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ASYMPTOTIC BEHAVIOR OF NONLINEAR SYSTEMS IN VARYING
DOMAINS WITH BOUNDARY CONDITIONS ON VARYING SETS
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Abstract. For a fixed bounded open set Q C RY, a sequence of open sets Q, C Q and a sequence
of sets I', C 90 N 0Ny, we study the asymptotic behavior of the solution of a nonlinear elliptic
system posed on €2, satisfying Neumann boundary conditions on I';, and Dirichlet boundary conditions
on 09y \ I'n. We obtain a representation of the limit problem which is stable by homogenization and
we prove that this representation depends on €2, and I',, locally.
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1. INTRODUCTION

For a given Lipschitz bounded open set Q € RN, N > 2, a sequence of open sets ,, C Q and a sequence of
sets I'y, C 002 N 9N, we study the asymptotic behavior of the solution u,, of the nonlinear elliptic system

—div (a(z, Duy) — Gp) = gn in Q,
up, =0 on 00, \ Ty, (1.1)
(a(z, Duy) — Gp)v =0 on T,

where a : Q x RMXN — RMXN - Ar > 1 is a Carathéodory function which satisfies standard assumptions so
that the operator v € Wy P(Q)M — —diva(x, Dv) € W12 ()M p > 2, defines a monotone operator in the
sense of Leray and Lions [16] (see Sect. 2 for the precise assumptions on a) and v denotes the unitary outward
normal to Q. The sequences g, and G,, are assumed to converge in L? ()M weakly and L?' (Q)M*N strongly
to some functions g and G respectively.

Assuming that [[u,|[w1.(q, ) is bounded (this holds for example if there exists C' > 0 independent of n with
[vllwie(,) < ClIV| Lo, ), for every v € WHP(Q,), v = 0 on 02, \I',,) and extending u,, by zero outside Q,,
we prove the existence of a nonnegative Borel measure p in € which does not charge sets of p-capacity zero,
and a p-Carathéodory function F : @ x RM — RM satisfying monotonicity and continuity properties related
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to those imposed to a (see (3.20), (3.21), (3.22)), such that u,, converges weakly in W?(Q)™ and strongly
in Wha(Q)M 1 < ¢ < p, to the solution u of the problem

we WM A L (@)M

/ a(x, Du) : Dde—l—/ﬁF(Jc,u)vdu: / gvdx—i—/ G : Dvdx (1.2)
Q 9) Q Q
v e WHP( Q)M n Ly (@)™,

which (if p is smooth) can be written as
—div (a(z, Du) — G) + F(z,u)p =g in Q (13)
(a(x,Du) — G)v + F(z,u)p =0 on 9. '

The pair (F, ) does not depend on g, or G,, and it depends on 2, and T, locally in the sense that if we
consider a Lipschitz open set w C Q and we replace in (1.1) Q, by Q, Nw, T';, by T';, N @, then the previous
result holds with (F, ) replaced by (Flg, p5)-

The term F(z,u)p in (1.2) is similar to the strange term which appears in the homogenization of Dirichlet
problems on varying domains (see [1,3-12,19,20]). In fact, if T',, is empty, our result follows from [5]. When T',, is
not empty the main difference is that now y is defined on 2 and not only on Q and then the term F(z,u)u does
not only appears in the equation but also in the boundary conditions of (1.3). Taking 2 = €, for every n € N,
the above result proves that the boundary condition corresponding to the limit of a sequence of nonlinear elliptic
systems with Dirichlet an Neumann conditions on varying subsets of 9 is a Fourier-Robin condition. Indeed,
the proof of this fact was the origin of the present work. We have preferred to present here the more general
case where the open sets (), are variable, in order to show that the homogenization of elliptic Dirichlet problems
in varying domains (corresponding to I',, = () and the homogenization of elliptic problems with Neumann and
Dirichlet conditions imposed on varying sets of the boundary admit a common formulation.

As in the case of Dirichlet problems on varying domains [9], we observe that (1.1) can be written in such way
that its structure is similar to (1.2). For this purpose, it is enough to define u,, as (C, stands for the p-capacity,
see Sect. 2)

pn(B) = { oo HEG,(BN (§\ (2, UT))) > 0 VB C Q Borel, (1.4)

0 ifC,(BNE\ (2, UT,)) =0,

and F, : Q x RM — RM ag, for example, F),(z,s) = |s|P~2s. Then (1.1) is equivalent to
u, € WHP(@Q)MnLr (Q)M

/a(:c,Dun) : Dvd:ch/_Fn(:E,un)vdun = / gnvder/ G, : Dvdx (1.5)
Q Q Q Q
Yo ewhr@)Mn Ly (@M.

Hence, we can consider (1.1) as a particular case of (1.2). For this reason, better than the homogenization
of (1.1), we will study the homogenization of (1.5) for a sequence 1, of Borel measures in { (not necessarily
defined from sequences €2,,, I',, as above) which vanish on sets of p-capacity zero and a sequence F, : QxRM —
RM of monotone y,-measurable functions (see Sect. 2 for the precise hypotheses on F},). We prove that, in this
more general form, the problem is stable for homogenization, i.e. for every sequences p,, and Fj, there exist pu
and F' such that, at least for a subsequence, the limit problem of (1.5) is still given by (1.2).

Throughout the paper we just consider the case p > 2. The case 1 < p < 2 can be treated in a similar way,
after proper modification on the growth and coerciveness hypotheses for the functions a and F,. The case of
linear equations and pu,, concentrated on 992 (which for problem (1.1) means 2, = Q for every n € N) has been
studied in [2], see also [13] for related problems.
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2. NOTATIONS AND DEFINITIONS

The minimum and the maximum of two numbers a, b are respectively denoted by a A b, a V b.

The scalar product of two matrices A, B € RM*¥ will be denoted by A : B.

For a Borel set B € RY and a Borel measure i in B, we denote by LZ(B), 1 < g < 400, the usual Lebesgue
spaces with respect to the measure p. If p is the Lebesgue measure, we use the standard notation L(B).

