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ABsTrRACT: In [13] Zamfirescu gave a fixed point theorem that generalizes the classical fi-
xed point theorems by Banach, Kannan and Chatterjea. In this paper, we follow the ideas
of Dugundji and Granas to extend Zamfirescu’s fixed point theorem to the class of weakly

Zamfirescu maps. A continuation method for this class of maps is also given.

1 Introduction

Throughout all this paper, (X, d) will be a metric space, D a subset of X and
f: D — X will be a map. We say that f is contractive if there exists a € [0, 1)
such that, for all z,y € D,

d(f(z), f(y)) < ad(z,y). (©)

The well known Banach’s fixed point theorem asserts that if D = X, f is
contractive and (X, d) is complete, then f has a unique fixed point z € X, and
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for any o € X the sequence {T™(z¢)} converges to x. This result has been
extended by several authors to some classes of maps which do not satisty the
contractive condition (C). For instance, two conditions that can replace (C) in
Banach’s theorem are the following:

(Kannan, [9]) There exists « € [0,1) such that, for all z,y € X,
et
d(f(2), f(y)) = 5 [d(z, f(2)) +d(y, f(y))]. (K)
(Chatterjea [3]) There exists a € [0, 1) such that, for all z,y € X,

d(f(x), f(y)) < 5 [d(z, f(y)) + d(y, f(x))]- (Ch)

!
2
The conditions (C), (K) and (Ch) are independent as it will be showed in Sec-
tion 2 (see also [11] and [5]).

After these three results, many papers have been written generalizing some
of the conditions (C), (K) or (Ch), or even the three conditions simultaneously.
In 1972, Zamfirescu [13], combining the conditions (C), (K) and (Ch), obtained
a fixed point theorem for the class of maps f : X — X for which there exists
¢ €[0,1) such that

[d(x, f(x)) + dy, f ()],
S ld@., fw) +dy, f@)] |-

d(f(2), (y)) < ¢ max {d(z,y),
(2)

| — N =

A mapping satisfying (Z) is commonly called a Zamfirescu map. Note that the
class of Zamfirescu maps is a subclass of the class of mappings f satisfying the
following condition: there exists 0 < ¢ < 1 such that

A(f(2), () < q max {d(z,), d(x, f(2)).d(y. F (1)),

) )

5 ld@. F) + dly, f@)] }.
The class of mappings satisfying (Q) was introduced and investigated by Ciri¢ [4]
in 1971, who obtained a fixed point theorem under this contractive condition.
A somewhat different way of generalizing Banach’s theorem was followed by
Dugundji and Granas [6], who extended Banach’s theorem to the class of weakly
contractive maps. The concept of weakly contractive map was introduced in [6]
by replacing the constant «, in (C), by a function o = «a(x,y): we say that
f: X — X is weakly contractive if there exists a : X x X — [0, 1], satisfying
that 6(a,b) := sup{a(z,y) : a < d(z,y) < b} < 1 for every 0 < a < b, such
that, for all z,y € X,

d(f(x), f(y)) < alz,y)d(z,y).

Following this fashion, it was shown in [2] that Kannan’s fixed point theorem
for Kannan maps (those satisfying (K)) could be extended to the new class of
weakly Kannan maps. An immediate question is whether these arguments also
work for maps of type Chatterjea (those satisfying (Ch)). More generally, we



may pose the question of whether condition (Q) in Ciri¢’s theorem could be
replaced by the corresponding weak concept, as done by Dugundji and Granas
with the concept of weakly contractive maps. But this question has a negative
answer, as it was shown by Sastry [12] by giving a simple example. Nevertheless,
we are able to show that the above question has an affirmative answer for the
class of Zamfirescu maps. This will be done in Section 3. In Section 2 we include
several examples that separate each of the conditions (C), (K) and (Ch) from
the others, and the same is done for the corresponding weak concepts. Finally,
in Section 4 we give a continuation method for the class of maps introduced in
this paper.

2  Weakly Zamfirescu maps

Although Rhoades [11] showed that the conditions (C) and (K) are independent,
as far as we know nothing more is known on this question. The aim of this
section is to separate definitively the concepts (C), (K) and (Ch), as well as the
corresponding weak concepts.

The concept of contractive map was generalized by Dugundji and Granas [6]
as follows.

Definition 1. We say that f : D — X is a weakly contractive map if there exists
a: D x D —|0,1], satisfying that

0(a,b) :=sup{a(x,y) : a <d(z,y) <b} <1
for every 0 < a < b, such that, for all z,y € D,

d(f(x), f(y)) < alz,y)d(z,y). (1)

Remark 2. As in the case of a contractive map, any weakly contractive map has
at most one fixed point.

