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Abstract. In this work, we introduce a discrete specific inf-sup condition to estimate the LP norm,
1 < p < 400, of the pressure in a number of fluid flows. It applies to projection-based stabilized finite
element discretizations of incompressible flows, typically when the velocity field has a low regularity.
We derive two versions of this inf-sup condition: The first one holds on shape-regular meshes and the
second one on quasi-uniform meshes. As an application, we derive reduced inf-sup conditions for the
linearized Primitive equations of the Ocean that apply to the surface pressure in weighted LP norm.
This allows to prove the stability and convergence of quite general stabilized discretizations of these
equations: SUPG, Least Squares, Adjoint-stabilized and OSS discretizations.
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1. INTRODUCTION

Stabilized methods are designed to provide stable discretizations with reduced computational complexity
of several sources of spurious instabilities that may arise in the discretization of incompressible flows (that
may be due either to incompressibility or to large convection, Coriolis or reaction terms, among others). In
this paper, we focus on the treatment of the incompressibility constraint. Concretely, we deal with projection-
stabilized methods, introduced by Blasco and Codina in [3] by means of a local L? projection, that produce
discretizations with high-order accuracy. This method was extended to the local projection-stabilization methods
that use element-wise L? projections instead of the global L? projection, while satisfying some orthogonality
properties. Among the many references on different versions of local projection-stabilization, let us quote Braack
and Burman [4], Braack et al. [5], Ganesan et al. [17], Knobloch [19], Matthies et al. [21], Roos et al. [23].
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A special class of projection-stabilized methods is the interior penalty method, in which stabilization is achieved
by introducing inter-element jumps of the terms to be stabilized. This method is equivalent to a projection-
stabilized method, where the L? projection operator is replaced by the Oswald (cf. [22]) quasi-interpolant
operator on the discrete velocity space (c¢f. [7-9]).

A further simplification is introduced in [15] where the local projection operator is replaced by a quasi-local
approximation operator that does not need to satisfy any orthogonality property. This method has a more
compact stencil while retaining the same optimal accuracy as all projection-stabilization methods, in the sense
that its convergence order is optimal with respect to the degree of the finite element spaces.

In the present work, we extend the method introduced in [15] to stabilize the discretization of the pressure in
flows where the velocity has a low accuracy, typically in some space W1#(£2) with 1 < s < 2. Then the pressure
has only LP({2) regularity, where p is the conjugate exponent of s. This is the case, for instance, of the weak
solutions of the Primitive equations of the Ocean, that we consider as an application of our general setting.

We introduce a specific inf-sup condition in LP norms, which is the main technical contribution of this paper.
As in [15], the derivation of this condition faces the difficulty of the reduced number of degrees of freedom of the
buffer space. This difficulty is solved by a finite-dimensional argument of equivalence of norms (¢f. Lem. 2.4).
We derive two versions of this inf-sup condition: the first one holds on shape-regular meshes and the second one
on quasi-uniform meshes. As an application, we derive reduced inf-sup conditions for the linearized Primitive
equations of the Ocean that apply to the surface pressure in weighted LP norms. This allows to prove the stability
and convergence of quite general stabilized discretizations of these equations: SUPG, Least Squares, Adjoint-
stabilized and OSS discretizations. This condition generalizes a similar one for L? weighted norms introduced
in [14].

The paper is structured as follows: in Section 2 we introduce the inf-sup condition in L? norms for shape-
regular meshes, as well as a simplified condition for quasi-uniform meshes. These conditions are applied to
stabilized discretizations of a linearized version of the Primitive equations in Section 3. In this section, reduced
inf-sup conditions for the surface pressure are deduced, for both shape-regular and quasi-uniform meshes. Also,
the stability and convergence of the stabilized discretizations are proved by means of these conditions.

2. INF-SUP CONDITION FOR SHAPE-REGULAR MESHES

Let 2 ¢ R? (d = 2 or 3) be a bounded domain. We assume that (2 is a polygon if d = 2 or a polyhedron
if d = 3. Let {7}, }n>0 be a family of conforming triangulations of 2 formed by simplicial elements, where the
parameter h denotes the largest diameter of the elements of 7;,. We assume the following.

Hypothesis 2.1. The family {7}, }n>0 is shape-regular in the sense of Ciarlet [16] and no element of Ty, has
3 nodes (when d = 2) or 4 nodes (when d = 3) on the boundary of (2.

We decompose {2 into a finite union of macro-elements:

R
n2=Jo,
i=1

such that each O; is the support of the piecewise affine basis function associated to the node i. Note that any
element K € 7, belongs to at most M macro-elements, where M is independent of h.
For all i, 1 <i < R, we set
= g i) and o= g

where hg denotes the diameter of the element K of 7;, and py the diameter of the ball inscribed in K.

As the mesh is regular, then it is locally uniformly regular (or locally quasi-uniform) and this implies that
there exist positive constants C; and Cy independent of h, such that for all K € 75 and for all ¢ for which
K C O,

hi o, (2.1)
Pi

Cipi < hg < hy,
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This implies immediately that

C
—Lh; < hg < hs. (2.2)
Cs

For a domain O C R%, we denote by || - |gp.0 and | - [k o the norm and, respectively, the seminorm in

WHFP(O). In LP(£2)/R, we also denote by || - [|o.p.2 the quotient norm in order to simplify the notation.
For all p € [1,4+0oc) and for all v € LP(§2)¢, we define

P

R
[vllnp = (Z hy IVIIé’,p,oi> : (2:3)
i=1

Given an integer | > 1, we denote by P;(K) the space of polynomials of degree smaller than, or equal to, [
defined on an element K € 7, and define the following finite element spaces:

Vil = {v, € C%(R2) such that v, |k € P)(K), VK € Tp,},
X = (V; N Hg(12))°,
My =V,"/R,
VL (0;) = {vn € C°(O;) such that vy i € Py(K), VK € T such that K C O;},
Xn(0i) = (VH(0:) N Hg (0:))".
We recall now the inverse inequalities in finite element spaces, that we use frequently in the sequel.

