View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by idUS. Depésito de Investigacion Universidad de Sevilla

Limit relations between g-Krall type orthogonal polynomials
R. Alvarez-Nodarse™® and R. S. Costas-Santos*

! Departamento de Anslisis Matemético.
Universidad de Sevilla. Apdo. 1160, E-41080 Sevilla, Spain
¥ Instituto Carlos I de Fisica Tedrica y Computacional,
Universidad de Granada, E-18071 Granada, Spain
* Departamento de Mateméticas, E.P.S., Universidad Carlos III de Madrid.
Ave. Universidad 30, E-28911, Leganés, Madrid, Spain

February 9, 2015

Abstract

In this paper, we consider a natural extension of several results related to Krall-type polynomials
introducing a modification of a g-classical linear functional via the addition of one or two mass
points. The limit relations between the ¢-Krall type modification of big g-Jacobi, little g-Jacobi, big

g-Laguerre, and other families of the g-Hahn tableau are established.

1 Introduction

In the last years, perturbations of a linear functional C via the addition of Dirac delta functions —the so-
called Krall-type orthogonal polynomials— have been intensively studied (for recent reviews see e.g. [6, 7]
and references therein), i.e. U = C+ Ad(x —x¢), where A > 0, 2y € R and §(z — y) means the Dirac linear
functional defined by (§(x — y),p(z)) = p(y), ¥p € Clz], the linear space of polynomials with complex
coefficients. Of particular interest are the cases when the starting functional is a classical linear functional
(Jacobi [6, 18], Laguerre [6, 16], Hermite [6], and Bessel [20]) and a discrete one (Hahn, Meixner, Kravchuk,
and Charlier) [3, 4, 5, 10, 11, 14]. A more general case U = C—i—Zi]\il Aid(x—a;)— Zj\;l B;d'(x —bj) was
studied in a recent paper [2] where a special emphasis is given when C is a semiclassical linear functional.

In a recent paper [9] the case when C is a discrete semiclassical or g-semiclassical linear functional was
considered in details. Here we will focus our attention on the case when C is a g-classical linear functional
and we will construct the Krall-type polynomials associated with the g-classical families of the so-called
g-Hahn tableau [8, 19]. This case is not so well known and only few papers deals with examples of such
polynomials: the Stieltjes-Wigert polynomials [12], a particular case of the g-little Jacobi polynomials
[24], and the Al-Salam & Carlitz I and discrete g-Hermite I [9].

The aim of the present contribution! is to continue the work started in [9] and study several families
of ¢-Krall type orthogonal polynomials. In particular, we will obtain the limits of the ¢-Krall type
polynomials in the ¢-Hahn tableau. In such a way we will continue the study started in [6] concerning
the limit relations among the Krall-type families.

1This paper appear in R. Alvarez-Nodarse and R.S. Costas-Santos, Limit relations between g-Krall type orthogonal
polynomials, J. Math. Anal. Appl. 322(1) (2006) 158-176, but we have found a misprint in formulas (5) and (6). In this
version we correct the misprints as well as all all formulas that changes as a consequence of such misprint. The changes are
in blue.
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The structure of the paper is the following. In section 2 some preliminaries and the basic parameters
of the families that we will consider later on are given. In particular, we include the explicit values for the
kernels of the corresponding ¢-classical polynomials in terms of the polynomials and their ¢g-derivatives. In
section 3 the ¢g-Krall-type orthogonal polynomials are defined and some algebraic properties are deduced
for these new families. Finally, in section 4, the limits of the modified polynomials of the examples

considered in section 2 are established.

2 Preliminary results

In this section, we state some formulas for g-classical orthogonal polynomials P, (x(s)), = P, (s), of the
¢-Hahn tableau, orthogonal with respect to a g-classical linear functional C, [21], i.e.,

(Cqy PoPr) = d26pm, d2#0, n,m=0,1,2,... (1)

These functionals usually have the form (see the section 2.1 for more details)

oo
Z P(z(s))p(s)Vzi(s), little g-Jacobi, g-Meixner, Wall, g-Charlier,
CoP) =4
/ P(z)p(z) dgz, big g-Jacobi, big ¢g-Laguerre, Al-Salam-Carlitz I,
50

etc., where fssol f(t)d,t is the Jackson g-integral (see [13, 17]), p is a weight function satisfying the following
difference equation of Pearson-type
ps+1)  o(s) +7(5)Vei(5)

Alo(s)ols)] = 7(s)p(s)Vn(s) = PO = TR,

the lattice is z(s) = c¢*® + ¢, zx(s) = z(s + &), and V and A are the backward and forward dif-
ference operators defined respectively as Vf(s) = f(s) — f(s — 1), Af(s) = f(s+ 1) — f(s). Now,
consider the sequence of g-classical orthogonal polynomials with respect to the linear functional C, (g¢-
COP). They satisfy the second order linear difference equation (SODE) of hypergeometric type [22]

a(s) Vﬁ(s) ggg:g +7(s) ﬁggzg + A\py(s) = 0, where o(s) and 7(s) are polynomials of degree at most 2 and

exactly 1, respectively, and A, is a constant. Moreover, these families of g-polynomials satisfy several

algebraic relations such as a three-term recurrence relation (TTRR)
2(8)Pp(8)g = anPry1(8)q + BnPn(8)g + nPn-1(s)g, n=0,1,2..., (2)

with the initial conditions Py(s)q =1, P_1(s)q = 0, the structure relations (n =1,2,3,...)