Remark 3. Notice that if f: D C X — X is a weakly contractive map and we
define ay(z,y) on D x D as

d(f(z).f(y) .
d(myy)y , ifz#y;

ag(z,y) = (2)
0, otherwise,

then ay is well defined, takes values in [0, 1], satisfies sup{ays(z,y) : a <
d(z,y) < b} < 1forall 0 <a <b, and ay is smaller than any a associated
to f, and also satisfies (1), with o replaced by ay, for all z,y € D. Conversely,
if ay is defined as in (2) and satisfies the above set of conditions, then f is
a weakly contractive map, establishing in this way an equivalent definition for
weakly contractive maps.

The following two examples show that the class of weakly contractive maps
is larger than the class of contractive maps.

Example 4. Consider the subset D = [0, 7/2] of the metric space X = R with
the usual metric d(x,y) = | — y|, and let f : D — X be the function defined as
f(x) =sin(z). Then f is a weakly contractive map, but not a contractive map.



First of all, we will see that the map f does not satisfy the contractive
condition (C). To do this, simply note that

fo AU@),£0) | sin(a)

=1.
z—0 d(a:, 0) z—0 T

To check that f is a weakly contractive map, consider the function ajy : [0, 7/2] %
[0,7/2] — R given by (2). This function is well defined and also takes values in
[0, 1], since for every x,y € [0, 7/2], we have |sin(z) — sin(y)| < |z — y|.

Next, assume that 0 < a < b and let us see that 6(a,b) = sup{a(z,y) : a <
d(z,y) <b, z,y € [0,7/2]} < 1. To this end, just notice that if z,y € [0,7/2]
with 0 < a < |z — y| < b, then

Tty
2 b

<

e

and use the monotonicity of the cosine function to obtain

_ |sin(z) — sin(y)|

Oéf(l’,y)— |:177y|
_ [2cos (55#) sin (%5*) |
[z -yl

The following class of mappings was introduced by Kannan [9] in 1968.

Definition 5. We say that a mapping f : D — X is a Kannan map if there
exists k € [0, 1) such that

d(f(@), f(y)) < 5 d(z, f(2)) +dy, f(y))], 3)

for all z,y € D.

Remark 6. Rhoades proved that the concepts of contractive map and Kannan
map are independent (see [11], Theorem 1, (iii)).

Recently this concept has been generalized in [2], obtaining the so-called
weakly Kannan maps.

Definition 7. We say that f : D — X is a weakly Kannan map if there exists
k: D x D —[0,1], satisfying that

0(a,b) :=sup{k(z,y) : a < d(z,y) <b} <1

for every 0 < a < b, such that, for all z,y € D,

k(. y)
d(f(@), f(y) < =5 [d(=, f(z)) + d(y, f(9))] (4)
Remark 8. In [9], Kannan noted that if a Kannan map has a fixed point then
it is unique. Using the same reasoning we have that any weakly Kannan map
has at most one fixed point.



Remark 9. Notice that if f: D C X — X is a weakly Kannan map and we
define k¢(x,y) on D x D as

2d(f(z).f(y) : .
d(x,f(ac))—i—d(y?,;f(y)) , if d(:E, f(l‘)) + d(ya f(y)) # 0;
ky(@,y) = (5)
0, otherwise,

then ry is well defined, takes values in [0, 1], satisfies sup{ss(z,y) : a <
d(z,y) < b} < 1forall 0 < a <b, and Ky is smaller than any a associated
to f, and also satisfies (4), with « replaced by k¢, for all 2,y € D. Conversely,
if k¢ is defined as in (5) and satisfies the above set of conditions, then f is a
weakly Kannan map, establishing in this way an equivalent definition for weakly

Kannan maps.

The following example shows that the class of weakly Kannan maps is larger
than the class of Kannan maps.

Example 10 (see [2], example 2.5). Let D = [0,00) the subset of the metric
space X = R with the usual metric d(z,y) = |t —y|. The map f: D — X
defined as f(z) = %log(l + €*) is a weakly Kannan map, but not a Kannan
map.

The following two examples show that the concepts of weakly contractive
map and weakly Kannan map are independent.

Example 11. Let f be the mapping of Example 4, i.e., f: [0,7/2] CR — R
with f(x) = sin(z). We know that f is weakly contractive. Moreover, f is not
weakly Kannan, since

4T
K,f(o,i)—ﬂ__2>§
Example 12 (see [2], Example 3.4). Consider the subset D = [—1,1] of the

metric space (X,d), where X =R and d(z,y) = | —y|, and let f:[-1,1] = R
be the map given as

—sin(z) if —1<x<1,

flx) =
0 if o =1.

This mapping is weakly Kannan, but not weakly contractive.

In 1972, Chatterjea [3]| considered a type or contractive condition similar to
that of Kannan but independent of it, and which does not imply the continuity
of the operator.