Lemma 2.2. Let p1 and pa be numbers in [1,00], and l; and ly two non-negative integers such that ly > ls and
Ih—4L > -4,
1 — b2

[Local inverse inequalities] ([2], Prop. 4.2) For all K € Tp,,

lo—11— d d

VoePi(K), [vlwnmm) <Cpx 7 hid [olwiams k), (2.4)

where C' is a constant independent of K.

[Global inverse inequalities] ([6], Thm 4.5.11) If p1 > p2 and Z, is a finite element space of polynomials in
each K, then

1

1 1
p1 " l27l17£+ﬁ P2 "
Ywy € Zy, Z ‘wh‘wll‘pl(K) < Cpmm Z ‘wh|W12‘p2 (K) ) (2'5)

KeTy, KeTy,

where C' is a constant independent of h and ppin = Klng {pK}.
€7h

Throughout this work, C' represents a constant that is always independent of h but may vary from an
inequality to another.
Let us now consider an interpolation or projection operator

I LAH(2)* — (vhHe (2.6)

and set J; = Id — Jj. Our main result is the following.
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Theorem 2.3. Assume that Hypothesis 2.1 holds. Then for any p € (1,4+00) there exists a constant v, > 0
independent of h such that for all qn, € My,

'YPHQhHO,p,QS sup
vihE€Xp |Vh‘17579

R P %
M+< ( sup M)) + I (Ve (@27)

v €EXK(O;) ‘Vh

D
i—1 1,5,0;

where s is the conjugate exponent of p (% + % =1).
To prove this theorem we need the following auxiliary result.

Lemma 2.4. Under Hypothesis 2.1, there exists a positive constant C' independent of h, such that for all i,
1<i<R,

- hs Uh)O;
Vgn € VIO, lgnllopo, <C sup (gn: vn)

T, (2.8)
v EVHO)NHE(05) [vnllo,s,0:

where p € (1,400) and s is the conjugate exponent of p.

Proof. For p = s = 2 this result was proved in [15]. We extend it here to any conjugate pair of exponents p
and s.

We denote by {a;} the nodes of 7}, that belong to O; and we define the function wy, € V;}(0;) N Hg(O;) such
that:

wh\K S Pl(K), for all K C Oy;
wp(a;) = 1if a; is a interior node of O;;
wp(a;) =0 if a; is a node belonging to 90;.

Because each macro-element O; is the support of one piecewise affine basis function and no element of 7; has
3 nodes (when d = 2) or 4 nodes (when d = 3) on the boundary of {2, there exists at least one interior node
in O;. So, this function wy, is well-defined and it is positive in the interior of O;.

Let gp, € Vhl_l((’)i) and vy, = gy wp,. Then, v, € VH(O;) N HE(O;) and it satisfies

‘(ghavh)oq‘, > C”gh”(Q),Ou (29)

with C' a positive constant independent of i (cf. [15], Lem. 3.2).
~Given K C O;, let g = gnli © Fi, where F is the afline mapping that transforms the reference element
K onto K. The shape regularity of the mesh implies that

lonlBo, = 3 /K|gh|2:o 3 |K|/K\gm220\oi| 3 /K\w. (2.10)

KCoO; KcCo, KCO;

Denote by N; the number of elements of 7|0, and consider the norm in R

Tl

N;
s, en) v, = | Dl
j=1
As the grids are regular, N; < N (independent of h) and
||(l‘1,. : 'aqu‘,) |P7N1 = H('Tlv' - TN, 0, "0) |P7N'

By the equivalence of norms in RY there exists a constant C,, (independent of h) such that

lp, - (2.11)

||(l‘1,.%‘2,...,331\/“0,...,0)”27]\] Z CPH(Z‘l,Z‘g,...,l‘Nl,O,...,O)
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$]:</ gK]P> vy:l,,Nz,
K

> |§K2> > Cp ( > / §K|p> :
(Kcoi/K Kco;, 'K

Thus, from (2.10) and the shape regularity of the mesh

lgnll§,0, > C'10i| C, Cs (Z /§K|p> (Z /§K|s>
Kco, 'K Kco, VK

ZC<Z K/QKV’) (Z K| / |§Ks> :
KCO; K KCO; K

gnllo.s.0;- (2.12)

Then, applying (2.11) with

we have

That is,

lgnllg.0, > C llgnllop.o.

Moreover,

vnllo,s,0; < llgnllo,s,0; [lwhllo,c0,0; < llgnllo,s,0;- (2.13)

Then, from (2.9) and taking into account (2.12) and (2.13) we obtain

(gha ,Uh)oi

c ”gh”O,P,Oi = ||'Uh||0 o )
5,4
whence we deduce (2.8). O

Proof of Theorem 2.3. We adapt Verfiirth’s technique (cf. [24]). Given g, € M}, by Amrouche and Girault
(cf- [1]), there exists a constant C' > 0 independent of h such that

V *V,{Gh
Clalope < sup Va0,
ve[Wy*(2)]1—{0} [V]1,5,02

So there exists v € [W;*(£2)]? such that

1 Vv,
L o lanllope < V0. (2.14)
2 V1,0

Since the family of grids is regular, following the standard finite element interpolation theory (cf. [2] or [6],
Sect. 4.8), there exists an interpolate of v, vy, € X}, such that

