOSITION. Let A be an arbitrary k-algebra, I C A an ideal with
generators f;, | € L, and n > 1 an integer. Let D € HSp(logI;n) be a I-
logarithmic Hasse-Schmidt derivation and assume that D is (n + 1)-integrable
and let (Ida, D1,...,Dp, Dpy1) € HSk(A;n + 1) be an (n + 1)-integral of D.
The following properties are equivalent:

(a) D is I-logarithmically (n + 1)-integrable.

(b) There is a deriation § € Derg(A) such that Dp1(f1) +0(f1) € I for all
lelL

PROOF. It comes from the fact that any other (n + 1)-integral of D must be
of the form (Ida, D1,..., Dy, Dpy1 +6) with § € Derg(A). Q.E.D.

(2.1.13) COROLLARY. Assume that A = k[z1,...,24] or A = K[[z1,...,24]].
LetI = (f1,...,[p) C Abeanideal andn > 1 an integer. Let D € HS;(logI;n)
be a I-logarithmic Hasse-Schmidt derivation and let us consider its integral

D' =¢(D) (see remark|(2.1.3)). The following properties are equivalent:
(a) D is I-logarithmically (n + 1)-integrable.

(b) There are ay a5 € A, r=1,...,d, s,t =1,...,p, such that

Dyyy(fs) = a1 (fo)y, +-Faa(fo)y, +asifit+agf, Vs=1,....p.

Moreover, if (b) holds, an explicit I-logarithmic (n + 1)-integral of D is given
by (Ida, Dy, ..., D, D,y y — 6), with § = Y0, a,0,.

(2.1.14) REMARK. (1) In the case of a “computable” base ring & (for instance,
any finitely generated extension of Z, Q or of any finite field) and a finitely pre-
sented k-algebra A, Proposition and Corollary give an effective
way to decide whether a given Hasse—Schmidt derivation D € HSy(A;n) of fi-
nite length n is (n + 1)-integrable or not and, if yes, to compute an explicit
(n + 1)-integral of D.

(2) Nevertheless, the question of deciding whether a given Hasse—Schmidt deriva-
tion D € HSk(A;n) of finite length n is (n + r)-integrable or not, with r > 2,
is much more involved. First of all, we cannot proceed “step by step”, since D
can be (n + r)-integrable and simultaneously admit an (n + 1)-integral which is
not (n + r)-integrable (cf. example 3.7 in [I2]). On the other hand, the condi-
tion of (n + r)-integrability of D, r > 2, gives rise to nonlinear equations which
seem not obvious to treat in general with the currently available methods, either
theoretical or computational (see for instance Lemmas|(3.1.1)} [(3.3.3)} ((3.5.5)).

(3) The following example is a very particular case of a general result, but it
also serves to illustrate the nonlinear nature of integrability and the difficulties
that come from: Let A = k[x1,...,2zq4], f € A, I = (f) and 0 = Zle a0y any
k-derivation of A. The following properties are equivalent:

(a) ¢ is a I-logarithmic derivation and it is I-logarithmically 2-integrable.

(b) Yooy fo,ar € Tand 30,y A(f) a® € (f, fhy-- o fhy)-
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So, in order to compute a system of generators of the A-module Ider(log I;2),
we have to deal with nonlinear homogeneous equations of degree 2 (see examples

in sections 3.1 B3).

2.2 Jacobians and integrability

Let k be an arbitrary (commutative) ring and assume that R = k[z1,...,z4] or
R = k[[z1,...,24]]. Let I = (f1,...,fu) C R be a finitely generated ideal and
A= R/I. Foreache=1,...,min{d,u} let JO be the ideal generated by all the
e x e minors of the Jacobian matrix (9f;/0z;), and J. = (J? +1I)/I. We have
Ji D Ja D ---. Let ¢ be the maximum index e with J, # 0 (or equivalently
with J? ¢ I), in case it exists. The ideal J. only depends on the k-algebra A
and is called the Jacobian ideal of A over k and denoted by J4 /. It is nothing
else but the smallest non-zero Fitting ideal of the module of k-differentials €2 4/,
(see [1]).

(2.2.1) PROPOSITION. Under the above hypotheses, any & € Dery(log I)N(J? +
I)Dery(R) is I-logarithmically integrable.

Proor.  The proof follows the same lines that the proof of Theorem 11
in 9. Let us write J° = J?. Since IDery(R) C Idery(logl), we can as-
sume that § = Zle cr10, with ¢,.q € JO. Let us consider D' = (Ida,6) €
HSy(log I;1) and E! = ¢(D') € HSk(R;00) (see[(2.1.3)). We have that F =
DI (HL cgf) A € (JO)2Diffp/p,, and so EX(f;) € (J°)? for all j =
1,...,u. From Lemma [(2.2.2)| there is (c12,...,cq2) € R%, with c,.o € J°, such
that

(12, -, ca2) ((0f/02:)ig) = (B3 (fr), -, By(fu)) mod I,

ie. Ei(f;)— Zle cr2(f),, € I, and so we deduce that D' is I-logarithmically
2-integrable, an I-logarithmic 2-integral being D? = (Ida,d, D3) with D3 =
EY =0 €08, € JODiff g (see Corollary [2.1.13)).