Definition 13. We say that a mapping f : D — X is a Chatterjea map if there
exists £ € [0,1) such that, for all z,y € D,

ﬂﬂijnégwa@D+ﬂ%ﬂ@ﬂ (6)

The following example shows that a Chatterjea map need not be of contrac-
tive type neither of Kannan type.



Example 14. Consider the metric space (X, d), where X = [0,1] and d is the
usual metric in R. The mapping f : [0,1] — [0, 1] given as

1 ifo<z<l,

fz) =
2/3 ifz=0.

is a Chatterjea map, but not a contractive map neither a Kannan map.

That f is not contractive is immediate, since f is not continuous. To see
that f is not a Kannan map, observe that

. 2d(f(z), f(0) 21-%3 _ . 3
mllr?— d(z, f(x)) +d(0, £(0)) wlir?— lz—1]+]0—2] xlir?— 2oz L

To see that f is a Chatterjea map, observe that for z € (0,1] and y = 0,

24(f(2). f(y)) 3
d(z, f(y)) +d(y, f(z)) |z — 3| +1

Hence, taking & € [2/3,1), we have

2
< -.
-3

d(f(z), f(y)) < Z[d(@, f(y)) + d(y, f(2))],

DO [y

for every z,y € [0, 1].

The following two examples show that the concept of Chatterjea map is
independent of the concepts of contractive map and Kannan map.

Example 15. Let X be R? with its usual euclidean norm, [|-||,, and let D be
the closed unit ball, D = {(z1,22) € R? : ||(z1,22)|, < 1}. Define f: D — X
as f(xy,29) = a(—xy,x1), where a € [1/v/3,1). Then f is a contractive map,
but not a Kannan map neither a Chatterjea map.

Obviously, f is a contractive map, since 0 < « < 1, and any rotation is an
isometry. To see that f is not a Kannan map neither a Chatterjea map, just
consider z = (1,0) and y = (—1,0), and use that o > % to obtain

[d(z, f(x)) + d(y, f(y))]

DN | =

d(f(x), f(y)) =

and

DN =

d(f(2), f(y)) = 5 [d(@, f(y)) +d(y, f(2))].

Example 16. Consider the metric space (X, d), where X = [0,1] and d is the
usual metric in R. The mapping f : [0,1] — [0, 1] given as

1/3 if0<z<l,
fz) =
0 ifx =1,

is a Kannan map, but not a Chatterjea map.



To see that f is not a Chatterjea map, it suffices to note that

24(f(0), /(1)  _ _ 2[5-0]
d(0, f(1)) +d(1, f(0))  [0-0]+[1—-3

To show that f is a Kannan map, observe that if € [0,1) and y = 1,

20(f(2), f(1)
d(e, J(@) + d(L, f(D) |z

and hence, taking € [2/3,1), we have
d(f(2), £()) < 5 [d(x, () +dly. Fu)].

for all z,y € [0,1].

=1
|

<

)

Wl {wlbo
Wl o

|+1

Next, as done for contractive maps and Kannan maps, we introduce the
corresponding weak concept for Chatterjea maps, and study its relations with
the previous concepts.

Definition 17. We say that f : D — X is a weakly Chatterjea map if there
exists £ : D x D — [0, 1], satisfying that

0(a,b) :==sup{&(z,y) : a <d(z,y) <b} <1
for every 0 < a < b, such that, for all z,y € D,

£(z,y)

d(f(x), f(y)) < =5~ [d(@, f(y)) +d(y, f(2))] (7)

Remark 18. As in the case of Chatterjea maps, any weakly Chatterjea map
has at most one fixed point. Indeed, suppose that u and v are fixed points of
a weakly Chatterjea map f, with u # v. Then {(u,v) < 6(5,r) < 1, where
r =d(u,v) > 0. So, by (7), we have

d(u,v) = d(f(u), f(v))

&(
0

which is a contradiction, since 6(5,r) < 1.

v) d(u,v)
r) d(u,v).

ININIA

u,
T
2

Proposition 19. Let D be a nonempty subset of a metric space (X,d). A map
f D — X is weakly Chatterjea if only if f satisfies the following conditions:

(Py) if x,y € D, with y = f(x) and = f(y), then x = y;
(P1) the mapping ¢ : D x D — R given as
TR W it d(x, f(y)) + d(y, f(2)) # 0;

0, otherwise,

takes values in [0, 1] and satisfies sup{&;(x,vy) : a < d(z,y) < b} < 1 for
all0<a<b.



Remark 20. Condition (P) is is essential. For example, if we take the metric
space X = {—r,r}, where r is any fixed positive real number, with the Eu-
clidean metric and the mapping f : X — X is given as f(t) = —t, then f
satisfies (P;) (since £y is null mapping), but not (Py), and moreover f is not a
weakly Chatterjea map.