U(S)VVIDZ((j))q = &nPn+l(S)q + 5nPn(8)q + :YlnPnfl(s)m (3)
(b(s)AAPZ((::))q = nPpy1(s)g + Enpn(s)q + AnLr-1(8)gs

where ¢(s) = o(s)+7(s)Vr1(s), as well as the Christoffel-Darboux formula for the n-th kernel associated
with the family

Kn(Sl,Sg) — Zn: P,n(Sl)CtZ]sz(SQ)q _ %Pn+1(81)qpn(82)q - n+1(82)qpn(51)q. (4)

m=0 a dz, z(s1) — z(s2)

In the sequel we will use the notation K, (so) := Ky(s0,50). From (4) and (3) follows that



Table 1: Parameters of big g-Jacobi and Stieltjes-Wigert polynomials

Big g-Jacobi Stieltjes-Wigert
o(x) q~ ! (z — ag)(z — cq) g tx
4(s) ag(z — 1)(bz — o) 22
1 (1—abg™thy(1-¢™) 1 1-q"
An B G P 7* =gy
(z) 1 (ag;bg,cq,abc™ g0z, wig) o0 _ 1 1
p aq(1—q) (g,abq?,a=le,ac=1q,z,be~1aiq) oo Ing (¢,—z,—qz~1iq)oo
2 (1—abq)(g,bg,abc qiq)n LH)” 1
dn (1—abg®+1)(aq,abq,cq;q)n <facq : (G:9)na™
-1 . n+1l1\"n
Pn (o) Pu(ag;a,b,c;q) = (452 _—adn (—cq 2 ) Sn(0:9) = oy
ba;a)n ntlm®
Pu(a1) Pu(eqia,b,eiq) = (2282 (—aq™s) —
Bt abg 1L o
N  1—abg™t? 1
n/n ) (I-a)q™ 1—q
Gn/om c=nr 0
~ Cabon L n
Yn/Yn -1 (ib,qq fi,q
1. If o(sp) = 0, then
o Pn(SO)q ’731 U(S) Vpn(s)q
Kn(87 S()) == — — 7Pn( )q - (5)
&2 (Ln afn) Tn x(s) — x(so) Va(s)

2. If ¢(sg) =0, then

Pr(s0)q
p (anfan) TR e ) ©

Tn Qn

Kn(S, SO) =

o ~
Remark 2.1 A straightforward calculation shows that — and M are independent of the normalization
027 Tn

of P.(s)q, t.e. if P,(s) = C,, P, (s)q then those ratios do not change. Moreover ([1, eq. (6.15)]) An/Yn —

an/OZn :?n/’Yn - an/an

2.1 The ¢-classical polynomials

In this section, we will summarize the main properties of the g-polynomials of the g-Hahn tableau needed
in the next sections (for more details see [17]). In all cases we have used (5) and (6) for computing the
kernels at the corresponding points. In the sequel we will consider probabilistic measures, i.e. d2 = 1.
This fact will be useful in order to obtain the right limits for the corresponding ¢g-Krall-type polynomials.
Here and through out the paper we will use the standard notation for the basic series. For more details
see [13].

The big ¢g-Jacobi polynomials P, (z;a, b, ¢; q), introduced by Hahn in 1949, are the most general family
of g-polynomials on the g-linear lattice = := z(s) = ¢°. They constitute a ¢-COP sequence with respect
to the linear functional P9/ ag

€, P)i= [ P)peyise, (7)

1

where the weight function p(z), supported on [eq, aql, 0 < a,b < ¢~ 1, ¢ < 0, is given in table 1.



Table 2: Parameters of little g-Jacobi, ¢-Laguerre and Al-Salam-Carlitz I polynomials

little g-Jacobi g-Laguerre Al-Salam-Carlitz I
o(x) g tae(z —1) ¢l (z—1)(z—a)
o(s) ax(bgr — 1) ax(z +1) a

_ 2 (—abg"TH(1—q™) 1 1-g" g5 _1-q"
An 92 g2 99 (g2 92 Tg)7qm
(z) (ag;@) 00 (bg5q)s a® a® (ag,—c,—c 'q;9) 0 1 (gza”tqrig) 0o
P (abg%;q) 00 (430)s (¢,—cagq,—c=1a=1,—cq%;q) oo 1-q (g,a,a71¢;9)
2 (1—abgq) (9:54:9)n (ag;@)n ) n_1\"
dn (1—abg?7+1) (aq,abq;q)n (aq)™ (:9)ngq™ (@ 9)n (7aq : >
P, 0: b =1 L(O‘) 0: — (ag;q)n U(‘l) 1: — (_ nT—l "
’ﬂ(xo) pﬂ( ) |Q) n ( 7Q) (@D)n n ( 7(1) aq
~ 1—gq™ (1—q™)
an/on (l—qq)q" " 0 Ii—g)"
An/Vn —717‘117_‘1(1 ‘quq _ﬁ

For these polynomials we also need the following expressions for the kernels

KB (1, ag) = (@0 8G On [(L = abg" ) Pa(@0,b,¢1q) = (z — c)(1 = "Dy Pulg™ 10,5, ¢:0)
o (¢, bg; Q)n (1 — abg)a” ’

KD (g, 1) = 90059 ¢6:@)n_ | (a7" = abq) Pu(3 0, b, ¢;4) —ag(br—c)(g—1) Dy Pu(w; a,b ¢ q) )
" (g, bg,abe g q)n (1 — abg)(—acqn/>+1/2)" ’

KB (5 cq) = (W00 €6 D [(1 = abg™ ) Pu(w;0,b,¢:0)— (@ —aq)(1 g~ YDy Pu(q " w;a,b, ¢;9)
" 7 (q,abc™1q; q)n (1 — abg)c™ ’

and

KB4 (ag) — i (1 — abg***1)(aq, abg, abc™1q; q) (7a71 ﬂ)k ,
= (1 — abq)(q, bq, cq; @)