[Vil1,s,0 < Clvlisa, (2.15)

||V - Vh”O,s,K < c hK ‘V‘l,s,wka (2.16)

where wy denotes the union of all elements of 7;, that intersect K.
Let us rewrite the r.h.s. of (2.14) as

(V-viqgn)  (Vevpqn) | (V- (v—vh),qn)

Vhse — |Viise [Vl1,5,0

: (2.17)
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Using (2.15),
(V'Vh,(]h) < (v'vth}l)

< : (2.18)
[V]1,5,02 Vhli g0
Also, because g, belongs to H'(£2) and (v —v;)-n =0 on 942,
(V- (v—=vn),qn) = =(v—vn,Van)
< v =vallosx IVarllopx
KeTy,
< Y Chi Vswre Vanllopx  (using (2.16))
KETn 1 ' (2.19)
<0 (32 M) (32 k10l )
KeTy, KeTy,
’l
< CWlsa ( >k ||th|€,,,,K> :
KeTy,
Then from (2.14), combining (2.17)—(2.19), we have
1
V- Vi, dh !
Cllalope < sup STTI) (0S92, 0 ) (2:20)
vi€Xp ‘Vh|1,8’9 KeT,
As each element K € 7; belongs to some macro-element O;,
R
> M IVanlG e < C YR IVanlG 0,
KeT, i=1
So, from (2.20)
V- Vh, 4dh
Clanlope < sup 0004y, (2.21)
vLEX) |Vh\1,s,!2
To estimate the last term in (2.21), we use the relation Jj, + J;f = Id and write
IVanllo.p.0; < 170 (Van)llop.0: + 175(Van)llo.p.0;- (2.22)
Since Ji(Van)|o. € (V=1(0;))* we can apply the inf-sup condition (2.8) to each of its components,
Jn(Van), vi)o,
I(Valopo, < € sup  lVankvilo,
V;LEXh(Ol) ||Vh |075,Oi
Using again Jj, + J; = Id,
|(Jn(Van); vi)o,| < [(Van, vi)o,| + |(J5(Van), vi)o,
< |(v : thQh)Oq‘, + ||‘];;(th)”pr707‘, VhH07570n
as (Van,vi)o, = —(V - vi,qn)o, because v, = 0 on 90;. So,
V.v ) i *
[ (Faloso, < ¢ ( sup W8I0l 4y gy o) (223)
Vi €XKH(O;) th||073707‘,
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Thus, from (2.22) and (2.23)

R
V v, P
IVanlly, < € (Z( sup hf%

i—1 \VhE€Xn(0;) th||OsO

) + IJif,(Vq;z)li’,,p> : (2.24)

The local inverse inequality (2.4) between W*(K) and L*(K) on each K C O; yields

Valts,0, < C o [Vallos.o,-

This inequality and (2.1) imply that

h? 1
—— <0 —F—,
1vallo.s.0, Vali 5,0,
and we obtain n
|(V Vi, qn)o,|? .
IVanlly , < Z —— | t 1Vl |- (2.25)
i— VhEXh(@) 15,04

Finally, (2.7) follows from (2.21) and ( O

2.1. The case of uniformly regular meshes
The inf-sup condition (2.7) may be simplified if the grids are uniformly regular. We assume the following.
Hypothesis 2.5. The family {7, }n>0 is uniformly regular (also called quasi-uniform): there exist positive con-
stants a and (B independent of h such that
5h§h[( < oapg, VK € Tp,. (226)

We define the space
Y={ve H'(2)% such that v-n =0 a.e. on o0},

and consider an interpolation or projection operator
I, L2(2) =Y, where X, CVY, C (VHINY. (2.27)

We shall denote I} = Id — Ij,.
In this case the inf-sup condition (2.7) reduces to a simpler one. This is stated as follows.

Theorem 2.6. Assume that Hypothesis 2.5 holds. Then for any p € (1,+00) there exists a constant A\, > 0
independent of h such that for all qn, € My,

V-Vh h
Mpllgnllop.e < sup V- Vu,0n)
viLEY) \Vh,h,s,ﬂ

+ bl (Van)llop.0; (2.28)

where s is the conjugate exponent of p.
Proof. As in Theorem 2.3 we obtain (2.20) because this estimate only requires that the grids be regular.
Moreover, as X}, C Yy,

V'Vhth
Cllarllope < sup V)

+ hl[Vanllop,e- (2.29)
vhLEY) |Vh|1,S,Q

In order to bound the last term in (2.29), we argue as in the proof of Theorem 2.3 but now we do not need to
follow a local argument. Using the relation I, + I} = Id,

IVanllop.2 < [1In(Van)llop.e + (115 (Van)llo.po- (2.30)



1226 T. CHACON REBOLLO ET AL.
As 11, (Vaqn) € LP(2)%, there exists v € L*(§2)? such that

(In(Van),v) = [1n(Van)

lo.p.2 IV]o,s,02-

Now, let v;, be the L? orthogonal projection of v on Y;,. As the mesh is uniformly regular, the L? projection is
stable in the L® norm (cf. [25]):
Ivallos,.2 < Clivilo,s,e-

Then, as I,(Vqn) € Ya,
(In(Van),vi) = (In(Van), v) = C | 1.(Van)llop,2 [[Vhlo,s,0-

Thus,
(In(Van), va)

