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A New Characterization of the Muckenhoupt
A, Weights Through an Extension of
the Lorentz-Shimogaki Theorem

ANDREI K. LERNER ¢ CARLOS PEREZ

ABSTRACT. Given any quasi-Banach function space X over R" it is
defined an index oy that coincides with the upper Boyd index &y
when the space X is rearrangement-invariant. This new index is de-
fined by means of the local maximal operator m f. It is shown then
that the Hardy-Littlewood maximal operator M is bounded on X if
and only if &x < 1 providing an extension of the classical theorem of
Lorentz and Shimogaki for rearrangement-invariant X.

As an application it is shown a new characterization of the Muck-
enhoupt A, class of weights: u € A, if and only if for any € > 0 there
is a constant ¢ such that for any cube Q and any measurable subset

Eca,
1/p
|E| E(IQI) (u(E))
—1 — | =<c|—=~ .
@l Vi) = “\u@
The case € = 0 is false corresponding to the class A ;.

Other applications are given, in particular within the context of the
variable L7 spaces.

1. INTRODUCTION

The main purpose of this paper is to provide a new way of defining the upper
Boyd index for general function quasi-Banach spaces X over R™ with respect to the
Lebesgue measure but 7oz necessarily rearrangement-invariant. To do this we first
investigate the question on the boundedness of the Hardy-Littlewood maximal
operator M on X. This problem is characterized in Theorem 1.2 below.
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We give several applications of our main result. The most interesting is a
new characterization of the A, class of weights. This characterization is best un-
derstood if we compare it with the A, class of weights. Recall that a weight u
satisfies the Ay, condition if there is a constant ¢ such that for any cube Q and
any measurable subset E C Q,

1w 1/p
(1.1) IQI_C<u(Q)) ’

where, as usual, u(E) = J u(x) dx. This class of weights is interesting because it

characterizes the weights for which M is of restricted weak type (p, p), namely,

sup tPu{x : Mxp(x) > t} < cu(E),
>0

which, as it is well known, is equivalent to M : Lﬁ’l — LP® . Observe that Ap C
Ap,1, although the inclusion is proper (see [7,16] and also [17,28]). We will show
that u € A, if and only if condition (1.1) is slightly “bumped” by multiplying
the left-hand side by @(|Q|/|E|) where ¢ is so that lim;—« (t) = +00. As an
special case we show that u € A, if and only if for any € > 0 there is a constant ¢
such that for any cube Q and any subset E C Q,

1/p
ﬂlogf (@) <c (—M(E)) .
Q| |E] u(Q)
The case € = 0 is false corresponding to the class Ap1. See Theorem 2.4 for the
precise and more general statement of the result.

In the classical setting, if X is any rearrangement-invariant Banach function
space, then the well-known result due to Lorentz [19] and Shimogaki [25] about
the boundedness of M on X is formulated in terms of the upper Boyd index &ax.
It establishes that M is bounded on X if and only if &ax < 1. This result was
extended by Montgomery-Smith [20] to the case of any rearrangement-invariant
quasi-Banach function space. In both cases, the key ingredient of the proofs was

the fact that (M f)*(t), the non-increasing rearrangement of M f, is pointwise
t

equivalent to (1/t ){ S*(1t)dt. Then, since X is rearrangement-invariant, the

0
problem is reduced to the study of the boundedness of the Hardy operator. Thus,
the rearrangement-invariance of X is crucial in this approach.

However, in Analysis there are lots of important spaces that are not rearrange-
ment-invariant in general. Examples include weighted Lebesgue, Lorentz or Orlicz
spaces, Musielak-Orlicz spaces. For some particular spaces different criteria of the
boundedness of M are well known. The aim of this paper is to provide a unified
approach to the study of the boundedness of M on any quasi-Banach function
space within spirit of the Lorentz-Shimogaki theorem.
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To pursue this direction we introduce a generalized definition of the upper
Boyd index. In this new approach, the main role is played by the so-called local
maximal operator m f defined for any measurable function f by

maf(x) = sup (fxo)*(AlQD) (0 <A <1,

Q>x

where the supremum is taken over all cubes Q containing x, and f* denotes the
non-increasing rearrangement of f.
We give the following generalization of the upper Boyd index.

Definition 1.1. For any quasi-Banach function space X over R", we de-
fine the non-increasing function ®x on (0, 1) as the operator norm of my on
X, namely,

ox(A) = [lmallx = sup lImafllx (0<A<1).
Iflx=1

We define the generalized upper Boyd index as

log®x (A)
(1.2) oKy = A1£r(13 og(1/A) "

We observe that ®x(A) > 1, 0 < A < 1, since |f] < maf a.e. (see [18,
Lemma 6]). We will show below that the limit defining ox exists because either
$x = o0 or Py is equivalent to a finite submultiplicative function on (0, 1], when
Dx(Ag) < o0, for some small positive Ag.

Our main result is the following theorem, which can be regarded as an exten-
sion of the Lorentz-Shimogaki theorem.

Theorem 1.2. Let X(R™) be any quasi-Banach function space. The following
statements are equivalent:

(1) M is bounded on X;
(ll) oy < 1;
(i) ®x € L1(0,1);
(iv) lima—oAdx(A) = 0.
Moreover, if the space X is rearrangement-invariant, then Qx coincides with the upper
Boyd index of X, Xx.