_ 2k+1 . _ k
KB4 (¢q) = Z(l abq®" ) (bq, abq, cq; q)x (—ac—lq%)7

(1 — abq)(q, aq, abc=1q; q)

k=0
n _ 2k+1 . —k
KB (1) = Z<1 abq )(a%abqicq,Q)k _acq%) 7
= (1 —abq)(q,bq, abc™"q; q)x
’ 2k+1 e=1\ P
KB ) " (1 —abg®**t)(abg; q)r (—q g ) (aqu;q)n( LH)n
n agq,cq) = = —q 2 ,
Pt (1 — abq)(q;9)k (4 )

n

1 — abg?k+1 ba- 2b2'n
KB (g, 1) = Z( abg™" )(aq, abg; @i (- _ (998G D
= (1—abq)(q,bq; )k (¢,b¢; 9)n
where D, the g-Jackson derivative (see e.g. [17]), D,P(z) = [P(z) — P(g2)]/[(1 — ¢)z].
The big ¢-Laguerre polynomials P,(x;a,c;q), are a particular case of the big g-Jacobi polynomials:

P, (z;a,c¢;q) = Pu(x;a,0,c; q), therefore all their properties can be obtained from the corresponding ones
of the big g-Jacobi by putting b = 0. A special case of the big ¢-Laguerre polynomials are the affine
g-Kravchuk polynomials [17, page 101].

The little g-Jacobi polynomials p,(z;a, b|q) constitute a ¢-OPS with respect to a linear functional

(cle?, Py =" P(s)p(s)a’,



Table 3: Parameters of Wall, g-Meixner, and g-Charlier polynomials

Wall g-Meixner g-Charlier
o(z) g lz(z—1) g 'c(x — bq) q tax
o(s) —ax (z —1)(z + be) z(x —1)
3 1_g" 1 q_gn 1 q_gn
An a7 B ey
(agi@) oo s (=beq;) oo _ (bgi9)s sEL\ ¢ q_ 2 sH1y®
p(z) (G)s @ (—ci9)oo  (a,—beq;q)s (cq 2 ) @0 (—a9)ee 2 2
. —e1g: _ _ _
a7, Lt (ag)" (@ Ein gn (a7 'q, s n g™
P (z0) pn(0;alg) =1 Mp(1;b,clq) =1 Cn(lia59) =1
an/an 0 11_:1: 11_:1;
~ 1 1 1
o/ ~ o e g

where p(s) is given in table 2 and it is supported on [0,1], 0 < a < ¢~1, b < ¢—'. Moreover

(aq, abg; q)n [(1 —abq" ") Py (x;a,blq) — (x — 1)(1 — ¢ 1)Dy Py (g a5 a,blq)
(¢,bq; ¢)na™ 1 —abq

K1 (2,0) =

)

“~ (1 — abg®**1)(ag, abg; @)r , . _ aq?, abg?; q .
KZI?I(O)ZZ( (1_ ; )( Vo ) (Cl ) k:(bi')”(aq) .
= abq)(q, bg; q)k (¢:9; 9)n

The g-Meixner polynomials M, (¢~%;b,¢; q) are a ¢-COP sequence with respect to a linear functional

oo

(C™, P) =" P(s)p(s)a*,

s=0

where the weight function p(s) is supported on [1,4+00), 0 < b < ¢~!, 0 < ¢ (see table 3). Furthermore,

, bg; @)n
Ki (1) = P [0, a3 cia) = (o o)1 = Dy (a3
n (10)
KqM(l) _ Z (bQ§ Q)k qk.
" (¢ —c ' @)k

k=0

A special case of the g-Meixner polynomials are the quantum ¢-Kravchuk [17, page 98].
The Al-Salam-Carlitz I polynomials Uy(;l) (z; q) are orthogonal with respect to the linear functional

€1 p)i= [ P@)pla)dya.

S

where p(z) is supported on [a,1], a < 0, z := z(s) = ¢°. Their main data are in table 3. For these

polynomials we have

K29 1) = e [Uf9a:0) = (@ = )1 = ) D,U i)
n 1 k—1\F (11)
KACI(1) = Z : (—aqT> .

= (9,

The little ¢g-Laguerre / Wall polynomials p,, (x; a|q) are orthogonal with respect to the linear functional

(1=, Py :=> "P(s)p(s)q", w:=ux(s) =q", supp(p) = [0, 1].



Since they are a particular case of little g-Jacobi (b = 0) all their properties can be obtained from the
former ones putting b = 0 (see table 3). In particular,
(ag®; @)n

laL (.. :M roala) — all — n ra lqL _ _\ag%@)n
K, (x,0) (¢ q)na™q" [ n (5 |Q) (1 q)q qun( ) |Q)}7 K3™(0) (q;q>"(aq)n' (12)

The g-Laguerre polynomials L%a)(x; q) are orthogonal with respect to the linear functional

+oo

€™, P)y:= > Pleg®)p(s)g’,

§=—00

(e}

where the weight function p(s) (see table 2) is supported on [0, +00), a = g%, x := x(s) = ¢¢®. In this
case

n

(@) (=1 Ly N~ G Dk (ag®q)n
Dol ), 0 ,;) Goe " o, Y

K% (2,0) = "L (a5.9) — L

The g-Charlier polynomials C,,(¢%; a; q) constitute a ¢-COP sequence with respect to the linear func-
tional

(C19P) = P(s)pl(s)a
s=0
where p(s) is supported on [1,+00), @ > 0 (see table 3). Moreover,

Cn(w;a:q) —x(1 = @)Dy 1 Cn(w059) g0 3 &

. KCmy=S L
(—a~'q,¢; )n ! = (—a7lq, ¢

K3°(z,1) = (14)