Assume that we have found a D™ = (Id,d, D3,..., D™) € HSk(log I;m)
with D € JODiffg/,, s = 1,...,m, hence with ¢,s := Di(z,) € J°, r =
1,...,d. Let us consider E™ = ¢(D™) € HS(R;c0). From Proposition |(1.3.1)|
2) we deduce that EJ,, € (J°)?Diff 4 and so EJr, 1 (f;) € (JO)? for all j =
1,...,u. From Lemma there is (C1.m41,-- -, Cdmt1) € RY, with ¢, mi1 €
JO, such that

(crm+1s -5 Camr1) ((0f/0%i)i5) = (Epyr (f1)s -+ By (fu))  mod I,

ie. EJ(f5) — Zle crm+1(fj),, € I, and so we deduce again that D™ is I-
logarithmically m+1-integrable, an I-logarithmic (m+1)-integral being D™+ =
(Id4,8,D3,..., D™, DT1) with Dt = E7 — S ¢ mt10r € JODiff gy

(see Corollary |(2.1.13))).

In that way, we construct inductively the D™, m > 2, such that (Id4, 6, D3, ...

HS(log I; 00) and so § is I-logarithmically integrable. Q.E.D.

(2.2.2) LEMMA. Let X = (X;;),i=1,...,d, j=1,...,u, be variables, W =
Z[X], a. C W the ideal generated by the e x e minors of X and U = W/a.41.
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Then, for each ¢ x ¢ minor p of X and for each j =1,...,u, the system

J
<~
(u1,...,uq)X =(0,...,0, ££,0,...,0)

has a solution in U.

PROOF. We know that U is an integral domain (cf. [2], Theorem (2.10) and
Remark (2.12)). Denote by K its field of fractions and by 7 : W — U the
natural projection. The lemma is an easy consequence of the fact that the
matrix 7(X) ® K has rank c. Q.E.D.

The following corollary of Proposition [(2.2.1)| generalizes Theorem 11 in [9],
which was only stated and proved for k a perfect field.

(2.2.3) COROLLARY. Under the above hypotheses, we have

JA/k C anng (Derk(A)/ Idery, (A)) .

The proof of the following result is similar to the proof of Proposition|(2.2.1)|
(2.2.4) PROPOSITION. Let f € R, I = (f), and J° = (f. -y [r,) the gradient

ideal. If 6 : R — R is a I-logarithmic k-derivation with 5 € J°Dery(R), then §
admits a I-logarithmic integral D € HSg(log I) with D;(f) =0 for alli > 1. In

particular, if 6(f) =0, the integral D can be taken with ®p(f) = f.

(2.2.5) We quote here Theorem 1.2 in [I5]: Let I C A = k[xq,...,24] be an
ideal generated by quasi-homogeneous polynomials with respect to the weights
w(x,) > 0. Then, the Euler vector field y = Zi:o w(z,)0, is I-logarithmically
(co-)integrable. In fact, a I-logarithmic integral of x is the Hasse—Schmidt
derivation associated with the map A — A[[t]] given by
1 w(xy,)
acw—)acT(ﬁ) , r=1,...,d.

(2.2.6) PROPOSITION. Let f € A = kl[z1,...,x4] be a quasi-homogeneous
polynomial with respect to the weights w(x,) > 0 and I = (f) C A. Assume
that the weight of f is a unit in k and that all the partial derivatives of f are
non-zero and form a reqular sequence. Then Dery(log I) = Idery(log I).
PROOF. From the hypotheses we deduce that the A-module Derg(log ) is
generated by the Euler vector field x and the crossed derivations 6,5 = f;s& -
f2.0s, 1 <1 < s <d. Butyis I-logarithmically integrable by and 6, is
I-logarithmically integrable by Proposition Q.E.D.

2.3 Behaviour of integrability under localization

Throughout this section, k£ will be an arbitrary commutative ring.

The proof of the following proposition is clear from |(1.2.10)|

(2.3.1) PROPOSITION. Let A be a k-algebra, S C A a multiplicative set, a C A
be an ideal, m > 1 an integer, n € N withn > m and D € HSg(loga;m). If D a-
logarithmically n-integrable, then D € HSk(S™tA;m) is (S~'a)-logarithmically
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m-integrable. In particular, the map ©,, sends IHSk(log a;m;n) to IHS (log(S~ta);m;n).

The two following propositions are straightforward consequences of Propo-

sition [(1.3.5)| and Corollary |(1.3.6)| respectively.

(2.3.2) PROPOSITION.  Assume that A = k[z1,...,zq] and let S C A be a
multiplicative set and a = (f1,..., fu) C A be a finitely generated ideal. Then,
for any integers m > q > 1, the map

1
(s,F) € S x IHS(log a; ¢;m) — —00,(F) € THS(log(S™'a); ¢;m)
s
18 surjective.

(2.3.3) PROPOSITION. Assume that A is a finitely presented k-algebra and let
T C A be a multiplicative set. Then, for any integers m > q > 1 the map

1
(t,G) € T x THSk(A; ;m) — — #0g(G) € THSK(T ™" A; ¢;m)

18 surjective.

Proposition[(2.3.3)] can be also obtained form Proposition [(2.3.2)|and Corol-
lary [(2.1.9)}

(2.3.4) COROLLARY. Assume that A = k[z1,...,24] and let S C A be a
multiplicative set, a = (f1,..., fu) C A be a finitely generated ideal. Then, for
any integer m > 1 the canonical map

1~
g € S~ '1dery(loga;m) +— ~4 € Idery(log(S~'a);m)
s s

is an isomorphism of (S~1A)-modules.

PRroOOF. The injectivity is a consequence of the fact that, under the above as-
sumptions, the canonical map S~! Dery(A4) — Dery(S~1A) is an isomorphism.
The surjectivity is given by Proposition in the case ¢ = 1. Q.E.D.

