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Abstract. This paper deals with the application of Stackelberg—Nash strategies to the control of pa-
rabolic equations. We assume that we can act on the system through a hierarchy of controls. A first
control (the leader) is assumed to choose the policy. Then, a Nash equilibrium pair (corresponding
to a noncooperative multiple-objective optimization strategy) is found; this governs the action of the
other controls (the followers). The main novelty in this paper is that, this way, we can obtain the exact
controllability to a prescribed (but arbitrary) trajectory. We study linear and semilinear problems and,
also, problems with pointwise constraints on the followers.
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1. INTRODUCTION

In classical control theory, we usually find a state equation or system and one control with the mission of
achieving a predetermined goal. Frequently (but not always), the goal is to minimize a cost functional in a
prescribed family of admissible controls.

A more interesting situation arises when several (in general, conflictive or contradictory) objectives are
considered. This may happen, for example, if the cost function is the sum of several terms and it is not clear
how to average. It can also be expectable to have more than one control acting on the equation. In these cases,
we are led to consider multi-objective control problems.

In contrast with the mono-objective case, various strategies for the choice of good controls can appear,
depending of the characteristics of the problem. Moreover, these strategies can be cooperative (when the controls
mutually cooperate in order to achieve some goals) or noncooperative.
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There exist several equilibrium concepts for multi-objective problems, with origin in game theory, mainly mo-
tivated by economics. Each of them determines a strategy. Thus, let us mention the noncooperative optimization
strategy proposed by Nash [16], the Pareto cooperative strategy [17] and the Stackelberg hierarchical-cooperative
strategy [21].

In the context of the control of PDEs, a relevant question is whether one is able to steer the system to a
desired state (exactly or approximately) by applying controls that correspond to one of these strategies. Up to
date, there has been some work on the subject:

e The papers by Lions [14,15], where the author gives some results concerning Pareto and Stackelberg strate-
gies, respectively.

e The paper by Diaz and Lions [4], where the approximate controllability of a system is established following
a Stackelberg—Nash strategy and the extension in Diaz [3], that provides a characterization of the solution
by means of Fenchel-Rockafellar duality theory.

e The papers [18,19], where Ramos et al. study Nash equilibria from the theoretical and numerical viewpoints
for linear parabolic PDEs and for the Burgers equation.

e Finally, let us mention that the Stackelberg—Nash strategy for the Stokes systems has been studied by
Guillén-Gonzélez et al. in [11].

The controllability issues considered in these works only provide answers at the approximate level. This means
that the main results assert that one can lead the system to a state that is arbitrarily close (but not identical)
to a desired target.

The main novelty of the present paper is to extend the analysis and the results to an exact controllability
framework.

1.1. The problems and their motivations

Let £2 C RY be a bounded domain whose boundary I is regular enough. Let 7 > 0 be given and let us
consider the cylinder @ = £2x (0,T), with lateral boundary X' = I" x (0, T). In the sequel, we will denote by C' a
generic positive constant. Sometimes, we will indicate the data on which C' depends by writing C(2), C(£2,T),
etc. The usual norm and scalar product in L?(£2) will be respectively denoted by || - || and (-, -).

We are interested in the proof of the exact controllability to the trajectories of a multi-objective parabolic
PDE problem in @), where we apply a Stackelberg—Nash strategy. For simplicity, we will assume that only three
controls are applied (one leader and two followers), but very similar considerations hold for systems with a
higher number of controls.

We will consider systems of the form

ye — Ay +alz, t)y = F(y) + flo +v'lo, + 1?1, in Q,
y=0 on X, (1.1)
y(70) = yO in “Qv

where y = y(x,t) is the state, a € L>(Q), F is a locally Lipschitz-continuous function and 3° is prescribed.
In (1.1), the set O C 2 is the main control domain and O1, Oy C 2 are the secondary control domains (all them
are supposed to be small); 1o, 1o, and 1p, are the characteristic functions of O, O; and Os, respectively; the
controls are f, v* and v2, where f is the leader and v! and v? are the followers.

Let Oq,4, O34 C {2 be open sets, representing observation domains for the followers. We will consider the
(secondary) functionals

Ji( ;0! 0?) = %// ly — yi7d|2 dzdt + %// [vidzdt, i=1,2 (1.2)
Ol‘dX(O,T) OiX(O,T)

and the main functional .
1=y [ lPdea (1.3)
Ox(0,T)

where the a; > 0, pu; > 0 are constants and the y; 4 = y; q4(x,t) are given functions.
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The control process can be described as follows:

1. The followers v' and v? assume that the leader f has made a choice and intend to be a Nash equilibrium for
the costs J; (i = 1,2).
Thus, once f has been fixed, we look for controls v* € L?(O; x (0,T)) that satisfy

Jl(f;’Ul,1)2) = II}IIH Jl(f;{)la’lﬂ)v J2 (f;vlavz) - II’}IQH JZ(f;Ula’fP)' (14)

Any pair (v?,v?) satisfying (1.4) is called a Nash equilibrium for J; and Jo.
Note that, if the functionals J; (i = 1,2) are convex, then (v!,v?) is a Nash equilibrium if and only if

Ji(f;oh 0?)(08,0) =0, Vo' € L2(0y x (0,T)), o' € L*(O; x (0,T)) (1.5)

and
Jo(f;01,02)(0,0%) =0, Vo* € L2 (0 x (0,T)), v? € L*(Oy x (0,T)). (1.6)

2. Let us fix an uncontrolled trajectory of (1.1), that is, a sufficiently regular solution to the system

Y, — Ay +a(z, t)y = F(y) in Q,
=0 on X, (1.7)
(-, 0) = 7" in £2.

Once the Nash equilibrium has been identified and fixed for each f, we look for a control f € L?(0O % (0,7T))
such that

J(f) = min J(f), (1.8)
subject to the restriction of exact controllability
y(,T)=79(-,T) in £. (1.9)
Several motivations can be found for control problems of this kind:

o If y =y(x,t) is viewed as a temperature distribution in a body, we interpret that our intention is to drive y
to a desired 7 at time T' by heating and cooling (acting only on the small subdomains O, O; and Os), trying
at the same time to keep reasonable temperatures in Oy 4 and Oz ¢ during the whole time interval (0, 7).

e The same control strategy makes sense in the context of fluid mechanics. Thus, we can replace (1.1) and (1.7)
by similar Stokes and/or Navier-Stokes systems and we can look for controls f and associated Nash equilibria
(v1,v2) satisfying (1.8)—(1.9). In this case, it is assumed that we act on the system through mechanical forces
applied on O, 07 and Oy and the goal is to reach 7 at time T keeping the velocity field y not too far from
Yid in O;q x (0,T) (1 =1,2).

e In the framework of mathematical finance, this can also be an interesting question. For instance, it is well
known that the price of an European call option is governed by a backward PDE similar to (1.1). Now, the
independent variable  must be interpreted as the stock price and ¢t is in fact the reverse of time (we fix a
situation at ¢ = T and we want to know what to do in order to arrive at this situation from a well chosen
state). In this regard, it can be interesting to control the solution of the system with the composed action
of several agents, each of them corresponding to a different range of values of x. For further information on
the modeling and control of phenomena of this kind, see for instance [2,20,22].
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1.2. The main results

We will have to impose the following assumption:
01,4 = O24. (1.10)

Accordingly, we will denote these sets by Og; see below, in Section 5, some comments on the necessity of the
hypothesis (1.10).