Example 21. Consider the metric space (X,d), where X = [0,1] and d is the
usual metric. The mapping f : [0,1] — [0, 1] given as
2z f0<w<l,
flx) =
0 ifx=1,

is a weakly Chatterjea map, but not a Chatterjea map. Moreover, f is not
weakly contractive neither weakly Kannan.

Since

L 01 1C1) N ¥
e—1- d(x, f(1)) +d(f(x),1)  a—1-z+1- 2z

there exists no & € [0,1) such that d(f(z), f(y)) < § [d(z, f(y))+d(y, f(z))] for
every z,y € [0,1]. Hence, f is not a Chatterjea map.
That f is not weakly contractive is immediate, since f is not continuous. To

see that f is not a weakly Kannan map, just observe that

K(Ol)z 2’f(0)_f(%)| _ 2|0_%’
P T 0O+ - F@] T -0+ ]33

Next, we shall check that f is weakly Chatterjea. To this end, we shall use
Proposition 19. First we show that f satisfies (Py). Suppose z,y € [0,1] with
x = f(y) and y = f(x). Without loss of generality we can assume that x < y.
Note that if y = 1, then = f(1) = 0 and so y = f(0) = 0, which is a
contradiction. Thus, 0 < z y < 1. From the definition of f, we have
x = fly) = %y = %f(a:) = zx. Thus, x = 0 and y = 0. Therefore, f
satisfies (Py). Now we shall show that f verifies (P;). We need to check that
&r only takes values in [0,1] and that 6(a,b) := sup {&f(z,y) : a < |z —y| <
b, x,y € [0, 1]} < 1forall 0 < a <b. In fact, all this follow if we just show that,

for0<a<l,
f(a,1) <min{4 4(1—a)} .

=4.

TNVAN

5 4—a
Thus, assume that 0 < ¢ < 1 and that z,y € [0,1], with a < |z —y| < 1.

Without loss of generality we may also assume that x < y, since £¢ is symmetric.
Note that, in this case,

7=,  ify=1
Erlry) =9 o<y <a<y<l
g, if0<z<2y.



Hence, if y = 1 we have z < 1 — a, and then

4z 12 12 4(1 —a)

1) = —4- 2 <4 -
&) =317 213" 31(1—a) 4-a

On the other hand, if 0 < %y <z <y <1 we have

_Ay—x) _Ay—3y) 4
ff ('T? y) - é 2 - EF
T+y sy+y 5
The following two examples, together with the previous one show that the
concepts of weakly Chatterjea map, weakly Kannan map and weakly contractive
map are independent.

Example 22. Fix w > 0. Let D = [0,00) be the subset of the metric space
X = R with the usual metric d(z,y) = |« — y|. Consider the mapping f : D —
X defined as f(x) = w?/(w + z). Then f is a weakly contractive map, but not
a weakly Chatterjea map. Moreover f is not a contractive map, since

=1.

= lim
z—0+t w4+

lim — )
om0+ d(z,0)

To check that f is a weakly contractive map, consider the function oy : [0, c0) X
[0,00) — R given by (2). This function is well defined and also takes values in
[0,1], since for every x,y € [0,00), with = # y, we have

w?

ar(z,y) = m <1

Moreover, for 0 < a < b we have that

0(a,b) =sup{as(z,y):a <d(z,y) <b, z,y € [0,00)} < w:u_ - <L

Finally, since

_ 2O f@l_ 2e=g]
0= @]+l —fO)] -t lw—w]

€f(0a w)

then f is not weakly Chatterjea.
Example 23. Let be f:[—1,1] — R the map of Example 12, i.e.,

—sin(z) if —1<z<1,

flx) =
0 if x = 1.

As mentioned in Example 12, this mapping is weakly Kannan. However, f is
not weakly Chatterjea, since

_ _ 2|f(—1) — f(1)| _ 2sin(1)
AR |-1—f(M[+ 1= f(=1]  2—sin(1) ~




3 A fixed point theorem

Our aim in this section is to give a fixed point theorem for the class of weakly
Chatterjea maps. Indeed, this will be done for a wider class of maps: those
which satisfy the weak condition associated to the condition (Z) introduced by
Zamfirescu [13].

Definition 24. Let (X,d) be a metric space, D C X and f: D — X. We
say that f is a weakly Zamfirescu map if there exists a : D x D — [0, 1], with
0(a,b) := sup{a(z,y) : a < d(z,y) < b} <1 for every 0 < a < b, such that, for
all x,y € D,

d(F (@), £()) < ale,y) My(z,y), (Za)

where

M) = ma {d(e, ), 3 [d(z, £(2) + d(y. /)],

5 [, 7)) + dy, £}

We first give three propositions in which some properties of those functions
f satistying (Z,,) are established.

Proposition 25. Let (X, d) be a metric spaceand D C X. If f: D — X is a
weakly Zamfirescu map, then f has at most one fixed point in D.