For every Lipschitz open set O C RY, we denote by W9(0), 1 < ¢ < 400, the usual Sobolev spaces. We
recall that, since we are assuming O Lipschitz, the elements of W14(0) have a trace on O and then, they are
defined in O. Moreover, C*°(0) is dense in W4(0) if ¢ < 4o0c. For every subset T of dO, we define Wy9(0)
as the closure in W17(O) of the functions in C*°(O) which vanish in a neighborhood of T. In the case T = 90,
we write W, 9(0) instead of W39(0).

Along the paper we denote by p a fixed number such that p > 2. Also we consider a bounded Lipschitz open
set @ C RV, N > 2, and a bounded open set Q, such that Q c Q.

We denote by P : WHP(Q) — W, (Q) a bounded linear operator such that

P(u)=wuin Q, Yuec WhP(Q). (2.6)
This operator is also chosen bounded from WP (€2) N L>°(£2) into W, * () N L>°(€2) and such that it transforms
nonnegative functions into nonnegative functions. The existence of this extension operator is guaranteed because
Q is Lipschitz (see e.g. [17]).
For a Lipschitz open set w C 2, we denote

S, ={p: o e WH®(w), ¢ =0in a neighborhood of dw N Q}.

Also, we define the bounded linear operators Z,, : Wa o (w) — WHP(Q), Qu : WP o (w) — Wy P(Q) as

w2
7o) u inw 0 Poy
w = Cwy — = O Ly.
" 0 inQ\w, ©
When u = (uq,...,up) is vectorial, we denote

P(u) = (P(u1),..., P(un)),  Zw(u) = (Zu(ur), ..., Zo(un)),
Qw(u) = (Qw(ul)v .- ,Qw(UM))

For E C Q and 1 < p < +00, the p-capacity of E in €, denoted by Cp(E), is defined by

Cp(E) = inf {/ \VulPdz: we Wy P(Q),u > 1 ae. in aneighborhood of E} .
Q

This definition depends on Q, however the sets of p-capacity zero are independent of Q.

We say that a property P(x) holds quasi everywhere (abbreviated as q.e.) in a set B C Q) if it holds for
all 2z € B\ N, with C,(N) = 0.

A function u : ! — R is said to be quasi continuous if for every ¢ > 0 there exists a set B C Q, with
C,p(B) < ¢, such that the restriction of u to Q\ B is continuous. It is well known (see e.g. [14,15,21]) that
every u € lep(fl) has a quasi continuous representative. We shall always identify u € leP(Q) with this quasi
continuous representative.

A subset O of ) is said to be quasi open if for every € > 0 there exists B C Q, with Cp(B) < ¢, such that
O U B is open.
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Following [8,9], for every Borel subset B of Q), we denote by MJ%(B) the class of all non negative Borel
measures p in B which vanish on Borel sets of p-capacity zero and satisfy the following condition

w(E) = inf{u(ONB): O quasi open, E C O C Q}, VE C B Borel. (2.7)

We will denote by a : Q x RMXN — RMXN 5 Carathéodory function such that there exist two positive
p
constants a, v, and r € L»—2 () satisfying

a(z,0) =0 ae. z€Q, (2.8)
(a(x7§1) - a(xa§2)) : (51 - €2) > Oé|§1 - €2|p, v&la €2 S RMXN; a.e. T € Q7 (29)
|a(x,£1) - a(x,£2)| < (r(x) +’Y(|§1| + |€2|)p72) |§1 — €2|7 V&, & € RMXN, a.e. x € Q. (2.10)

Observe that these hypotheses imply in particular that there exist 3 > 0 and h € Lp/(Q) such that

a(x, &) : € > aléP, VEERMN ae zeQ, (2.11)

la(z,&)| < h(z) + BlEFP~r, VEERM*N ae zcQ. (2.12)

For every n € N, we will also consider p,, € M}(Q) and F,, : Q@ x RM — RM such that

F,.(-,8) pn-measurable, Vs € RM, (2.13)
Fo(z,0) =0, pp-ae. x€Q, (2.14)
(Fu(x,81) = Fo(,52))(51 — 52) > alsy — sof”,  Vs1, s0 € RM, pp-ae. z €9, (2.15)
|Fp (2, 81) — Fo(w, 52)] < y(|s1] 4 [s2))P72[s1 — 82|, Vs1, s2 € RM p-ace. z € Q. (2.16)
Thus, for 8 > 0 as above, we have
Fo(z,8)s > als|P, Vs e RM p,-ae x €, (2.17)
|Fo(z,8)| < Bls|P™t, Vs e RM)  p-ae. o€ Q. (2.18)

Remark 2.1. To simplify the exposition we have considered p > 2. The case 1 < p < 2 can be studied
similarly after proper modification on the hypotheses on a and F,. We can also consider hypotheses less
restrictive than (2.10) and (2.16), assuming that a(x, ) and F,(z, s) are locally Holder continuous with respect
to £ and s respectively.

We denote by C a generic constant which does not depend on n and can change from line to line.
We denote by O,, , and O,, generic sequences of real numbers which can change from line to line and satisfy

lim lim |Oppn| =0, lim O, =0.

m—00 N—00
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3. HOMOGENIZATION RESULT
In this section we state the main results of the paper, relative to the homogenization problem (1.5).