As a consequence of this result, we can show that if X satisfies any of the condi-
tion of the theorem, then X has a certain kind of self-improving property. Indeed,
if we let My f(x) = M(If]")(x)!", 0 < ¥ < oo, for many particular spaces X,
it has been observed that the boundedness of M on X implies the boundedness
of My on X for some v > 1. This property is well known for weighted Lebesgue
spaces [6,21], and also for Lorentz spaces [2, 5] and for variable L? spaces [10].
However, each case requires its own proof. For instance, in the case of weighted
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Lebesgue spaces, it is easy to see that this is equivalent to the fact that the A,
condition of Muckenhoupt implies the A,_¢ condition for some € > 0. Theorem
1.2 implies easily that such a phenomenon occurs for a7y X, namely, we have the
following result.

Corollary 1.3. Let X(R™) be any quasi-Banach function space. Then M is
bounded on X if and only if My is bounded on X for some v > 1.

The paper is organized as follows. In Section 2 we state some applications
of Theorem 1.2 to weighted Lebesgue and Lorentz spaces, and also to variable
L? spaces. The results of Section 2 reveal a new approach to many previous well
known results, as well as yielding some new results. The remaining sections of
the paper provide the proofs of the results stated in Sections 1 and 2. Section 3
contains some preliminary information, Section 4 gives the proofs of Theorem
1.2 and Corollary 1.3, and, finally, Section 5 provides proofs of the results about
applications stated in Section 2.

2. APPLICATIONS

2.1. Weighted Lebesgue and Lorentz spaces As usual, by a weight we mean

any non-negative locally integrable function. Given a weight u, we denote by Lh,
p > 0, the space of all measurable f for which

I = (., Feorutax) <.

We say that a weight u satisfies the A,, 1 < p < o0, condition if

SZP <ﬁ JQu(x) dx) (ﬁi JQu(x)‘”(""” dx)p1 < .

Given a locally integrable function f on R", the Hardy-Littlewood maximal op-
erator M is defined by

1
M = — dy,
£ = sup JQIf(y)I y

where the supremum is taken over all cubes Q containing x.
The following fundamental theorem was proved in [21] (see also [11, Chapter
4] or [27, Chapter 5]).

Theorem 2.1 (Muckenhoupt [21]). Let 1 < p < co. Then M is bounded on
LY ifand only ifu € A,

As we mentioned in the Introduction, u € A, is equivalent to the condition
that M be of restricted weak type (p, p) with respect to u. Thus, A, C Ap1; on
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the other hand, by the Stein-Weiss interpolation theorem [3, p. 233], Ap,1 C Apae
for any € > 0. From this and from the fact that A, implies A,_¢ for some
€ > 0 (see [6]), one can deduce the following well-known proposition, which is
implicitly contained in [7,16].

Proposition 2.2. Let 1 < p < . Then w € Ay if and only if there exists
1 <q<psuchthatu € Ag,;.

Observe that A, # Ay ;; for example, u(x) = |x|™"P~1 satisfies A1 but not
Ay

Our Theorem 1.2 yields several characterizations of the A, condition. One of
them is equivalent to Proposition 2.2; however its proof is much simpler, without
the use of interpolation and the property A, = A,_¢. Another characterization
seems to be new; it gives us a new and clearer way of formulating the difference
between A, and Ap ;.

First of all, we calculate the generalized upper Boyd index of LY. Given a
weight u, we define the function vy, defined by

u(E)

vu(d) = igf reolfino uq O
Theorem 2.3. For any p > 0 we have
@.1) By () = ——
Vi~ (A)
and
(2.2) oy = % lim 71051(();1“/‘;?”

Denote by A the class of increasing functions ¢ on [ 1, e0) such that lim¢ .. @/(t) =
+00, and @ (t) = O(t?) for any € > 0. We have the following application of The-
orem 1.2.

Theorem 2.4. Let 1 < p < oo. Given a weight W, the following statements are
equivalent.
() M is bounded on L},;
(i) limp_o vy (A)/AP = +oo;
(iii) lima—olog(1/vy(A))/log(1/A) < p;
(iv) if @ € A, then for any cube Q and any subset E C Q,

1/p
IEL (101 _ . (u(E)
@3) IQIW(IEI>SC<M(Q)> :
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Some interesting examples to which the theorem can be applied are @ (t) =
logf tory(t) = loglogg(e +t),t =1, € > 0, but the theorem is false for such
functions when & = 0.

The proof of this theorem completely bypasses the Ay condition. In particular,
it avoids the use of the well known “reverse Holder” property of the A, class of
weights (see [11] for several proofs of the classical theorem of Muckenhoupt).
However, it is interesting to stress the following corollary.

Corollary 2.5. Let 1 < p < oo. The Ay condition is equivalent to any of the
conditions above.