The Stieltjes-Wigert polynomials S,,(z; ¢) correspond to an indeterminate moment problem, so there are

CSW

infinitely many representations for the linear functional with respect to which they are orthogonal

(see e.g. [17]). Here we will chose the following one

wmﬁpwzlmpwmum%

where p(s) is a weight function supported on [0, +00) (see table 1). In this case

KW (2,0) = ¢"Sn(219) — (7" — 1)DySn(q z3q), K5V (0) =

(@ @)n (15)

3 The ¢-Krall-type orthogonal polynomials

In this section, we will introduce the ¢g-Krall-type orthogonal polynomials. In a very recent paper [9]
the authors introduce the “discrete” Krall polynomials as a perturbation of a classical or semiclassical
discrete linear functional and they develop a general theory in order to find some algebraic properties
such as TTRR, SODE, etc. In this paper we focus our attention on the special case when the starting

functional C is a g-classical functional [21]. Thus we consider the linear functional U defined as
(U,P) ={(C,P)+ AP(xg9) + BP(x1), A, B>0, (16)

where C is the linear functional (1) and xo, 1 € R. In [9] a general theory for solving this problem (when
N mass points are added) has been presented, nevertheless only two examples were considered in details.
Here we will complete this work introducing new examples and we will establish the limit relation among
them, in the same way as in [6].



The explicit expression of the polynomials ]3,;4’3 (s)q orthogonal with respect to the linear functional
U (16) is given by [9] (it is assumed that the polynomials P, and P, have the same leading coefficient)

M
Po(z) = Py(x) = Y AiPy(a:) Kno1(z,a:), (17)

i=1

where (P, (ay))} | are the solution of the system

M
Po(ar) = Polar) = Y AiPolai) K1 (ak, a;), k=1,2,... M.

i=1
The formula (17) was firstly obtained by Uvarov [23] (see also [15, §2.9]). Hence, the formula [9, Eq.
(2.5) page 57] yields

t -1

D AKn— ) 1 AKn— BKn— ) Pn
PAP(s)y = Pals)y— | foron B0 | L A (o) B (o) B R
BK,_1(x,x1) AKy,_1(x1,20) 1+ BK,_1(21) P,(z1)
where C? is the transpose of C. Furthermore, the polynomials ﬁ;f"B(s)q exist for every n = 0,1,... if

and only if the following condition

1+ AK,,_ BK,,_1(xo,
det | - 7T (%) @0 21) | Lo wpen, (19)
AKn—l(xlny) 1+BKn_1($1)
holds. When the mass B = 0 (18) transforms into
~ ~ ~ P,(z
B s) = Pa(s)y — APA @) Ko s (20), B o)y = oaiola (20)

1 + AKn_l(l‘o)'

Notice that if A > 0, then (19) becomes into 1+AK,,_1(z) > 1, hence Ig,f(s)q exists for everyn = 0,1, .. ..
The next step is to construct the corresponding families of g-Krall type orthogonal polynomials associated
with each family of g-orthogonal polynomials considered in section 2.1. We will start with the big ¢-Jacobi
family since the other families can be obtained from it via taking appropriate limits. Furthermore, we

will choose the values of zy and z1 in such a way that the kernels (4) has the simplest form, i.e., (5) and

(6).

3.1 The big g-Jacobi-Krall polynomials

Let us consider the linear functional 2/’ defined by
UuP? Py =(cP1, P)+ AP(z¢) + BP(z1), A, B>0,

where zg, z; € R and CP?/ is the functional (7). The corresponding polynomials will be denoted by
ﬁ,f’B (x;a,b, c; q) and constitute a g-analog of the Koornwinder polynomials [18]. The polynomial expres-

sion for this family follows from (18)

PAB(25a,b,¢;q) =Po(z;0,b,¢;9) — | AKPY (2520)  BKPY (w;1) ] X

1+ AKZ () BEKEP (24,21)

n—1 n—1

AKP (21,20) 1+ BKJ{(z1)

P’rL(IO; a, b7 & Q)
Pn(zl;a7bvc;Q) .

Now, we are going to consider two specific cases:



1. The ¢-Koornwinder polynomials obtained when we add two mass points at the endpoints of the
interval of orthogonality of the big g-Jacobi polynomials. i.e., xyp = ¢q and x1 = aq. For these values,

P (w;a,0,¢q) = Pa(;0,b,¢;q) — AP (cq) K% (2, cq) — BPYP (aq) K74 (2, ag).

n—1

Then, using (8) and taking into account the identities [17, Eq. (3.5.6), (3.5.7)] for the big ¢-Jacobi
polynomials,

qlg™" = )(1 — abg"*)
(1 —aq)(1—cq)

qlg™" = )(1 = abg"*)

(1—-qg)(1 —aqg)(1 —cq)

P, (z;a,b,¢;q) — Py(qz;a,b,c;q) =

xP,_1(qx;aq,bq, cq; q),

D, P (x;a,b,c;q) = P, _1(qz;aq,bq, cq; q), (21)
we get

ﬁf,B(m; (L,b7 [6X q) = Pn(.’E, a, bv & q) - Anflpnfl(x; a, ba (& (J) - anl(x)Pn72(m; QQ7bqch; q)v (22)

where (abe’; ) (cq:9) (ag;0)
abg®;qQ)n [ =a.B cq; q)n ~AB aq; q)n
A, = dn [ qpAB ) Don | ppAB, >
@0n ( H) Gapetg gy, T B ) g )
and
(abg?; q)n(1 — ™) < ~an, (cqq)n(x—aq) ~an, (g Qn(x— CQ)>
B, (z) = AP, L Anl” — ) L BPAB(qq) L — T )
(@) (1—aq)(1 —cq)(q;q)ng™ +1(e0) c™(abc=1q; q)n (ag) a™(bg; q)n