1 1n(Van)llop.o < C sup
|0,s,.Q

VREY] ”Vh

Using again I, + I} = Id and (Vgn, vi) = —(V - Vi, qn) because v, € Y, we have

V vy, .
I5Falope < € (s B4 1000 ) (231)
vieY,  |[Vhllos,e
Therefore, from (2.30) and (2.31),
V vy, .
R Vanlose < C ( sup o Y Yman)l hIIIh(th)HO,p,Q). (2.32)
vieYn  Ivillos.e

The global inverse inequality (2.5) between W1¥(£2) and L*(£2) and the quasi-uniformity of the mesh implies

1,2 < Ch7Hvillo,s,0-

[vh

Using this estimate in (2.32), we obtain

hHV(Jh

+ bl (Van)

|0 o < C < sup ‘(v'vhth”
P - vVLEY), ‘Vh|1,s,Q

|0,p,Q> . (2.33)

Finally, (2.28) follows from (2.29) and (2.33). O

Remark 2.7. At the angular corner points of the boundary, the condition v - n = 0 implies that v = 0.
So, when the domain (2 is approximating a curved domain the space Y}, in (2.27) coincides with X}. In the
application to the Primitive equations of the Ocean studied in the next section, the boundary of the domain
has a flat component (the surface) and the space X, is strictly contained into Y,.

3. APPLICATION TO THE PRIMITIVE EQUATIONS OF THE OCEAN
We study the fluid in a domain
2 ={(x,2z) € R? such that x € w, —D(x) < z < 0},

where w is a bounded domain in R¢"! and D : @ — R is a Lipschitz-continuous non-negative function that
represents the depth. The boundary is split as 92 = I's U I}, where I's = {(x,0) € R? such that x € w}
represents the ocean surface, and I}, represents the ocean bottom and, eventually, sidewalls.
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We consider a linearized version of the steady reduced Primitive equations model (cf. [20]). The problem
consists in finding a horizontal velocity field u : 2 — R?~! and a surface pressure p : w +— R such that

W . Vu—pAu+Vep+out=f in 0,
Vx-(u) =0 inw, (3.1)

u|Fb =0, ,uzazu

r, =8
Here W : 2 +— R? is a given convection velocity and (u) : w +— R?~! is defined by
0
() (x) = / u(x, s)ds. (3.2)
—D(x)

Also p is the viscosity coefficient, that we assume to be isotropic for simplicity. The term pu* is due the Coriolis
acceleration and it appears only when d = 3. In this case, u = (u1,us) and ut = (—ug,u1). The function ¢
is defined by ¢ = 260 sin ¢, where 6 is the angular rotation rate of the earth and ¢ is the latitude. The source
term f takes into account variable density effects, due to variations of temperature and salinity, and g represents
the wind tension at the surface.

This model includes the rigid-lid assumption, stating that the free surface is flat (z = 0 in our case), and
that the vertical velocity vanishes at the surface (c¢f. [13]). This last condition and the incompressibility of the
velocity U = (u,u.) are used to define the vertical velocity u. : 2 — R from the horizontal velocity:

0
uy(x,z) = / Vi - u(x,s)ds. (3.3)
z
To define weak solutions of problem (3.1), we consider the spaces
Wbl’s(()) = {v € WH*(82) such that v|r, = 0}, for an integer s > 1.

In particular H} (£2) = Wb1’2((2). We denote H; ' (£2) the dual space of H}(£2)4~! and H > (I's) the dual space
of Hz(I,)% 1. We also consider the spaces

LY (w) = {q :w — R such that /wD(x)|q(x)\p dz < oo}

and
L%,o(w) = L7 (w)/R,

for all p € (1, +00).
Problem (3.1) is a linearized version of the non-linear Primitive equations that in fact may be used as an
intermediate step to prove its well posedness. We thus assume that the velocity field is W = (w, w,) with

0
W € Hbl(g)dfl and U)Z(X, Z) = / vx . W(X, S) ds. (34)

The weak formulation of problem (3.1) that we consider is: Given f € H, ' (£2) and g € Hf%(Fs),

Find (u,p) € H} (£2)47 x L%O(w) such that
B((u,p), (v,q)) = L(v), ¥ (v,q) € W, (2)"! x L}, 4(w),
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where the forms B and L are defined as follows:
B((u,p), (V7 Q)) = _(W Vv, u) +p (Vu, VV) + (@uLﬂ V)
~(p,Vx-V) + (Vi - 1,9), (3.6)
Lv)=(f,v)o+ (g, V)r..

Here (-, ) stands for the duality between H, '(£2) and H}(£2)?~! and (-,-)r, stands for the duality between
H2(I},) and H(I,)%L,

In this formulation the convection vertical velocity w, has only L? regularity, as it is obtained by vertical
integration of the divergence of the horizontal velocity in (3.4). As a consequence, the convection operator has
not H ! regularity and a Petrov—Galerkin formulation is needed, with test functions smoother than the velocity:
v e Wb1 3 (£2)4=1. This allows to define the convection term by duality as

(W - Vu,v) :—/Q(W-Vv)u,

and justifies the expression of the convection term in (3.6). The existence of solutions of problem (3.5) is proved
in [12].
Now we define a discretization of problem (3.5). To do this, we assume that w is polygonal and D is a
piecewise affine function on {Cp}n>0, a family of conforming triangulations of @. We introduce the prisms
Pr ={(x,2) € R%, such that x € T, —D(x) < 2 <0} VT € Cp,

and consider a family of triangulations of {2 constructed by subdividing each prism Pr into triangles (d = 2) or
tetrahedra (d = 3).
We consider the following finite element spaces:

Uy = (Vi N H ()41, (3.7)

Qn="{an €C®@): qnlr €Pu(T), VT €Cr}, Pr=Qn/R, (3.8)

for integers I,m > 1.
In order to fully discretize problem (3.5), we use an interpolate of w, wj, € Up,, such that