In the linear case (F = 0), the exact controllability to the trajectories is equivalent to the null controllability
property. The following result holds:

Theorem 1.1. Let us assume that F' =0, OgN O # 0 and the u; > 0 (i = 1,2) are sufficiently large. Then,
there exists a positive function p = p(t) blowing up at t = T with the following property: if § is the unique
solution to (1.7) with (F = 0) associated to the initial state 3° € L*(£2) and the y; 4 are such that

// P27 — yial*dedt < 400, i=1,2, (1.11)
OdX(O,T)

for any y° € L?(02), there exist controls f € L*>(O x (0,T)) and associated Nash equilibria (v',v?) such that the
corresponding solutions to (1.1) satisfy (1.9).

Roughly speaking, the assumption on the y; means that the followers must have moderate L? norms. On the
other hand, the assumption (1.11) means that both y; 4 and y2 4 approach § as t — T

In the semilinear case, with F' being a locally Lipschitz-continuous function, we can consider the same
controllability questions. However, it is important to note that, in this case, we lose the convexity of the
functionals J; and the Nash equilibrium condition (1.4) is not necessarily equivalent to (1.5) and (1.6). For this
reason, it is convenient to weaken the definition of equilibrium as follows:

Definition 1.2. Let f € L*(O x (0,7)) be given. The pair (v!,v?) is called a Nash quasi-equilibrium
of (1.1)—(1.2) associated to f if the conditions (1.5) and (1.6) are satisfied.

For the semilinear case, we have the following result:

Theorem 1.3. Let us assume that F € W1 (R), O4NO # 0 and the p; > 0 (i = 1,2) are sufficiently large. Let
7 be the unique solution to (1.7) associated to the initial state 3° € L?(£2) and let us assume that (1.11) holds,
where p is the weight furnished by Theorem 1.1. Then, for each yo € L?(§2), there exist controls f € L*(Ox(0,T))

and associated Nash quasi-equilibria (v*,v?) such that the corresponding solutions to (1.1) satisfy (1.9).

A natural question is whether there are semilinear systems for which the concepts of Nash equilibrium and
Nash quasi-equilibrium are equivalent. An answer is given by the following result:

Proposition 1.4. Let us assume that F € W% (R) and y; 4 € L°°(O;.4 x (0,T)) (i = 1,2). Suppose that yo €
H (D) (resp. yo € L*(£2)) and N < 14 (resp. N < 12). Then, there exists C > 0 such that, if f € L*(Ox (0,T))
and the p; satisfy
wi > C(L+ || fll2(ox0,1)))s
the conditions (1.4) and (1.5)~(1.6) are equivalent.
In this paper, we also analyze if a result like Theorem 1.1 holds true when the followers are constrained to

belong to appropriate convex sets U; C L?(O; x (0,T)). Thus, let I; and I be two nonempty closed intervals
with 0 € I; N I, let us take

U ={veL*(O0; x (0,T)): v(x,t) €I ae.}, i=1,2, (1.12)

and let us suppose that the minimization of .J; and Js in (1.4) is subject to the restrictions ol e Uy and 92 € Us.
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The controllability result is the following:

Theorem 1.5. Let us assume that F = 0, Og N O # () and the p; > 0 (1 = 1,2) are sufficiently large. Let
7 be the unique solution to (1.7) associated to the initial state 3° € L2(£2). Then, for each yo € L*(12), there
exist controls f € L?(O x (0,T)) and associated Nash equilibria (v',v?) € Uy x Uy such that the corresponding
solutions to (1.1) satisfy (1.9).

As mentioned above, the main novelty of this paper is that we deal with exact and not approximate controlla-
bility. There are other points that distinguish our contribution as well. Thus, contrarily to what was imposed in
other previous papers (see for instance [11]), we do not make any assumption on the open sets O;. In particular,
the O; can be disjoint of O, which is obviously the most interesting situation. On the other hand, the analysis
and results also hold, after appropriate modifications, for m followers with m > 2.

The rest of the paper is organized as follows. In Section 2 we prove Theorem 1.1, which concerns the linear case.
This result will be strongly used in the other sections. In Section 3 we prove Theorem 1.3 and Proposition 1.4.
As a consequence, we see that the Stackelberg—Nash strategy can be applied to nonlinear problems and, also,
that under adequate hypotheses on F, we still obtain a Nash equilibrium. Section 4 deals with the proof
of Theorem 1.5. Finally, we present some additional comments and questions in Section 5.

2. THE LINEAR CASE

In this section we prove Theorem 1.1. The proof is long and, for clarity, has been decomposed in two parts.
In Section 2.1 we will recall the existence, uniqueness and characterization of a Nash equilibrium (for fixed but
arbitrary f); then, in Section 2.2, we will prove the desired controllability result.

Thanks to the linearity of the problem, we may reduce the exact controllability to the trajectories to a null
controllability property. In fact, after the change of variable y = z+7, it is immediate to see from (1.1) and (1.7),
with F' = 0, that z is the solution to the problem

2z — Az +a(z,t)z = flo +vllp, + 1?10, in Q,
z2=0 on X, (2.1)
2(-,0) = 2 in 2,

where 20 =y — 7%, It is clear that the condition (1.9) is equivalent to
z(x,T)=0 in . (2.2)

Also, we can write the functionals J; in (1.2) in terms of z, which gives

Ji(f;vl,v2):%// \z—zi,d|2dwdt+%// i [*dadt, i=1,2,
Oide(O,T) Oq‘,X(O,T)

where z; 4 :=y;.a— 7 (i = 1,2).

2.1. Nash equilibrium

In this subsection, we will recall an existence/uniqueness result concerning a Nash equilibrium, in the sense
of (1.4), for any f € L?*(O x (0,T)). We will also recall a result which characterizes this Nash equilibrium in
terms of the solution to an adjoint system. These results are due to Diaz and Lions (see [3,4,15]).

For the moment, we do not have to impose the assumption (1.10). This requirement only appears later,
in Section 2.2, when the choice of f has to be made. Accordingly, in this section we keep the notation O; 4
(i=1,2).
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2.1.1. Existence and uniqueness

Let us introduce the spaces H; := L?(O; x (0,T)) and H := H; x Hz and let us consider the operators
L; € L(H;; L? (Q)) with Lijv® = 2%, where 2 is the solution to the system

2l — Azt + a(x,t)z = vilp, in Q,
zZ =0 on X,

Z4(-,0) =0 in 0.