Before analyzing the following particular case let us show that these polynomials can be written as a

basic hypergeometric series. In fact, by definition of the big g-Jacobi polynomials and (22) we obtain

(o)

. = _abag". 1 k 1— k+1 1— k+1 1— bn+k

Pf,B(x%b’c;q):Z(q ,abg", 3 q)rq (( ag” )1 —cq ){ abg
k

e (ag?, cq?, q; @) (I —aq)(1 —cq) 1 — abg™
(23)
1 — g ntk 1 — g~ tkY(] — g—ntktl
fa, = } +Bn(x)( q 7n)( qw+1 ))
l—q (1—g ™)1 —qg )

Now, if we use the identity (¢**1; q)m(1—¢%) = (¢%; ¢)m(1—q*T™) as well as the fact that the polynomial
on ¢* at the RHS, namely 73, has three zeros, namely ¢, ¢®2, and ¢®* which depend, in general, of all
parameters, i.e. o923 = a1,23(n,2;a,b,¢, A, B;q), and

m3(¢") = r(2)(¢" — ¢*)(d" —¢**)(¢" —q**),  degr(z)=1.
Then we get

l—a1 ,l—ao
b

11—
7q 37‘7;

1—0(3

SAB, .. N q ", abg",q q
PP (z5a,b,¢;q) = Dp(2)6ps < aq2,0q27q—a17q—a2’q

q;q> ; (24)
where B
Dy (x) = (1 —¢™)(1—¢**)(1 —¢*)r(x).

Remark 3.1 Notice that 15n is, in general, a polynomial of degree 1 in x. To see that ﬁ;ﬁ*B is a
polynomial of degree n we only need to evaluate (23) for k = n since in this case the second term on the
last bracket vanishes.

2. The case x¢p = aq and x; = 1. For these values,

ﬁf’B(a:; a,b,c;q) = Pp(x;a,b,¢;q) — Aﬁf’B(aq)Kff{(x, aq) — Bﬁf’B(l)Kff‘{(m, 1).



Then, using (8) and the relation (21), we get

o~

PAB(x5a,b,¢59) =  Po(x30,b,¢59) — Ap_1 Po1(50,b,¢;9)

N 2 25
—By_1(x)Py—2(x;aq,bq, cq; q) — Cri—1(x) Pa—2(qx; aq, bg, cq; q) (25)

where

+ _(ag, abg®;q)n (AﬁA,B
" (q,bq; q)na”
= (aq,abq®; q)n(1 —q")(x —cq) , 54,8
n(x) = AP (aq),
(@) (4,b¢; ¢)n(aq)™(1 — agq)(1 — cq) f1(ag)
~ (—1)"(aq, abg?, cq; q)n(1 — ¢")ag?®(bx — c) SAB
C(x) = . BPAB(1).
(=) (¢,bq, abc=1q; q)namcrqn®/2+30/2(1 — ag)(1 — cq) " @

(=D"(cq; @)n SAB
n+1 (aq) + (abc—lq; q)ncn,qn2/2+3n/2 Pn+1 (1) )

Hence, following the same idea of the previous case we get, this family admits another representation in
terms of basic hypergeometric series. Indeed some calculations, in the same fashion as in the previous
case, yield

- 1-B1 ,1—B2 41-Bs
DAB/, .. . N q n7abqn’q ,q ,q , L
Pn (m,a,b,c, q) - Dn(x)ﬁcpf) ( an’ch,q_ﬁl,q_BQ,q_ﬁa

a; q) , (26)

where Bn(x) depends of the parameters defined for this family, and ¢, ¢%2, and ¢ are the zeros of
a certain cubic polynomial on ¢*, B; := B;(n,z;a,b,c, A, B;q), i = 1,2,3, obtained as before from the

expression (25) and the basic series representation of the big ¢g-Jacobi polynomials.

Remark 3.2 Observe that, although ZA)n s a polynomial of degree 2 in x, 13;:‘*3 is a polynomial of degree

n in x since the evaluation of the basic hypergeometric series (26) for both k = n—1 and k = n vanishes.

Two particular interesting cases are the following: Setting A = 0 in the ¢g-Koornwinder polynomials (24)

(I§Q>a
Q§Q>~

we obtain the ¢-Hahn-Krall polynomials.

we obtain

- 11—« 11—« -«
pPB(,.. . _ B q n7a’bqn’q 17q 27(1 3,:5
P (xa a7 b; Ca q) - D'n, (x)GSOE) < a‘q27cq27 q_al’q_ﬁ27q_ﬂ3

and setting A = 0 in the second family (26) we get

q " abg", ¢ " q P2 g e

pB x;a,b,c =DB(z 5
( q) = D, (z)sp ( ag?. e, g g q—Ps

Setting in all the above formulas ¢ = ¢~V !

Before continuing let us point out that the above families satisfy a three-term recurrence relation and

a second order linear difference equation. For more details see [9)].

3.2 Examples adding one mass point
3.2.1 The big ¢-Laguerre-Krall polynomials

It is a particular case of the g-Krall big g-Jacobi. In this case the linear functional UPF is
<quL7P> - <CBqLaP> + AP(GQ)a A >0,

where CB9L is the functional with respect the big g-Laguerre are orthogonal. The explicit expression for
the polynomials is
~ P, (ag; a,¢; )oK, 1 (w, aq)
PAzia,c,9)g = Po(zia,c:q)g — A= 1_n
n( )q n( )q 1 +AKBqL(aq)

n—1

)



or, equivalently, putting B =0 in (22) and set b = 0,

n+l, p
_ A(—cq 2 ) (aq;q)n—1
Pf(m;a,c;q) :Pn(x;a,C;Q)q_ ( 1+AK)BQL(GQ)

n—1

Poi(zya,¢9)q — (2 —cq)(1 — ¢ ) DyPo1(q 50, ¢;9),

X
(cq; Q)n(q; @)n—1a™"1

They can be represented as a g5 basic series.