(2.3.5) COROLLARY. Assume that A is a finitely presented k-algebra and let
T C A be a multiplicative set. Then, for any integer m > 1 the canonical map

T~ 1dery (A;m) — Idery (T~ A;m)

is an isomorphism of (T~*A)-modules.

PRrROOF. The injectivity goes as in the proof of Corollary|(2.3.4)l The surjec-
tivity is given by Proposition [(2.3.3) in the case ¢ = 1. Q.E.D.

(2.3.6) THEOREM. Assume that A is a finitely presented k-algebra, m > 1 is
an integer and let 0 € Dery(A). The following properties are equivalent:

(a) 6 € Iderg(A;m).
(b) 6, € Idery(Ay;m) for all p € Spec A.

(¢) 0m € Iderg(Am;m) for all m € Specmax A.

16



PrROOF. The implication (a) = (b) is a consequence of Proposition
The implication (b) = (c) is obvious. For the remaining implication (c) =
(a), assume that property (c) holds. Then, by Corollary for each m €
Specmax A there is a f™ € A —m and a (™ € Idery(A;m) such that f™d, =
(C™) > and so there is a g™ € A —m such that g™ f™é = g™(™. Since the ideal
generated by the g™ f™, m € Specmax A, must be the total ideal, we deduce the
existence of a finite number of m; € Specmax A and a; € A, 1 < i < n, such
that 1 = a1g1f1 + - + angnfn, with f; = f™ g; = g™, and so

0= Zaigifi5 = Zaigz(mi
i—1 i1

is m-integrable. Q.E.D.

(2.3.7) COROLLARY. Let f : X — S be a locally finitely presented mor-
phism of schemes. For each integer n > 1 there is a quasi-coherent sub-sheaf
Iders(Ox;n) C Derg(Ox) such that, for any affine open sets U = Spec A C X
andV = Speck C S, with f(U) C V, we have T'(U, Iders(Ox;n)) = Idery(A;n)
and Iders(Ox;n)p = Iderog ,, (Ox,p;n) for each p € X. Moreover, if S is lo-
cally noetherian, then Iders(Ox;n) is a coherent sheaf.

PROOF. For each open set U C X, we define
(U, Iders(0x;n)) = {0 € I'(U, Ders(0x)) | 6, € Iderog ., (Ox p;n) Vp € U}.

The behaviour of Iders(Qx;n) on affine open sets and its quasi-coherence is a
straightforward consequence of Theorem |(2.3.6)| Q.E.D.

2.4 Testing the integrability of derivations

In this section k will be an arbitrary commutative ring and A an arbitrary
k-algebra.

(2.4.1) DEFINITION. Let n > m > 1 be integers and D € HSi(A;n). We
say that D is m-sparse if D; = 0 whenever i ¢ Nm. We say that D is weakly
m-sparse if T, gmD is m-sparse, where ¢ = L%J The set of m-sparse (resp.
weakly m-sparse) Hasse-Schmidt derivations in HSy(A;n) will be denoted by
HS]""*P(A;n) (res. HS]' P (A;n)).

The proof of the following proposition is easy and its proof is left up to the
reader.

(2.4.2) PROPOSITION. Let n > m > 1 be integers, g = L%J and r =n — qm.
The following properties hold:

1) HS;" *P(A;n) and HS]' P (A;n) are subgroups of HSy(A;n).
2) For any D € HSy(A;q) and any § = (61,...,06,) € Dery(A)", the sequence

Z & Tz
O(D,8) = (Id4,0,...,0,Dy,0,...,0,D5,0,...,0,D,, 6, 5,)
is a weakly m-sparse Hasse—=Schmidt derivation of A (over k) of length n
and the map © : HSy(A;q) x Derp(A)" — HS;'""*(A;n) is an isomor-

phism of groups.

geeey
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(2.4.3) THEOREM. Letn > 1 be an integer. The following assertions hold:

1) If n is odd and Idery(A;q) = Derx(A), with ¢ = "TH, then any D €
HSk(A;n) with Dy = 0 is (n + 1)-integrable.

2) If n is even and Idery(A;p) = Derg(A), with p = L"T'HJ, then any D €
HSk(A;n) with Dy = 0 is (n + 1)-integrable.

PROOF. 1) Since D; = 0 we have 1 < ¢(D) < n. If n = 1, then D is the
identity and the result is clear. Assume n > 3 and so ¢ > 2. Let us proceed
by decreasing induction on ¢(D). If /(D) = n then D is the identity and the
result is clear. Let m be an integer with 1 < m < n and suppose that any
D’ € HSi(A;n) with m 4+ 1 < 4(D’) is (n + 1)-integrable. Let D € HSi(A4;n)
be a Hasse-Schmidt derivation with (D) = m, i.e.

D = (I1d4,0,...,0, Dpi1,...,Dy)  with Dyyq # 0.

Since 7y 41D is (m+1)-sparse, we can apply Proposition[(2.4.2)] 2) and deduce
that D,,+1 is a derivation and so, by hypothesis, it must be g-integrable. Let
E € HSi(A;q) be a g-integral of D,, ;. We have that ¢(m +1) >2¢=n+1
and 80 F' = Ty(41),n(E[m + 1]) is (n + 1)-integrable, an (n + 1)-integral being
Ta(m+1),n+1(E[m 4 1]), and has the form

m+ 1
N

F = (Ida,0,...,0,Dpy1,0,..., Fp).

It is clear that for D' = F~'oD we have D{ = --- = D/ ., = 0, and so
¢(D") > m+ 1. The induction hypothesis implies that D’ is (n + 1)-integrable
and we conclude that D = Fo D’ is also (n + 1)-integrable.