Proof. Suppose that u and v are fixed points of f, with w # v. Then a(u,v) <
0(5,r) <1, where r = d(u,v) > 0. So, by (Z,), we have

d(u,v) = d(f(u), f(v)) < a(u,v) My(u,v) = au,v) d(v,u) < 0 (5,r) d(u,v),
which is a contradiction. O

Recall that a self-mapping f on a metric space (X, d) is said to be asympto-
tically regular at xg € X if

Tim_d(f" (o), /" (20)) = 0.

Proposition 26. Let (X,d) be a metric space. If f : X — X is a weakly
Zamfirescu map, then f is asymptotically regular at each point in X.

Proof. Let ¢ € X and define the Picard iterates x, = f(z,—1) = f™(x0) for
n=1,2,.... We first prove that, for all n > 1,

d(xna'rn-i-l) S Oé(l'n_l,xn) d(mn—lyxn)a (9)

where « is the function associated to f by the condition (Z,,).
Observe that, for all n > 1,

My (@n-1,0) = max {d(@n-1,20), § [A(@a1, S (@0-1)) + d(wn, f(@a))],
Y [d(zn-1, f(n)) + d(n, f(za-1)] }
= max {d(@n1,20), 3 [d(wn-1,20) + d(@p, 2011)]
Ld(2n 1, Tny1) + d(@n, m]}
— max {d(;z:n_l, ), Md(@n_1,20) + d(@n, Tn11)],

%d(xn—laxn-i-l)}-

10



To end the proof of (9), we shall appeal to condition (Z,), and hence, we
consider the following three cases:

Case 1. If My(zp—1,2n) = d(Tp-1,Tn),
d(xnv anrl) S a(l'nflv xn) d(xnfla xn)
Case 2. If My(zp_1,2p) = 3[d(Tn_1,2n) + d(@n, Tpi1)],

a(Zn_1,Tn)

d(xnaxn—i-l) S 2

[d(xn_l, I'n) + d(xn; xn—&-l)] )

i.e.,

(s ms1) < _@n1,Tn)

=5 _ a(xn_1,$n) d(wnflvxn) é a(xnflvmn) d(xnflaxn)

Case 3. If My(z—1,2n) = 5 d(Tp_1,Tns1),

a(Tp—1,zy,)

2
a(Tp—1,xn)
- 2

IN

d(.CCn,IIZn+1) d(l'n—laxn—l-l)

[d(xn—la xn) + d(xvza xn-‘rl)] )

ie.,

(s ms1) < _o@n1, %)

S5- a(mn,l,xn) d(xn—lvxn) < O‘(xn—hxn) d(xn—lamn)~

Thus, relation (9) is proved
As a consequence, we obtain that the sequence {d(z,,2,+1)} is nonincrea-
sing, since 0 < a(x,—1,2,) < 1. Then, it is convergent to the real number

d = inf {d(xn_l,zn) in = 1,2,...}.

It suffices to prove that d = 0. Suppose that d > 0 and arrive to a contradiction
as follows: use that for all n € N

0<d<d(mn,vnt1) < d(zo,z1)

and the definition of § = 6(d, d(zo,x1)) to obtain that a(z,_1,2,) < 6. This,
together with (9) gives that

d < d(xn, Tny1) < 0"d(zo, 1)

for all n € N, which is impossible since d > 0 and 0 < 6 < 1. Therefore, f is
asymptotically regular at xg. O

Although a weakly Zamfirescu map f may be discontinuous at some point,
the following proposition shows that the discontinuity cannot occur at a fixed
point for f.

Proposition 27. Let (X,d) be a metric space and f : X — X a weakly
Zamfirescu map. If f has a fixed point, say u, then f is continuous at wu.

11



Proof. Let {z,,} be a convergent sequence to u = f(u). For any n € N, we have
that

A(F (@), f()) < @(wn,w) My (0, 0)
< max {d(@n. ), §[d(@n, £ (@) +d(u, F(w))],
L [d(n, £()) + d(u, f(a))] |
= max {d(w,, ), § d(zn, f(@a)
L [d(n,w) + d(f(w), f(@a))] |
< max {d(@n, u), § [dwn, u) + d(f(w), F(2a))]
L[, w) + d(f(w), fan))] }

VAN
8
S

Hence, for all n € N,

0 <d(f(u), f(an)) < d(zn,u),
so that {f(zy)} converges to f(u). Therefore, f is continuous at wu. O
Now proceed to prove the main result of this section.

Theorem 28. Let (X, d) be a complete metric space and f: X — X a weakly
Zamfirescu map. Then, f has a unique fixed point v € X and at this point u
the mapping f is continuous. Moreover, for each z¢ € X, the sequence { f™(z¢)}
converges to u.

