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Abstract

In this paper we will focus on a parabolic degenerate system with respect to unknown functions
u and w on a bounded domain of the two-dimensional Euclidean space. This system appears as a
mathematical model for some biological processes. Global existence and uniqueness of a nonnegative
classical Holder continuous solution are proved. The last part of the paper is devoted to the study of
the asymptotic behavior of the solutions.
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1 Introduction

During the last years models originated from biology earned a privileged place in mathematical modeling
and became the focus of interest of mathematicians and biologists as well. In many cases the study of
these models involves challenging mathematical problems that originate in the intrinsic mathematical
structure of the model. Moreover the possibility of taking suitable hypotheses is limited by the necessity
to fit with experimental data of the process the model originates in.

Let us consider the following initial-boundary problem:
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i alAu — bV - (ux(w)Vw) + f(u,w) re, teRy (1.1)
%—1: = —kuwlu re, teRy (1.2)
u(z,0) =up(x) =20 z e (1.3)
w(z,0) = wo(z) >0 x €

where 0 C R¥ is a domain, a,b and k are positive constants, y(w) = w™*, 0 < a <1, 3> 1and f
is a given function. If 2 is bounded, then the system (I))-(T4) is considered together with the no-flux
boundary condition

ou ow
— — = Q R 1.
an ux(w) n 0 xed), teRy (1.5)
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where 7 denotes the unit outward normal vector of 0f2.
This system is a particular version of the well-known mathematical model proposed by Keller and Segel
[19] (see also [I7], [18], [20]) with an additional reaction term f(u,w) in the first equation. The Keller-
Segel model was proposed in order to describe the spatial aggregation of cellular slime molds which move
toward high concentrations of some chemical substance secreted by the cells themselves. The function
u(x,t) describes the density distribution of the cell population, w(z,t) denotes the concentration of the
chemical substance at a position € Q and a time ¢ € R and the function y is the chemotactic sensitivity.
The classical Keller-Segel model, when the second variable is also supposed to be diffusive, has been
subject of many papers (see, for example, the surveys of Horstmann [15], [I6] and the references given
therein). In the literature there are many theoretical results for the Keller-Segel model concerning exis-
tence and uniqueness as well as the qualitative behavior of the solutions. Most of the results were focused
on the global existence of solutions versus blow-up in finite time. Both behaviors strongly depend on the
initial data and space dimension.
The system ([LI))- (IZ5) also appears as a simplified mathematical model describing the tumor growth when
the formation of new blood vessels from the pre-existing vascular network is initiated (angiogenesis). In
this case, the function u(z,t) describes the tumor cells density and w(z,t) denotes the density of the
extracellular matrix (the surrounding healthy tissue degraded locally by the action of tumor cells). There
are several models of different stages of the angiogenesis process incorporating also the action of some
degradative enzymes, cell cycle elements or cell age structures. For a more thorough biological background
and numerical results concerning the angiogenesis process see, for example, [2], [3], [4], [22], [23]. We
refer also to [28], [29] where the global existence and uniqueness of solutions in the case of some systems
related with this process are investigated.
Previously, a version of the system ([LI))-(LH) was studied by Rascle in [25] (see also [24]) with the
boundary condition ([CH]) replaced with

Ju

an = 0. (1.6)
Instead of (I4) he takes a positive constant as initial condition for the function w, wo(z) = wp > 0 and
f(u, v) satisfying the following condition

AL >0, Vu e R, Yw > 0, |f(u,w)| < L|ul. (1.7)

In the previous hypotheses, the local existence and uniqueness of a classical Holder continuous solution
of the system (II)-(L4) has been proved when Q C R¥ is a bounded domain with smooth boundary 5.
The global existence has been shown in one space dimension. We mention that another result, in the
one dimensional space, concerning the global existence and uniqueness of classical solutions for a similar
system is given in [12].

In more than one dimension, when € is the whole space RY, the system (I))-(L5]) has been considered
in [5], [6], [7] with x(w) a given positive function on R such that wy(w) is strictly increasing (thus
including the case x(w) = w™, 0 < a < 1) and f = 0. In this case the global existence of weak solutions
has been proved.

In [I3] the authors considered the problem (II)-(T4) in a more general form under Dirichlet conditions.
Assuming that a priori L* bounds are available they proved the local and global existence of weak
solutions.

Finally, we cite here the paper [27] where the author considers instead of the equation (2)) the following
one

ow ( )
— =g(u,w
ot 9
but under some hypotheses on g that are not satisfied in the case we shall consider in this paper (see also

9], [10)).

Our aim in this paper is to prove the global existence in time and uniqueness of a classical Holder
continuous solution for the problem ([I))-(L4) when Q C R? is a bounded domain with smooth boundary
0f) and the reaction term is the logistic growing function. Also the long time asymptotic behavior of the



solution is investigated. In order to simplify the presentation of the results, we shall consider in what
follows the case a = 0. The more general cases 5 > 1, 0 < o < 1 (or even when the function x is a more
general decreasing function) can be treated similarly, the estimations being more tedious.

This paper is organized as follows. In Section [2] we review some basic facts concerning the notations
and terminology used through the paper and we also give some auxiliary results. The proof of the local
existence in time and uniqueness of a classical solution is accomplished by applying a fixed point argument
in a suitably chosen function space and is presented in Section [Bl

In Section @ we will be concerned with the global existence in time of the classical solutions and for this
we will begin by establishing a priori bounds.

In Subsection [L.1] we obtain a Lyapunov function for the system (independent of the space dimension) by
an analogous method as in [6] (see also [7], [11], [14]). We derive LP(Q2) estimates independent on time in
Subsection 2] After establishing a priori L> (2) uniform bounds in Subsection [£3] we proceed to prove
the existence of global Holder continuous solutions imposing that the initial data are smooth enough.
Section [l is devoted to the study of the long time asymptotic behavior of the solutions. More precisely,
we prove that the solution converges to a steady state of the system, exponentially if 3 = 1 and at a
polynomial rate if 3 > 1.

2 Preliminaries

Hereafter we assume that Q C R, N > 1is a bounded domain with smooth boundary 9 € Clt2 (RN_l).
Given T € (0, +o0], we consider the cylindrical domain denoted by Qr = Q x (0,7T) with lateral surface
0r =90 x (0,T).
We are using in this paper the standard notation of function spaces. LP () and W™P(Q) with 1 < p < oo,
m > 1 are the Lebesgue spaces and respectively, Sobolev spaces of functions on 2. For a general
Banach space X, its norm is denoted by ||-|| 5. The space LP(0,T; X) is the Banach space of all Bochner
measurable functions f : (0,7) — X such that || f||, € L?(0,T).
For a positive integer n we consider the Banach space W™ (Qr) = {f; D;D5f € LP(Qr), 2r +|s| < 2n}
together with the norm

Iflpar = > IPED:fllisar

0<2r+|s|<2n

Given a non-integer positive number 0 < I < 1, we denote by C'*%!/2+1/2(Q), i = 1,2 the Hélder space of
exponents [ +14 and [/241/2 by respect to x, respectively ¢ of continuous and bounded functions {f(x,t)}
defined on Qr, provided with continuous and bounded derivatives { D} D2 f(z,t)} for 2r + |s| < 4. It is
endowed with the norm given by

I+i 1S l 1S 1—2r—|s|)/24+1i/2
LR ST T NS S T

2r+|s|=1i max{0,i—1}<2r+|s|<i

+ Y max [D;D;f|

0<2r+|s|<i (z,t)EQr
where
! [f(@,t) — f(@',1)] 12 f(z,t) — f(z,t)]
Pt = o S S (D= swp T
(2.0). (' 1) €Tr | — /| (@.t) (2.t") €T P
|w—m/|<P0 |t—t/|§p0

This norm mentioned above depends on py > 0, but changing this constant leads to an equivalent norm.
Throughout this paper we denote by C, C; (i = 1,2, ...) positive constants which are independent of time,
but we shall indicate explicitly on which other parameters they are dependent, if it will be the case. The
constants C' are not necessarily the same at different occurrences.



Some properties for the norms in the Hélder spaces which will be used often in the next sections are given
below. Since the proofs are standard, but tedious, we omit the details.