We remark that it is easy to show that condition (iii) is equivalent to Proposi-
tion 2.2. Conditions (ii) and (iv) seem to be new and (iv) reveals that the difference
between the A, and A ; conditions is precisely the presence or absence of a factor
@ (1QI/|El), where  is an arbitrary slowly increasing function. We also remark
that the proofs of both Theorems 2.3 and 2.4 use only basic properties of M such
as the weak type and the reverse weak type inequalities. Also, using only these
basic properties, it is shown directly in next proposition that the A, condition

implies (2.3).

Proposition 2.6. Let 1 < p < oo; then the A, condition implies (2.3) with
w(t) =log P (1 +0).

Consider now the weighted Lorentz spaces AP (w). Let u and w be weights
defined on R™ and R, respectively. The space Al (w),p > 0, consists of all
measurable f for which

1Fllaz oy = (J:<f;<t>>r’w<t)dt)”p <o,

where f;f (t) is the non-increasing rearrangement of f with respect to u defined

by
L) =infla>0:ufx eR": |f(x)] > o} <t] (0<t<u(®).

A full characterization of the boundedness of M on Ak (w) for arbitrary u
and w was obtained recently by Carro, Raposo, and Soria [5]; we also refer to [5]
for a complete account of related results in this area. Here we mention only that
in the case w = 1 and p > 1, A (w) becomes the standard L%, spaces, and by
Muckenhoupt’s theorem, u must satisfy the A, condition. On the other hand, the
case of A?(w) (i.e., when u = 1) was characterized by Arifio and Muckenhoupt
[2]; in this case w must satisfy the so-called B, condition.

t
Denote W (t) = J w(s)ds. In [5, Theorem 3.3.5], among others, the fol-

lowing characterization was obtained.
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Theorem 2.7 ([5]). Let 0 < p < oo. M is bounded on Ny (w) if and only if
there exists q < p such that for some constant ¢ and for every finite family of cubes
and sets (QJ',EJ‘)J‘ with Ej C Qj.

w(u(U;Q))) <Cmax<@)q
Wu(U;E)) — i \IEjl) ~

It is also mentioned in [5] that for a wide class of w, for instance for w (t) =
t%, o > —1, (2.4) is equivalent to the same condition but with a unique Q and
E c Q. Thus, Theorem 2.7 represents a generalized version of Proposition 2.2.

We show that Theorems 2.3 and 2.4 and their proofs can be generalized with
minor changes to the spaces AP (w). To be more precise, given weights u and w,
we associate the function vy, defined by

(2.4)

W(u(U; Ej))
u,w A f f S
Vuaw (A) = {IQHJ} {Ej}:E;CQj, fﬁnJ\Ele A Wu(U;Qy))

where the infimum is taken over all finite families of cubes {Q;} and over all
families of sets {E;} such that E; ¢ Q; with minj [E;|/|Qj] = A
Theorem 2.8. For any p > 0 we have

1

(25) (I)Aﬁ(w)(A) l/p ()\)

and

log(1/vu,w(A))

1 ..
(2.6) A = 5 M T

Theorem 2.9. Let0 < p < oo. Given weights W and w, the following statements
are equivalent.

() M is bounded on A}, (w);

o Vuw(A) '
(i1) }\151(1) v - + 00;
10g(1/Vu,w(7\))

(i) lim log(l/a) P

(iv) if' @ € A, then for any finite family of cubes {Q j} and any family of sers {E}
with E jC Q j»

_IEL (1Q]] w(u(U;E)N) )"
%‘“ﬁ"’(ﬁ)“(wmuj@m) '
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Exactly as in Theorem 2.4, item (iii) here is a reformulation of Theorem 2.7
but with a different proof; items (ii) and (iv) are new.

2.2, Variable L? spaces Let p : R™ — [1, c0) be a measurable function. De-
note by LPC)(RM) the space of all measurable f on R" such that for some A > 0,

p(x)
J % dx < oo,
Rn
with norm
p(x)
||f||Lp<<)=inf{?\>O: %' dxsl}.
[RV!

The spaces LP) (R™) are a special case of Musielak-Orlicz spaces (cf. [22]).
The behavior of some classical operators in harmonic analysis on LP) (R") has
been intensively investigated in recent years.

Denote by P(R") the class of all measurable functions p for which M is
bounded on LP)(R™). Given any measurable function p, let

p- =essinfyegn p(x) and p, = esssup, g P(X).

Assume that p— > 1 and p. < co. It has been proved by Diening [9] that if
p satisfies the following uniform continuity condition:

C

I _ 1
log(1/1x =yl X~ YI<2

(2.7) lp(x) —p()| <

and if p is a constant outside some large ball, then p € P(R"). After that, the sec-
ond condition on p has been improved independently by Cruz-Uribe, Fiorenza,
and Neugebauer [8] and Nekvinda [23]. It is shown in [8] that if p satisfies (2.7)
and

(2.8) |P(X)—Pw|ﬁw

for some po > 1, then p € P(R"). In [23], the boundedness of M is deduced

from (2.7) and from an integral condition more general than (2.8): there exist
constants ¢, Po such that 0 < ¢ < 1, po > 1, and

(2.9) J 1P (X) — Poolc! PPl 4x < 0.
RYL

We make several remarks about (2.9). First, since p is bounded, it is clear that
(2.9) concerns the behavior of p at infinity. Next, (2.9) can be stated in a simpler
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way. Indeed, for any ¢; one can take ¢; < ¢; and a constant k depending on c;,

ca such that ¢, < kxe{’* forany x > 0. Therefore, (2.9) is equivalent to saying

that there exist &, P such that 0 < &« < 1, pe > 1, and
(2.10) J ol 1P =Pl qx < oo,
[R‘VL

It is easy to see that (2.8) implies (2.10) with & < e "¢,
Using Theorem 1.2, we give a different approach to Nekvinda’s theorem. We
note that in the following result the requirement p_ > 1 is replaced by p_ > 0.