Theorem 3.1. Let a, pu, and F,, be in the conditions of Section 2. Then, there exist a subsequence of n, still
denoted by n, a measure up € M5(Q) and a function F : Q x RM — RM | with

F(-,5) p-measurable, Vs € RM (3.19)
F(z,0) =0, p-ae €, (3.20)
p(p—2) 1 —
|F (2, 52) — Fl,1)] < Cr(lsi| + [s2]) FT [sp — 51|77, Vs1,s2 € RM, pege. 2 € 0, (3.21)
(F(x,82) — F(x,51))(s2 — 51) > Ca|sa — s1|7,  Vs1,80 €RM p-a.e. €9, (3.22)

such that the following homogenization result holds: Let w C §) be a Lipschitz open set and consider a se-
quence gn € LP (w)M which converges weakly in LP (w)™ to a function g, a sequence G,, € L? (w)M*N which
converges strongly in LP (w)M*N to a function G and a sequence u, € W'P(w)M N LE (@ \ 0w N Q) which

satisfies
lunllwiewymare @ownaym < C, (3.23)

Hn

and

/a(m,Dun):Dvdx—l—/Fn(ac,un)vdunz/gnvdx—i—/Gn:Dvdx
w w w w

Vv e Wl o) nLk @)™,

(3.24)

Then, every cluster point u of u,, in the weak topology of WP (w)M satisfies
ue Whr(w)M N Lh @\ dwn Q)M

/a(:c,Du):Dvd:ch/F(:c,u)vdu:/gvd:ch/G:Dvd:c (3.25)

Yo € Wyt o(w)™ N LE@)M.

Moreover, the measure p can be taken independently of a.

The proof of this result is carried on in Section 6. To do it, in Section 5 we consider a bounded open
set  with © ¢ Q and then, for u, and u as in the statement of Theorem 3.1, we estimate the difference
between w, and the corrector with limit u relative to the homogenization problem for the operator v —
—div (|Vo[P~2Vv) + [v[P~2v du,, in Q with Dirichlet conditions. The properties of this corrector will be recalled
in Section 4. As a consequence we obtain some estimates for Du,, (Lems. 5.2 and 5.3) which allow us to prove
(Prop. 5.4) the existence of € M} (Q) and T € Lﬁ/ (@\ 8w N Q)M such that u belongs to L% (w\ dw N Q)M and

/a(:c,Du):Dvd:ﬂ+/T’udu:/gvdm+/G:Dvdm,

for every v € War o (w)™ N LF (@)™ (see [8,10]). The estimates obtained in Section 5 prove that T"is of the
form F'(z,u(x)) (estimate (5.60)), but for a function F' only defined on the set of pairs (x, v(x)) such that v is the
limit of some sequence v,, in the conditions of the sequence u,, which appears in the statement of Theorem 3.1.
We will prove in Lemma 6.1 that the set of such functions v is large enough to allow us to define F' in the whole
of @ x RM and then to conclude Theorem 3.1.

We will also prove in Section 6 the following consequence of Theorem 3.1.
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Theorem 3.2. Under the same assumptions that Theorem 3.1, the following results hold:
(i) For every A > 0, the unique solution u,, of

un € Wolna@)™ n Lt @)

/ a(x, Duy,) : Dvdx—i—)\/ [tn [P 2upvde + [ Fy(2,un)v dp, =
w

(3.26)

/
I

/ gnvdr + [ G, : Dvdx

M —\M
\CRS Wawﬂﬂ( ) N LG (W) )
converges weakly in Walfng(w)M and strongly in Walfng(w)M, 1 < g < p, to the unique solution u of

u € Wolna(w)™ N LL@)"
/ a(x, Du) : Dvdx + )\/ |ulP~2uv do + / F(z,u)vdy = / gvd:ch/ G: Dvdzx (3.27)
Yo € Wk o (w)™ N LE @)

(ii) Assume that there exists (a Poincaré’s constant) Cp > 0 such that

1
P

lvllLew) < Cp (||VUH vt HUHLPH(G)) , Yve Waan( w)N LY (@), Vn € N. (3.28)
Then, the unique solution u, of

un € Wolha@)™ N LE, @)™

/a(m,Dun):Dvd:ﬂ+/Fn(m,un)vdun:/gnvder/Gn:Dvd:c (3.29)
Yo € Woko ()M nLE @)M,

Hn

converges weakly in W@wﬁﬂ( YM and strongly in Walu’)qmﬂ(w)M, 1 < q < p, to the unique solution u of

u € Wolna(@)™ N LL @)
/a(:c,Du):Dvd:ch/F(:c,u)vdu:/gvd:ch/G:Dvd:c (3.30)
Vo € WaL () N LE@)

Remark 3.3. As we said in the Introduction, the homogenization of problem (3.29) gives in particular the
homogenization of problem (1.1). For this, given a sequence of Lipschitz open sets €2,, C  and a sequence I';, C
o0 N Q,, we define a sequence of measures p1,, € Mh(Q) by (1.4). Then, problem (1.1), understood in the
variational form

up € WHP(Q)M ) w, =0 qe. on 92, \ T,

/ a(x,Dun):Dvdx:/ gnvdx—i—/ G,, : Dvdx
1929

n QW,

Yo e WHP(Q,)M, v =0q.e. ondQ, \T,,

is equivalent to problem (3.29) with w =  and (for example) F,(z,s) = |s|P~2s. An interesting particular case
is when Q,, = Q for every n € N, i.e. when we have a nonlinear homogenization problem in a fixed bounded
open set 2 C RY, where we impose Dirichlet and Neumann conditions in varying subsets of the boundary.
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In this case, by Proposition 4.4 the measure pu is supported on 02, and thus, if p is sufficiently smooth, the
limit problem (3.30) is equivalent to the Fourier-Robin problem

{ —div (a(z,Du) — G) =g in Q
(a(z,Du) — G)v + F(z,u)u =0 on S

Remark 3.4. Similarly to the homogenization of nonlinear Dirichlet problems in varying domains (see e.g. [5]),
some properties on a and F), are inherited by F'. Namely, we have:

(i) If a(z,§) is linear with respect to £ and Fj,(z, s) is linear with respect to s, for every n € N (so, p = 2),
then, F'(x,s) is linear with respect to s.