Lemma 2.1 If f(z,t) € CH2U/2¥1(Q7), 0 < 1 < 1, then we have:
(i) % e cLr@y),
(ii) ngj e CHLI2H1/2(Qr), j=1,..., N,

(iii) Af € CHW2(Qr),

(iv) g—ﬁ; € CHLU2H2(Qr), where n denotes the unit outward normal vector of ).

Lemma 2.2 If f(z,t) € C>12F1(Qr), 0 < 1 < 1, then H(x,t) fo r,8)ds € CH2/241(Qy).
Moreover,

{1 {1 l
HI5:? < Cmax {7, 702} (2,01 + |£(2,0)1) (2.1)
Lemma 2.3 If f,g € C'T51/2472(Qr), 0 < 1 < 1, then fg € C'HHL2472(Qr) and
1fgl5T) < CIAIST gl (2.2)
fori=0,1,2

Lemma 2.4 ([25], Lemma 1) Let v : Qp — K C RN, where K is a compact in RN, be two functions
in (Cl+2’l/2+1(§T))N and let f € C3(K). Then f o and f ot are in C'T2H2T1(Qr) and we have

Fow—Fovlir” <@ fllosue (Ie — vISH?) (23)

where v = min {l/2,1 -1} and ® = O(|p |(l+2) [ l+2)) is an increasing function on both its arguments.

The remaining of this section is devoted to some general results for the existence of solutions for parabolic
equations. We consider the problem:

(Z’U, Au + Zal x, guz (z,t)u = F(z,t) (z,t) € Qp (2.4)
ou dg B

o ua—n(:v,t) = G(z,t) (z,t) € 00 (2.5)
u(z,0) = uo(z) x € Q. (2.6)

Let us remark that, if we make the change of variables v(z,t) = u(z,t)e” 9! the system (2.4)-(20)
becomes:

N
—Av+ Z bi(x, t)% + bz, t)v = F(z,t) (z,t) € Qp (2.7)
i=1 ‘
ov
o G(z,t) (x,t) € 007 (2.8)
v(x,0) = vo(x) z € (2.9)



where the coeflicients are given by:

bi(z,t) = a;(z,t) 2%(:1:,15), 1<i<N (2.10)
9g a 9g 9g ’

b(z,t) = alx,t) + E(I’ t) — Ag+ ;ai(x,t) Bz, (x,t) — Zl <6:Ei (x,t)) (2.11)

F(x,t) = F(z,t)e 9@ (2.12)

G(z,t) = G(z, t)e 9@ (2.13)

vo(z) = ug(z)e 9@, (2.14)

Theorem 2.5 ([2]], Theorem I1.2) Let 0 <1 <1 and Q C RY be a bounded domain with the boundary
00 € CH2 and 0 < T < co. We suppose that the following hypotheses are satisfied:

e the coefficients bi(x,t) (1 <i < N), b(z,t) belong to the space CHY/2(Qr);
o F(z,t) € CH/2(Qy), G(x,t) € Cl+1’l/2+1/2(m;p) and vo(z) € C'2(Q);
o the compatibility condition g—Z(az, 0) = G(x,0) is satisfied for every x € ONY.
Then the problem (Z.7)-(23) has a unique solution v(z,t) € C2V2T1(Qr) which verifies

~(D) ~(1+1)
P <o ( @l + o 8*2’) (2.15)
T

where © = O(T, u(T)) is an increasing function on T and on the quantity

Z|b x,t) —|— |b(x, t)|s

Theorem 2.6 Let 0 < [ < 1 and Q C RY be a bounded domain with the boundary 0 € C'*? and
0<T < o0. We suppose that the following hypotheses are satisfied:

e the coefficients a;(x,t) (1 <i<N), a(z,t) belong to the space CH'/2(Qr);
e F(x,t) € CYY2(Qr), G(x,t) € Cl+1’l/2+1/2(m;r), g(z,t) € CH2V2HLQr) and uo(x) € CH2(Q);

ug o

e the compatibility condition aa—n — uoa—g(x, 0) = G(z,0) is satisfied for every x € OS).
Then the problem (27)-(2.8) has a unique solution u(x,t) € CF>1/2+1(Qr) which verifies

1+2) I+1) 1+2)
[l < w (IFIG, + 16158, + ol ) (2.16)

where ¥ = U (T 19ler, 2 (T)) is an increasing function in T, in |g|(lJr and in the quantity

N

(D) =" i, 1)) + bz, 1)),

i=1
where b;i(x,t) (1 <i< N), b(z,t) are given by (210), (Z11).
Proof. The existence and the uniqueness of the solution is proved in [21], Chapter IV, Theorem 5.3. The

only thing that we want to point out is the increasing dependence of the function ¥ on its arguments.
From Lemma 23] we obtain

(1+2)
T

Now, taking into account (ZI8) and Lemma [Z4] we obtain immediately the relation (ZIG). m

g(z,t) (+2) .

|u(z, o, +2) _ ’ (x,t)eg(””’t) < Clu(z,t) 8;2) e

Qr



3 Local existence in time and uniqueness of classical solutions

As we have already mentioned in Introduction, in order to simplify the presentation of the results, we
consider the system (LI)-(TH) when o« = 0. We consider, without loss of generality, the normalized
system, which means a = b =k = 1, with the growing source term, more precisely

%:Au—V~(qu)+5u(1—u) re, teRy (3.1)
%—f = —wlu reQ, teR, (3.2)
ou ow

= = Q, telR .
o uan 0 xed, teRy (3.3)
u(z,0) =wup(x) =0 x € (3.4)
w(z,0) = wo(z) >0 x € (3.5)

where § > 0 and > 1.

Remark 3.1 In what follows the computations are made for B > 1. The same results are true also for
B =1, but the estimates will be different. We have considered the growing source term, nevertheless the
results are valid also in the case of more general functions satisfying appropriate conditions.

The arguments given in this Section are similar to those of Rascle [24], [25]. Because in our case the
boundary condition is different and the function f does not satisfy the condition (7)), we briefly give
the proof for the local existence for the sake of completeness.

Let us remark that, if > 1, we can rewrite the initial problem @I))-(@B3):

%zV(VU—u-V[(wé_B—i—U)W])+6u(1—%%—(tj) reQ, teR, (3.6)

ou _, 90 [(wl_ﬁ—i—U)ﬁ] red, teR (3.7)

on o |\° ’ +

u(z,0) = uo(z) x € (3.8)
t

U=6-1) [ute.s)ds ceq, teR,  (39)
0

U(z,0) = 0. zeQ (3.10)

We consider now the following linear problem in the variable u

ou al ou

e —Au—;ai(x,t)a—xi—a(x,t)u reQ, teRy (3.11)
ou  Og

u(z,0) =wup(x) =0 x € (3.13)

where the coefficients are given by

dg
8:@» ’

1
B8

ga.t) = (0@ +o@.0) 7 et =

a(z,t) =Ag—0 <1 + gﬁ%) . (3.14)

Theorem 3.1 Let0 <1< 1, Q CRY be a domain with C'*2 boundary 0Q and 0 < T < co. We suppose
that the following hypotheses are satisfied:



e ¢c Cl+21/2+1 (QT), wo € Cl+2 (ﬁ), Ug € Cl+2(§);

auo

e the compatibility condition a—n(:t) = uo(x)g—g(x, 0) is satisfied for every x € 0N).
Then the problem [(B1I1)-(E13) has a unique nonnegative solution u(x,t) € CHH2V2H1( Q) which verifies
Jul 7 < W luol T (3.15)
where ¥ = ¥ (T 19y, (1+2) J (T)) is an increasing function in T, in |g|(l+ and in the quantity

_,0g )
ZJ B2
M(T) |a1|5 ‘ o ( at) o

Proof. Taking into account the properties of the norm in Holder spaces (see Lemma [Z1] Lemma [27]),
we have

(3.16)

ai(xa t) € Ol’l/z(ﬁT)v CL(I, t) € Ol’l/z(ﬁT)v g({E,t) € Cl+27l/2+1(§T)a 1=1 N

g ey

s0 by Theorem[Z6we obtain that the problem (FI1)-(BI3) has a unique solution u(z, t) € C*H21/2+1(Qr).
Moreover, taking into account ([B.I4]), this solution verifies (B.13]).