By definition, for any control f, the pair (v!,v?) is a Nash equilibrium if and only if it satisfies (1.5) and (1.6),
that is to say,

o // (z — zi,d)wi da dt + p; // viotdedt =0, Vo' e H;, (2.3)
O;,a%x(0,T) 0; x(0,T)

where w’ is the derivative of z with respect to v’ in the direction ©*. Note that
wi — Aw' + a(z, t)w' = i'lp, in Q,
wl =0 on Y,
w'(-,0) =0 in (2.
Consequently, L;?" = w’. We also have z = Lijv! 4+ Lov? + u, where
u — Au+ alz, t)u = flo in Q,
u=0 on X,
u(-,0) = 2° in £2.

Therefore, we may rewrite (2.3) in the form
o // (lel + Lov? — (zi,a — u)) L;d" da dt
Ol‘dX(O,T)

i // viotdrdt =0, Vo' €H,;
OiX(O,T)

// (aiLf ((L1v1+L2v2 — (#i,d — u)) 1@1‘(1)—1—;@1}2‘) otdedt =0, Vo' eH,,
O; x(0,T)

or

where L € L(L*(Q);H;) is the adjoint of L;. In other words, (v!,v?) is a Nash equilibrium if and only if
o LY (L' + Lov®) 1o, ,) + piv' = o LY (21,0 — w)lo,,) in M, i=1,2.
Let us introduce the operator L € L(H;H), given by
L (v',v?) = (a1 L} ((L1v" + Lov?) 1o, ) + vt as L5 ((Liv' + Lov®)lo, ) + pav?) (2.4)
for all (v!,v?) € H. Then, the task is to prove the existence and uniqueness of a solution for the equation
L (vl,vQ) =V, (vl,vQ) €H, (2.5)

where
¥ = (a1 Li((21,a — w)lo, ), a2L5((22,a — u)lo, ,))- (2.6)
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In this direction, the following holds:
Proposition 2.1. Let us assume that
ail|lo, sLally < 4pe  and  asl/lo, ,Lill2) < 4p1, (2.7)

where || ||(;y denotes the norm in the space L(Hz—;; L*(O5,4 % (0,T))). Then L is an isomorphism. In particular,
for each f € L?(O x (0,T)), there exists exactly one Nash equilibrium (v'(f),v%(f)) in the sense of (1.4).

Proof. From (2.4) and Young’s inequality, we observe that

2 2
(]L (1}171)2) , (1}1’1}2))7{ — ZMZ”’UZ”%-[? + Z ai(LjUj,Lz"Ui)L"’(Oi,dx(O,T))
ij=1

i=1
2

> 3 (millo* e, + asllLav a0, 1 07 )
i=1

2

) 1 i
- Zai <||Livz|%2(07¢,d><(0,T)) + ZHL3—Z'U3 z|%2(0i‘d><(0,T)))
i=1
a3 :
> (i~ B ow s uLillfoy) 1015
i=1
Therefore,
(L ((v",20%), (01,02)))H >l (0 0%) 13, V(0! 0?) €H, (2.8)

where v = min; {u; — a3_1||1037i,dLiH%37i)} > 0, see (2.7).
Now, let us introduce the bilinear form a : H x H — R, with

a((vh0?), (01,8%)) = (L (01 0%), (87,9%))),,

From the definition of the operator L. and the inequality (2.8), we readily see that a(-,-) is continuous and
coercive on H. Consequently, the Lax—Milgram’s Theorem implies that, for any @ € ‘H’, there exists exactly one
(v1,v?) € H satisfying

a((v',v?), (01, 0%)) = (&, (0", 9* V(9,9 e H; (v',0?) € H.
In particular, we get (2.5) and the proof is done. O

From the proof, it becomes clear that, under the assumptions of Proposition 2.1, for any f € L?(O x (0,T))
the associated Nash equilibrium (v!(f),v?(f)) satisfies

[ (), v* (D)l < C (1 + IflL20x0)) 5 (2.9)

where the constant C' depends on 2,0,T,0;, O; q, o, s, || 20| and [|al| o (q). These estimates will be used
below. Notice that, in view of (2.9), the state z associated to f and (v!(f),v2(f)) satisfies

12l z20,75m1 (2)) + 2l 20,751 (2)) £ CA+ (| fllz20%0,7))); (2.10)

where C'is as above.
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2.1.2. Characterization of the Nash equilibrium

We will express the followers v!(f) and v?(f) in terms of a new adjoint variable.
Let f € L*(O x (0,T)) be given. For any (v',v?) € H, let us consider the associated state z (the solution
for (2.1)). In view of (2.3), it is very natural to introduce the adjoint states ¢' (i = 1,2), with

—4¢i — Ad' + a(z, )¢ = a;(z — z;,4)10, , in Q,
¢ =0 on X,

Using integration by parts, we see that (v',v?) is a Nash equilibrium if and only if

// (¢" + pv') o' dedt =0, Vo' € Hyy o' € H,.
OiX(O,T)

This directly implies that

, 1 .
vt = T ¢! 0,x(0,T) ’

i=1,2.

Let us gather all these informations in the same system. We obtain the following:

2
1.
2zt — Az +a(z,t)z = flo — Z ;gbzloi in Q,

. . ) i=1 "
—¢p — A¢' + a(z,t)¢" = ai(z — zi,a)lo, , in Q, (211)
Zz = 0’ ¢Z = 0 on Z,
2(,0) =2 ¢'(-,T)=0 in £2.

Recall that our main objective is to prove the null controllability of z at time ¢t = T'. Therefore, the task is
to find a distributed control f € L?(O x (0,T)) such that the solution to (2.11) satisfies (2.2).

2.2. Null controllability

In this subsection, we will achieve the proof of Theorem 1.1.
We will establish an observability inequality for the system

2
— — A +a(z, ) =Y ay'lo,, in Q,

i=1

) ) ) 1
%A ta@ iy =gl i Q, (2.12)
'(/J =0, ’YZ =0 on 2,
'(/J(aT) = ¢T’ ,Yz(’o) =0 in *Qa

which can be viewed as the adjoint of (2.11). This will suffice. This observability estimate is given in the following
result:

Proposition 2.2. Assume that (1.10) holds, O3 N O # O and the p; are sufficiently large. There exist C > 0,
only depending on £2,0,T,0;, Og, a;, ju; and ||al| gy and a weight function p = p(t) blowing up at t = T,
only depending on 2, O, O4, T and ||al|p~(q), such that, for any YT € L2(02), the following inequality holds
true for the solution (,~") of (2.12):

2
/ |¢(m,0)|2dx+2// ﬁ’2\7i|2dxdt§0// [|? dz dt. (2.13)
2 i=1v/Q Ox(0,T)
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Let us assume for a moment that Proposition 2.2 holds and let us prove the controllability result in
Theorem 1.1. From a well known duality argument, we have that, for any 20 € L?(£2) and any ¢7 € L2(12),