2) If n =2, then D = (Id4, 0, D3) and obviously (Id4,0, D3, 0) is a 3-integral of
D. Assume that n is even > 4, and let us write n = 2¢q, ¢ > 2, and n+1 = 3p+7r
with 0 < r < 3, p > 1. Since 7,,3D is weakly 2-sparse, we deduce that D3 must be
a derivation (see Proposition and so, by hypothesis, it is p-integrable.
Let E3 € HSy(A;p) be a p-integral of Ds. It is clear that (see Proposition

(2.4.2))

3 6 3p
~~ ~~ ~~

F? = (1d4,0,0, E?,0,0, E3,0,...,0, E},0,0)

is a (3p + 2)-integral of E3[3], and since 3p +2 > n + 1, G* = 73,10, F is
(n + 1)-integrable and (G3)~!o D has the form (Ida,0, D2,0,...).

Assume that we have found G3,G°,...,G?**7t € HSy(4;n), all of them
(n + 1)-integrable, with 3 < 2s — 1 < n, such that (G*71)71o ... o(G3)"1oD
has the form

2 4 2s
N ~— ~—

D' = (Id4,0, D5,0,D},0,...,0,D5, D5, y,...,D)).
If 25 = n, we already have what we are looking for. If 2s < n, then Dy, is

a derivation (see Proposition [(2.4.2)) and so, by hypothesis, it is p-integrable.
Let E**! € HSy(A4;p) be a p-integral of Dj, ;. Let us consider F?*1 =
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E?s%12s + 1] € HSk(A4;p(2s + 1)). Since p(2s+1) > 5p > 3p+2 > n+ 1,
G* = 7 9541),n 2511 is (n + 1)-integrable and (G***1)~! o D’ has the form

2 4 2s 2s + 2
~~ ~ ~~ ——

= (Id4,0,D7%,0,D4,0,...,0,D5,,0,D5 . o,..., D).

We conclude with the existence of G3, G5, ..., G"~1 € HSk(A;n), all of them
(n + 1)-integrable, such that H = (G""1)71oG"3 ... o (G®)"1o D € HSk(A;n)
(n = 2q) is 2-sparse. From Proposition again we deduce that H is
(n + 1)-integrable, and so D is also (n + 1)- 1ntegrab1e Q.E.D.

(2.4.4) DEFINITION. For each integer n > 1, let us define

p(n)—{ ”TH if n is odd

L"THJ if n is even.

Notice that p(n) < n for all n > 2.

(2.4.5) COROLLARY. Letn > 1 be an integer, and assume that Ider(A; p(n)) =
Deri(A). Then, for any n-integrable derivation 6 € Idery(A;n), the following
properties are equivalent:

(a) Any n-integral of 6 is (n + 1)-integrable.

(b) There is an n-integral of § which is (n + 1)-integrable.

PROOF. Assume that E € HSi(A4;n + 1) is an (n + 1)-integral of § and let
D € HSk(A;n) be any n-integral of §. The 1-component of F = Do (7,41 ,E) "
vanishes and so, by Theorem F is (n + 1)-integrable. We deduce that
D = Foryy1,E is also (n + 1)-integrable. Q.E.D.

2.5 Algorithms

Let k be a “computable” base ring k (for instance, any finitely generated
extension of Z,Q or of any finite field), fi,...,f, € A = k[z1,...,24] and
I =(f1,...,fp). The starting point is the computation of a system of genera-
tors {0, ...,0%} of Dery(log I).

The following algorithm decides whether the equality
Dery,(log I) = Idery,(log I; 2) (@ Dery,(A/I) = Idery (A/I 2))
is true or not, and if yes, returns a 2-integral for each generator of Der(log I).

ALGORITHM-1:

Step 1: For each j =1,...,q, apply Corollary|(2.1.13)| as explained in remark
(2.1.14)] (1) to decide whether §7 is I-logaritmically 2-integrable or not,
and if yes to compute a I-logarithmic 2-integral D72 of §7.
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Step 2: (Y) If the answer in Step 1 is YES for all j = 1,...,q, then save the
I-logarithmic 2-integrals D2,..., D92 and answer “THE EQUALITY
Dery(log I') = Idery(log I;2) IS TRUE”.

(N) If the answer in step 1 is NOT for some j = 1,...,q, then answer
“THE EQUALITY Dery(log I) = Idery(log I;2) IS FALSE”.

Assume that we have an ALGORITHM—(N-1) to decide whether the equal-
ity

Dery,(log I) = Idery,(log I; N (@ Dery,(A/I) = Idery) A/ N))

is true or not, and if yes, to compute an N-integral for each generator of
Dery(log I).

ALGORITHM-N:

Step 1: Apply ALGORITHM—(N-1), and if the answer is NOT, then STOP
and answer “THE EQUALITY Dery, (log I) = Idery(log I; N+1) IS FALSE”.
If the answer to ALGORITHM—(N-1) is YES, keep the computed I-
logarithmic N-integrals DYV, ... D%V of §',...,§% and go to step 2.

Step 2: For each j =1,...,q, apply Corollary|(2.1.13)| as explained in remark
(2.1.14)] (1) to decide whether D’¥ is I-logaritmically (N + 1)-integrable

or not, and if yes to compute a I-logarithmic (N + 1)-integral D7V +1 of
DN,

Step 3: (Y) If the answer in Step 2 is YES for all j = 1,...,q, then save
the I-logarithmic (N +1)-integrals D»N+1 . D4N+1 and answer “THE
EQUALITY Dery (log I) = Idery,(log I; N + 1) IS TRUE”.

