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Abstract

We first study the existence and uniqueness of strong solutions of a
three dimensional system of globally modified Navier-Stokes equations
with finite delay in the locally Lipschitz case. The asymptotic behaviour
of solutions, and the existence of pullback attractor are also analyzed.
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1 Introduction

Let Q C R? be an open bounded set with regular boundary I, and consider the
following system of globally modified Navier-Stokes equations (GMNSE) on Q
with a homogeneous Dirichlet boundary condition

O vAut By (ol (- V)ul + Vp = f(1),  in (0, 50) x
V.ou =0 in (0,+00) x €, (1)

uw=0 on (0,+00) x I,
uw(0,2) =u’(z), z€Q,
where v > 0 is the kinematic viscosity, w is the velocity field of the fluid, p the

pressure, v the initial velocity field, f(¢) a given external force field, and Fiy :
Rt — RT is defined by

N
Fy(r) = min{l7 —}, reRT,
r
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for some N € R™.

The GMNSE (1) has been introduced and studied in [1] (see also [2], [3], [§]
and [9]). In this paper we are interested in the case in which terms containing
finite delays appear. We consider the following version of GMNSE (we will refer
to it as GMNSED):

O vty (ful) (- V)] + T

= Gt,ut—p(t))) in (r,+00) x €,

Veou =0 in (7,400) x Q, (2)
uw=0 on (r,4+00) x I,

u(r,z) =u'(z), z€Q,

w(t,z) = ¢t —7,2), in (7t — h,7) x Q,

where 7 € R is an initial time, the term G(t, u(t — p(t))) is an external force de-
pending eventually on the value u(t —p(t)), p(t) > 01is a delay function and ¢ is a
given velocity field defined in (—h,0), with A > 0 a fixed time such that p(¢) < h.

The aim of this paper is to report on some recent results concerning the
existence, uniqueness and asymptotic behaviour of solutions of (2). The detailed
proofs of these results can be found in [4]. In the next section we state some
preliminaries, establish the framework for our problem, and the existence and
uniqueness of weak and strong solutions. In Section 3 we analyze the asymptotic
behaviour of solutions, obtaining finally the existence of pullback attractor for
our model.

2 Preliminaries

To set our problem in the abstract framework, we consider the following usual
abstract spaces (see [12] and [14, 15]):

V= {u e (CP () dive = o},

H = the closure of V in (L?(Q))?® with inner product (-,-) and associate norm
||, where for u,v € (L%(Q))3,

3
mm;éwmmm

V = the closure of V in (H}(Q2))? with scalar product ((-,-)) and associate norm
|-l , where for w,v € (H}(2))3,

Z / auj avj
ox; 82:1

1,5=1
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It follows that V € H = H' C V/, where the injections are dense and compact.
Finally, we will use |||, for the norm in V’ and (., ) for the duality pairing
between V and V.

Now we define the trilinear form b on V x V x V by

b(u, v, w) Z/ul wjda: Yu,v,weV,

1,5=1
and we denote
by (u,v,w) = Fn(||v])b(u, v, w), Yu,v,weV,

and

(By(u,v),w) = by(u,v,w), Yu,v,weV.

The form by is linear in w and w, but it is nonlinear in v.

We also consider A : V — V'’ defined by (Au,v) = ((u,v)). Denoting
D(A) = (H?*(Q))> NV, then Au = —PAu,Vu € D(A), is the Stokes operator
(P is the ortho-projector from (L?(Q))® onto H). Moreover, we assume
G R x H — H, is such that

cl) G(-,u) : R — H is measurable, Yu € H,

¢2) there exists a nonnegative function g € L? (R) for some 1 < p < 40,
and a nondecreasing function L : (0,00) — (0, 00}, such that for all R >0
if |u|, Jv| < R, then

G(t, u) — Gt )] < L(R)G2(6) |u— o]
for all ¢t € R, and
¢3) there exists a nonnegative function f € L} (R), such that for any v € H,
Gt W) < g o> + £(1), VEeR,

Finally, we suppose ¢ € L2 (—h,0; H) and «° € H, where l L -1
In this situation, we consider a delay function p € C1(R) such that O p(t) <
for all ¢ € R, and there exists a constant p. satisfying

pt)<p. <1l YteR.