The nonnegativity of the solution follows from the maximum principle. m

We shall prove now the local existence of the solution for the problem (3.1)-(3.5) using a fixed point
argument. We consider the set

X(T,0) = {¢ e OV, (90T <o, ¢(,0)=0, ¢>0and % >0 in QT} (3.17)

where o is a positive constant. We define the following operators
S X — CHF2U2H(Qy), S(¢) = u,
where u is the unique solution of the problem (B.I1))-(@B.13), and
R : CHF2UHL(QL) o IR Q). R(u) = U,

where U is given by the relation (3.9).
Let us observe that, in order to find a solution of the problem [B6)-([BI0), it is enough to find a fixed
point for the application

RoS: X — C*2/241Qr),  (RoS)(¢) = R(u) =U.

Theorem 3.2 Let 0 < | < 1, Q@ C RN be a domain with C'*2 boundary Q. We assume that the

hypotheses of Theorem [3] are satisfied and, moreover, we suppose that |u0|8) <o/(2(B8-1)). Then for
every ¢ > 0 there exists Ty > 0 such that, for all 7 € (0,T1] the following properties are true:

(i) the closed convex set X (r,0) is invariant by Ro S;

(i1) the operator Ro S satisfies the following inequality in X (1,0) with respect to the norm |- |(ZJr2 ;

(Ro8)(6) - (Ro8) W) < ¢ (lo—vl§+”) (3.18)

where v = min {l/2,1 —1}. Therefore, Ro S has a unique fixed point ¢ in X(7,0).



Proof. (i) Because u(x,t) is the unique solution of the problem (B:I:l]) (BI3) and taking into account
Lemma [Z2] Theorem Bl and the relation B.I5), for every 0 < 7 < T, we obtain

|(RO S) ((b)' l+2) < C(ﬁ - 1) max {T(lfl)/aq—} ( |g($ t)|(l+2) /14(7-)) |uo|8+2) +
+ (8= Dol - (3.19)

where C' is a constant independent on 7. Now, in order to estimate the function W ( |g|(“r2 S (7'))

which appears in ([B.19), we estimate first the norm | g|8j2) using Lemma [2.4]

(14+2) v
+ a) (3.20)

-

015 < & ([ui~(@)

where Cy = C1(Jwo () g;ﬂ) ,0) and v = min {I/2,1 —[}. Taking into account Lemma 2T and 320) we
obtain

§
where Cy = Cy (|w0( ) 8+2) ,a).
From Theorem Bl we know that the function ¥ is increasing on T, |g|Q+2) and p(7), so we obtain from
B20) and B2T) for 0 <7< T
- (1+2) 7 d
( lg(a, )5+ ,,u(T)) <U (7‘, C, (\wg B (x) . +a> ot 5= 10+5> = Ao).  (3.22)

Finally, from (BI9), we obtain

(o) (@4 < € (6 - Dmax {7027} A0) [uol* + 2o

It follows that for 7 > 0 sufficiently small X (7, 0) is invariant by Ro S. Let T > 0 be sufficiently small,
such that, for all 0 < 7 < T3, X(7,0) is invariant by Ro S.
(79) Let ¢, ¢ € X(T»,0) and

U=R(u)=(RoS)(¢), TU=R(@=(RoS) ().
It is easy to see that the function z = u — u satisfies the problem

N

0z 0z —
E—Az—;ai(x,t)a—xi—a(x,t)z—i—F(:E,t) reQ, teRy
0z g

6_77 a—n—FG(iEt) x € 09, te Ry
z(xz,0) =0 z €

where g(z,t) is given by B.I4), g(x,t) = (w(l)fﬁ(l,) I 5(%0) T 4

F(z,t) =V (@-V(g—79)+ 707 (¢ - 9), E(w,t)zﬂa%[g—?]-

1)
717

Let us notice that @( 0) = 0, so the function z(z,t) = (u — @) (x, t) satisfies the compatibility condition
—g e

gf? (2,0) — 2(x,0) 5 = G(x,0). We obtain, taking into account Theorem 2.6

[(Ro8) (@)~ (Ro8) @) < Cs (8- 1ymax {0072 71w (o) juol 3 (o - 3] ™)



where v = min {I/2,1 — [} and C5 = C3(0). By taking 7 sufficiently small the inequality (BI8) follows.
We choose now Ty < T such that (i) and (i7) are fulfilled for all 7 € (0,T7].
We define now the following two sequences

un = S(Un), Unt1 = R(un) = (Ro S)(Un)

where Uy = 0. It follows from the above considerations that (U, ),en is a Cauchy sequence, so it converges
to an element U, which is a fixed point of R o S. The inequality ([BI8) implies the uniqueness of this
fixed point. m

The continuity of the application S implies that the sequence (uy,)nen converges to u = S(U). It is easy
to see that (u,U) is the unique solution of the problem (B:6)-(BI0) on the interval [0, Tp].

Theorem 3.3 Let 0 < 1 < 1, Q € RN be a domain with C**? boundary 0Q. Given an initial value
(ug,wp) € (Cl+2(§))2, up = 0, wg > 0 and if the compatibility condition %—%70 = ug 65‘7’70 1s satisfied for
every x € 9, then the problem (31)-(320) has a unique nonnegative solution (u,w) defined on an interval
0,T) C R and (u,w) € (C2/2F1T,))?, for all t € [0,T).

Proof. Theorem B2 implies the existence and the uniqueness of the solution of the problem (BI)-(B.5])
on  x [0, 7] with 7, sufficiently small. By iterating the argument above, we can extend this solution on
an interval [y, 2] and so on. At each step the conditions (¢) and (i¢) in Theorem must be fulfilled
and this imposes restrictions on the length of the interval of existence. We emphasize that this length
depends continuously on the initial data, fact that will be used in the next section for proving the global
existence in time of the solution. We obtain in such a way a solution defined in an interval [0,7) C R,
0 < T < oo. The nonnegativity of the solution results from the maximum principle.

In order to prove the uniqueness of the solution, it is enough to notice that each classical solution of the
problem (BI)-([B.E) can be regarded, locally, as a fixed point of a map analogue to Ro S. The uniqueness
of such a fixed point implies the uniqueness of the solution. m

4 Global existence in time

In this Section we prove that the smooth solution of the problem (BI)-([BX) considered in a bounded
domain Q C R? is globally defined in time. In order to do this, first we derive some a priori estimates which
then enable us to prove uniform upper-bound for |u|8:2) Hereafter, T' denotes the maximal existence
time of the classical nonnegative solution (u,w) to BJ)-(@33) obtained in Section Bl corresponding to
N 142 73\ 2
initial value (ug,wo) € (C*F2(Q))".
The main result of this Section is:

Theorem 4.1 Let 0 < [ < 1, and Q C R? be a domain with C'*? boundary 0). Given an initial
pair of functions (ug,wgy) € (C’l+2(ﬁ))2, there exists a global in time monnegative solution (u,w) €

(Cl+2’l/2+l(m))2 to the problem (31)-([3.3).

We start by calculating a priori bounds that will be used for proving that the solution (u,w) to the
system (BI)-(@3) belongs to a suitable Holder space.

The regularity is then successively ameliorated until obtaining a uniform bound of |u(, t)|8+2)

by respect
to t. As the length of the existence interval obtained in Theorem B.I] depends uniformly on |ug| 8”), this
bound will imply that the maximal interval of definition of the solution is [0, c0).

In what follows, sometimes the function arguments are omitted and for simplicity we denote with f; the

t-derivative of the function f. Also, the variable ¢ belongs to the maximal time interval of existence of
the classical solution (u,v) of the problem B.1I)-(B3]).



4.1 A Lyapunov function for the system

The results obtained in this Subsection do not depend on the dimension of the space, they are valid in a
bounded domain Q ¢ RN, N > 1.

Proposition 4.2 Suppose that HuoHLl(Q) < 00. Then the total mass of the solution u is bounded
/ (z,t)dz < | max {1, Mo} (4.1)
Q

Jor all t > 0, where My = |Q] " l[woll 1 (o) represents the initial mass and |$2| denotes the volume of 2.