Proof. Let g € X and define z, 1 = f(z,) for n € N. We may assume that
d(zo,x1) > 0 because otherwise we have finished. We shall prove that {z,} is a
Cauchy sequence and that its limit is a fixed point for f. To do it, let us prove
that
d(xn—&-k—&-la mn+1) < a(:r'n+k7 l‘n) d(xn—&-ka iL’n) + 2d($n+17 xn) (10)
for all n, k € N.
Let n,k € N. By (Z,,),

d($n+k+1, l'n-i,-l) - d(f(xn+k)7 f(l'n))
= (Jé(l‘n+k, xn) Mf(xn-‘rkv xn)v

where
MyCosnn) = mae e ). 5 [, Fon) + don, £
% [d(@ sk, F(2n) + d(zn, f(mn+k))]}
. { AT ), % [d(@ ik Tngrrr) + d(T, Tngn)],
% [d(@nres Tag1) + d(@n, Tosrsr)] } :

We consider the following three cases:

12



Case 1. If My(zpik,2n) = d(Zntk, Tn), then (10) is obvious.
Case 2. If My¢(xpik,Tn) = % [d(mn+k,mn+k+1) + d(xn,xnﬂ)}, then

a(Tpik, T
d(xn—i-k-l-l) xn-‘rl) > W [d(xn-i-lw xn-i—k-‘rl) + d(xna xn-‘rl)] .

A

Applying (9)
d(wn+k7 xn+k+1) é d((En, anrl)-

So,
d(Znikt1, Tnt1) < U Zngk, Tn) A Tngk, Tn) + 2d(Tpp1, Tn).
Case 3. If My(zpik,2n) = % [d(wn+k,xn+1) + d(xn,anrkH)}, then

QA Tptk; Tn
d(Tpiks1, Tny1) < % [d(l’n+k79€n+1) + d($n7$n+k+1)]

A

a(xn+kv mn)

S 9 [d(xn+k7 anrl) + d(i[,’n, $n+1>
+ d(Tns1; Trgksr)] -
Then,
A Tytky T A(Tytks T
(1 - (;k)> A(Tptkt1, Tnt1) < % [d(l’n+k7$n+1)
+ d(-rn-i-h xn)} >
i.e.,

a(Tptk, Tn)
d =2 al@nman)
(Tntk+1, Tny1) < 2 — a(xpik, Tn)

<a xn—&-kaxn [ Ttk Tn+1 +d($n+1,$n)]

[d(-rn-i-kv Tpy1) + d(Tpy, xn)]

< a(@ptk, Tn) |A(Tntk, Tn) + Qd(acn,xn+1)]

> (xn—&-ka xn) d(xn—&-kv xn) + 2d(xn+17 xn)

A

To prove that {x,} is a Cauchy sequence, suppose that ¢ > 0 and use Proposi-
tion 26 to obtain N € N such that

Ao on) < 5 (1-60(5,9)) < (11)

We will prove inductively that d(zy4x,2n) < € for all k € N. Tt is obvious for
k =1, and assuming d(zn4k, Tn) < €, let us see d(xn1pi1,TN) < E.
Note that using (10) we have that

A(@N1+k+1,TN) < A(@N+E+1,TN41) + d(TN1,TN)
< a(xNtk, N) ANk, TN) + 3d(ZN41, TN) (12)
Thus, if d(x N4k, zn) < £/2 it follows from (11) and (12) that
dxN 141, EN41) < d(@N4k,2N) +3d(ZN 41, TN)
<fi3laog(ze) .

2 6
<e.
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And if d(znyr,xN) > €/2, applying the induction hypothesis, we have that
a(zNnir,2n) < 0(5,¢€). Then, from (11) and (12), we conclude that

A& Nrt1,2N+1) < TNk, ZN) A(@Nk, ZN) + 3d(T N1, TN)
1
<0 (5.¢) -€+3-6 (1-60(5.¢)) -«
<e.

Since (X,d) is complete, then {z,} is convergent, say to u € X. That u is a
fixed point for f follows from standard arguments which we include for the sake
of completeness: for any n € N, we have that

d(w, f(w) = Jim d(@nia, f(u)
= lim d(f(zn), f(w)

< limsup a(z,,u) Ms(zn,u)

n—oo

< limsup My(zp,u)

n—oo

1
= 5 dluf(w) .

since

lim sup My (xy,u) = lim sup max {d(xmu), % [d(zn, fzn)) + d(u, f(w))],

n—oo n—oo

e 1)+ S22

DO =

[d(gjnn xn+1) + d(“v f(u))] ’

N | =

n—oo

= lim sup max {d(xn7 u),

M| —

0, (00) + dlu10)] |
— max {0, 5 [0+ d(u, F(u))], 5 [dCu, F)) + 0]} |

By Proposition 25 and Proposition 27, u is the unique fixed point of f and f is
continuous at u. O

As a consequence of the previous theorem, we obtain the following local

result, which will be used in the next section to prove the continuation method.