Definition 1 Let 7 € R, v° € H and ¢ € L* (—h,0; H) be given. A weak
solution of (2) is a function

we sz/(T —hT;HYNL2(r, T; V)N L2 (1, T; H)  for all T > T,
such that

7O+ vAu(t) + By (ult), u(t)) = Gt ult — p(t)) in D'(7, +-00; V7,
u(r) = u’,
(

u(t) = (t—T) te(r—h,T).
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Remark 1 We suppose u is a weak solution of (2) and we define g(t) =
gof~(t), where 0 : |7, +00) — [T — p( ) +00) is the differentiable and strictly
increasing function given by 0(s) = p(s). Then, taking into account that
g € LP(t — p(7),T) for all T > 7, we have that G(t,u(t — p(t))) belongs to
L*(r,T; H) for all T > 7.

Then, %u(t) € L*(7,T;V"), and consequently (see [15]) u € C([r,+o0); H)
and satisfies the energy equality, for all T < s <1,

(O] = ()] + 20 / la(r)lP? dr =2 / (Glryulr — p(r),u(r)) dr.  (3)

The following theorem, which improves Theorem 3 in [5], states the existence
and uniqueness of weak and/or strong solutions.

Theorem 1 Under the conditions c1)-c3) in the previous section, assume
that 7 € R, u’ € H and ¢ € L* (—h,0; H) are given. Then, there exists a
unique weak solution w of (2) which s, in fact, a strong solution in the sense
that

we C([r+e,TEVINLA (1 +¢,T; D(A), foralT—7>ec>0. (4)
Moreover, if u® € V, then

we C([r,T;; V)N L3, T; D(A)), for all T > . (5)

3 Asymptotic behaviour of solutions

In this section we first establish a result about the asymptotic behavior of the
solutions of problem (2) when ¢ goes to +oo.

Theorem 2 Let us suppose that c1)-c8) hold with g € L™(R), and assume
also that V> X1 (1 — p.) > |gle, where |gloc = ||g]l Lo=(m).-

Let us denote ¢ > 0 the unique root of & — vAiy + % = 0. Then,
for any (u°,¢) €V x L*(—=h,0; H), and any 7 € R, the corresponding solution

u(t;7,u’, @) of problem (2) satisfies

2 2 gl (7 > -
u(t; T, u?, < u® +7/ e p(s)|* ds | e
inal o < (o 2= ot

efst

+ I//\1

¢
/ e f(s)ds, forall t>r.

In particular, if ffo e®* f(s)ds < oo, then every solution u(t; 7,u", ¢) of (2)
converges exponentially to 0 as t — +o0.

Now, we study the existence of global attractor for the dynamical system
generated by our problem. As this model is non-autonomous, our analysis
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requires of the theory of pullback attractor which we will introduced below (see
[7], [10] and [11]).

Let X be a metric space.
Definition 2 A family of mappings {U(t,7): X - X : t,r € R,t > 7} is said
to be a process (or a two—parameter semigroup, or an evolution semigroup) in
X if
U, YU(r,m)=U(t,7) foralt>r>m,
Ulr,7)=1d for all T € R.

The process U(-,-) is said to be continuous if the mapping =z — U(t,7)z s
continuous on X for allt, 7 € Rt > 7.

Recall that dist(A, B) denotes the Hausdorff semidistance between the sets
A and B, which is given by

dist(A, B) = sup inf d(a,b), for A, B C X.
acAbEB

Definition 3 Let U(-,-) be a process in the metric space X. A family of
compact sets {A(t)},cp is said to be a (global) pullback attractor for U(., )
if, for every t € R, if follows

(i) Ult,7)A(T) = A(t) for all T <t (invariance), and

(i) HIEI dist(U(t,7)D, A(t)) = 0 (pullback attraction) for all bounded subset
DcCX.

The concept of pullback attractor is related to that of pullback absorbing
set.

Definition 4 The family of subsets {B(l)},.p of X s said to be pullback
absorbing with respect to the process U (-, -) if, for every t € R and all bounded
subset D C X, there exists Tp(t) <t such that

Ut,7)D C B(t), for all 7 <7p(t).