(Whlie < Clwlh,e,  lim [why —wljie =0, (3.9)

and we define o
Whz (X, 2) :/ Vx - Wp(x, s)ds. (3.10)

Note that the field W}, = (wy,, wy,.) verifies that V- W), = 0 a.e. in {2, wp, = 0 on [, and
Whllo,o < Clwlie,  lim [Wy, = Wllo,o = 0. (3.11)
We also consider an interpolate of f, f;, € (V}/)?~1, such that
8l (o) < C IRy i I il ) = 0. (3.12)
We define the following scalar product:

Vu,ve LX) (wv), = Z Tr(W, V) K,
KeTy,
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where 7 are stabilization coefficients, and denote by || - ||+ the associated norm:
1
2
Ivll- = (Z TKllvlg,K> :
KeTy,

We propose the following projection-stabilized discretization of problem (3.5):

Find (up,pp) € Uy, X Py, such that
(3.13)

Br((an,pn), (Vh,qn)) = La(Vhsan),  Y(Vh,qn) € Un X Ph,
where
Br((an,pn), (Vi,qn)) = B((an,pn), (Vh, qn))
+ (I} (W - Vv, — e p Avi + Vqn + @vic), I (W - Vuy — pAuy, + Vipn + @uib))s, (3.14)
Lu(Vh,an) = L(vi) + (I (W - Vvi = e w Avy + Van + vy ), I (£,)) -
Here IT}, is an interpolation or projection operator from L?(£2)?~! into a finite element space and 11} = Id—1IIp.

Also ¢ is a real parameter that determines the method. In particular,

o If [T}, =0,
— Forl=m =11n(3.7) and (3.8), (3.13) is known as Streamline Upwing Petrov—Galerkin (SUPG) method.
— For others values of [ > 1 and m > 1, (3.13) is known as Adjoint Stabilized/Variational Multi-Scale
(AdS/VMS) method when ¢ = —1, generalized SUPG method when ¢ = 0 and Galerkin Least Squares
(GLS) method when ¢ = 1.
e If IT), is the orthogonal projection onto Uy, with respect to the inner product (-, ), and ¢ = —1, (3.13) is the
Orthogonal Sub-Scales (OSS) method proposed in [14].

3.1. Stability and convergence analysis
We make the following hypotheses on the stabilization coefficients:

Hypothesis 3.1. There exist positive constants oy, ao such that
a1 h% < 1k < as h%{, VK eT,. (3.15)

This hypothesis is verified by the usual stabilization coefficients and, in particular, by those given by Codina
(¢f. [10]) or Chacén (cf. [11]). This assumption holds even in the convection-dominated regime. Indeed, in this
case, typically

h
TK = C K 3
[ullo,p,

[ullo,p,x b

if the local Péclet number verifies Pex > P with Pex = and P > 0 some preset threshold. Then,

C
Note that as a consequence of Hypothesis 3.1, when the grids are uniformly regular, there holds
Vv e L3(2)7Y, gyarh||[v]oe < |[Vl- < Vaz h|[v]o.e- (3.16)

In reference [14] a stability and convergence analysis of the OSS method was realized when W € L4(£2)<.
However, if we only assume the natural regularity for the convection velocity (3.4), it is not possible to bound
the pressure in the L? norm when d = 3. We next state a weaker inf-sup condition that allows to estimate the
pressure in L3 when d = 3.
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3.1.1. Case of uniformly regular meshes

We assume that the operator in (3.14) is an interpolation or projection operator from L2(§2)4~1 into Uy,
denoted by Iy, and Ilj;, = Id— Iy, .

Lemma 3.2. Assume that Hypothesis 2.5 holds. Then for any p € (1,+00) there exists a constant A\, > 0
independent of h such that for all qn € Pp,

(vx *Vh, qh)
Mollgnll e < sup ———+%
pH ”LD,O(W) =7 |Vh|17s,Q

+ h|[, (Vxgn)

l0.p, 22, (3.17)

where s is the conjugate exponent of p.
Proof. Given q;, € Py, denote by G, its extension to {2 as the function defined by
Gn(x,2) = qn(x), Vx €w, Vz € (—D(x),0). (3.18)

Then g, € My, = V;/ R, because 7}, is a prismatic grid. Moreover, ||,

lo.p.0 = ||qh||Lz£)70(w) and 0,4, = 0 in 2.

Let Y, = Uy x (Vhl N H(}(Q)) and let I, : L*(2)¢ — Y}, be an interpolation or projection operator such
that Ih|L2(Q)d,1 = IIy, . Note that all Vj, in Y}, satisfy Vi, -n = 0 on 9f2. We may thus apply the inf-sup
condition (2.28) with this choice of Ij:

q V-V, qn
ApllGnllop,e < sup Q

+ A5 (Van) o, (3.19)
VieYn |Valise

We set Vi, = (v, vpz) € Y and observe that (V -V, G,) = (Vx - Vi, qn) because 9.¢, = 0 in 2 and vp,, =0
on 0f2. Thus,

Vi, q x ° 9
sup 7(V n n) < sup 7(V Vh qh). (3.20)
Vievn | Vhlise vinetn  |Valis,e
As Vin = (Vxqn,0),
125 (Va)llo,p,2 = (17, (Vxan)llo,p, - (3.21)
Then, (3.17) follows by substituting (3.20) and (3.21) into (3.19). O

We assume the following global stability properties of the operator 11y, :

Hypothesis 3.3. Allv € L?(2)?! satisfy

11, lo.2 < € [¥]o.c2 (3.22)

11, (V)llo,3,02 < Cllvllo,2,0- (3.23)
2 2

A large class of interpolation or local L? projection operators satisfies these properties, in particular, the
Lagrange finite element interpolation operators, based upon averaged nodal values such as the variant of the
Scott—Zhang ([6], Sect. 4.8) operator in ([18], Appendix) or the Clément operator in [2]. The global L?({2)
orthogonal projection also satisfies these assumptions when the grids are uniformly regular (c¢f. [25]).