3.2.2 The little ¢g-Jacobi-Krall polynomials
These polynomials are orthogonal with respect to the linear functional /47
<uqu7P> - <CquaP> + AP(O)> A >0,
where C'97 is the functional of little g-Jacobi polynomials. The representation formulas for this family is
(see (17), (9))
P (05, ¢lg) K, (2,0) A(ag, abg; q)n—1
1+ AK' (0) 1+ AK'“ (0)
(1 —abg")Pp1(z;a,blg)g — (x — 1)(1 — q_l)IDanfl(q_IQC; a,blg)q
(1 — abq)(q,bq; ¢)n—1a"~*

pa(w;a,clq)q =pn(z;ia,clg)q — = pn(x;a,cq)g —

This case leads to a g5 basic series.

3.2.3 The ¢g-Meixner-Krall polynomials
These polynomials are orthogonal with respect to the linear functional /9™
UM, Py = (™, P) + AP(1), A>0,

where C?M is the functional of the g-Meixner polynomials. The explicit expression for this family is (see

(17), (10))

N M, (1;a,blq) K™ (z,1 A(bg; @)
N2 (s, ) =M (s a,blg), — A2 OMDEA D) iy AE Do
1+ AKM (1) 1+ AKM (1)

M, _1(2:b,¢;q) — (. +be)(1 = q)Dy-1 My, —1 (x5 b, ¢ q)
(¢ —c'q:q)n—1

And, this case leads to a 5¢4 basic series.

3.2.4 The Al-Salam-Carlitz-Krall I polynomials
These polynomials are orthogonal with respect to the linear functional /A¢!
UACt Py = (cACT P) + AP(1), A >0,

where CA¢! is the functional of the Al Salam Carlitz I polynomials. The representation formula for this

family is (see (17), (11))

W (1:9) Kol (2, 1)
1+ AKACT(1)

9 (159),

rr(a),A(, .. _7r7(a .

= U (z;9) — A

n—1
q a — a —
x e (U, (@10) = (2 = a)(1 = VDU (¢ 30|
(¢ @)n—1
This case leads to a 5¢4 basic series. This family was considered in [9]. Since the Al-Salam-Carlitz II
are related with the Al-Salam-Carlitz I by the change ¢ — ¢! the corresponding ¢-Krall family can be

obtained by the same change.

10



3.2.5 The little ¢-Laguerre-Krall/Wall-Krall polynomials
These polynomials are orthogonal with respect to the linear functional 244
W1t Py = (C'E, P) + AP(0), A0,

where C!9% is the functional of the g-Laguerre/Wall polynomials. The explicit expression for this family
is (see (17), (12))

Pu(w;alg)g = pnl(z;alg) _ 2al0iala)o % (2,0 = (@ alg)g — ————
e T 1+ AK,7%, (0) e | ()
(aq; @)n—1

n-1(x5alg) — a(l = q)q¢" ' Dypp—1(z; alq)] .
G an gt Pr1(@iale) = al = " Dypua(wsalg)

This case leads to a 43 basic series.

3.2.6 The ¢-Laguerre-Krall polynomials
These polynomials are orthogonal with respect to the linear functional U/9”
U™ P) = (€1 P) + AP(0), A>0,
where C?" is the functional of the g-Laguerre polynomials. In this case (17) and (13) yield
Li (0:9) Kt (2,0)
1+ AK?" (0)
L$(0; ), o ;

n— « q [e% —
1+ AK? (0) ¢" L (3 q) — P DL, (g
n—1

L) = L (wia), ~ A

- LY (ma), - A

z;q)| -
This case leads to a 43 basic series.

3.2.7 The ¢-Charlier-Krall polynomials
These polynomials are orthogonal with respect to the linear functional /¢
(U, Py = (C1°, Py + AP(1), A>0,

where C?¢ is the weight function of the g-Charlier polynomials. For these polynomials (17) and (14) yield

Co(la5) KIS (2,1)

n—1

CA(w;0;9)g = Culw;a;q), — A

1+ AKIS, (1)
= C (a:'a'q) - A Cn_1(a?;a;q) —33‘(1 — q)IDq’l n—l(x§a§q)
n\Ly U, {4 )q 1+ AKgc_l(l) (_a—1q7q; q)n71

This case leads to a 43 basic series.

3.2.8 The Stieltjes-Wigert-Krall polynomials
These polynomials are orthogonal with respect to the linear functional &/5"W
USW, Py = (€W, P) + AP(0), A0,

where C°" is the functional of the Stieltjes-Wigert polynomials. The representation formula for this
family has the form (see (17), (15))

= Sn(oa Q)q

SH@;q)q = Sn(z19)q — AH—TE_Wl(O) (" Sn—1(@19) — (¢ = 1)DgSn—1(q 73 9)] -

This case leads to a 3¢3 basic series. This family was firstly studied in [12].