(ii) If a and F,,, n € N, satisfy the homogeneity assumption

a(z, \6) = (AP 2ha(z, &), VYAER, Ve e RM*N ae zeQ,

Fo(z,\s) = [\P72\F,(z,5), VAER, Vs € RM p,-ae. z€Q,
then F' also satisfies
F(x,As) = |\P72AF(z,5), VAER, Vs c RM p-ae 2€Q.
The proof of these results is analogous to the corresponding one of Theorems 8.1 and 8.5 in [5] and follows from
the fact that the functions ¢)" of Lemma 6.1 satisfy
(A1 +7¢2)7 = Ma)iw +7(a2)i's Vai, g2 € QY, VA, T €R,

if we assume (i), and

AQ) = Mgq)m, VgeQM, VA €eR,

n

if we assume (ii). Thus the functions 7, defined by Lemma 6.1 satisfy
T)\Q1+TCI2 = )‘Tth + Tqu vqla q2 € QM7 V)\; TE R;
if we assume (i), and

Thg = IANP720T,, VYqeQM, VAER,

if we assume (ii).

4. PRELIMINARIES

In this section we recall some results related to the homogenization of the p-Laplace operator with Dirichlet
boundary conditions in varying domains. From them we will obtain other results we will use later.

Throughout this section, we consider a sequence fi,, € M¥(Q2) and we denote by w, the solution of the
problem

wy € Wy P(Q) NLE ()

[ |an|p*2anVv dx +[ |wn|p*2wnv dfi, = / vdx (4.31)
QO QO Q

Vo e Wy P(Q) N LE ().

The following result has been proved in [8,10].
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Proposition 4.1. Let w, be the sequence defined by (4.31). Then w,, is nonnegative q.e. in Q and its norm
in WyP(Q) N L®(Q) N L7 () is bounded. Up to a subsequence, there exists a nonnegative function w €

WyP(Q) N L=(Q), such that w, converges weakly to w in Wy (Q), strongly in Wy %(Q), 1 < q < p, and

weakly-+ in L>°(2). Moreover, there exists a unique measure ji € ME(Q) such that w is the solution of

1Lp/A A

w e WyP(Q)n Lﬁ(Q)

/ |Vw[P~2VwVo dm+/ lw[P~ 2w dj = / vdz (4.32)

Q Q Q

Lp/A A

Yo e Wy ()N Lz(Q).

The interest of w,, is that for a function i smooth enough, the sequence w, provides a corrector with

limit wy relative to the homogenization problem for the operator v — —div (|Vv[P=2Vv) + [v[P~2v dp, in Q
with Dirichlet conditions [8,10]. The following properties of w,,, w and ji have been proved in [8,10] (see also [5]).

Proposition 4.2. The sequence of solutions wy, of (4.31), the function w and the measure i given by Proposi-
tion 4.1 satisfy

(a) For every Borel set B C € with Cp(B N {w = 0}) > 0, it holds ji(B) = +oc.
(b) The set {wyp: ¢ € CX EQ)} is deAnse in Wy ()N LZ().
(c) For every 1, € WHP(Q) N L>(S2), we have

n—00

lim ( / IV ((wn — w))Pioda + / |wn¢|”<pd/ln) _ / b P di (4.33)

(d) If v, is a sequence in W'P(Q2) which converges weakly in WP(Q) to a function v, then it holds

Jim inf (/ |V(vn—v)|pdx—|—/ |vn|pdﬂn) 2/|v|pdﬂ. (4.34)
n—co \ Jg o a

In particular, if ||vnHLG(Q) is bounded, the function v is in L’;(Q)
Remark 4.3. We will apply the previous results to the sequence fi,, defined by (see Sect. 2)
fin(B) = i (BN, VB C Q Borel. (4.35)
From Proposition 4.2, every function v € LG (Q) vanishes qg.e. on {w, = 0}. So, although in Section 2 we have

considered F,, defined on  x RM, only its values in {w, > 0} x RM are relevant.

In the present paper, we are interested in a sequence of measures fi,, having their supports contained in a
fixed closed set (see (4.35)). We will use the following result.

Proposition 4.4. If there exists a compact set K C Q such that supp (fin) C K, for every n € N, then the
measure i given by Proposition 4.1 also satisfies supp (i) C K.

Proof. Since —div(|[Vw,|[P~2Vw,) = 1 in O\ K, and w, converges weakly to w in W,"*(€2) and strongly
in Wy9(Q), 1 < ¢ < p, we deduce that

— div(|Vw|P2Vw) =1 in Q\ K. (4.36)

Then, taking in (4.32) v = we, with ¢ € C>°(Q\ K), we get

/ wlPedi =0, Ve e O\ K). (4.37)
Q
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On the other hand, from w > 0 q.e. in Q, (4.36) and the strong maximum principle for the p-Laplace operator
(see e.g. [18]), we deduce w > 0 in Q \ K. Together with (4.37), this implies that the support of i is contained
in K. O

Better than Proposition 4.2 (b) and (d), we will use the following results.

Proposition 4.5. Assume that the support of the measure fi given by Proposition 4.1 is contained in Q and let
w be a Lipschitz open subset of Q). Then, the set

D, ={wp: pe 8, NC* (W)}, (4.38)

is dense in Walfmg(w) N Lﬁ(@).

Proof. First of all, we remark that for every u in Walfng(w) N L7 (@), there exist a sequence u, € Walfng(w) N

Lg(w) and O, C 0 open, with dwNQ C O,, such that u, = 0 gqe. in O, N and u, converges to u
in Wy o, (w)N L7 (@). For this purpose, we use that by definition of WaE o (w), there exists a sequence O,, C

open, with dw N Q C O,, and ¥, € C*®(w), with ¢, = 0 in O,, N, such that 1, converges to u in WP (w).
Then we take

Un = (Yn Au)T = (=) A7)
In order to prove Proposition 4.5, it is then enough to show that for every u € Walfmﬂ(w) N Lg(w) such

that there exits an open set O C Q) with dw N Q C O, u =0 q.e. in ONw, and for every £ > 0, there exists
© € C2°(Q)) which vanishes in a neighborhood of dw N €2 such that

[u— w@HWLp(w)nLg(w) <e. (4.39)

Using a regularization by convolution, it is enough to prove (4.39) for ¢ in WO1 2(0)) N L>(Q) which vanishes on
a neighborhood of dw N . _ _
Given u, O and € as above, we observe that Z,(u) is in WP(£2) N Lz(Q) and, since supp(/i) C €, we have

that Qu(u) € Wy P(Q) N Lﬁ(fl) (P, Z, and @, are defined in Sect. 2). Thus, taking an open set O with
dwNQ C O, 0" C O and a function ¢ € C* (), with v =1 in Q\ O, ¥ = 0 in O’, the function u* = Q, (u)Y
is in W, P(Q) N Lz(Q), vanishes in O’ and is equal to u q.e. in @.