(N) If the answer in Step 2 is NOT for some j = 1,...,q, then answer
“THE EQUALITY Dery,(log I) = Idery,(log I; N + 1) IS FALSE”.

Corollary|(2.4.5)|is the key point for the correctness of Step 3, (N).

3 Examples and questions

We have used Macaulay 2 [4] for the preliminary computations needed in the
following examples.

3.1 The cusp z? + y° in characteristic 2 or 3

Let k be a base ring containing the field F,, p > 0, and f = 2°> +y> € R =
klz,y]. Let I = (f) and A = k[z,y]/I. The computation of Ider(4;o0) has
been treated in [9], example 5. Here we are interested in the computation of
Iderg(A;m), m > 2.

Let start with p = 2. Then the Jacobian ideal of f is J = (y2, f) = (22, %?).

The module Dery(logI) is free with basis {0;, f0,}. It is clear that f9, is
I-logarithmically (oco-)integrable. Let g € R be a polynomial. From Corollary
(2.1.13)] we have that g9, is I-logarithmically 2-integrable if and only if g? € J.
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Since {g € R | g* € J} = (x,y), we deduce that {zd,,yd, fO,} is a system of
generators of Idery (log I;2).

The derivation 23, is the Euler vector field for the weights w(z) = 3, w(y) =
2. From [(2.2.5)[ we know that x0, is I-logarithmically (co-)integrable.

Let ¢ € R be an arbitrary polynomial and § = ¢yd,. A I-logarithmic 2-
integral of ¢ is determined by the k-algebra map

p(z,y) € R p(x + cyt,y + 1) + (t*) € Rs = R[[t]]/(£*).

Since the coefficient of t3 in f(x + cyt,y + c?t?) is 0, we deduce that § is I-
logarithmically 3-integrable and so Idery(logI;3) = Idery(log I;2). A generic
I-logarithmic 2-integral of § is determined by the k-algebra map

p(z,y) € R p(x + cyt + dt?,y — 02t2) + (t3) € Rs,

with d € R, and a generic I-logarithmic 3-integral of § is determined by the
k-algebra map

p(z,y) € R p(x + cyt + dt* + et y + t?) + (t*) € Ry,

with d,e € R. The coefficient of t* in f(z + cyt + dt? + et3,y + c*t?) is d? + yc?,
and so, the following conditions are equivalent:

(a) ¢ is I-logarithmically 4-integrable.
(b) There is a d € R such that d* + yct € J.

The proof of the following lemma is easy:

(3.1.1) LEMMA. The set T :={c € R | 3d € R, d*> + yc* € J} is the ideal
generated by x,y.

As a consequence of the lemma we deduce that {2d,, y?0,, f0,} is a system
of generators of Idery(logl;4). But 3?0, is I-logarithmically (oco-)integrable

after Proposition |(2.2.1)} and so

Dery(A) = (0,) 2 Idery(4;2) = (20, y0,) = Iders(4;3) 2
Idery(A;4) = (20,,y20,) = Idery,(A;5) = - - - = Iderg(4; 00).

In particular, we have

anng (Derg(A)/Idery(A4;2)) = (T,7) =
anny (Dery(A)/Idery(A; 00)) = (Z,72) 2 J = (T2, 7°).

Let us now compute the case p = 3. The Jacobian ideal of f is J = (x, f) =
(z,52). In a similar way to the preceding case, we obtain that:

-) Dery(logI) = (f0y,0y).
-) Since 2 is invertible in k& we have Der(log I') = Idery(log I; 2).
-) Iderx(log I;3) = (xdy, Y0y, fOz).
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-) Idery(log I;3) = Idery (log I'; 00).

-) Derg(A) = (0,) = Idery(A;2) 2 Idery(4;3) = (x0,,yd,) = Idery(A;4) =
-+ - = Idery(A4; 00) and ann (Derg(A)/ Idery(A;00)) = (T,7) = \/Ja/k-

Let us notice that for the cusp in characteristics # 2,3 we can apply Propo-
sition [(2.2.6)| and obtain that any derivation is integrable.

3.2 The cusp z? + y> over the integers

Assume that k = Z and f = 2> +y> € R = Z[z,y]. Let I = (f) and A =
Z[w,y]/I. The Jacobian ideal of f is J = (2x,3y?, f) = (2z,3y%, 22,y3). The
I-logarithmic derivations of R are generated by §; = 320, +2y0dy, 62 = 3y*0, —
220y, fO, and f0,. The first derivation 6; is the Euler vector field for the
weights w(z) = 3,w(y) = 2. As inBI] 0; is I-logarithmically integrable. For
the second derivation d2, we apply Proposition and we deduce that it
is also I-logarithmically integrable. So this is an example of a non-smooth
Z-algebra A for which any derivation is integrable.

3.3 The cusp 322 + 2y3 over the integers

Assume that k = Z and f = 322 +2y3 € R = Z[x,y]. Let I = (f) and
A = Z[x,y]/I. The Jacobian ideal of f is J = (6x,6y2, f) = (6x, 632, 322, 2y3).
The I-logarithmic derivations of R are generated by 61 = 320, + 2y0, and
82 = —y?d,+x0,, which in fact form a basis (we can say that “f is a free divisor”
of R). As in[31] 67 is the Euler vector field for the weights w(x) = 3, w(y) = 2
and so it is [-logarithmically integrable.

Let us study the integrability of ads, a € R. The coefficient of t? in f(x —
ay*t,y + axt) is a?(3y* + 622y). Since 62 € J, this coefficient belongs to J if
and only if 3a?y* € J, i.e. a® € J : 3y*.