11



3.3 Some algebraic properties of P(s),

In [9] it is shown that the ¢-Krall-type orthogonal polynomials satisfy a second order linear difference
equation of the form

(s;n)Pn(s —1)g — @(s5n) Pu(s)q + S(s5m) Pr(s + 1) = 0, (27)
where
o(s;n) = t(s;n)a(s;n)d(s;n) — c(s;n)b(s;n)],
¢(s;n) = —m(s;n)lc(s;n) f(s;n) — e(s;n)d(s;n)], (28)
S(s;n) =r(s;n)le(s;n)b(s;n) — a(s;n) f(s;n)],
being

r(s;n) =¢(s+ Lin)m(s+ 1;n), c(s;n)=—oc(s+ 1;n)b(s + 1;n),
d(s;n) =a(s+ L;n)s(s+ 1;n) +b(s + 1;n)p(s+ 1;n), t(s;n) =o(s;n)n(s — 1;n),
e(s;n) =o(s;n)b(s — 1;n) +a(s — 1;n)p(s;n),  f(s;n) = —a(s — 1;n)s(s;n),

where a(s;n), b(s;n), and 7(s;n) are the coefficients of the representation formula for the Krall-type
polynomials ]5”

m(s;n) Py (8)g = a(s;n)Pp(s)y + b(s;n) Py (s + 1),

and o, ¢, and ¢ are the coefficients of the second order difference equation that the starting polynomials
P, satisfy
o(s;n)Py(s —1)g — p(s;n)Pu(s)g +s(s;n)Pu(s+ 1) = 0.

Also in [9] the TTRR for the polynomials f’f(s)q is computed

x(s)ﬁf(s)q = afﬁ,ﬁrl(s)q + Bfﬁf(s)q + '7;?137?—1(5%7 (29)
where the coefficients a2, 324, and 7/ are given by

622

aﬁzana ’V;? :anfl% #Oa
n—1

AP, (s P,i1(s P, (s
BA— g, + (20)q <an w1(80)g 1(50)q )7
dn 1+ AKH(So) 1+ AKn_l(S())

where a,, Bn, and v, are the coefficients of the TTRR of the starting family of g-polynomials (2),
d? = (C, P,P,) and

] o _ 2 ~ 2 14 AR, (o)
2 ApDA\ __ g2 A A _ 2
dn - <u3 Pn Pn > - dn + |:APn (50)11} K"—l(so) +A |:Pn (SO)(I:| 1 ¥+ AKn_1<80) ns

are the square of the norms of the polynomials P,, and 137;4, respectively.

3.3.1 Some examples

Here we will restrict ourselves to the more simple cases. The other cases are analogously and we will
omit them here.

Little g-Laguerre-Krall / Wall-Krall polynomials: The Wall polynomials satisfy the following
SODE (recall that = := ¢*)

apn(qr;alg) + (1 — z)pn(z/g;alg) + [(x —a — 1) + ¢ " (1 — ¢")x]|ps(x;alg) = 0

12



as well as the relation [21, Eq. (3.2), page 175]

q
1—g¢

xDypn(x;alq) = (Pn(z5alq) — pr—1(z;alq)) = (1 — ¢")pn_1(z;alq) = —¢"pn(x;alq) + pn(qx; alq).

Then, for the kernel K,,_1(z,0) we have the expression

(aq; @)n+1
(1—=¢")(q; q)na™

Thus from the expression for the Wall-Krall polynomials in section 3.2.5 we obtain

2Ky 1(2,0) = — [pn (3 alq) — pn(qz;alq)] .

api (z5alq)q = (x + b )pa(@alg)q — biipn(qz; alg)q,

. Cn L—g"" 14a(l—¢"" —q") (¢"pa(z;alq) — pulgz;alg
xpﬁ(m,am)q = ((E — F)pn(xaa|Q) +(J,Cn( qn_l _ ( ))( ( ‘ ) ( | ))

a (1—=¢")(1—aqm)
where
. A(ag; @)n—1
" (14 AK,—1(0))a" (g5 q)n1
where
pd = 4 Pnl0iala)q (a4; Ont

n

1+ AKM" (0) (1 = ¢™)(g; @)na™
Therefore, Theorem 2 of [9, page 60-61] gives the following values for the coefficients of the SODE (27)

sim) = a(z+1) (¢"z(b)* — z(b)* — 2°bjy — aq"zby + ¢"xbj + xbi — ¢ b — ag"z® + ag"x)
o )
Bsin) =z [(1=a ) o-z+a+1) (b} +a-1)=(1=0)b2] (a (2 + 2+ 1) =((1=a") (@ + D=z +a) b))
+az® (—bf —x+ 1) bf,
(x=1)" (¢"2 () —x(b2)* + ¢" (b7)° = (b)) — @b —aq"aby + ¢"xby —wby —ag" by —ag"z” —aq"z)
7
For this family we have the following coefficients of the TTRR (29)

o(s;n) =

aA = qn(l - aqn+1)7

B =¢"(1 = ag"™) + ag"(1 - ¢"))
¢"(1—ag")(1—ag)  , ¢""'(1-ag")(1-ag)
(1—aq)dy + A(l —ag"™') ~ (1 —aq)d;,_; + A(l — agq")’
A ot (dn((L —ag)dy_y +1—ag") + (1 = ag)d;_,)((1 — ag)d; 5 +1—ag"™") 7
A (U= ag)dh_y + 1 —agn ) + (1 —aq)dy_,)((1 —ag)d;,_y + 1 — aq™)

where d? = (((f;f‘;)’; (aq)™.

g-Stieltjes-Wigert-Krall polynomials: The ¢-Stieltjes-Wigert polynomials satisfy the SODE
xSn(qz; q) + Sn(x/q:q) — [1 + ¢"x]Sn(2:q) = 0.

Now, combining relation [21, Eq. (3.2), page 175] and the TTRR of the Stieltjes-Wigert polynomials we

have
2 C) — L-q" n 2y, —n . " .
@ DgSu(30) = - ("2 +q")g " sn(39) = 1 _an_l(:c,q) =

Sn-1(z;9) = —[¢*"2 + ¢*(¢" — 1)]Sn (23 q) — 2¢" Sn(qz; q).