Proof. Taking into account the boundary condition (83]) and integrating the equation (BII) over €, we
can easily deduce
/ut(a:,t)d:c = 5/u(x,t)d:1:—5/u2(x,t)d:1:. (4.2)
Q Q Q

Applying Jensen’s inequality and Gronwall lemma we obtain the estimation (4.1]). m

Remark 4.1 1. Since the solution u is nonnegative, a consequence of the property ({-1)) is that u satisfies
an a priori L' estimate uniform in time

2
1/2
s = (572 gy ) < 121 Mo}

for allt > 0.
2. Let us observe that, from ([33), we have

t

-l -0 fa] 71ds'

w = wpe ° (4.3)
For wo(xz) > 0, z € Q, we obtain 0 < w(z,t) < wo(x) for all t > 0, which implies
HwHLw 0,£L=°(Q)) X HwOHLOO Q) - (4.4)
We introduce the following two functionals
1
F(u,w) = /u[lnu — 1)dz + 3 /ufﬁ Vw|® dz, (4.5)
Q Q
D(u,w) = 4/ ‘Vul/Q’ de + = b /uw_l \Vw|? dz + 5/ u—1)Inudz (4.6)
Q
and we show that F'(u,w) is a Lyapunov functional to the system BI))-(EB3).
Lemma 4.3 If (u,w) is a solutions to the system (31)-(38), then we have
d
—F(u,w) = —D(u,w) < 0. (4.7

dt
Proof. We formally differentiate the functional F’ with respect to ¢:

d 1d
aF(u w) = /ut[lnu—l]dz—l—/utd:c—kia w P | Vw|? da.
Q Q
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Multiplying the equation BI) by Inu and formally integrating on  (in fact we multiply by In(u + ¢),
e > 0 and after integration we make ¢ — 0), we get

wlnu —1)de = [ Aullnu—1)de — [ V- (uVw)[lnw—1]de+ 9 [ w(l —u)[lnu — 1]dx
[rive e / /

and taking into account the equality ([4.2]), we have

2
/ut[lnu —1]dz = —4/ ’Vul/z‘ dx + / Vu - Vwdz + 5/u(1 —u)Inudr — /utda:. (4.8)
Q Q Q

Q Q
Estimating the second term from the right-hand side in the last equality using ([B.2)):

1d g
. __la -8 2y, B 1 2
/Vu Vwdz 53 (w™" |Vw|")dz 5 /uw |[Vw|” dz
Q Q Q

and introducing it in ([@38]), we obtain (L.1). =
Throughout this paper we consider the following assumption on the initial data:

(H) the functions ug(x) > 0 and wo(x) > 0 satisfy F'(ug,wy) < +oo, for all z € Q.

Remark 4.2 1. Let us observe that if the hypothesis (H) is satisfied, then ug € L'(2) because

Hu0||L1(Q) < /[uo (Inug — 1) + e] dx < F(up,wo) +¢|Q]. (4.9)
Q
2. In fact, because u(lnu — 1) = —1 for all uw > 0, the hypothesis (H) is equivalent with the boundedness
of [uolnuodz and w(;% € HY Q) if B#2 orlnwy € HY(Q) if 3 =2.
Q

Lemma 4.4 If the hypothesis (H) is satisfied, then the functional F is bounded, i.e. there exists a positive
constant Cy independent on t, such that

|F(u, w)] < Cy (4.10)
for all t > 0. Moreover, the boundedness independently on t of both terms of the functional F follows.
Proof. Integrating (7)) between 0 and ¢, we obtain

F(u,w) < F(ug,wo). (4.11)
Let us observe that for all u > 0, u (Inw — 1) > —1 holds and we have
F(u,w) = /u[lnu — 1]dz + %/w_ﬁ Vw|*dz > —19). (4.12)
Q Q

From (AII), (A12) and taking into account also the hypothesis (H) we conclude the lemma with Cy =
max {|Q], |F(ug, wo)|}. m

Proposition 4.5 If the hypothesis (H) is satisfied, then there exists a positive constant Cy independent
on t such that

/ulnud:c < Cs (4.13)
Q

_B=2
where Cs = Cs5( [ uoInuodz, [|woll g1 i) i B # 2, or Cs = Cs(f uo Inuo, [ woll g1 () if 8= 2.
Q O
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Proof. Taking into account the estimates (1)) and ([@ITl), we have

1
/ulnudm < /u[lnu — 1]dx + 3 /w*ﬁ V| dz + /udm < F(ug, wo) + | max {1, Mo} .
Q Q Q
]
Proposition 4.6 If there exists a positive constant C, independent on t, such that the positive function

u satisfies

/uln udr < C
Q
then
kli{f)lo HukHLl(Q) =0 (4.14)

uniformly by respect to t > 0, where up = (u — k)1 = max {0,u — k}, k > 0.
Proof. For k > 1 we obtain

1 1 1
||u;€||L1(Q) < / udr < Lk / wlnudr < Tk /ulnud:v — / ulnudz | < Cﬁm
Q Q Q Q
u(z)>k u(z)>k u(z)<l
where Cg = (C + e~ 1|Q). The last inequality implies ({.17). =

4.2 [P a priori estimates, 1 < p < o0

In order to obtain the desired LP-bound on u, we make a change of variables of the form

v(z,t) = u(z, t)e 0@, (4.15)
The system (B.1)-(@B.3]) becomes
% = Av+ Vo -V + ev?w? + sv(1 — ve®) re, teRy (4.16)
%—ZJ = —c"uw v re, teRy (4.17)
ov
v(z,0) = ug(z)e ™) = yo(x) >0 ASEY (4.19)
w(z,0) = wo(x) >0 x e (4.20)

where § > 0 and 5 > 1.

Remark 4.3 We shall use this change of variables and the new system ({.10)-(4-20) in order to prove
an uniform upper-bound for |v 8:2) and subsequently to establish an uniform upper-bound for |u|8:2)
From now on, for simplicity of notation we shall write vy, instead of (v — k), , where k > 0.

Proposition 4.7 Let Q C R? be a bounded domain with smooth boundary. If the hypothesis (H) is satis-
fied and vy € LP(Q), 1 < p < 00, wg € L>(Q), then there exists a constant C7 = Cr(p, [|vol| 1.n(q) » [[woll L (o))
independent on time such that the solution v to the system (.10)-([{-20) satisfies

HU”LOO(O,T;LP(Q)) < Cr, V1<p <Aoo (4.21)
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Proof. Testing the equation ([I6) with pvy €™, k>0, p > 1, gives

d _ _
E/vzew =—p(p— 1)/1}2 2 |Vug|® + 5p/v£ Hwe (1 —ve®)] + (p— 1) /e2wwﬁv£+1. (4.22)
Q Q Q o)

Taking into account the identity
v (o) = Fpo st
we obtain from ([£22)
% vhet = —%/ew ‘V (viﬂ) ’2 + /pkew [ke®w® + 6 (1 — ke™)] vl ™'+
Q Q
+ /ew [(2p — Dke"w” + dp (1 — 2ke™)] v} + /62“’ [(p — D)w? — op] w2 F. (4.23)
Q Q

Since 0 < w(z,t) < wo(z) and @Y > 1 for all z € Q, t > 0, we obtain from E.23)

d 4(p—1 2 _
a ’Uzew < _% HV (02/2)’ L2(0) + Cg/l):z ! + OQ/U;Z + Clo/v:z+1 (424)
Q Q Q Q
where we have made the following notations
Cs = Cs(p, k, 9, ||w0||L°°(Q)) =
_ 2ol e B s P lwoll e k
= pk [k (e ollizee (@) ||w0||Lm(Q) 5p— 1> +9 (e ofiLee @) 4 P 1>} (4.25)
C(9 = Og(pv ka 67 ||w0||L°°(Q)) =
2p =1, ( 2lwoll, 8 p lwol k
=p|=— (@) —5—= ollpoo(ey 4 2
D [ 5 k (e [[woll 7 (g 6p— 1 +dle + | (4.26)
Cro = Cuo(p. 8. w0 | o) = (0 = 1) (e2'wo'w°<m ol ) = 6;) - (4.27)