(3.3.1) LEMMA.
(a) J:3y* = (2,2%).
(b) {a € R |a®€(2,2%)} = (2,z).

(3.3.2) COROLLARY. The R-module Iderz(log I;2) is generated by {61,202, xd2 }
and so anny (Derz(A)/ Iderz(A;2)) = (2,x).

Let us study the 3-integrability of
(2b + cx)d2 = —y*(2b + cx)dy + (2b+ cx)2d,, b,c € R.

Let us write @ = 2b+cx. The coefficient of t? in f(z—y?(2b+cx)t, y+(2b+cx)xt)
is A(2y)+B(32?) with A = 6b(b+cx)y, B = c?y*+2a?y, which can be expressed
as

(A= B)zf, + (A— Byf, + (3B —2A)f.

Hence, the coefficient of t2 in

flz —y*(2b+ cx)t 4+ (B — Azt y + (2b + cx)zt + (B — A)yt?)
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is (3B — 2A) f and the reduction mod 3 of the Z-algebra map
TP p(z,y) € R — pla—y?(2b+ca)t+(B—A)xt?, y+(2b+cx)xt+(B—A)yt?) € R[[t]]

is I-logarithmic and gives rise to a I-logarithmic 2-integral of ads. So, the
reduction mod t* of the Z-algebra map \Il!(f) : R — RJ[t]] given by

r = x—y*(2b+cx)t + [(B — A)x + 3dx — ey?]t?,
y — y+ (2b+cx)at+ (B — Ay + 2dy + ex]t?

is the associated map to a generic I-logarithmic 2-integral of ad2. Moreover, the
coefficient of 2 in UV (f) is (3B — 24 + 6d) f.

The coefficient of t3 in \P§2) (f) is 622y +122y5bc + 122493 3 + 3623y be® +
22563 + 3622y3b%c 4 122°bc? 4 24xy3b> + 2422 b%c + 62y ce + 162303 + 622y cd +
12y*be + 1223yce + 12xy%bd + 24x%ybe, and it belongs to J if and only if

225¢% +162°° € J & 3¢ + 80 € (J : 22°).
(3.3.3) LEMMA. With the above notations, the following assertions hold:
(a) J:2x3 = (3,y3).
(b) 23c3+ 83 € (J:223) & a® e (J:223) & ac (3,y).
(3.3.4) COROLLARY. The I-logarithmic deriation ady is I-logarithmically 3-

integrable if and only if a € (2,2) N (3,y) = (6, 3z, 2y, zy), and so the R-module
Iderz(log I;3) is generated by {01,602, 3xd2, 2yds, xyde} and

anny (Derz(A)/Iderz(A4;3)) = (2,7) N (3,7),
annyg (Derz(A;2)/Iderz(4;3)) = (3,7).

The following lemma cannot be deduced directly from Proposition [(2.2.1)|
Its proof proceeds by induction and it is left up to the reader.

(3.3.5) LEMMA. Leta € (2,2) N (3,y). There are sequences a;,b; € R, i > 2,
such that the Z-algebra map

U:p(z,y) e R—p (:c —ay*t + Zaiti, y + axt + Zbiﬁ) € R[[t]]

=2 =2
is I-logarithmic, i.e. W(f) € R[[t]]f.
(3.3.6) COROLLARY. We have

Iderz(A4;3) = Iderz(A;4) = - - - = Iderz(A4),

and so

ann 4 (Derz(A)/ Iderz(A)) = (2,%) N (3,7) 2 \/Ja/z = (37, 27).

The following two examples have been proposed by Herwig Hauser.
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3.4 The surface 22 + z1(7; + 73)* = 0 in characteristic 2

Let k be a field of characteristic 2, f = 23 + x1 (71 + 22)? € R = k[z1, v2, 73],
I = (f) and A = R/I. The Jacobian ideal is J = (¢2, f) = (¢?,23) with
0 = 21 + 29, and VJ = (¢,z3). A system of generators of Dery(logI) mod.
fDerk(R) is {(92,83}.

(3.4.1) LEMMA. Let o, € R and 6 = ads + B03. The following conditions
are equivalent:

(a) & is I-logarithmically 2-integrable.
(b) z102+B%€ J.

(3.4.2) LEMMA. The module {(a, 8) € R? | m1a® + 82 € J} is generated by
(:Cg, 0>a (Ea 0)7 (Oa 1'3>a (076)

(3.4.3) COROLLARY. A system of generators of Idery(logI;2) mod f Dery(R)
18 {ZL'gag, 682, 563(93, 683}

(3.4.4) PROPOSITION. Idery(A;2) = Idery(A).
PROOF. We need to prove that x30s, {02, x303, {03 are I-logarithmically inte-
grable.

The derivation 2305 is the Euler vector field for the weights w(z1) = w(x2) =
2, w(z3) = 3. From|(2.2.5)| we deduce that x305 is I-logarithmically integrable.

The derivation £05 is I-logarithmically integrable since f(x1+12, zo+1%, 23+
t)y =--- = f € R[t] C R[[t]] and so a I-logarithmic integral of £05 is given by
the k-algebra map R — R][[t]] determined by

1'1’—)1'1+t2, $2I—>$2+t2, ZL'3’—)ZL'3+€t.

For the derivation 239, let us write W (t) = 4t e (t?>)R[[t]] and consider

1—xt2

the homomorphism of k-algebras ¥ : R — R|[[t]] given by:

xr1 — X1+ W(t), To — X9 + 3t + W(t), XT3 — I3.

We have U(f) = f(x1 + W,zo +ast+W,a3) =--- = (ﬁ) f and so ¥ gives
rise to a I-logarithmic integral of x30s.