/Q [2(z, T)Y" (z) — 2°(2)(z,0)] dz = //Ox(o,T) fydedt — Zaz //de o z;.qy" da dt, (2.14)

where (z, ¢!, %) and (¢,7!,~7?) are the solutions to (2.11) and (2.12), respectively associated to z° and 7.
Thus, to prove the null controllability property is equivalent to find, for each 2 € L?(f2), a control f such that,
for any ¢ € L?(2), one has

2
// fdedt = —/ 22(x)(x,0) dx + Zai // zi.qy' dz dt.
Ox(0,T) Q i—1 04 x(0,T)

There are several ways to show that (2.13) implies the existence of such a control. They rely on well known
arguments. For completeness, let us sketch one of them.
For each € > 0, let us consider the following functional:

ry._ 1 2 T 0
F(T) = //MT) [[? da dt + e[y ||+/Qz (@) (2,0) de

— Z()[z // zivd’yi dz dt, VwT c Lz(()).
OdX 0 T

It is then clear that F. : L?(£2) — R is continuous and strictly convex. Moreover,

1
Ny [ wiad
4 Ox(0,T)
-C / 1292 dz + // P24 de dt
( Z OdX OT

+elloT,
where C' and p are furnished by Proposition 2.2. Consequently, F, is also coercive in L?(£2). Note that, here,
we have used the assumption (1.11) on z; ¢ = ¥i.qa — ¥
Let I be the unique minimizer of F,. Then, either ¢ =0 or

(FID), vy =0, vy e L3 ().

Suppose that ¥T # 0. In this case, we have

T
//OX(OT),(/JE,(/dedt—i—G<||Z;|’wT>+/QZO(-T)¢(-T,O)(1Z‘

— Zaz // zivd’yi dedt =0, wyle Lz(Q)7
OdX OT

(2.15)

where we have denoted by (.,v2,72) the solution to (2.12) corresponding to ¢7 = I. Taking f = f. :=
Yelox(o,r) in (2.14), denoting by z. the associated state and comparing to (2.15), we see that

/ (zeu,T)—LT«ﬁZ) WT(@)de =0, W' e L),
; Wl
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which implies
[2e(- T) <e. (2.16)

On the other hand, from (2.13) and (2.15) we also have

) 1/2
||fe||L2(O><(0,T)) <(C (/ ‘ZO|2 dx—i—Z// ﬁ2zi7d2d1‘dt> , (2.17)
2 i=1 OdX(O7T)

that is, fe is uniformly bounded in L2(O x (0,T)).

Obviously, we also have (2.16) and (2.17) when I = 0 and we take f. = 0.

In view of these inequalities, we can easily deduce a uniform estimate for z.. Then, taking limits as ¢ — 0,
we conclude that null controllability holds. This ends the proof of Theorem 1.1.

Remark 2.3. The leader control we have constructed is the unique solution to the extremal problem (1.8)—(1.9).
This claim can be justified as follows:

1. For each € > 0, there exists exactly one minimal L? norm control f, such that the associated state, i.e. the
corresponding solution to (2.11), satisfies (2.16).

2. From the weak lower semicontinuity of the terms in Fy, it is clear that any weak limit of a subsequence of
{f.} minimizes the L? norm in the family of the null controls for z. Consequently, this is the case for f.

Now, we will give the proof of Proposition 2.2.

Proof of Proposition 2.2. The assumption (1.10) will be used here.
Since OgN O # (), there exists a non-empty open set w satisfying w CC Oy N O. Let 19 = 1o(x) be a function
satisfying -
no € C*(2), 0 > 0in 2, 1m0 =0o0n T,
‘V’Uo‘ > 0in Q\w.
Such a function 7y always exists (see [7]).
Let us introduce the weight functions
e N’ llzee () — A2IN° llLoo (o) +1° () A 2lIn°ll Lo (2)+n° (x))

o(x,t) = =1 , E(z,t) = 0T =1 (2.18)

and the notation

() =50 [ e2eogn A | A0 o
Q
+ Sm—2/\m—1 // e—2so£m—2‘v,¢|2 dzdt
Q
+ smAmH // e 257 ¢™ |2 da dt. (2.19)
Q
From the usual Carleman inequalities (see [5,7,13]), we have:

Is(v) <C (// 672‘“’|a1711@1‘d + a2721@27d\2 dz dt
Q

(2.20)
+s3)\4 // e 2573 |y)? da dt) .
wx(0,T)
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Since (1.10) holds, we introduce h := ;7! + a9y? and we obtain

// e 257 2 dzdt < Iy(h)
Q

<C (s // e_zs”§_3|z/)|2dxdt+)\// e 2% |p|2dadt |, (2.21)
Q wx (0,T)

for all large s and A and some C only depending on {2, w and T
We can observe that, in w x (0,T), one has h = —; — Ay + atp. Consequently, by introducing an appropriate
cut-off function ¢ and integrating by parts, we get

/\// e‘2s"\h|2 dzdt < /\// Ce‘23"h (=t — A + arp) de dt
wx(0,T) w’x(0,T)

< ely(h) + Ces*N° // €re™25 || d dt, (2.22)
w’x(0,T)
where w’ is a new open set satisfying w C w’ C Oy N O. From (2.20)—(2.22), we find that, for some C > 0,

L) + Io(h) < c// o EC R A (2.23)

Now, let us introduce ¢ = £(t), with

ot) = T%/4  for 0<t<T/2,
T\ T —t) for T/2<t<T,

and the functions

e4>\H7]OHL°°(Q) _ e>\(2\|ﬂ0|\Lw(Q)+VIO($)) e>\(2HVIOHL°°(Q)+7]O($))

a(x,t) = ) ;o &z, t) = o)

(2.24)

Let us denote by I,,(%) the right-hand side of (2.19) with o and ¢ repectively replaced by & and £. Then,
arguing as in ([6], Lem. 1), it is not difficult to see from (2.23) and the PDEs satisfied by ¢ and the +* that
there exists a constant C' > 0, such that

10 ( 012 + Ts () + To(h) < c// £1e=257 |2 dg dt. (2.25)
W' x(0,T)

Let us introduce
a*(t) := maxa(z,t), pt):=e O,
zes?
Then p = p(t) is a positive nondecreasing function in C1([0,77]) that blows up at ¢ = T. Observe that p
is determined by the Carleman weight e*”, that depends on §2, O, Oy, T and ||al|=(q), but can be chosen
independently of O;, «; and ;.
Using again the PDEs satisfied by the 4% in (2.12), we readily see that

1d

A2 i o i 1 A2 g N o i
s [P [ 59y Pde = [ peyide - [ Pde - [ 5P
2dt Jo %) i Jo, %) Q