Theorem 2.10. Let p be a bounded positive function with p— > 0 satisfying
(2.7) and (2.10) for some x € (0,1) and pe > 0. Then

C
Imaflipee < W”f“uﬂ-) (0<A<1),

where ¢ depends only on p and n.

Since (2.10) necessarily implies p = p—, in the case p— > 1 the conditions
of Theorem 2.10 coincide with the conditions of Nekvinda’s theorem. In this case
Theorem 2.10 clearly yields ozp) < 1/p- < 1, and thus, by Theorem 1.2, the
boundedness of M on LP().

We should mention that when proving Theorem 2.10, we use a much simpli-
fied variant of Nekvinda’s argument, from [23].

3. PRELIMINARIES

3.1. Local maximal operator First of all, we recall that the non-increasing
rearrangement of a measurable function f is defined by

X0 =infla>0: [{x eR":|f(x) > a}| <t] (0<t<o).

Recall that the local maximal operator my f is defined for any measurable
function f by

maf(x) = sup (fxo)*(AlQD) (0 <A <1,

Q>x

where the supremum is taken over all cubes Q containing x. Then, it follows
directly from the definitions that for any f and for all x € R",

(3.1) myf(x) > x = MYy 1503 () > A
In particular, for any measurable set E,

(3.2) ma(xg)(x) = X{M(XE)>7\}(X)'
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We will use the following simple properties of m1,:
(3.3) (maf (x)° =ma(1f1°)(x) (5> 0),
(3.4) ma(f +9)(x) < mapf(x) +mypg(x).

They follow immediately from the corresponding properties of the rearrangements

(see [3, p. 41]).
Lemma 3.1. Let 0 < A < 1. For any measurable function f,

(3.5) FEQIAL) < (maf)*(t) < fX(AL/3™)  (t>0),
and
(3.6) momef(x) <meg(mypf)(x) (x eR", &< 2%).

Proof. By (3.1) and the reverse weak type (1,1) inequality for the maximal
function [26],

[xeQ:mfeo>at|z | xeQ:1f ) > al,

whenever [{x € Q : | f(x)| > «}| < A|Q]|. Therefore, setting & = ((m)\f)xQ)*(t)
we obtain

(3.7) (fxo)*2"AL) < ((Maf)xo)* (D).

In particular, when Q = R", (3.7) gives the left-hand inequality in (3.5). On the
other hand, putting in (3.7) t = &|Q|, we immediately get (3.6).
Similarly, by (3.1) and the weak type (1,1) property of M,

H{x cmaf () > | < %({X:If(x)l > of |,

which is equivalent to the right-hand inequality in (3.5). o

3.2. Quasi-Banach function spaces. Let M be the set of all real-valued mea-
surable functions on R™. A quasi-Banach function space X over R" is a subspace
of My equipped with a complete quasi-norm || - ||x such that:

o [fllx =0 f=0ae, lafllx = [l Iflx, I/ +glx < clflx +llglx)s
o |fl=lglae = Iflx =< lglx;

o [El <00 = [[Xpllx < oo;

e 0<fr! fae = lfillxtIflx.



Lorentz-Shimogaki Theorem 2707

We will essentially use a version of the Aoki-Rolewicz theorem (see [1,24] or
[15, p. 3]), which asserts that for any fi, ..., fk one has

k Dol p\1/P
(3.8) | Al <47 (3 IAl)
izl izl

where 0 < p < 1 is given by ¢ = 2!/#~1 where c is the “quasi-norm” constant.

We recall that two functions f and g from M are said to be equimeasurable
if they have the same distribution function. A function space X is said to be
rearrangement-invariant (‘r-i’ from now on) if | fllx = llgllx for every pair of
equimeasurable functions f and g.

3.3. The upper Boyd index. Originally, the notion of the upper Boyd index
was given for r-i Banach function spaces (see [4] and [3, p. 149]). We refer to
(3, Chapter 1] for a complete account concerning these spaces.

We briefly recall how the upper Boyd index is defined in [3,4]. Indeed, the
Luxemburg representation theorem [3, p. 62] says that for any r-i Banach function
space X over R™ there is a r-i Banach function space X over (0, ) such that
Ifllx = IIf*llg. Given any function @ on (0, %) the dilation operator E;, 0 <
t < oo, is defined by E: (@) (s) = @(st), 0 < s < co; we denote by hx(t) the
operator norm of Ej ¢ from X to X, that is,

hx(t) = sup [Eye(@)llx (t>0).
lpllg=<1

Finally, the upper Boyd index &x of X is defined by

(3.9) &x = inf logh.x (1) = lim loghx(t).