For the derivation €0, let us write V(t) = % € (t?)R|[t]] and consider the

homomorphism of k-algebras ¥ : R — R][t]] given by:
1 H$1+V(t), $2l—>$2+€t+V(t), XT3 — I3.

We have U(f) = f(z1+ V,axe + lt+ V,a3) = --- = f and so ¥ gives rise to a
I-logarithmic integral of £0s. Q.E.D.

In this example the descending chain of modules of integrable derivations
stabilizes from N = 2:

Dery(A) = Idery(A4;1) D Idery(A;2) = Idery(A;3) = - - - = Idery (A; 00)

and
anny (Dery(A)/ Idery(A4; 00)) = (£, 23) = V.J /1.
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3.5 The surface 22 + z175(x1 + 72)? = 0 in characteristic 2

Let k be a field of characteristic 2, f = 23 + z172(71 +22)? € R = k[z1, 72, 73],
I =(f)and A = R/I. The Jacobianidealis J = (2202, 2102, f) = (2202, 2102, 23)
with £ = z; + 9. Tt is clear that v/J = ({,23). The module Dery(logI) is
generated mod. fDerg(R) by 05, € = 2101 + 220> and n = 23020, + 230>
(03(f) = e(f) = 0,n(f) = z1£%f). Since ¢ is the Euler vector field for the
weights w(z1) = w(rz) = 1,w(zz) = 2, we deduce from [(2.2.5) that ¢ is I-
logarithmically integrable. From Proposition |(2.2.1)] we also deduce that 7 is
I-logarithmically integrable.

To find a system of generators of Idery(log I;2) we need the conditions on
a € R which guarantee that ads is I-logarithmically 2-integrable. The coefficient
of t2 in f(x1,z2,23 + at) = f + a?t? is a?, and so ads is I-logarithmically 2-
integrable if and only if a2 € J.

(351) LEMMA. {a € R|(12 € J} = (1‘3,1‘16, SCQE)

(3.5.2) COROLLARY. A system of generators of Idery(log I;2) mod. f Dery(R)
is {w30s, x100s, w2003, e,m}. In particular we have

anny (Dery,(A)/ Idery(4;2)) = (T3, T2f, T1f).

The following lemma is a very particular case of a general result.

(3.5.3) LEMMA. Any Hasse-Schmidt derivation E € HSy(A;2) is 3-integrable.

PROOF. Since 3 is invertible in k, we can consider the differential operator F5 =
FE{Ey — %E? and check that (Ida, F1, Es, E5) is a Hasse-Schmidt derivation.
Q.E.D.

As a consequence of the above lemma we have Idery(A;2) = Idery(A4; 3).

Let us see the conditions for ads, with a = axs + fx1f + yxol, o, 3,7 € R,
to be [-logarithmically 4-integrable. The algebra map associated with a general
I-logarithmic 3-integral of ads is ¥®) : R — R3 given by:

r1 = X1+ (a2:131 + ’}/21‘2 + Biz1 + 01$%£2)t2 + (Bg$1 + CQ.’L'%€2)t3,

To = X2+ (ﬂ21'1 + Bixo + 01:C§>t2 =+ (BQSCQ + Cg$§)t3,
r3 +» X3 —+ (041'3 —+ ﬂl‘lg —+ ’yxgﬁ)t —+ A1t2 —+ Agtg

with Ay, By, Cy € R, and let ") : R — Ry be the obvious lifting of ¥(3). The

coefficient mod J of t* in the expression of \1184)(f), is 2123 (a+ B +7)* + A2
So, we have proved the following lemma.

(3.5.4) LEMMA. With the above notations, the following assertions are equiv-
alent:

(a) The logarithmic derivation ads, with a = axs+Bx1l+vyxal, is I-logarithmically
4-integrable.

(b) There is A1 € R such that z1z3(a + B +7)* + A2 € J, or, equivalently,
zad(a+ S +7)t e J+ R
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(3.5.5) LEMMA. We have {¢ € R | x123¢* € J + R*} = (23,0).
PROOF. Let us write A = {p € R | z123p* € J + R?}. It is clear that

r3,f € 2, since x§ € J and $1$§€4 € J. Let ¢ be an element in 2 and let us
write ¢ = qxs + ¢1(21,x2), with ¢ € R and @1 (21, 22) € A. We have

zlxggaéll =U(x1, zg)z1€2 + V(ay, xg)z2€2 + P(x1, x2)2.

By taking derivatives with respect to 1 we obtain 3¢} = U, x10? + Ul? +
V] @20* and so ¢ divides ¢1. We conclude that A = (z3, /). Q.E.D.

As a consequence of the above lemma and the fact that (r3,¢) is a prime
ideal, the condition z123(a+ B+7)* € J+ R? is equivalent to a+ 8+ € (x3,£),
ie. toa=aw3+axl+B+vyandsoa=--- =123+ azwsl + B(x3 + x10) +
~(zg + x2£). We conclude with the following corollary.

(3.5.6) COROLLARY. A system of generators of Idery(log I;4) mod f Derg(R)
is {2305, 23005, (x5 + 21£)03, (x3 + 220)03,2,n}. In particular we have

amn (Dery (4)/ Idery(4:2)) = (75, T5L, 10),
ann s (Dery(A)/ Idery(4;4)) = (73°, T30, T3 + Tal, 75 + T1l),

anny4 (Idery(A;2)/ Idery(A4;4)) = (T3, £)
and all the inclusions
Ja C (5%, T30, T3 + Tal, T35 + T70) C (73,730, T10) C (T3, 0) = \/f/k
are strict.