13



Then, for the kernel K,,_(z,0) we have the expression
K 1(2,0) = —(1—=¢" g (1= ¢")(A = ¢*) + ¢""x) Sn(z: 9) — 24" Sn(qz; q)] -
Thus from the expression for the g-Stieltjes-Wigert-Krall polynomials in section 3.2.8 we obtain
28 (w39)g = [(1+ 07"z + (1= ¢") (1 = ¢*)bj] Su(w;a)g + b7 q" S0 (g3 ),

being "
bA = Agin? Sn(0;9)q(1 —¢"")

1+ AKS™ (0)

n—1

Therefore, Theorem 2 of [9, page 60-61] gives the following values (28) for the coefficients of the SODE
(27) which explicit expression we will omit here.
For this family we have the following coefficients of the TTRR (29)

ap =—(1—¢" g,
A 1 ¢* >
A n+1 2n—1
n = +aq- - - ’
6 ( q—4q )q q3n+1 ((q; Q)n + A (q; Q)n—l + A
A (6300 + A (@ @)n-1 + AL —g" "))

2 (G Qn1+ A (G +AQ —g"))

4 Limit relations between ¢-Krall-type orthogonal polynomials

In this section, we study the limit relations involving the ¢g-Krall-type orthogonal polynomials associated
with some families of ¢-polynomials of the g-Hahn Tableau [19, 21]. As we already pointed out the
g-Koornwinder polynomials ﬁ;:‘*B (z;a,b,¢;q) (22) is the g-analogue of the Koornwinder polynomials
PAB(x) [18]. In fact, a direct calculation show

lim P2 (z;a,0,¢q) = PAP(2).
q—1—

Let now consider the other limits.

1. Big ¢-Jacobi — Big ¢-Laguerre. We know that the big ¢-Laguerre is a special case of big
g-Jacobi setting b =0, i.e. P,(z;a,0,¢;q) = Py(x;a,¢;q). Then, from (20) we get

PA(:a,0,¢q) = P30, ¢;9).

2. Big g-Jacobi — Little g-Jacobi. The little g-Jacobi polynomials can be obtained from the big
g-Jacobi polynomials by linear change of the variable x — cqx and taking the limit ¢ — oo, i.e.
lime—, 00 Py (cqz;a, b, c; q) = pn(x;a,blg). In this case, putting zcq = aq and taking the limit ¢ — co
we get x — 0, thus lim P,(aq;a,b, c;q) = pn(0;a,b|q). Taking into account that the the norm of

c— 00
big g-Jacobi transforms into the norm of the little g-Jacobi we obtain
lim ﬁf(cqm;a,b, ¢ q) = p(x;a,blq).
c— 00

3. Big ¢-Jacobi — ¢-Meixner. If we take the limit @ — oo in the big g-Jacobi we obtain the

g-Meixner polynomials [17]. Thus, from (20) we deduce
lim ]éf‘(q“%a,b7 ¢ q) = MA(q_s;c, —b 1 q).

n
a— o0
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10.

11.

12.

N —

Big ¢-Jacobi — Hahn. Setting ¢ = ¢~V ~! in the big ¢-Jacobi we get the ¢-Hahn polynomials

PAB(z1a,b,q V1 q) = QAB(x;a,b, N|q). Substituting 2 = ¢~%, a = ¢*, b = ¢°, we recover
the Hahn-Krall polynomials studied in [5] lim,_,;- @%A(q*x;qo‘,qﬁ,q’]\’*qq) = Q%A(x; 0, B, N).
Notice that from the Hahn-Krall polynomials it is possible to obtain several other families of Krall-

type polynomials via appropriate limits (see [6]).

Big ¢-Laguerre — Al-Salam-Carlitz I. Substituting + — aqx and ¢ — ac in the big ¢-Laguerre
Py (agzsa,aciq) _
aﬂ. -

polynomials and taking a — 0 we obtain the Al-Salam-Carlitz I polynomials lim,_,q
UL (z;q). Therefore,
P (agqw;a, ac; q)

lim =q" (7,26)”4(3:; q).

a—0 a™

Big ¢-Laguerre — Little ¢-Laguerre/Wall. The little ¢-Laguerre polynomials can be ob-
tained from the big ¢-Laguerre polynomials by setting x — bgxr and then taking the limit b — oc:
limp—y 00 P (bgzx; a,b; q) = pn(x;alg). Thus

lim P2 (bgz;a,b;q) = pi(x;alq).
b—oo

Little g-Jacobi — Little ¢-Laguerre/Wall. Setting b = 0 in the little g-Jacobi polynomials we
get the little g-Laguerre p,(x;a,0|q) = p,(x;alqg), then

P (w;0,0lq) = Py (w3 alq).
Little g-Jacobi — ¢-Laguerre. In this case straightforward calculations give us

x
lim 7 ( ——3;¢%0
bff;opn< b

(GDn F()a, ..
Q>—(qa+1;q>[/5z) (z39).

n

. ¢-Meixner — g-Laguerre. Straightforward calculations yield

1 AT (q q)n = A
lim M2 (caz;a,c;q) = —2 LA (2 q).
c—00 ( ) (qu»l; q)n ( )

g-Meixner — g-Charlier. lim;_,q Mr‘;‘(m; b,a;q) = é;f(x; a;q).

g-Laguerre — Stieltjes-Wigert. lim,_, E,(f‘)’A(a:q—“; q) = S (x;q).

g-Charlier — Stieltjes-Wigert. lim,_, 5?(@1‘; a;q) = (¢;Q)nS2 (3 q).

To finish this work let us point out that for the other families of the g-Hahn tableau, i.e., for the ¢-

Kravchuk, alternative g-Charlier the same results can be obtained in an analogous way.
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Figure 1: The ¢g-Hahn-Krall Tableau
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