1<t<oo logt t—oo logt

Observe that the function hx (t) can be defined more naturally, without the use of
the space X. Namely, given the dilation operator D, defined on R™ by Dy f(x) =
flax),a > 0, it is easy to see that hx(t) is the operator norm of Dy from
X to X. Indeed, given any @ on (0, o), one can consider the function Ay (x) =
@* (vnlx|™) on R", where vy, is the volume of the unit ball. Then (Ay)*(t) =
@*(t) (we emphasize that here on the left-hand side the rearrangement is “n-
dimensional”, while on the right-hand side it is “one-dimensional”). Also, we use
that (Dgf)*(t) = f*(a"t). Thus, for any function @ on (0, ®)

NE1/t (@) llx = 1(E1e (@) *llx = 1(D1/0mAp) Il = 1D eymAgllx.

On the other hand,
IDqeymflix = lE1ef*llx.
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From the last two identities we easily have that

(310) hx(t) = sup ”D(l/t)l/”f”X (t>0).
Ifllx<1

Consider now the case of the quasi-Banach r-i space X. Curiously enough, we
were not able to find in the literature the precise definition of Boyd indices of X
over R"; for definitions given in the one-dimensional case we refer to [12,14,20].
Given any quasi-Banach r-i space X(R"), we define its upper Boyd index &x by
equality (3.9), where the function hy is defined by (3.10).

3.4. Submultiplicative functions.  Recall that the generalized upper index
given in Definition 1.1 is given in terms of

ox(A) = [lmallx = sup lImafllx (0 <A<1).
Ifllx<t

In this section we show that this function is essentially equivalent to a sub-
multiplicative function. We first give some properties of this class of functions
that will be used in the proof of Theorem 1.2.

Let E be any subset of R such that E - E C E. A non-negative function @ on
E is said to be submultiplicative if

PEAN) =@@ed) (A E€E).

Proposition 3.2 ([3, p. 147]). Let @ be any non-decreasing submultiplicative
Sfunction on [1, 00) with (1) = 1. Then

Jw (,U(t)d—zt <o = x(p) <1,
1 t

where

&) = lim lof"’(t) _ inf log¥(®)
t—o logt t>1  logt

Proposition 3.3. Let © be any non-increasing submultiplicative function on
(0,1] with (1) = 1. Then

1
J PA)dA< o = &(p)<l = lAiné)\(p(A)=O
0 —

where

- Iy log@(A) . logp(A)
(@) =tm jooya) =i fog(1/a)
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The first equivalence follows from the previous proposition, and the second
one is trivial.

The following lemma shows that except for the trivial case ®x = oo, Py is
equivalent to a finite non-increasing submultiplicative function near the origin.
This is enough to give meaning to the limit in Definition 1.1 since, by Proposition
3.3, the limit defining «x exists:

1 log®x(A)
o= 30 Tog(1/A)

Lemma 3.4. Letr X be any quasi-Banach function space. If ®x(Ag) < oo,
Jfor some Ay € (0,1/4™] then there is a non-increasing, submultiplicative on (0,1]
function &y such that ®x (1) = 1, and
(3.11) C@X()\)S&)X()\)S@X(?\) 0<A<],

where ¢ depends only on X.
Proof- Tt follows from (3.6) that

Mmaonae fllx < lImeg(maf)llx < ®x(E)lImafllx < ex(E)Px (M) fllx,

and thus,
(3.12) by (2"AE) < dx(E)dx(A) (A <1, E< zin ),

Set now

$x(A) = sup Ex(EN g a2 ).

0<E<1 CI)X(E)

It is clear that &y is submultiplicative on (0,1] and ®x(1) = 1. Next, ®y is
non-increasing because ®x is so. Also, due to the fact that ®x is non-increasing,
the left-hand inequality in (3.11) holds trivially with ¢; = 1/®x(1-). Further, it
follows from (3.12) that

by (EA) <4’X(§/2")
oy (E) Px(5)

P(A) < Px(1/4M)@(A),

which proves the right-hand inequality in (3.11) with ¢; = ®x(1/4™). Observe
that ¢, is finite since ®x(Ag) < 00, 0 < Ag < 1/4™. O

4. PROOF OF THE MAIN RESULTS

Denote M2f = MM f. We start with the following simple lemma.
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Lemma 4.1. There is a constant ¢ such that for any 0 < A < 1 and measurable

function f

(4.1) maf(x) M2f(x) (x€R").

.
~ Alog(1/A)
Proof. Set
t
F*E) = t‘lJ fHrydr.
0

Then, using the well-known estimate f** () < c(M f)*(t) [3, p. 122], we get

(fxo)*(AlQ]) = ij'(fx ) (1) dr
Q =xal ), VX

AlQ|
JO (fXo) " (T) logg dr

1
= Alog(1/M)1Q] T

1 Q| .
= Alog(1/A)]Q] JO (fX)™ (M) dT

c L e
< - - @@
< Yol M1a JO (M(fXo)* (T) dT.