1

<= ﬁ—2\¢\2dx+(1+||a||Lm(Q))/ P3P da.
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Thus, from Gronwall’s Lemma and the fact that v(x,0) = 0, it follows that

(/"ﬁzvﬂ2d$><f><<7f7‘ PR dedt, VT € [0,T]. (2.26)
0 OiX(O,T)

Since the right-hand side of (2.26) is bounded up to a multiplicative constant by I3(1), in view of (2.25)
and (2.26), we find that

2
[0+ Y [[ ihPava<e [[ e aa, (227)
i=17/@Q Ox(0,T)

which implies (2.13). This ends the proof. O
Remark 2.4. If, instead of (1.10), we assume that the main hypothesis in [11], namely
0,cO, i=1,2, (2.28)

is satisfied, the same result holds. Indeed, multiplying the second PDE in (2.12) by 4¢ and integrating 2 x (0, t),
we get

) o C
WeOF<C [ s [ s deds, vee .1,
0 g 0;x(0,t)

Consequently, by Gronwall’s Lemma and (2.28), it follows that
WeoP<e [ peePddse [ jp@ePdds veelo)
O;x(0,t) Ox(0,t)

By replacing this inequality in the first term on the right-hand side of (2.20) and arguing again as in ([6],
Lem. 1) we obtain

[, 0)[1* + I3 () < C// ele™ 2|2 dz dt.
Ox(0,T)
This last inequality, together with (2.26), gives (2.27).

3. THE SEMILINEAR CASE

In this section, we will analyze the controllability of a more general model, with a not necessarily vanishing
function F. Our goals are to prove Theorem 1.3 and Proposition 1.4.

3.1. Characterization of Nash quasi-equilibria

As already mentioned in Section 1, in the semilinear case, the convexity of the functionals J; is not guaranteed.
Consequently, it is not clear whether the definition of Nash equilibria used in the linear case is the good one.
For this reason, we must re-define the concept of Nash optimality (recall Def. 1.2).

Notice that (1.5)—(1.6) is equivalent to

@ // (y— yi,d)pi de dt + p; // vioidedt =0
0ax(0,T) 0;%(0,T) (3.1)
Vot e H;, v eH;, i=1,2,

where we have denoted by p’ the derivative of the state y with respect to % in the direction . Obviously, one
has ) ) _ o

pt — Ap' +a(z, t)p' = F'(y)p' +0'lo, in Q,

p'=0 on X,

p(,0)=0 in (2.
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Let us introduce the adjoint systems

—¢p — AP + a(z,t)¢" = F'(y)¢' + iy — yia)lo, in Q,
o"=0 on X,
¢Z(3T) =0 in £2.

Then, a short computation shows that (3.1) can be written equivalently as follows:
// (¢ + po') o' dedt =0, V'€ H;, v eEH;, i=1,2.
Oq‘, X (O,T)

As a consequence, we get the following characterization of any Nash quasi-equilibrium:

,Ui _ _i ¢Z
i

In this way, we have the following optimality system:

oor: =12 (3.2)

1 1 .
Yt — Ay + a(ac,t)y = F(y) + flo - E¢1101 - E¢2102 m Q7

—¢i — AP + a(z, )¢ = F'())¢' + iy — yia)lo,,  in Q, (3.3)
y=0, ¢'=0 on X,
y(,O) = yO’ ¢Z(3T) =0 in (2.

3.2. Proof of Theorem 1.3

The Proof of Theorem 1.3 follows some arguments that are nowadays standard and rely on the ideas in-
troduced in [7,23]. It is divided in three steps: first, we perform a change of variable that reduces the task to
solve a null controllability problem; then, this is rewritten as a fixed-point equation in L?(Q); in particular, we
use again Carleman inequalities and energy estimates to deduce an observability inequality for the adjoint of a
linearized system; finally, in a third step, we use some compactness properties of the system and we prove the
existence of a fixed-point.

Step 1. We must find a leader control f € L%(O x (0,T)) such that the solution (y, #', ¢?) to (3.3) satisfies (1.9).
In fact, by introducing the change of variable z = y — 7, we can rewrite (3.3) in the form

1 1
2 — Az +a(z,t)z = Gz, t;2)z + flo — M—gbll@l — M—gbzl@? in @,
1 2

—d) — A¢' +a(z,1)¢" = F'(z +§)¢' + iz — 21,4) 10, in Q. (3.4)
2=0, ¢'=0 on X,
Z(‘,O):ZO, ¢Z(3T):0 in Q,

where z; g :=yia — 9, 2° =y° — 3(-,0) and

1
Gz, t;z) = /0 F'(y(z,t) + 0z) do.

In this way, obviously, what we have to prove is the null controllability for z in (3.4).

Step 2. For each z € L*(Q) and each f € L?(O x (0,T)), let us introduce the linear system
1 1
wy — Aw + a(z, t)w = Gz, t; 2)w + flo — —¢'lo, — —¢*1o, in Q,
M1 H2

—d) = A¢' +a(z,1)¢" = F'(z +§)¢' + as(w — zia)lo, in @, (3.5)
w=0, ¢ =0 on X,
w(-,0) = 2% ¢'(-,T)=0. in 0.
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By hypothesis, there exists K > 0 such that
Gz, t;5)| + |[F'(s)| < K, V(z,t,5) €@ xR

Note that, arguing as in Section 2.1, it can be proved that, if p1 and po are sufficiently large, (3.5) possesses
exactly one solution for each f € L?(O x (0,T)). Furthermore, one has

lwll 20,73 (2)) + lwell 20,01 (2)) < C (141 fll20x(0.17))) » (3.6)

where C' depends on £2, O, T, Oqg, oy, i, K, |la|| 5= () and ||zol|.

Let us introduce the mapping A : L*(Q) — L?(Q), with A(z) = w,, for all z € L*(Q), where w, is the state
associated to the minimal L? norm null control f, for the linear system (3.5). In other words, w, is, together
with ¢!, ¢? and f., the unique solution to (3.5) and f, minimizes (1.3) subject to the constraint

w(,T)=0 in Q.

The goal is now to prove the null controllability of (3.5). To this purpose, we will make use again of a suitable
global Carleman inequality for the solutions to the adjoint system, that is,

e — AP +alz, ). = Gz, t:2)1. + (a1 + az9)lo, in Q,

) ) ) 1
i A =F' (24 7). — —¥.lo, in Q,
Ve — AY | (z+7)y Miw o Q (3.7)
Y, =0, 7,=0 on X,
wz('aT) :¢Ta 72(’0) =0 in (2.

In the context of (3.7), we have the following:

Proposition 3.1. Assume that (1.10) holds, OgNO # O and the u; are sufficiently large. There exist a constant
C > 0, only depending on 2, O, T, O;, Oq4, oy, pi, K and |al[p~(q) and a weight function p = p(x,t), only
depending on 2, O, Oq, T, K and |al|p(q) and blowing up at t = T, such that the following observability
inequality holds true for any 1 € L2(2) and any z € L?(Q):

2
/ |1/)z(:c,0)\2dx+2// ﬁ*2|7;\2dmdtgc// |4h.|? dz dt.
2 i=1 Q Ox(0,T)

The proof is almost identical to the proof of Proposition 2.2 and, for brevity, is omitted.