We next state the stability and convergence of discretization (3.13) and (3.14) with first-degree finite elements
for velocities (for the sake of simplicity).
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Theorem 3.4. Assume that Hypotheses 2.5, 3.1 and 3.3 hold. Then, the discrete problem (3.13)—(3.14) with

I =1in (3.7) admits a unique solution (up,pp) € Uy, x Py, which is bounded in H}(£2)?71 x L%D,o(w)’ satisfying
the estimates

C
wha << (g, el 1, ) (3.21)
I <o(1+2+ ) asviwho) (It I 3.95)
pily <€ (1 g+ 7)) (Wl )+ I8l ) 5
C
* 1
||HZ/{;L (Wh . Vuh +VXph +¢uh) ||T S ﬁ (|f|Hb_1(Q) -+ ||g|H%(FS)> s (326)

where C' is a constant independent of h.

Moreover, the sequence {(un,pn)}n>0 contains a subsequence which is weakly convergent in H} ()41 x

3
L} o(w) to a solution of the continuous problem (3.5). If this solution belongs to Wb1’3(())d*1, then the conver-
gence is strong.

Proof. Part of this proof can be found in reference [14] (Thms. 1 and 2) when W € L4(£2)?. Here we only detail
substantial differences when d = 3 that are due to the low regularity of the vertical velocity.

Taking vj, = uy, and g, = py, in the variational formulation (3.13) and (3.14) we have:
plunl? o + 1115, (en) 17 = Lun) + (11, (en), 1z, (£4))-, (3.27)
where c;, = W), - Vuy, + Vypp, + pui-. Using (3.16) and (3.22),
11175, (£n) |- < C R UL, () llo,2 < Ch|[fallo,0 < C ]|+ (3.28)

Moreover,

Ill- < Clallgg o) < C Il (o (3.29)

This bound is obtained by using a representation of the term [|f,||; on spaces of bubble functions by means of
static condensation operators and (3.12). (See [14] for details). Combining (3.28) and (3.29), we obtain

Then, from (3.27), we derive
11 < ¢ f
Viunli e + Uy, (en)ll- < N e o)+ I8lg-3 ) ) (3.31)

whence (3.24) and (3.26).
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To estimate the pressure we use the inf-sup condition (3.17) with p = % and s = 3:

vX *Vh, Dh *
< sup X VIR e (7 plls o (3.32)

3 < sup
2 (w) ‘V | 15
D,0 vy EUR h1,3,82

c
Ionll,

To estimate the first summand, we take g, = 0 in the discrete problem (3.13) and (3.14) and obtain:

(Vx - vi,pn) = —(Wp - Vv, ) + p(Vug, Vve) + (puib, vy)
+ (I, (Wi - Vv +oviy), 1T, (cn))s (3.33)
— (I, (W, - Vv + v ), 1T (1)) — L(v).

Next, to estimate the terms in the right-hand side, we first observe that
(W - Vvi, un)| < [[Wallo,2 [[VVillos.e llunllos.e < Clwl,e [unlie[valis.o,
using (3.11) and Sobolev’s imbeddings. Also,

11155, (Wi - Vi + o)l < Ch[Wy - Vv + pvi
using (3.16) and (3.22), the global L? stability of the operator ITy, . Next,

|0,Qv

HWh . VVh

l0,00.0 < Ch ™ w0 v,

lo,2 < [[Wh,

lo,2 Vv 1,3,25

using (3.11) and the global inverse inequality (2.5) between W1°°(£2) and W13(£2). Moreover,

levirllo,e < Cllglloss.e IVallo,e < Cllellose,2 [Valis,o-

Thus,
11T, (W - Vv + ovid)ll- < C (Iwlie + 1€]l0,00,2) [Val1s,0.

Then, from (3.33) we have

Vx Vi, D
(V- ¥, P1) < C(|W 12 unle + pluslie + [[¢llo,c.e [unli,e
\Vh|1,3,n
+(1Wlie +l[@llo,0o.2) 117, (en)ll- + (IWli,e + l[#llo.0cc.2) [Ell g2 ) (3.34)
Elh e o + B4 )
and taking into account the estimates (3.24) and (3.26) we obtain
(Vx - Vi, pn) ( L1 > ( >
Wx ' VmPh) o (1420 — )1+ |w fllpgot o+ ), Y e Un. 3.35
) L) e (18 + Dglygs ) )99 €t (3.35)
To estimate the second summand in (3.32) we split it in the following way:
WL, (Vxpn)llo,s .o < Bl (cr)llo 2 o
(3.36)
+h 1L, (W Vun)llo 3 o + BT, (eup)lo 2 0

We bound the first term by:

W, (en)llo,z,0 < Ch|lg, (en)llo.e < C |, ()l
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using (3.16). The second term is bounded using first the stability (3.23) of the operator ITy, ,

h|[ Dy, (Wh - Vup)llos o < Chl[Wh - Vusllgs o < Chl[Whllo,e [Vunlos,e
and then the global inverse inequality (2.5) between W1:6(2) and H(2),
IVunllo..e < Ch™" upo.
Thus,
h I, (W - V)20 < C Wl [un,e. (3.37)

The last term is bounded using also (3.23):

R, (oup)llo 2 0 < Ch [ puy

IR

l.2.2 < Chlleuio.e < Cllelloco.olun

R

Combining these estimates with (3.24) and (3.26), from (3.36) we have

1,0

h (T, (Vxpn)

1 1
s € €+ bl —=) (Il g+ el ) ) (3.39

Therefore, we deduce (3.25) from (3.32) with (3.35) and (3.38).