Since for some geometric constant ¢,

M(fxq)(x) <c ixq1fo, X ¢ 20,

we have

Q]
jo (M(fXo)* (1) dT < clQl infMf + LQMf = CLQMf’

which, along with the previous estimate, implies (4.1). o

Proof of Theorem 1.2. The equivalences (ii) < (iii) < (iv) follow from
Lemma 3.4 combined with Propositions 3.3. We will show that (i) = (iv) and
(1) = ().

If M is bounded on X, then M? is. Thus, by Lemma 4.1,

£l x,

C
”mAfHX < m
and hence,

Cc
':IDX()\) < m
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Therefore limp—o A®x (A) = 0, which proves (i) = (iv).
Assume now that (ii) holds. This means that there are constants ¢ > 0 and
0 < 1 such that for any f,

(4.2) lmafllx < A~ fllx.

We next observe that for any cube Q,

1 1 .
@Jg'f' - JO (fXo)* (AIQD) da,

and hence,

1 *® )
Mf(x) < L maf(x)dA < > 27imy- f(x).

i=1

From this and from (3.8) along with (4.2), we obtain
had ) it ) 1/
IMflx < || 32 myf ], <47 (S 12 maef 15)
i=1 -1

i N1/
<c( X270 flx < I flly.

i-1
This completes the proof of (ii) = (i).

Let us show now that if the space X is r-i space, then ax = &x. Consider the
spherically symmetric rearrangement of f defined by

Sr(x) = f*(onlx|™),

where vy, is the volume of the unit ball. Note that the functions f and f* are
equimeasurable. It follows from (3.5) that

(D(zn;\)l/nf)*(x) < (m;\f)*(x) < (D()\/3n)1/nf)*(x).

Therefore,
IDanaym fllx < Imaflix < [ID@ajznym fllx
and
1 3n
hx<m) < ®y(A) < hX(T).

From this and from the definitions (1.2) and (3.9), we readily obtain that
Ax = ax. O
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Proof of Corollary 1.3. The boundedness of M, on X is equivalent to the
boundedness of M on the space X, with the norm

Ifllx, = LA

From (3.3) we easily obtain that
Py, (A) = dx(A)",

and therefore
Ky, = TV Xx.

By Theorem 1.2, &x < 1, and hence aty, < 1 for some v > 1. Applying Theorem
1.2 again, we conclude that M is bounded on X, O

5. PROOFS RELATED TO THE APPLICATIONS

5.1. Weighted Lebesgue and Lorentz spaces. In order to prove Theorem 2.3,
we will need the following two lemmas.

Lemma 5.1. Letp > 0. We have

(5.1) Pr(A) = (sup uix : MXE(x) > A}

1/p
u w(E) ) 0<A<l,

where the supremum is taken over all measurable sets E with 0 < u(E) < .

Proof. Denote the function on the right-hand side of (5.1) by w,(A). It
follows from the definition of ®;» and from (3.2) that for any set E with 0 <
U(E) < oo,

lma(xp) e _ (u{x : Mxgp(x) > A})l/p

P.r(A) >
L IXgllz w(E)

Therefore, taking the supremum over all such E, we obtain
(5.2) Wp(A) < pp (A).
On the other hand, by (3.1), for any measurable f we have
uf{x:myf(x) > o}t = uf{x: Mx{mm}(x) > A}
<P AN)Puix:[f(x) >al (0<ax< o).

Multiplying this inequality by pa?~! and then integrating with respect to & €
(0, ), we get
Imafliy < wpQ)If Ny

Thus, dp(A) < @p(A), which, along with (5.2), proves (5.1). O
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Lemma 5.2. Letr @ be any non-increasing positive function on (0,1). Given a
weight W, the following statements are equivalent.

(i) There is a positive constant ¢ such that for any measurable set E,

(5.3) u{x : Mxp(x) > A} <cQ)u(E) (0<A<1);
(ii) there is a positive constant ¢ such that for any cube Q and any subset E C Q
with |[E| < [Q],
(5.4) ! u(E)

<c :
e(EI/IQD —  u(Q)

Proof. In the particular case of @ (t) = t¥, this lemma was proved in [16].
Almost the same proof works in a more general situation. We briefly outline the
details.

Suppose that (5.3) holds. Let E C Q. Then, setting in (5.3) A = |E|/|Q]|, we
easily get (5.4). Assume now that we have (5.4). Then u is doubling (i.e., there
is a constant ¢ such that u(2Q) < cu(Q) for any cube Q). Next, it follows from
(5.4) that

1

@ (A)

where My, is the weighted maximal function. Since u is doubling, My, is of weak
type (1, 1) with respect to u, and hence,

M(xg)(x)>A = < cMy(xg)(x),

u{x:M(xg) > A} su{x:Mu(xE)(x) > } <c A)u(E),

cp(A)

proving (5.3). m
Proof of Theorem 2.3. We have to prove that

1

() =~
HET Q)

where we recall that

Vu(A) = inf WE)

0<A<]).
Q ECQ:\1£|=7\IQI u(Q) ( )

It follows from Lemmas 5.1 and 5.2 that

1 - (u(E)

1/p
S (EIQD - € u(Q)) EcQ)
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and therefore,

1
V11¢/ p

(5.5) (A) < cdp(A).