Adding the term o / v}, where o > 0 is a constant, on both sides of the last inequality, we obtain

Q

d w dp—1) /2
% vhe +U/UZ§— 5 HV(’UZ )’
Q

2

L2 + 08/1)271 + (Co +0) /vZ + Clo/vZH. (4.28)
Q Q Q Q

We estimate now the last two terms from ([£2]) using Gagliardo-Nirenberg’s inequality and taking into
account the positivity of v. We have

2 4
2 (4.29)

5
Uk

< 011(9)‘

L2(Q) H(Q) ‘ Q)

» 2(pt+1) »

1 27 z

P =02 || 2y < C12(Q) ||v7
L r» (Q)

[ APy (4:30)
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We insert the estimations [@29), (£30) into (£28) and we apply Cauchy’s inequality. We obtain
2

d [, » 4(p—1) H 2 1

zi | ke o i < == 9 () g+ 05

dt vee U/vk P Yk L2(Q) 8 {|%% L1(Q)

Q Q
P p2
+[Co + 0] } v e + C10C12 Hvﬁ HHI(Q) [okll L2 0y <
4(]9 - 1) £ 2 p—1
< [—T + C10C12 ||Uk||L1(Q) Te HV (Uﬁ)‘ L2() +0Cs Hvk ‘ L1()
B|I? 1 [
+e ‘ vy, o) = {CH {Cg + o0+ Ci0Ci2 ||vk||L1(Q)}} ’ vy, L’ (4.31)
In order to estimate the second term from the right-hand side of (£31]), we apply Young’s inequality and
we obtain for € > 0 . .
p—1 —p  PT 1 2 b
v < - P4 €r—10;. 4.32
Sy ’ k (4.32)
Now, choosing ¢ small enough such that e < min{c/2,2(p — 1)/p} and inserting ([@32)) in (L31]), we get
d w O 4(p—1) v 1 _
E/vze + §/v£ < [—T + C10Cr2 vkl 1) + € HV (vlj)} L2 + 56 PCs |+
Q Q
p—1 e z
er—1 Cg + 010012 ||’Uk||L1(Q):| } ’ Uk2 L) .

1
+_{Cll |:Cg+0'+
4de

Taking into account Proposition 6] we can choose k sufficiently large such that the coefficient of

2
HV (vkg ) H 20 is negative. In this way, using (£4]), the last inequality becomes
L
2 1
e ] (4.33)
p

4 Upew—i—L e < C Hv%’
dt k 9ellwoll oo o) L L1(Q)
Q Q

where
p—1 » ’
er-1Cs + C19C12 ”vk”Ll(Q)] } :

C(13 = 013(p7k567 ||w0||LOO(Q) 70757659) = 4e {Cll |:09 +o+

Applying Gronwall’s inequality, we obtain from (£33)

P D _w P w 2¢llvollioe @ 2|2 1
/vk < /vke < max /(vo — k)i e ——— {013 Hv,ﬁ ’ oy o€ PCy |Q|] . (4.34)
Q Q Q
We will show by induction that
o (Ol Lo () < C
for all p = 27, with j € N, where C is a constant independent of ¢.
Let us remark that, taking into account Proposition [4£.2] we have
[0k (#)ll L1 () < [ max {1, Mo} . (4.35)
Let p = 27, and suppose that ok ()l p2i=1 (@) = vk (@)l Lo/2(q) is uniformly bounded, the bound being
independent of ¢ > 0. We obtain from ([@34) that ||vx ()], () is bounded, j € N\ {0}. We conclude,

taking into account the embeddings of LP (§2) spaces, that
vkl o (0,010 (02)) < Cha, for every 1 <p < oo

14



where C14 = C1a(p, [voll 11 (q) » [woll 1 (q)) is a positive constant, independent of ¢ > 0.
Finally, we obtain

» 1/p
loll ooy < 2 (lox (820 + 7 1921)

and we conclude the Theorem. m

Remark 4.4 The above estimations are strongly dependent on the dimension of the space and they are
done in the case when Cs, Cy, Cio are positive. If one or several of these constants are negative (for

example, when 6 > %62”%””"(9) ||w0||€oo(m, p > 1), the result remains true the upper bound being
slightly different.

4.3 L a priori estimates
Proposition 4.8 Let Q C R? be a bounded domain with smooth boundary. If the hypothesis (H) is
satisfied, vo € L*°(Q2) and wy € L*™(2), then the solution v of the system ({.16))-(4-20) satisfies
[0l Lo (0,750 () S €
where C' is a positive constant independent on time which will be determined later.
Proof. We introduce the following sets
Qp(t) ={z €Q; v(x,t) >k}

where k is a positive constant. Let us observe that, taking into account [35) and choosing p = 2, the
relation ([@31]) becomes

d
& [uten v [ < -2+ CuoCra lullpagay + 2] IV uul gy + € el +
Q Q

2
{cs+ ol sy [Cr1 (Co+ 0+ CroCia oellagey ) | }nvknm- (4.36)

We estimate the last term of the right-hand side of the last inequality using Holder’s inequality and a
Sobolev embedding

3/4 3/4
okl ey < 0kl ey 191* < Cas vkl g g 1%

where C15 is a constant independent of ¢. Using this inequality and Cauchy’s inequality, we obtain from

(#.36)

d
dt vie” +0/ Uk < [ 24 C19Ch2 ||kaL1(Q)+€+€} IVoRlZ20) + (€ +€) okl 72 +

Q

c? 1 2% 4
+ {cs+4—5||vk||u<m [C11 (o + 0+ CroCrz vl ) } . (437)

We choose € and ¢’ small enough such that € +¢’ < min {1, 0/2}. Taking into account Proposition [0} it
follows that there exists k; > 0 sufficiently large such that, for every k > ki, the coefficient of ||Vuy, ||iQ(Q)
is negative. Taking into account (£A4) and ([@35) we obtain from (@37

d w g w 3/2
E ’Uie + m/vie g 016 |Qk| / (438)
Q
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for all k& > k1, where

Ci6 = C16(k, 6, |lwoll poc () » Mo) =
_ Ok
T 4e!

1 2
{Og + E |Q| max{l, Mo} [011 (Og + o 4+ C10Ch2 |Q| max{l, Mo})]z} .

One can notice, using [@25), @206) and (LZT), that Ci6 is a polynomial of degree 4 in k. In the first
place we shall focus on obtaining an inequality similar to ([£38) where the constant appearing in the
right-hand side is independent on k. Let a be the dominant coefficient of Ci¢ as a polynomial in k. It is
a constant depending only on the initial data of the system. On the other hand, we have (see [20])

o0

/v‘”l :(q+1)/sq|QS|ds, q=1

Q 0

We obtain, using these facts, a bound for the right-hand side of the inequality (£38]). Namely, taking
into account Proposition 7] we get first

k 0o
1
(r=vrioul < [ stiulds < [[s110]ds = ol < Cur
k—1 0

where C17 is a constant independent on k and on ¢. From the last inequality, taking ¢ = 16, we obtain
(k— 1) " < ol
It follows that there exists ko > 0 such that for every k > ko,
Cio |%]"* < (a + 1O = Cig

which implies, from ([@.38])

d 2 w a 2 w 5/4
E Ve + m/vke § Clg |Qk| . (439)
Q Q

In this way we obtained an inequality similar to (@38]) where the constant C1g does not depend on k.
Since vy € L>(2), there exists k3 > 0 such that ||vy(0) = 0 for all k > k3. For k > max{k, ko, k3 },

we deduce from ([39) using Gronwall’s inequality

2 20186||w0”L°°(Q) -t + 5/4
<{———(1- Mwollzee o ) Qp(t . 4.40
oo (e sup 04 (1) (4.40)

.