We define p* € MP(Q) by

A(B) if C,(BNO') =0

*(B) = VB c ) Borel,
w(B) {+oo it C,(BNO') >0, ore

and we observe that since u* = 0 in O’ then u* € LJ. (Q). From Proposition 4.2(b) applied to p* we derive
that taking w* as the solution of

w* € Wy P(Q) N LE.(Q)

/ |Vw* [P~ 2Vw* Vo do +/ |w* [P~ 2w e dp* = / vdx (4.40)
Q Q Q

Vv € Wy P(Q) N LE.(Q),

there exists ©* € C2°(Q) such that

||U* _ w*CP*HW[)lp(Q)mLﬁ* (Q) <e.
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Using then that (w* — n)*¢* converges to w*¢* in Wy (Q) N L. (Q) when 7 tends to zero from the right, we
also have, for n > 0 small enough

[u” = (w* = "7)+90*||W01"’(§2)HL£* () <€ (4.41)

Since u* and (w* —n)T vanish in O, this also holds replacing p* by ji.
From fi < p*, the comparison principle (see Prop. 1.5 in [8]) proves that 0 < w* < w and thus,

(W**U)Jr * * *
e

wVn
Taking then
(w* —n)*
P = WW € Wylha(w) N L= (w),
and using that w* and then ¢ vanishes in O’, we conclude from (4.41) the proof of Proposition 4.5. ]

Proposition 4.6. Assume that in Proposition 4.1 supp (fin) C Q, for every n € N, and consider an open
Lipschitz subset w of Q). Then for every sequence v, € WYP(w), which converges weakly in WhP(w) to a
function v and every ¥ € S,,, we have

.. . 1
it ([ 190 - 0Pl as+ [ foplop ain) = o [ 1oPleras (1.42)

Proof. Similarly to the proof of Proposition 4.5, we remark that thanks to supp(ji,) C €, we have that
/ [on [P |9]P dftn, = / 1Qu (Vn ) |P dfin,.
2 Q

So, using the convexity of the function ¢ € RV — |¢[P € R, Rellich-Kondrachov’s compactness theorem,
IP|| > 1, || Zs]| =1 and (4.34), we obtain

[ 19 =Pl ars [ Pl ain >

0= 00l =2 [ [9((0n = 00029 (0 = )07 (5, =)
- [ 1o ar s [Pl ain

= o =)l + [ o101 At + 0,

> o [ 9Quln =0 dr + [ [Qulonil?di + 0,

> oo ( J vt —oras+ | |Qw<vnw>|”dﬂn) ‘o,

1 / 1
> L [0y pdﬂ+0n=—/vapdﬂ+0n.
TET Jo | @)l 12T ST

This proves (4.42). O
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5. ESTIMATES AND A LOCAL FIRST REPRESENTATION OF THE LIMIT PROBLEM

For Q, a, u, and F,, as in Section 2 and a Lipschitz open subset w of €2, we will consider along this section
a sequence u, € WHP(w)M N LE (@ \ dw N Q)M which satisfies (3.23) and (3.24), with g,, converging weakly
in L?' (w)M to a function g and G,, converging strongly in L (w)M*N t0 a function G. Thanks to Proposition 4.1
applied to the sequence [i,, defined as

fin(B) = un(BNQ), VB c Q Borel, (5.43)

we can also assume that there exist w and [ in the conditions of this proposition. By Proposition 4.4, the
support of this measure /i is contained in . The restriction of /i to Q will be denoted by .

Thanks to (3.23), we can also assume that there exists u € WP (w)™ such that u, converges weakly to u
in WHP(w)M. Since by (3.23) and (4.42), the function u satisfies

/ P[P di < Ol ey, Vb € S

we also get from the monotone convergence theorem that u satisfies
—\ AT O\M
u € Lh(@\ dwnQ)™. (5.44)

Our purpose in the present section is to obtain some estimates for the sequence w,. As a consequence,
we will obtain a first representation for the problem satisfied by the function u (limit problem). The fact of
considering w instead of  will allow us to prove the local character of the limit problem.

In order to study the asymptotic behavior of u,, we start with the following result, which follows from
Proposition 5.4 in [5].

Proposition 5.1. The sequence u, considered above converges to u strongly in Wh4(w)M 1 < ¢ < p and
therefore Du,, converges in measure in w.

As a consequence, we have the following lemma.

Lemma 5.2. The following convergences hold
a(x, Duyp) — a(x, Du) strongly in L™ (w)M*N 1 <r <p', and weakly in L (w)™*N, (5.45)

|la(x, Duy) — a(z, D(u, — u))| — |a(z, Du)| strongly in L¥ (w). (5.46)

Proof. From Proposition 5.1, (2.10) and (2.12), we easily derive (5.45).
To prove (5.46) we use that Proposition 5.1 and the inequality

la(z, Duy,) — a(z, D(un — u))| < y(r + |Dug| + |D(up —w)|)P~2|Du| a.e. in Q,

show that |a(z, Du,,) — a(z, D(u, —u))| converges in measure to |a(z, Du)| and its p’-th power is equiintegrable.
This implies (5.46). O

For u,, and z, satisfying similar conditions to u,, the following lemma provides an estimate for D(u, — zy).
The idea is to study the difference u,, — z,, — Wy Yy, where 1y, is such that wiy,, is close to u — z (z is the limit
of z,). Recall that w,,, is the corrector with limit wi),, ~ u — z relative to the homogenization problem for
the operator v — —div (|Vv|P~2Vv) + |[v|P~?v dp, in Q with Dirichlet conditions.