Due the estimates (3.24) and (3.25), the sequence {(up, pr)}n>o is uniform bounded in H} ()41 x LI%) o(w)
that is a reflexive space. Then, it contains a subsequence, that we still denote in the same way, weakly Convefgent
in that space to a pair (u,p). This pair is a solution of problem (3.5). The proof of this convergence is similar
to that performed in [14]. We skip the details here for brevity. O

3.1.2. The case of regular meshes

We assume that the operator IT; in (3.13) is an interpolation or projection operator from L?(£2)?~! into
(V;i71)4=1. We define the space Uy, (0;) = (VH(O;) N HY(O;))?!, and recall the notation || - ||, for the norm
defined in (2.3).

Lemma 3.5. Assume that Hypothesis 2.1 holds. Then for any p € (1,400) there exists a constant vy, > 0
independent of h such that for all g, € My,

R
(Vx - Vi, qn) |(Vx - v, qn)o, [P
Wlanlze, ) < sup ———— + sup ”
? Do) v EUR ‘Vh‘L&Q ; viREUR(O;) |Vh 11),5,(1%

)) + 1T (Vxan) gy, (3:39)

where s is the conjugate exponent of p.

Proof. Given g, € Pj we define its extension to 2, ¢, by (3.18). Let J; be an interpolation or projection
operator from L?(£2)? into (V}™!)¢ such that Jnlr2(oya-—1 = II. We use the inf-sup condition (2.7),

Yolldnllop,o < sup
P” H P V,eX), ‘Vh

(V-Vhu,qn) . & (V- Vi, qn)o,
V5, eXn(0;) |Vh|11),s,(9i

1
D P
sup )) + 15 (Van)lln,p- (3.40)
1,s,02 i—1
On one hand,
1Gnllo.p.2 = llanllzz, | w)-
On the other hand, we have 0,¢;, = 0 in {2. Moreover, if V = (v,vp,.) € X}, then v, = 0 on 942 and also, if
V = (v,vp,) € Xp(O;) then vy, = 0 on 00;. Thus,
sup (V . th dh)
Viexn |Vh

vx : 9 x ° 9
< sup ( Vi, n) < sup 7(V vh Qh), (3.41)

1,2 viewini ()it Valise vieln  |Vhl1s,0
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and similarly
sup (v ' Vha th)Oi < sup (vx *Vh, Qh)Oi . (3 42)
viex,(0) |Valiso, 7 viano,)  [Valiso,

Also, considering that V§, = (Vxgqn,0), we have
175 (Van)llop.0: = [HT5(Vxgn)llo.p.0;- (3.43)

Then, (3.39) follows from (3.40) by taking into account (3.41)—(3.43). O

We assume the following local stability properties of the operator I1}:
Hypothesis 3.6. The operator II}, satisfies for all v € L*(£2)%71,

[Tn(V)llo.x < Cllv

HIn (V)03 < Cllv

IR

|0,w1<a (344)

|0’%’w1<’
where wg s the union of all elements of Ty, that intersect K.
This hypothesis is stronger than Hypothesis 3.3, but is also verified by local L? projection or Lagrange

interpolation-based operators. However it is not verified by the global L?({2) projection operator.
Observe that as a consequence of (3.44), the operator IIj, is also stable with respect to the norm || - ||

I ()l < Cllvlly, ¥v e L2(R)" " (3.46)

Theorem 3.7. Assume that Hypotheses 2.1, 3.1 and 3.6 hold. Then, the discrete problem (3.13) and (3.14)

3
with | = 1 in (3.7) admits a unique solution (un,pp) € Up x Pp, which is bounded in H} ()1 x L} o(w),
satisfying the estimates

C
b < S (gt o+ el 3, ) (3.47)
1 1
thHL]%D o(@) < C(l + ; + \/_,L_//) (1 + ‘W|17Q) ||f||H;1(_Q) + Hg”H_%(FS) ) (348)
VT (Wi - T+ Fupn + oui) < = ([l g + el (3.49)
h h h xPh euy )l > \/ﬁ H;l(()) g H_%(FS) 3 .

where C' is a constant independent of h.
Moreover, the sequence {(un,pn)}n>0 contains a subsequence which is weakly convergent in H} ()41 x

3
L}, o(w) to a solution of the continuous problem (3.5). If this solution belongs to Wbl’?’(())d_l, then the conver-
gence is strong.

Proof. The estimations (3.47) and (3.49) are obtained in the same way as in Theorem 3.4 but the estimate of
the pressure is now based on the inf-sup condition (3.39) with p = s = 2, when d = 2, or p = % and s = 3, when
d = 3. We indicate the estimates in this last case. To estimate the first summand in (3.39), we start from (3.33).
We treat all terms in the same way as before but to bound the term || II; (W, - Vv, 4+ ¢vib) || we have to argue
locally because in this case we only can use local inverse inequalities:
From (3.46),
VT (Wi - Vv + vl < C Wi - Fvi + v

Moreover,

W - Vil = Y & Wi VVallgx < a2 Y b (WIS x IV VA5 .k
KeTy, KeTy,
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Then, using (3.11), the local inverse inequality (2.4) between W1°°(K) and W3(K), and (2.1), we derive
Wi - Vvillr < Clwliae [vilis.e-

Likewise,

lovicl2= > = lovirlix < az Y B 10l s IVAllE i < @2 19118 oo 0 B IIVAlS o

KeTy, KeT,
So,
v ll+ < Cllelloco,2 [Val1s.0-

Also from (3.46),

111, () [l < C' ||l

In this way, we obtain (3.35).
To estimate the second summand in (3.39), we consider the variational formulation (3.13) and (3.14) with
v, € Up(O;) and ¢, = 0. Then,

(Vx Vi, pn)o, = (Wh - Vuy, vi)o, + i1 (Vun, Vvi)o, + (9 up, vi)o,

(3.50)
+(IT; (W - Vv + ovin), 1T, (en))r.0, — (L (W - Vv + @vir), 10, (fr)r.0, — L(Va).