Corollary 29. Assume that (X, d) is a complete metric space, o € X, r > 0

and that f : B(zg,r) — X is a weakly Zamfirescu map with associated function
« satisfying (Z,,). If 0 is defined as usual, and

d(zo, f(z0)) < émin{g,r [1-0 (%,T)]} ’

then f has a fixed point.

Proof. Bearing in mind Theorem 28, it suffices to show that the closed ball
B(zg, ) is invariant under f. Consider any = € B(z,r) and obtain the relation

d(wo, f(z)) < d(zo, f(20)) + d(f(20), f(z))
< d(wo, f(z0)) + alzo,z) Ms(20,7),

14



where
My (w0, 2) = max {d(wo, 2),3 [d(wo, f(x0)) + d(z, [(x))],

[d(wo, (2)) + d(a, f(x0))] }-

N[= =

We now consider three cases:

Case 1. If My(zo,x) = d(xo, ),
d(wo, f()) < d(zo, f(w0)) + a(wo, ) d(zo, T).

CCI,SE 2. If Mf(i)’](),ZL') = %[d(x(]a.f(x())) + d(xa f(‘r))}a

a(xo, )

(o, f(2)) < d(o, f(x0)) + [d(xo. f(x0)) +d(z, f(x))]
< d(ao, £(e0)) + "0 [a(ao, fw0)) + d(a, o)

+ d(‘TOa f(xO))] )

from which, having in mind that a(zg,z) <1,
d(wo, f(x)) < 2d(z0, f(20)) + c(z0, ) d(z0, ) -
Case 3. If My(zo, ) = 1[d(z0o, f(2)) + d(z, f(z0))],

axg, )

d(wo, f(z)) < d(zo, f(z0)) +

axg, )

< d(zo, f(wo)) +

[d(xo, f(x)) + d(z, x0)
+ d(wo, f(w0))] ,
from which, having in mind that a(zg,x) <1,
d(zo, f(x)) < 3d(zo, f(x0)) + (@0, ) d(w0, @) .
Therefore, in any case,

d(xo, f(x)) < 3d(xo, f(z0)) + a(x, z) d(zg, ) .

To end the proof, obtain that d(xg, f(x)) < r through the above inequality
by considering two cases: if d(zg,z) < r/2, then d(xo, f(z)) < r because
d(zo, f(xo)) < r/6. Otherwise, we would have r/2 < d(zg,z) < r, and con-
sequently a(zg,x) < 6(r/2,r), from which

d(zo, f(x)) <r[1—0(5,7r)] +r0(5,7)=r.

15



4 Homotopy invariance

The property of having a fixed point is an invariant by homotopy for some
classes of nonlinear operators, such as contractive maps and compact maps.
Usually, these maps are defined on a subset of a Banach space, the jump from the
Banach space setting to the metric space setting was given by Granas [8] in 1994,
who gave a homotopy result known as a continuation method for contractive
maps. After Granas, Frigon [7] gave a similar result for weakly contractive
maps, and the corresponding result for weakly Kannan maps was given in [2].
In this section, we give an analogous result for weakly Zamfirescu maps. For
multivalued mappings this property has been studied by Altun [1], Mot and
Petrugel [10], among others.

Theorem 30. Let (X, d) be a complete metric space, U a bounded open subset
of X and H : U x [0,1] — X satisfying the following properties:

(P1) H(x,\) # z for all z € U and all A € [0,1];
(P2) there exists a: U x U — [0, 1] satisfying
0(a,b) :=sup{alz,y) :a <d(z,y) <b} <1lforall 0 <a <,
such that for all z,y € U and X € [0, 1] we have
A(H (2, X), H{y, N)) < ale,5) M} (x,9), (1)
where

M (w,y) i= max {d(z,y), 5 [dlw, H(z, ) + d(y, H(y, )],

[de, H(y. X)) + d(y, H(w, \)] }:

N~ N~

(P3) H(z, ) is continuous in A, uniformly for € U. That is, for any ¢ > 0
there exists 6 > 0 such that d(H(z,t), H(z,s)) < € for all x € U and
t,s € [0,1] with |t — s| < d, where § is independent of x.

If H(-,0) has a fixed point in U, then H(-, ) also has a fixed point in U for all
A€ 0,1].

Proof. Consider the nonempty set
A={X€0,1]: H(xz,\) = x for some = € U}.

We just need to prove that A = [0,1], and for this it suffices to show that A is
both closed and open in [0, 1].

We first prove that A is closed in [0, 1]: suppose that {\,} is a sequence in
A converging to A € [0,1] and let us show that A € A. By definition of A, there
exists a sequence {x,} in U with z, = H(x,,\,). We shall prove that {z,}
converges to a point xg € U with H(zg, ) = xg, therefore A € A.