2 w
Il 20 < [/ 20n )

On the other hand, taking into account that €; C Q for [ > k > 0,
ok () 1720 = / ve = (= k)7 ()] (4.41)
(t)

Taking the supremum on ¢ > 0 in the last relation, ([@40) implies

2 ”wOHLOO(Q)
(1 — k) sup |y ()] < 28 7 (

t>0 g

5/4
sup |Qk<t>|)

>0
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for I > k > max{ky, ko, k3}. Obviously the function k + sup,> |2 (t)| is decreasing, so we can apply
Lemma 4.1 from []]. Tt follows that there exists

1/2
211 H"JJOHLOO(Q)
ko = max{ki, ko, k3} + ( Cise [RA
g

such that
sup [Q(t)] =0

>0

for all k£ > kg. This concludes the proof. m

Remark 4.5 The L bound can also be proved using the iterative technique of Alikakos [1]. We have
chosen the method presented here (inspired by an idea of Gajewski and Zacharias [I1)]) mainly for aesthetic
reasons.

It is obvious that the conclusion of Proposition [{.8 remains valid also in the case of the classical solution

u of the system (31])-(33).

4.4 A priori estimates for Vv, Vw and Av

Taking the initial data in (W29)2 ¢ > 2, in [13] the authors derive L>(0,¢; LP(9)), 1 < p < ¢ bounds
for Vv, Vw and Av. Based on these estimates, under L bounds assumptions, they show the global
existence of weak solutions. Moreover, under the same hypotheses on the initial data, it is proved that
the solution has some regularity properties.

By a different strategy we establish hereafter a priori bounds for [[Vvl| 11 .10y 1AV 11 (0,4 12(0)) 2nd

sup ||Vuwl| () P = 2. We mention that both lines of computation could be applied, as an intermediary
te[0,T]
step, in order to obtain classical solutions. However, using the a priori bounds which are given in what
follows, one may prove the existence of the weak solutions (in the sense of [13]) of the problem BII)-(3.3)

starting with the initial data in, for example, (H*(€2) N L>(Q)) x Wh4(Q).

Lemma 4.9 Let Q C R? be a bounded domain. If the hypothesis (H) is satisfied, vy € H(£2) N L>(Q)
and wg € L>®(Q), we have

Cao (4.42)
Cao (4.43)

||thL2(QT) S
Vol 2 () <
for all t > 0, where Cyg is a constant independent on t.
Proof. Taking e“v; as a test function in the equation (A1) and integrating in space, we obtain
/ewvt2 + %% / (ew |VU|2> = —% /62“’va [Vol? + /ew [e“v?w” + v (1 — ve™)] vy (4.44)

Q Q Q Q

In order to estimate the last term from the right-hand side of (£44]) we take into account the following
inequalities

w 1 w 1 2||w oo 3 aw
/62 wvv, < 5/6 v - 5e ol o @ g | Lo ) 1011700 2y N (4.45)
Q Q Q
U B S S, ow
6/6 vor < g [ et - 56” oz o] < g o (4.46)
Q Q Q
6 d
_ 2w 2, 0@ [ 2w3 .
5/6 vup < 3dt/e v (4.47)
Q Q
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Substituting ([@45]), [@46) and (£4T) into (@44, after that integrating in time and taking into account

[#4) we obtain
t
//vi +/€w Vol < /ew0 [Vuo|” + Cho (4.48)
0 Q

Q Q

where
oo 2 oo
Cio = ellvolloc) ||U||L°°(0,t;L°°(ﬂ)) {e”wOHL @ ||w0||§oo(sz) ||U||L°°(o,t;L°°(Q)) + 5} ||w0||L1(Q) +

20
oelvoli e ullfag) + 5 [ e,

Q
) 1/2
The last inequality implies ([{42) and ([{43) where Cop = (e”w"”L"o(m [Vvollzeq) + Clg> A
Lemma 4.10 Let Q C R? be a bounded domain. If the hypothesis (H) is satisfied, vo € H*(Q) N L>(Q)

and wy € WH4(Q), we have
1AV 11 (0,0 220)) < € (n+ 1)1K(To) (4.49)

for allt € [0,min {(n + 1) Ty, T}], n € N\ {0}, where T is a constant independent on t and k is a function
with liniar growing which will be given later.

Proof. From (£I6) we obtain for every 0 <t < T

¢ ¢ ¢ ¢
J 180020y < [ Nenllzzay + [ 190 Folliaay + [ 100,012 (450
0 0 0 0
where
h(v,w) = e®v?w® + dv(1 — ve®).
We estimate the first term from (50) using (@42) and the Hélder inequality

t t 1/2
/||US||L2(Q) < ¢1/2 //|vs|2 < \/Coo t1/2. (4.51)
0 0 Q

In order to obtain an estimate for ||V ;4 q), we deduce from the equation (.IT)
Vw; = —ew’vVw — Bewwﬁ_lva — WP V.

Multiplying the last relation by Vw |Vw|2 we obtain by integration
¢
[Vl sy < Caz + Con [ 190l s (4.52)
0

where Oy = ell®olleo@) ||w0||§m(m, Caz = [[Vwol|pa(q)- Taking into account (£E52) and the Holder
inequality we obtain

t 2
Co1 d
V- Tl ey < Caa Vol + 25 | [ 1900iaay | - (453)
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In order to estimate the second term of (53], we obtain from the Holder inequality and ([@.43])

1/2

t 2 t t t
2
/||VU||L4(Q) < a3t/ /HAU”L?(Q) //|V”| < C3 Czot/HAU”LZ(Q)' (4.54)
0 0 0 Q 0

We estimate now the second term from ([@50). Finally, after integration of (£53)) on [0, ], taking into ac-
count ({54)) and using the Cauchy inequality and the Gagliardo-Nirenberg inequality in order to estimate
the first term of (£53)),

t t t t
CagCh3)? C21C3%4v/Cao
[Vw - vU||L2(Q) <e€ ||AU||L2(Q) + (7) ||VU||L2(Q) + B ||AU||L2(Q) . (4.55)
4e 2
0 0 0 0

We estimate the last term from ([@50) using (E21)
[ 1,00y < Gt (456)

where Coy = 9 ||U||L2(Q) + elleHLm(Q) [6 + ||w0||§°°(ﬂ)} ”U”i“(ﬂ)'

Taking into account (£43), (@5T), (55) and [@56) we estimate now ||Av||iQ(Q) from (Z50)

t
Co1C%4/C (CaaC
<1_a_ Wt> /||Av||L2 \/020t1/2+t 224 2a)” V/Ca0 + Ca | . (4.57)
0
We take € = % and t sufficiently small such that
C21C%4v/Cao 1 1
l—e— 2BV 0y s - ————— =T,
¢ 2 2 2C21C331/Cao ’
which implies from (@57
/ 1800 2 gy < 2V/Toot"? +2 [(ConCis ) v/ + o] £ = k(). (4.58)
0

¢
In this way we have obtained the boundedness for [ [Av[| 2 for all ¢ € [0, min {7y, T'}]. This bound
0

depends on the initial data considered in 7 = 0.
If Ty < T we can repeat the procedure taking the initial data in 7 = Ty and in a similar manner we
obtain

C2102%:1/Coq
(1_5 o/ >/||Av||L2(m < /T (£ = T)* +

C33v/Cao

To
YO0 1903, + O / 1AVl oy | + Con b (459)

+ (t - To)
Taking € = § and T < t < 27Tp from ([@59) we have

t 0
1
J 180l 2y < B =T0) + = €= 1) [ 180l
0
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The last relation is true for all ¢ € [Ty, min {275, T'}]. More generally, we obtain

’n,To
n
/ |80l 20y < Kt = nTo) + 7+ (¢ = ) / 1A 0 (4.60)
nTo 0

for all ¢ € [nTp, min {(n + 1) Tp, T'}], if n € N\ {0} is such that nTy < T.
Let us observe that ¢t — nTy < Tp and the function k(t) given by (£58) is nondecreasing. Thus, the

inequality (L.60) becomes
nT[)

/”AU”L?(Q < k(To) +n/HAUHL2(Q

n T[)

for all t € [nTp, min{(n + 1) To, T'}].
Finally, for all ¢ € [0, min {(n + 1) Ty, T'}], taking into account (Z58), we obtain

t t
1 1
J 1801y < (0 0T (57 b iy ) + 0 10 [ T80 <
0 0

< (n+1) (1 + % + ..+ ﬁ) k(To) < e(n+ 1)k(To).
]

Remark 4.6 The last inequality holds for all 0 < t < T, and n is maximal with the property nTy < t
We emphasize that the bound in terms of n is equivalent with a bound in terms of t, of the same type.
Hence we obtain

t
[ 180020y < 0110 (4.61)
0

where W1 is a increasing function of the time t having the properties %i\n%\lfl(t) =0, tli/rr%\lfl(t) < oo for

all T finite.