This result leads, as in Section 2.2, to the existence of a minimal norm null control f, € L?(O x (0,T))
for (3.5). Furthermore it is clear that there exists a positive constant C, only depending on 2, O, T, O;, Oy,
@i, jii, K, ||al| L~ (q) and ||zol|, such that

1172 0x 0y <C, Yz e LQ). (3.8)
This argument proves that A is well defined.

Step 3. Taking into account (3.6) and (3.8), we see that w, is uniformly bounded in L2(0,T; Hi(£2)) and w, ; is
uniformly bounded in L2(0, T, H=1(£2)). In view of the classical Aubin-Lions’ Compactness Theorem, this means
that A maps the whole space L?(Q) into a compact set. On the other hand, the mapping z + A(2) is obviously
continuous. Therefore, we can use Schauder’s Fired-Point Theorem to ensure the semilinear controllability
result. This ends the Proof of Theorem 1.3.
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3.3. Equilibria and quasi-equilibria

The aim of this subsection is to prove Proposition 1.4, that is, to investigate whether, in the semilinear case,
we may have a Nash equilibrium. Let us show that the answer is positive at least when F € W2°°(R).

Let f € L?(O x (0,T)) be given and let (v!,v?) be the associated Nash quasi-equilibrium. Note that, for any
s € Rand (w!,w?) € H,

<D1J1(f;1)1 + swl,vQ),w2> — <D1J1(f;v1,v2),w2> = Spi1 // wlw? dz dt
01><(0,T)

+ o // (¥* —y1,a)p°dzdt — aq // (y — y1,a)pdzdt, (3.9)
04 x(0,T) 04 x(0,T)
where
y; — Ay® +a(z, t)y® = F(y*) + flo + (v' + sw')lo, +v*lo, in Q,
y* =0 on X, (3.10)
y*(z,0) = yo in £,

2

p® is the derivative of y* with respect to v! in the direction w?, 4.e. the solution to

p; — Ap® +a(z, t)p® = F'(y*)p* + w?lp, in Q,
p*=0 on X, (3.11)
p*(z,0) =0 in £

and we have used the notation y = y°|,_, and p = p®|,_,.
Let us introduce the adjoint of (3.11)

—¢f — A¢® +a(x,1)¢° = F'(y°)¢° + a1(y® — y1.4)1lo, in Q,
5 =0 on X, (3.12)
(2, T) = 0 in 2

and let us also set ¢ = ¢°|s=o.
Replacing (3.12) into (3.9) and using integration by parts, we obtain the following identity:

<D1J1(f;v1 + swl,v2),w2> — <D1J1(f;v1,v2),w2> = Sy // wlw? dz dt
01><(0,T)
+ // (¢° — ¢)w? dz dt.
OdX(O,T)

(9" = @) — A(¢° — ¢) + a(x,1)(¢° — ¢)
=[F'(y*) = F'(y)]o” + F'(y)(¢" — ¢) + a1 (y” — y)lo,-

Notice that

Consequently, the limits

o1 I DA
= lim =(¢* —¢) and h=lim =(y* —y)
exist and satisfy

—ne — An+a(z, t)n = F"(y)h¢ + F'(y)n + a1hlo, in Q,

he — Ah + a(z, t)h = F'(y)h + w'le, in @, (3.13)
n= h = 0, on Ea .

Thus, from (3.13), we deduce that

<D%J1(f;vl,v2),(wl,w2)> =1 // whw? d:rdt—i—// nw? dz dt.
01 %x(0,T) 01 x(0,T)
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In particular, for all w! € L?(O; x (0,T)), one has

(DIJi(f;0",0%), (w',w')) = // \wl\zdxdt—l—// nw' dz dt. (3.14)
01><(0,T) 01><(0,T)

Let M > 0 be such that |F"(s)| < M a.e. in R. Let us show that, for some C only depending on 2, O, T,
Oi, Og, o, M, K, ||al|p(0) and ||yol|, we have

// nw* dz dt
01><(0,T)

In fact, from standard energy estimates, since F’ € L*°(Q), we have

/ |h(z,t) |2d:c+// |Vh|2dx<C// Jw!|? dz dt.
01>< OT

Using the PDEs in (3.13), we also get the following:

< CL+ flezox©r)llwlls,, Yw' e L*(O1 x (0,T)). (3.15)

// nw' dz dt = / (hy — Ah + a(x,t)h — F'(y)h)ndx dt
01><(0 T) Q

= //Q h(=1 — An + a(z, t)n — F'(y)n) de dt

(3.16)
= // (F”(y)hgb +arhlp,)hdedt
Q
- //Q(F”(y)h|2¢+a1|h21@d)dxdt.
Let us first assume that yo € H}(£2). The idea is to find r and s such that
¢ € L"(0,T;L°(2)) and h e L* (0,T; L* (2)), (3.17)

where 7’ and s” are the conjugate of r and s, respectively. This will make possible to bound from above the last
integral in (3.16).

It is clear that h € L2(0,T; H?(£2)) N L>=(0,T; H}(£2)). For this reason, it is natural to ask for which values
of a and S the following embedding holds:

L0, T; H*(2)) N L™=(0,T; Hi (2)) — L*(0,T; L°(12)). (3.18)
By interpolation, we have that, for each 0 < § < 1, (3.18) holds when
1 _ _ _ _9) _
1 :Q and 1 (N —4)0 . (N —-2)(1-19) _ a(N —2) 4
a 2 16} 2N 2N 2aN

Taking o = 27’ and 3 = 2s’, we conclude that r = o/(a — 2) and s = aN/2(a + 2).

Analogously, we have that y € L2(0,T; H2(2)) N L>(0,T; H}(£2)) — L*(0,T; L*(£2)), with b = 2aN/(a(N —
2) — 4). Using the regularity results of the heat equation and the fact that y; 4 € L>®(0; 4 x (0,T)), it follows
that

¢ € LU0, T; W2b(Q)) — LU0, T; L¥5 () = L%(0,T; Lav"s-1 ((2)).

Ifa=r=a(a—2), weget ¢ € LT(O,T;LQNEHIJOVMS(Q)). To finish, we must have LQNEHIJOVMS(Q) — L3(82),
which is equivalent to
aN 2aN

< )
2(a+2) ~ a(N —-10)+38
Thus, we see that this inequality holds true if and only if N < 14.
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From (3.2), (3.3), (3.10) for s = 0, (3.12) for s = 0, (3.16) and the estimates at Section 3.2, we see that,
if yo € HY(2) and N < 14,

// nw' dz dt
O1x (O,T)

< MHhHizr’(OVT;Lzs/(_Q)) H¢”L’”(O,T;L5(Q))

+a1”h“%2((:)d><(0,T)) -
< C([|9ll 0,10 (2)) ;rzl)Hw 1%,
< C(”y!L?(Q) + Dllw (|3,

1 .
=C (Z 2 19+ A1+ llwoll + 1) lw I3,

i=1 "

< COA+[IfIDNwt 3,

This proves (3.15) in this case.