In the first place, we shall prove that, for all n,m € N,

A(Xpy X)) < Ty, T) d(Tp, Ty
+ (1 + W) [d(H(xm,)\m),H(:Em, A)) (13)

o+ d(H (0, An), H(wn, V)]
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To do it, observe that, if n,m € N,

A, ) = A(H(p, Ap)y H(Xmy Am))

< d(H(wn, Ap), H(n, ) + d(H (20, A), H(2m, A))

+ d(H (2, ),

H(2m, Am))

< d(H(zp, M), H(@n, N)) + (T, Tm) Ml)j‘,(xn, Tim)

+ d(H(mﬂh )‘)7

where

Mﬁ(xn,xm) = max {d(xn,xm),

To continue with the above chain
three possibilities for My (z,, xp):

H(xm7>‘m))v

[d(zn, H(zn, N)) + d(@m, H(zm, A))],

N~ DN —

[d(@, H(2m, \)) + d(@my H (2, )] }

of inequalities, just consider the following

Case 1. If M} (xy, %) = d(2y, T,), then (13) is obvious.

Case 2. If My (2, 2m) = 3 [d(zn, H(2p, ) + d(Tm, H(zm, N))],

AT, Tm) < d(H(zy,

T

An), H(2n, N))

Xy Ty

[d(@n, H(@n, X)) + (@, H(@m, A))]

+ d(H(zm, \), H(Zm, Am))

Ty T
= 1 _—
(1425

) [d(H (@, Am), H (@, A))

+ d(H(wm )‘n)a H(xna )‘))]

17



Case 3. If M} (2, xm) = 3 [d(zn, H(2m, N)) + d(Tm, H(zn, N))],

Xy, Ty

+ d(H(2m, A), H(zm, Am))

+

< d(H(xp, A\n), H(xp, \))

(@0, )

- [Qd(xn,xm) - d(H (2, M)y H (2, \))
d(H (2, M), H (2, A))}

+ d(H(xm, \), H(@m, Am))

= a(Tp, Tm) d(Tp, Tm)

# (1 225 a0, ). Hn )

+d(H(xp, \n), H(zn, N))|.

Hence, (13) is proved.

We claim that {z,} is a Cauchy sequence. Otherwise, there exist a po-
sitive constant 0 and two subsequences of {z,}, {x,} and {z,,}, such that
(T, Tm, ) > 0 for all k € N. Consequently, if M = diamU, we have that
Xy, s Ty, ) < 0(5, M), and then (13) leads to

A@ny Tny) < 00, M) (w2,
+ (1 + 9(52M)> (A (2 A ), H (@, 0))
o A(H (@0, M), Hn,, V)|,

and so

2 M
5 < d(zy,.zm,) < +60(6, M)

< ST (3,21 LA @ A, H(@mas V)

(14)
+ d(H (@ny, A ) H (@0, ) |

Since, by (P3), d(H(xm, , Am,)s H(m,,A)) — 0 as k — oo, we reach a contra-

diction from (14). Hence, {z,} is a Cauchy sequence. Write z¢y = limz,, and
let us see that 29 € U and also that o = H(xzo,A). That 2o = H(xg, ) is a

18



consequence of the following relation:

Az, H(wo, \)) < d(n, H(wn, N)) + d(H (2, \), H(z0, \))

< d(H(zn, An), H(xpn, A))
+ max {d(l‘m 0), % [d(wo, H (w0, N) + d(wn, H (22, V)],

% (Ao, H (2 X)) + d(ary, H(zo, X))}

< d(H(zn, An), H(zn, A))
+ max {d(xn, o), % [d(x0, H (20, \)) + d(@n, H(2n, V)],
%[d(mo,xn) + d(H (20, An), H (2, \))
+ d(wn, H(z0, V)] } :

and that z¢ € U is straightforward from (P1).

We now turn to prove that A is open in [0, 1]. Suppose that Ao € A and let
us show that (Ao — d, Ao +9) N [0,1] C A, for some § > 0. Since \g € A, there
exists xg € U with zg = H(zg, \g). Consider r > 0 with B(zg,r) C U and use
(P3) to obtain § > 0 such that

1 . r -
d(H (20, Mo), H(z0,\)) < 3 mln{i,r [1 -0 (f T)]}
for all A € (A\g — 8, X0 +6) N [0,1].
To show know that any A € (Ao — d, Ao +6) N[0, 1] is also in A, it suffices to
prove that the map H(-,A) : B(xg,7) — X has a fixed point. This follows by
Corollary 29, since

d(l‘mH((Eo, )\)) = d(H(CL‘m )\0), H(LL‘(), )\))

< émin{%,r[l—@(%,r)]} .
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