On the other hand, by the definition of vy,

1B uE)
Vu (IQI) =u EcQ:

It is clear also that @ (A) = 1/vy,(A) is non-increasing. Hence, by Lemma 5.2,

ufx:M(xp) (x) > A} <c ;"(5\)) 0<A<1).
u
From this and from Lemma 5.1 we obtain
C
dr(Ad) < ———,
wN =T

which, along with (5.5), yields (2.1). Next, from (2.1) we trivially have (2.2). O

Proof of Theorem 2.4. The equivalences (i) < (ii) < (iii) follow from
Theorems 1.2 and 2.3. To prove that (i)—(iii) are equivalent to (iv), we show that
(iv) = (it) and (iii)) = (iv).

It follows from (2.3) that Ay (1/A) < Cvtlt/p(/\) or, in other words,

Vu(A)
AP

Y(1/A)P <c

Since lim; o W(t) = +o0, we have that (iv) = (ii).
It follows from (iii) that there is § < 1 such that A% < cviP (A). Therefore,

(8 (2"
Q) \u(@)

1EL (1Q)'™° (u(E)>”’”
|Q|<|E|> =“\uw@) -

Since Y (t) = O (t%) for all € > 0, we have

1/p
1EL (101 (@®)
IQIW<IEI>SC<w(Q)> !

which completes the proof. O

or, equivalently,
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Proof of Proposition 2.6. The proof is based on three well-known facts. The
first one is that the A, condition is trivially equivalent (see, e.g., [27, p. 195]) to
that there exists ¢ > 0 such that for any function f and any cube Q,

1/p
(5.6) |Q|{ fldx < ( (Q)j |f|vudx> .

The second fact is that any A, weight is a doubling weight (this follows easily
from (5.6)). The third fact is that for any doubling weight u one has (see, e.g.,
[13, p. 175] for the unweighted case; the proof readily works for any doubling
weight)

(5.7) JQ Mo f()u(x) dx ~ jQ 1£(x)| log (1 + 'LJ;(';‘L') w(x)dx,

where My o f is the weighted maximal function supported in Q, and fj,y is the
weighted mean value of f over Q.
By (5.6) we have, for any Q and for all x € Q, that

Mo f(x) < c(Myo(f1P)(x) 7.

Therefore, setting in (5.6) Mq f instead of f, we get
1 1/p
IQI J Mofdx <c (TQ) quu’Q(|f|P)udx>
Setting here f = xp, where E C Q, and applying (5.7), we obtain

EL _ uE |\’
o a()blm)”

where B(t) = tlog(1 + 1/t). On the other hand, it is easy to see that
BU(B(t)?) ~ tPlog(1+1/0)P71 (0<t<1),

and therefore (5.8) implies

1E1\” Q| u(E)
(IQI) log”™ (1+|E|> “w@)’

which proves (2.3) with @ (t) = logl_l/p(l +1). O
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The proofs of Theorems 2.8 and 2.9 are almost identical to the proofs of Theorems
2.3 and 2.4. In order to prove Theorem 2.8, we will need two lemmas similar to
Lemmas 5.1 and 5.2. We outline their proofs briefly. Then we give a brief proof of
Theorem 2.8. We omit the proof of Theorem 2.9, since it follows from Theorem
2.8 exactly in the same way as Theorem 2.4 follows from Theorem 2.3.

t
Recall that W(t) = J w(s)ds.
0

Lemma 5.3. Letp > 0. We have

(5.9) vy (A) = (sup Wuix : Mxp(x) > A})

1/p
u Ww(E) ) 0<A<1l,

where the supremum is taken over all measurable sets E with 0 < u(E) < .

Proof. Denote the function on the right-hand side of (5.9) by y,(A). Ob-
serve that (xp)5i(£) = X(gu () (t). From this and from (3.2) we easily obtain
that

Wp(A) <Dy ) (A).

On the other hand, by (3.1),
(510)  Wulx:maf(0 > a}) = wpWPW(ufx: 1f )] > a}).

Since

Wl fol> e = | o woar,

we obtain from (5.10) that

||mAf||Aﬁ(w) = (l/p()\)Hf”Aﬁ(w)

Thus,
q)Aﬁ(w) (/\) =< (I/p (A),

which along with the opposite inequality proves (5.9). m

Lemma 5.4. Ler @ be any non-increasing positive function on (0,1). The fol-
lowing statements are equivalent.

(i) There is a positive constant ¢ such that for any measurable set E,
(5.11) Wui{x : Mxp(x) > A}) <c@pQ)W(u(E)) (0<A<1);

(ii) there is a positive constant ¢ such that for any finite family of cubes {Q j} and
any family of sets {Ej} of positive measure with Ej C Q,

' 1 _ W(M(UJ Ej))
(5.12) M RUEQ) = Wu(U; Q)
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Proof. The proof of this lemma even simpler that the one of Lemma 5.2,
since it follows directly from the definitions.