Now, let us assume that we only have yo € L?(£2). As in the first situation, the idea is to find 7 and s such
that (3.17) holds. Since the regularity of  does not depend on the data yo, we still have n € L?(0,T; H%(£2)) N
L>=(0,T; HY(£2)) and, therefore, n € LY(0,T; L?(2)), where o and 3 are as above. In this case, we have by
a interpolation argument that y € L?(0,T; H}(£2)) N L*°(0,T; L*(£2)) — L%(0,T; L*(£2)), where a > 2 and
b=2Na/(aN — 4). Using again parabolic regularity, we get

6 € L7(0,T; W2P(£2)) — L0, T; L5 (12)) = LY(La "1 (£2)).

Ifa=r=a/(a—2), we have ¢ € I/"(La(l\zijgrﬂr8 (£2)). Now, to finish the proof, we must have Lot (2) —
L5(S2), which is equivalent to
alN 2aN

2o+ 2) = a(N —8)+8

Since this holds if and only if NV < 12, the estimate (3.15) is also proved in this case.
Taking into account (3.14) and (3.15), we see that

(DYL(f;0h,0%), (whw')) > (p1 = C(L+ [ fllL2oxo0my)) w7, dedt.

Note that the previous constant C' can be chosen independent of p; and ps.
In a similar way, it can be shown that, under the previous assumptions on gy and N,

(D3Ja(f:0",0%), (WP w0?)) > (2 — C(1+ || 20 070)) 0P By, .

for another constant C' independent of u; and pus.
It is now clear that, for sufficiently large p; and pso, the couple (v!,v?) is a Nash equilibrium in the sense
of (1.4).

4. THE CASE WITH RESTRICTIONS

In this section, we will prove Theorem 1.5.

We return to the Stackelberg—Nash null controllability problem for a linear parabolic PDE, but we impose
some restrictions: the followers (v!,v?) are supposed to minimize the functionals (1.2) subject to the convex
constraints v* € U; (i = 1,2), where the U; are given by (1.12). This is a more difficult problem. The search
of a pair (vl,v?) satisfying (1.4), where the minimizations are performed in U; 4 and Us 4, is equivalent to the
following:

Dy Ji(f;vhv?) (0! =o', 0) >0, Vo' €Uya, v €lha (4.1)
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and
DoJo(f; 0t v3) (0,92 —v?) >0, Vi? €U g, v € Usgg. (4.2)

As in Section 2, with the change of variable z = y — 7, we are led to a null controllability problem. Then, we
see that (4.1)—(4.2) is equivalent to

Ch‘// (z = zia) w' dz dt + p; // v (0" —v')dzdt > 0,
05,ax(0,T) 0, x(0,T) (4.3)

V@i S ui,d7 V' e Ui7d,
where w’ is the derivative of z with respect to 9% in the direction »?, that is to say, the solution to
wi — Aw' + a(z, t)w' =v'lp, in Q,
w' =10 on X, (4.4)
w'(-,0) =0 in (2.
The adjoint system associated to (4.4) is given by

~; — A’ +a(z,1)¢" = iz ~ za)lo,, in Q.
620 on X,

Replacing the equation satisfied by ¢? in (4.3), we obtain
// (¢" + pv') (0" —v')dzdt >0, Vo' €U, v EUg, i=1,2. (4.5)
0; x(0,T)

Now, by introducing the projectors Py, , : L?(O; x (0,T)) — U; 4, we see that (4.5) can be rewritten
equivalently in the form

v = Pui,d <_E ¢z (91><(0,T)> , 1=1,2.

We may group all this information to get the following system:

2
1 . .
2 — Az +a(z,t)z = flo + ZIP’ui,d (_M_ o} Oix(o,T)> in Q,
K3

. . . 1=1 4.6
—¢p — A9 +a(x,1)¢" = a;(2 — zi,a) 10, 4 in Q, (4.6)
z2=0, ¢'=0 on X,

2(-,0) =2 ¢'(-,T)=0 in 2.

Let us prove that, under the assumptions (2.7), for each f € L?(O x (0,T)) there exists exactly one solution
to (4.6), i.e. there exists a unique Nash equilibrium (v!,v?) in U 4 X Uz 4. Indeed, notice that (4.5) can also be
rewritten in the form

(L (0" %), (04, 9%) = (01, 07)) > (&, (01, 0%) — (v*,07)),, @)
v (’Ul,vz) S ul,d X Z/[Q’d, (’f)l,ﬁz) S ul,d X Ug,d, '

where L and ¥ are respectively given by (2.4) and (2.6). If 1 and us satisfy (2.7), L is a coercive continuous

bilinear form on H, whence (4.7) is uniquely solvable. Furthermore, it is clear that the couple (v',v?) and the

associated state z satisfy (again) the estimates (2.9) and (2.10). As in the semilinear case, we will analyze and

solve the null controllability problem for (4.6) by a fixed-point method. To this end, note that the projectors Py, ,

are given as follows:

k(x,
(

Py, ,(K)(z,t) = {Pi 3: it k(z.t) C I,

,1)) otherwise,

t
(
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for (x,t) a.e. in O; x (0,T), where P; : R — I; is the usual projector on the interval I;. Also, note that, for
every k € H;, Py, , can be written in the form Py, ,(k) = ¢i(k)k, where the function k — ¢;(k) is continuous
on H; and

i (k)]s < C, Vk € H,.

Therefore, the controllability problem is reduced to find f € L?(O x (0,T)) such that the solution to

2
2 — Az +a(r,t)z = flo— Y 4(¢")¢'lo, in Q,
—¢t — At + a(z, )y = ozi(zzz—l zia)lo,, in Q, (4.8)
2=0, ¢'=0 on X,
Z(~,O):ZO, ¢Z(aT):O in *Qv

where §;(¢") stands for the function §;(¢") = qi(—“% ¢i|(:),-><(0 T)), satisfies (2.2). But this can be done easily.

Indeed, for each couple (¢!, ¢?) € [L?(Q)]? we can consider the system

2
2t — Az +a(z, t)z = flo — Z@'(éi)fbilol in Q,

i=1

—¢t — Ad' + a(z, t)) = ai(z — zid)lo,, in Q, (4.9)
z2=0 ¢'=0 on X,
2(,0) =2 ¢'(-,T)=0 in 2.