Henceforth ¥;, i = 2,3, ... will stand for a generic function of ¢t having the same properties as the function
Uy,

Lemma 4.11 Let Q C R? be a bounded domain. If the hypothesis (H) is satisfied, vo € H*(2) N L>=(Q)
and wo € WH4(Q), then we have

||Vv||Ll(o,t;Lp(Q)) < Ua(t) (4.62)
forall0<t<T and2 < p< .

Proof. Taking into account the Gagliardo-Nirenberg inequality and the Cauchy inequality we obtain the

following estimate
t t oz, t
J 190l < [ N80l + 2 [ 190001
0 0 0

for 7 = 2,3, .... The last inequality implies

1 —2 !
C?2
/ 19025y < ( / ||Av|Lz<m+< ) / 1901120y

From the last inequality and using (£.43]) and (£49) we obtain [@62) for p = 27, j = 2,3, .... We conclude
the lemma from [@743]) and taking into account the embeddings of L?(f2) spaces. m
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Lemma 4.12 Let Q C R? be a bounded domain. If the hypothesis (H) is satisfied, vo € H*(Q) N L>(Q)
and, wog € WHP(Q), then we have
”vw“LP(Q) < Us(t)

forall0<t<T and 2 <p < 0.
Proof. We deduce from the equation ([{I7T)
Vw; = —e"wPoVw — ﬁewwﬁ_lva — WP V.
Multiplying this last relation by Vw |Vw|?~? and after that integrating in € x (0,t), we have

||Vw||LP(Q) < ||Vw0||LP(Q) + ellvollzeo ||w0||ﬁoo(gz) ||Vv||L1(0)t;LP(Q)) .

From the last inequality and Lemma ELTT] the statement follows. m
We consider the equation [@I0]) together with (£I8) and [@I9) like a linear problem in the variable v in
the general form (277)-(29), considering

ow
8:@»
b(z,t) = —wy + 6(1 + wyw™?)
F(z,t) = G(z,t) = 0.

bi(I, t) =

(.I,t), Z:L2

Taking (v, wo) € W2=2/PP(Q) x Whmax{p4h(Q) 5 > 2 we observe, taking into account also the above
estimates, that the hypotheses of (|21, Theorem 9.1, cap. IV]) are fulfilled (see also [24, Theorem II1.3]).
This implies that for p > 2 we have v € Wg’l (Qr1). Moreover, taking into account the embedding results

in Holder spaces we obtain v € C2~4/p.1=2/p (ﬁT) and

274/P) <y (t) (4.63)

|U|§2T

forall0 <t < T and 2 < p < .

Lemma 4.13 Let Q C R? be a bounded domain. If the hypothesis (H) is satisfied, vo € H'(Q) N L>(Q)
and wo € W*P(Q), p > 2, then w € C*~4/P1=2/7 (Q7) and

wl P < Wa(t) (4.64)
forall0<t<T and 2 <p < .

Proof. We deduce from the equation ([{.I7)
Awy = —e¥ {wﬁ_l [wAU + (w+ 08) (2Vv - Vw + vAw) + v (w + 23) |Vw|2} —vwP2B(8 - 1) |Vw|2} .

We multiply the last relation by (Aw)pf1 with p = 27, j = 1,2,.... Integrating after that in Q and
applying Young’s inequality we obtain

t
_ (p/(p—1))t
”Awnip(ﬂ) < 64(17 e/ ||AUJ0||:ZP(Q) —|—/M(S)d5 (465)
0
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where

t

/M(s)ds — e PePllwollLos ||w0||Loo @) ||Av||IL’1(O)t;Lp(Q)) + 2/ IV - Vw||12p(m +
0 0

1
+ 26 Juoll 2 / V0 Tl + 1ol zmay | 19013 | +
0

t
2) p 2
000 000225 (01 + 818 1) [ 1901

Next observe that Lemma [LT1] Lemma[fI2and [@G3]) allow us to estimate the integral on the right-hand
side of (£6H) and to obtain

_ (p/(p—1))t
1AW}, g < e'PD° [l1awoll7, o) + wa(t)]

In a similar way, we obtain D3w € LP(Qr), |s| = 2. Taking into account Lemma .12l and the embedding
results in Holder space we conclude the proof. m

Lemma 4.14 Let Q C R? be a bounded domain. If the hypothesis (H) is satisfied and (ug,wo) €
(WQ’p(Q))Q, p > 2, then u € C2~4/p1-2/p (ﬁT) and

for all'T finite, 0 <t <T.

Proof. The conclusion of the Lemma follows from (£63), ([{64) and Lemma |
To achieve the proof of Theorem 1] we use the next Lemma whose proof is similar to the proof of
Lemmas IV.2 and IV.3 in [24] (see also Lemma 2 in [25]).

Lemma 4.15 (i) Suppose that ||u||§2";) < ¥(t), m > 1, m not integer, for all 0 <t <T. Then we have
8 agr(@ By (@) 1 2|(®)
|w AU|Qt + |w VU}Qt + |w™ [V o < U(t)

for all0 <t < T, where « =min{l +2,m — 1}.
(i1) Let o > 0 not integer. If

o @ | (@)
[w? AU + [0 + | 1|Vw|2’9t < (L)

for all0 <t <7, then
[l < w(t)

where n = min {«, [, m}.

In such a way the regularity of the solution u is successively ameliorated until reaching the desired bound

142)
of |U|§zt
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5 Asymptotic behavior of global solutions

5.1 Steady states

In this Section we are going to study the asymptotic behavior of the smooth solution of the problem
BI)-@B3). We shall begin by analyzing the steady states of the system BI)- 2] with homogeneous
Neumann boundary condition (3.3]). So, we consider the following stationary problem:

0=Au—-V - (uVw)+ du(l —u) xz € (5.1)
0=w’u x € (5.2)
ou ow

Lemma 5.1 Let Q CRY, N > 1 be a domain. Let u,w € CY(Q) be two functions satisfying uw = 0,
for all x € Q. Then we have Vu - Vw = 0 for all x € Q.

Proof. We consider the closed sets

F=u%0), G=w*0).
The fact that uw = 0 implies that F UG = Q. As I and G are closed it is straightforward to show that

int FUInt G = Q. (5.4)

As the functions u and w belong to C*(Q), the sets (Vu)~' (0), (Vw) ' (0) are closed. Moreover,
int F C (Vu) ™" (0), int G € (Vw) ™" (0), which imply, taking into account (5.4)

Qc (Vu) " (0)U (Vw) ™" (0)
and the proof is complete. m

Proposition 5.2 Let Q@ C RN, N > 1 be an open set. If (u,w) € (C*(Q)NC* (ﬁ))2 is a classical

solution to (G1)-(53) then
(u,w) = (0,w) or (u,w)=(k,0)

where w € C2(Q) N CL(Q) and k is a constant if 6 =0 and k =1 if § > 0.
Proof. If 6 = 0, we multiply (51 by v and integrate over 2. We obtain

0:—/|Vu|2+/qu-Vu.
o)

Q

The last equality and Lemma [B.] imply that « is a constant. Taking also into account (52)-(E3), the
conclusion of the theorem follows.
We now turn to the case 6 > 0. Multiplying (51)) by u — 1 and integrating over {2 we obtain

O:—/|Vu|2+/qu-Vu—/5u(u—1)2.
Q Q

Q

/|vu|2 = —J(Su(u— 1)2 <0.

Q
We conclude the proof using the same arguments as above. ®

From Lemma [5.1] we have

In the remaining of this paper we shall place ourselves in the hypotheses of Theorem .1l Then the system
BI)-@B3) has a global in time classical Holder continuous solution. We emphasize that the hypothesis
(H) is also fulfilled.
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Lemma 5.3 If there exists a positive constant v > 0 such that ug(z) = v for all x € Q, then every global
solution u of (31)-(33) satisfies u(x,t) > min {1,y}e I*li=@ for allz € Q, t > 0.