Lemma 5.3. There exists C > 0 which only depends on « and v such that for every ¢ € S,,, ¢ > 0 in w, we

have

n—oo

lim sup (/ |D(un, —u)Pode + /lun|p<p d,un) < C/Ju|p¢du. (5.47)
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Moreover, if besides wun, u, gn, g, Gn and G, we consider z, € Wh'P(w)M N Lh (@ \ 0w N )M with
||zn||W1,p(w)MmLﬁn(w\m)M bounded, converging weakly in WP (w)M to a function z € W'P(w)™ N Lk (w \

0w N M such that there exist h,, converging weakly in L (w)M to a function h and H, converging strongly
in LY (w)M*N 4o a function H with

/a(:c,Dzn):Dvdm+/Fn(m,zn)vdun:/hnvd:ﬂJr/Hn:Dvd:ﬂ

Yo € Wyl (w)™ n Lt @)™,

(5.48)

then, for every ¢ € S,, ¢ > 0 in w, we have

—2)

r(p P
lim sup </ |D(up, — zp, — u+ 2)|Ppde + /Jun - Zn|p<pd,un> < CL(|U| +1z2)) 72T Ju—z|PTodu.  (5.49)

n—oo

Proof. For ¢ € S,, ¢ > 0 in w, we consider ¢ € S,, such that ¢ = 1 in supp(p). Then, (u — z)¢ €
W(;fmg(w)M N Lﬁ(w)M and so, from Proposition 4.5, there exists ¥, € SM such that wi,, converges to
(u— z)¢ in Walfng(w)M N L2 (@)M. Taking (un — 2n — wptm)e as test function in the difference of (3.24)
and (5.48), we get

/[a(xa Dun) - a(xa DZn)] : D(un —Zn — wnwm)‘pdx + / [a(xa Dun) - a(x’ DZ")] : [(un — Zn — wnwm) ® V(p]dx

+ /_[Fn(m, Un) — Fo(z, 20)](un — 20 — Wt ) dpn, = /(gn = hn) (U — 2p — WpYm ) da

w w

+ [ (G = Hu) s Dl — 20— watm) )

Applying (5.46) to u, and z, and using that (w, — 2, —w, ¥y, ) converges weakly in WP (w)M  and then strongly
in LP(w)™ | to (u—z)(1—¢) when n and then m tends to infinity, g, — h,, converges weakly in L? (w)™, G,, — H,,
converges strongly in L (w)M>*N and ¢ = 1 in supp(y), the above equality gives

/[a(:c, D(up —u)) —a(x, D(zn — 2))] : D(un — 2n — wpthy)p da

+ /_ Fo (2 tn) — F (@, 20}t — 20 — W)@ dttn = O

or

/[a(:c, D(uy, —u)) —a(x, D(zn, — 2))] : D(up — 2n —u+ 2)pdx + / [z, up) — Fo(x, 2n)](Un — 2n)p dpy, =

w

/[a(x, D(up —u)) —a(x, D(zn, — 2))] : D(wpthm —u+ 2)pdz + / [Fro(x,un) — F(x, 20)wn¥me ditn, + O .

w
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By (2.9), (2.10), |D(uy — 2n — u + 2)|¢ converging weakly to zero in L? (w) (use Lem. 5.1), (2.15) and (2.16),
this gives

a/ |D(up, —u — 2z, + 2)|Ppde + oz/7|Un — zn P dp, <
V/HD(%—U)|+|D(2n—2)|]p72|D(Un—Zn—U+Z)||D((wn—w)¢m+w¢m—u+2)|sod$

+ 7L(|un| + |Zn|)p_2|un - Zn”wnwml@d,un + Om,n-

Young’s and Holder’s inequality allows us to write

/|D(un—u—zn+z)|p<pdx+/7|un—zn|p<pd,unS

p—2

C (/(ID( W) + |D(zn — 2)|)P ‘de+/(lun|+|zn|) sodun> b2

_1_
p—1

X )wm)|pg0dI+/ |wn¢m| (Pdﬂn) +Om,n

p—2

(L7
C</w u)| + [D(z, — 2)[)P sﬁdx+/(|un|+|zn|) <Pdun)ﬁ
<(fete

Taking 2, = 2z = 0 in (5.50), and using (4.33), supp(2) C Q and u equals to the restriction of fi in Q, we
deduce (5.47).

Finally, to obtain (5.49), it is enough to apply (4.33) in (5.50) together with the estimation (5.47) for w,
and z,. O

1

p—1

D((wn — w)Qu (1)) PQu () da + / Qo () P Q0 )dun) + Opn. (5.50)

Using Lemma 5.3, we will now obtain a first version of the limit problem satisfied by w.

Proposition 5.4. There exists T € Lﬁ/ @\ Ow N M such that u satisfies

we WhP(w)M N Lk (w\ dw N Q)M

/a(:c,Du):Dvdm+/Tvdu:/gvd:c+/G:Dvd:n (5.51)
Vv € Wyt o(w)™ N LE @)™

The function T is such that for every 1 € SM | we have
/ Twypdp = nlin;o (/ a(x, D(up, —u)) : (¢ @ V(w, —w))dx +/ Fo (2, up)wn 1) d,un) , (5.52)
w - w w

and satisfies that there exists C > 0, which only depends on o and vy, such that

IT| < ClulP™!  p-a.e. in@\ dwN Q. (5.53)
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Proof. Given ¢ € SM | we take w, as test function in (3.24). This gives