From Proposition we deduce that 2205 is I-logarithmically integrable.

(3.5.7) LEMMA. The derivation x3€0s is I-logarithmically integrable.

PROOF. Let us write § = x3£03 and D = (x3/)eA®). We have ®p(f) =
f+ (x30)%t? and (x3/)? = v Sy + Cf = zyxol* + 02f. Let us also write

S = k[zy,20) and b= (fL , f1 ) = (2202, 210%) C S.

x1?J T2

We are going to construct inductively a sequence of differential operators
E} € bDiffg/,, m > 1, with El =0, E2(f) = z1200*, ET(f) = 0 for all m > 3
and such that (Id, Ef, E5, E3,...) is a Hasse-Schmidt derivation of length oco.

For m = 2, let us take E3 = f] 0.

Assume that we have already found a Hasse-Schmidt derivation E™ =
(Id, Ef,..., E™) € HSk(S;m) with the required properties. Let us consider
Fm™ = g(E™) € HSi(S;00). From Proposition 2) we deduce that
EFp € b?Diffg), and so FJ7' i (f) € b2 Hence, there are a,3 € b such
that F , (f) = af. + Bf., and consequently we can take E/fl = Fm | —
(a0 + B0-)

Once the Hasse-Schmidt derivation £ = (Id,0, B3, E3,...) € HSk(S; )
has been constructed, we extend it in the obvious way to the ring R (we keep
the same name E for the extension). We have ®pop(f) = ®p (Pp(f)) =
(T)D (f + :L'1:C2€4t2) = q)D(f) + @D(:E1:C2£4)t2 =f+ (:L'gf)QtQ + :E1$2€4t2 = (1 +
0?t%)f and so Do E is a I-logarithmic integral of §. Q.E.D.

The proof of the following lemma is due to M. Mérida.
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(3.5.8) LEMMA. The derivations (xs+x1£)05 and (x3+x20)05 are I-logarithmically
integrable.

PROOF. By symmetry, it is enough to consider the case (x5 + x1¢)03, for
which the logarithmic integrability is a consequence of the fact that the map
U : R — RJ[t]] given by:

1 = z1+ 71V,
To 1'2+£L'1‘/,
xr3 +— X3+ (1‘3 + 1'16)15 + .CCgV,

with V = ZtQi, is I-logarithmic. Namely, since t> = V2 4+ V, we have
i=1
flrxr+ 21 Vizo + 21V, 23 + (23 + 210)t + 23V) =
(3 + (23 + 210t + 23V)? + (21 + 21V ) (22 + 2,V )02 =
23+ (23 + 2302)? + 23V? + (122 + 23V + 212V + 23V2)02 =
23 + (23 + 230212 + 23V? + (122 + 232 + 32V )2 =
23 + 23t% + 23V? + (1120 + 2122 V)P = [+ 23% + 23V + 22V =
f4+ 23V + 22V =(1+V)f.

Q.E.D.

(3.5.9) COROLLARY. Idery(A;4) = Iderx(A).

3.6 Some questions

(3.6.1) QUESTION. Assume that R = k[x1,...,24], S C R is a multiplicative
set and A = ST'R or A = k[[z1,...,24)]. Let I C A be an ideal, m > 1 an
integer, D € HSk(logI;m) and E = D € HS,(A/I;m). Let us consider the
following properties:

(a) D is I-logarithmically n-integrable for all integers n > m (or equivalently,
E is n-integrable for all integers n > m).

(b) D is I-logarithmically co-integrable (or equivalently E is oco-integrable).

Under which hypotheses on k and on I are properties (a) and (b) equivalent for
any D € HS;(log I;m)? Are they equivalent if k is a field or the ring of integers
and [ is arbitrary?

Notice that this question is the same as asking whether the inclusion in [
(or in [0 for m = 1) is an equality or not.

(3.6.2) QUESTION. The proofs of propositions|(2.3.2)| and [(2.3.3)| do not work
for m = oo and, presumably, these propositions are not true for m = oo without
additional finiteness hypotheses on k. Let us notice that if the maps in Propo-
sition are surjective for m = oo, then the localization conjecture for the
Hasse—Schmidt algebra stated in [16] is true.
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(3.6.3) QUESTION. For any finitely presented k-algebra A, find an algorithm
for deciding whether a given ¢ € Dery(A) is m-integrable or not.

(3.6.4) QUESTION. For any finitely presented k-algebra A, find an algorithm
to obtain a system of generators of Idery(A;m), m > 2.

(3.6.5) QUESTION. Assume that the base ring k is a field of positive character-
istic or Z, or perhaps a more general noetherian ring, and A a finitely generated
k-algebra. Is there an integer n > 1 such that Idery(A;n) = Idery(A;00)?
Or at least, is the descending chain of A-modules Idery(A4;1) D Idery(A4;2) D
Idery(A;3) D --- stationary?

(3.6.6) QUESTION. Assume that the base ring k is a field of positive char-
acteristic or Z, or perhaps a more general noetherian ring. Is there an integer
m > 1, possibly depending on d and e or other numerical invariants, such that

Idery(A;m) = Derg(A) = Idery(A) = Dery(A)
for every quotient ring A = k[x1,...,24)/I with dim A = e?

(3.6.7) QUESTION. Assume that the base ring k is a field of positive charac-
teristic or Z, or perhaps a more general noetherian ring, A a local noetherian
k-algebra and 6 : A — A a k-derivation. Under which hypotheses the m-
integrability of 6 : A — A implies the m-integrability of 67
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