Proof. Let « be a positive constant to be chosen later. By multiplying the equation ([@I6]) by e“(v —
a)_ = e¥ max {a — v,0} and integrating over () we get

%%/ew(v—a)% = —/ew V(v—a)_ | —/e2wv2wﬁ(v —a)_—

Q Q Q
- % /ezwvwﬁ(v —a)? - (5/6“’1}(1 —ve”) (v —a)_. (5.5)
Q Q

If § = 0, let us observe that the right-hand side of (5.H) is nonpositive. If § > 0, we choose a small enough

such that 0 < o < e~ 10l Then the last term in (53 is also nonpositive.
From the above considerations, we get

/ew(v —a)t < /ewo(vo —a)?. (5.6)
Q Q

We consider first the case when v < 1. We choose a = 76‘”“’0||Loo(m < e~ wolle @) Because ug > v >0,
we obtain vy = uge "0 > ye I*0llL=@) = . From (58) we obtain that u > ye vl

Now let v > 1. We choose o = e~ lwollzee @) Because ug > v > 1, we obtain vy = uge™ " > e lwolloo @) —
. From (5.6) we obtain that u > ¢ I"0li=@ u

5.2 Exponential convergence

In this subsection we consider 8 = 1.

Lemma 5.4 If there exists a positive constant v > 0 such that ug(x) = v for all x € Q, then

/|Vw|2 < (027 + ngt) e 2N (5.7)
Q

where Ca7, Cag are positive constants independent on t and A = min {1,~} e lwolles@) 5 0.

Proof. From (B:2) we obtain

t t
—2fu —2fu
Vw|> <2 0 |[Vauwg|” +2te 0 |w0|2/|Vu|2.
0

Taking into account Lemma [5.3] we know that u(x,t) > A > 0 for all z € 2, t > 0. We have from the
previous inequality

t
/|Vw|2 < 26’2’\t/|Vw0|2+2te’2)‘t ||w0||2Lm(Q)//|Vu|2. (5.8)
Q Q 0 Q

Taking into account the hypothesis (), the estimates (@71), (ZI2) and because every term of the func-
tional D(u,w) given by (48] is positive, we obtain that the last term in (&) is bounded. More precisely

t t
2
[ [ 19l dads < lullm iy [ D) < Cos e o oo (5:9)
0 Q 0
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where Ca6 = F(ug, wo) + |©|. Finally, from (0.8) and (5.9) we obtain

2 — 2 2 _
/|Vw| § 2e 2Xt [”VU’OHH(Q) + OQGt ||U}0||LOQ(Q) ||u||L°°(O,t;L°°(Q)) = (027 + OQgt)e 2t

and we conclude the proof. m

Proposition 5.5 If there exists a positive constant v > 0 such that ug(x) = 7 for all x € Q, then
— < 2 C Cas —Csot if § =
[u(-,t) = ull o) < ullpe 0,50y | Cor + — t)te ; ifo=0

028 —2A min .
[u(t) = 1l 12q) < {HUO 1||L2(Q) + ||u||Loo(o #L°2(9)) <O27 o ) t] e~ Pmin{Lo}t e 5

lw(, )l ey < llwoll o g e N

where T = fuo, A=min{l,v}e" lwollzee @) > 0 and Car, Cog, Cso are positive constants independent

Q
ont.

Proof. Let o be a positive constant to be chosen later. We multiply the equation B1]) by (v — o) and
integrate over 2

d
E/ (u— o) /|W| 1l e ) /|Vw| —25/ (w=Du—0).  (5.10)

Q

First we consider the case d =0 and 0 =u = % sfz ). Applying the Poincaré inequality in (B.I0) we
obtain p
—\2 —\2 2 2
G @04 o [ @ <l iy [ V0P .11
Q Q Q

Applying the Gronwall inequality in the last estimate and taking into account ([B.7) we have
C
2 2 28 —c
/ (U — u) § ||u||Loo(07t;Loo(sl (027 + Tt) te 30t
Q

where Cgo = min {2)\, 029}.
Let now § # 0 and o = 1. Using Lemma [5:3] we obtain from (G.10)

d

9 w17 4200 / (0= 1 < [l am ) [ V0P (512)

Q Q

Applying Gronwall’s inequality and (571) it follows that

— C i

2 2 2 28 - min
/(“ 17 < [HUO 1||L2(Q) ||“||L°°(0,t;L°°(Q (027 + Tt) t] e~ 2Amin{1.o}t,
Q

Finally, from ([3)) we obtain
and we conclude the proof. m
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5.3 Polynomial convergence

In this subsection we consider 5 > 1.

Lemma 5.6 If there exists a positive constant v > 0 such that ug(z) = v for all x € Q, then

t
/ ol Ly + A (8 1)) /|Vw|2d:vds<031 (5.13)
0

Q
where C31 is a positive constant independent on t and A = min {1,~} e Ilwollzeo@) > 0,

Proof. Taking into account the hypothesis (H) and the estimates [@7]) and [(@I2]) we have

t t
//uw‘1 |Vw|® dzds < /D(u,w) < Cgg. (5.14)
0 Q 0

From Lemma 53 we know that u(z,t) > X > 0 for all x € Q, ¢t > 0. Taking into account (£3]) we obtain
1
wwt > A (wo B NG )t) o (5.15)

The inequalities (5.14]) and (.13 imply

t

t
1
/ (||w0||1L;ﬁ(Q) +A(B-1) s) o /|Vw|2 drds < \7* //uw‘1 |Vw|? deds < A1 Cag
Q 0 Q

0
and we conclude the proof with C3; = A7'Css. m

Proposition 5.7 If there exists a positive constant v > 0 such that ug(x) > v for all x € Q, then
1
T B-1 .
() = ll o0y < Coz (ol Loy + A (B=1)t) 7, if6=0
1 —FT
lu(+8) = 1l g2y < Css (lwoll gy + A (B=1)t) 7, if5>0

(e, )l e < [l ey + A (8 = 1)¢]

where U = 15 Juo, A =min {1,~} e~ lIwolleeo) > 0 and Cse, Cs3 are positive constants independent on

Proof. First we consider the case § = 0.
Let us observe that for ¢ > tp; = max <0, m (C%g — HwoﬂlL;ﬁ(Q))} we have

d . .
& | (el + 20 = 10)™ [ (w-m)*de| =
Q
) | = B
= (lwoll Ly + A8 = 100) " | & [ (w7 e+ (ol Ly + 2 (5~ 1)1) /(u_u)zdx <
L Q Q
) [
< (||wo||im‘im+A(5—1)t)B = [ (=)’ —I—ng/u—u : (5.16)
L Q Q
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_1
We multiply (E11]) by (HonlL;ﬁ(Q) +A(B6-1) t) “" and then we integrate between to; and an arbitrary
t > to1. Taking into account (EI3) and (BI6) we have
1
2 1— A
/(u — )" dx < Cs3 (||w0||LmB(Q) +X(B-1) t)

Q

where 032 = 21—5031 Hu|‘ioo(07t;Loo(Q)) + (H'LU()”},;Q(Q) + A (5 t01) 1 gj; {E t01 ﬂ)2 dx.

If 6 # 0 we have for t > tpo = max {0, m ( ||w0||Loo(Q))}

d 71
I (”wO”Loo Q)+)\(5 )S)B /(U—l)zdx <

Q

_ =1 | d
< (ol + A3 =1)8) " |4 [w=12 420 [ (5.17)
Q

Q

1
Multiplying (512) by (||w0|| <) tAB - )t> """ integrating between toy and an arbitrary t > fo
and taking into account the last inequality and (BI3)), we obtain

[ (=17t < Can (Junll iy + 25 - 1))

Q

where C33 = %031 Hu|\im(07t;Lw(Q)) + (H’LUQ”};F(Q) + A (ﬁ - 1 tog) f ,T tog 1)2 dzx.
From (£3]) we obtain

1
w=|wy "+ (6 —1/u <[w0ﬁ+)\(ﬁ )t}
0
and we conclude the proof. m
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