/a(:ﬂ,Dun) : DY w,dx +/ a(x, Duy,) : (¢ ® Vw)dz

w

+/ a(x, Duy,) : (¥ @ V(w, —w))dx + /_Fn(x,un)wnw dpy, =

/gnwn1l)d:£+/Gn : D(wpy)dz.  (5.54)

w

Using that g,, converges weakly in L?' (W)™ to g, G, converges strongly in L (W)M*N to G and u, and
wy, converge weakly in W1P(w)™ and WHP(Q) to u and w respectively (and then strongly in LP(w)™ and
L?(Q)), (5.45) and (5.46), we get

/ a(x, Du) : D(wy)dx + / a(x, D(un, —u)) : (¢ @ V(w, —w))dz

w

—|—/ Fo(z, up)wn ) dpy, = / g dx—i—/ G: D(wy)dx + O,. (5.55)

Since Hwn||W1 »@)nLy, (€ 18 bounded, (3.23), (2.12) and (2.18), we have

/ la(z, Dty — )|V (wn — w)|dz + L|Fn(x,un)||wn|dpn <c

Thus, there exists a vector Radon measure p on @, such that for every ¢ € C%(@)M, it holds

lim (/w a(z, D(u, —u)) (¢ ® V(w, —w))dz + /UFn(:c,un)wnga dun) = /Ucpdp. (5.56)

n—oo

Using the Cauchy-Schwartz inequality, (2.12), (2.18), the weak convergence of |V (w, —w)| to zero in LP(w), (5.47)
and (4.33), we deduce that p satisfies

-1

i sodp} < ctmswp ([ DG, ~wPleldo+ [ funPioidn, )
n—-+oo )
< [ 19w, —wielac+ [ wﬁlwldun>p
p—1 1
sc( / IUI”IsDIdu) ’ ( / wp|so|du)”, vp e S, (5.57)

where C' only depends on « and «. From the derivation measures theorem, we deduce that there exists a
p-measurable vector function L : @\ dw N Q — RM such that

/sodp=/L<pdu, Vo € SN,

and
|L| < ClulP™'w p-ae. in @\ dwn Q.
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Defining then 7' = (£)x .0y € Lﬁ'(w \ dwN Q)M we have that T satisfies (5.52) and (5.53). Moreover,
from (5.55) and (5.56) we obtain

/wa(:c,Du) : D(wz/;)d:ch/UTww dp = /wgun/) dl’+/ G : D(wy)dx

w

for every 1 € SM | which by the density of the set D,, given by (4.38) proves that u satisfies (5.51). O

To finish this section, let us obtain an estimate about the dependence of the function T' given by Proposi-
tion 5.4 with respect to u. For this purpose, as in Lemma 5.3, we consider z, € W'P(w)” N LE (@ \ dw N Q)M
with ||zn||W1,p(w)MmLﬁn (@\@wn) bounded, converging weakly in WhP(w)M to a function z € WHP(w)M N

LE(@\ 0w Q)M such that there exist h, converging weakly in L (W)™ to a function h and H,, converging

strongly in L¥’ (W)M*N to a function H which satisfy (5.48). From Proposition 5.4, we also know that there
exits 7" € Lﬁ/ (@ \ 0w N Q)M such that

/T’ww dp= lim (/w a(x,D(zp — 2)) : (¥ @ V(w, — w))d:ﬂJr/an(:E,zn)wnwdun) : (5.58)

n—oo

for every ¢ € SM | and
/a(m,Dz):Dvd:ch/T’vdu:/hvdm+/ H:Duvdz, Yv € Wy o (w) N LE (@)™, (5.59)

The following result estimates the difference between T' and T”.

Lemma 5.5. There exist C1,Co > 0, such that T and T' satisfy
1T —T'| < Cy([ul + |2]) T T = |u — 27T peae in@ )\ Ow N, (5.60)

and

(T —T)(u—2)>Calu—2zP p-ae inw\dwNQ. (5.61)
The constant C only depends on a and y. The constant Cy only depends on «a, 2 and Q.
Proof. By (5.52), (5.58), (2.10), (2.16) and Proposition 5.1, for every 1 € SM | we have

/(T T/ wz/}d'u‘ C/ (|D(u u)| + |D(zn *Z)|)p_2|D(Un*Zn*UJFZ)HV(wn*w)”de

+ | (fun] + [2a])" ™ Jun = 20l[¢b]wn dptn, + O,

R

which by Hoélder’s inequality, (5.47) (applied to u, and z,) and (5.49) gives

[ (T—T')wwdu‘ sc( [ (|u|+|2|)”|w|du) ( [ IU—ZI”IwIdu) ( [ |w|”|¢|du)p

From the measures derivation theorem, we then deduce (5.60).
Let us now prove (5.61). For ¢ € S,,, ¢ > 0, we take (u, — 2z,,)¢? as test function in the difference of (3.24)
and (5.48). Using Rellich-Kondrachov’s compactness theorem, the weak convergence of g, — h,, in L ()M
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the strong convergence of G, — H,, in L (w)M*N (5.51) and (5.59), we have

/[a(x, Duy) —a(x,Dzy)] : D(un — 25)? dx + L[Fn(x, Un) — Fn (@, v0)](un — 20)@? dpy, =

w

/(g —h)(u— z)gp”dm/(G —H) : D((u— z)¢P)dx +
- p/[a(m, Du) — a(z,D2)] : [(u — 2) @ V]l tdz + O,

= / [a(x, Du) — a(x, Dz)] : D(u — 2)¢” dz + / (T —T")(u—2)p?du + O,, (5.62)

w

which by (5.46) (applied to u, and z,) implies

/_(T — T (u—2)pPdp = nlirlgo </ [a(z, D(up —u)) — a(z, D(zn, — 2))] : D(up — 20, — u+ 2)p? dz

@
+ / [Fr(z,un) — Fn(, 20)](Un — 2n) " dun> . (5.63)
@
Using in the right-hand side of this inequality (2.9), (2.15) and (4.42), we deduce
/JT —TY(u—2)pPdpy >« (/ |D(uy, —u — 25 + 2)|PP dz + [ [ty — 2 |P P dun>
> ”%.;”/U|u—2|p<ppd,u+0m Yo € Sy, ¢ > 0. (5.64)
From the measures derivation theorem, this proves (5.61). O

6. PROOF OF THE MAIN RESULTS

In this section we prove that there exists a u-Carathéodory function F : Q x RM — RM gsuch that the
function T' given by Proposition 5.4 satisfies T'(x) = F(z,u(x)) p-a.e. in @\ dw N Q. We start with the following
lemma. Its proof is completely similar to the one of Theorem 6.9 in [5], and thus we omit it.