First we show that (i) = (ii). Let E; € Q;j, j = 1, ..., J. Denote E = |J; E;
and A = minj |Ej|/|Qj|. Then, clearly, U;Q; € {Mx; > A}. From this and
from (5.11) we obtain

w(u (U Q))) = WuiMx; > A}) = co (M)W (u(E))

< cmaxcp < £, ) W(u(E)),

1Q;

proving (5.12).
Conversely, for any compact set K there exists a finite family of cubes {Q}
such that K n {Mx; > A} ¢ U; Q;and |Q;j nE| > A|Q;|. Hence, by (5.12),

W(u(K n {Mxg > A})) < W(M(U QJ))
J

< @M)W (u(E)).

From this, by a limiting argument, we get (5.11). O
Proof of Theorem 2.8. Recall that vy 4 is defined by
E
Vuw(A) = inf W (u(U; Ej))

inf —_—
(O} {E}E;CQ;, ming 1E;1/10,1-A W (1 u(U; Qj))

where the infimum is taken over all finite families of cubes {Qj} and over all
families of sets {E;} such that E; ¢ Q; with min; [E;|/|Q; | = A
Now, by Lemmas 5.3 and 5.4,

1 w(u(U; Ej))

i <c (Ej € Qj),
e B S WU, )
and hence
1
(5.13) ———— < cvuw(A).
(I)/riﬁ(w)(}\)
Next, from the definition of vy, we easily have
. IEJ'I) W(u(U; Ej))
< E; i).
min Vue (|Qj| S WU ) e
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From this and from Lemmas 5.3 and 5.4 we obtain the opposite estimate to (5.13),
which proves the theorem. O

5.2. Variable LV spaces.

Lemma 5.5. Let v, q and © be non-negative functions such that v > 0 and
0 < @ < 1. Then for any constant 0 < x < 1 and for all x € R",

1/r-
@ (x)" ) < Ir)=atal 4 ((1> Ty 1) @ (x)1),
x

Proof SetEy = {x :7(x) < q(x)} and
Ey = {x €Ei: @(x) < !/"X@x)=ry 0 Fy = Ey\ E,.

Then

1 qa(x)-r(x)
> (p(X)q(x)XE3 + (P(X)T(x)XE]C

@ (x)

. 1\ V/r&x)
< @ Ty (&> P ()T, + ()10 x e,

Cp(X)T(x) _ CP(X)T(x)XEZ + <

proving the lemma. _

Proof of Theorem 2.10. By the definition of the L?{)-norm, the statement of
the theorem is equivalent to that there exists a constant ¢ > 0 (not depending on

f and A) such that

(5.14) J{Rn AVP-maf(x))" ™ dx < ¢

WheneverJ [f(x)P®) dx < 1. Fix such an f, and set f; = fX{\f\>1} and
[Rn
fr=f- 1.
Let us show that for any x,
(5.15) AYP-ma s fi ()P < caman (fF7) (),
(5.16) AVP-man o) PX < e (wix) + Amas(F ) 60)
with ¢ € L', where ¢ and [|¢/ |11 depend only on p and n. Assuming for a mo-

ment (5.15) and (5.16) to be true, we note that they easily imply (5.14). Indeed,
the second inequality in (3.5) implies

n
(5.17) Imaflle < 200 £l
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and since J |f(x)|Px < 1, (5.17) shows that the L'-norms of the right-

hand sides of (5.15) and (5 16) are bounded by the constants depending only on
p and n. Observing also that, by (3.4),

QY2 ma f ()P < 274 (AVP man fi ()P + VP ma o fo())P ),

we have that (5.15) and (5.16) imply (5.14).
To prove (5.15), fix an arbitrary cube Q containing x. We claim that

(5.18) F(Q.x) = <A1/p (Fixg)* ( |Q|>)P(X)n-(Q) e

where p_(Q) = essinfyecq p(x). Indeed, by Chebyshev’s inequality,

. (~1Ql Hp-
AP (fixg) (—)_<| |) I1fillp
1/p- 1/p_
§<| |) ([, nereax)
(o)

Hence, if diam Q > %, we trivially obtain (5.18). If diamQ < %, applying (2.7)
yields

5% Ble &l

2 c/p-log(1/diam Q)
F(Q,x) < (|Q|> < (28\/ﬁ)"C/p710g2’

proving (5.18). Now, it follows from (5.18) and (3.3) that

</\1/p’ (f1Xxg)* (A%>)V(X) <c (Al/vf(fle)* (A%)y’(@
= C)\vf(Q)/nf(fllL(Q)xQ)* <Au>

< C/\m/\/z(f{g('))(x),

proving (5.15).
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To prove (5.16), we apply Lemma 5.5 twice along with (3.3) and (3.4) which

gives
AP mp i fo(x))P™)
< oIP)=Pl L ((1700) VP~ + 1) (AVP-ma o fo ()P
< &MPCOTPel 4 (17007~ + 1) (Ama 2 (1f21P2) (x))

< oMPX) =Pl ((1/0()1/117 + 1)(?\m;\/4(a1/"’(')"’°°|)(x)

+ ((1/e0 VP + DAmas(1 fo1P) (x))

where we have used that pe = p_. This proves (5.16) with
Px) = oM P(X)-pel 4 Am;\/4(o<”"”(')"’°°')(x).

It remains to note that, by (5.17) and (2.10), ||@|l11 depends only on p and n.
Thus, we have proved (5.15) and (5.16) which proves the theorem. O
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