The arguments in Sections 2.2 and 3.2 can be applied again to (4.9). The main consequence is that there
exists exactly one minimal L? norm null control f for this system with

Il fllz2ox0,1) < C (4.10)

and, also, z, ¢* and ¢? uniformly bounded in L?(0,T; Hi(£2)) N L>=(0,T; L*(£2)) and z;, ¢} and ¢7 uniformly
bounded (at least) in L2(0,T; H~'(£2)). Hence, it is not difficult to deduce that the mapping (¢', ¢?) — (o', ¢?)
possesses at least one fixed-point. Such a fixed-point satisfies, together with some f and some z, (4.8) and (2.2).
This concludes the proof of Theorem 1.5.

5. SOME ADDITIONAL COMMENTS AND QUESTIONS

5.1. On the assumption O; 4 = O3 q

The assumption (1.10) is used in (2.20) and only there. Indeed, in combination with (2.21) and (2.22), (2.20)
yields (2.23). At present, we do not know whether an estimate like (2.13) remains true for Oy 4 # Oz 4. However,
this is the case if we modify appropriately the secondary functionals J;. In fact, let p. = p.(z,t) be a weight (a
positive continuous function on §2 x (0, 7)) such that p, > e*?/2, see (2.18). We assume now that the followers
produce a Nash equilibrium with respect to the functionals

Ji(fivh0?) = %// ly — vial® dxdt—l—%// Pt dadt, i=1,2.
Ol‘dX(O,T) OiX(O,T)

With computations similar to those in Section 2.1, we obtain the following optimality system:

2 1

2zt — Az +alx,t)z = flo — Z ;p* 2¢'1p, in Q,
, _ , i=1""

—¢; — A¢' +a(z,1)¢" = a;(2 — zid)lo,, in Q,

y=0, ¢'=0 on X,

y(,O) = yOa ¢Z(3T) =0 in (2.
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The associated adjoint system is given by

2
—y — A+ alz, ) =Y ar'lo, , in Q,

i=1
) . . 1 .
v — Ay +a(z,t)y = —;p:%loi in Q,
. 7
=0, =0 on X,
'(/J(aT) = ¢T’ ,Yz(’o) =0 in {2

and the main task is to prove an estimate like (2.13) for the solutions (1,v!,~7?). In this situation, we have an
useful energy inequality for the '

. T . C _
7¢I +/ VY ()2 dt < —2// px Y| dz dt. (5.1)
0 Hi JJQ
Using (5.1) in the right-hand side of (2.20), since the y; are sufficiently large, we get
I3(1) < Os®A\* // e 253 |y dadt. (5.2)
wx (0,T)

Combining (5.2) and (2.26), we arrive at (2.13). This shows that if we replace .J; by J; (i = 1,2), the claims
in Theorem 1.1 to 1.5 remain true. In fact, this is not surprising: if we impose J; < 400, then we force the
controls v* to vanish exponentially as ¢ — T~ and the leader f finds no obstruction to control the system.

As mentioned above, it is unknown whether (2.13) continues to be true in the original framework (1.2) when

O1,04 # O2,4.
5.2. Stackelberg—Nash controllability and Stokes and Navier—Stokes systems
It makes complete sense to consider the Stokes-like system

Yy — Ay + (w-V)y+ Vp = flo +v'lo, +v*1p, in Q,

V-y=0 in Q,
y=0 on X, (5.3)
y(-,0) =9° in £,

where 2, T, O and the O; are as above, y° belongs to the Hilbert space
H={zcLl*"N:V-2=0in 2, 22n=0 on I'},
the field w belongs to L>°(0,T; H) and the controls f and v’ satisfy
feL*(0x0,17)Y, v eL*0;x0,T)".

With functionals J and J; similar to those in the previous sections, we can formulate again the Stackelberg—
Nash null controllability problem for (5.3). Results of the same kind can be obtained easily by adapting the
arguments in Sections 2 to 4.

The situation is obviously more difficult to analyze when we consider the Navier—Stokes system

Yy — Ay + (y-V)y+ Vp = flo +v'lo, + 1?1, in Q,

V-y=0 in @,
y=20 on X,
y(-,0) =4° in 0.

Now, the existence of Nash equilibria or quasi-equilibria for each f and, of course, whether or not there exist
null controls and associated Nash equilibrium pairs are open problems.
For other controllability results for Stokes and Navier—Stokes systems, see [6,8-10,12].
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5.3. Other Stackelberg strategies

It is possible to introduce other strategies to control systems of the kind (1.1). One of them is the so called
Stackelberg—Pareto method.

For each f € L%(O x (0,T)), we can associate one or several Pareto equilibrium pairs (u!(f),u?(f)) € H. By
definition, this means that there is no (4!, 4?) € H satisfying

Ji(@t,a?) < Ji(u'(f),w?(f)), =12,

one of these inequalities at least being strict. Then, we search for f such that the states y associated to f and
the (ul(f),u?(f)) satisfy (1.9), where § = y(x,t) is a prescribed uncontrolled solution to (1.1).
The analysis of Stackelberg—Pareto controllability will be the goal of a forthcoming paper.

5.4. The boundary case

It is natural to try to prove results similar to Theorems 1.1, 1.3 and 1.5 with boundary controls. For instance,
let us consider the system
2zt — Az +a(z,t)z=0 in Q,
z=fls+ 111131 + 112152 on X,
2(-,0) = 2° in (2,

where S, 81,8, C I are non-empty closed sets and let us introduce the functionals

Li(f;v',0%) = %// 1z — zidl? dxdt—l—ﬂ//
2 JJo,.ax(0,1) 2J))s

Now, the problem is to find for each f a Nash equilibrium (v!(f),v?(f)) associated to the functionals L; and,
then, choose f in a appropriate way such that z(z,T) = 0.

We can try to solve this problem as before. However, we find some technical difficulties, as shown below.

Arguing as in Section 2, we see that the optimality system for (v!(f),v?(f)) is the following:

WiFdrdt, i=1,2. (5.4)
x(0,7)

i

Zt—AZ“‘a(xvt)Z:O Q7
—6; = A¢' + a(@, )¢ = iz — z.0)lo,, i Q,
ol e ‘ 5.5
P L P L T ) o
11 an 2 a'n,
2.0 =2 ¢(.T)=0 n

where n = n(z) is the outward unit normal to {2 at the point z € I'. The corresponding adjoint is given by

2
— = AY +alz, ) =Y an'lo,, in Q,
) ) ) i=1
72 - A’yz + a’(xit)’yl =0 in Q, (56)
v=0, = ;7/11& on X,
(-, T)=4", 7'(,0)=0 in 0.

Thus, if we try to adapt the proof of Proposition 2.2, we see at once that the following conditions are required:
Ol,d =034=0,; and O_d NS # 0. (5.7)

The main difficulty in this case is that we have to combine a boundary Carleman inequality for ¢ and a
distributed Carleman inequality for h = a1y +azy? for functions satisfying nonhomogeneous Dirichlet boundary
conditions on Y. This interesting situation will be also analyzed in a forthcoming paper.
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