All terms in the right-hand side are estimated as before but here again we argue locally. For the stabilizing
term, we have:

(I (W - Vvn + ovi), g, (en))ro, | < 1T (W - Vs + ovi) o, 11, (en)ll-o.-

To estimate the first factor, we first observe that we have the local version of (3.46):

L (Wi - Vv + i )llro, < ClIWi - Vi + ovi |70,
because v, € Up,(0;). Now, we expand the terms W, - Vvy |0, and ||pvi|-o,:

Wi VVil2o, = Y TxlIWi - VVall§
KeO;
<az Y WIWLIE k IV Valf o S ClIWI o Y Ivalis,
KeO; KeO;

applying (3.15), (3.11), the local inverse inequality (2.4) between W1>°(K) and W13(K) and (2.1). Next,

levirlZ o, = Y = levi 3 «

KeO;
<oy Y B8 o VAl & < C Al o0 P D [Valls k-
KeO; KeO;

But
1
2
(Z Vh%,g,x) < Clvnliz,0;
KeO;

because the number of elements in O; is bounded by a constant independent of h and 1.
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Then,
|5 (W - Vv + vy ) 1T, (en))ro,| < C (14 [wlie) [Valis.o,

From here, applying Jensen’s inequality,

11, (en)llr.0;-

Wl

sup

3
& (T, (Wh - Vvi + vy ), I, (en))roi] |
vt (0) IVhl1,3.0,

N

R
< O+ |wle) (Zlﬂéh(%) 3,01> < C(1+ |wlio)lly, (ch)llr

i=1

because the number of repetitions of a given element K in all macro-elements is bounded by a fixed constant
independent of h. Hence, by (3.49),

sup

2
N
& \(IT; (W - Vv + v ), [T, (cn))ro,] )
i—1 VhE€UR(O;) ‘Vh‘1,3,(91

1
< 0=+ wlua) (I8l )+ el )-

We proceed in a similar way for the remaining terms and obtain

2
R 3\ 3
Z . (|(vx'Vh7ph)Oi )2 ’
sup -_—
=1 VhEUR(O:) vilis,0; (3.51)

1 1
< Clt g+ 20+ who) (Il oy + Telgros ) )

It remains to estimate the third summand in (3.39). First, we write:
15 (Vxpn) 1,z < T (en)lln,z + T (Wi - Van) |y, 2 + [T (o), 3 (3.52)

Again we argue locally to bound the first term in the r.h.s. of (3.52). By definition,

R 3 s 3
15 (en)lln s = (Z hflnah<ch>>|g,%,oi> -

i=1
To bound this term, it is convenient to use the function
H(x)= > hixx(x),
KeT,

where X is the characteritic function of K. Then (2.2) implies that

(1)

* 4 * 3
1T enllng < C ( SIHIT Ry o,

i=1

Since any element K € 7, belongs to at most M macro-elements, this yields

2
3
3
115, (ch)ln,s <C< > IIHHZ(Ch)IS’%,K> :

KeT,
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Finally, we associate with 75 the analogue of H:

= Z TKXK (X)

KeT,

Then we infer from (3.15) and Cauchy—Schwarz’s inequality:

%
3
[T, (cn)llns <C ( > I\/THZ(Ch)IS,%,K> = C|VTH; (ch)llo3,0

KeT,

<C VT (en)llo.e = C 1T} (en) (3.53)

which is bounded by (3.49).
To estimate the second term in the r.h.s. of (3.52), we use first the local stability of ITj:

g=¢ Zh2 > Wa- VuhHOSw :

KeO;

3
I (W, - Vuy)| Z

Then we use the local quasi-uniformity of the mesh and the local inverse inequality (2.4) between W16(K) and
Wh2(K),
IVunllos.x < Cpx [ Vunox.

Therefore
3
§ 2
W Sl <€ X R IWa eVl <€ S ik (ST Willoe 9wl )
KeTy, KeTy, P
3 3
<C O WalIG o IV UG e
KeTy,
Hence,
2 1
5 5 3 . 6
[T (W - Vag) ||z <C ;. ;. SO Y IWallS s | Tanlie
KeTy, KeT,

(3.54)

by another application of Jensen’s inequality and (3.11). Similarly, we bound the last term in the r.h.s. of (3.52)
using again (3.45) and obtain

115 (o3 )l 2 (3.55)

Then, from (3.52) and taking into account (3.53)—(3.55):
(v - (1 ! £ 3.56
I (Tl < (04 who) = ) (185 + el ) ) (3.56)
Finally, we derive (3.48) from (3.39) by combining (3.35), (3.51) and (3.56). The rest of the proof follows as in
Theorem 3.4. g

Remark 3.8. When [ > 1 in (3.7), Theorems 3.4 and 3.7 also hold if the constant oz in (3.15) is small enough.
In this case, we have also to bound the term ||Auy||-. (See [14] for details).
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