In fact, as happens in the autonomous case, the existence of compact
pullback attracting sets is enough to ensure the existence of pullback attractors.
The following result can be found in [7] and [13] (see also [6]).

Theorem 3 LetU(-,-) be a continuous process on the metric space X. If there
exists a family of compact pullback attracting sets {B(t)},  , then there ewists
a pullback attractor {A(t)}, p, with A(t) C B(t) for allt € R, given by

Aty = | Ap(t), where Ap(t)= () |J Ut 7)D.

DCX neN 7<t—n
bounded
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Now we will establish the existence of the pullback attractor for our GMNSED
model (2).

First we construct the associated process. To this end, assume that
G : R x H — H satisfies c1), ¢2) and ¢3) with g € L*(R). Thus, without
loss of generality we can assume that G satisfies ¢2) with ¢ = 1, and there
exists a nonnegative constant a such that

Gt ) < aul + £(8) ¥ (tw) € R x H. (6)
We will assume moreover that
e L, R). (7

Under these assumptions, for each initial time 7 € R, and any ¢ €
C(—h,0; H), Theorem 1 ensures that if we take u” = #(0), problem (2)
possesses a unique solution w(;7,¢) = u(-; 7, ¢(0),#), which belongs to the
space C([7 — h, T|; HYN L2 (7, T; V)N C([7 + ¢, T]; V)N L2(7 + ¢, T; D(A)) for
alT >74+¢e>T.

Then, we define a process in the phase space Cy = C([—h,0]; H) with sup
norm, [|4llcy = supse_p, o) [#(s)]; as the family of mappings U(¢,7) : Cy — Ci
given by

U(t77—)¢:ut(';7—7 ¢)7 (8)

for any ¢ € Cy, and any 7 < t, where w;(-; 7, ¢) € Cy is defined by
Ut(S;T, (b) :U(t+8;’7'7 (b) Vs S [_h70] (9)

Proposition 4 It is easy to check that if G satisfies cl), c¢2) with g = 1, (6)
and (7), then the family of mappings U(7,t), T <, defined by (8) and (9) is a
continuous process on Cp.

Now, we will obtain that, under suitable assumptions, there exists a family
of bounded pullback absorbing sets in Cy and then, another one in Cy, for the
process U (¢, 7).

Theorem 5 Assume that G satisfies cl), ¢2) with ¢ = 1, (8), (7), and
A1 = p.) > a.
ch

Let ¢ > 0 denote the unique solution of & —vA; + m =0.

Let us suppose that f?oo e f(r)dr < oo, and define

ee(lrh—t) gt
pH(t)zlJrT/ eTf(r)dr teR.

Then, for every bounded subset D C Cy there exists a Tp > 1+ h such that
for anyt € R and all ¢ € D one has

lu(s; 7, H)> < pu(t) Vse[t—h—1,t], forall 7<t—Tp.
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As a direct consequence of the preceding result, we get the existence of the
family of bounded absorbing sets in C'y.

In fact, one can prove the following result of existence of an absorbing family
of bounded sets in Cy = C([—h,0];V) and a necessary bound on the term

46
t+012 | Au(r)|? dr.

Theorem 6 Under the assumptions in Theorem 5, there exist two positive
functions py, F € C(R) such that for any bounded set D C Cy and for any
t € R,

lu(t; 7, @)I* < pv(t) Y7 <t —Tp, Vo €D,

and

t+02
/ |Au(r; T, ¢)|* dr < F(t), V7 <t=Tp—h, Y6, <60y €[-h,0], YoeD,
t+61

where T'p is given in Theorem 5.

Finally, under an additional assumption, we can ensure the existence of the
pullback attractor.

Theorem 7 Under the assumptions in Theorem 5, suppose moreover that

5
sup 6755/ e f(r) dr < co.
SSO — 00

Then, there exists a pullback attractor { Acy (t)}er for the process U(-, ) in
Cyg defined by (8) and (9). Moreover, Acy(t) is a bounded subset of Cy for
anyt € R.
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