Lemma 6.1. We consider a subsequence of n such that there exists the measure p defined in the beginning of
Section 5. Then, up to another subsequence, we have that for every g € QM and every m € N, the solution ™ of

gp e whr@MnLe (@M
[ ate. D) Dode+ [ Fueigodi = m [ fwad? o - g2 P ods (66)
vg ewhrr@MnrLk (ﬁ)%, ’
converges to a function ¢™ weakly in WHP(Q)M . This function satisfies that there exists e L () such that
qgm e Whr( )M n Lo ()M
/ a(x,Dg™) : Dvdx + /_va dp = m/ [[wqP~2wq — [¢™P2q™ v da (6.66)
vg e wtr)Mn Lﬁ(ﬁ)l‘?. !
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When m tends to infinity, the sequence ¢™ converges to wq strongly in WHP(Q)M N Ly (M and the se-
quence T;" converges strongly in Lﬁ/ (M to a function T,.

Definition 6.2. We consider the subsequence of n given by Lemma 6.1. Then, we define F : O x Q™ — RM by
F(x,q) = Ty(x), YqeQM, pae zcQ.

By Lemma 6.1, (5.53), (5.60) and (5.61), it is easy to show that for every ¢, g2 € QM and p-a.e. x € Q, we
have

F(z,0) =0, (6.67)

p(p—2) 1
|F(z,q2) — Fz,q1)| < Ci(lqa| + |a@2) 77 |go — | 7w ()P~ Y, (6.68)
(F(z,q2) — Fz,q1))(q2 — q1) = Calgz — q1[Pw(z)P~ . (6.69)

Using (6.68), we can extend by continuity F to Q@ x R™. Then, we define F': Q@ x RM — RM by

F(z,s) = ]:(x’ﬁ) if w(z) >0

|s|P~2%s if w(z) = 0.
Thanks to Lemma 6.1, Proposition 5.4 and estimate (5.60) we can now prove Theorem 3.1.

Proof of Theorem 3.1. We take u,, and u as in the statement of the theorem. By Proposition 5.4, there exists
T e Lﬁ/ (@)™ such that u is a solution of (5.51). Applying (5.60), with z replaced by ¢™, we have

p(

T =T < C(lul + |g™) 57 u— g™ |77 prae. in @\ Jw N5, (6.70)

and therefore, taking the limit as m tends to infinity, we obtain

p(p—

T — F(z,wq)| < C(|Ju|+ |wg|) = lu—wq|7 T prae. in@\ dwn L.

Thus, for every simple function ¢(z) = Zizl sixB, (r), with s; € RM_ B; Borel, we have

p(

|T — F(x,we)| < C(|u| + |we)|) = |u — w¢|ﬁ pra.e. in @\ dw N .

Finally, taking in this inequality ¢ as a sequence ¢, such that w¢, converges p-a.e. to u in @ \ dw N Q (the
existence of such sequence is an easy consequence of Prop. 4.5) and passing to the limit in n thanks to the
continuity of F' with respect to its second variable, we get

T =F(x,u) pra.e. in@\owN .

This proves (3.25) thanks to (5.51) and the fact that the functions of W ", (w) are zero q.e. on dw N Q. O

Proof of Theorem 3.2. Let us just prove (ii). The proof of (i) is much simpler.

Thanks to (3.28) and the assumptions on a and F,, problem (3.29) has a unique solution. Moreover,
taking u, as test function in (3.29) and using (3.28), (2.11) and (2.17) we get that wu, satisfies (3.23). Thus,
from Walfmﬂ (w) closed, Theorem 3.1 and Proposition 5.1, we deduce that there exists a subsequence of u,, which
converges weakly in Walfmﬂ (w)™ and strongly in Walu’)qmﬂ(w)M, 1 < ¢ < p, to a solution u of (3.30). If we prove
that u is unique, then the whole sequence u,, will converge to u and the proof of (ii) will be finished. For this
purpose, it is enough to prove that the measure u also satisfies (3.28) and then, from (2.9) and (3.22), we will
get the uniqueness of solution of problem (3.30).
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Let v be in Walfmﬂ (w) N LE(w). Using Proposition 4.5, we consider ¢, € S,, such that w,, converges to v

in Walfng(w) N LY (). From (3.28), for every m € N, we have

[ unsnprar < et ([ [Wampas [ o)
< & ([ 19l = 19w, = wyin)l?) d
+Ch ( /Q |V ((wn = w)Qu(vhm))|” da + /Q |anw(wm>|”dﬂn) :

Since w,, converges strongly to w in Wl’q(Q), 1 < g < p, reasoning similarly to the proof of (5.46), we have that
|V (wnthm)|P — |V ((wy, — w)th)|P converges strongly to |V (wib,)|P in L (w) and thus

[ (19 nm)l? = 19 (s = w0y do = [ V()P da,
whereas from (4.33) and p = /i in supp(j2) = Q we have
/ |v((wn - w)Qw(wm)Hp dx +/ |anw(¢m)|p dfin _’/ Iwwml” dp.
O o -

Thus, using also the semicontinuity of the norm in L?(w), we get

[ wonlras < cp ([ 1vtwmpacs [lovaran).

Taking then m tending to infinity we derive

/ P da < C, (/ |Vv|pdx+/|v|pdu), Vo € WA 0 (w) N L2 (@).
w w w

This finishes the proof of (i). 0
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